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Abstract. In this paper, generalized Vieta-Jacobsthal and Vieta-Jacobsthal-Lucas poly-
nomials are introduced. The Binet form and some of their recursive features are given.
Various families of multilinear and multilateral generating functions for these polynomials

are derived. Furthermore, some special cases of the results are presented in this study.
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1. Introduction

In [4], Horadam introduced a sequence of polynomials {J,, (x)} , Jacobsthal polyno-
mials and {j, (z)}, Jacobsthal-Lucas polynomials, defined by

Int2 (¥) = Jni1 (z) + 22, (2),
Jnt2 (I) = Jn+1 (:E) +2zjn (I) ’
respectively, where Jy () =0, J1 () =1 and jo () =2, j1 (z) = 1.

In [5], Horadam examined many recursive properties of these polynomials and de-
fined augmented Jacobsthal representation polynomials and augmented Jacobsthal-
Lucas representation polynomials. In [8], Shannon and Horadam gave some impor-
tant relationships between Jacobsthal, Morgan-Voyce and Vieta polynomials. In [6],
Horadam defined Vieta-Fibonacci and Vieta-Lucas polynomials by

Vi (z) =2Vp_q(x) = Vo (), n>2

Up () = zvp—1 () —Up_a (), n>2,
respectively, where Vj (z) =0, V1 (z) = 1 and vy (z) = 2, v1 (x) = x. Vieta-Pell and
Vieta-Pell-Lucas polynomials are studied by Tageir and Yalgin in [9]. The authors
defined these polynomials for |z| > 1 by

tn () = 2ty 1 () —th—o(x), n>2,

Sn () = 2w8p—1 () — Sp—2(x), n>2
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respectively, with initial conditions ¢ (x) = 0, #1 (x) = 1 and s¢ (z) = 2, s1 (z) = 2z.
Moreover, some recursive features for these polynomials are given in [9].

In this paper, we introduce Vieta-Jacobsthal and Vieta-Jacobsthal-Lucas poly-
nomials and a generalization of them. Exclusively, we deal with generalized Vieta-
Jacobsthal and Vieta-Jacobsthal-Lucas polynomials. We present the Binet form and
related properties. Furthermore, we also obtain various families of multilateral and
multilinear generating functions and give their special cases for these polynomials.

2. Generalized Vieta-Jacobsthal and Vieta-Jacobsthal-Lucas
polynomials

We can define Vieta-Jacobsthal and Vieta-Jacobsthal-Lucas polynomials by

Gp () = G (2) — 22Gp—2 (2),
9n (:E) = gn-1 (:E) - 2$gn—2 (.I') )

respectively, where Go (z) =0, Gy (z) =1 and go (z) =2, ¢1 (x) = 1.

Note that G, (—%) = F, and g, (—%) = L,, where F,, and L,, are the nth
Fibonacci and Lucas number, respectively. Let k£ be a nonnegative integer and
assume that 1 — 2%+2z #£ 0. We consider generalized Vieta-Jacobsthal and Vieta-
Jacobsthal-Lucas polynomials by the following recurrence relations

Gk,n (.CC) = Gk,nfl (17) - 2kak,n*2 (.CC) ) (1)
9k,n (.CC) = Gk,n-1 (I) - 2k$9k7n72 (I) ’ (2)
respectively, where Gy o () =0, G1(x) =1 and gro () = 2, gi1 (z) = 1.

0
If we set £ = 1 in (1) and (2), respectively, we have Gy, (z) = G, (z) and

910 () = gn (2).
The first few terms of the polynomials Gy, (z) and gi,», (x) are tabulated below.

n Gron (@) Gon (@)

0 0 2

1 1 1

2 1 1 -2k 1y

3 1—2Fg 1—3.2F¢

4 1 —2FH1g 1 — 2FF24 4 92k F1,2

5 1 — 3.2Fx + 22F52 1—5.2Fx + 5.2%k;2

6 1 —2FF2g 4 3.2%F2 1 —6.2Fx 4+ 9.22kg2 — 23k+1,3
7| 1—5.2F0 +6.2%F22 — 233 | 1 — 7.2Fx + 14.2%F¢2 — 7.23F3

Table 1: The first few terms of G, (z) and gk, p ()

The main recursive properties of the generalized Vieta-Jacobsthal and Vieta-
Jacobsthal-Lucas polynomials are determined in this section. Initially, we can begin
with the characteristic equation, that is,

A=A+ 2k =0,
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with roots
1+ V1 —2kt2g
a= ——
2 )
1 —+1—2kt2g
8= 5
so that
a+p =1,
af = 2%z, (3)

a—B=A=+1-2kt2g

The Binet forms of Gy, (z) and g, (x) are as follows:
am — Bn
G () = ——, 4
() = 5 (@
Gn (¥) = o™ + " (5)

Moreover, we have

o+ 2k = a,

B2+ 2k = 8.
Explicit formula

The polynomials G, (z) and gi », (z) can be stated explicitly by

Generating function

The generalized Vieta-Jacobsthal and Vieta-Jacobsthal-Lucas polynomials are de-
fined by the following generating functions

> Grisi (@) y' = (1 -y +2%ay?) (8)
1=0

S grist @)yt = (128 ay) (1 -y +2kay?) (9)
1=0
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Negative subscript
Grn () = — (2%2) " Gron (2),
Gk, —n (T) = (2k517) - Gk (2)
Simson’s formulas
Grnt1 (2) Ghnor (2) = G3, () = — (2%2)"
Gt (2) grn (2) = g, (2) = (2F2)" 7 A2,

Summation formulas

2 1—Grpao (T
> G, (a) = LGz, (10)
i=1

- 1—grnta(z

> o () = L L2 ) (1)
Jj=1

Proof. We will prove (10) by using the Binet form of G, () in ( 4) and (3).

> Grj(z) =
j=1

[M]=

(0! = 5

1
7N
‘Ml—ww_ﬁu—ﬂﬂ]
| 11—« 1-p5
Ka—d”UO—ﬂ%%ﬂ—ﬁ”Uﬂ—aw
! 1—(a+p8)+aB

(a——ﬂ)—(a”*l—ﬁ”+w«+aﬂ(a"——ﬂ"f

2k
A — AGk 41 (ZC) + 2k$AGk7n (z)
2k
- I:Gk_’nJrl (x) — 2kak_,n (:17)}
kg

D= D>l= D>l= >~

[

By using (1), the proof is complete.
As the proof of (11) is similar, we omit it. O
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Some interrelationships

The following relationships between Gy, ,, () and gx ,, (z) can be given as

Grt1 () = 2°2G 1 (2) = gin (2), (12)
Grmt1 (2) = 2 2gp 1 (2) = A’Grpn (2)
Grn (2) + G (2) = 2Gk 41 (2),
A2Gk,n () + gkn (T) = 2gkn41 (7)),
Grn (T)g n(I):Gk%()v
AGkn () + grn (2) =
AGrn () = g (2) = —Qﬁ"
Grm (%) gron (2) + Gion (T) greom (2) = 2G,men (T)
Ik,m (%) grn () + A2Gk m (2) Gin (T) = 2gk,m+n (2) -

Proof. The properties given above can be seen by using the Binet form and suitable
operations. So, we only prove (12). From (4), we have

n+l _ gn+1 n—1 _ pn—1
Gk7n+1 (x) - 2kak7n_1 (:v) % — 2ky (%)

A
_a” (a — 2kxofl) - pg" (ﬁ — 2kxﬁ’1)
N A
_a"(a—B)—B"(B-a)
A
(= B)(a"+ B
A
=a" + 6"
By using (5), the proof is complete. O

Differentiation formulas

dg n \L
k’i() = _an( ;k,n—l (55')7
32271;() = —2k7lgk,n71( ) k 1Gk,n (I)

Diagonal functions

We denote rising diagonal functions of generalized Vieta-Jacobsthal and Vieta-
Jacobsthal-Lucas polynomials by Ry ., (x) and 7., (), respectively.
It is obvious that Ry, (z) and ry , (x) hold the following recurrence relations.
R (#) = Rin—1 () — 282 Rp s (z), n >3,

Tk () = g n_1 () — QkIT]g)n_g (), mn>3.
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n Ry () Thon (T)

0 0 2

1 1 1

2 1 1

3 1 1 — 2k,

4 1—2Fg 1—3.2F;

5 1 — 2k, 1 — 2F+2,

6 1-—3.2F 1 —5.2Fg 4 22F+1,2
711 =282 12252 | 1 —6.2Fz + 5.2%F2

Table 2: The first few terms of Ry p (z) and 7, (%)

So, Ry (x) and ry , () have the generating functions as follows:

ZRM @)y = (1—y+2%ay®) ", (13)
S i @)yt = 2 —y) (1-y+2%ay®) (14)
=0

If we use (13) and (14) jointly, we get
Tk () + Rin () = 2Rp 41 () .

Now, we consider descending diagonal functions of the generalized Vieta-Jacobsthal
and Vieta-Jacobsthal-Lucas polynomials by Dy, ,, (z) and d », (), respectively.

n Dy (z) di.n ()

0 0 2

1 1 1— 2k 1y

2 1 -2k 1 — 3.2k + 22k 1,2

3 1 — 2F g 4 22k,2 1 —2FF25 4 5.92F 52 _ 93k+1,3

41 1-32Fx 432222 — 2333 | 1 —5.2Fp +9.22Fg2 —7.23F;3 4 94k+1,4

Table 3: The first few terms of Dy, (x) and dj , (x)

For n > 1, we have
Dy (z) = (1—282)" ", (15)
di () = (1= 2"12) (1-2%2)" . (16)

Descending diagonal functions in (15) and (16) have the following generating func-
tions for ‘t (1 — 2’%)’ <1 as

ka,i )y =[1-(1-2"2)¢] - )
i=1

idk’i )y =(1- 2k+1x) 1—(1- 2’“1:) t]il .
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From (15) and (16), for n > 2, we get

Dk,n (.I) _ dk,n (.I)

— (1 — 9y
Penr @)~ A (o)~ 172

and we also have
din (2) = Dipyr (v) — 252Dy (2)
i1 () = 2%2dyp (2) = (1—28012) Dy ().

3. Multilinear and multilateral generating functions

247

In this section, we firstly derive several families of bilinear and bilateral generating
functions for the generalized Vieta-Jacobsthal polynomials Gy ,, (x) generated by (8)

and given explicitly by (6) by using a similar method considered in [1, 2, 3].

Theorem 1. Corresponding to an identically non-vanishing function Q,(y1, ..., ys)

of s complex variables y1,...,ys (s € N) and of complex order p, let

o
A;,L,u(yla <y Ys; Z) = Z aiQu-i-ui(yh sy ys)ziu
=0

where a; #0, p,v € C and

[n/p]
O p (T3 Y1, s Y3 T) = Z aiGrn—pit1 () Qugvi(Y1, - Ys) T,
i=0

where n,p € N. Then we have

oo
) n -1
>0 (i g5 ) 17 = (1= 4 25002) 7 A (i),

n=0

provided that each member of (19) exists.

(17)

(18)

(19)

Proof. If we denote the left-hand side of (19) by S and use (18), then we obtain

o [n/p

]
S = Z Z ain,nfpiJrl (17) Q,LLJrui(ylv --'7ys>7’]ltn7pz-

n=0 =0

Replacing n by n + pt we may write

S = Z Z a; Gt () Quavi (Y1, -0, ys)nit"

n=0i=0
o0 o0

= Gronr (@)Y i1, oy’
n=0 i=0

= (1=t 42582 A (g1, s ),

which completes the proof.
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Now we derive several families of bilinear and bilateral generating functions for
the generalized Vieta-Jacobsthal-Lucas polynomials g, () generated by (9) and
given explicitly by (7).

Theorem 2. Corresponding to an identically non-vanishing function Q,(y1,...,Ys )
of s complex variables y1,...,ys (s € N) and of complex order p, let

e
AIMV(yla 7yS7z) = ZaiQH-i-Ui(yh <y Ys )Ziu Q; # 07/1'71/ S C
=0

and

[n/p]

Oy (@Y1, YsiT) = Y ik pitt () QiU s YT
i=0

where n,p € N. Then we have

ZGZL:Z@ (x; YLy oees Yss tﬂp) t"z(l — 2k+1xt)(1 —t+ 2kxt2)_1AM7,,(y1, s Ys;1), (20)
n=0

provided that each member of (20) exists.

Proof. In precisely the same manner as described the proof of Theorem 1 and using
the generating function (9) we can prove Theorem 2. [l

By expressing the multivariable function
Q#Jrl,i(yl,...,ys), iENo,SEN

in terms of a simpler function of one and more variables, it is possible to give many
applications of Theorems 1 and 2.
For example, set

s =1 and Qyﬁ»ui (y) = P}Eiyfz) (y)

in (17), where Jacobi polynomials ple? )(x) are defined by

(1+a),
n!

-n, l+a+pf+n;1—x

P (@) = e |-

o Fy {

where 5 F denotes Gauss’s hypergeometric series whose natural generalization of an
arbitrary number of p numerator and ¢ denominator parameters (p, g € Ny) is called
and denoted by the generalized hypergeometric series ,F, defined by

1,y Qs = (@) - (ap)n 2"
vFa [ﬂl,...,ﬂq; Z] N HZ:;) (B1)n - (By)n n!”
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Here ()), denotes the Pochhammer symbol defined (in terms of gamma function)
by

(A)U:%, AeC\Zg
(1 if v =0; A e C\{0}
_{)\(A—l—l)...()\—i—n—l), ifr=neN; AeC

and Z; denotes the set of nonpositive integers and I'(A) is the familiar Gamma
function. Jacobi polynomials are generated by [7]

2 (A +a+p), P (@),
Zo 1+4+a), t
" (21)

—(ogyiet ypy (3 ak8) 3@ rat )2 ])

l+aj; (1—1t)?

Then we obtain the following result which provides a class of bilateral generating
functions for the Jacobi polynomials and the generalized Vieta-Jacobsthal polyno-
mials.

Corollary 1. If A, ,(y:2) == 3 a;P%%) (y)2%, where a; #0, v,p € C and
=0

pn+vi
[n/p] ) ‘
GZ:Z,,,(% Yty -3 Ys; T Z a; G, n— pz+1 ) utvi (y)Tl,
where n,p € N. Then we have
- N n n -1
Z @;n)p (a:; YLy ooy Ys; t_p) t"=(1-t+ 2kxt2) Ay (ysm), (22)
n=0

provided that each member of (22) exists.

Remark 1. Using the generating relation (21) for the Jacobi polynomials and taking

i:%,uzoﬁj:l,weh@ve
oo [n/p]
1+Oé+ﬂz «, i4n—pi
> 3 i, G 0 E
n=0 =0

— (1 —t+ 2kxt2)71 (1- 77)7170‘75

i(l4+a+p8), 52+a+p8);2ny—1
% o F) 5 ( ﬁ1)+é§ B); 20 (y 2)
7 (I—n)
Choosing s = 1 and Qu4.i(y) = Gr,ptvit1 (Y), (1, v € No) in Theorem 1, we
obtain the following class of bilinear generating functions for the generalized Vieta-
Jacobsthal polynomials Gy ,, () .
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o]

Corollary 2. If Ay, (y;2) == > aiGr putvit1 (y) 2*, where a; #0, v,u € C and

=0

[n/pl
O (@Y1 Ui T) = Y aiGhn—pit1 (€) Ghppwinr (y) T
1=0

where n,p € N. Then we have

o0

SV 77 n -1
> Ok, (:c;yl, s Ysi t—p) = (1—t+2%xt?) " A (yim), (23)

n=0
provided that each member of (23) exists.

Remark 2. Using the generating relation (8) for the generalized Vieta-Jacobsthal
polynomials and taking a; =1, p =0, v =1, we have

Grn—pit1 () G TP = .
’r;o ; k, pi+1 ( ) kyit+1 (y)n (1 — 2kIt2) (1 —n + 2ky772)
If we set

s=1 and Quiuk(y) = Gr ptvit1 (y)

in Theorem 2, then we obtain the following result which provides a class of bilateral
generating functions for the generalized Vieta-Jacobsthal polynomials Gy, ,, () and
the generalized Vieta-Jacobsthal-Lucas polynomials g, ().

oS} .
Corollary 3. If A, . (y;2) := Y aiGr ptvit1 (y) 2*, where a; #0, v,u € C and
i=0
(/7] _
Ok p (T3 Y1, Ysi T) = Z ik n—pit1 () G putvit1 (Y) 77,
i=0

where n,p € N. Then we have

oo [n/p]

DD Gknpirt () Griga (y) n't"

n=0 =0
— (1= 25F1at) (1=t +25262) " Ay (s ),

provided that each member of (24) exists.

Remark 3. Using the generating relation (8) for the generalized Vieta-Jacobsthal
polynomials and taking a; =1, p =0, v =1, we have

oo [n/p] (1 _ 2k+1xt)

n—pi Gr.i tgm—pt — '
7;) ; Gin—pit (@) Ghora ()7 (1 —t + 2k2t2) (1 — n + 2kyn2)
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Furthermore, for every suitable choice of the coeflicients a; (i € Ny), if the multi-
variable function Q4 ¢k (Y1, ...,ys), (s € N), is expressed as an appropriate product
of several simpler functions, such as the product of Jacobi and generalized Vieta-
Jacobsthal polynomials, the assertions of Theorems 1 and 2 can be applied in order
to derive various families of multilinear and multilateral generating functions for
the generalized Vieta-Jacobsthal polynomials and the generalized Vieta-Jacobsthal-
Lucas polynomials.
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