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Abstract. The main object of this paper is to give sufficient conditions for integral oper-
ators Hα,β,γ and Gλ,µ, which are defined here by means of the meromorphic functions, to
be univalent in the open unit disk. In particular cases, we find the corresponding simpler
conditions for these integral operators.
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1. Introduction and preliminaries

Let A be the class the functions f(z) which are analytic in the open unit disk

U = {z : |z| < 1} and f(0) = f ′(0)− 1 = 0.

We show by S the subclass of A consisting of functions f ∈ A which are univalent

in U . Let
∑̃

denote the class of functions F (z) of the form

F (z) =
1

z
+

∞∑
n=0

bnz
n (1)

which are analytic and univalent in the punctured unit disk

U0 = {z : 0 < |z| < 1} = U − {0}.

We denote by
∑̃

0 the class of functions G in
∑̃

such that G(z) ̸= 0 for all z in U0.
Let α, β and γ be any complex numbers. Let us denote by Hα,β,γ the analytic

function in U defined by the formula:

Hα,β,γ(z) =

(
γ

∫ z

0

tγ−1(f ′(t))α(t−1g(t))βdt

)1�γ

, (2)
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where f and g are functions of the class S or one of its subclasses. The problem of
univalence of the function Hα,β,γ in U for special cases of parameters α, β, γ and
functions f and g were discussed by many authors, such as [2, 6, 7, 10, 12, 15, 17, 18,
20]. Furthermore, many authors recently (see [1, 3, 8, 9, 14, 16, 19]) have obtained
various sufficient conditions for the univalence of generalized integral operators of
type (2) for f, g ∈ A.

In the present investigation, we introduce integral operators Fα,β,γ and Gλ,µ as
follows;

Fα,β,γ(z) =

(
γ

∫ z

0

tγ−1(−t2F ′(t))α(tG(t))βdt

)1�γ

(3)

and

Gλ,µ(z) =

(
µ

∫ z

0

tµ−1
(
et

2G(t)
)λ

dt

)1�µ

, (4)

where F ∈
∑̃

and G ∈
∑̃

0 and α, β, γ, λ and µ are complex numbers such that
integrals (3) and (4) exist.

Remark 1. In its special cases when γ = 1, the integral operator in (3) would
obviously reduce to the integral operator Fα,β which is defined in [20] as follows

Fα,β(z) =

∫ z

0

(−t2F ′(t))α(tG(t))βdt, (5)

where α, β ∈ C, F ∈
∑̃

and G ∈
∑̃

0.

In our paper, we are mainly interested in some integral operators of types (3)
and (4) which involve meromorphic functions. More precisely, we would like to
show that by using some inequalities for the functions belonging to the class S,
the univalence of some integral operators which involve meromorphic functions can
be derived easily via a well-known univalence criterion. In particular, we obtain
simple sufficient conditions for some integral operators which involve special cases
of parameters α, β, γ, λ and µ. We also extend and improve the aforementioned
result of Wesolowski [20]. At least in some cases, our main results are stronger than
the result obtained in [20].

In the proofs of our main results we need the following interesting univalence
criteria.

Lemma 1 (See [13]). Let h ∈A and γ ∈ C. If ℜ(γ) > 0 and

1− |z|2ℜ(γ)

ℜ(γ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ 1, z ∈ U ,

then the function Hγ(z) given by

Hγ(z) =

(
γ

∫ z

0

tγ−1h′(t)dt

)1�γ

, z ∈ U , (6)

is in the class S.
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Lemma 2 (See [4]). Let γ and c be complex numbers such that

|γ − 1| < 1 and |c| 6 1 (c ̸= −1) .

If the function h ∈ A satisfies the following inequality:∣∣∣∣c |z|2 + (1− |z|2)
[
(γ − 1) +

zh′′(z)

h′(z)

]∣∣∣∣ 6 1, z ∈ U ,

then the function Hγ defined by (6) is in the class S.

We note that H1,0,γ(z) = Hγ(z).
The following lemma is of fundamental importance to our investigation.

Lemma 3 (See [11]). For each function f ∈S and a fixed z, z ∈ U ; the inequality∣∣∣∣ z

f(z)
− 1

∣∣∣∣ ≤ 2 |z|+ |z|2

holds.

2. Univalence condition associated with the integral operator
(3)

Our first main result is an application of Lemma 1 and it contains sufficient condi-
tions for a general integral operator Fα,β,γ of type (3).

Theorem 1. Let α, β and γ with ℜ(γ) > 0 be any complex numbers. Also let

F ∈
∑̃

and G ∈
∑̃

0. Moreover, suppose that the following inequalities

10 |α|+ 4 |β|≤ 1, for ℜ(γ) ≥ 1 (7)

10 |α|+ 4 |β|
ℜ(γ)

≤ 1, for 0 <ℜ(γ) ≤ 1

are satisfied. Then the function Fα,β,γ(z) defined by (3) is in the class S.

Proof. From (3) we begin by setting

h(z) =

∫ z

0

(−t2F ′(t))α(tG(t))βdt, (8)

so that, obviously,

h′(z) = (−z2F ′(z))α(zG(z))β (9)

and from the logarithmic differential of equality (9), we obtain

zh′′(z)

h′(z)
= α

(
2 +

zF ′′(z)

F ′(z)

)
+ β

(
1 +

zG′(z)

G(z)

)
. (10)
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It is known that φ ∈ S and 0 < |z| < 1, then φ∗(z) = 1
φ(z) is in

∑̃
. Hence expression

(10) can be rewritten as

zh′′(z)

h′(z)
= α

(
2 +

zf ′′(z)

f ′(z)
− 2

zf ′(z)

f(z)

)
+ β

(
1− zg′(z)

g(z)

)
, (11)

where f, g ∈ S.
From a well-known transformation of Bieberbach preserving the class of univalent

functions f ∈ S (see [5])

f(z) =
k
(

z+z0
1+zz̄0

)
− k(z0)

k′(z0)(1− |z0|2)
, z ∈ U , k ∈ S,

z0 is a fixed point of the unit disk U , we obtain the value of the functional at the
point z = −z0

−z0f
′′(−z0)

f ′(−z0)
=

2 |z0|2 − 2a2z0

1− |z0|2
(12)

and
−z0f

′(−z0)

f(−z0)
=

z0

k(z0)(1− |z0|2)
, (13)

where a2 is the second coefficient in Maclaurin expansion of the function k.
From (11), (12) and (13) by putting z0 = −z we have

zh′′(z)

h′(z)
=

1

1− |z|2

{
2αa2z − β |z|2 + 2α

[
1− z

−k(−z)

]
+ β

[
1− z

−l(−z)

]}
(14)

and

1− |z|2ℜ(γ)

ℜ(γ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ =1− |z|2ℜ(γ)

1− |z|2
1

ℜ(γ)

∣∣∣∣2αa2z − β |z|2 + 2α

[
1− z

−k(−z)

]
+β

[
1− z

−l(−z)

]∣∣∣∣ , (15)

where k, l ∈ S.
Now, we investigate the following cases:

1. It is easy to observe that the function ϕ : (0,∞) → R, ϕ(x) = 1−a2x

x (0 < a < 1)
is a decreasing function. If x = ℜ(γ) with ℜ(γ) ≥ 1, z ∈ U , a = |z|, then

1− |z|2ℜ(γ)

ℜ(γ)(1− |z|2)
≤ 1, z ∈ U . (16)

In equation (15), putting inequality (16) and using the Lemma 3
(−k(−z),−l(−z) ∈ S), we obtain

1− |z|2ℜ(γ)

ℜ(γ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ ∣∣∣∣2αa2z − β |z|2 + 2α

[
1− z

−k(−z)

]
+ β

[
1− z

−l(−z)

]∣∣∣∣
≤ 2 |α| |a2| |z|+|β| |z|2+2 |α|

∣∣∣∣1− z

−k(−z)

∣∣∣∣+|β|
∣∣∣∣1− z

−l(−z)

∣∣∣∣
≤ 10 |α|+ 4 |β|
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which, in the light of hypothesis (7), yields

1− |z|2ℜ(γ)

ℜ(γ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ 1, z ∈ U .

2. Now we consider the function ϑ : (0,∞) → R, ϑ(x) = 1− a2x (0 < a < 1) which
is an increasing function. Then, for 0 < ℜ(γ) ≤ 1 we have

1− |z|2ℜ(γ)

1− |z|2
≤ 1, z ∈ U . (17)

Hence, using inequality (17) and Lemma 3, we obtain

1− |z|2ℜ(γ)

ℜ(γ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣
≤ 1

ℜ(γ)

∣∣∣∣2αa2z − β |z|2 + 2α

[
1− z

−k(−z)

]
+ β

[
1− z

−l(−z)

]∣∣∣∣
≤ 1

ℜ(γ)

{
2 |α| |a2| |z|+ |β| |z|2 + 2 |α|

∣∣∣∣1− z

−k(−z)

∣∣∣∣+ |β|
∣∣∣∣1− z

−l(−z)

∣∣∣∣}
≤10 |α|+ 4 |β|

ℜ(γ)

which, in the light of hypothesis (7), yields

1− |z|2ℜ(γ)

ℜ(γ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ 1, z ∈ U .

Finally, by applying Lemma 1 we conclude that the function Fα,β,γ(z) defined by (3)
is in the univalent function class S. This evidently completes the proof of Theorem
1.

Putting γ = 1 in Theorem 1, we immediately arrive at the following application
of Theorem 1.

Corollary 1. Let F ∈
∑̃

and G ∈
∑̃

0. Also let α and β be any complex numbers.
Moreover, suppose that these numbers satisfy the following inequality

10 |α|+ 4 |β| ≤ 1.

Then the function Fα,β(z) defined by (5) is in the univalent function class S.

Choosing α = 0 in Theorem 1, we obtain the following interesting consequence
of Theorem 1.

Corollary 2. Let β and γ with ℜ(γ) > 0 be any complex numbers. Moreover,

suppose that the function G ∈
∑̃

0 and the following inequalities

|β| ≤ 1

4
, for ℜ(γ) ≥ 1

|β| ≤ ℜ(γ)
4

, for 0 < ℜ(γ) ≤ 1
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are valid. Then the function Fβ,γ defined by

Fβ,γ(z ) =

(
γ

∫ z

0

tγ−1(tG(t))βdt

)1�γ

is in the univalent function class S.

Theorem 2. Let F ∈
∑̃

and G ∈
∑̃

0. Suppose also that α, β and γ are any
complex numbers and that these numbers satisfy the following inequality

|γ − 1|+ 10 |α|+ 3 |β|≤ 1. (18)

Then the function Fα,β,γ(z) defined by (3) is in the class S.

Proof. We consider the function h defined by (8). Then from (9)-(13) we have

zh′′(z)

h′(z)
=

1

1− |z|2

{
2αa2z − β |z|2 + 2α

[
1− z

−k(−z)

]
+ β

[
1− z

−l(−z)

]}
and

c |z|2+(1−|z|2)
[
(γ − 1) +

zh′′(z)

h′(z)

]
=(c−γ + 1−β)|z|2 + 2αa2z + (γ − 1)

+2α

[
1− z

−k(−z)

]
+β

[
1− z

−l(−z)

]
, (19)

where k, l ∈ S. Putting c = γ − 1 + β in (19) and using Lemma 3 we obtain∣∣∣∣(γ − 1 + β)|z|2 + (1− |z|2)
[
(γ − 1) +

zh′′(z)

h′(z)

]∣∣∣∣
≤ |γ − 1|+2 |α|

[
|a2| |z|+

∣∣∣∣1− z

−k(−z)

∣∣∣∣]+ |β|
∣∣∣∣1− z

−l(−z)

∣∣∣∣
≤ |γ − 1|+ 10 |α|+ 3 |β| .

Finally, by applying Lemma 2, we conclude that the function Fα,β,γ(z) defined
by (3) is in the univalent function class S. This evidently completes the proof of
Theorem 2.

Remark 2. For γ = 1, from Theorem 2, we see that our result is stronger than the
Wesolowski’s result (12 |α|+ 4 |β| ≤ 1) for the same integral operator (for details,
see [20]).

3. Univalence condition associated with the integral operator
(4)

Finally, the following result contains another sufficient conditions for a general inte-
gral operator Gλ,µ of type (4) to be univalent in the unit disk U .
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Theorem 3. Let G ∈
∑̃

0 and µ, λ ∈ C. Moreover, suppose that these numbers
satisfy the following inequalities

16 |λ| ≤ 1, for ℜ(µ) ≥ 1, (20)

16 |λ|
ℜ(µ)

≤ 1, for 0 < ℜ(µ) ≤ 1.

Then the function Gλ,µ(z) defined by (4) is in the univalent function class S.

Proof. Let us consider the function Gλ : U → C, defined by

Gλ(z) =

∫ z

0

(
et

2G(t)
)λ

dt.

First observe that, since G ∈
∑̃

0, clearly Gλ ∈ A, i.e. Gλ(0) = G′
λ(0) − 1 = 0. On

the other hand, it can be seen easily that

G′
λ(z) =

(
ez

2G(z)
)λ

and
zG′′

λ(z)

G′
λ(z)

= λz2G(z)

(
2 +

zG′(z)

G(z)

)
. (21)

Hence expression (21) can be rewritten as

zG′′
λ(z)

G′
λ(z)

= λ
z2

g(z)

(
2− zg′(z)

g(z)

)
,

where g ∈ S.
Now, by using equality (13) and Lemma 3 and by putting z0 = −z in (13) , we
obtain ∣∣∣∣zG′′

λ(z)

G′
λ(z)

∣∣∣∣ =
∣∣∣∣∣λ z2

g(z)

(
2− −z

k(−z)(1− |z|2)

)∣∣∣∣∣
=

∣∣∣∣∣ λ

(1− |z|2)
z2

g(z)

(
2(1− |z|2)− z

−k(−z)

)∣∣∣∣∣
≤ |λ| |z|2

(1− |z|2) |g(z)|

{∣∣∣1− 2 |z|2
∣∣∣+ ∣∣∣∣1− z

−k(−z)

∣∣∣∣}
≤ 4 |λ| |z|2

(1− |z|2)
1

|g(z)|
.

In the last inequality if we again apply Lemma 3 for g ∈ S, we have∣∣∣∣zG′′
λ(z)

G′
λ(z)

∣∣∣∣ ≤ 16 |λ|
1− |z|2

,

for all z ∈ U .
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Now, by using Lemma 1 and the hypothesis, we obtain

1− |z|2ℜ(µ)

ℜ(µ)

∣∣∣∣zG′′
λ(z)

G′
λ(z)

∣∣∣∣ ≤ 1− |z|2ℜ(µ)

1− |z|2
16 |λ|
ℜ(µ)

≤ 1,

which in Lemma 1 implies that Gλ,µ ∈ S. This completes the proof.

Now, by choosing µ = 1 in Theorem 3, we have the following result.

Corollary 3. Let G ∈
∑̃

0 and λ ∈ C. Moreover, suppose that this number satisfies
the inequality |λ| ≤ 1

16 . Then, the function Gλ(z), defined by

Gλ(z) =

∫ z

0

(
et

2G(t)
)λ

dt,

is in S, i.e. it is univalent in U .

Example 1. Let us consider the function G(z) = − ln(1−z)
z2 ∈

∑̃
0. If we choose for

some λ, |λ| > 1, then

Gλ(z) =

∫ z

0

(
e− ln(1−t)

)λ
dt =

1

λ− 1

(
(1− z)1−λ − 1

)
(22)

is not a univalent function in U .

Proof. From the property of the function ew and from the fact that |arg(1− z)| < π
2

it follows that the function fλ(z) = (1 − z)1−λ is not univalent in U if there exists
λ such that |1− λ| π

2 > π or |λ| > 1. This proves that there exists a function G in∑̃
0 such that for some λ, |λ| > 1 the function Gλ given by (22) is not univalent in

U .
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