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Abstract. An Ann-category is a categorification of rings. Regular Ann-categories were
classified by Shukla cohomology of algebras. In this paper, we state and prove the pre-
cise theorem on classification of Ann-categories in the general case based on Mac Lane
cohomology of rings.
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1. Introduction

Categories with monoidal structures @,® (or categories with distributivity con-
straints) were originally considered by Laplaza in [4]. Kapranov and Voevodsky
[3] omitted conditions related to the commutativity constraint with respect to ® in
the axioms of Laplaza and called these categories ring categories.

In an alternative approach, monoidal categories can be “refined” to become cat-
egories with group structure if the objects are all invertible (see [5, 12]). When the
underlying category is a groupoid (that is, every morphism is an isomorphism), we
obtain the notion of monoidal category group-like [1], or Gr-category [14]. These
categories can be classified by the cohomology group H?(II, A) of groups.

In 1987, Quang [8] introduced the notion of Ann-category which is a categorifi-
cation of rings. Ann-categories are symmetric Gr-categories (or Picard categories)
equipped with a monoidal structure ®. Since all objects are invertible and all mor-
phisms are isomorphisms, the axioms of an Ann-category are much fewer than those
of a ring category (see [7]). The first two invariants of an Ann-category A are
the ring R = myA of isomorphism classes of the objects in A and the R-bimodule
M = mA = Aut4(0). Via the structure transport, we can construct an Ann-
category of type (R, M) which is Ann-equivalent to A. A family of constraints of A
induces a 5-tuple of functions (&, a, A\, p: R — M,n : R? — M) satisfying certain
relations. This 5-tuple is called a structure of an Ann-category of type (R, M). Our
purpose is to classify these categories by an appropriate cohomology group.

First we deal with the category of regular Ann-categories (they satisfy ca 4
= id for all objects A) which arises from the ring extension problem. In [9], these
categories were classified by the cohomology group H3,, of the ring R (regarded as an
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Z-algebra) in the sense of Shukla [13] (that we misleadingly call Mac Lane-Shukla).
This result shows the relation between the notion of a regular Ann-category and
the theory of Shukla cohomology. Note that the structure (£, 7, a, A, p) of a regular
Ann-category has an extra condition n(x,z) = 0 for the symmetry constraint. This

2 g) = 0 so that a 3-cocycle f of Mac

condition is similar to the requirement f (
Lane cohomology has a realization [6].

In 2007, Jibladze and Pirashvili [2] introduced the notion of categorical ring as
a slightly modified version of the notion of Ann-category and classified categorical
rings by the cohomology group Hj;,;(R,M). The condition (Ann — 1) and the
compatibility of ® with associativity and commutativity constraints with respect to
@ are replaced by the compatibility of ® with the “associativity - commutativity”
constraint. We prove in [10] that the category of all Ann-categories is a subcategory
of the category of all categorical rings. We also show that there exists a serious gap
in the proof of Proposition 2.3 [2]. The authors of [2] did not prove the existence of
the isomorphisms

AR0—0, 0®A—0,

so that the distributivity constraints induce the ®-functors which are compatible
with the unit constraints. Thus the my.A-bimodule structure of the abelian group
m1A cannot be deduced from axioms of a categorical ring, and therefore results on
cohomological classification of categorical rings can not be stated precisely. In the
appendix, we give an example of a categorical ring which is not an Ann-category,
and prove that the classification theorem in [2] is wrong.

The main result of this paper is the cohomological classification theorem for
Ann-categories (Theorem 12) in the general case. It is not only a continuation of
the results in [9] and in [11], but it also gives a new interpretation of low-dimensional
Mac Lane cohomology groups.

After this introductory Section 1, Section 2 is devoted to recalling some well-
known results: i) the construction of an Ann-category of type (R, M) which is the
reduced Ann-category of an arbitrary one and the determination of a structure
on such an Ann-category of type (R, M); ii) the Mac Lane cohomology and the
obstruction theory of Ann-functors. In Section 3 we prove that there is a bijection

Struct[R, M] <+ Hy;oer, (R, M)

between the set of cohomology classes of structures on (R, M) and the Mac Lane

cohomology group of the ring R with coefficients in the R-bimodule M, and therefore

we obtain the precise theorem on classification of Ann-categories and Ann-functors.
In short, sometimes we write AB or A.B instead of A ® B.

2. Ann-categories of type (R, M)

Let us recall some necessary concepts and facts in this section from [8, 9].

A monoidal category is called a Gr-category (or a categorical group) if every object
is invertible and the background category is a groupoid. A Picard category (or a
symmetric categorical group) is a Gr-category equipped with a symmetry constraint
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which is compatible with associativity constraint.

2.1. Ann-categories and Ann-functors

Definition 1. An Ann-category consists of
i) a category A together with two bifunctors ®,® : A x A — A;

1) a fized object 0 € A together with natural isomorphisms ay,c,g,d such that
(A, ®,a4,c,(0,g,d)) is a Picard category;

iit) a fized object 1 € A together with natural isomorphisms a, 1, r such that (A, ®, a,
(1,L,r)) s a monoidal category;

iv) natural isomorphisms £,R given by

Laxy AR (X DY) — (AX)d(ARY),
Ryxya: (XOY)®A4A — (XA)a (YA

such that the following conditions hold:

(Ann — 1) for A € A, the pairs (L4, EA), (RA, RA) defined by

4 =A®- RY =-®A
Ly =Laxy Ryy = Rxya

are ®-functors which are compatible with a, and c;
(Ann —2) for oll A, B, X,Y € A, the following diagrams commute

24,B,X®Y idy QLB
(AB)( X ®Y) =—— A(B(X®Y)) — A(BX @ BY)

ZABJ JZA
ap B, x®aa BY

(AB)X ® (AB)Y = A(BX) ® A(BY)

ax@y,B,A RB®id4
(X oY)(BA) BN (xeoY)B)A — 32 (XBaOYB)A

ax B,APay B A

X(BA)® Y (BA) » (XB)A® (YB)A
a4 XBY,B id s @RE
(AX®Y)B ———"" A(X®Y)B) ——— AXB®YB)
i,A®idBJ \LA

(AX ® AY)B —2 o (AX)B® (AY)B <"2"_ A(XB)® A(YB)
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[AGB XY
(A® B)X © (A® B)YY (AeB)(X®Y) — AX®Y)®B(X®Y)
rRXorY LAgLB
(AX ® BX) ® (AY @ BY) hd » (AX @ AY) @ (BX @ BY)

wherev=vyyzr: (UdV)®(Z®T) — UsZ)®(VST) is a unique morphism
constructed from @, a.,c,id of the symmetric monoidal category (A, ®);
(Ann — 3) for the unit 1 € A of the operation ®, the following diagrams commute

it Rl
(X @Y) 1X 1Y (X ®Y)1 X1eYl

IXGBY\\ 1x ®ly TXA Ary
XoY

Xov.

Since each of pairs (L4, f/A), (RA, RA) is an @-functor which is compatible with
the associativity constraint in the Picard category 4, it is also compatible with the
unit constraint (0, g, d), so we obtain the following result.

Lemma 1. In an Ann-category A there exist unique isomorphisms
LA : A®0—0,R* : 09 A—0

such that the following diagrams commute

LA( LA

=)
AX ———— A(0® X) AX —— A(X90)
EI JEA d{ JLA
LA@id idp LA
0P AX -—— A0D AX AX @0 —— AX @ A0
R4 (g) R4 (a)
XA —— (09 X)A XA — (X @0)A
g{ JRA d{ {ﬁA
RAGid iddRA
0P XA — 0AD XA XAPO =— XAPDOA.

It is easy to see that if (F, F, ﬁ) (A, @) — (A, ®) is a monoidal functor between
two Gr-categories, then the canonical isomorphism F' : F'0 — 0’ can be deduced from
others. Thus, we state the following definition.

Definition 2. Let A and A’ be Ann-categories. An Ann-functor (F, F,F, F.):A—
A’ consists of a functor F : A — A’, natural isomorphisms

Fxy :F(XaY)=F(X)®F(Y), Fxy : F(X®Y)—= F(X)® F(Y),

and an isomorphism F, : F(1) — 1 such that (F,F) is a symmetric monoidal
functor with respect to the operation ®, (F, F, Fy) is a monoidal functor with respect
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to the operation ®, and (F, F, ﬁ) satisfies two following commutative diagrams

dQF

F(X(Y ® 2)) FX.F(Y®2) —2T | px(Fy @ F2)

F(g) e/

2 FQF
F(XY ® XZ) — > » F(XY)® F(XZ) ——» FX.FY & FX.FZ

FX®Y)Z) — L+ F(Xa®Y)FZ —2 L (FX @ FY)FZ

F(R) ~
FQF

F(XZ®YZ) — -+ F(XZ)® F(YZ) ——» FX.FZ® FY.FZ.

These diagrams are called the compatibility of the functor F with the distributivity
constraints.

An Ann-morphism (or a homotopy)
9:(F,F,F,F,)— (F',F' F' F)
between Ann-functors is an ®-morphism, as well as an ®-morphism.

If there exists an Ann-functor (F',F’,ﬁ’,Fé) : A — A and Ann-morphisms
F'F 5 ida, FF' 5 ida, we say that (F,F,F,F,) is an Ann-equivalence, and A,
A’ are Ann-equivalent.

It can be proved that each Ann-functor is an Ann-equivalence if and only if F' is
a categorical equivalence.

Lemma 2. Any Ann-functor F = (F,F,ﬁ, F,): A— A is homotopic to an Ann-
functor F' = (F',F',F' | F}), where F'0 =0, F =idy, and F'1 =1, F, = idys.

Proof. Consider a family of isomorphisms in A’
idpx if X #0, X #1,

O0x = F ifX=0,

F, if X =1,

for X € A. Then, the Ann-functor F’ can be constructed in a unique way such that
0 : F — F’ becomes a homotopy. Namely,
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FXif X #£0,X #1,
F'X=0 ifX=0,
U ifX =1,
F'(f:X—=Y)=0,F(f)0x) ' : F'X = F'Y,
F)/(,Y =(0x ® HY)F‘X,YQ;(%BY’
F'xy=(00x® 9Y)ﬁ'x,y9)_(§u

F = Fo;' =idy, F. = F.0;" =idy.

Based on Lemma 2, we refer to (F, F, ﬁ) as an Ann-functor.

2.2. Reduced Ann-categories

For an Ann-category A, the set R = my.A of isomorphism classes of the objects in A is
a ring where the operations +, x are induced by @, ® on A, and M = 7.4 = Aut(0)
is an abelian group where the operation, denoted by +, is just the composition.
Moreover, M = m1.A is an R-bimodule with the actions

sa = Ax(a), as=px(a),

where X € s, € mpA,a € m1. A and Ax, px satisfy the commutative diagrams

. .
X0 -—2+0 0.X 20
id®a\ {AX (a) a®id\ {px (a)
. .

X.0 0, 0.x 2.

We recall briefly some main facts of the construction of the reduced Ann-category
S of A via the structure transport (for details, see [9]). The objects of Sy are
the elements of the ring mp.A. A morphism is an automorphism (s,a) : s = s, s €
moA, a € 1 A. The composition of morphisms is given by

(s,a)o(s,b) = (s,a+b).

For each s € my.A, choose an object X, € A such that Xo = 0, X; = 1, and choose
an isomorphism ix : X — X such that ix, = idx,. We obtain two functors

G:A— Sy H:S4y— A
GX)=[X]=s H(s) = X, (1)
G(X b Y) = (5,75 (v fixh))s H(s,a) = vx, (a),

where X,Y € sand f: X — Y, and vx is a map defined by the following commu-
tative diagram
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0o X 2% 0o x

Diagram 1

The operations on S 4 are defined by

s@t— GH(s)@ H(t) =s+

(s,0) @ (t,b) = G(H(s,a) ® H(L,)) = (8+t7a+b)7
s®t— G(H(s)® H(t)) = st,

(s,a) ® (t,b) = G(H(s,a) ® H(t,b)) = (st,sb+ at),

where s,t € moA, a,b € m.A. Obviously, these operations do not depend on the
choice of the set of representatives (Xs,ix).

The constraints in S 4 are defined by those in A4 by means of the notion of stick.
A stick in A is a set of representatives (X, 7x) such that

ioex, = 8Xx,, Ix.@0=dx,,

~ ~

. . . X .
hex, = lx,, ix.91=Tx,, togx, =R ix,e0=1L

Xs

The unit constraints for two operations ®,® in S4 are (0,id,id) and (1,id,id),
respectively. The functor H and isomorphisms

o ~

1 1
H=ix.ex, H=lixgx, (2)

transport the constraints ai,c,a, £,R of A to those £,7n,a, A, p of S4. Then, the
category
(SA7 57 ’r}’ (07 id’ Il:d)7 a? (17 id? id)? >\7 p)

is an Ann-category which is equivalent to A by the Ann-equivalence (H JH ,ﬁ ) :
S — A. Besides, the functor G : A — S 4 together with isomorphisms

éX,y:G(ix@iy), éxvy:G(Z.X ®iy) (3)

is also an Ann-equivalence. We refer to S 4 as an Ann-category of type (R, M), called
a reduction of A. We also call (H, H, f[) and (G, G, é) canonical Ann-equivalences,
the family of constraints h = (§,n, «, A, p) of S4 a structure of the Ann-category of
type (R, M), or simply a structure on (R, M).

The following result follows from the axioms of an Ann-category.

Theorem 1 ([9, Theorem 3.1]). In the reduced Ann-category S4 of an Ann-category
A, the structure (§,m,a, X, p) consists of functions with values in m.A such that for
any x,y,z,t € moA, the following conditions hold:

A1~ g(yvzat) —g(fE +y,z7t) —|—§(m,y+z,t) - f(x,y,z—l—t) +§(x,y,z) = 07
A?- §($7y7z) - §(l‘,z,y) + £(z,a:,y) + 77(93 + y,Z) - 77(1“72') - 77(972) = Oa
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A3' n($7y) + n(yax) = 0)
A4' ﬁm(y,z) - U(I%l’z) = )\(ZL'7y, Z) - )\(x,z,y),
AS- 77($7y)z - 77(35273/2) = p(l’,y,Z) - p(y7$72)a
A6- mﬁ(y,z,t) - §($y,IZ,J?t) = )\(fE,Z,lﬁ) - >\($,y + Zat) + /\(x,y,z + t) - )x(x,y,z),
A7~ f({E,y, Z)t - f(.’Et, ytht) = p(y7 Z7t) - p(x +y, th) + p(xvy + Z,t) - ,O(m7y, Z)7
A8- p(xaywz +t) - p($7yaz) - p(xvyat) + )\(J),Z,t) + )\(y,z,t) - )\(ﬂf + y,z,t)

= {(zz +xt,yz,yt) + {(zz, wt,y2) —n(xt,yz) + E(zz +yz, at,yt) — E(zz, yz, at),
A9- a(x7y?z + t) - Gf(.’L‘,y,Z) - Oé(I,y,t) = a?)\(y,z,t) + )\(as,yz,yt) - )\(xy,z,t),
Al(]~ OZ(QIJ,y + Z7t) - O[(l',y,t) - a(:r,z,t) = xp(yvzat) - p(frywz,t) + )\("E,ytht)

Az, y, 2)t,

All' Ot(l‘ +y,2,t> - Oé(l‘,y,t) - a(yaz7t) = _p(xayr'z)t - p('rz7yzvt) + p(z7yvzt)7
Aqz. za(y, z,t) — a(zy, z,t) + a(z, yz,t) — alz,y, 2t) + a(z,y, 2)t = 0.

Further, these functions satisfy normalization conditions:

£(0,y,2) = &(2,0,2) = {(z,y,0) = 0,
a(l,y,z) = a(z,1,2) = az,y,1) =0,
a(0,y,2) = a(z,0,2) = a(z,y,0) =0,
A1,y,2) = A0,y,2) = AM(=,0,2) = AMz,y,0) =0,
p(z,y,1) = p(0,y,2) = p(z,0,2) = p(x,y,0) = 0.

The induced operations on S 4 do not depend on the choice of sticks. We now in-
vestigate the effect of different choices of the stick (X, ix) in the induced constraints
on Sy.

Proposition 1. Let S and 8’ be reduced Ann-categories of A corresponding to the
sticks (Xs,ix) and (X!,i'y), respectively. Then the structures (&, n,c, A, p) of S and
&', , N, p') of 8 satisfy the following relations:

Ass. E(@,y,2) =& (x,y,2) =7y, 2) —7(x +y,2) + 7(2,y + 2) — 7(2,9),
n(@,y) —n'(y,z) =7(x,y) — 7(y, ),

Ass. a(z,y,z) — o'(2,y,2) = 2v(y, z) — v(zy, 2) + v(z,yz) —v(z,y)z,

Asg. Mz, y,2) — )\’(ac, ,2) =v(z,y+2) —v(z,y) —v(z,z) + 27(y, 2) — 7(zy, 22),

Arr. plx,y,2) — pl(z,y,2) =vie+y,2) —v(z,z) — vy, 2) + 7(x,y)z — 7(x2, y2),

where 7,v : (mgA)? — w1 A are the functions satisfying the normalization conditions
7(0,9) = 7(2,0) = 0 and v(0,y) = v(w,0) = v(1,y) = v(z,1) = 0,

Two structures (£,n, a, A, p) and (&', 1,0/, N, p’) of Ann-categories of type (R, M)
are cohomologous if and only if they satisfy the relations A;3 — A17 in Proposition 1.

Note that two unit constraints of @ and ® in an Ann-category of type (R, M)
are both strict. It is easy to prove the following lemma.
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Lemma 3. Two structures h and h' are cohomologous if and only if there exists an
Ann-functor (F,F,F): (R, M,h) — (R, M,h'), where F' = id(g ar)-

2.3. Mac Lane cohomology groups of rings and obstruction
theory

Let R be a ring and M an R-bimodule. From the definition of Mac Lane coho-
mology of rings [6], we obtain the description of elements in the cohomology group
HJ%J@L (R7 M) .

The group Z3,,; (R, M) of 3-cocycles of R with coefficients in M consists of the
quadruples (o, a, A, p) of the maps:

o:R*> M; a,\p:R*— M
satisfying the following conditions:
M. Z‘Oé(y, Z7t) - O((J,‘y, Zat) + oz(x,yz,t) - Oé(.]?, Y, Zt) + (X(Z‘,y, Z)t = 07
Ms. —a(z, z,t) —aly, z,t) + a(z + y, 2, t) + p(az,yz,t) — p(a, y, 2t) + p(z, y, 2)t = 0,
M3- - Oé(SC,y,t) - OL(I, th) + O[(l‘,y + th) + xp(y,z,t) - p(iZ?y,IZ,t) - )\(I, yt,Zt)
+A(z,y,2)t =0,
My. a(z,y,2) + a(z,y,t) —alz,y, 2z + 1) + A (y, 2, 1) — May, z,t) + Mz, yz,yt) =0,
M5- - )‘(I7 Zat) - )‘(y7 Zat) + )\(1‘ +, th) + P(%yv Z) + p(Ivyvt) - P(L% z+ t)
+o(zz,xt,yz, yt) = 0,

M. A(ryz,y) + My z,t) = M,z + z,y +t) — Az, 2) — Ay, ) + My z +y, 2 + t)
—ro(z,y,z,t) + o(rz,ry,rz,rt) = 0,

M-. —P(%yﬂ") _P(thﬂ") +p(m+z,y—|—t,r) —l—p(x,zﬂ")—i—p(y,t,r) —p($+y7z—|—t,7“)
—o(xr,yr, zr,tr) + o(z,y, z,t)r =0,

MS- —U(T,S,u,v)—a(x,y,z,t)—|—a(7‘—|—1:,5+y,u—|—z,v—|—t)—|—0'(r,s,z,y)+a(u,v,z,t)
*0'(7"+U,S+’U,£L’+Z,y+t) *O’(T’,U,IL’,Z) - O'(S,'U,y,t)
+o(r+s,u+v,z+y,z+t)=0.

These functions satisfy normalization conditions:

(0 Y,z ) = Oé(.’E,O,Z) = Oé(l‘,y,()) = 07
A0,y,2) = A(2,0,2) = A(z,y,0) =0,
p(0,y,2) = p(x,0,2) = p(z,y,0) =0,
(r 5,0,0) = 0(0,0,u,v) = o(r,0,u,0) = 0(0,s,0,v) = o(r,0,0,v) = 0.

The 3-cocycle h = (o, a, A, p) belongs to the group B}, (R, M) if and only if there
exist the functions 7,v : R? — M satisfying:

My. o(z,y,2,t) = 1(x,y) +7(2,t) =T+ 2,y +t) —7(x,2) —7(y,t) + T(x + y, 2 + 1)
M. oz, y,2) = 2v(y, 2) — v(zy, 2) + v(z,yz) — v(z,y)z,

M. Mz,y,2) = vz, y+ 2) —viz,y) — vz, 2) + z7(y, 2) — 7(2y, x2),
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M. p(z,y,2) = v(z +y,2) —v(z,2) —v(Yy, 2) + 7(2,9)z — 7(x2,Y%2),
where 7, v satisfy the normalization conditions: 7(0,y) = 7(x,0) = 0 and v(0,y)
=v(z,0) =v(l,y) = v(z,1) = 0.

The group Z3;,. (R, M) consists of 2-cochains g = (7,v) of the ring R with
coefficients in the R-bimodule M satisfying

dg = 0.

The subgroup B3, (R, M) C Z3,,; (R, M) of 2-coboundaries consists of the pairs
(1,v) such that there exist the maps ¢t : R — M satisfying (7,v) = Onpart, that is,
M. 7(z,y) = t(y) — t(x +y) +t(z),
My v(z,y) = at(y) — tzy) + t(z)y,
where ¢ satisfies the normalization condition, ¢(0) = #(1) = 0.

The group Z3,,; (R, M) consists of 1-cochains ¢ of the ring R with coefficients in

the R-bimodule M satisfying
ot =0.

The subgroup of 1-coboundaries, B},,; (R, M) C Zi,,; (R, M), consists of the func-
tions ¢ such that there exists a € R satisfying t(z) = ax — za.
The quotient group

H&aL(Rv M) = Z;VIaL(Rv M)/B}l\/[aL(R7 M)7 i=1,2,3,

is called the i*"Mac Lane cohomology group of the ring R with coefficients in the
R-bimodule M.

Let us now recall some results on Ann-functors from [11]. Each Ann-functor
(F,F,F): A— A induces one Sg between their reduced Ann-categories. Through-
out this section, let S and S’ be Ann-categories of types (R, M, h) and (R', M’ 1),
respectively.

A functor F : § — &’ is called a functor of type (p, q) if

F(l’) :p(l’), F(:I?,CL) - (p(x),q(a)),

where p : R — R’ is a ring homomorphism and ¢ : M — M’ is a group homomor-
phism such that
q(za) = p(z)q(a), =z € R,a€ M.

The group M’ can be regarded as an R-module with the action za’ = p(x)d’, so
¢ is an R-bimodule homomorphism. In this case, we say that (p,q) is a pair of
homomorphisms and that the function

k= q.h —p R (4)

is an obstruction of F', where p*, g, are canonical homomorphisms,

Z]?\’/[acL(R7M) L Z?\/[acL(R7 M/) L Z]?(/[acL<R/7MI)'
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Proposition 2 ([11, Proposition 4.3]). Every Ann-functor F : S — &' is a functor
of type (p,q)-

Keeping in mind that ~ is the map defined by Diagram 1, we state the following
proposition.
Proposition 3 ([11, Proposition 4.1]). Let A and A" be Ann-categories. Then
every Ann-functor (F,F,F) : A = A induces an Ann-functor Sp : Sq4 — Su of
type (p,q), where

p=Fy: 1A — mo A, [X]— [FX],
g=F:mA—-mA, u— WES(FU)-

Further,
i) F is an equivalence if and only if Fy, F1 are isomorphisms.
ii) The Ann-functor Sg satisfies the commutative diagram

A‘F'A/
H (el

s
Sa —+ S,

where H, G’ are canonical Ann-equivalences defined by (1), (2), (3).

Since F,, = (e,7(z,y)), and ﬁwy = (e,v(z,y)), we call gr = (7,v) a pair
of functions associated to (F,F), and hence an Ann-functor F : & — &' can
be regarded as a triple (p,q, gr). It follows from the compatibility of F' with the
constraints that

gh —p*h' = 9(gr), (5)

Moreover, Ann-functors (F,gr) and (F’, gps) are homotopic if and only if F' = F,
that is, they are of the same type (p,q), and there is a function ¢ : R — M’ such
that gr = gr + Ot.
We write
Hom{ " (S, 8]

(»,q)
for the set of homotopy classes of Ann-functors of type (p, q) from S to §'.

Theorem 2 ([11, Theorem 4.4, 4.5]). The functor F : § — S’ of type (p,q) is
an Ann-functor if and only if the obstruction [k] vanishes in Hy;,.; (R, M'). Then,
there exists a bijection

Hom{" (S, 8] ¢+ H3per (R, M'). ()

3. Classification of Ann-categories

In order to prove the main result (Theorem 3) of the paper, we first prove that the
set of cohomology classes of structures on (R, M) and the group H3,,; (R, M) are
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coincident.

Lemma 4. Fach structure of an Ann-category of type (R, M) induces a 3-cocycle
in Zapop (R, M).

Proof. Let h = (§,n,, A, p) be a structure of an Ann-category S of type (R, M).
We define a function o : R* — M by

U(.T, Y, z, t) = g(x + Y, z, t) - 5(33, Y, Z) + 77(1% Z) + €($7 2, y) - §(33 + ZY, t) (7)
This equation shows that ¢ is just the morphism
vi(@+y) +z+t) = (z+2)+y+t)

in an Ann-category of type (R, M).
First, the normalized property of ¢ follows from the ones of £ and 7

0(0,0,z2,t) = o(x,y,0,0) = 0(0,y,0,t) = 0(z,0,2,0) = o(x,0,0,t) = 0.

We now show that the quadruple h= (0, a, A, p) satisfies the relations My — Mg, and
h is therefore a 3-cocycle. The relation M is just the relation Ajs. The relations
Moy, M3, My, M5 are just Aqq, Ay, Ag, Ag, respectively.

According to the coherence theorem in an Ann-category of type (R, M), the
following Diagrams 2 and 3 commute

1d@v
rll@+y)+(z+1)] — rl(z+2) + (y+1)]

L L
Y Y
r(x+y)+r(z+1t) r(x+2z)+r(y+1t)
LBL LOL
Y Y

(rz+ry) + (rz +rt) —> (rz +rz) + (ry + rt)

Diagram 2
[(r+s)+ w+v)]+ (= +y) + (z + )] v%[(T+S)+(«7v+y)]+[(U+v)+(ert)}
V-‘rvl lv+v
[(r+u)+(s+v)]+[(z+2)+ (y+ )] [(r+a)+ (s+y]+[(ut+2)+ (v+1)]

v+v
[(r+uw)+@+2)]+[(s+v)+ @+t —>[(r+2)+@+2)]+ (s +y) + (v+1)]

Diagram 3
These commutative diagrams imply the relations Mg, Mg. The relation M; fol-
lows from a commutative diagram which is analogous to Diagram 2, where 7 is
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tensored on the right-hand side. O
Lemma 5. Each Mac Lane 3-cocycle (o,a, A, p) is induced by a structure (&,n,
a, A, p) of an Ann-category of type (R, M).

Proof. Let (0,a, )\, p) be an element in Z3;,; (R, M)). Set

§(x,y,2) = —o(x,y,0,2),n(x,y) = 0(0,2,y,0),

we obtain a 5-tuple of functions h = (£, 7, a, A, p). The normalized properties of £, 7
follow from that of o.

We now show that h is a structure of an Ann-category of type (R, M). First, the
relations Ajs — Ag are just My — My. The relation A; follows from Mg when u =
0 = x = y = z. The relation Az follows from Mg whenr =s=v=0=2 =z =t.
The relations A4 and Aj follow from Mg and My, respectively, when =t = 0. The
relations Ag and A7 follow from Mg and M7, respectively, when z = 0.

To prove the relation As, take s=u=0=x =z =t in Mg we obtain

—&(r,y,0) +&0r0,9) = n(v,y) + o(r,v,9,0) =0 (8)
Now, take r =u =0 =y =z =t in Mg we obtain
—&(z, 8,0) +n(s,z) —n(s+v,2) + o(s,v,2,0) = 0.
In other words,

—§(y,r,v) +77(T7 y) —W(T+Uay) —I—a(r,v,y,O) =0 (9)

Subtracting (9) from (8), we obtain the relation As.
Finally, to prove the relation Ag, note that o can be presented by £, 7 as in (7).
Indeed, take v =0 =z =y = 2z in Mg we obtain

o(r,s,u,t) +&(r+u,s,t) —&(r+ s,u,t) —o(r,s,u,0) = 0. (10)
Now, take v = s,y = w in (9) we obtain
6(7’,’11,,5) 75(71’5’“) 777(57’“) +0'(T,S7U,O) = 0. (11)

Adding (10) to (11) and doing some appropriate calculations, we get (7).

Because of (7), Mg becomes Ag. This means the 5-tuple of functions h
= (&,m,a, A, p) is a structure of an Ann-category of type (R, M). Further, this struc-
ture induces the 3-cocycle h = (o,0, A, p). O]

Lemma 6. The structures h and h' of the Ann-category of type (R, M) are coho-
mologous if and only if the corresponding 3-cocycles h,h' are cohomologous.

Proof. By Lemma 5, the structures h and 2’ induce elements hand // in Z}\‘SML(R,]M),
respectively. By Lemma 3, the functions oo — o/, A — X', p — p/ satisfy the relations
Myg — Mo, where F= 7, F = v. Besides, the following diagram commutes because
of the coherence of a symmetric monoidal functor.
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Note that F = id and F = 7, so the above commutative diagram implies

U(x,yvz7t) - O'/(CE,y,Z,t) = T(LE +y,z+ t) + T(:an) + T(th) - T(iL’ + 2,y +t)
—T(.T,Z) _T(y7t)'

That means o — ¢’ satisfies My. Thus, h and I/ belong to the same cohomology class
of Hyy,p (R, M).

Now, assume that h—h € B3, (R,M). Then o — o/, X = X, p — p satisfy
My — My which are just the relations A5 — A17. By (7), the definition of o and
the normalized property of £, 7, we have

g(.’E,y,Z) = —U(.T,O,y’Z), 5/(‘%71/72) = —U/(,T,O7y72)7
n(z,y) = o(0,2,9,0), 7'(z,y) = 0’ (0,2,y,0).

Therefore, A13, A14 are obtained from My, and thus h, h’ are cohomologous struc-
tures. O

Let Struct[R, M] denote the set of cohomology classes of structures on (R, M).
Then, Lemmas 4, 5 and 6 lead to the following result.

Proposition 4. There exists a bijection

Struct[R, M] — Hyoer, (R, M)

[h = (65 n,a, A?ﬂ)] = [h = (O',Ot, A,P)]

By the above lemma, we regard each cohomology class [h] = [({,n, a, A, p)] as an
element of the group H3, .. (R, M).

Let Ann refer to the category whose objects are Ann-categories, and whose
morphisms are their Ann-functors.

We determine the category H3 , whose objects are triples (R, M, [h]), where
[h] € Hyper (R, M). A morphism (R, M,[h]) — (R',M’',[I']) in H3,, is a pair
(p,q) such that there exists a function g : R?> — M’ so that (p,q,9) : (R, M,h) —
(R', M’ 1) is an Ann-functor, that is, [p*h'] = [¢.h] € Hi;,er, (R, M'). The compo-
sition in HY | is defined by

(', q) o (p,q) = ('p,d'q).

Note that, Ann-functors F, F' : A — A’ are homotopic if and only if F; = F],i = 0,1
and [gr| = [gr'] in H3 oo (R, M). Denote by

Hom " [A, A']

(p,9)

the set of homotopy classes of Ann-functors from A to A’ inducing the same pair
(p, q), we prove the following classification result.
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Theorem 3 (Classification Theorem). There is a functor

d: Ann — H3
A = (71—0-’47 7-(-1-/47 [h.A])

which has the following properties:
1) dF is an isomorphism if and only if F is an equivalence.
1) d is surjective on objects.
i1i) d is full, but not faithful. For (p,q):dA — dA’, there is a bijection

d: Hom{"s [A, A'] = H3ppop, (mo A, mA). (12)
Proof. In the Ann-category A, for each stick (X, ix) one can construct a reduced
Ann-category (mo.A, m1.A, h). If the choice of the stick is modified, then the 3-cocycle
h changes to a cohomologous 3-cocycle h’. Therefore, A uniquely determines an
element [h] € H3(moA, m1.A).

For Ann-functors ;

AL a5,

it can be seen that d(F’ o F) = dF’ o dF, and d(id4) = idga. Therefore, d is a
functor.

i) According to Proposition 3.

ii) If (R, M, [h]) is an object of H% |, then & = (R, M, h) is an Ann-category of
type (R, M), and obviously dS = (R, M, [h]).

i) If (p,¢) is a morphism in Homys (dA,dA’), then there is a function g =
(t,v), T,v : (mg.A)? — m A’ satisfying relation (5), and therefore

K= (paqvg) : (WOAy 7T1A7 h.A) — (WOAlv’”lA/a h.A’)

is an Ann-functor. Thus, the composition F' = H'KG : A — A’ is an Ann-functor
and dF = (p,q). This shows that d is full.
In order to obtain the bijection (12), we prove that the correspondence

Q : Hom{;" [A, A'] — Hom{#[S4, Sa/] (13)
[F] = [SF]

is a bijection.

Clearly, if F,}F' : A — A’ are homotopic, then induced Ann-functors Sg, Sg
are homotopic. Conversely, if Sgp and Sp/ are homotopic, then the compositions
E = H'(Sr)G and E' = H'(Sp/)G are homotopic. Ann-functors E and E’ are
homotopic to F' and F’, respectively. So, F' and F’ are homotopic. This shows that
() is an injection.

Now, if K = (p,q,9) : Sa4 — Sa is an Ann-functor, then the composition

F=HKG:A— A
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is an Ann-functor with Sp = K, that is, Q2 is surjective. Now, the bijection (12) is
the composition of (13) and (6). O

Based on Theorem 3, Ann-categories having the same first two invariants can be
classified up to equivalence.

Let R be a ring with a unit, M an R-bimodule which is regarded as a ring with
null-multiplication. We say that the Ann-category A has a pre-stick of type (R, M)
if there is a pair of ring isomorphisms € = (p, q)

p:R—>moA, q: M —mA
which are compatible with the module action,

q(su) = p(s)q(u),

where s € R,u € M. The pair (p,q) is called a pre-stick of type (R, M) to the
Ann-category A.

A morphism between two Ann-categories A, A’ having pre-sticks of type (R, M)
(with their pre-sticks are € = (p, q) and ¢ = (p’, ¢'), respectively) is an Ann-functor
(F, F, f) : A — A’ such that the following diagrams commute

F() Fl

7T().A 7T0.A/ ’/T1A 71'1./4/

N N

R, M,

where (Fp, F1) is a pair of homomorphisms induced by (F, F, ﬁ)
Clearly, it follows from the definition of an Ann-functor that Fpy, F; are isomor-
phisms, therefore F' is an equivalence.
Denote by
Ann[R, M]

the set of equivalence classes of Ann-categories whose pre-sticks are of type (R, M).
One can prove the following result based on Theorem 3.

Theorem 4. There is a bijection

[': Ann[R, M] — H3;,or.(R, M)
[A] = ¢;'p*[ha]

Proof. By Theorem 3, each Ann-category A determines a unique element [h4] €
H3, .. (moA, 1 A), and hence an element

€[hA] = q;lp*[hd‘d € H%/IacL(Rv M)

Now if F': A — A’ is a functor between Ann-categories whose pre-sticks are of type
(p,q), then the induced Ann-functor Srp = (p,q,gr) satisfies the relation (5), and
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therefore
pha] = qifhal-
One can check that
€ [ha] = €e[h ).

This means I' is a map. Moreover, it is an injection. Indeed, if T'[A] = T'[A’], then
€(ha) — € (ha) = 0g.

Thus, there exists an Ann-functor J of type (id,id) from T = (R,M,e(h4)) to
Z' = (R,M,€(ha)). The composition

/

—1 ’
A s, w1 L S5, o

shows that [A] = [A'], and T is an injection. Obviously, I is surjective. O

In [9], the author proved that each structure of a regular Ann-category of type
(R, M) (that is, a structure satisfies the regular condition, n(z,z) = 0) is an element
in the group Z2, (R, M) of Shukla 3-cocycles. From Classification Theorem 4.4 [9]
and Theorem 3, the following result is obtained.

Corollary 1. There is an injection

th(R7 M) — H]?/IacL(Ra M)

Appendix: A categorical ring which is not an Ann-category

Below, we construct a categorical ring which is not an Ann-category.

Let R be a ring with a unit and A an R-bimodule. Then, one constructs a
categorical ring R as follows. First, R is a category defined as in Section 2. The
objects of R are elements of R, the morphisms in R are automorphisms (r,a) : r — r,
r € R, a € A. Composition is the addition on A. Operations &, ® on R are given
by

r@&s=r+s, (ra)®(s,b)=(r+sa+b),
res=rs, (r,a)® (s,b)=(rs,rb+ as).

Suppose that the system (R, ®,®) has a left distributivity constraint
Arst:T(s+1t) = rs+rt

given by A\, s: = (e, \(r,s,t)), where A : B> — A, and other constraints are strict.
Then, the commutative diagrams in the axioms of a categorical ring are equivalent
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to the equations

Ryi.rA(s,t,u) — A(rs, t,u) + A(r, st, su) =0,
R2 A(ry s, t)u — )\(r, su, tu) = 0,
A1, s,t) =
R4 A(r, s +t, u—&—v)—i—)\(o" 8, 0) A u,v) = A(ry s+ u, t 4+ v)+A(ry s, u)+A(r, ¢, v),
Rs. M(r+1',s,t) = A(r,s,t) + A(r', s, 1).

Let R be the ring of dual numbers on Z, R = {a + be | a,b € Z,e? = 0} and
A=7Z=R/(€). Then, A is an R-bimodule with the natural actions

(a 4+ be)k = ak = k(a + be).
The function A : R? — A, defined by
Aay + bre, as + bse, ar + bre) = b.(as + ay),

satisfies the equations R; — Rjs, so that R is a categorical ring.
It is clear that if b, # 0 and as # 0, then A(r,0,s) # 0. Thus, by Theorem 1, R
is not an Ann-category.

One can deduce that:

1. Since the function A is not normalized, h = (0,1,0,0) ¢ Z3,,.;.(R,A). This
means that the classification theorem in [2] is wrong.

2. The condition (U) in the following theorem is necessary.

Theorem 5 (see [10]). Each categorical ring R is an Ann-category if and only if it
satisfies the following condition;

(U): Each of pairs (L*, L*), (R, R*), A € R, is an ®-functor which is compatible
with the unit constraint (0,g,d) with respect to the operation @®.
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