
An elementary proof of the quadratic envelope

characterization of zero-derivative points∗

Dragan Jukić
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Abstract

This note presents a simple and self-contained proof of Zlobec’s theo-
rem [J. Glob. Optim. 46(2010), 155-161] on quadratic envelope character-
ization of zero-derivative points for smooth functions in several variables
with a Lipschitz derivative. Our proof does not require any knowledge
about convexifiable functions.
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The purpose of this short note is to provide a new self-contained and simple
proof of the following theorem by Zlobec (essentially, Theorem 2 of [?]):

Theorem 1 (Quadratic Envelope Characterization of Zero-Derivative Points)
Consider a smooth function f : Rn → R with a Lipschitz derivative on a com-
pact convex set K with interior points. If x⋆ is an arbitrary interior point of
K, then ∇f(x⋆) = 0 if and only if there is a constant Λ ≥ 0 such that

|f(x)− f(x⋆)| ≤ Λ∥x− x⋆∥2 for every x ∈ K.

Zlobec’s proof uses a result from [?] and [?], which says that every smooth
function with a Lipschitz derivative, when considered on a compact convex set,
is the difference of a convex function and a convex quadratic function. Our
proof does not require that decomposition; we have avoided it using only the
Mean Value Theorem and the Cauchy-Schwarz inequality.
Proof of Theorem ??. Assume first that the derivative of f (i.e., gradient∇f)
is a Lipschitz function with constant Λ ≥ 0 on a convex set K (not necessarily
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compact) and that ∇f(x⋆) = 0. Take x ∈ K, x ̸= x⋆. Then according to the
Mean Value Theorem, there exists a point c on the line segment between x and
x⋆ (and therefore ∥c− x⋆∥ < ∥x− x⋆∥) such that

f(x) = f(x⋆) +∇f(c) · (x− x⋆).

Using the Cauchy-Schwartz inequality and the Lipschitz property we obtain

|f(x)− f(x⋆)| = |∇f(c) · (x− x⋆)|
= |(∇f(c)−∇f(x⋆)) · (x− x⋆)|
≤ ∥∇f(c)−∇f(x⋆)∥ · ∥x− x⋆∥
≤ Λ∥c− x⋆∥ · ∥x− x⋆∥
< Λ∥x− x⋆∥2.

Conversely, suppose that there is a constant Λ ≥ 0 such that |f(x)−f(x⋆)| ≤
Λ∥x− x⋆∥2 for every x ∈ K. Then, for every x ∈ K\{x⋆},∣∣∣∣f(x)− f(x⋆)− 0(x− x⋆)

∥x− x⋆∥

∣∣∣∣ ≤ Λ∥x− x⋆∥,

where 0 is a zero row. Hence, in the limit x → x⋆, this implies that ∇f(x⋆) = 0.

Remark 1 From our proof it is easy to see that Theorem ?? still holds if the
compactness condition for the set K is omitted.

References

[1] Zlobec, S.: Characterizing zero-derivative points. J. Glob. Optim. 46, 155-
161 (2010). doi: 10.1007/s10898-009-9457-4

[2] Zlobec, S.: The fundamental theorem of calculus for Lipschitz functions.
Math. Commun. 13, 215-232 (2008)

[3] Zlobec, S. Characterization of convexifiable functions. Optimization 55, 251-
261 (2006)

2


