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Abstract. In this paper, we introduce the concept of a pseudo affine-periodic function via
measure theory, that is, a measure pseudo (Q,T)-affine-periodic function. The existence
and uniqueness of a measure pseudo (Q, T')-affine-periodic solution for semilinear differential
equations are investigated. The working tools are based on the Banach contraction mapping
principle and the Leray-Schauder alternative theorem. Finally, an example is presented to
illustrate the main findings.
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1. Introduction

The problem of the existence and uniqueness of a periodic solution of differential
equations has been the main subject of investigation. Many authors have made
important contributions to this theory by using various methods and techniques,
such as the fixed-point theorem, the Kaplan-Yorke method and coincidence degree
theory [7, 12, 16, 20, 24]. However, real systems usually exhibit internal variations or
external perturbations which are only approximately periodic. Recently, the concept
of an affine-periodic solution was proposed [22, 25]; this solution is a kind of periodic
or quasi-periodic solution with symmetry. For more details on the applications to
differential equations or difference equations, one can see [5, 6, 15, 17, 21, 23].

On the other hand, Blot, Cieutat and Ezzinbi [3, 4] use the results of measure
theory to establish p-ergodicity and introduce the new concepts of a pu-pseudo almost
periodic functionand a p-pseudo almost automorphic function. Subsequently, u-
ergodicity is generalized into (u, v)-ergodicity by Diagana et al. [10]. In this paper,
we give the concept of a measure pseudo affine-periodic function by (u, v)-ergodicity,
and investigate the existence and uniqueness of a measure pseudo affine-periodic
solution for semilinear differential equations.

The paper is organized as follows. In Section 2, the measure pseudo (Q,T)-
affine-periodic function is introduced and composition theorems are given. Section 3
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is devoted to the applications to differential equations under Lipschitz perturbation

and non-Lipschitz perturbation, respectively. In Section 4, an example is presented
to illustrate the main findings.

2. Measure pseudo affine-periodicity

Consider the following system:

¥ = f(t,x), (1)
where f(¢,z) : R x R™ — R" satisfies the affine symmetry
ft+T,2) = Qf(t,Q 'x), (2)

where @ € GL(R™), T > 0 is a constant.

Definition 1 (see [6]). If f(t,x) satisfies affine symmetry (2), then (1) is said to
be a (Q,T)-affine-periodic system.

Definition 2 (see [6]). The solution x(t) of (1) is said to be a (Q,T)-affine-periodic
solution if x(t) satisfies x(t +T) = Qz(t) for all t € R.

Remark 1. Note that if Q = I (identity matriz), Q = —I, QN =1, Q € SO(n);
then (Q,T)-affine-periodic solution x(t) defined in Definition 2 is just T-periodic,
anti-periodic, harmonic and quasi-periodic respectively. One can see [6] for more
details.

For T > 0, define

CrR,R") ={z e C(R,R") : z(t +T) = Qz(t) for all t € R},

Co(R,R™") ={z € C(R,R"): lim |z(t)] =0},
|t] —=+o0

r—too 2 J_

PAPy(R,R") = {x € C(R,R™): lim — / o (t)]dt = 0}.

Definition 3. A function f € C(R,R™) is called asymptotically (Q,T)-affine-
periodic if there exists g € CTt(R,R™), ¢ € Co(R,R™) such that f = g+ ¢. The
collection of those functions is denoted by AAPr (R, R™).

Definition 4 (see [6]). A function f € C(R,R"™) is said to be pseudo (Q,T)-affine-
periodic if there exists g € Cp(R,R™), o € PAPy(R,R"™) such that f = g+ ¢. The
collection of those functions is denoted by PAPp(R,R"™).

Let U be the set of all functions p : R — (0,400) which are positive and locally
integrable over R. For r > 0 and each p € U, set m(r,p) := [ p(t)dt and U =
{pelU: ligl m(r, p) = +o00}. For p1, pa € Uy, define the weighted ergodic space

r—+00

[9]

WPAAQ(R, Rn,pl,pg) = {f S C(R,Rn) : lim

r—-+o0 m(r, p2)

[ mlseia=o.

-r
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Definition 5. Let p1,ps € Us. A function f € C(R,R"™) is called weighted pseudo
(Q, T)-affine-periodic if it can be decomposed as f = g+ ¢, where g € Cp(R,R™)
and ¢ € WPAAW(R,R™, p1,p2). Denote by WPAPr(R,R"™, p1, p2) the set of such
Sfunctions.

Next, we introduce the concept of a measure pseudo (@, T')-affine-periodic func-
tion by the results of measure theory. B denotes the Lebesgue o-field of R, M stands
for the set of all positive measures p on B satisfying p(R) = +o00 and p([a, b]) < 400
for all a,b € R (a <b).

Definition 6 (see [10]). Let p,v € M, the measures p and v are equivalent at
infinity, written p ~ v, if there exist constants cg,c1 > 0 and a bounded interval
I C R (eventually §) such that

cov(A) < p(A) < erv(A)
for all A € B satisfying ANT = 0.

Definition 7 (see [10]). Let u,v € M. A function f € C(R,R"™) is said to be

(u, v)-ergodic if
1
lim ——— F(O)du(t) = 0.
im JARCETC

oo v([=r,7])
Denote by E(R,R™, u,v) the set of such functions.

Definition 8. Let p,v € M. A function f € C(R,R"™) is said to be measure pseudo
(Q, T)-affine-periodic if it can be decomposed as f = g+, where g € Cr(R,R™) and
v € E(R,R™, u,v). Denote by MPAPp(R,R™, u,v) the collection of such functions.

Remark 2. (i) If u,v are the Lebesgue measures, then the measure pseudo (Q,T)-
affine-periodic function MPAPr(R,R™, u,v) is a pseudo (Q, T)-affine-periodic
function PAPp(R,R™).

(i7) Let p1(t) > 0, p2(t) > 0 a.e. on R for the Lebesgue measure, u, v denote the
positive measure defined by

u(A):/Apl(t)dt, I/(A):/Apg(t)dt for A€ B,

where dt denotes the Lebesgue measure on R; then the measure pseudo (Q,T)-
affine-periodic function M PAPr(R,R™, u,v) is a weighted pseudo (Q,T)-affine-
periodic function WPAPpr (R, R™, p1, p2).

(1i1) It is not difficult to see that

Cr(R,R") C AAPr(R,R™) C PAPp(R,R") C WPAPr(R,R", p1, p2)
C MPAPr(R,R", pi,v) C BC(R,R"),

where BC(R,R™) denotes the Banach space of bounded continuous functions
from R to R™.
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Definition 9. Let p,v € M. A function f € C(R x R™,R"™) is said to be measure
pseudo (Q,T)-affine-periodic if it can be decomposed as f(t,x) = g(t,x) + o(t, ),
where g(t + T, x) = Qg(t,Q~'x) and ¢ satisfies

1
lim 7/ lo(t, 2)|dp(t) = 0 wuniformly for x in any bounded subset of R™
T_H_OOV([_Ta T]) [=r,r]

Denote by MPAPr(R x R™,R™, u,v) the collection of such functions.

For € M, 7 € R, we denote by p, the positive measure on (R, B) defined by
pr(A)=p{a+7:a€ A}) for AeB. (3)
In this paper, we formulate the following hypotheses:

(M7) Let p,v € M such that

o)
() ST

(M3) Let p, v € M such that for all 7 € R, there exist 8 > 0 and a bounded interval
I such that pu.(A) < Bu(A), v.(A) < Bv(A) if A € B satisfies ANT = ().

Similarly to the proof in [6], one has

Lemma 1. Let p,v € M satisfy (Ms); then E(R,R™, u,v) and MPAPpr(R,R", u, v)
are translation invariants.

Lemma 2. Let u,v € M satisfy (M1) and (Mz); then MPAPr(R,R™, u,v) is a

Banach space when endowed with the supremum norm ||x|| = sup |z(¢)].
teR

Similarly to the proof of [4], we give the composition theorem of a measure pseudo
(Q, T)-affine-periodic function.

Definition 10. We denote by UC(R x R™ R™) the set of all continuous functions
f+ RxR®™ = R™ which are uniformly continuous in the second variable, i.e., for
every € > 0, there exists 6 > 0 such that

lf(t,x) — f(t,y)| <e, forallt€R and z,y € R™ with |x —y| <.

Theorem 1. Let pu,v € M, f € MPAPr(R x R™ R"™ pu,v) NUC(R x R™, R™), and
the following condition holds:

(J) For all bounded subset D of R™, f is bounded on R x D.
Then f(-,z(-)) € MPAPr(R,R™, u,v) if x € MPAPr(R,R™, 1, v).

In what follows following, we establish another composition theorem of the mea-
sure pseudo (@, T')-affine-periodic function which weakens the assumptions on f.

Let p € [1,00). The space BSP(R,R™) of all Stepanov bounded functions,
with the exponent p, consists of all measurable functions f : R — R™ such that
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fb e L*®(R,LP([0,1];R™)), where f° is the Bochner transform of f defined by
fb(t,s) = f(t+s),t € R;s € [0,1]. BSP(R,R") is a Banach space with the norm
(19]

t+1 1/p

e = 1 owgem =sup ([ (eI
teR \Ji

It is obvious that LP(R,R™) C BSP(R,R™) C L7 .
BSYR,R") for p > q > 1.

Definition 11. For each p € [1,00), we denote by UCF(R x R™ R™) the set of all
continuous functions f : R x R™ — R™ with the property that for every € > 0, there
ezist a function Ly € BSP(R,R") and 6 > 0 such that

(R,R") and BSP(R,R") C

|f(t,z) — f(t,y)| < Lg(t)e, forallt € R and z,y € R® with |x —y| < 4.

Theorem 2. Assume that (M) holds, f = g+ ¢ € MPAPr(R x R™",R™, p,v) N
UCP(R x R™, R™), where g € Cr(R x R, R"), p € E(R x R",R™, u,v) and

(Z1) There exists a positive number M such that

1
lim sup 7/ Ls(t)du(t) < M.
r—+00 V([—’f‘, T‘]) [—r,7] d

(Z2) g(t,x) is uniformly continuous in any bounded subset of R™ uniformly for t €
R.
Then f(-,z(-)) € MPAPp(R,R™, u,v) if t € MPAPpr(R,R™, u,v).

The proof is similar to [11, Theorem 3.3], here we omit it.

3. M PAPr solutions of differential equations

Let X (¢) be a fundamental matrix solution of homogeneous linear differential equa-
tions:

¥ =A)z, teR, (4)

with initial value X (0) = I, where A(t) : R — R™*" is continuous and ensures the
uniqueness of solutions of (4) with respective to the initial value.

Definition 12 (see [8]). It is said that there exists an exponential dichotomy of (4)
if there exist a projection P and constants K, L,a, 8 > 0 such that

I X()PX(s)| < Ke @9 >3,
| X(t)(I — P)X " Y(s)| < Le P8 s>1¢,
where | - | is the Euclidean norm.
Consider nonhomogeneous linear differential equations:
¥ =Alt)z+ f(t), teR, (5)

where f : R — R" is a bounded and continuous function. We have the following
results on the existence of bounded solutions of (5).
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Lemma 3 (see [8]). If (4) has an exponential dichotomy with projection P, then
(5) has the following bounded solution:

t —+oo
t) :/ Xt)PX1(s)f(s)ds — X () (I — P)X(s)f(s)ds.

t

Consider semilinear differential equations:
¥ = AWz + f(La(t), tER, (6)

where f: R x R™ — R" is continuous, A(t) : R — R™*" is continuous and f(t, ) is
a measure pseudo (Q,T)-affine-periodic function.
To study (6), we require the following assumptions:

(H1)

(4) has an exponential dichotomy with projection P and constants K, L, a, 8 >
0.

(Hz) (4) is a (Q, T)-affine-periodic system, that is, A(t +7T) = QA(t)Q !

(Hs) f(t,x) = g(t,z) +o(t,x) € MPAPp(R x R",R", p, v).

3.1. Lipschitz case

In this subsection, if f satisfies the Lipschitz condition, we investigate the existence
and uniqueness of M PAPr(R,R", u, v) solution of (6), i.e., the following (Hy4) holds:

(H4) There exists a constant Ly > 0 such that

If(t,z) = f(t,y)| < Lylxz —y|, =, yeR", teR.

Lemma 4 (see [6]). If (Hs) holds and f € Cp(R,R™), then

t “+o0
/ X(t)PXY(s)f(s)ds — X () (I — P)X'(s)f(s)ds € Or(R,R™).
—00 t
Theorem 3. Assume that (M), ( ) (H1)-(Hy) hold; then (6) has a unique
solution x € MPAPp(R,R™, u, v) Zf Iy Tf <1.
Proof. For y € MPAPr(R,R"™, p, V), we consider the following equation:
o = A)a + f(Ly(t), teR. (7)
By Lemma 3, it has the following bounded solution:
t “+o0
t) = / X()PX "1 (s)f(s,y(s))ds — X = P)X71(s)f(s,y(s))ds.
—o0 t
Define the map F : MPAPr(R,R"”, u,v) - MPAPr(R,R™, u,v) by
t + o0
— [ XOPX @Gy - [ X0 - PIX 6 (s y()ds
—o00 t

(8)
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It is not difficult to see that F is well defined. In fact, for y € MPAPr(R,R"™, u, v),
fC,y()) € MPAPp(R,R™, ji,v) by Theorem 1; then let f(-,y(-)) = fi() + f2(),
where f1 € Cr(R,R"), fo € E(R,R™, u,v). Then

(Fy)(t) == A1(t) + Aa(t),

where

+oo

:/iAX@PX‘%ﬂﬁ@Ms—t X()(I — P)X 1 (s)fi(s)ds
—+oo

zw:[rﬂmw“wh@w— X — P)X(5) fols)ds

t

By Lemma 4, A; € Cp(R,R"). Next, we will show that Ay € E(R,R", u,v). For
r > 0, one has

1
Rpmﬂ/hﬁmwmw>

1 t 3
= m /m] / X(#)PX ™ (s)f2(s)ds

du(t)

X()(I = P)X ' (s)f2(s)ds| dp(t)

K ' —a(t—s)
S T S Jo € 1N i)
L +oo Blt—s)
IZEX) /[_M ; | f2(s)| dsdp(t)
K +oo

- m [=r,r] JO _a5|f2(t_8)|d8du()

—r,7]) /M/ e | fo(t — 5)| dsdp(t)
i K/+OO < —r,7]) /[_m] 2t = o)ldu(t )) ds
e f e (s [ e ) o

+o00 0
= K/ e~ P, (s)ds + L/ P ®,(s)ds,
0 —o00

where

1
=] /[ |t = ldu)

Since (Mz) holds, from Lemma 1 it follows that fo(- —s) € E(R,R"™, u,v) for s € R.
Hence ®,.(s) — 0 as 7 — +o00. Note that ®, is bounded by (M;) and e~*, e5* are

D,.(s) =
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integrable on [0, 00), [—00,0), respectively. From Lebesgue dominated convergence
theorem, it follows that

“+o0 0
lim <K/ eiO‘S@T(s)ds—i—L/ eﬁS@T(s)dS) =
0

r—4o0 oo

Then )
lim 7/ A (8)]du(t) =0,
[7"017"]

r—+oo v([—r,1])

so Ao € E(R,R™, pu,v). Hence F is well defined.
Let z,y € MPAPr(R,R", u,v). One has

[(Fa)(t) = (Fy)()] < ‘/_ X(OPX T (s)[f(s,2(5)) — f(s,y(s))]ds

—+o0

XOPX () (s,2(5)) = f(s,y(s)lds

_|_

< / Ke=ot=5) | £(3,2(s)) — f(5,y(s))| ds
+oo
+ / LePU=9) | £(s,3(5)) — £(5,5(s))] ds
< / K Lpet= [o(s) - y(s)| ds

+oo
+ / LL;ePt=) |z(s) — y(s)| ds
t

KL LL
< (—f+—f) e =yl

o g
By the Banach contraction mapping principle, F has a unique fixed point y €
MPAPr(R,R™, p,v), which is the unique M PAPr solution to (6). O

Next, we establish a version of Theorem 3 which enables us to consider locally
Lipschitz perturbations for (6), that is, the following condition (Hs) is satisfied:

(Hs) There exists a continuous and nondecreasing function L : [0, 4+00) — [0, +00)
such that for each number A > 0, and z,y € R™, |z| < A, |y| < A, we have

Ift,z) — ft,y)| < LyN)|z —y|, teR.

Theorem 4. Assume that (M), (Mz), (H1)—(Hs), (Hs) are fulfilled if there exists
A > 0 such that

CE

_ KL¢(X) LL¢(N) l (5 £> .
" + 3 —i—/\ a+[3 ilelnglf(t’o)l<1’

then (6) has a unique solution x € MPAPpr(R,R"™, u,v) with ||z] < A.
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Proof. Let
Q={x € MPAPr(R,R", u,v) : ||z]| < A}

It is clear that € is a convex and closed vector subspace of BC(R,R™). For y €
MPAPr(R,R", u,v), define the map F as (8). It is not difficult to see that F maps
Q into . In fact, for y € €2, one has

t + o0
Foo) < [ K y(eids+ [ LI s y()ds
< [ kel + [ K5, 00

—+oo —+oo
[ E Lyl + [ L (5, 0)lds
t t

(KL;()\) . LLZ;()\)) - (g N %) sup /(0.0)

IN

IN

A

On the other hand, for =,y € , we have
t

(Fo)t) = FnO KLY [ eI a(s) = y(o)lds

— 00

+oo
+ LLf()\)/t eﬂ(t_5)|x(s) —y(s)|ds

KLy(\) | LLg(N)
g( ~ 5 >||ar—y|,

which means that

7o - Fyl < (BE 4 LU gy,

B

Since © < 1, it follows that F is a contraction in 2. By the Banach contraction
mapping principle, F has a unique fixed point y € MPAPr(R,R"™, u,v), which is
the unique M P APr solution to (6). O

Theorem 5. Assume that (M), (M2), (Z1), (Z2), (H1)-(Hs) hold and the following

condition is satisfied:

Hg) There exists a function Ly € BSP(R,R"), p > 1 such that
f

[f(t2) = [ty < Lp)lz —yl,  x, yeR", teR

Then (6) has a unique solution x € MPAPp(R,R™, u,v) if

K L
( Tz eﬁ) |Lflls < 1.

1—e @
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Proof. Define the map F as in (8). It is easy to see that F is well defined by
Theorem 2. Let x,y € MPAPr(R,R™, u,v). One has

|(F2)(t) — (Fy)®)|
< / Ke =) |f(s,2(s)) — f(s,y(s))] ds
+oo
4 / LB | £(s,2(s)) — f(5,(s))| ds
< / KL¢(s _O‘(t S)d8+/+oo LLf(s)e'@(t_s)ds) Nz =yl

0

(
( Ky e ast [ LLf@—s)eﬁSds) Jz

k+1

e~k KLf(t—s)ds + Z ﬁk/ LL(t—s)d s> Az =y

k=—o0

K L
< (1 s a+1_eﬁ) ILls: - e = ol

Thus by the Banach contraction mapping principle, F has a unique fixed point in
MPAPr(R,R™, pu,v), which is the unique M PAPr solution of (6). O

3.2. Non-Lipschitz case

In this subsection, we study the existence of the M PAPr (R, R"™, u, v) solution of (6),
when f does not satisfy the Lipschitz condition. First, we recall a useful compactness
criterion and the nonlinear Leray-Schauder alternative theorem.

Let (X, -]|) be a Banach space and h* : R — R a continuous nondecreasing
function such that h*(¢) > 1 for all t € R, and h*(t) — 400 as |t| — +00. Define

Cr(R, X) :={uec CR,X): \t|1330o li‘((t;) =0

ne = sup([lu(®)]|/p*(t)).
teR

Lemma 5 (see [14]). A set K C Cp«(R, X) is relatively compact in Cpx (R, X) if it
verifies the following conditions:

endowed with the norm |ju

(c1) The set K(t) :={u(t) : u € K} is relatively compact in X for each t € R.
(co) The set K is equicontinuous.

(c3) For each e > 0, there exists ¥ > 0 such that |u(t)|| < eh*(t) for allu € K and
all [t| > 9.

Theorem 6 (Leray-Schauder alternative theorem, see ([13]). Let Q be a closed
convex subset of a Banach space X such that 0 € Q. Let F : Q — € be a completely
continuous map. Then the set {x € Q: z = AF(z), 0 < XA < 1} is unbounded or
the map F has a fived point in €.
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Now, we are in a position to establish the following result of the existence
of MPAPr(R,R"™, u,v) solutions. The result is based upon the nonlinear Leray-
Schauder alternative theorem. For more details, see [1].

Theorem 7. Assume (My), (Mz), (Hy)-(Hs), (J) hold, and f € UC(R x R™,R"™)

satisfies the following conditions:

(K1) There exists a continuous nondecreasing function W : [0, +00) — [0, 400) such
that || f(t,z(t))|| < W(||z|) for all t € R,z € R™.

(K2) For each w > 0,

([ e owine i+ [ e nt e as) =o.

lim ——
\t|—15rloo h*(t)
he <0

(KC3) Foreache > 0, there exists 6 > 0 such that for z,y € Cp+(R,R"), ||lz—y
implies that for all t € R,

t —+o0
/ =9 (s, 2(s))— (5. 4(s)) | ds-+ / P9\ 1 (s, 2())— f (5, y(s))]lds < e.

— 00

(K4) For all a,b € Rya < b and X > 0, the set {f(s,z(s)) : a < s < bz €
Ch= (R, R™), ||z||nx < A} is relatively compact in R™.

(K5) liminf

A
lim inf m > 1, where fort € R, A > 0, ®(\) defined by

“+oo
(A H/ Ke =W (\R*(s) ds+/ Le PE=W (AR*(s))ds

h*
Then (6) has a solution x € MPAPr(R,R™, u,v).
Proof. Define I' : Cp,«(R,R™) — C'(R,R™) by

—+o0

= /7 X(t)PXY(s)f(s,2(s))ds— Xt (I-P)X 1 (s)f(s,2(s))ds, t € R.

t
Next, we prove that I" has a fixed point in M PAPr(R,R", i, v) and divide the proof
into several steps.
(i) For x € Cp+(R,R™), by (K1), one has
[Pz ()
h*(t)

t “+o0
< / IX (6 PX 1 (s) 1 (5, 2(5)) s + / IX (6T — )XY (s)llI (5. 2(s)l|ds

t +0o0

< / Ke =9 (s, 2(s)) | ds + / Le=#=9)| £ (s, x(s))||ds
t +00

< / Ke T (|a(s) | )ds + / Le= =W (||a(s) | )ds

t 400
g/ Ke’o‘(t’s)W(HxHh*h*(s))ds+/ Le PE=OW (|Ju|p-h* (s))ds.

t
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It follows from (Kg) that T : Cp« (R, R™) = Cp« (R, R™).
(#4) T is continuous. In fact, for each ¢ > 0, by (K3), there exits § > 0, for
z,y € Cp+(R,R") and ||z — y|[n- <, one has

[Tz — Ty S/ IXOPX ()£ (s,2()) = f(s,y(s))lds

— 00

+oo
+/t X&) = P)X )1 f(s,2(5)) = £(s,u(s)) | ds

o0

< / Ke 0| £(5,3(5)) — f(5,y(s))ds
+

. / " LemB=9 £ (s, 2(5)) — F(s,y(s)) | ds

<max(K,L)e, forall teR.
Taking into account that h*(t) > 1, we have

[Tz — Tyl

<
S max (K, L)e,

which implies that ||z — T'y||p < max(K, L)e, so T is continuous.

(737) T is completely continuous. Set By(Z) for the closed ball with the center
at 0 and radius A in the space Z. Let V = I'(BA(Cp+(R,R™))) and y = I'(x) for
xr € BA(Ch* (R, Rn))

Initially, we prove that V is a relatively compact subset of R™ for each ¢ € R.
Let € > 0. Since h*(t) — oo as [t] = +o0, it follow (K2) that there exists a > 0 such
that

+o0 —a
/ e~ W (AL (t — 5))ds +/ e PSW (AR (t — 5))ds < e.

— 00

Since
t —+o0
y(t) :L X(O)PX(s)f(s,2(5))ds — t X()I = P)X7'(5)f(s,2(s))ds
= /0‘1 Xt)PX Mt —s)f(t —s,z(t — s))ds
+ = XA)PX Mt —s)f(t —s,x(t — s))ds
0

-/ X(t)I —P)X Yt —s)f(t—s,z(t —s))ds
X I= PYX (= )t — s, w(t — ))ds,

— 00
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and

+oo
XPX Yt —s)f(t —s,z(t — 5))ds

- :a X(E)(I = P)X Mt — ) f(t — s, 2(t — 8))ds
+oooo —a
< Ke W (wh*(t — s))ds + / Le W (wh*(t — s))ds

a — 00

< max(K, L)e,

hence y(t) € aco(N1) + aco(N2) + B:(R™), where ¢o(N1), ¢o(N2) denote the convex
hull of Ny, Ny, respectively, and

Ni = {X(O)PX !t —s)f(&2(€) : 0 <5 <a,t —a < &<t |lz]n <A},
Ny ={Xt)(I = P)X 1t —s)f(&x(€): —a<s5<0,t<E<t+a,lz|p <A}

Using the fact that fundamental matrix solution X () is continuous and (Ky4), we
infer that Ny, Ny are relatively compact sets, and V' (t) C aco(Ny)+aco(N2)+B:(R™)
is also a relatively compact set.

Next, we show that V' is equicontinuous. In fact, for each € > 0, we can choose
a > 0, §; > 0 such that

/+OO[X(t +7)PX Yt —0) = X(t)PXHt - 0)|f(t — 0, 2(t — 0))do

—|—/TX(t—|—T)PX71(t—|—T—U)f(t—l—T—O',I(t—FT—O’))dO’
0

- </_G[X(t +7) I =P)X Yt —0) = Xt)I-P)X 't —0)|f(t — 0,2(t — 0))do

— 00

_ /OTX(H— I -P)X'(t+7—0)f(t+7—o,a(t+7— "”d") H

“+oo T
< / [Ke™(T+9) 4 Ke 7 |W (AL (t — 0))do + / Ke “WAR*(t + 7 — 0))do
a 0

+ / [Le PU+) 4 Le™BOIW (AR* (t — 0))do + / Le P"W(AR*(t + 7 — 0))do

—o00 0

< -, for 7 < 4.

Wl ™

Moreover, since {f(t — o, 2(t —0)) : 0 < 0 < a,z € BA(Ch+(R,R™))} is a relatively
compact set and X (¢) is continuous, we can choose d; > 0 such that

[[X(t+7)PX  (t—0) = X()PX "t — 0)|f(t — 0,2(t — 0))|| < ;—a,for 7 < 8,
X+ = P)X Mt =0) = X = PX ' (t = o))t~ oye(t = )| < -
for 7 < d3.
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Note that
y(t+7)—y()
t+r t
= /7 X(t+7)PX1(s)f(s,2(s))ds —L X(t)PX1(s)f(s,2(s))ds
+oo
- < n X(t+7)I —P)X s)f(s,2(s))ds
+oo
- /t X(t)(I—P)X1(s)f(s,x(s))ds>
:/_ [X(t +7)PX () — X())PX1(8))f (s, x(s))ds
t+7
+ t X(t+71)PX 1 (s)f(s,2(s))ds
+oo
- </t (X(t+7)I - P)X (s) = X(t)(I - P)X1(s)]f(s,2(s))ds
t+7
- /t Xt+7)(I —P)X_l(s)f(s,x(s))ds>
= [ [Xt+71)PX  t—0) - XOPX Lt —0)]f(t—o,x(t —0))do
+oo
+ / [X(t+7)PX  t—0)— XO)PX Ht —0)|f(t —o,2(t — 0))do
+/TX(t+T)PX71(t+T—O’)f(t—l—T—O',{E(t—I—T—O'))dO’
0
0
- (/ (X(t+7)I-P)X Yt —0) = X(t)I-P)X Xt —0)|f(t — o,2(t — 0))do

+ /__ (X(t+7)I-P)X Yt —0) = X(t)I-P)X Xt —0)|f(t — 0,2(t — 0))do

— / X(t—i—T)(I—P)X_l(t—f—T—U)f(t-l-T—U,;E(t-l-T—o))dU) .
0

Then we have ||y(t + 7) — y(t)|| < e for 7 small enough and independent of
xr € BA(Ch* (R,Rn)).

Finally, by (K3), for |¢| = +00, one has

t +oo
”}f*(g)” < [ KW ol (s)ds+ [ Le P IW (e (5))ds — 0
oo t

and this convergence is independent of x € Bx(Ch+(R,R™)). Hence, by Lemma 5 V/
is a relatively compact set in Cp« (R, R"™).
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(iv) If 2 is a solution of the equation #* = AI'(z*) for some 0 < A < 1, then

t —+o0
2= xOPX 2 @)as [ OU-PIX 5N @)
< [ e o W e s+ [ L AW e (o))
< (e )1 1)

Hence, one has

|22 |-

O(fla*n-)

and by (Ks), we conclude that the set {z* : z* = AT'(z*), A € (0,1)} is bounded.
(v) We claim that there exists A\g > 0 such that F(B),(Cp+(R,R™))) C

By, (Ch+ (R, R™)). If the assertion is false, then for all A > 0, we can choose z* €
B (Ch+ (R,R™)) such that || Fz||n+ > A. Similar to the proof of (iv), we deduce that

<1

A
B0y - "

Then \
liminf —— <1
eotoe D(N) —

which contradicts condition (Ks) establishing the desired assertion.
(vi) Tt is not difficult to see that (M PAPr(R,R™, u,v)) C MPAPr(R,R"™, u,v)
by Theorem 1 and Theorem 3 . Consequently, with Step (v), we infer that

F(Br(Cr+ (R, RNNMPAPr (R, R", 1, 1)) C Bxo(Ch+ (R,R"))NMPAPr (R, R", p, v);

hence we derive the following conclusion:

F (B (Cn- (R R7) N MPAPr (R, R 1, y)n"*@*“‘“”)

nh* (R)Rn)

C F(Bx,(Cp+ (R,R*)) N MPAPr(R,R™, i1, 1))
Chr (RR™)

C By, (Ch- (R,R™)) N MPAP(R,R", 1, 1)

Thus, we consider
—Cp —C
F B MEED B ERn

where B = By, (Cr(R,R™)) N MPAPr(R,R", u,v), and FCn (RR") donotes the

closure of a set B in the space Cp«(R,R™). Using (i)-(4i%), we have that F is
completely continuous. By (iv) and Theorem 6, we deduce that I" has a fixed point
2 € Bxy(Ch-(R,R")) N MPAP(R,R", 1, 1) " 5"

(vii) Finally, we show that x (the fixed point of F given in (vi)) is measure
pseudo (Q,T)-affine-periodic. Indeed, let x, be a sequence in B, (Cph~(R,R™)) N
MPAPr(R,R"™, u,v) such that it converges to z in the norm Cp« (R, R™). For ¢ > 0,
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let § > 0 be the constant in (KCs). There exists ng € N such that ||z, — 2|5 < ¢ for
all n > ng. For n > ng,

[T — T SL Ke™ || f(s,n(s)) — f(s,2(s))|lds

“+o0
n / Le P9 £ (5,20 (s)) — f(s,2(s))|ds

t

< max(K, L)e,
which implies that I'z,, converges to 'z = x uniformly in R. This implies that
x € MPAPpr(R,R", u,v) and completes the proof. O
4. Example

Consider the following perturbed second differential equation for small €1, €:

u — (1 4+a)u + (1 —bu—ee - sinu=0, teR, 9)

€2
V1412
where a,b € R. Using the transformations v = 1 and 2} = z2, we can transfer (9):

¥ =Az+0O@)x+g(t,x), teR, (10)

where

. X1 - 0 1 . 0 0 T 0
= (0) A= (Ah) o= D) (5)+ (o)
Since the real part of eigenvalues of A is %, then ' = Az admits an exponential

dichotomy with K = L =1, a = = %, that is, (H1), (H2) hold. On the other
hand, let fi(t,z) = ©(t)xz. Then for each T > 0, we have f1(t+T,z) = Q f1(t,Q 'x)

with .
e 0
Q - (0 e—T) )
so O(t)r € Cr(R x R? R?).

(i) Let
0
g(t7 .’L') = 62 sin :1;1 °
1+1¢2

Consider the measure u, where its Radon-Nikodym derivative is

pl(t) = esint7 te Ra
and the measure v, where its Radon-Nikodym derivative is

tif <0
p2(t):{e if t<

1 if ¢>0.
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Figure 1: The unique M PAPr solution of (9)

Then from [2], p,v € M satisfy (M;), (Maz). It is not difficult to see that g(t,z) €
E(RxR2,R?, p,v), that is, f(t,z) = O(t)z+g(t,x) € MPAPr(RxR?,R?, 1, v). By
Theorem 3, (10) has a unique solution € M PAPr(R,R?, u, v) if max(a,b) + &2 <
1/4. Fig. 1 illustrates the unique M PAPr solution of (9) and Fig. 2 depicts the
phase portrait of (9), where a = 0.008,b = 0.001,; = 0.005,e5 = 0.2.

(i) Let
0
9(t,z) = (a(t)et sin ) ’
where
1
i te(n—ce, n€Z,
a(t) = S (cosn+cos7rn—|—2) (n—en+e)n
0, otherwise,

274
2.3], a(t) € BS?*(R,R). Then (Hg) holds with L(t) = max(a,b) + |a(t)|. Consider
the measures p = v and their Radon-Nikodym derivative given by p(t) = e!. Then
g(t,x) € E(R x R?,R?, u,v), whence f € MPAPr(R x R%,R?, u, v).
In addition, since

11
for some small ¢ € (0,7), n = min {— —(1- 72— 2 max(a, b))} By [18, Example

t+1
lla()llls = sup / la(s)[ds < 2,
teR Jt

(99
N

K L 2
(1 —em@ + 11— 6_3> I Lsllsr < o (max(a,b) + 2¢) < 1.

By Theorem 5, (10) has a unique solution z € M PAPr(R,R?, u,v) if max(a,b) <
(1—e2)/2.
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Figure 2: The phase portrait of (9)
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