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Abstract. We consider a non-coercive mixed boundary value problem in a bounded do-
main D of R™ for a second order parameter-dependent elliptic differential operator A(z,d, \)
with complex-valued essentially bounded measured coefficients and complex parameter \.
The differential operator is assumed to be of divergent form in D, the boundary operator
B(z,0) is of Robin type with possible pseudo-differential components on dD. The boundary
of D is assumed to be a Lipschitz surface. Under these assumptions the pair (A(z, 9, \), B)
induces a holomorphic family of Fredholm operators L()\) : HT (D) — H~ (D) in suitable
Hilbert spaces HT (D) , H™ (D) of Sobolev type. If the argument of the complex-valued
multiplier of the parameter in A(x, 9, \) is continuous, then we prove that the operators
L(X) are continuously invertible for all A\ with sufficiently large modulus |\| on each ray on
the complex plane C where the operator A(z,d, A) is parameter-dependent elliptic. We also
describe reasonable conditions for the system of root functions related to the family L(\)
to be (doubly) complete in the spaces H" (D), H™ (D) and the Lebesgue space L*(D).
AMS subject classifications: 35J25, 35P10

Key words: mixed problems, non-coercive boundary conditions, parameter dependent
elliptic operators, root functions

1. Introduction

The notion of a parameter-dependent elliptic operator provides a useful link between
the theories of boundary value problems for parabolic and elliptic operators (see, for
instance, [3]). Investigating a boundary value problem for a parameter-dependent
elliptic operator A(x,d, \) on a ray in the complex plane, first one aims to prove the
continuous invertibility in proper functional spaces H* (D), H~ (D) of the correspon-
ding family L(\) : HT(D) — H (D) of the operators for all A\ with sufficiently large
modulus |A| on the ray (see [3, 7, 8, 17]). The next step is to prove the (multiple)
completeness of the corresponding root functions associated with the parameter-
dependent family (see, for instance, [10, 12, 16, 22]). Actually, this provides a
justification for the application of Galerkin type methods and a numerical solution of
the problem. For elliptic (coercive) problems, the results of this type are well known.
The investigation is usually based on the classical methods of functional analysis and
the theory of partial differential equations (see [1, 5, 10, 12, 16], and many others).
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For domains with smooth boundaries, the standard Shapiro-Lopatinsky conditions
with a parameter and their generalizations are usually imposed (see [3, 7, 8]). The
spectral theory in non-smooth domains usually depends upon hard analysis near
singularities on the boundary (see, for instance, [4, 20]).

Recently, the classical approach was adapted for investigation of spectral proper-
ties of non-coercive mixed problems for strongly elliptic operators in Lipschitz do-
mains (see [18, 19]). An essential part of the approach is the analysis in spaces
of negative smoothness. We use this method to prove that under reasonable as-
sumptions the non-coercive operator pencil L()\) : HT (D) — H~ (D) has almost the
same properties as a coercive one. Also, an example related to non-coercive mixed
problems for a strongly elliptic two-dimensional Lamé system is considered.

2. A Fredholm holomorphic family of mixed problems

Let D be a bounded domain in Euclidean space R™ with Lipschitz boundary 0D.
We consider complex-valued functions defined in the domain D. We write L(D) for
the space of all (equivalence classes of) measurable functions w in D, such that the
Lebesgue integral of |u|? over D is finite. As usual, this scale continues to include the
case ¢ = 0o, too. We denote by H*(D) the Sobolev space and by H*(D), 0 < s < 1
the Sobolev-Slobodetskii spaces.

Consider a second order differential operator

n

Az, 0, \)u = — Z Oi(a; j(x)0ju) + Z a;(x)0ju + ao(z)u + E(AN)u
j=1

3,j=1
in the domain D with a complex parameter \; here z = (x1,...,x,) are the coordi-
nates in R", 0; = % and
J

E\u =\ Z ag.l)(x)aju + a((Jl)(:v)u + /\Qa((f)(x)u.
j=1

The coefficients a; ;, a;, ag-l), a((Jl), a((f) are assumed to be complex-valued functions

of class L>°(D). We suppose that the matrix 2(z) = (a;;(x))i=1,...,n is Hermitian

and that it satisfies j=1,...,n
Z a; j(x)w;w; > 0 for all (z,w) € D x C™, 1)
1,j=1
Z Gi,j(I)gigj > mg |§|2 for all (z,¢) € D x (Rn \ {0}), (2)
ij=1

where myg is a positive constant independent of = and . Estimate (2) is nothing but
the statement that the operator A(z, d,0) is strongly elliptic. Since the coefficients of
the operator and the functions under consideration are complex-valued, the matrix
2A(x) can be degenerate. In particular, inequalities (1) and (2) are weaker than the
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(strong) coerciveness of the Hermitian form, i.e., the existence of a constant mg such
that

Z ai j(x)Wyw; > mg|w]? for all (z,w) € D x (C™\ {0}). (3)
ij=1
We consider the following Robin type boundary operator

B=by(x) Y ai;(x)vid; + 0 + By,

ij=1

where by is a bounded function on 9D, v(z) = (v1(x), ..., v, (x)) is the unit outward
normal vector of 9D at « € D, 0 = 3_7_, 7j(x)0; is the tangential derivative with
a tangential field 7 = (7y,...,7,) on 0D and By is a densely defined linear operator
in L2(0D) of “order” not exceeding 1. The function b (z) is allowed to vanish on an
open connected subset S of 0D with piecewise smooth boundary 95 and the vector
7 vanishes identically on S.

To specify the operator By, fix a number 0 < p < 1/2 and a bounded linear
operator ¥ : H?(OD) — L*(0D). The range of p is motivated by trace and duality
arguments. We will consider operator By of the following form

BO = Xsu + bl (W* lp(u) + 5B0) s

where Y is the characteristic function of the set S on D, ¥* : L2(0D) — H*(OD)
is the adjoint operator for ¥ and 6By is a “low order” perturbation that will be
described later. For p = 0, a typical operator ¥ is a zero order differential operator,
i.e., it is given by Wu = u, where v is a function on 9D locally bounded away from
9S. Then (V*Wu)(z) = |i(x)[>u(x) is invertible provided that |¢(z)] > ¢ > 0. If
dD is C?-smooth, then a model operator W is ¥ = (1 + Aap)p/Q, where Agp is the
Laplace-Beltrami operator on the boundary.

Consider the following family of boundary value problems. Given data f in D
and ug on dD, find a distribution u in D which satisfies

{A(:v,a, Mu=f in D,

(4)
B(x,0)u = ug at OD.

If A =0 and ¥ is given by the multiplication on a function, this is a well known
mixed problem of Zaremba type (see [23]). It can be handled in a standard way
in Sobolev type spaces associated with Hermitian forms or in Holder spaces and
Sobolev spaces using the potential methods (for the coercive case see [13, 23, 15]
and elsewhere). In the non-coercive case, the methods should be more subtle (see, for
instance, [2, 19]) because of the lack of regularity of its solutions near the boundary
of the domain. In [19], the method, involving non-negative Hermitian forms, was
adopted to study problem (4) in non-coercive cases with a zero order differential
operator W. Namely, denote by C'(D, S) the subspace of C'(D) consisting of those
functions whose restriction to the boundary vanishes on S. Let H'(D,S) be the
closure of C1(D, S) in H'(D). This space is Hilbert under the induced norm. Since
on S the boundary operator reduces to B = xg and xs(xz) # 0 for € S, the
functions of H'(D) satisfying Bu = 0 on dD belong to H'(D, S).
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Split ag into two parts ap = ag,0 + dag, where ag is a non-negative bounded
function in D. Then, under reasonable assumptions, the Hermitian form

(u,v)y = / Z a;,jO;ud;v dx + (ao,0u,v)r2(py + (¥(u), ¥(v))r20p)
D

5,J=1

defines an inner product on H'(D,S). Denote by HT(D) the completion of the
space H'(D, S) with respect to the corresponding norm || - ||
To study problem (4) we need an embedding theorem for the space H* (D).

Theorem 1. Let the coefficients a; ; be C* in a neighbourhood X of the closure of
D, inequalities (1), (2) hold and there is a constant ¢1 > 0, such that

1Wull 290y > e1 ullgeop) for allw e H'(OD, S). (5)

If there is a positive constant ca, such that ago > co in D or the operator A is
strongly elliptic in a neighbourhood X of D and

n
|30 asstyuliude = mu fulfacxy
X =1

for all w € C,,.(X), with my > 0 a constant independent of w, then the space

comp

H*(D) is continuously embedded into H*(D), where s is given by
1/2 — € with e > 0, if p =0,
s=1 1/2, if p=0 and 0D € C?,
1/2+ p, ifo<p<1/2.

Proof. It is similar to the proof of [19, Theorem 2.5] corresponding to the case
where p = 0 and W is given by the multiplication on a function. O

Of course, under the coercive estimate (3), the space H* (D) is continuously em-
bedded into H'(D). However, in general, the embedding described in Theorem 1 is
rather sharp (see [19, Remark 5.1], [18] and §5 below). In particular, it may happen
that the space H (D) can not be continuously embedded into H?™¢(D) with any
€ > 0. Thus the operator V¥ is introduced here in order to improve, if necessary, the
smoothness of elements of H1(D) in the non-coercive case.

In order to pass to the generalized setting of the mixed problem, we need that all
the derivatives d;u belong to L?(D) for an element u € H (D), at least if s < 1/2 in
Theorem 1. However, if 0 < s < 1, then the absence of coerciveness does not allow
this. To cope with this difficulty we note that the operator -, 0;(a;,;0;-) admits
a factorisation, i.e., there is an (m x n)-matrix D (z) = (D; ;(z))i=1,...,m of bounded

.....

Jj=1,..., n
functions in D, such that (D(z))*D(z) = A(z) for almost all z € D. For example,
one could take the standard non-negative selfadjoint square root D (z) = /2(z) of

the matrix 2(z). Then

Z ai,jaju% = (DVv)*DVu = Z@kv Dyu,

i,j=1 k=1
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for all smooth functions u and v in D, where Vu is thought of as an n-column
with entries d1u, ..., 0pu, and Dpu =Y ;- Dpi(x)du, k =1,...,m. Then, by the
definition of the space H* (D), any term ax(z)®u, k = 1,...,m, belongs to L*(D)
if w e HY(D) and a € L>(D). Thus, if 0 < s < 1, then we may confine ourselves
to first order summands of the form

> an(x)Dr and Y ay (x)D
k=1 k=1

instead of 7, a;(x)d; and Y25, agl) (x)9;. For this purpose, we fix a factorization
D(z) of the matrix A(x) and functions a, € L (D), dl(cl) eL>*D),k=1,...,m.
These considerations allow us to handle problem (4) with the use of the standard

tools of functional analysis. Indeed, let H~ (D) stand for the completion of space
H* (D) with respect to the norm

|(v,w) L2 (D)
Jul - = sup ——T——
veHT (D) [vll+
v#0

It is the dual space for H* (D) with respect to the pairing (-,-) : H~ (D) x HT(D) —
C induced by the scalar product (-, )2 (D)

<u5v>:UEToo(uvav)L2(D)v ’U,EHi(D),UEHJr(D),
where {u,} C H'(D) converges to u in H™ (D), see [15]. Note that under the
hypothesis of Theorem 1, the natural embedding ¢ : H+(D) — L?(D) is continuous;

it is compact if (5) holds. Let ¢/ : L?(D) — HT (D) stand for the adjoint map for ¢
with respect to the pairing (-, -), i.e.,

(Vu,v) = (u, ) 2(py for all u € L*(D),v € HT(D).

Now, integration by parts leads to a weak formulation of problem (4): given
f € H (D), find u € HT(D), such that for all v € C1(D, S) we have

(u,v)4+ + ((]Zk kD + dag + E(N)u, v) L)

+ ((bl_laT + 0By)u, v) =< frv>. (6)

L2(dD\S

By the Cauchy inequality, if
(6707 + 6B0)u.2) o | <l Nl

with a constant ¢ > 0 independent of u,v € HT (D), then (6) induces a holomorphic
(with respect to A € C) family L(A\) : HT(D) — H (D) of bounded linear operators.

Denote by Lg the operator L(0) in the case where 7 = 0, 6By = 0, dag = 0,
ar =0, k = 1,...m. According to [19, Lemma 2.6], the operator Lo : HT(D) —
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H~(D) is continuously invertible and ||Lo|| = ||Ly"'|| = 1. Then we can consider
each operator L(\), A € C, as a perturbation of Lg.
Actually, it is convenient to endow the space H~ (D) with the scalar product

(u,v)_ = (Ly u, Ly 'v)y =< Ly u,v >, u,v € H (D) (7)

coherent with the norm || - || see, for instance [19, p. 3316 and formula (2.2)].
Lemma 1. Under the hypothesis of Theorem 1, if By maps HP(0D, S) continuously
into H=P(0D), then the term (0Bou,v)r2op) induces a bounded operator 0Lp :
H*™(D) — H=(D). If By maps HP(OD,S) compactly into H*(OD) then the
operator dLp is compact. In particular, if §Bqy is given by the multiplication on a
function by € L>=(0D \ S), then

1) 6By maps HP(0OD, S) compactly into HP(0D) for 0 < p <1/2,

2) §Bo maps L*(0D,S) continuously into L*(OD) for p = 0.

Proof. The proof is standard, cf. [19, Lemma 4.6]. O

Clearly, the linear span of the vectors
Ti,j = é'jl/i(x) — é}l/j(l‘), >,

coincides with the tangential plan at each point x € 0D where it exists. Thus we
may consider tangential partial differential operators of the following form:

0r =Y kij(x)0r, .

i>7

Lemma 2. Let HT(D) be continuously embedded into H*(D,S). If k; ; /by is of
Hoélder class CO* in the closure of 9D\ S for all i > j, with A > 1/2, then the term
(by *0ru, v)2ap\s) induces a bounded operator §L, : HT (D) — H~ (D).

Proof. The statement was proved in [19, Lemma 6.6]. O

Theorem 2. Under the hypothesis of Theorem 1, let 7 = 0, unless s = 1. If
either the term (0Bou,v)r29p) induces a bounded operator 6Lg from H™ (D) to
H~(D) with |§Lp+0dL.|| < 1 or |[6L.|| < 1 and the term (0 Bou,v)r2(sp) induces a
compact operator from HY(D) to H™ (D), then {L(\)}xec is a holomorphic family
of Fredholm operators of zero indez.

Proof. Follows from Lemmas 1 and 2 because H ' (D) is compactly embedded into
L?(D) under the hypothesis of Theorem 1. O
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3. Mixed problems for parameter-dependent elliptic operators
To obtain the main theorem of this paper we recall that the operator A(zx, 0, ) is

parameter-dependent elliptic on a ray I' = {arg(\) = ¢r} on the complex plane C if

n

ST ai(@)GG + A al @)¢ + Naf? (@) £ 0 (8)

i,j=1 Jj=1

for all x € D and all (), () € (I' x R") \ {0,0}.
In particular, if the operator A(z,d,)\) is parameter-dependent elliptic on the

ray I, then by taking ( =0 and A # 0 in (8) we obtain a((J2) (x) #0 for all x € D.
In the sequel we consider the case where E()\) = /\2a82)(x), the most common
in applications. Let ¢o(z) = arg (agf) (a:)) Denote by C' : H" (D) — H~ (D) the

operator that is induced by the term (a((f)(x)u, V)L2(D)-

Lemma 3. Let
aéz) # 0 almost everywhere in D. 9)

Then the operator C : HY (D) — H~ (D) is injective.

Lemma 4. Suppose that the matriz A(x) is Hermitian non-negative and (2) is ful-
filled. If E(\) = /\2a82), then the operator A(xz,d,\) is parameter-dependent elliptic
on the ray U if and only if

|a(()2) (x)| > 0 for all z € D; (10)
cos (po(x) + 2¢pr) > —1 for all x € D. (11)

If |a((J2) (z)| € C(D), then (10) is equivalent to the following
|a(()2) (z)] > 0y > 0 for all z € D; (12)
similarly, if po(z) € C(D), then (11) is equivalent to the following
cos (go(z) + 2¢r) >0, (1) =6, > —1for all z € D, (13)

where the constants 6y, 81 do not depend on .
Clearly, under the hypothesis of Theorem 2 we can decompose

L(\) = Lo+ 6.L 4 6,L + \*C,

where 6.L : HY(D) — H (D) is a compact operator and §sL : H (D) — H (D)
is a bounded one. Moreover, the family L()) is Fredholm if ||d,L|| < 1.

Theorem 3. Let either ¥ is given by the multiplication on a function ¢ € L*°(0D)
or D € C* and ¥ is a pseudodifferential operator on OD. Let also E(\) = )\2(1(()2),
the hypothesis of Theorem 2 be fulfilled, and (9) and (13) hold true. If o € C(D)
and ||6,L|? + (max (0, =0, (I')))* < 1, then
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1) there is o € I' such that the operators L(\) : HT (D) — H~ (D) are continu-
ously invertible for all X € T with |A| > |yol;

2) the operators L(X\) are continuously invertible for all A € C except a discrete
countable set {\,} without limit points in C.

Proof. We begin with the following lemma. Set 7(I') = max (0, —61).

Lemma 5. Under the hypothesis of Theorem 3, there is ko € N such that for all
X € T with |A| > ko we have

I(Lo+8,L + A2C)ull - = (VI=72(T) = [8,L]) llull+ for all ue H*(D)
and there are positive constants p1 = p1(pr),q1 = q1(pr) such that
(Lo + 5L + XN*C)ull - = palull+ + a1 A || Cul| - (14)
for allu € HY(D) and X\ € T with |\| > ko.

Proof. Given any v € HT(D) a computation with the use of formula (7) shows
that

)\2<Cu,u> = |)\|2/ |a((32)(;[;)||u(x)|26\/jl(tp0(m)+2tpr) dz,
D

(Lo 4+ A2C)ul|2 = (u+ N Ly Cu, (Lo + \2C)u)?
= (u, Lou) + (A2Lg ' Cu, \2Cu) + X (u, Cu) + A2(Ly  Cu, Lou)
= [lull® + MHICul|2 + X (u, Cu) + A2 (Lg Cu,u)
= Jlull® + NHICu)|2 + X (u, Cu) + A2(Cu, u)
= J[ull? + N Cull? + 2 (X2 (Cu, ) ). (15)
Clearly, for A € T,
R(N2(Cuw)) = A /D 0§ @)l[u(@)]? cos (po(w) + 2¢r) dz.  (16)

If 6; € [0,1], then n(I") = 0 and for all w € H" (D) we immediately have:
I(Lo + X*Chull > fJull} + A" Cul2,
I(Lo + 8L + ACull - > |[(Lo + X*C)ull - — [|6sLul|-
> 3 + A ICull2 = |6, Ll

Then, for a € [0, 7/2] and non-negative numbers «a, b, we have
Va+b > acos(a) + Vbsin (o). (17)

As [|6sL|| < /1 —=n?(T) = 1, there is ap € (0,7/2) such that
[10sL|| < cos (o)
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In particular, this means that for all u € H*(D) and all A € I we have:

(Lo + 8L + A Chull = > |full+ — [[6:Lul - > (1 — [[6L])l|ull+,
1(Lo + 05 L + N*Cul|— = cos (a)l|ull+ + sin (o) A*[|Cul| - — |6 L -
> (cos (o) — [|0s L) [[ull+ + sin (o) [A]?[|Cul -,

i.e., the desired inequalities are true if 6; € [0, 1].
If 6, € (—1,0), then, by (16) and (13),

R(¥(Cuw) = =0 [ fofd @)lu(e)f? da. (18)

Let us prove that for any 6 € (—64,1] and v € [0,1) with §/1 —~ > —6; there
is kg € N such that

(Lo + A*Chull* > (1= 62) ullZ +~A*[|Cull2 (19)

for all w € HT(D) and all A € T with |A| > ko. Indeed, we argue by contradiction.
Let there be 6 € (]01],1] and v € [0,1) with 6/1T — v > |61] such that for each k € N
there are uy, € H' (D) with ||ug|+ = 1, and a number A, € I with [A\x| > k such
that

(Lo + MCug||* < 1= 62 + v A ! Cun ]|

It follows from (15) and (16) that
0% + D[ Cur 2 (1 = ) + 22 / cos (w0 + 2¢r)|al” (2)[uk (2)[* dz < 0,
D

ie.,

0 — VT = )| Cul|- ) +

Cos al? ()| lug (2)|? da
9 <9m+ Ip (900"'29;2);7( Mlus (@) d >|)\k|2||0uk|— <0, (20)

for all k € N.
On the other hand, for all w € H'(D) with ||ul+ = 1 we have

|Cull— = [[*Y7Tor Cull - > |(e¥ T +220) | u, w)

Lz(D) ‘ .
In particular, we have

I cos (o + 2¢r)|a” (x)| g (z)[? dz
[Curll—

<1, for all £ € N.

Now, if the sequence {|\|?||Cu| -} is unbounded, then by extracting a subsequence
{I Ak, [?[|Cu, ||~} tending to +oo, dividing (20) by [k, |[*[|Cu,[|2 and passing to the
limit with respect to k; — +o00 we obtain 1 < 0, a contradiction.
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Let the sequence {|A\g|?||Cug|/—} be bounded. Now, the weak compactness prin-
ciple for Hilbert spaces yields that there is a subsequence {uy,} weakly convergent
to an element ug in the space H* (D). Then {Cuy,} converges to Cug in H~ (D) be-
cause C' : HY(D) — H~ (D) is compact and {uy, } converges to ug in L*(D) because
the embedding ¢ : H* (D) — L*(D) is compact, too. Since the sequence {A}, Cuy, }
is bounded in H~ (D) and |Ax| — 400 we conclude that {Cuy,} converges to zero

in H~ (D). This means that Cup = 0 and then uy = 0 because a((J2) (x) #01if (9) is
fulfilled on the ray I" and then the operator C' is injective (see Lemma 3).
According to the compactness principle, we may consider the subsequences

(2) 2
COS (P, + 2%0 a ZT)lu J xZ dx

as convergent to the limits & > 0 and g € [—1, 1], respectively. Now it follows from
(20) that

(0 —a)® +2a(0—B) <O0. (21)
If & = 0, then we have a contradiction because § > 0. If @« > 0 and S < 0, then
0 — 5 > 0 and we again have a contradiction.
Let a > 0 and B8 > 0. If g9 € C(D), then, according to the Weierstral Theo-
rem, there is a polynomial sequence {P;(z)} approximating ¢o(x) in this space. In
particular, for each € > 0, there is 7 € N such that

max |1 — cos (o (z) — Pi(x))| < e for all ¢ > i..
zeD

Since ueV =17 (@) ¢ H(D), we see that for all i > i.

(em(wo(w)—ﬂ'(w)) |a82) |u, u)r2(p) ‘

Y

1Cul|-

_ |eos (@) = P@pIa? o, w2200
- Hue\/_PZ

[+

(1= e)(|as |u, ) 2y
- ||ueFP1

I+
Hence if € € (0, 1), then

lim sup (lag” ;) 2oy _ limsupy, oo [lug,eY™ T |14

for all i > i..
m e e < T , for all i > 7,

On the other hand, as |eV ™

=[lul% + @V )iz
+ 23‘%(((@6‘/_P1)u eVl 12 D))

|luev ™

+ ¥ (e FP%U)HLQ(aD H‘I’(U)Hm(aD)v (22)
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for all i € N and w € HY(D). If ¥ is given by the multiplication on a function
Y € L*°(0D) then ||\I/(€¢T1Piu)|‘L2(3D) = ”\I/(U)HL?(@D) If 0D € C* and V is
a pseudodifferential operator of order p on 0D, then, as the multiplication on a
smooth function is a pseudodifferential operator of order zero, we conclude that the
commutator W, eV~1Fi] = (WoeV~1P —eV=1Pi 0 1) is a pseudodifferential operator
of order (p — 1) on 9D (see, for instance, [11]). By the conctruction of || - ||+ and
Theorem 1, the sequence {uy} is bounded in H?(0D) and then we can consider that
the subsequence {uy,} converges weakly to zero in this space. Then

1Y P u) L2ap) —I1¥(w)l|L2(om)]
= ’H‘I’(eﬁPiU)Hm(aD) - He\ﬁPi‘I’(U)HU(aD)’
< @, eV () 2o,
for all w € H*(D) and hence
Jim (H\I’(eﬁp"%)llwaD) - ||‘1’(Ukj)||L2<aD>) =0 (23)
j-}OO

because the operator [¥,eV~1F] . H?(dD) — L?(8D) is compact by the Rellich
Theorem. Thus, as uj, — 0 in L?(D) and [Ju, ||+ = 1, it follows from (22) and (23)
that

lim sup ||ukje\/?1PiH+ =1, foralli e N.

]i}j—)OO

Therefore, if 8 > 0, then by (18)

[y cos (o + 2¢r)|al (@) Ju, (2)|? da
[ = lim
kj—ro0 ||Cuij_
(2) 2 d
< timsup [oy L]0 @lluk, () do
|61

<

for each ¢ € (0,1).

This means that § — 5 > 0 if § > |#;| and we again have a contradiction with (21).
Thus, (19) is fulfilled.

Finally, as [|0sL]|> < 1 —n*(T') = 1 — |01|?, we see that there are 65 € (|64],1],
0 € [0,1) with 023/T — 9 > |61] and o7 € (0,7/2) such that

1/2
|0 L|| < cos (al)(l - 92) .

Therefore, using (17), (19) we see that

| (Lo + 8,1 + A2Chu] - > \/ (1= ) Iull3. + o A ICulz — 18, Lull-
9 1/2 . 9
> cos (an) (1-63) " Jull=sin (1) Ao APl Cull—— 18, Lt -

1/2 )
> ((cos (a1) (1-63) =118, LI) ) llull  +sin (1) y Ao APl Cul
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for all w € HT(D) and all A € T with [\| > ko. O

We continue with the proof of property 1). For this purpose, using Lemma
5, we conclude that the operator (Lo + 6sL + A2C) is continuously invertible if
6sL)> <1 —n*T) and A € T with |A\| > ko. Hence we obtain

L) = (I +8cL(Lo+ 6L +N\C) ")(Lo + 6L + N*C) (24)

for all A € T with |A| > ko.
We will show that the operator I + §.L(Lo + dsL + A2C)~! is injective for all
A € T such that |A| > k; with some k; € N with k1 > kg. Indeed, we argue by

contradiction. Suppose that for any k& € N there are \; € T' with |\;| > k and
fr € H- (D), such that || fx]|- =1 and

(I 4+6.L(Lo+0sL+X;C) ™) fr. = 0. (25)

It follows from Lemma 5 that the sequence uy := (Lo + ;L + A\2C) ™! fj is bounded
in Ht(D) for all A, € T with [A\x| > ko. Now the weak compactness principle for
Hilbert spaces yields that there is a subsequence { fx, } with the property that both
{fr,} and {uy,} converge weakly in the spaces H~ (D) and H* (D) to limits f and u,
respectively. Since d.L is compact, it follows that the sequence {0.Luy, } converges to
dcLu in H™ (D), and so {fx,} converges to f because of (25). Obviously, | f||- = 1.
In particular, we conclude that the sequence {J.L(Lo+0dsL+A{ C)~" fy; } converges
to (—f) whence

f=-é.Lu. (26)

Further, on passing to the weak limit in the equality fr, = (Lo +dsL + )\ij Cug,

we obtain
f=Lou+dsLu+ lim )\i, Cug,,
kj—oo ™Y

for the continuous operator Lo + dsL : H(D) — H~ (D) maps weakly convergent
sequences to weakly convergent sequences.

As the operator C' is compact, the sequence {C ug, } converges to C'u in the space
H~ (D) and C'u # 0, which is a consequence of (26) and the injectivity of C' (see
Lemma 3). This shows readily that the weak limit

lim )\ij Cuy; = f— Lou—dsLu

]i}j—)OO

does not exist, a contradiction.

We have proved that the operator I + 6.L(Lo + 6sL + A?C)~! is injective for
all A € T with |A] > k;. Since this is a Fredholm operator of index zero, it is
continuously invertible. Hence, the operators L(\) are continuously invertible for all
A € T with sufficiently large |A|.

Thus, {L7Y(\) = (Lo+06.L+0:L+A2C)~ 1} cc is a meromorphic family of Fred-
holm operators. Since there is a point v where L(y) is continuously invertible, the
operators L(A) are continuously invertible for all A € C, except a discrete countable
set {A,} without limit points in C (see, for instance, [12] or [10]). O
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Corollary 1. Let either U is given by the multiplication on a function ¢ € L*°(9D)
or 0D € C* and let ¥ is a pseudodifferential operator on 0D. Let also (9) hold
true, po € C(D) and
® = sup (po(x) — poly)) < 2.
x,yeD
Under the hypothesis of Theorem 1, for each compact operator 6.L : HT (D) —
H=(D) and each bounded operator 6sL : HT (D) — H~ (D) with

65 L]|? 4 (max (0, — cos (®/2)))* < 1, (27)

the operators L(X\) = Lo+ 5L+ 6.L+ A2C are continuously invertible for all X € C,
except a countable number of the characteristic values {\,}.

Proof. As pg € C(D), the function admits maximal and minimal values ®; =
min, 5 ¢o(z), P2 = max, 5 o(x) and & = $5 — ;. Hence, the statement follows
from Theorem 3 applied to the ray T'g = {arg(\) = —(P2 + P1)/4} with 01(T) =
min, 5 cos (po(7) + 2¢r,) > cos(®/2) > —1. O

4. On the completeness of root functions

We are interested in studying the completeness of root functions related to the mixed
problem in Sobolev type spaces H' (D), H~ (D).

For this purpose we recall some basic definitions. Suppose \g € C and F(}) is a
holomorphic function in a punctured neighborhood of Ay which takes on its values
in the space L(H;, H2) of bounded linear operators acting from a Hilbert space H;
to a Hilbert space Ha. The point Ag is called a characteristic point of F'(\) if there
exists a holomorphic function u()) in a neighborhood of Ay with values in H;, such
that u(Ao) # 0 but F(A)u(A) extends to a holomorphic function (with values in Hs)
near the point \g and vanishes at this point. As usual, we call u(\) a root function
of the family F(X) at A\g. If N is the order of zero of the holomorphic function
F(M)u(X) at the point Ag, then we have

m

ZFm_juj =0forallmeZ, with0<m<N —1, (28)

j=0
where u; = %%(/\0) € Hy and F; = %%()\0) € L(Hy,H>), j € N. The vector
up is called an eigenvector of the family F(X) at the point \g and the vectors u;,
1 <7 < N —1, are said to be associated vectors for the eigenvector ug. If the linear
span of the set of all eigen- and associated vectors in the family F'()\) is dense in Hy,
one says that the root functions of the family F'(\) are complete in Hy. The notion
of root function of a holomorphic family is a generalization of the notion of a root
vector of a linear operator. Namely, a non-zero element u € H is called a root vector
of T' corresponding to an eigenvalue po € C if u € D(p_, 1k, for all 1 <k <m and
(T — pol)™u = 0 for some natural number m.

Note that under (9) the multiplication on the function a((J2) € L*°(D) induces a

bounded injective operator in the space L?(D); it is continuously invertible under
(12). We will denote this operator by Cy. Then we can factorize C' = ¢/ Cy.
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Lemma 6. If (9) is fulfilled, then for the holomorhic Fredholm family L(\) = L(0)+
N2C : HT (D) — H~ (D) the set of all its root functions coincides with the set of all
root vectors of one of the following closed densely defined linear operators:

C™'L(vy): H"(D) = H"(D) and L(y)C~*: H- (D) — H™ (D),

where v € C is an arbitrary point. Besides, if there is a point vy € C, where the
operator L(~o) = L(0) + A3C is continuously invertible, it also coincides with the set
of all the root vectors of one of the following bounded linear operators:

L™ (30)C : HY(D) = H(D), CL™}(y0) : H™ (D) — H™ (D),
LL™ (y0)/ Cy : L*(D) — L*(D).

Proof. Follows immediately from (28). O

To formulate the completeness results regarding parameter-dependent elliptic
operators we need the notion of a compact operator of finite order. If T': H — H
is compact, then the operator T*T is compact, selfadjoint and non-negative. Hence
it follows that T™T possesses a unique non-negative selfadjoint compact square root
(T*T)'/? often denoted by |T|. By the Hilbert-Schmidt Theorem the operator |T|
has a countable system of non-negative eigenvalues s, (7') which are called the s-
numbers of T'. Tt is clear that if T is selfadjoint, then s, = |u,|, where {u,} is the
system of eigenvalues of T'. The operator T is said to belong to the Schatten class
Sy, with 0 < p < o0, if

Z [s,(T)|P < oo.

A compact operator T is said to be of finite order if it belongs to the Schatten class
S,. The infinum ord (T) of such numbers p is called the order of T
Let us denote by € : H(D) — H~ (D) a linear bounded operator induced by

the term (|a(()2)|u,v)Lz(D). Note that under (9) the multiplication on the function
la{?| € L>(D) induces a bounded injective selfadjont operator & : L2(D) — L2(D);
it is continuously invertible under (12). In the following theorem h(-,-) stands for
the Hermitian form

hu,0) = (a6 [u,0) 12(p)-

We note that under (9) it defines a scalar product on L?(D); this Hilbert space is
denoted by L7 (D). The corresponding norm is not stronger than || - || z2(py, it is
equivalent to the original norm of this space if (12) is fulfilled.

Theorem 4. Let (9) hold true. Under the hypothesis of Theorem 1, the operators
Ly'¢: HY(D) - HT(D), €Ly' : H (D) — H™ (D), 1Ly /€ : L*(D) — L*(D)
are compact and their orders are finite:
ord(CLy ') = ord (Ly '€) = ord (1Ly '/ €y) = n/(2p + 1).

Moreover, the operators Ly '¢ and CLy L are selfadjoint. Besides, the operators
have the same systems of eigenvalues {u, }, the system {bl(,+)} of eigenvectors of the
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operator Ly'€ is complete in the spaces HY (D), L?*(D) and H— (D). Moreover,
the system {bl(,+)} is an orthonormal basis in HT(D), the system {bl(,_) = Qﬁb,(j—)}
of eigenvectors of the operator @Lal is an orthogonal basis in H~ (D), the system

{b,(,o) = Lbl(,ﬂ} of eigenvectors of the operator LLalL'Qo is an orthogonal basis in the
space L3 (D) and the system { |a(()2)|b,(,+)} is an orthogonal basis in L*(D). If, in
addition, (12) holds, then the operator 1Ly i/ is selfadjoint in L? (D).

Proof. The proof is standard for self-adjoint operator pencils (see [16] or even [21,
Suppl. II, Introduction and P. 1, § 2] for Ordinary Differential Equations. O

Now we can use the famous Keldysh’ Theorem on the weak perturbation of
compact selfadjoint operators (see, [12], [10], [16], or elsewhere).

Corollary 2. Let (9) hold true. Under the hypothesis of Theorem 1, for each com-
pact operator 6.L : HY (D) — H~ (D) we have

1) for any € > 0 all characteristic values A, (except for a finite number) of the
operator pencil L(\) = Lo + §.L + A\*€ belong to the corners

M. = {|arg(\) — 7/2| < e}, M_.={larg(\) + /2| < e}
and lim, _, o |A\y| = +00;

2) the system of root vectors of the family L(\) = Lo + 6.L + A\2€ is complete in
the spaces HT (D), L*(D) and H~ (D).

Finally, we may apply the method of rays of minimal growth of the resolvent to
obtain the completeness of root vectors in the case of more general perturbations.

Theorem 5. Let either ¥ is given by the multiplication on a function ¢ € L*°(0D)
or 0D € C*° and let ¥ is a pseudodifferential operator on 0D. Under the hypothesis
of Theorem 1, let also (9) and

® = sup (po(z) —oly)) <m(2p+1)/2n. (29)
x,yeD

hold true. If po € C**(D) and
16sL||> 4 (max (0, — cos ((7(2p + 1) — 2n®) /4n)))* < 1,
then we have

1) for any e > 0, all characteristic values N\, (except for a finite number) of the
family L(\) = Lo + 6sL + 6.L + X2C belong to the corners

{Jarg(\) £7/2] <7w(2p+1)/2n+ ¢}
and lim, _, o |Ay| = +00;

2) the system of root vectors of the family L(\) = Lo+6.L+8,L+\2C is complete
in the spaces H (D), H=(D) and L*(D).
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Proof. As the operator 13C : HT(D) — H~ (D) is compact, the family L(\) =
Lo+ 0sL + 0.L + \2C with 6.L = §.L + 7§C and A2 = \2 — 73 satisfies conditions
of Theorem 5, too. Moreover, the operator L(0) = L(~) is continuously invertible.
Since the root functions and root vectors of the families L(\) and L()) have obvious
relations, we can replace the family L()\) by the family L()). Hence we may consider
that the operator L(0) is continuously invertible. Now, according to Lemma 6, the
proof of the theorem can be reduced to the investigation of the properties of one of
the operators L~1(0)C and L(0)C~! = (L~1(0)C)~! .

If oo € C%Y(D), then the multiplication on the function eV~1¥0 ¢ C%(D)
induces a bounded linear operator 6c : H*(D) — H*(D). Hence the operator
CL71(0) can be presented in the following form:

CL7Y0) = (€Ly") Lo 6c L™1(0).

It follows from Theorem 4 that the operator €L ! belongs to the Schatten class
S/ (2p+1)+e With any € > 0, i.e. CL7Y(0) € &, /(2p+1)4e With any € > 0, too (see
[10, Ch. 2, §2]). Besides, estimates (14) and (29) imply that the angle between any
two neighboring rays of minimal growth of the resolvent of the operator L(0)C~* is
less than m(2p+1)/2n. Thus the statement of the theorem follows from the standard
arguments with the use of the Phragmen-Lindelof theorem which go back at least
as far as [1] (see also [19] for the non-coercive case). O

Remark 1. Actually, it follows from the reducing procedure of Lemma 6 that in
Corollary 2 and Theorem 4 we should claim the multiple (double) completeness of
root vectors related to the operator pencil L(\) (see [12], [22] and elsewhere).

5. An example

Consider an instructive example. Let n = 2 and Aéz) be a (2 x 2) matrix with
real-valued entries of class L>°(D) and

Az, 0, )V (z) = —9A, LV (2) — (0 + 91)VadivaV (z) + A2AP (2)V (z)

the Lamé type system, where V(x) = (Vi(z), Va(z)) is an unknown vector, Iy is
the identity (2 x 2)-matrix, Ay the Laplace operator, Vo and divy are the gradient
operator and the divergence operators in R?, respectively, and ¥, ¥; are the Lamé
parameters. This operator plays an essential role in the two-dimensional Linear
Elasticity Theory (see, for instance, [9]); the vector V(x) represents the displacement
of points of an elastic body. This operator can also be considered as part of a
linearisation system of the stationary version of the two-dimensional Navier-Stokes
type equations for a viscous compressible fluid with known pressure and unknown
velocity vector V(x) (see [14, §15]); in this case, the Lamé parameters represent
viscosities. The system is strongly elliptic and formally selfadjoint non-negative if
¥ > 0, 20 + 97 > 0. Let us consider a very special case where the first Lamé
parameter 17 is negative and ¢ = —¢. Then, A(:C, 0, \) reduces to

A(z,0,)) = =90, + N2 AP (2). (30)
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On the other hand,
—AQIQV = I‘Ot;I‘OtQV + diV;diVQV,

where rotaV = (01 Vo — 02V4) is the rotation operator in R? and rots, divy are the
formal adjoint operators for rots, divs, respectively. Assume now that the matrix
Agf)(az) has the following form Agf)(az) = a(z)U(x), where a(x) € L*>°(D) is a non-

negative function and
_ (Ui(z) —Us(x)

is an orthogonal matrix with entries U; € L°°(D). Then, after the complexification
u(z) =Vi(2) + V—1Va(2), z = 1 + vV —lxa,

system (30) with real-valued coefficients reduces to the following equation with
complex-valued coefficients

A(x,0,\)u = 490 du + )\2(1(()2) (x)u,

where 0 = 1/2(6%1 + s/—l%) is the Cauchy-Riemann operator, 8 = —1/2(6%1 -
s/—l%) is its formal adjoint and

a((J2) () = a(z) (Ui (z) + V—1Us(2)) .

Then, with a proper operator ¥ : H?(9D) — L?*(0D), the Robin type operator B
has the form -
B =29 (Vl — —11/2)6 + \I’*\If,

where (v, 12) is the unit normal vector field to dD. The boundary operators

0 = - 1/0
% =101 + V282, 0, = (I/l — \/—1V2)8 = 5 (5 + \/—1(V182 — V281)>

are known as the normal derivative and the complex normal derivative with respect
to 0D, respectively. Thus, we obtain a mixed problem of the type considered above:

{ (_0A2 i )\2(1(()2)) u(z) = f in D, (31)

(2195,, + U*0) u(z) = 0 at dD.
Note that the usual boundary conditions for the Navier-Stokes equations or the

Lamé type operator are formulated by using the boundary stress tensor ¢. In our
particular case, the tensor has the following components:

R ,,_é ,_E_ R <7,7<2.
Oij 19(517] I/+VJ ; v j),l_z,]_2 (32)

Hence, with the tangential operator 8;, = ((v(z)dive)" — v(x)divs), we have

d -
o=1 (512—1—37) =9 (5 + 20;,), (33)
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where the boundary tensor & corresponds to the boundary operator 20, after the
decomplexification of the mixed problem (31), i.e., in the matrix form (31) reads as

(_MQIQ + /\2A82)) V(z) = Fin D,
(o — 200,) + U*UI5) V(z) = 0 at dD.

In Elasticity Theory, the boundary tensor & = ¥~ !0 — 20,, was discovered in [6].
We continue with the mixed problem (31). The corresponding scalar product of
the space H' (D) related to the mixed problem has the form

(u, ’U)+ =49 (511,, 5U)L2(D) + (\Ilu, \I/’U)Lz(aD).

Then, Theorem 1 grants the embedding of the space HT(D) into the Sobolev-
Slobodetskii space H*(D). However, for 0 < p < 1/2, each holomorphic function
u € HP*1/2(D) belongs to H* (D) but there is no reason for it to belong to H*(D),
i.e., the embedding is sharp. For p = 0, the embedding described in Theorem 1 is
sharp, too, but the arguments are more subtle (see [18] or [19]). In particular, the
Shapiro-Lopatinskii conditions are violated on the smooth part of 9D.

In some cases we can obtain reasonable formulas for solutions to the problem.
Let D be the unit circle B around the origin in C and S = (). We pass to polar
coordinates z = reV~1% in R?, where r = |z| and ¢ € [0, 27], and set

82 p/2 o
¥=1, UV :2(1—87¢> al? () = |2, d > 0,
(—% being the Laplace-Beltrami operator on 0B). Then, aé2) € C*2(D)if 0 <
d <1/2. Besides,

P _

1
5—7‘&0, 0, =20=—

5 (10 +V=10;). (34)

Consider the Sturm-Liouville problem for the ordinary differential equation with
respect to the variable r in the interval (0, 1),

(rdf +0p — K*r ! 4 pr?) g = 0 in (0,1), (35)
g is bounded at 0, (36)
(10— k4 (1E992) g =0 a0 r= 1 @)

see [21, Suppl. II, Introduction and P. 1, § 2]. Actually, as we have seen above, u
are non-negative real numbers (with u? = —\?) and then (35) is a particular case
of the Bessel equation. Its (real-valued) solution g(r) is a Bessel function defined on
(0,4+00), and the space of all solutions is two-dimensional. For example, if A2 = 0
and d = 0, then g(r) = ar® + Br=* with arbitrary constants o and 3 is a general
solution to (35). In the general case, the space of solutions to (35) contains a one-

dimensional subspace {agp(r,pu) = aJ k. (“CILJ:)} of functions bounded at the
d+1

point = 0, where J,(t) are Bessel functions, cf. (see, for instance, [21]). As usual,
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for each k € Z the proper system of eigenvalues {u,(:)},,eN can be found as solutions
to the transcendental equation

H ’ H 2\p/2 H _
. . 14+k2)P/2 — | F) =
a+ 174 (d+1)+((+ ) )j% <d+1> :

induced by (37) with gx (-, 1) instead of g. For any k € Z, fix a non-trivial solution

g,(cy) (r) of problem (35) corresponding to an eigenvalue u,(:). This system is an

orthogonal basis in the weighted Lebesgue space L%(0, 1) with the scalar product

1
halg, ) = / P2 () f(r) dr,

see [21, Suppl. II, Introduction and P. 1, § 2]. Then the function

uy)(2) = g (r)eY =T

satisfies
(—22 + AP2LRY) u () = 0 ©

. . , (38)
(8, + (1= Z5)?) ul(2) = 0 at 9B

where ()\](:))2 = —(u,(:))2 Indeed, by (35) and Fubini’s theorem we conclude that this

equality holds in C\ {0} (here we used the fact that u¥ is bounded at the origin).
On the other hand, the boundary condition (38) follows immediately from (34) and
(37). By the construction, the system {ul(,k)}kezyl,eN consists of eigenfunctions of the
family L(\) = Lo + A2C. Obviously, it coincides with the system of all eigenvectors
constructed in Theorem 4 if it is complete in the space L,QL(IB%) with the scalar product

h(u,v):/D|z|2du(z)U(z)d:C.

But {h}rez is an orthogonal basis in L?(9B) and {g,(cy)}keh,,,eN is an orthogonal
basis in L3(0, 1) and hence Fubini’s Theorem implies that the system is an orthogonal
basis in the space L? (B).
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