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The signless Laplacian spectral radii of modified graphs
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Abstract. In this paper, various modifications of a connected graph G are regarded as
perturbations of its signless Laplacian matrix. Several results concerning the resulting
changes to the signless Laplacian spectral radius of G are obtained by solving intermediate
eigenvalue problems of the second type.
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1. Introduction

Let G be a simple graph with a vertex set V(G) = {v1, v2,...,v,} and an edge set
E(G). Let A(G) and D(G) be the adjacency matrix and the diagonal matrix of
vertex degrees of G, respectively. The signless Laplacian matrix of G is defined as
Q(G) = D(G) + A(G). The signless Laplacian eigenvalues of G are the eigenvalues
of Q(G); they are real numbers (since Q(G) is symmetric). As usual, 6;(G) >
02(G) > --- > 6,(G) are the signless Laplacian eigenvalues of G in non-increasing
order. The largest signless Laplacian eigenvalue of G, ie. 61(G), is also called
the signless Laplacian spectral radius of G. For a connected graph G, Q(G) is
non-negative (i.e., all entries are non-negative) and irreducible, and by the Perron-
Frobenius theorem for non-negative matrices, 6;(G) has multiplicity one and there
exists a unique positive unit eigenvector x corresponding to 61 (G). We shall refer to

such an eigenvector & = (x1,s,...,2,)7 as the Perron vector of Q(G), where the
positive real number x; corresponds to the vertex v; for ¢ = 1,2,...,n. Then the
following description is well-known:
01(G) = (@.QG)=) = Y (zit;) (1)
v;v; EE(G)

The study of graph perturbations is concerned primarily with changes in eigen-
values which result from modifications of a graph. Maas [5], Rowlinson [3, 4] and
Zhou [7] obtained several results concerning the resulting changes to the spectral ra-
dius of G (the largest eigenvalue of A(G)) by solving intermediate eigenvalue prob-
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lems of the second type. In this paper, by applying the same techniques to the
signless Laplacian matrix of G, we obtain several results on the resulting changes to
the signless Laplacian spectral radius of G.

2. Intermediate eigenvalue problems of second type

We present the results required from [6] (also see [2]) in terms of an n-dimensional
Euclidean space V in which the inner product of vectors y and z is denoted by
(y,2) = yTz. Let Q be a symmetric linear transformation of V, and let H be a
positive transformation of V. For any symmetric transformation T of V, let A, (T") >
Xo(T) > -+ > A (T) denote the eigenvalues of T. We also use Apin () and Apax(7T')
to denote the smallest and largest eigenvalues of T', respectively. The general problem
is to find lower bounds for the elgenvalues Ai (Q + H) which can be readily calculated
from H and appropriate invariants of Q B

A second inner product may be defined on V by [y,z] = (Hy,z). Choose
any basis {v1,...,v,} for V and, using the new inner product, let P, be the or-
thogonal projection onto the subspace of V spanned by vy,...,v, (r = 1,...,n).
Thus P, = I, and if we define Py = 0, we have [P,_1y,y] < [Py, y]|, whence
(Q+ HP_1)y,y) < (Q + HP.)y,y) for all y € V (r = 1,...,n). Moreover,
for each r € {0,1,...,n}, H P, is a symmetric transformation of the original inner
product space V. For any symmetric transformation T of V, X\;(T) is the minimum
of max{(Ty,y) : |lyll = 1,y € U} taken over all i-dimensional subspaces U of V. It
follows that A;(Q) < X\(Q + HP) < M(Q 4+ HPy)) < -+ < M\(Q + HP,_y) <
)\l(@ + I;TPH) fori=1,2,...,n. The problem of determining the eigenvalues of
@ + H P, for some r is called an intermediate eigenvalue problem of the second
type. o .

Let éul = \u; (i =1,...,n), where A1, Aa,..., A\, are the eigenvalues of @

and wy,us,...,u, are orthonomal. Choose v; = H 'u; (i = 1,...,n). Then
T

Pu; = > vijVs, where (7;5) is the inverse of the r x r Gram matrix T, whose
i=1

(i, j)-entry is [v;,v;] (4,5 =1,...,7). Moreover, the matrix of @+I?PT with respect
to the basis {u,...,u,} is

R 2

An

In what follows, we take V = R", (y, 2) = y” z and identify a linear transforma-
tion on R™ and its matrix with respect to the transformation of R™. Let J, be the
n X n matrix with all entries equal to 1, and I,, the n x n identity matrix. If Q and
Q + H are the signless Laplacian matrices of a graph G and its modified graph G’,
respectively, then we take

Q=—-Q — Omax(H) + &I, and H = (Amax(H) + 6)I — H, where § > 0.
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Thus H is positive and @ +H = —@Q — H. Hence, we have
OI(GI) - Amax(Q + H) - _Amirl(é + ﬁ) S _/\min(é + ﬁPr)

For given r, we can choose ¢ to optimize the upper bound for 6, (G’).

3. The main results

In this section, we consider three types of modifications of a connected graph G:
the first one is obtained from G by relocating an edge, the second one is obtained
from G by adding edges between the vertices of an independent set such that it
induces a clique, and the third one is obtained from G by adding a new vertex with
a prescribed set of neighbors. Using the technique mentioned in Section 2, we obtain
upper bounds for the signless Laplacian spectral radii of the three types of modified
graphs just mentioned, respectively.

Let G be a connected graph. Here we apply the results of Section 2 with r =1
and u; the Perron vector & of Q(G). When the edge v;v; of G is replaced by vivy,
there are essentially two cases to consider:

(a) wv;,vj, vk, v are distinct,
(b) v; = v; and v;, v}, vy, are distinct.

In case (a), without loss of generality, we take v; = v1, v; = va, Uy = V3, V] = U4,
so that

—-1-100

H O , -1-100
H—{OO},whereH— 0 011
0 011

Thus Amax(H) = 2. Let @ =—-Q—(2+6)I, and H= (24 0)I,, — H. Therefore we
have

3+9 —1 0 O
_ G+)7=1 (34%(52(2;71
H'= [H/ 1 ] ] , where H' = | (+97=1 (3+97°—1 1?—6 (1)
0 I, 4 0 0
w5 In (TF0)7—1 (1702-1
0 0 1 146
2

(I10)2—1 (1+8)2—1

Hence we find that

1
[I—Nl_lul, ﬁ—lul]
1 5(5+2)(6 + 4)

B (wy, H='uy) T (it a2)2 + 0+ 4) (23 +24)2 +0(0 +4) )

Y11 =

If the signless Laplacian eigenvalues of G are #; > 05 > --- > 6,, then the
eigenvalues of @ are §; = —0; —2 —¢d fori = 1,2,...,n. Hence the eigenvalues of
Q+HP;, are =01 —2—0+~11 and —6;—2—06 (¢ =2,3,...,n). Thus —A\pnin(Q+HPy)
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is14+24+6—v11 if y11 <01 — 0, and 05 + 2+ § if 11 > 61 — 0. As a function
of § > 0, v11 has range (0, 00) and so we may choose 0 > 0 such that 17 = 6 — 6s.
Then 61(G’) < 61(G) + 2+ 6 — y11, and to ensure that 61(G’) < 61(G), we require
~v11 > 0 + 2. Now from (3) we have

Y117 6(6 +4) (=711 + 6 +2) = a — 8,

where o = 4(x3 + 24)? and 8 = (v1 + 22)% — (23 + 24)°.
If 3>0and é§ > af~! >0, then v;; > 6 +2. If 3 < 0, then by the Rayleigh-Ritz
Theorem, we have

0,(G) > (@,Q(GNx) = > (mi+z) B> > (zi+w;)?=0:(G).
’Ui’UjEE(G) Ui’UjEE(G)
These results can be summarized as follows.

Theorem 1. Let G be a connected graph of order n with distinct vertices vy, vj, vk, 0
such that viv; € E(G) and vyuy ¢ E(G). Suppose that G’ is obtained from G by
replacing edge v;v; with vpv;. Let 01 > 6y > --- > 0, be the signless Laplacian
eigenvalues of G and let * = (1,72, ...,2,)T be the Perron vector of Q(G).

(i) If (z; + 2;)? < (z + 21)?, then 61(G’) > 01(G);

i T35 2 xT T 2
(i1) if (ita;)? > (zp+21)? and 010y > 2L O] then 6, (G) < 01(G).

To deal with case (b), without loss of generality, we assume that v; = v; = vy,
v; = vp and v, = v3. Thus

, 0-11
H:[]g g],whereH’: -1-10
1 01

Note that Amax(H) = v/3. Let Q=-Q- (V34 0)I, and H= (V3+0I, — H.
Similarly, we find that

36+ V3)(6+2V3)
T T VBt (6 1+ 2v/3)

where o = (21 + 22)% + (ﬂc~1 + {3)2 + (22 —3)? and B = (21 + 22)? — (21 + 23)%

Hence the eigenvalues of Q + HP; are —0; — /3 — 6 + 11 and —0; — /3 -6 (1=

2,3,...,n). Again we may choose § > 0 such that y1; = 6; — 02, and arguing as

before we find that v1; > §++/3 when 8 > 0 (i.e., z2 > 23) and 6; — 6y > a8~ +/3.
The corresponding theorem in this case is therefore as follows.

Theorem 2. Let G be a connected graph of order n with distinct vertices v;, vj, vi
such that v,v; € E(G) and vivi, ¢ E(G). Suppose that G’ is obtained from G by
replacing edge v;v; with vivy. Let 61 > 03 > --- > 0, be the signless Laplacian
eigenvalues of G and © = (v1,22,...,2,)T be the Perron vector of Q(G).

(1) If x; <z, then 0:(G’) > 01(G);
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(i1) if x; > xp and 61 — 0y > (\/§+1)(zf,+x(_2’j;75;§§:8501;$§)2+(@ﬂck)?, then 01 (G") <
01(G).

Before we illustrate Theorems 1 and 2 with an example, the following lemma is
needed.

Lemma 1 ([1]). Let A be a Hermitian matriz with eigenvalues Ay > XAy > -+- > A\,

and B a principal sub-matriz of A. Let B have eigenvalues p1 > p2 > -+ > pm
(m < n). Then the inequalities Ap_mii < p; < A; hold fori=1,2,...,m.

Example 1. Let G be the wheel K1VCy, (n > 10) with vertex vy adjacent to

each vertex of the cycle vivg ---v,v1. Then the signless Laplacian spectral radius

of K1VC,, is 01(K,VC,,) = nH2tvn-—6nt25 W’ Lemma 1 implies that 02(K1VC),) <

Amax (Quvo (K1VCy)) = 5, where Q. (K1VCy,) is the sub-matriz of Q(K1VC,) ob-

tained by deleting the row and column corresponding to the vertexr vy. Thus 61 —

02 > 01 — 5. The Perron vector of Q(K1VC,) is (a,B,...,0), where o, > 0,
——

1o = na +nfB, 618 = 58+ a and a® +nB? = 1. Let G' be the graph obtained
from K1V C, by replacing edge vovy with vivs. To apply Theorem 1, with i = 0,

j=2,k=1andl =3, we require 61 — 0 > 2%. It suffices to establish

that 61 — 5 > 2%, which holds for n > 10 since n+1 < 61 < n+2 and

(01 + 2)(2n — 61)(30; — 2n) — 4602 > 0 for n > 10. Then 0:(G’) < 61(K1VC,,)
by Theorem 1. Now, let G" be the graph obtained from K1V C,, by replacing edge
v1vg with vivs. To apply Theorem 2 with ¢ = 1, j = 0 and k = 3, we require
01 — 0y > (\/§+2)ai—gi(22a_6@522+2\/§aﬁ, and this condition holds for n > 10. Then
01(G") < 0:(K1VC,,) by Theorem 2.

Let G be a connected graph, and let S C V(G) be any independent set with
|S| > 2. Let G° be the graph obtained from G by adding edges between the vertices
in S such that it induces a clique. For any independent set S C V(G) with |S| > 2,
the following theorem gives an upper bound for 0;(G¥).

Theorem 3. Let G be a connected graph of order n with signless Laplacian eigen-
values 01 > 0y > --- > 0,,. Let & = (11,22,...,2,)T be the Perron vector of Q(G),
and let S C V(QG) be an independent set with s = |S| > 2. Then

01(GS) § 01 —+ 2(8 — 1) —+ 5 - Y11,
where
d0(s+9)2(s—1)+ 9]

_ =0 — 0.
5(s—z)gz$+[2(s—1)+a} <;m> +6(s+6)

Y11 =

Proof. Without loss of generality, suppose that S = {v1,...,vs}. Let Q and Q+ H
be the signless Laplacian matrices of G and G, respectively. Note that the largest
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eigenvalue of H is 2(s—1). Let Q = —Q—[2(s—1)+0]I,, and H = [2(s—1)+0)]I,,—H.
Hence the ecigenvalues of Q are 6; = —6; —2(s —1) — 4 (i=1,...,n) and

g1 stsln + 5(9+5)J X 0
0 - Ln—s
We use the results in Section 2 with r = 1 and u; = = (21, %2,...,7,)". The
matrix of the transformation @ + H P; with respect to the basis {u1,ua, ..., u,} is
diag(6 + 7,602, ...,60,), where
1 1
M1 = = = =

[H*lul,Hflul] (Ul,ﬁfl’ul)
0(s+9)2(s—1)+ 9]

(572)23 [(51)+5]< xi>2+5(s+5).

@
[NgB
o

Then )\min(é + ﬁPl) = min{9~1 + 7, (9~2} and so
01(G%) = —Amin(Q+H) < —Amin(Q+HPy) =max{0;4+2(s—1)+5—, O3+2(s—1)+3}.

As a function of 6 (§ > 0), 711 has range (0,00) and so we may choose § > 0 such
that v11 = 67 — 62. This completes the proof. O

Example 2. Let G be a complete bipartite graph K, , with m > 2. Note that
01(Kpm) = 2m and 03(Ky, m) = m. Let S be any independent set of G with s = 2.
Then 01(G°) < m +2+ 6, where § > 0 satisfies 62 — (m —2)§ —2=0. If m =5,
then 6, (G®) < 10.5616, while 0;(G®) = 10.5367 by direct computations.

Let G be a connected graph of order n, and let S be a non-empty subset of V(G).
Let Gg be the graph obtained from G by adding a new vertex whose neighbors are
the vertices in S. Using the same argument as Theorem 3 in [7], the following upper
bounds on 6;(Gg) for any S C V(G) can be obtained.

Theorem 4. Let G be a connected graph of order n with signless Laplacian eigen-
values 01 > 0y > --- > 0,,. Let & = (11, 22,...,2,)T be the Perron vector of Q(G),

and let S be a non-empty subset of V(G) with |S| =s. Leta= Y. x; and b= x?.
i=1 i=1
If

s+b a’® + s s+b s+b s2—a2 s+b_ \°
0 2 0 6 4a? — % 4
s+11< s + s—|—12<s—|—11+ a s s+1 ') (4)

then 01(Gs) < 01 +¢, wheree >0 ande=1— (01 —02), e=1—b— (01 —6s), ore
satisfies the equation

E4(20,—0,—1)e*4[(01—b) (01 —02) —01 —a® —5(1—b)]e— (81 —62) [01b+a>+5(1—b)] =0;

otherwise, 61(Gg) <03+ s+ 1.
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Example 3. Let G = K1VCg with verter vy adjacent to each vertex of the cycle
V1020304050601 and S = {vo}. Note that 01(G) = 8 and 03(G) = 4. It is easy to
check that (4) holds. Then by Theorem 4, we have 61(Gs) < 8+¢, where €3+ 112+
%e—% = 0. Clearly, € < 0.75, and we have 61(Gg) < 8.75, while 61(Gg) = 8.7355
by direct computation.

Example 4. Let G be a 4-cycle Cy = vivguzvgvy and S = {vy,vs}. Then 6; =
4 and 05 = 2. Theorem 4 implies that 01(Gg) < 5, while by direct computation, we
have 61(Gs) = 5.
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