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Stability with respect to part of the variables of nonlinear
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Abstract. In this paper, stability with respect to part of the variables of nonlinear Ca-
puto fractional differential equations is studied. Sufficient conditions of stability, uniform
stability, Mittag Leffler stability and asymptotic uniform stability of this type are obtained
within the method of Lyapunov-like functions.

AMS subject classifications: 26A33, 65120

Key words: Fractional order system, stability analysis, Mittag-Leffler function

1. Introduction

The study of fractional order systems [8, 3] has gained importance in recent years.
Based on the concept of integration or differentiation of fractional order, several
dynamic systems are better described with fractional order model [6], for example,
in electromagnetic systems [5], dielectric polarization [17], economy [10] and image
processing [13].

Because of the development of science and complex engineering systems, previ-
ous research has documented the use of fractional calculus in many issues of control
theory, such as stability [4, 11, 14, 18]. Indeed, in [4], authors described an uniform
stability for fractional order systems using general quadratic Lyapunov functions.
In [11], Yan Li et al. presented the Mittag-Leffler stability of fractional order non-
linear dynamic systems. Furthermore, stability analysis of Hilfer fractional differ-
ential systems is shown in [14]. On the other hand, in [18], the authors described
the asymptotical stability of nonlinear fractional differential system with Caputo
derivative.

In this way, considerable attention has been paid to the concept of stability with
respect to part of the system’s states [12, 15]. Such concept for integer-order systems
was originally introduced by [16]. From then on, stability with respect to part of
the variables (SPV) analysis for integer-order systems has gained lots of attention
[1, 7, 12, 15]. For instance, in [1] authors presented an approach to SPV in systems
with impulse effect, and introduced sufficient conditions based on the Lyapunov
function to guarantee their main results.

However, to the best of our knowledge, no paper in the literature has tackled
the problem of SPV analysis for fractional order systems. By this fact, the main
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contribution of this paper is to study SPV of nonautonomous systems in the sense
of Caputo fractional derivative.

The remainder of this paper is organized as follows. In Section 2, necessary
notations and preliminaries are given. Sufficient conditions for stability, uniform
stability, asymptotic uniform stability and Mittag-Leffler stability with respect to
part of the variables of fractional nonautonomous systems are presented in Section
3. In Section 4, two illustrative examples are given.

2. Preliminaries

In this section, some notations and preliminary results are introduced.

Definition 1 (see [3]). Given an interval [a,b] of R, the Riemann-Liouville frac-
tional integral of a function x € L*([a,b]) of order o > 0 is defined by

Ifz(t) = ﬁ/ (t — 1) ta(r)dr, t€ [a,b],

where T is the Gamma function.
For a =0, I? := I, the identity operator.

Definition 2 (see [3]). Given an interval [a,b] of R, the Caputo fractional derivative
of a function x of order o > 0 is defined by

D2 a(t) = I 2™ (1), t€[ab],
where 0 <m—1 < a < m.

When 0 < a < 1, then the Caputo fractional derivative of order « of an absolutely
continuous function « on [a, b] reduces to

1 t
C nHa —a,./
D t) = ——— t— dr, t bl. 1
to,tx( ) 1—\(1 _ Oé) /to( T) T (T) T, € [av ] ( )
Lemma 1 (see [4]). Let o € (0,1) and let P € R™™™ be a constant, square, sym-
metric and positive definite matriz. Then the following relationship holds
1
-~ ¢py

5 ¢ (@ () Px(t)) <2 ()P ODY x(t), t > to.

Similarly to the exponential function used in the solutions of integer-order dif-
ferential systems, the Mittag-Leffler function is frequently used in the solutions of
fractional-order differential systems.

Definition 3 (see [8]). The Mittag-Leffler function with two parameters is defined
as

+oo Sk
£ = 2 Wy

where a« >0, 8 >0, z€ C.
When 8 =1, we have Eo(z) = Eq1(2); furthermore, Ey1(z) = €.
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We consider the nonhomogeneous linear fractional differential equation with the
Caputo fractional derivative

Dy x(t) = Az +h(t), t >t
I(to) = Xg. (2)

Problem (2) was studied by Kilbas et al. [8] (see pp. 295, (5.2.83)), and its solution
has the form

x(t;to, x0) = ToEo (At —t0)%) + /t(t —8)* B oAt —8)*)h(s)ds,  (3)

to

provided that the integral on the right-hand side of (3) is convergent.

3. Main results

In this section, several sufficient conditions on stability with respect to part of the
variables of nonlinear Caputo fractional differential equations are given.

Consider the system of fractional differential equations with a Caputo derivative
for o € (0,1)

“Dg a(t) = f(t,x), t > to, (4)
x€R" z=(y,2), ye R™, € R, m >0,

with initial condition x(to) = zo = (yo,20), where @ € (0,1) and f € C(R+ %
R™, R™).

Suppose that f is smooth enough to guarantee the existence of a global solution
x(t) = x(t;to, xo) of system (4) for each initial condition (tg, o). Some sufficient
conditions for the existence and uniqueness of solutions for fractional differential
equations are given in [2, 9].

Assume that the origin x = 0 is an equilibrium point of fractional-order system
(4); that is, f(¢,0) =0, Vvt > 0.

Definition 4. The equilibrium point x = 0 of fractional-order system (4) is said to
be

(i) Stable with respect to y, if for every e > 0 and ty € R there exists 6 := (e, to)
such that for any xo € R™, the inequality ||xoll < & implies ||y(t;to, zo)|| < €
fort > tg.

(ii) Uniformly stable with respect to y, if it is stable and § depends only on e.

(i) Uniformly attractive with respect to y, if there exists § > 0 such that for every
€ > 0 there exists T := T(€) > 0 such that for any to € Ry, vo € R™ with
llzo|| < B the inequality ||y (t;to, zo)|| < € holds for t > to +T.

() Globally uniformly attractive with respect to y if (i) is satisfied for any B > 0.

(v) Uniformly asymptotically stable with respect toy, if it is uniformly stable with
respect to y and uniformly attractive with respect to y.
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(vi) Globally uniformly asymptotically stable with respect to y, if it is uniformly
stable with respect to y and globally uniformly attractive with respect to y.

(vii) Uniformly Mittag-Leffler stable with respect to y, if each solution of system (4)

satisfies:

ly(t;to, o)|| < [m(xo)Ea(— A(t—to)“)]b, Vit > t, (5)

with b >0, A >0, m(0) =0, m(z) > 0 and m is locally Lipschitz.

Definition 5. A continuous function ¢ : Ry — R4 is said to belong to class K
if it is strictly increasing and (0) = 0. It is to belong to class Ko if in addition
lim (s) = +o0.

s—>+00

Within the method of Lyapunov-like functions, we present the following results.

Theorem 1. Consider system (4) and assume that there exist a continuously dif-
ferentiable function V : Ry x R — R and class K function oy satisfying

on(|lyl) < V(t2), V(,0)=0, Vt>0, Vo€ R", (6)
D¢V (t,x(tsto, ) <0, VE>to, Vo > 0; -

then x = 0 is stable with respect to y.
Moreover, if for some ag € K:

V(t,z) < as(||z|), Vt>0, Vx € R"; (8)
then, x = 0 is uniformly stable with respect to y.
Proof. It follows from (7) that there exists a nonnegative function h(t) satisfying
D V(t,a(t;to, m0)) = —h(t), Vt > to. (9)

It follows from (3) that for ¢ > ¢,

() /to (t—s)*""h(s)ds

< V(to, 7o) (10)

V(tv'r(t;t()a IO)) = V(th IO) -

Using (6) and (10) we obtain
ar([[y(t: to, zo)ll) < V(to, 0), Yt = to, (11)

Let € > 0. Since V(t9,0) = 0 and V is continuous, then there exists § := J(e, to)
such that:
[zl <6 = V(to,70) < as(e). (12)

Hence, by (11) and (12) we have:

HLL‘QH <d — ||y(t;t0,$0)H < €, Yt >t. (13)
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Therefore, x = 0 is stable with respect to y.
Let us now show uniform stability of x = 0 with respect to y.
Let € > 0, there exists ¢ := d(e) > 0 such that az(d) < ay(e).
Let zp € R™ such that ||zo| < d; then using (8) and (11) we obtain:

a1 (|ly(t; to, zo)ll) < V(to, o)
< ag([lzol]) < @2(d) < ai(e).

Since a1 € K, then
||y(t,t0,iE0)|| <€, vt Z tO-

Hence, z = 0 is uniformly stable with respect to y. [l

Theorem 2. Consider system (4) and assume that there exist a continuously dif-
ferentiable function V : Ry x R® — R, k € {m,m+ 1,..n}, ¢ > 0 and class K
functions oy, (i = 1,2) satisfying

ar(llyll) < V(t,z) < ap(ljw]]), Vt=0, Vz e R", (14)
CD%)tV(t, ,T(f; to,xo)) S —ca2(||w(t; tQ,JJQ)H), Vit Z to, Vto Z O, (15)
where, w = (1, T2, ..., 2k).
Then, x = 0 is uniformly asymptotically stable with respect to y.

Moreover, if a; € Koo, (i = 1,2), then = 0 is globally uniformly asymptotically
stable with respect to y.

Proof. From Theorem 1 we have that £ = 0 is uniformly stable with respect to y.
Let ry = HIE a1(s) and r € (O,Tl).
S§—>+00

It follows from (14) and (15) that
“Dp V(t,x(t; to, m0)) < —cV (¢, z(t; to, 20)). (16)
There exists a nonnegative function h(t) satisfying:

Dy V(t,x(t;to, 0)) = —cV (£, x(t;to, 20)) — h(t). (17)

Since Ey o ( —c(t— s)o‘) and h(t) are nonnegative functions, it follows from (3) that
for ¢t > to,
V(t,z(t;to, z0)) < V(to, m0)Ea( — c(t — o)), Vt > to. (18)

Hence by (14) we have for t > to:

ar([ly(t;to, zo)l]) < V(¢ x(t;to, x0)) < V(to, z0)Ea( — c(t —t0)®)
as([[wol]) Ea (= et — t0)®)

az([|zoll) Ea (= c(t —t0)*).  (19)

IN N IA

Let zo9 € R™ such that ||z < ag'(r). Tt follows from (19) that

ly(t;to, z0)|| < oyt (rEa( —c(t - to)“)), vt > to. (20)
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Let € > 0. We have
lim Eq(—cs®) =0. (21)

s——+00

Then there exists T := T'(¢) such that

Eo(—c(t— to)a)) < al(e), Vt—tg>T. (22)
T
From (20) and (22), it follows that
|Iy(ta tOv'IO)” <e, vt >to+ T.

This inequality shows that = 0 is uniformly attractive with respect to y.
Hence, z = 0 is uniformly asymptotically stable with respect to y.
Let us consider now the case where a; € Koo, (i = 1,2).
It follows from (19) that

ly(tsto,z)l < a7 (ax(llzol) Ea (= et = t0))), Ve = to.  (23)

Let € > 0, 8 > 0 and 29 € R™ such that ||zo]| < 8.
Then by (23) we have:

ly(tsto, w0) | < a7 (aa(B)Ea( - clt — t0)?)), ¥t > to. (24)
It follows from (21) that there exists T := T'(e, 3) such that
o ai(e)
— ot — —ta>T.
Eo( = c(t —to) )) <oy Mt (25)

From (24) and (25), it follows that
ly(t;to, wo)|| < €, VE > to +T.

This inequality shows that = 0 is globally uniformly attractive with respect to y.
Hence, z = 0 is globally uniformly asymptotically stable with respect to y. O

Theorem 3. Consider system (4) and assume that there exist a continuously dif-
ferentiable function V : Ry X R" — R and k € {m,m + 1,...n} such that

alyl* <Vt z) < cofwl|*, VYt =0, Vo e R, (26)
CD%,tV(tvx(t;thIO)) S _C3Hw(t;thI0)Haa vt Z th vtO Z 07 (27)

where w = (1,2, ...,Tk) € RF, a>1, ¢, ca and c3 are positive constants.
Then x = 0 is uniformly Mittag-Leffler stable with respect to y.

Proof. Consider the functions a1(s) = c15?, az(s) = c2s® and the constant ¢ = 2.

We have c3s® = 2 as(s). Then the assumptions of Theorem 2 are satisfied and
from (23) it follows that:

1

C2 a C3 o a
. < = = _ > .
(e to, o) | < (Zllaoll*Ba( = 2= 10)?)) . ¥t > 1o (28)

Hence, z = 0 is uniformly Mittag-Leffler stable with respect to y. [l
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4. Two illustrative examples
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The following two illustrative examples are provided to show the usefulness of the

stability with respect to part of variables notion.

Example 1. Consider the following fractional order system
CD?fhtifl = —x1 + sin(z3)x1,
CD%@g = —x9 + et cos(w1)x2
CD%7t$3 = x3,

where 0 < a <1 and x(t) = (21(t), z2(t), z3(t)) € R3.

,T% + x%

Consider the Lyapunov-like function: V(t,z) = 5

By Lemma 1 we have
CDghtV(t,aj(t;to, xo))
< @y (tsto, 20) Dy a1 (o, 20) + 22t to, 20) DY 42 (t; to, o)
< —22(t;to, xo) + sin(xs(t; to, z0) )2 (t; to, 20) — x2(t; Lo, o)
+a3(t; to, wo)e cos(w1 (t; Lo, 7o)
<0.

Then, the assumptions of Theorem 1 are satisfied.
Hence, x = 0 is uniformly stable with respect to (x1,x2).

(29)

(30)

Remark 1. We have x3(t;to, o) = x30Ea((t — to)o‘), where x39 = x3(to;to, To);

then x = 0 is unstable.

Example 2. Consider the following fractional-order system

C _ sin(x
D%7t$1 = —2x + —1J§t23)x1’
C _
Dy w9 = —2x9 + cos(x1)x2

Cfohtl’:s = x3,
where 0 < a < 1 and x(t) = (21(t), z2(t), z3(t)) € R3.
x% + x%

Consider the Lyapunov-like function: V(t,z) = )

By Lemma 1 we have
CDg)’tV(t, LL‘(t; to, ,To))
< z1(¢; to, xo)cD%)tajl(t; to, xo) + w2 (t; to, Io)cD%)t.IQ(t; to, o)
sin(zs(¢; to, 2o))
1+1¢2
+a3(t; to, o) cos(x1 (t; o, o))
< —(21(t; to, mo) + 3 (t; o, 20)).

< —2x1(t;to, o) + x3(t;to, o) — 223 (t; to, o)

Then, the assumptions of Theorem 3 are satisfied.
Hence, © = 0 is uniformly Mittag-Leffler stable with respect to (x1,x2).
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