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The square of the line graph and path ideals
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Abstract. For path ideals of the square of the line graph we compute the Krull dimension
and characterize the linear resolution property in combinatorial terms. We bound the
Castelnuovo-Mumford regularity and the projective dimension of these ideals in terms of
the corresponding invariants of two certain sub-hypergraphs. Finally, we present some open
questions.
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Introduction

Let G be a directed graph on the vertex set V = {1,...,n} and with the set of
directed edges E(G). By S = Kk|[x1,...,2,] we denote the polynomial ring in n
variables over a field k. For an integer 2 < ¢ < n, a sequence of vertices i1, ...,
with the property that (ij,4,11) € E(G), for all 1 < j <t —1, is called a path of
length ¢ in G. The t-path ideal of the graph G is the squarefree monomial ideal
whose minimal generators correspond to the paths of length ¢ in G. Path ideals
were defined by A. Conca and E. De Negri [6] and they are generalizations of the
edge ideals introduced by R.H. Villarreal. In the recent years, path ideals have been
intensively studied; see for instance [1, 2, 3, 9, 14, 18, 20]. J. He and A. Van Tuyl
[14] proved that path ideals of the rooted trees are sequentially Cohen-Macaulay
and this result has been generalized to arbitrary trees [18]. Moreover, the Betti
numbers of path ideals of rooted trees have been computed [3] (see also [4]) and [17].
The Betti numbers of path ideals of cycles were computed in [1] and sequentially
Cohen-Macaulay path ideals of cycles have been characterized [20]. Being classes
of directed graphs which arise from the Hasse diagram of posets endowed with the
natural orientation induced from the poset, from the bottom to the top, path ideals
of posets also have been studied [18]. Moreover, in [18] connections between path
ideals of posets and two statistical ranking models have been established: the Luce-
decomposable model and the ascending model, [21].
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In this paper, we are mainly interested in studying the path ideal of the square of
the line graph. We focus on its algebraic and homological invariants and properties
such as being Cohen-Macaulay, having a linear resolution or being a set-theoretic
complete intersection. The structure of the paper is the following: in the first
section we recall the notions that will be used throughout the paper and we fix
the notations. In the second section, we give a lower bound for the Castelnuovo-
Mumford regularity of path ideals of the square of the line graph. Moreover, we
express the Castelnuovo-Mumford regularity and the projective dimension in terms
of the corresponding invariants of two certain sub-hypergraphs. The third section
is devoted to the study of the height of path ideals and a lower bound for their
projective dimension is given. A particular class of path ideals of the square of
the line graphs will be studied in the fourth section. For this particular class we
describe Cohen-Macaulay path ideals and we show that, in this case, path ideals
have a linear resolution. These results help us to give a complete characterization of
path ideals of the square of the line graph which have a linear resolution. We show
in fact that this property is equivalent to having linear first syzygies and to having
linear quotients, equivalences that, in general, do not hold. In the last section, we
formulate some open problems that follow from a large number of examples obtained
by using Singular [12].

1. Background and notations
Throughout this section we recall the notions that will be used throughout this

paper.

1.1. Algebraic and homological invariants of squarefree mono-
mial ideals

For more details about this section, one may see for instance [5]. Let S = k[z1, ..., 2y]
be the polynomial ring in n variables over a field k and I C S a squarefree monomial
ideal. Let F be the graded minimal free resolution of S/I as an S-module

F:0-@S(—5)% == EPS(-j) — 8= 8/I—0.
J J

The numbers 5; = Z B;; are called the Betti numbers of S/I. The Castelnuovo—
Mumford regularity ijs defined as
reg(S/1) = max{j —i: B;; # 0}
and the projective dimension of S/I is
pd(S/1) = max{i : By #0}.

A particular class of monomial ideals which will be used is that of ideals with
linear quotients [16]:
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Definition 1. Let I be a monomial ideal of S. The ideal I has linear quotients (or it
is an ideal with linear quotients) if there exists an ordering uy, . . ., Uy, of its minimal
monomial generators such that, for all 2 <i < m, the colon ideals (u1, ..., u;i—1) : u;
are generated by variables.

Let V. ={1,...,n} and let S = Kk[z1, ..., z,] be the polynomial ring in n variables
over a field k. For F' C V, we denote xp = ][] z;. We will also refer to F as the
icF
support of the monomial xp. We recall that, given a monomial m = z{* - -- %", the
support of the monomial m is the set supp(m) = {j : a; # 0}.
If an ideal with linear quotients is squarefree, then one may use the following
equivalent definition [15, Corollary 8.2.4]:

Definition 2. The ideal I is said to have linear quotients if there is an ordering of
the minimal monomial generators xp, < --- < Xp,. such that for all i < j there are
some k < j and some | € [n] such thatl € F; \ F; and Fy, \ F; = {l}.

For a monomial ideal with linear quotients generated in one degree, we can com-
pute the Betti numbers. Let I be a monomial ideal of S with G(I) = {u1,...,um}
and assume that I has linear quotients with respect to the sequence uq, ..., Up,.
We denote Ly = (u1,...,up—1) : ug, set(ur) = {i € [n] : =z € G(Ly)} and
rE = |set(uk)|.

Proposition 1 ([15, Corollary 8.2.2]). Let I C S be a monomial ideal with linear
quotients generated in one degree. Then, with the above notations, one has

Bill) = i (?);

k=1

for alli. In particular, it follows that

pd(I) = max{ry,...,rm}-

1.2. Path ideals

Let G be a finite, simple graph with the vertex set V(G) = {1,...,n} and the set
of edges E(G), and let S = k|1, ..., z,] be the polynomial ring in n variables over
a field k. R.H. Villarreal associated to the graph G the edge ideal, which is the
squarefree monomial ideal

I(G) = (ziz; : {i,j} € E(G)).

If G is also a directed graph, then a sequence of vertices i1, ...,4; from V(G) with
the property that {i;,4;11} € E(G) for all 1 < j <t —1is called a path of length t
in G (or simply a t-path). A. Conca and E. De Negri considered the path ideal of
the graph G which is a generalization of the edge ideal [6]. Let 2 <t < n be a fixed
integer. The squarefree monomial ideal

I={(x; ---x; : i1,...,% is a t-path in G)

t
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is called the t-path ideal of G. If it is clear from the context, we will simply call it
the path ideal of G. It is obvious that, for t = 2, the path ideal is the edge ideal of
the graph G.

The square of the graph G, denoted as G?, is the graph with the same set of
vertices as G whose set of edges is

E(G)U{{4,j}: thereis some k € V(G) such that {i,k},{j,k} € E(G)}.

We are interested in studying the properties of path ideals of the square of the
line graph. In order to do this, let us fix the notations. Let n > 2 be an integer
and L, the line graph, that is, the graph with the vertex set V' = [n] := {1,...n}
and the set of edges E = {{i,i + 1} : 1 <4 < n — 1}. The square of the line
graph L, is the graph L2 with the set of vertices V = [n] and the set of edges
{{i,j}y 7 —i < 2,1 <i<j<mn} Onemay view L2 as a directed graph by
assigning to each edge {i,j}, ¢ < j an orientation from i to j. In the next figure,
one may see Lg and LZ.

Figure 1: The graphs L¢ and Lg

The t-path ideal of L2 is the squarefree monomial ideal
L(L2) = (wsy - omy, 1< 45 —ij1<2,2<5<t) CS=k[z1,...,2,]. (1)

Since the square of line graphs are chordal graphs, they have nice properties.
Moreover, the only class of chordal graphs for which the path ideals have been
studied is that of trees.

1.3. Hypergraphs and edge ideals of hypergraphs

Let V be a finite set and 2V the set of all subsets of V. A simple hypergraph H is a
pair (V,E(H)), where V is the set of vertices of H and £(H) C 2V is the set of edges.
The hypergraph H is called d-uniform if all its edges have the same cardinality, d.
Graphs are particular classes of uniform hypergraphs. Let V = {1,...,n} and let
S =Kk[z1,...,z,] be the polynomial ring in n variables over a field k. The edge ideal
of the simple hypergraph H is the squarefree monomial ideal

I(H) = (xp : Fe&H)).

Moreover, if I C S is a squarefree monomial ideal with the minimal set of monomial
generators G(I), one may consider the associated hypergraph H(I) with the set of
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edges {F' C {1,...n} : xp € G(I)}. Therefore, path ideals of a graph can be seen
as edge ideals of hypergraphs.

Let 2 <t < n be an integer and I;(L2) the t-path ideal. By £;(n) we denote the
associated hypergraph of I;(L?). Taking into account equation (1), we get that

5(£t(n)) = {{il,...,it} : 1 S ij —ij_l S 2, 2 S] S t}. (2)

Definition 3 ([8]). A monomial ideal I is splittable if I is the sum of two nonzero
monomial ideals J and K, that is, I = J + K, such that

(i) G(I) is the disjoint union of G(.J) and G(K);
(ii) there is a splitting function
GJNK)— G(J) x
w = (¢(w), P(w))
satisfying

(a) for allw e G(JNK), w=lem(d(w), p(w)),

(b) for every subset S C G(J N K), both lem(¢(S)) and lem(y(S)) strictly
divide lem(S).

If J and K satisfy the above properties, then I = J + K is a splitting of I.

Here G(I) denotes the set of minimal monomial generators of I.
If H is a hypergraph and E is an edge of H, then E is a splitting edge of H if

I(H) = (xp) + I(H\ E)
is a splitting of I(H). We write H \ F for the sub-hypergraph of H obtained by

removing the edge E (for more details, see [13]).

2. Invariants of path ideals of L?

Let H be a d-uniform hypergraph with the set of vertices V.= {1,...,n} and the
set of edges €.

Definition 4 ([13]). A chain of length v in H is a sequence of edges and vertices
Eo, il, El, ig, ey E’I‘—17 iT, ET such that

(i) i1,...,i. €V are all distinct,
(i) Eo,...,E,. €& are all distinct,
(m) i1 € By, 1, € E,. and ij,ij+1 S Ej fO’l“ all] S {1,...,7‘ — 1}

The following notions have been defined in [13] and we will use the same termi-
nology in the sequel. For two edges F, G € £ the chain connecting I’ and G is called
proper if |E; NE;11]| = |Eiy1| — 1 for all i € {0,...,7 — 1}, where we denote F = Ej
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and G = E,. Moreover, the chain is called irredundant if no proper subsequence is
a chain from F' to G. The distance between F' and G is

disty(F,G) =min{l : F = Ey,i1, E1,...,E; = G is a proper irredundant chain}.

In the sequel, we show that for any two edges of £¢(n) there is an irredundant
proper chain.

Construction 1. Let F, G € £ be two edges of £,(n). We prove that there is a chain
F = Ey,i1,F1,i0,...,E._1,1,, B, = G which satisfies the conditions of Definition 4
and |F; N Eipq1| = |Eiy1| — 1 for all 0 <4 <r — 1. We consider three cases:

Case I If FNG # 0, then let us denote d = t—|F NG|, F = Ep and i1 = min(FNG).
Let

Ey = (F\{min(F \ G)}) U{min(G \ F)}
and i9 = HllIl(G\F) Clearly, i1 € By, i1,192 € E1, 19 }é i1 and |E0 ﬂE1| = |E1| — 1.
Next, we consider

Ey = (B \ {min(E; \ G)}) U{min(G \ E1)}

and i3 = min(G \ F1). Again, one has that is,i35 € Ea, i3 # is,41 and |E1 N Ea| =
|E2| — 1. This construction will end after d steps since there are d distinct elements
in G\ F. The last edge, E; = G, will be obtained as

Eq = (Eq_1 \ {min(E4_ \ G)}) U {min(G \ Eq—1)}
= (Ea—1 \ {max(F'\ G)}) U {max(G \ F)}.

It is clear that each set E; is a t-path in L2 since the sets F' and G are not
disjoint. Moreover, the sequence is irredundant. Since this is the minimal length
that such a sequence can have, we also get that disty(F,G) =d=t— |[FNG)|.
Case IL: If FN G = () and min(G) < max(F) 4+ 2. We may assume that min(F) <
min(G) since otherwise we interchange F' and G. Let Ey = F, i1 = max(F') and

E, = (Ep \ {min(Ey)}) U {min(G)}.

Since min(F') < min(G) < max(F) + 2, it is clear, by using (2) that E;, € €. Also,
one has that 47 is in both Ey and F;. Let i2 = min(G) and

By = (Ey \ {min(E; \ G)}) U {min(G \ Ey)}.

Again, it is clear that Fy € £ and that i, satisfies the conditions from Definition 4.
Next, we continue by taking is = min(G \ E1) and

FE3 = FE, \ {min(Eg \ G)}) @] {mln(G \ Eg)}
After t steps, the process will stop. We will have that i; = min(G \ F;—2) and

Et = Et—l \ {min(Et_l \ G)}) U {mln(G \ Et—l)}a
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where min(G \ F;_1) = max(G). By the construction, we note that this is also of
minimal length, so in this case, disty (F,G) = t.

Case III: If FN G = 0 and min(G) > max(F) 4+ 2. As before, let Ey = F, iy =
max(Ep) and
Fy = (EO \ {mln(Eo)}) U {max(Eo) + 2}

Now we check whether min(G) > max(E1) +2. If this is not the case, then we apply
the second case of this construction for E; and G, so we will get that disty (F,G) =
t + 1. If the inequality is true, then we take iz = max(FEy) + 2 and

E2 = (El \ {Hlln(El)}) @] {HlaX(El) + 2}

and we check again if min(G) > max(F3) + 2. By continuing the construction as
described below, we get an irrendundant chain of minimal length. In particular,
disty (F,G) >t + 1.

Definition 5 ([13]). A d-uniform hypergraph H is called properly-connected if for
any two edges F and G such that F NG # () we have

disty(F,G) =d — |FNG)|.
The following result is now straightforward by the first case of Construction 1:
Proposition 2. The hypergraph Li(n) is properly-connected.

Definition 6 ([13]). Let H be a properly-connected d-uniform hypergraph and E an
edge in H. The vertex neighbour set of E is the set of vertices

N = U H\E.
{HeH : disty(E,H)=1}
One may describe the splitting edges in terms of their vertex neighbour sets.

Theorem 1 ([13, Theorem 4.8]). Let E be an edge of a d-uniform properly-connected
hypergraph H and assume that N(E) = {z1,...,2-}. Then E is a splitting edge if
and only if there exists a vertex z € E such that (E\ {z}) U {zi} € H for each
Z; € N(E)

If we consider that E = {1,...,t} € Ly(n), then its vertex neighbour set is
{t+1,t+2}.

Proposition 3. The set E = {1,...,t} is a splitting edge of Li(n).

Proof. Let i € E, i # t. Then it is clear by the definition of the edges of L¢(n)
that the sets {1,...,¢,...,¢t,t+1} and {1,...,4,...,t,t+2} are edges of L;(n). The
statement follows by Theorem 1. O

If F is an edge of the hypergraph H, then let H' = {H € H : disty(E,H) >
d+1}. f H = L,(n) and E = {1,...,t}, then according to Construction 1,

Li(n)={H € L¢(n) : min(H) >t+ 3}.
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It is clear that £}(n) is the hypergraph associated to the path ideal of the square of
the line graph on the vertex set {t +3,...,n}.

If ‘H is a d-uniform properly-connected hypergraph and E is a splitting edge of
‘H, then the Castelnuovo-Mumford regularity and the projective dimension of the
edge ideal of H can be expressed in terms of the corresponding invariants of the edge
ideals of the hypergraphs # \ E and H’.

Theorem 2 ([13, Theorem 6.2]). Let H be a d-uniform properly-connected hyper-
graph, E a splitting edge of H and r = |N(E)|. Then

(a) reg(I(H)) = max{reg(I(H \ E)), reg(I(H')) +d — 1},
(b) pd(I(H)) = max{pd(I(H \ E)),pd(I(H")) +r +1}.
In our case, we get

Theorem 3. Let 2 < t < n be an integer, I;(L2) the path ideal of L? and E =
{1,...,t}.Then

(a) reg(L;(L7)) = max{reg(I(Le(n) \ E)), reg(I(Li(n))) +1 — 1},
(b) pd(I(L7)) = max{pd(I(L(n) \ E)),pd(I(L}(n))) + 3}.

Proof. The statement follows directly from Theorem 2, and using the fact that
N(E)={t+1,t+2}. O

In order to define a lower bound for the Castelnuovo-Mumford regularity, we
recall the following definition:

Definition 7 ([13]). Let H be a d-uniform properly connected hypergraph. Two
edges E, H of H are t-disjoint if disty(F, H) > t. A set of edges & C & is called
pairwise t-disjoint if every pair of edges of £’ is t-disjoint.

Theorem 4 ([13, Theorem 6.5]). Let H be a d-uniform properly-connected hyper-
graph. Then B;_1 4i(I(H)) equals the number of sets of i pairwise (d + 1)-disjoint
edges of H. In particular, if ¢ is the mazimal number of pairwise (d + 1)-disjoint
edges of H, then

reg(I(H)) > (d—1)c+ 1.

For our case, we get

Lemma 1. The mazimal number of pairwise (t + 1)-disjoint edges of Li(n) is at

least [HLZ] .

Proof. Let us denote by ¢ = [t%] . Tt is clear that the set of edges Ey = {1,...,t},

Ey={t+3,...,2t+2}, -+, Ec_1 ={(c—=1)(t+2)+1,...,¢c(t+2) — 2} is a pairwise
(t + 1)-disjoint set of edges. The statement follows. O

The following corollary is now straightforward due to Theorem 4:

Corollary 1. Let 2 <t <n and let I,(L?) be the corresponding t-path ideal of L?.

Then
n

rea(S/L2) = |25 ¢~ ),
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3. The height and the projective dimension of path ideals of
Ly

In this section, we will give a complete description of the height of path ideals of
L2. In order to do this we split the proof in several cases. First, we consider the
case when n < 2t and we describe all the minimal prime ideals of height 2. By
Min(I;(L?)) we denote the set of minimal prime ideals which contain I;(L2).

Proposition 4. Ifn < 2t, then {p € Min(I;(L2)) : htp = 2} = {{z;,i11) :n—t <
i <t}

Proof. Assume that p € Min(Z;(L2)) has htp = 2. Since the monomials z; - - -z,
Tp—t41 Tn, € G(I;(L2)), there are 1 < o < tandn—t+1 < B < n such
that p = (za,28). If o and 8 are not consecutive integers, then the monomial
m = X\ {a,8) € Lt(L2%) and m ¢ p. Therefore p = (x;,zi41) withn —t <i <t
Conversely, we prove that p = (z;,x;11) € Min(I;(L2)) forn —t < i < t.
Let n —t <4 < t and assume by contradiction that there is m € G(I;(L2)) such
that m ¢ p. It follows that max(supp(m)) < 4 or min(supp(m)) > ¢ + 1. If
max(supp(m)) < i and since ¢ < ¢, then deg(m) < t, a contradiction with m €
G(I:(L?%)). If min(supp(m)) > i + 1 and since n — ¢t + 1 < i + 1, it follows that
min(supp(m)) > n —t + 2, s contradiction with deg(m) = ¢. O

Next, we consider the case when n =2t +r, with 1 <r <¢-—1.
Proposition 5. Letn =2t +r, with2 <r <t—1. Then
p = (Tt, T411, Torp1, Torg2) € Min(L(L2))
is of minimal height. Moreover, ht(I;(L2)) = 4. If n =2t + 1, then
p = (T4, i1, Torg1) € Min(L(L2))
is of minimal height and ht(I;(L2)) = 3.

Proof. If n = 2t +r, then we consider the sets A1 = {1,...,t}, As = {t+1,...,2t}
and B = {2t +1,...,2t + r}, where |4;| =t and |B| = r. It is clear that in both
cases, p € Min(I;(L?)), since any path of length ¢ has a corresponding vertex in p
and if we remove a variable from p, then one may construct a path of length ¢ such
that its corresponding monomial does not belong to p.

Assume by contradiction that there is a minimal prime ideal q of I;(L2) such that
ht(q) < ht(p). It is clear that ht(q) > 2 since the monomials 1 - - - x4, Ti41 -+ Xor €
G (L2)).

For the case when n = 2t + 1, if we assume that q = (z;,2;), with 1 <¢ <t and
t+1 < j < 2t, then we may consider the monomial m = “%;mxgtﬂ € G(L(L2))
such that m ¢ q.

For the case n = 2t + r, with 2 < r < ¢, it follows as before that ht(q) should
be strictly greater than 2. Assume that ht(q) = 3, that is q = (z;, z;, z,) such that
1<i<tandt+1<j<2t. Then the monomial m = % € I;(L?) since there
is at least one path of length ¢ on the set {1,...,2t +r}\ {7,4,s} and m ¢ q.

In both cases we obtain a contradiction, therefore the ideal p is of minimal
height. [l
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We analyze the case when 3t < n, thatisn=kt+r, k>3 and 0 <r <t —1.
We consider the sets:

Ar={1,...t}, Ao={t+1,....2t},..., Ap={(k—1)t+1,... kt}, B= {kt+1,...,n},
where |4;| =t and |B|=7r, 1 <i<k.
Proposition 6. Letn=kt+r, 3<k,0<r <t—1. An ideal of the form

p = (@, Te1) + (Tem1)i41, Ts—1)t42 2 3 <8 k) + (Tpeg1, Thera), if r > 2,

P = (e, Te11) + (To— 1)1, Ts—1yt42 1 3 < 8 < k) + (Tpeq1), f 1 <10 <2,
p = (0, Te1) + (T(s—1)t41, T(s—1)42 1 3 < s < k), if r =0,

has the property that p € Min(I;(L?2)) and it is of minimal height.

Moreover,
2k, r>2
ht(l;(L2) =< 2k —1,1<r <2
2k—-2, r=0

Proof. We claim that p D I since there is no path of length ¢ which may be
constructed on the vertices which are not in p. Furthermore, p € Min(I;(L2)),
because if we remove any vertex from p, then one may find a path of length ¢ with
the vertices which are not in p.

Next, we consider I to be the Stanley—Reisner ideal of the simplicial complex A.
Assume, by contradiction, that there is a minimal prime ideal q of I, ¢ = Pye :=
(x; : i € H¢, where H is a face of A, such that ht(q) < ht(p). We denote
H = {jl,j1+1,...,j1+51,j2,j2—|—1,...,j2—|—Sg,...,ja,ja—|—1,...,ja—|—5a}, with
Ji — (Ji—1 + 8i—1) > 2, for all 2 <i < q, since H is a face of A.

One may note that ht(q) > & since q must contain at least one variable from each
set A;, 1 <14 <k, because the monomials x4, € G(I), for all 4. This implies that in
H we have at least k sequences of consecutive integers. Moreover, |[H| < n — k, thus
(Ja+8a)— 1 +1<n—k.

Case 1: We consider n = kt + r, with r > 2, and ht(q) < 2k = ht(p), that is,
|H| =81+ -+ 8, +a>n—2k. Since j; — (ji—1 + si—1) > 2, for all 2 < i < a, by
summing all relations we obtain that j, — j1 > 2(a — 1)+ (s1 + ...+ Sq—1). Thus

Ja—f1>a—24+(s1+ - +Se-14+a)>a—2+n—-2k—s,

implies that (j, + $4) —j1 >n—2k— 1+ a.
Therefore n — 2k + a < (jo + Sa) — j1 + 1 < n —k, that is, a < k. This means
that in H there are at most k — 1 sequences of consecutive integers, a contradiction.
Case 2: We take n = kt + r, with 1 <7 <2, and ht(q) < 2k — 1 = ht(p), that is,
|[Hl| =81+ -+ 8.+ a>n—2k+ 1. As before, we get

Ja—j1>a—2+(s14++8-1+a)>a—2+n—2k+1— s,

that is, (jo + 8a) — j1 > n — 2k + a.
Wegetn—2k+1+a < (Joa+5.) —j1+1 < n—k, that is, a < k-1, a
contradiction.
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Case 3: For n = kt and |H| = s1 + -+ sq +a > n — 2k + 2, we obtain
Ja—h1>a—24(s14+ -+ Se-1+a)>a—24+n—2k+2—s,,

that is, (jo + 8q) —j1 >n—2k+ 1+ a.

It follows that n — 2k + 2+ a < (jo + 8a) —j1 + 1 < n —k, that is, a < k — 2.
This means that in H there are at most k£ — 3 sequences of consecutive integers, a
contradiction. |

Therefore, we proved the following:

Theorem 5. Let 2 <t <n and let I;(L?) be the t-path ideal of L%. Then

n—2, ifn <2t
n—3, ifn=2t+1
n—4, fn=2t+rand2<r<t-1
n—2k+2, ifn==kt, k>3
n—2k+1, ifn=kt+r, k>3 andl1 <r<2
n—2k ifn=kt+r, k>3 andr >2

dim(S/L(L})) =

Next, we pay attention to the projective dimension of path ideals of L2.

Proposition 7. Assume that t < [%] and denote n = 2tk +r, with 1 <r <2t —1.
The ideals
p=(T2, T4, ..., Touk) + (T1, T2041, Tagg1, - - - Toukt1),  f 1< <ty
p=(22, %4, ..., Toek) + (T1, Toep1, Targ1s - - - T2ekp1) + (T2tha2, Totkra,
"'7$2tk+2(rft)>7 th<’l°§2t—1,

is @ minimal prime of I;(L2). In particular,

) (t+1)k+1 fl<r<t
pd(S/1:(Ly,)) = {(t+1)k+1+r—t ift<r<2t—1.

Proof. If we assume that 1 < r < ¢, then the variables which are not in p belong
to the sets:

({i € [2tk + 1] : i odd number} \ {1,2t + 1,4t + 1,...,2tk +1})
U {2tk + 2,2tk +3,...,2tk +r}.

Therefore, there is no path of length ¢ which may be constructed with these vertices.
For the second case, we obtain that the variables which are not in p belong to
the sets:

({ie{1,...,2tk+ 1} : i odd number} \ {1,2¢+ 1,4t + 1,...,2tk + 1})
U {2tk + 3,2tk +5,... 2tk +2(r —t) — 1}
U{2tk +2(r —t)+ 1,2tk +2(r —t)+2,...,2tk +r}.

In either of these cases there is no path of length ¢ on these vertices. [l
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4. Properties of particular classes of path ideals of L2

In this section, we study the case when t > [%] We pay attention to properties

such as being Cohen-Macaulay or having a linear resolution.
Proposition 8. Ift > [2], then I;(L2) has linear quotients.

Proof. Let us assume that G(I,(L?)) = {xp,,..., Xk}, 1 > 2, where Xp >cq
© >lex XF,-

Let 1 < a < B <7, that is, Xg, >jex Xr,. One has to show that there are
integers [ € [n] and v < § such that [ € F,, \ Fg and | = F, \ F3. Let us assume
that F, = {i1,...,%} and Fg = {j1,...,7¢}, so min(F,) = 41, min(Fg) = j,
max(Fy) = ¢, max(Fg) = j;.

If i1 = ji1, then, since Xr, >iex XF,, there is some [ such that for all 1 < s </,
is = js and iy < j;. By using that xr, and xp, are in G(I;(L?)), the following
inequalities hold: ¢ — 4j—1 < 2, j; — 7i—1 < 2, which, taking into account that
Q-1 = ji—1, give iy = iy—1 + 1 and j; = ij_1 + 2. Let F, = (Fg U {4;}) \ max(Fjg). It
is clear that xp, € G(I;(L2)) and v < 3 since Xp, >jex X5,

If i1 # j1, then i1 < ji and we consider ¢; = max{is € Fo \ Fp :is < max(Fp)}.
Then the set F, = (Fg U{i;}) \ max(Fg) has the property that xp, € G(I;(L2)) and
v < B since Xp, >jex XFy- O

The following corollary is now straightforward.
Corollary 2. Ift > [2], then I;(L2) has a linear resolution.

In order to compute the projective dimension, one has to determine the genera-
tors of ideals Ly, (see Proposition 1 and the above notations).

Proposition 9. Lett > [2] and G(I;(L2)) = {xF,,...,Xp,}, 7 > 2, where Xp, >ieq
<o+ >eq Xp,. Then

(XFy s Xm_y )t (Xp,) = (o @ min(Fi) — 2 < a < max(Fy) and x4 { X5, ).

Proof. We prove by double inclusion.
“D” Let us choose some « such that min(Fy) — 2 < a < max(Fy) and z, { X, .
Then

‘TO(){,F]c
TaXp, = 7Imax(Fk) € <XF15 v aXFk,1>
Tmax(Fy)
since TaXp, /Tmax(ry) € (I (L2)) and TaXp, /Tmax(Fy) >lex XF, -
“C” Let m € (Xpy, ..., XF,_,) : (XR,), that is mxp, € (Xpy,---,XF_1)-
If m € (xp,,...,Xp,_, ), then there is some xr, which divides m. Since I;(L?)

has linear quotients, there is some v < k and some | € F; such that F, = (F U
{I})\ {max(Fy)}. One has that | > min(xp, ) — 2 and I < max(F}) according to the
proof of Proposition 8. Moreover, x; | xg, | m so m € (z, : min(Fy) -2 < a <
max(Fy) and x4 1 Xp, ).

We assume now that m ¢ (xp,,...,xp,_,). Therefore, there is some i < k such
that xp, | mxp,, that is, F; C supp(m) U Fy. Since I;(L?) is a squarefree monomial
ideal which has linear quotients, there is some [ € F; \ F}, and some 7 < k such that
l = F, \ Fj. By the proof of Proposition 8, | > min(xr,) — 2 and | < max(F}).
Moreover, x; | xg, | msom € (zq : min(Fy)—2 < o < max(Fy) and x4 { xp, ). O
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We can now compute the projective dimension of I;(L2) for t > [2].
Corollary 3. Ift > [%], then pd(S/I;(L2)) =n—t+1.

Proof. According to Proposition 1, pd(l;(L2)) = max{r; : 1 < k < r}. One may
note that there is a monomial m in G(I;(L?)) such that min(m) = 1 and max(m) = n

since t > [Z]. Therefore, set(m) = [n] \ supp(m). Hence pd(I;(L2)) > n —t and

this is the maximal possible. The statement follows. O

We may also characterize in this case the property of path ideals of being Cohen-
Macaulay.

Corollary 4. Ift > [%], then S/I;(L2) is Cohen-Macaulay if and only ift =n—1.

Proof. One has that S/I;(L?) is Cohen-Macaulay if and only if depth(S/I;(L?) =
dim(S/I;(L2)), that is, pd(S/I;(L2)) = ht(S/I;(L?)), which is equivalent to n —t +
l1=2andt=n—1. O

We recall that if I C S is a homogeneous ideal and VT its radical, then the
arithmetical rank of I is defined as

ara(I) = min{r € N: there exist a;,...,a, € I such that VI = /(a1,...,a,)}.

For the squarefree monomial ideal case, an upper bound of the arithmetical rank is
given by H.G. Grébe [11].

Theorem 6 ([11, Theorem 1]). Let I C S be a squarefree monomial ideal. Then
ara(l) < n —indeg(l) + 1,
where indeg(I) is the initial degree of I, that is, indeg(I) = min{q: I, # 0}.

A lower bound for the arithmetical rank of a squarefree monomial ideal is given
in [19].

Corollary 5 ([19, Theorem 1]). Let I C S be a squarefree monomial ideal. Then
pdg(S/I) < ara(l) <n —indeg(I) + 1.

Corollary 6. Ift > [%], then pd(S/I;(L2)) = ara(S/I,(L2)).

Proof. One has that n —t +1 < pd(S/I;(L?)) < ara(S/I;(L2)) < n —t+ 1, where
the last inequality is given in [11]. O

Next, we aim at characterizing all path ideals of L2 which have a linear resolution.
In order to do this, we need to recall the notion of edge diameter of a d-uniform
properly connected hypergraph defined in [13].

Definition 8. Let H be a d-uniform properly-connected hypergraph. The edge di-
ameter of H is

diam(#H) = max{disty(E,H) : E,H € H}.

One may characterize the property of having linear first syzygies in terms of edge
diameter:
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Theorem 7 ([13, Theorem 7.4]). Suppose that H is a d-uniform properly-connected
hypergraph. Then I(H) has linear first syzygies if and only if diam(H) < d.

Now we can characterize all path ideals of L2 which have a linear resolution.

Theorem 8. Let Li(n) be the hypergraph whose edge ideal is I;(L2). The following
are equivalent:

(i) I;(L2) has linear quotients.
(ii) I:(L2) has a linear resolution.
(iii) I,(L2) has linear first syzygies.
(iv) diam(L¢(n)) < t.

(v) t>[5].

Proof. The implications (v) = (i) = (i4) = (#i1) = (iv) are known to be true.
Indeed, (v) = (i) follows by Proposition 8, (i) = (¢¢) is known by [7, Lemma 4.1]
and (i3i) = (iv) is true by Theorem 7. We only have to prove that (iv) = (v).

Let us assume that diam(H) < ¢, that is, disty(F, H) <t for all E, H edges of
H. Since the sets E = {1,...,¢t} and H = {n —t+1,...,n} are edges in H, we
must have dist(E,H) <t Ift >n—t+1,thenn <2t —1. If t <n —t+ 1, then
dist(E, H) < t implies that there is an irredundant proper chain of length ¢ which
connects E and H and, by Construction 1, we must have that n —¢t+1 < ¢t + 2, that
is, n <2t+ 1. Thus t > [%]. O

5. Open questions and remarks

The study of path ideals of powers of the line graph is the next step in order to
understand and compute invariants of path ideals of an arbitrary graph. There has
been an intensive work in this direction and invariants of path ideals of trees, cycles
and cycle posets have been studied [1, 2, 3, 9, 14, 20, 18].

The property of being sequentially Cohen-Macaulay has been characterized for
trees, cycles and partial answers were given for cycle posets. In the case of path
ideals if L2, it is clear that they are sequentially Cohen-Macaulay for ¢ = 2, that is,
for edge ideals of the graph since L2 is a chordal graph [10]. Moreover, the examples
show that the following question has a positive answer for arbitrary ¢:

Question 1. Is it true that the path ideal I,(L?) is sequentially Cohen—Macaulay,
forallt > 2%

Moreover, the examples show that the bounds obtained for the projective di-
mension are sharp. For the Castelnuovo-Mumford regularity, one may see that the
bounds from Corollary 1 are not sharp. Examples show that the following result
could be true:

Question 2. Let n = c(t+ 1)+ r, where ¢ = [t-i-il] and 0 < r <t. Is it true that

L%}(f—l)a if2<r<t

reg(S/I(L2)) = ({t%] B 1) (t—1), if0<r<1?
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