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Abstract. In this article, we discuss a version of the Chebotarev density for function
fields over perfect fields with procyclic absolute Galois groups. Our version of this density
theorem differs from other versions in two aspects: we include ramified primes and we do
not have an error term.
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1. Introduction

1.1. Motivation

One of the important results in arithmetic geometry is called ‘the’ Chebotarev den-
sity theorem for function fields. We will first briefly describe such a theorem. Let
k be a finite field and let K be a function field over k. Let M/K be a finite Galois
extension with group G. To a prime P of K which is unramified in M/K, one can
associate a conjugacy class (P, M/K) of G, called the Frobenius class. This Frobe-
nius element for example gives the splitting behavior of P in M /K. The Chebotarev
density theorem, in many different forms, gives an equidistribution result for the oc-
currence of conjugacy classes as the Frobenius class of primes. An example of such
a theorem is [3, Theorem 9.13B|:

Theorem 1. Let M/K be a finite Galois extension of function fields over a finite
field k of cardinality q with group G. Assume that k is the full constant field of M.
Let C C G be a conjugacy class and let Sy be the set of primes in K which are
unramified in M. Then for each positive integer n we have

C " n/2
#{P € Sicdogy(P) =, (PM/K) =€} =2ET 10 (L),
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We will state a different version of a density theorem which is significantly dif-
ferent from the above theorem. Most importantly, our version will include ramified
primes. Secondly, our version will not contain an error term. Instead of an equidis-
tribution result, we ‘parametrize’ the points with a given Frobenius class by primes
of twists of our original function field. We can get a version with error terms by
taking into account the genus of the auxiliary function fields. Furthermore, our
statement applies to a slightly more general field k. We allow k to be perfect with
a procyclic absolute Galois group instead of being a finite field, and k£ does not nec-
essarily need to be the full constant field of M. For simplicity, however, we restrict
to the case when n = 1, that is, we only treat rational primes. The main reason for
our restriction is that we want to obtain very clean statements. One should be able
to obtain results for general n by base changing k& and by the use of combinatorics.

1.2. New Chebotarev density theorem

Let us describe the new Chebotarev density theorem. B
Let k be a perfect field with a procyclic absolute Galois group with F' € Gal(k/k)
as a topological generator. Let r =[], p"» with p prime and let n,, € Z>o U {oo} be

the order of the profinite group Gal(k/k), which is a Steinitz number. For example,
one can take k to be a quasi-finite field, such as a finite field. There are also quasi-
finite fields in characteristic 0 [4, Chapter XIII, Section 2]. One can also take k to be
the maximal p-power extension of a finite field, or take k = R. The field k can also
be algebraically closed, but the results below will not be interesting in that case.

Let K be a geometrically irreducible function field over k, that is, a finitely
generated field extension of k£ of transcendence degree 1 such that k is integrally
closed in K. We denote by P ;. the set of valuation rings of K containing k which
are not equal to K. Let P € Pg/,. By kp we denote the residue field of the valuation
ring P. We set deg; (P) = [kp : k]. The subset of these valuation rings P such that
kp = k, the set of rational primes of K, is denoted by P}(/k. The restriction of P
to a subfield K’ of K is denoted by P|ks and we say that P lies above P|g:.

Let M/K be a finite Galois extension with Galois group G = Gal(M/K). Let
P € Pgjp, with valuation @ above it in M. The group G acts transitively on the
set of primes above P. Set Dg x = {g € G : gQ = Q} (decomposition group). Note
that we have a natural map Dg x — Gal(kg/kp). The kernel of this map is called
the inertia group and is denoted by Ig k. In fact, we have an exact sequence

1 —-Igkx — Dok — Gallkg/kp) — 1

(]2, Theorem 3.6]). After a choice of a k-embedding kg C k we have a map
Gal(k/kp) — Gal(kg/kp). The image of Fkrkl ¢ Gal(k/kp) is a generator of
Gal(kg/kp), which does not depend on the choice of the embedding. The set of
elements in Dg x mapping to this generator is denoted by (Q, M/K). We set

(P,M/K)={gzg™' : g€ G, v e(Q M/K)}= U (Q, M/K),
Q' €Pnyr: Q'|xk=P

which is a union of conjugacy classes. This definition does not depend on the choice
of Q. If I,k = 0, this is just a single conjugacy class.
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We define a probability measure (P, M) on G as follows. This is a function
(P,M):G— Rxo
such that »° (P, M)(g) = 1. For v € G, with conjugacy class I, we set:

_#(@M/K)0T)
A0 = S @ Ry

where @) is any prime of M above P. If for ) above P one has Ig g = 0, then
the distribution is evenly divided over the whole conjugacy class (P, M/K) and zero
outside. If In x = 0 and v € G with ord(vy) 1 r (divisibility of Steinitz numbers),
one has (P, M)(v) = 0.

Let k' be the integral closure of k in M (the full constant field of M). Let N =
Gal(M/KE'), which is the geometric Galois group. Note that G/N = Gal(Kk'/K) =
Gal(k'/k) = (F), where F is the image of F under Gal(k/k) — Gal(k'/k). We view
F as an element of G//N, hence as a coset of G. If P is a rational prime of K, one
easily finds (P, M/K) C F C G.

We have the following alternative version of the Chebotarev density theorem.

Theorem 2. Assume that we are in the situation as described above. Lety € FCG
and assume that m = ord(y)|r. Let kp, be the unique extension of degree m of k in
some algebraic closure of K containing M. Then the following hold:

1. There is a unique element A € Gal(k,,M/K) such that Alpr =y and
A|]§7n = F|k3m’

2. M, = (k:mM)<A> is geometrically irreducible over k and satisfies ky My = kpy, M.

Let

¢: Par i = Pl
Q— Qlx

be the natural map. For P € Pll{/k we have

#¢~H(P) = #N - (P, M)(7).

Finally, we have

#Pis,)
> (PM)() =
PEP ),

Note that M, = M, where e is the identity element of G.

To see the resemblance with the conventional versions of the Chebotarev density
theorem, we consider the case when k is a finite field. We denote the genus of M by
gir (M). The genus of M, which is equal to the genus of M., allows us to estimate
#lem Jk We find the following.
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Corollary 1. Assume that k is finite with cardinality q. Let v € F. Then we have

S (P M)() - #LN@H) < #iNzgmMm.
PeP;

K/k

To get to Theorem 1 for n = 1 with an explicit error, one sums over all -y inside a
conjugacy class and one uses Riemann-Hurwitz to estimate the number of ramified
primes. Such an explicit result, using similar ‘parametrization methods’, can be
found in [1, Section 6.4], especially in Lemma 6.4.2, Lemma 6.4.4 and Proposition
6.4.8. Their error term is much more complicated than the error term obtained in
Corollary 1, since their error for example also depends on g (K) and the gonality of
K.

One can easily generalize our results to the case when M/K is just assumed to
be normal, since primes extend uniquely in purely inseparable extensions. We leave
such results to the reader.

We do not know of any new applications of our results, but we believe that our
results can be used to make other theorems look prettier.

We finish this section by giving an example of our approach, which shows how
the ramified primes make the results nicer. This example also shows the relation
between our result and twists of elliptic curves.

Example 1. Let k be a finite field of cardinality q. Let
E:Y?+ a1 XY + a3V = X + a2 X? + aa X + ag

be an elliptic curve over k. Let M = k(X)[Y]/(Y?2 4+ a1 XY +...) be the function
field of E, which is a cyclic extension of degree 2 over K = k(X) with a group
say G = {e,g}. The rational primes which are ramified in the extension MK
correspond to the X -coordinates of the points of E(k)[2]. The unramified rational
primes which split have e as Frobenius. The unramified primes which do not split

have g as Frobenius. The ramified rational primes have Frobenius equally split over
e and g. One has N = G and we find:

PeP}(/,c

Using 3 pec ZPGP;(M(P, M)(h) = q+ 1, one finds

> P =(g+1) - TEE
PGP}(/k

One has M. = M, and M, is the function field of the quadratic twist of E. Note
that the number of unramified rational primes with e as Frobenius has a less clean
expression

#E(k) — #E(k)[2]
5 :
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2. Proof of the Chebotarev density theorem

We continue using the notation introduced before Theorem 2. Set h = [k’ : k] =

#G/N.

Lemma 1. Assume that we are in the situation as described above. Let vy € FCG
and assume that m = ord(~)|r. Let k., be the unique extension of degree m of k in
some algebraic closure of K containing M. Then the following hold:

1. There is a unique element A € Gal(k,, M/K) such that Al =y and Ay, =
F|km7‘

2. M, = (kmM)<A> is geometrically irreducible over k and satisfies ky, My = kp, M.

Furthermore, there is a well-defined map

¢: Par, k= S =1{Q € Payi : degy(Qlx) = 1, v € (Q, M/K)}
Q' |m, — Q'

where Q' € Py, vk For Q € S we have #¢~1(Q) = dcg+@).

Proof. Note that yN is a generator in G/N, and hence one finds m = 0 (mod h).
This shows that k,, K N M = k'K. We have the following diagram:

ko M
/v M
KK =k, KNM

T

K.

km K /
S

Since v € F, one obtains
Gal(kmM/K) = Gal(ka/K) X Gal(k' K/ K) Gal(M/K) 5 A

and the first statement follows. Note that M, Nk, K = K. Furthermore, notice
that k., M, is not fixed by any non-trivial element of (A), and hence it is equal to
km M.

We claim that the following three statements are equivalent for P’ € Py s /k:
1. v € (P'|m,M/K) and P’|k is rational;
2. Ae (P, knzM/K) and P'| is rational;
3. P'|nr, is rational.

1 = 2: We claim (P, k,,M/K) = (P'|g,, ik kmK/K) X (P'|pr, M/K). Indeed,
both sets have the same size as k,,, K/ K is unramified and it follows that the natural
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injective map is a bijection. From the rationality of P’|x and the assumption v €
(P'|yp, M/K), one obtains A € (P, k,,M/K).

2 = 1: obvious.

2 = 3: By 2 one has Gal(k,,M/M.,) = (A) = Dps ar,. It follows that in the
constant field extension k,, M /M., that P’ is the unique prime above P’|yz,. From
2 it follows that degy(P’)|ord(A) = m. By the theory of constant field extensions
[5, Theorem 3.6.3], it follows that P’|yz, is rational.

3 = 2: If P[5z, is rational, then so is P’|x, and one finds

{A} = (P, kM /M,) C (P, kpy M/K).

We will now look at ¢. For a rational prime P € PM i there is a unique prime
above it in k,, M. The implication 3 = 1 shows that o is well-defined. We will
calculate the sizes of the fibers. Take a prime @ € S. Notice that [k,,M : M] =m/h
and that degy(Q)|m. In the extension k,, M /M, the residue field of Q grows with a
degree m/ deg;, (Q) and hence there are

m/h _ deg;,(Q)
m/ deg;,(Q) h
primes above it in k,, M [5, Theorem 3.6.3]. Each such prime gives a different
preimage under ¢ and by 1 = 3 we find all preimages. (|

Lemma 2. Let v € F and let I' be its conjugacy class in G. Consider the natural
surjective restriction map, where S = {Q € Py : degy(Qlx) =1, v € (Q, M/K)}
and T = {P € Pgyj, : degy(P) =1, v € (P,M/K)},

v: S =T,
Q— Qlk.
Then for P € T with prime Q € S above it we have
__#G
#I'-# D,k
Proof. Let Q € S lie above P. Then we have (Q, M/K) = ~vIg k. For g € G we
have (9Q, M/K) = g(Q,M/K)g~'. So v € (9Q,M/K) iff v € g(Q, M/K)g~" iff

g 'vg € (Q,M/K). Let G, be the stabilizer of v under the conjugation action of G
on itself. Then the number of g € G such that v € (¢Q, M/K) is equal to

#G
#T

Furthermore, suppose that for g, ¢’ € G we have gQ = ¢’Q. Then ¢'"'g € Dg k-
This shows that

#~H(P) = #((QM/K)NT).

#Gy - #((Q,M/K)NT) = #((Q,M/K)NT).

#G

—1 o
#y~(P) = T #Dax

#((Q,M/K)NT).
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We can finally prove the new version of the Chebotarev density theorem.

Proof of Theorem 2. The first part directly follows from Lemma 1. The rest of
the proof will follow from combining Lemma 1 and Lemma 2. We follow the notation
from these lemmas. Note that ¢ = 1o ¢. Let P € T and let Q € »~1(P). Note
that deg;(Q) does not depend on the choice of Q. One has:

#o~H(P) = #p o™ (P)
_ degy(Q) #G .
=— AT #Dox # (@, M/K)NT)

AN deg,(Q)-#((Q.M/K)NT) #(Q,M/K)

- #0 #Dq.x #(Q, M/K)
M/K
= #N - (P, M)(7) - deg,(Q) - #f]’)i/)
Q.K
= #N - (P, M)(7).
The last statement follows very easily. O

We will now prove the corollary.

Proof of Corollary 1. We use Theorem 2. By Hasse-Weil ([5, Theorem 5.2.3]) we
have

{P € Pu, i - deg(P) = 1} = (g + 1)} < 291(My)/q = 290 (M) /4.

This gives the required result. [l
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