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Abstract. In this article, we focus on studying about well-posedness of a generalized mixed
vector variational-like inequality and optimization problems with the aforesaid inequality
as a constraint. We establish a metric characterization of well-posedness in terms of an
approximate solution set. Thereafter we prove sufficient conditions of generalized well-
posedness by assuming the boundedness of an approximate solution set. We also prove
that well-posedness of the considered optimization problems is closely related to that of
generalized mixed vector variational-like inequality problems. Moreover, we present some
examples to investigate the results established in this paper.
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1. Introduction

In the literature, there are several methods to solve an optimization problem. How-
ever, in many cases it is very costly to compute the solution using these methods
and moreover, they may or may not guarantee that the solutions are exact. In such
cases, well-posedness has a significant role which ensures the convergence of sequence
of approximate solutions obtained through iterative techniques to the exact solution
of the problem. The classical concept of well-posedness for a global minimization
problem, which was first introduced by Tykhonov [18], requires the existence and
uniqueness of minimizer and convergence of every minimizing sequence towards the
unique minimizer. Thereafter, various authors generalized these concepts to prob-
lems with many minimizers (see, for example, [12, 13, 22]).

Variational inequality problems via set-valued mappings have been studied by
several researchers (see, for example, [7, 11, 19]). Since variational inequality prob-
lems are closely related to mathematical programming problems under some mild
conditions, consequently the concept of Tykhonov well-posedness has also been gen-
eralized to variational inequalities [1, 5, 8, 10, 12, 20] and thereafter to several
other problems like equilibrium problems [6], fixed point problems [8], optimization
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problems with equilibrium, variational inequality and mixed quasi variational-like
inequality constraints [6, 13, 15].

Lignola and Morgan [15] proposed parametric well-posedness for optimization
problems with variational inequality constraints by defining the approximating se-
quence. Moreover, in [14] Lignola discussed well-posedness, L-well-posednes and
metric characterizations of well-posedness for quasi variational-inequality problems.
Ceng and Yao [3] extended these concepts to derive the conditions under which the
generalized mixed variational inequality problems are well-posed. Thereafter, Lin
and Chuang [16] established well-posedness for variational inclusion, variational dis-
clusion problems and optimization problems with variational inclusion, disclusion,
and scalar equilibrium constraints in a generalized sense.

Recently, Fang et al. [9] extended the notion of well-posedness by perturbations
to a mixed variational inequality problem in a Banach space. Very recently, Ceng
et al. [2] explored the conditions of well-posedness for hemivariational inequality
problems involving Clarke’s generalized directional derivative under different types
of monotonicity assumptions. Inspired by earlier research, we study well-posedness
for generalized mixed vector variational-like inequality problems and constrained
optimization problems involving a relaxed n-a-P-monotone operator.

Our paper is organized as follows: we recall some definitions and results useful in
proving the main results in the paper in Section 2. In Section 3, we propose defini-
tions of well-posedness, the approximating solution set and establish the metric char-
acterizations of well-posedness for the generalized mixed vector variational-like in-
equality problems. Further, under suitable conditions we show that well-posedness is
characterized in terms of the existence and uniqueness of solutions. We also establish
these results in a generalized sense and establish sufficient conditions for generalized
well-posedness in terms of boundedness of approximate solution sets. Thereafter,
in Section 4, we establish well-posedness for optimization problems with generalized
mixed vector variational-like inequality constraints. Moreover, we discuss several
cases of well-posedness of optimization problems by assuming well-posedness of con-
straints in Section 5. Finally, we conclude our paper in Section 6.

2. Preliminaries

Suppose X and Y are two real Banach spaces. Let K C X be a nonempty closed
convex subset of X and P C Y a closed convex proper cone with nonempty interior.
Throughout this paper, we shall use the following inequalities for all z,y € Y:

(i) z<pyoy—zch;
(i) xfpy@y—x¢P;
(i7) © <poy < y—z € P

where P° denotes the interior of P.

If “<p” is a partial order, then (Y, <p) is called an ordered Banach space ordered
by P.

Let L(X,Y) denotes the space of all continuous linear mappings from X into Y’
and let T : X + 25(5Y) be a set-valued mapping. Suppose A : L(X,Y) — L(X,Y)
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is a mapping and f : K x K — Y, n: X x X — X are two bimappings. We
consider the following generalized mixed vector variational-like inequality problem
(GMVVLIP) [19]:

Find z € K and u € T(z) such that

<Au777(ya I)> + f(xa y) ﬁPO 0, Vy € K.

Let S = {z € K : 3 u € T(z) such that (Au,n(y,z)) + f(z,y) £p- 0, Vy € K}
denote the solution set of (GMVVLIP).

Now, we recall the following definitions and lemmas which will be used in the
sequel of the paper.

Definition 1 (see [19]). A mapping ¢ : K — Y is said to be P-convex if

Y(pr + (1= p)y) <p pp(z) + (1 — w(y), Vo,y € K, pel0,1].

Definition 2. A mapping ¢ : K — Y is said to be P-concave if

(e + (1= p)y) Zp pp(x) + (1= w)i(y), Vo,y e K, pel0,1].
Definition 3 (see [21]). A set-valued mapping T : K ~ 2L1X5Y) s said to be
monotone with respect to A if, for any z,y € K,

(Au— Av,z —y) >p 0, YueT(z), veT(y).

Definition 4 (see [19]). A set-valued mapping T : K — 25X5Y) s said to be relazed
n-a-P-monotone with respect to A if, for any z,y € K,

(Au — Av,n(z,y)) —alzr —y) >p 0, YVueT(x), veTly),

where a : X — Y is a mapping such that a(tz) = tPa(z),Vt >0, z€ X and p > 1
18 constant.

Definition 5 (see [19]). A bimapping ¢ : X x X — X is said to be affine with respect

to the first argument if, for any z; € K and \; >0, (1 <i<n) with Y. \; =1 and
i=1
for anyy € K,

n

C(Z Aiti,y) = Y Nil(@i,y)-

i=1

Lemma 1 (see [4]). Let (Y, P) be an ordered Banach space with closed convex and
pointed cone P and P° # ¢. Then for all x,y,z € Y, we have

(i) z%pox, T>py=2z<Lpoy;
(i) 2 Fpox, ®<py=2%tpoy.

Lemma 2 (see [17]). Let (X, |.]|) be a normed linear space and H a Hausdorff
metric on the collection CB(X) of all nonempty, closed and bounded subsets of X
induced by metric d(u,v) = ||lu — v||, which is defined by

HU,V:a{s inf [|u— ||, sup inf [lu— }
(U,V) = max utelgvlgvl\u V| vgg;gUl\u vl
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for U and V in CB(X). If U, V are compact sets in X, then for each u € U there
ezxists v € V' such that

u—o| <HU,V).

Definition 6. A set-valued mapping T : K +— 25(5Y) s said to be H-hemicontinuous
if, for any x,y € K and v € (0,1), we have

H(T(x+v(y—2)),T(x)) =0 asv— 0",

where H is the Hausdorff metric defined on CB(L(X,Y)) the closed and bounded
subset of L(X,Y).

Lemma 3 (see [19]). Let K be closed and convexr subset of a real Banach space
X, Y be a real Banach space ordered by a nonempty closed convex pointed cone P
with apex at the origin and P° # ¢. Further, assume that A : L(X,Y) — L(X,Y)
is a continuous mapping and T : K +— 2E(5Y) be o nonempty compact set-valued
mapping. Suppose that the following conditions hold:

(i) f: KxK —Y isaP-convex in the second argument with f(x,x) =0,Vx € K;

(i) n: X x X — X is an affine mapping in the first argument with n(xz,x) =
0, Vz € K;

(ii) T : K s 2MX5Y) s H-hemicontinuous and relazed n-a-P-monotone with
respect to A; then the following two problems are equivalent:

(a) there exist x, € K and u, € T(x,) such that
(Auo,n(y, o)) + f(20,y) £po 0, Vy € K,
(b) there exists x, € K such that

(Av,n(y, o)) + f(20,y) =y — x,) £po 0, Yy € K, veT(y).

3. Well-posedness of generalized mixed vector variational-like
inequality problems via relaxed n-a-P-monotonicity

Lalita and Bhatia [12] established the results on well-posedness for variational in-
equality problems by defining generalized monotone operators. In this section, we
establish well-posedness for generalized mixed vector variational-like inequality prob-
lems by means of the relaxed n-a-P-monotone operator. For this purpose, we will
present the following definitions.

Definition 7. A sequence {z,} € K is said to be an approzimating sequence for
(GMVVLIP) if, there exist u, € T(x,) and a sequence of positive real numbers
€, — 0 such that

(Aup, (Y, zn)) + f(@n,y) + €ne £pe 0, Yy € K, e € int P.
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Definition 8. The generalized mixed vector variational-like inequality problem
(GMVVLIP) is said to be well-posed if the following conditions hold:

(i) there exists a unique solution xo of (GMVVLIP),
(i) every approzimating sequence of (GMVVLIP) converges to xg.

Definition 9. The generalized mixed vector variational-like inequality problem
(GMVVLIP) is said to be well-posed in the generalized sense if the following condi-
tions hold:

(7) the solution set S of (GMVVLIP) is nonempty,

(ii) every approximating sequence has a subsequence that converges to some point

of S.

To investigate well-posedness of (GMVVLIP), we consider the approximating
solution set of (GMVVLIP) defined as:

Se={x € K : Ju € T(x) such that (Au,n(y, )+ f(z,y)+ce £po 0, Vy € K, € > 0}.
Remark 1. [t is obvious that S =S¢, when ¢ =0 and S C S, Ve > 0.

The diameter of the set A is denoted by diam A defined as

diam A = sup |a—b].
a,be A

Now, we present the metric characterization of well-posedness of (GMVVLIP) in
terms of the approximating solution set.

Theorem 1. Suppose all assumptions of Lemma 3 hold and f(.,y), n(y,.) and «
are continuous functions for ally € K. Then (GMVVLIP) is well-posed if and only
if

Se # ¢,V € >0 and diam S, — 0 as € — 0.

Proof. Suppose (GMVVLIP) is well-posed. Then it has a unique solution zg € S.
Since S C S, Ve > 0, therefore, S. # ¢, Ve > 0. Suppose, contrary to the result,
that diam S, - 0 as € — 0. Then there exist » > 0, a positive integer m, €, > 0
with €, — 0 and z,,, 2, € S, such that

|zn — || >7r, VYn>m. (1)
As xp,xl, € S, , hence there exist u,, € T'(z,,) and u,, € T'(z]) such that

<Aun777(yu :En)> + f(xnu y) + €En€ ﬁP" 07 Vy € Ka
(Aup,,n(y, x,,)) + f(2,,y) + €ne £po 0, Vy € K.

Clearly, {z,} and {«,} are approximating sequences of (GMVVLIP) which converge
to x¢ because the problem is well-posed. Now,

[2n = @[l = llzn — 20 + 20 — a7 || < llwn — @0l + [0 — a7 ] < e,
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which contradicts (1), for some € = r.
Conversely, suppose {x,} is an approximating sequence of (GMVVLIP). Then
there exist u,, € T(x,) and a sequence of positive real numbers €, — 0 such that

(Aun,n(y, zn)) + f(@n,y) + €ne Lpo 0, Vy € K, (2)

which implies that z, € S, . Since diam S., — 0 as ¢, — 0, therefore {x,} is a
Cauchy sequence which converges to some xg € K because K is closed. Now, T is
relaxed 7n-a-P-monotone with respect to A on K; therefore by Definition 4, for any
y € K and u € T(y), we have

(Aun, (Y, v0)) + f(Tn,y) <p (Au, (Y, Tn)) + f(Tn,y) — a(y — xn). (3)

By the continuity of f, n and «, we have
{(Au,n(y, x0)) + f (20, y) — aly — o) = lim {(Au,n(y,24)) + f(xn,y) — aly — za)},
which by using (3), yields
(Au, n(y, o)) + f(x0,y) — aly —x0) Zp lim {(Aun,n(y, zn)) + f(@n,y)}. (4)
Taking the limit in inequality (2), we have
Jim {(Aun, n(y, zn)) + f(2n,9)} £po 0. (5)
By combining (4) and (5) and using Lemma 1(ii), we obtain

(Au,n(y, z0)) + f(x0,y) — aly — xo) £po 0.

Thus, by Lemma 3, there exist o € K and uy € T'(x¢) such that

<AU0777(ya I0)> + f(IOa y) ﬁpo Oa Vy € Kv

which implies that zg € S. It remains to prove that xg is a unique solution of the
problem (GMVVLIP). Contrarily, suppose 21 and x5 are two distinct solutions of
(GMVVLIP). Then

0 < ||z1 — 22| < diam S. — 0 as e — 0,
which is absurd. This completes the proof of the theorem. O

Corollary 1. Suppose all the assumptions of Lemma 3 hold and f(.,y), n(y,.) and «
are continuous functions for ally € K. Then the problem (GMVVLIP) is well-posed
if and only if

S # ¢ and diam Sc — 0 as e = 0.

Proof. The proof follows lines similar to Theorem 1, hence it is omitted. O

In the next theorem, we show that well-posedness of (GMVVLIP) is equivalent
to the existence and uniqueness of the solution.
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Theorem 2. Let K be a closed and convexr subset of a real Banach space X, Y
a real Banach space ordered by a nonempty closed convex pointed cone P with the
apex at the origin and P° # ¢. Further, assume that A : L(X,Y) — L(X,Y) is
a continuous mapping and let T : K — 2V5Y) be a nonempty compact set-valued
mapping. Suppose that the following conditions hold:

(i) f: KxK—Y is P-convez in the second argument and P-concave in the first
argument with f(x,z) =0,Va € K;

(it) n: X x X — X is an affine mapping in the first and second argument with
n(xz,x) =0, Vo € K;

(iii) T : K s 28X5Y) s H-hemicontinuous and relazed n-a-P-monotone with
respect to A;

(w) f(.,y), nly,.) and o are continuous functions for all y € K.
Then (GMVVLIP) is well-posed if and only if it has a unique solution.

Proof. Suppose (GMVVLIP) is well-posed; then it has a unique solution. Con-
versely, let (GMVVLIP) have a unique solution xy. Suppose, contrary to the result,
that (GMVVLIP) is not well-posed. Then there exists an approximating sequence
{zn} of (GMVVLIP) which does not converge to x¢. Since {z,} is an approximat-
ing sequence, then there exist u,, € T'(x,) and a sequence of positive real numbers
€, — 0 such that

<Aun777(yu :En)> + f(fI/'n, y) + epe ﬁpo 0, Vy c K. (6)

Now, we show that {z,} is bounded. Suppose {x,} is not bounded. Then, without
loss of generality, we can suppose that ||z,| — +o00 as n — +oo. Let t, = m
and wy, = xo+1tn(zy, —x0). Without loss of generality, we can assume that ¢, € (0,1)
and w, — w # xg.

By the hypothesis, T is relaxed 7-a-P-monotone with respect to A; therefore,

for any z,y € K, we have
(Au — Aug, n(y, o)) — aly —z0) >p 0, Yug € T(xo), u € T(y),

which implies that

{(Auo,n(y, w0)) + f(wo,y) <p (Au,n(y, 20)) + f(20,y) — ly — o). (7)
Since ¢ is a solution of (GMVVLIP), there exists ug € T'(zo) such that
(Aug,n(y, x0)) + f(x0,y) £po 0, Vy€ K. (8)
By combining (7), (8) and using Lemma 1(ii), we get
(Au,n(y. z0)) + f(x0,y) — ay — z0) £pe 0. (9)

Further, f,n and « are continuous; therefore, we have

{(Au,n(y, w)) + flw,y) —aly —w) = lim {Au,1(y, wn) + f(wn, y) = aly —wa)}.
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As n is affine in the second argument, f is P-concave in the first argument and using
Wy, = T + tn(Tn — x0), the above equation can be rewritten as

(Au,n(y, w)) + f(w,y) — ay —w) 2p (Au,n(y, z0)) + f(z0,y) — aly — o). (10)
Using (9), (10) and Lemma 1(ii), we obtain
(Au,n(y,w)) + f(w,y) — aly —w) £p 0.
Therefore, by Lemma 3, there exist w € K and wy € T(w) such that
(Awo, n(y, w)) + f(w,y) £po 0, Vy€ K.
The above inequality implies that w is also a solution to (GMVVLIP), which contra-
dicts the uniqueness of zy. Hence, {x,} is a bounded sequence having a convergent
subsequence {z,, } converging to Z (say) as k — co. Again, from the definition of
relaxed n-o- P-monotonicity, for any x,,,y € K, we have
(Au — Aup, (Y, xn,)) — a(y — xn,, ) =p 0, Yug, € T(zy,,), ue T(y).
The above inequality yields
(Aung, n(y; xn,)) + f(@nsy) <p (Aun(y, 2n,)) + [ (@0 y) — aly = 2n,). (11)
Also, by the continuity of f, 7 and «, we have
{(Au,n(y, 2)) + f(2,y) — aly —2) = Um {(Au,9(y, 2n,)) + (@0, y) = aly = 2n,)},
which by using (11), becomes
(Au,n(y, 7)) + f(@,y) —aly =) 2p lim {(Aun,,0(y, 2n,)) + f@n,y)} (12)
On the behalf of (6), we can also write
i {(Auny, n(y, 20,)) + f (@, y)} £pe 0. (13)
From (12), (13) and Lemma 1(ii), we get
(Au, 1y, 7)) + £(Z,y) — aly — 7) £po 0.
Thus, by Lemma 3, there exist Z € K and @ € T(Z) such that
(Au,n(y,2)) + f(Z,y) £pe 0,

which shows that Z is a solution to (GMVVLIP). Hence, x,, — Z, i.e., Tn, — Zo
which implies that x,, — xg. This completes the proof of the theorem. O

Now, we give an example to verify Theorem 2.
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Example 1. Let X =Y =R, K = [0,1] and P = [0,00). Let us define the
mappings T : K +— 2FXY) f K x K=Y, n: X xX— X, and A: L(X,Y) —
L(X,Y) as follows:

T(x) = {u:R— R| u is a continuous linear mapping such that u(x) = —x},
f(xv y) =Yy—-2z
1
n(z,y) = 5y - 2),

Av = v, and

o = —ZE2.

(GMVVLIP1): Find x € K and u € T'(z) such that

1
§(x—y)>—|—y—xﬁpo 0, VyekK.

Clearly, S = {0}. It can be easily verified that T is relazed n-a-P-monotone with
respect to A and all conditions of Theorem 2 hold; therefore, (GMVVLIP1) is well-
posed.

<u’

The following theorem shows that generalized well-posedness of (GMVVLIP) is
equivalent to the non-emptiness of its solution set.

Theorem 3. Suppose all assumptions of Lemma 3 hold. Further, assume that K is
a compact set and f(.,y), n(y,.), a are continuous functions for all y € K. Then
(GMVVLIP) is well-posed in a generalized sense if and only if the solution set S is
nonempty.

Proof. Suppose (GMVVLIP) is well-posed. Then its solution set S is nonempty.
Conversely, let {x,,} be an approximating sequence of (GMVVLIP). Then there exist
un € T(x,) and a sequence of positive real numbers €, — 0 such that

(A, n(y, z0n)) + f(@n,y) + €ne £po 0, Yy e K. (14)

By the hypothesis, K is compact; therefore, {2, } has a subsequence {x,, } converg-
ing to some point xg € K. Since T is relaxed n-a-P-monotone with respect to A,
by Definition 4, for any z,, ,y € K, we have

(Au — Aup, (Y, xn,)) — @y — xn,,) =p 0, Yuy, € T(xy,), u e T(y),
which implies
i {(Aw, 9y, )+ f (@ y) —aly—2n, )} 2p Hm {{Aun,, 1(y, 200))+f (@ y) )
By the hypothesis, 7, f, « are continuous; therefore
(Au, (9, 20)) + f (20, )~y —z0) = Jim {(Au, 0y, 20,)) + f (o )~y =, )}
Using the above inequality, we get

<Aua 77(% $0)> + f(I(Jv y) - a(y - ‘TO) ZPklinolo{<Aunk;77(y7 ‘rnk)> + f(xnk ) y)} (15)
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On the behalf of (14), we can also write
i {(Auny, n(y; 2n,)) + f (@, y)} £po 0. (16)
By combining (15), (16) and using Lemma 1(ii), we get
(Au, 1y, @0)) + f(z0,y) — aly — o) £pe 0
Thus, by Lemma 3, there exist g € K and ug € T'(x¢) such that
(Aug,n(y, z0)) + f(z0,y) £po 0,
which shows that x¢ € S. This completes the proof of the theorem. O

Now, we give an example to illustrate the results established in Theorem 3.

Example 2. Let X =Y =R? K =[0,1] x [0,1] and P = [0,00) x [0,00). Let
us define the mappings T : K — 2FXY) f K x K=Y, n: X x X — X, and
A:L(X,Y)— L(X,Y) as follows:

T(x) = {w, z:R?* = R| w,z are continuous linear mappings such that

w(xy, x2) = @1, 2(21,2) = T2},

flxy) =y —=,
n(z,y) =y — =,
Av = —v, and
a=0.

(GMVVLIP2): Find x € K and u € T(x) such that
(—u,x—y)+y—z £po 0, Vy€K.

Clearly, S =[0,1] x [0, 1]. It can be easily verified that T is relazed n-a-P-monotone
with respect to A and all conditions of Theorem 8 hold and S # ¢. Therefore,
(GMVVLIP2) is well-posed in a generalized sense.

Now, we present sufficient conditions for well-posedness of (GMVVLIP) in a
generalized sense.

Theorem 4. Suppose all assumptions of Lemma 8 hold and f(.,y), n(y,.), a are
continuous functions for all y € K. If there exists some € > 0 such that S # ¢ and
is bounded, then (GMVVLIP) is well-posed in a generalized sense.

Proof. Let ¢ > 0 such that S. # ¢ and suppose {x,} is an approximating sequence
of (GMVVLIP). Then there exist u,, € T'(x,) and a sequence of positive real numbers
€, — 0 such that

(Aun, n(y, 2n)) + f(2n,y) + €ne £po 0, Vy € K,

which implies that x,, € S¢, Vn > m. Therefore, {x,,} is a bounded sequence that
has a convergent subsequence {x,, } converging to zo as k — oco. Following lines
similar to the proof of Theorem 3, we get o € S. This completes the proof of the
theorem. |



WELL-POSEDNESS FOR GMVVLIP 297

4. Well-posedness of optimization problems with generalized

mixed vector variational-like inequality constraints (PG-
MVVLIC)

In this section, we study well-posedness of optimization problems and discuss the
cases when the problem has either a unique solution or more than one solution.

Consider the optimization problem with generalized mixed vector variational-like
inequality constraints:

(PGMVVLIC) P — minimize ®(z)
subject to x € S,

where @ : K — R and S is the solution set of (GMVVLIP).
Let £ denote the solution set of (PGMVVLIC), i.e.,

&= {a: € K| 3 u € T(x) such that ®(x) <p ingq)(y) and
ye

(Au,n(y,z)) + f(z,y) £pe 0, Yy € K}.

Definition 10. A sequence {x,} € K is said to be an approximating sequence for
(PGMVVLIC) if

(9 lm sup @(z,) <p inf ®(y),

n— 00 yeSs

(@) there exist u, € T(xy) and a sequence of positive real numbers €, — 0 such
that

(Aun, n(y, zn)) + f(@n,y) + €ne £po 0, Yy € K.

For 4, ¢ > 0, we denote the approximating solution set of (PGMVVLIC) by £(4, €),
i.e.,

£(d,¢) = {x € K| 3u € T(x) such that ®(z) <p 1I€1fS<I>(y) + 4 and
y
(Au,n(y,x)) + f(x,y) +ee £po 0, Vy € K}.

Remark 2. It is obvious that & = £(0, €) when (6,€) = (0,0) and & C £(0,€), Vo, e > 0.

Now, we present the metric characterization of well-posedness of (PGMVVLIC)
in terms of the approximating solution set.

Theorem 5. Suppose all assumptions of Theorem 1 hold and ® is lower semicon-
tinuous. Then (PGMVVLIC) is well-posed if and only if

£(0,€) # ¢,V §,e >0 and diam £(0,¢) — 0 as (5,¢) — (0,0).

Proof. The necessary part directly follows from the proof of Theorem 1, so it is
omitted. Conversely, suppose {z,} is an approximating sequence of (PGMVVLIC).
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Then there exist u, € T(x,) and a sequence of positive real number €, — 0 such
that

Tim sup ®(z,) <p ;ggq’(y), (17)
<Aunu n(y7$n)> + f(xnay) + €ne fPO 0, Vyek, (18)

which implies that ,, € £(d,, €,), for some §,, — 0. Since diam £(d,€) — 0 as (4,¢) —
(0,0), {z,} is a Cauchy sequence converging to xy € K because K is closed. By the
same argument as in Theorem 1, we get

<A’LLQ, 77(?%550» + f(‘r07y) ﬁPO O,VUO S T(xo)ay e K. (19)
Since ® is lower semicontinuous,
O(zp) <p lim inf ®(x,) <p lim sup ®(z,).
n—oo n—oo

By using (17), the above inequality reduces to
D(x0) <p inf O(y). (20)
yeSs

Thus, from (19) and (20), we conclude that z( solve (PGMVVLIC). The uniqueness
of 2o directly follows from the assumption diam £(4,€) — 0 as (J,€) — (0,0). This
completes the proof of the theorem. O

Now, we give an example to illustrate the result established in Theorem 5.
Example 3. Let X =Y =R, K = [0,1] and P = [0,00). Let us define the

mappings ® : K — R, T : K — 2EXY) f K x K=Y, n: X xX — X, and
A:L(X,Y)— L(X,Y) as follows:

O(z) = |27,
T(x) = {u:R — R| u is a continuous linear mapping such that u(x) = —x},
fle,y) =y -,
n(e,y) = %(y — ),
Av = v, and
a=—2°

(PGMVVLICS3) P — minimize |23
subject to x € S,

where S = {x € K| 3 u € T(z) such that (u,3(z —y)) +y—x £po 0, Vy € K}.
Clearly, S = {0}. Now,
£(d,¢) = {x € K| 3u e T(z) such that |2*| <p & and (y — x)(1 + g)—i—e £po 0,
Vye K}.

Here, diam &(0,¢) — 0 as (6,¢) — (0,0). Also, it can be easily verified that T is
relaxed m-a-P-monotone with respect to A and all conditions of Theorem 5 hold.
Therefore (PGMVVLICS3) is well-posed.



WELL-POSEDNESS FOR GMVVLIP 299

In the next theorem, we show that well-posedness of (PGMVVLIC) is equivalent
to the existence and uniqueness of solutions.

Theorem 6. Let all assumptions of Theorem 2 hold and let ® be lower semicontin-
uwous. Then the problem (PGMVVLIC) is well-posed if and only if it has a unique
solution.

Proof. The necessary condition is obvious. Conversely, let (PGMVVLIC) has a
unique solution xy. Then

O(eo) = inf B(y)

(Aug,n(y, z0)) + f(zo,y) £po 0,Yug € T(z0), Vye€ K.

Let {z,} be an approximating sequence. Then there exist u,, € T'(x,,) and a sequence
of positive real numbers €, — 0 such that

lim sup ®(z,) <p inf ®(y),

n—oo yes

(Atn, n(y, 2n)) + f(@n,y) + €ne £po 0, Vy € K.

Now, following lines similar to the proof of Theorem 2, we find out the sequence
{z,,} has a subsequence {x,, } converging to z, for any z € K and

(Au,n(y,z)) + f(2,y) £po 0, VueT(z), Vy € K. (21)
Since ® is lower semicontinuous, therefore,

O(z) <p lim inf ®(x,,) <p lim sup ®(z,,) <p inf ®(y). (22)
k—oo k—o0 yeSs

Thus, from (21) and (22), we conclude that Z € £. This completes the proof of the

theorem. O

Theorem 7. Suppose all assumptions of Theorem 4 hold, ® is lower semicontin-
uous and if there exists some € > 0 such that {(e,€) # ¢ and is bounded, then
(PGMVVLIC) is well-posed in a generalized sense.

Proof. Let ¢ > 0 such that £(¢,¢) # ¢ and suppose {z,} is an approximating
sequence of (GMVVLIP). Then

i) i O(z,) <p inf B(y),
() lim sup ®(z,) <p inf, (v)

(ii) there exist u, € T(x,) and a sequence of positive real numbers €, — 0 such
that
(Aup,n(y, zn)) + f(Tn,y) + €ne £po 0, Vy € K, Vn € N,

which implies that x, € {(e,¢), for all n > m. Therefore, {z,} is a bounded
sequence that has a convergent subsequence {z,,} converging to z¢ as k — oo.
Following the lines similar to the proof of Theorem 6, we conclude that zy € &.
Hence, (PGMVVLIC) is well-posed in generalized sense. This completes the proof
of the theorem. O
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5. Well-posedness of optimization problems by using well-pose-
dness of constraints

In this section, we derive well-posedness of (PGMVVLIC) by using well-posedness
of (GMVVLIC).

Theorem 8. Let K be a nonempty compact set and ® lower semicontinuous. Sup-
pose (PGMVVLIC) has a unique solution. If (GMVVLIP) is well-posed, then (PG-
MVVLIC) is well-posed.

Proof. Let (PGMVVLIC) has a unique solution xy. Consider {x,,} as an approxi-
mating sequence for (PGMVVLIC). Then there exist u,, € T'(x,) and a sequence of
positive real numbers €, — 0 such that

lim sup ®(z,) <p inf ®(y)

n—o00 yeS
(Atn, (y, zn)) + f(2n,y) + €ne £po 0, Vy € K.

Since K is compact, therefore, {z,, } has a subsequence {z,, } converging to a T (say)
as k — oo. Since (GMVVLIP) is well-posed, Z solves (GMVVLIP), i.e.,

(Au,n(y,2)) + f(2,y) £p- 0, VueT(z), Vy € K. (23)
Now, @ is lower semicontinuous; therefore, we have
O(z) <p lim inf ®(x,,) <p lim sup ®(z,,) <p inf ®(y). (24)
k—o0 k—o0 yes
Thus, from (23) and (24) we conclude that Z solves (PGMVVLIC). But (PG-
MVVLIC) has a unique solution zg; therefore, Z = x¢ and x,, — z7. Hence,
(PGMVVLIC) is well-posed. This completes the proof of the theorem. O

We can also prove the following results whose proof can be done by some minor
modification in the proof of Theorem 8.

Theorem 9. Suppose all assumptions of Theorem 8 hold. If (GMVVLIP) is well-
posed in a generalized sense, then (PGMVVLIC) is well-posed.

Theorem 10. Let K be a nonempty compact set, ® lower semicontinuous and £ #
¢. If (GMVVLIP) is well-posed, then (PGMVVLIC) is well-posed in a generalized

SeENnSe.

Theorem 11. Suppose all assumptions of Theorem 10 hold. If (GMVVLIP) is
well-posed in a generalized sense, then (PGMVVLIC) is well-posed in a generalized
sense.

6. Conclusion

In this paper, we have investigated well-posedness for generalized mixed vector
variational-like inequality problems and for optimization problems with general-
ized mixed vector variational-like inequality constraints having one solution or more
than one solution. Further, in the forthcoming paper we will extend the idea of well-
posedness by perturbations to the extended generalized mixed vector-variational like
inequality problems over Banach spaces.
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