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Abstract. This paper studies the construction and approximation of neural network op-
erators with a centered bell-shaped Gaussian activation function. Using a univariate Gaus-
sian function a class of Cardaliaguet-Euvrard type network operators is constructed to
approximate the continuous function, and the Jackson type theorems of the approximation
and some discussions about the convergence are given. Furthermore, to approximate the
multivariate function, a class of bivariate Cardaliaguet-FEuvrard type network operators is
introduced, and the corresponding estimates of the approximation rate are deduced.
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1. Introduction

Mathematically, feed-forward neural networks (FNNs) with one hidden layer are
expressed as

N,(z) = cha(ij +b;), z€R’ seN, (1)
j=1

where o is the activation function defined on R¢, and for 1 < J < n,c; € R are the
coefficients, A; are real matrices of d x s,b; € R? are the thresholds. If o is defined
on R, then (1) becomes

Ny (z) :cha(<Aj -x) +b;), (2)

where (A; - z) is the inner product of a; and z,b; € R. If A; is restricted within
diagonal matrices, then N, (z) is a linear combination of translates and dilates of
one or several functions.
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It is well known that FNNs are universal approximators. Theoretically, any
continuous function defined on a compact set can be approximated by a FNN to
any desired degree of accuracy by increasing the number of hidden neurons. It was
proved by Cybenko [17] and Funahashi [19], that any continuous function can be
approximated on a compact set with uniform topology by a network of the form
given in Equation (1), using any continuous, sigmoidal activation function. Further-
more, various density results on FNN approximations of multivariate functions were
later established by many authors using various methods, for more or less general
situations: [14] by Chen and Chen, [16] by Chui and Li, [20] by Hartman et al., [21]
by Hornik et al., [23] by Leshno et al., [27] by Mhaskar and Micchelli, etc.

Yet a related and important problem is that of complexity: determining the
number of neurons required to guarantee that all functions (belonging to a certain
class) can be approximated to the prescribed degree of accuracy e. For example, a
classical result of Barrom [5] shows that if the function is assumed to satisfy certain
conditions expressed in terms of its Fourier transform, and if each of the neurons
evaluates a sigmoidal activation function, then at most O(e~2) neurons are needed
to achieve the order of approximation e. Up till now, many authors have published
similar results on the complexity of FNN approximations: Cao et al. [11], Chen
[13], Ferrari and Stengel [18], Maiorov and Meir [30], Makovoz [31], Mhaskar and
Micchelli [28], Suzuki [36], Xu and Cao [38] etc.

A function b : R — R is said to be centered bell-shaped if b belongs to L'
and its integral is nonzero, if it is nondecreasing on (—o0,0) and nonincreasing on
[0,4+00). Let f: R +— R be a continuous and bounded function and b be a centered
bell-shaped function, Cardaliaguet and Euvrard [12] introduced the neural network
operators defined by

PUTEES f(f;)b(”x‘k), 3)

In ne
k=—n2

where I = ffooo b(t)dt, which are called Cardaliaguet-Euvrard neural network oper-
ators. If f : R® — R is a continuous and bounded function, then it is natural to
define the multivariate Cardaliaguet-Euvrard neural network operators as (see [12])

FTSL(f;xla"'axs)

n” n’ LI _ _
DS F (5 ,n)b(m’l kl)x._'xb(ms ks).
In® ne ne

ki=—n? ks=—n?

Anastassiou [1] considered the centered bell-shaped function with compact support
and a nonnegative number, and gave the pointwise estimates for continuous function
f defined on R:

[nz+n]

Fifn) — @ < 1@ Y b (”"“) 1

k=[nz—n]

+5(0) (2 + nla) w (f; n11—a> ; (4)
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where b has support [—1, 1] with fi1 b(x)dr = 1, and w(f;t) is the first modulus
of continuity of f (see [24]). Anastassiou [3] further proved that Fl(f,x) — f(x)
as n — 00. For s-dimensional centered bell-shaped function with support [—1,1]°,
Anastassiou [2, 3] obtained the similar pointwise estimate to (4).

For the important sigmoidal activation function defined by

1
) = e
it is not difficult to see that the function
1
d(x) = s(s(z +1) —s(z — 1)) (5)

2

is a centered bell-shaped function with support R (see [4]).
Let f(z1,22) be a continuous function defined on [—1,1]2. Recently, Anastassiou
[4] constructed an interesting operator defined by

> > f(%v %)¢(nxl —k1)o(nxe — ka)

(b(nxl — k1)¢(n$2 — ]{52)
ki=[-n] ka=[—n]

and gave the estimate
1 1
|G (f; 21, 0)— f (21, 29)] < (5.250312578)2 (w (f; — na) + 6.3984||f||ooe‘"(1“’)> ,

where [-] denotes the integral part of a number, [-] the ceiling of a number, | f]co
the uniform norm of f, and 0 < o < 1, and w(f;¢1,t2) is the modulus of continuity
of two-variate f defined by (see [34])

w(fstit) = sup  |f(z1 4+ hy,xo + he) = f(a1,22)]
|| <ty |ha|<ts

Yet, (6) is an operator of rational type.
It is well known that s-dimensional Gaussian function defined by
1 2
Glz) = —elol" g e RS

M2
is a class of important radial basis function (RBF), which is centered bell-shaped
function, but has not compact support. Nevertheless, there have been many applica-
tions in numerical approximation and neural networks (for example, see [7, 8, 9, 10],
[15], [22], [25, 26], [29], [32], [35], [37]).

In this paper, we will construct Cardaliaguet-Euvrard type neural network op-
erators with a Gaussian activation function, and give more refined error estimates
of Jackson type. In addition, it is not difficult to see that Cardaliaguet-FEurrard
network operators are also a kind of Quasi-interpolation operators without polyno-
mial reproduction (see [6]). Using the method of approximate partition of unity, the
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quasi-interpolation operators with Gaussian are constructed, and the approximation
rates are estimated in [15] and [32]. Therefore, for bell-shaped generating functions,
it is natural to study the construction and approximation of quasi-interpolation
operators by using the way of the constructive methods of Cardaliaguet-Euvrard
operators.

This paper is organized as follows. Section 2 constructs two kinds of Cardaliaguet-
Euvrard type neural network operators with univariate Gaussian radial basis acti-
vation function, and gives the discussions of rate of approximation on R and its
compact subset, respectively. Section 3 introduces the neural network operators
with bivariate Gaussian radial basis activation function and estimates the corre-
sponding rate of approximation. In Section 4 we give numerical results to show the
approximation does converge and agree with the rate claimed in the paper.

2. Approximation on R

For a Gaussian function

and d > 0, we set

We denote the class of continuous and bounded functions defined on R by C(R),
and construct neural network operators with activation function g4 for f € C'(R) as

[n®+n®] k
k —k
Gatro = > Loy, (M),

na
k=[—n?2—n]

To prove our first result, we need the following lemma.

Lemma 1. If —n < x < n, we have
1) When [nz] +1 <k < [n? + n®], then

[n*+n]+1 nx —t " 4] nr —k [n*+n] nx —t
/ 9d< - )dtS > 9d< — )s/ gd( - )dt.
[nz]+1 n _ n [nz] n

2) When [-n? —n®] <k < [nz] — 1, then

[ne]—1 nx —t el nx —k [na] nx —t
/ gd< - )dts > gd( - )s/ gd< ~ )dt.
[—n2—no]—1 n ey n [—n2—no] n

Proof. 1) Since —n < x < n, we have

[nz] +1 <k < [n?+n"]
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and

<0, ne<k—-1<t<k.

Thus

_k+1§ —ng—ﬁﬁo
n n n
Therefore,
nr—(k+1 nr —t nr —k
() 2 (5 2 (55
n n n
Hence

By summation we have

[n*+n%]+1 nx —t [+ nr —k [n*+n] nx —t
/ gd( - )dté Z gd( - )S/ gd( - )dt,
[nz]+1 n n [nx] n

k=[nz]+1

for [na] +1 <k < [n? +n%).
The proof of 2) is similar to 1). We omit the details. O

We now give the first main result.

Theorem 1. Let f € C(R), 0 < a < 1, and n® > 2. Then for x € [—n,n], we have

Gt = 1) <o (£ ) (1 s ) 0l (s 675 )

where || fllc = sup | f(x)].
2| <n+1
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Proof. Since

[n?+n"] k [0 +n] k
f5)  (nx—k f(2)—f@)]  (nx—Fk
Y. Tl )@ < Y L
k=[—n2—n~] k=[—-n2—n>]
[n?4n?]
1 nr —k
""”f”oo Z nfagd < ors ) — 1
k=[—n2—n*]
= I1 + || flloo L2,

it is easy to see that

ni= Y f(ﬁ)naf(x)lgd(nxn;k)+ 3 f(ﬁ)naf(x)|gd(nxn;k)

Inx—k|<ne [ne—k|>ne

[n%4+n*]

1 1 nxr —k 1 nxr —k
§w<f§nla) Z na!M( no )+2||f|oo Z nagd( ne )

k=[—-n2—n>] [nx—k|>ne

By computation, we can obtain
[n®+n°] [n? 4] _ (no—k)?

Z n%gd (Tw:n; k) _ ﬁzna Z o~ e

k=[—n2—n~] k=[—n2—n~]

L (14 [T st
< - — 2o
—ﬁdna< +/me ’ “7)

1+

1
Vrdn®’
and when n® > 2, it follows that

1 nr —k 1 _(na—k)?
S () = v &

|nx—k|>n> |[nx—k|>ne

2 oo 22
< / e a@@nZa (g
ﬁdna ne—1

o
< de” 2%,

here, the inequality (see Section 3.7.3 of [33])

> 1
/ e~ dr < min <\/27?e_“2 _a2> , a>0,

—e
" 2a

is applied. Hence

1 1 1
< . T 1?7,
(Ll <w (f, nl_a> (1 + ﬁdna) + 2| flloode
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On the other hand,

[n?4n°]

1 nx —k 1 1 nx — [nx]
I < — S Y L LA
v | S (M) -5 e ()
k=[nz]+1
n [ni]:l 1 nx — k 1 n 1 nx — [nx|
no‘gd ne 2 nagd ne
k=[—n2—n*]
= A1+ A+ Az + Ay
Obviously,
1 (nz—[nz])? 1
Ao = —— o —amZa— < ,
2 ﬁdnae ’ - /mdn®
nr—|ne 2
A 1 — (nzlne)) < 1

- Vmdn® ¢ Jmdne

Also, the case 1) of Lemma 1 yields that

2 [e%
1 [P+ a2 1 /0 2
A= / e o dt — — e dt
ﬁdno‘ [ne]+1 ﬁ —oo

n24+n®

[ 1 (nx—k) 1

Y. tal )3
n n 2

k=[nz]+1

1 [M*4n%]  (p_p2 1 /0 2
< _ e dZnZa (t — — e U dt =: As.

IN

Therefore,
Al é max{\Aﬂ ‘AQ‘}
From
—2<nr—[nx] —1<1, nx—[n*+n%—1<-—n°,
we get
1 [n24n~]+1 (na—t)? 1 0 .2
A = T TaEnza dt — —ZaTa
| 1| ‘ﬁdna [na]+1 © ﬁdna /;oo “

1 /[nz [naz]—1 .2 0 .2
— e dZn2a dt _ / e dZn2a dt
ﬁdna nx—[n2+n>]—1 —o0

1 0 2 d —ns 2 d
< e aZn2a dt + e daZn2a (t
- \/’Edna /—2 [oo
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and

[As] ‘ 1 *4+n®] 2 1 0 +2
o) = |[——— e B dt — ———— [ em @t
Jrdne /W ﬁdna/,

1 /nmf [nz] 2 0 2
- e~ T dt — / e~ dt
ﬁdna nx—[n2+ne] —o0

1 0 .2 —n®+1 .2
<— / e‘de/ e~ T
ﬁdna —1 —00

1
<
— /mdn®

Combining the estimates of |A;| with |As|, we have

+defﬁ.

2
/rdn®

Al S +d€7ﬁ.

Considering
0<nz—[nz] <1, nr—[-n?—n*]>n*—1,

in the similar way we obtain the estimate of A; that

| | 1 nx—[—n?2—n®]+1 .2 +o00 .2
As| = —— / e aZn2e dt — / e~ aZnZa dt
\/Edna nz—[nz|+1 0
1 2 2 & 2
< e aZn2a (dt + e aZn2a dt
< e (], foe )
B \/%Zna +de”
and
|| el o
Ay = ——— / e @Zn2e dt — / e~ @n2a dt
| | ﬁdna ne—[nx] 0

1 00
< 1 / *%dt_f_/ *%dt
e dZn2a € dence
T Vmdn> \ Jo ne—1

Thus, from the case 2) of Lemma 1 it follows that

[nz]—1

1 nx —k 1 Tooo o,
N SR e B
k=[—n2—n~] " n ﬁ 0
< max{[As], [Aa[}
<2 Lgem
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Hence,

6 1
I, < 7a+2de 2dZ |

— /mdn

Therefore,

|Gralfrw) = f(2)] < w (f; nll_a) <1 * ﬁldna>

1
#6171 (s

If we choose d and n such that n2d = 1, then

GLat$2) = 1) £ 20 (£ ) + 61l

1
= 2w (f; nla) + 12d|| f]] co-

o
n°+L we have

Remark 1. For given n, we choose f(x) = 1. Then, when |z| > n+ "—

[n24+n"] [n24n"]

) fé?Qd(W)—f(xh > ;gd<mn;k)—1,

k=[—n2—n~] k=[—-n2—n~]
and
2, a 2, o
[n +n ] ]. nr — k ]. [n tn ] _ (nrfk)Q
7agd no = ﬁdna Z e aini
k=[—n?2—n] k=[—n2—n]
1 oo 2
< Zp20 f = —
— /mdn® /0 c
Thus
2, a
v 7] 1 nx —k 1
Z —9d -1 >
n< n< 2
k=[—n?2—n]

This shows that when |z| > n+ %, G),.a(f,x) = f(x) has no the convergent degree
in general.

Remark 2. If f € C(R), then for z € R
G}%d(f,w) — f(z), asn — o0 andd— 0 (but n%d — o0),

and the above convergence is pointwise.
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Remark 3. From Theorem 1 and Remark 1, we know that an essential change
occurs to the error of G, ,(f,x) — f(x) on n < |z| < n+ 2l However, if we
construct following operators Gi7d(f, x) defined by

o k _k
Gi,d(ﬁ x) = k;m %gd <nxna > )

then the error of G%d(f?x) — f(z) can be estimated. In fact, since

i fig)gd (nxnak> — f(x)

k=—o0

1 = 1 nx —k
<w<f;n1_a> > nagd< o )

k=—o0

1 nr —k
2fle nagd( - )
[nz—k|>ne
=1 nr —k
D g ol
n n

k=—o0

1 1 1
< . T 442
S w <f7 nl_a> (1 + ﬁdna) + 2dHf||00€ + ||f||00'[37

G2 4(f.x) — f(z)] =

Fl1 oo

and
6

I3 < W,
we have
GRalf2) — £ < 20 ( Figi ) 841,

nlfa

provided nzd = 1.

3. Approximation on compact sets of R?
Write
G (t1,t2) = ga (t1) ga (t2) . (8)

For f(z1,72) € C([—1,1]?), we construct operators

n2a no no

[n+n®] [n+n®] f( k1 ko ) nei — k1 nxre — k
Givd(f;xl,xg): Z Z ntn®’ ntn Gd( 1 17 2 2),

ki=[-n—n>] koa=[—n—n]

To estimate the error G} ,;(f;x1,22) — f(x1,22), we need the following lemma.
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Lemma 2. For G4 given by (8), we have

1)
[nzi]—1 [nze]—1 . .
/ / Gd (’I’L.’L‘l tl 7 nro t2> dtldtg
[-n—na]—-1J[—n—na]-1 ne ne

) [nz1]-1 [nwa] -1 o (e — k1 nza — ko
< Z Z d n® ' ne

ki=[—-n—n>] ko=[—n—n]

[nz1] [n2] —t —t
/ / (’I’Lﬂl‘l ! s a2 2) dtldtg;
n—na] J[—n—no] ne ne

2)
[nz1]—1 [n+n®]+1 nry —t1 nra —ta
[ e
[—n—na]—1J[nz2]+1
< [nz1]-1 [n+n°] o (T k1 nxg — ke
< Z Z d n® 7 ne
ki=[—n—nv] kz_("m]‘*l
/[nm] inn” (n:cl —t nwy - t?) dtdt
— — 1dta;
n—n<| J[nxs] " "
3)
[n+n]+1  plnaas]—1 —t —1
/ / Gd (ndﬁa 1,n$2a 2) dtldtQ
[nz]+1 [-n—n>]-1 " "
) [n+n?%] [nzo]—1 G nry — kl nry — k‘2
< Z Z d n® 7 ne
ki=[nz1]4+1 ka=[-n—n=]
[n4n<] [nz2] nry —t; nre —is
I
[naq] [—n—no]
4)

[n+n]+1 [n+n*]+1 _ _
/ / Gd (nxl _ tl’ nro _ t2> dtldtg
[nz,]+1 [nza]+1 n n

Sy Sy nrq —k‘l nl‘g—kg
<
D S S
ki=[nz1]+1 ka=[nx2]+1

[n+n] [n4+n* ] (TLJCl —t Ny — ) it
) 10662,
ne

[nz1] [nza] ne

Proof. Noting that when 0 < ¢; < /(i = 1,2), Gy (t1,t2) < Gq (t},t5), and using
the way of proving the case 2) of Lemma 1, we can finish the proof of case 1).
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Now we prove the case 2). Noting that when [—n2—n®] < ky < [nz1]—1, [nz2]+
1< ky < [n*+n%],

k‘2+1
nry —t1 nre —
[ (e e g,
k1 ko
ko+1
nxl—lﬁ na?g—tg
s/ / Gd( L no )dtldtz
k‘l—l kg

ka+1 _ _ _ _
:/ Gd (7?,371 k‘l ’ Tm,‘gna tg) dt2 S Gd (’I’Lﬂl‘l kl’ nxo ]412)
k

) n< ne ne

k2 —k —t
S/ Gd<n$1a 1)71332& 2>dt2
ko—1 n n
ki+1
nry —t1 nre —
/ / ( ) ne ) dtldtQa
k1 ko—1

it is not difficult to complete the proof of case 2).

The proof of case 3) is similar to the proof of case 2).
The proof of case 4) is easy if we note that when ¢; <, <0(i = 1,2), G4 (t1,12)
< Gq (), ). We omit the details. O

Now we give the main result of this section.

Theorem 2. Let f € C([-1,1]%), and 0 < a < 1. Then for n® > 2, we have

2 2 1\’
3 . .
|Gn,d(f7x1ax2) - f($1,$2)| Sw <f7 nl—a’ nla) <1 + ﬁdn“)
d

3 1 1 \? o
+4||f||oo ide 4d2 Jr\/%dﬂ“ 3+ﬁdna +ﬁe N

where || f|loc = sup [f(21, 22)].
(z1,22)€[—1,1]2

Proof. It is not difficult to see that

Gn,a(fiz1,w2) — f(21,72)
[nia] [nia] f(niﬁ, niﬁ) - f(xl’xQ)G (nﬂcl — k1 nxzo — kg)
= d

ne 1 po

n2a
ki=[-n—n%] ka=[—n—n2]

[n+n®] [n+n®] Gy (nxl—kl n:cz—kg)
—1

e |y GEELE

ki=[—n—n] ky=[—n—n°]
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Write

1,

2. Xty

Inz1—k1|<n® |nzo—ko|<ne |nz1—ki|>n® [nze—ko|<ne

DD S D DD S

[nz1—k1|<n® [nzo—ko|>n®  |nzi—ki|>n® |[nze—ka|>n®

f(#? nfﬁ) - f(5517$2)Gd (nwl — k1 nxo — k:g)

2a ne ’ ne

n
=: Iy1 + Ly + D43 + I44.

From —1 < z; <1 and |nz; — k;| < n®(i = 1,2), we get

2n® 2
< )
n4+ne — nl—a

k;
n+n®

—ri| <

which implies

2 2 1 nry — k1 nxe — ko
| S w (f; nl—a’ nla) Z Z WGd ( n® ' no >

Inz1—k1|<n® |nzo—ko|<ne

2 2 1 nr —k
w <f’ nl—(x’ nl—a) Z niozgd < no )

|nz—k|<n«

22N (Y
w ’ nlfa’ nl-a ﬁdna ’

1 nry — k1 =1 nr —k
2| flloo Z njgd <no‘> Z ng( e )

|nzi—ki|>ne

2

IN

[ 142]

IN

_a 1

Lis| < 24 fllowe™ 7 (1 n

1
Vrdn® ) ’

and

1 1
Tigl < 2d|| fllowe" 5= (1 ,
1l < 24l (14 =)

where we have used the condition n® > 2 to estimate Y., k5o nedd (")

Therefore,

1 < (=2 =2y s b ) (14— )
4| = (W ’nl—a’nl—a oo ﬁdn(y .
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On the other hand,

[n?+n] [n?+n°] nr1—ki nzo—k
Gd :la 17 Z& 2
Ll < flle| > > ( o b
k1= n2—ne] k=T 2 —ne]
[/ lloeds.
Set
[nzq]-1 [nza]—1 [n@1]-1 [n+n°]
D= 3 > o+ XX
ki=[—n—n"] ka=[-n-n®]  ki=[-n-n"] ka=[nez]+1
[n+n<] [nxa]—1 [n+n<] [n4n<]
D OND DR DD
ki=[nz1]+1 ko=[—n—n*] ki=[nzi]+1 ke=[nwz2]+1
Then
_ _ nzy—[nz1] [n4+n®]
Gy (mrllakl : mrzliakz) 9d ( lna ) nxo — ko
As| < (D T “l) =" Y (na )
ky=[—n—n«]

+ n2a no

ko=[—n—n2]

—[nxs]

+9d (77”2”& ) ["i":a] o (nxl - k1)

n2a n
ki=[—-n—n~]

1

n n
ki=[-n—n~

Gd (nml :kl , nr2:k2) 4 1
<\|D o n —1 1 .
- < n2e * /mdn® < * ﬁdna)

From the case 1) of Lemma 2 it follows that

[nz1]—1 [nxo]—1 1 ¢ —t
Q = / / —-Cy (ml L 2) dt1dts
[-n—n®]—1J[—n—no]-1 T @ ne ne

izl -1 nzal -1 1 nry — kl nro — k‘2
) Y. 3aGa )
n=« ne

ki=[-n—n%] ka=[—n—n2]

IN

nOé

nw | [na2] nry —t1 nrg —to
S /[ n— n(q /[ n— n(fI n Ot < no ) no ) dtldtQ = QR
Since
n; [n$1] 1 nT; — |——TL _ nor| 1
OS ne Snia’ ne 1—7’ Z—1727
1 nx; — [na;] + 1 2 na—[-n—n®]+1
nio‘ S no S nioz’ oy 17 — 1’27
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and
+oo “+o0o 1 1 +oo R
gd (1 dtl/ ga (t2)dts < - - 7/ e " du,
fsetwan [ swan <o |
o0 2 2 1 2
/ e” ¥ dr < min ﬁefa ,—e 4 ), a>0,
o 2 2a
we obtain
+oo +oo
= = ‘QL —/ / gd (tl)gd (tg) dtidts
0 0
nmlf(fanfna] nxo— ( n n™] +oo +oo
-|(/ [ A A PP
nxl [nzl] n12 nzz]
% +oo nT
< / a () dtl/ (tg)dt2+/ (tl)dtl/ ga (t2) dts
0 0 0
o] +oo +oo +o0
+/ (tl)dtl/ 9d (tz)dt2+/ 9d (tl)dt1/ ga (t2) dto
1 1 0
< 2 + Lefd%
= Jmdne  2ym
and
+oo +oo
ER = ‘QR/ / gdad (tl)gd (tg) dtldtg
0 0
nml—[—i!—n'l'l-f—l nacg—]'—‘nr,l—na'\-f- oo oo
= |</;l11[‘r‘;m1]+1 [z,mz[zzz]ﬂ / / )gd t1) ga (t2) dtidty
s +o0 e
< / 9d (t1)dt1/ 9d (t2)dt2+/ (t1)dt1/ gd (t2) dta
0 0 0 0
—+oo —+oo —+oo +oo
w [ wwan [ gder [ aydn [ gt d
0 1- —L 0
< 1 2
——e 4d
= \/>dn°‘ \/>
Thus

[nzi]-1 [na2]—1 nr1—k1 nzo—k
Gy (Poihs maa—ha) oo oo
Z Z ( R )_/ / gd (t1) ga (t2) dtydts
n 0 0

ki=[-n—n] ka=[—n—n]

< HlaX{E[”ER} ~ fdno‘ f
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We use the cases 2), 3) and 4) of Lemma 2 and obtain in a similar way that

[nx1]—1 [n+n] Gd (nzl k:l na:z k2 +o0
Z Z e / / ga (t1) ga (t2) dtidts

ki=[—-n—n] ka=[nz2]+1
2 d _ 1

« [naa]—1 Gd (nzl kl’nzg kz +oo
Sy n / / 0 (01) ga (t2) dit dt

ki=[naz1]4+1 ke=[—n—no]
2 d 1

and

[n+n®] [n+n?] Gy (mcl k1 7L12 kg
> > e / / ga (t1) ga (t2) dt1dts

k1:[n$1]+1 kg:]’nmﬂ«%l
2 d _ 1

—e 44?2,

< =
- Jmdne  m

These imply that

Gd (nwl—kl , nwz—kz)

ne n

o —1|<

‘D

Therefore, we have

|G§z d(f;xl,@) - f(xlax2)‘

2 1 2
<o (rte =) (0 o)

2
_a 1
0] Flloce 522 (H ﬁw)

oo (o (14— ) + e 4 e
o \ Vmdne Jrdne ) T mdne T Jx*

2 1\’
<o (e me) (1 )

3. . 1 1\ d _.
+4| fl oo <<2de‘4d2+ﬁdna) (3+ﬁdna> +ﬁe‘4d2>.

If we choose d and n such that n2d = 1, then

2 2
G2 4(f;m1,m2) — flan,22)| < 4w (f; e nl—a> + 1644 f || o -
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4. Numerical experiments and discussions

In this section, w well give some numerical experiments and discussions.

Example 1. We take the target function fi(x) = |1 — 2z|, and consider the ap-
prozimation network G}Z’d(fl,x) defined in Section 2. Taking n = 5 and a = 0.5,
Figure 1 shows the approzimation effect with different values of d (d = 1.5 and
d = 0.5, respectively).

12 T 12
104

104

* G(fLx) *  G(flx)

-5 0 5 -5 0 5

(a) :n=5,d=15,a=05 (b) :n=5,d=0.5a=0.5

Figure 1: Approzimation effect of GL ,(f1,x) with different values of d

We denote the approzimation error by errorl = maxye[—y, n) | f1() —G}L,d(fl, x)|.
In Table 1, with d = 0.35 and a = 0.5, we give the approximation error for fi with
different values of n. If we fit n = 5 and o = 0.5, the approrimation error with
different values of d is shown in Table 2. It can be verified that fi1 € Lipy1 and
[ filloo = 11, s0 we have w(f1; =) < —2=. We then denote the control error (see

— pl-a

the right side of the result in Theorem 1) by

2 1 1 o
con(error]):nl_a 1+ﬁdna + 66 m—i—de a2 | .

Ford=0.35 and o = 0.5, Figure 2 (a) shows that the approzimation error decreases
as n increases. If we fir n =5 and o = 0.5, we can see the changes of the approz-
imation error with different values of d in Figure 2 (b), where the error is smallest
when d in close to 0.35 (with n and « fixed). In Figure 3, we show the change of
control error about different values of n and d, where the trend is the same as in
Figure 2, so that the error estimate in Theorem 1 is reasonable and effective.

n 5 10 25 50 100 200
errorl | 0.2137 | 0.1061 | 0.0813 | 0.0543 | 0.0390 | 0.0277

Table 1: Approximation error for fi with different values of n
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d 0.25 0.35 0.4 0.45 0.5 1
errorl | 1.0069 | 0.2137 | 0.2306 | 0.2505 | 0.2722 | 0.6632

Table 2: Approximation error for f1 with different values of d

0.025 16
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* 1.4
0.02f
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0,015 1 i
o o
s S o8t
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0.01f
06F
¥
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* 0.4 wx*
0005 * ] N et
wxF
e 0.2 xF
*”******W‘*WWWWH%H% * =
o , ! f ol txsx®® . , . . .
0 10 20 30 40 50 0 05 1 15 2 25 3 35 4
n d
(a) :d=0.35 aa=0.5 (b) :n=5,a=0.5

Figure 2: Approximation error of G}L 4(f1,2) about different values of n and d
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Figure 3: Control error of G}L 4(f1,2) about different values of n and d

Example 2. For the case of approzimation on compact sets of R?. We take the
target function fa(x1,x2) = [sin(mxy)cos(mas)|, z1,22 € [—1,1], and consider the
approzimation network thd(f;xl,xg) defined in Section 3. With d = 0.35 and
a = 0.5, Figure 4 shows the approzimation effect with different values of n. We
denote the approximation error of fo by

error2 = max |f2(x1,:c2) —Gid(fg;xl,xzﬂ .
z1,x2€[—1,1] ’
In Table 3, with d = 0.35 and o = 0.5, we give the approzimation error for fo with

different values of n. If we fit n = 5 and a = 0.5, the approximation error with
different values of d is shown in Table 4.
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T I'\“‘y\/
g, W

(¢) : G2 ,(f;21,22),m =200,d =0.35,a =05 (d) : G2 ,(f;21,22),n =500,d = 0.35,a = 0.5

Figure 4: Approzimation effect of Gi,d(f; x1,x2) with different values of n

n 5 25 50 100 200

500
error2 | 0.7892 | 0.4917 | 0.3760

0.2803 | 0.2054 | 0.1339
Table 3: Approximation error for fo with different values of n, d = 0.35, a = 0.5

d 0.25 0.35 0.4 0.6
error2 | 0.9696 | 0.7892 | 0.7673

0.8 1.5
0.6975 | 0.6184 | 0.6664

Table 4: Approximation error for fo with different values of d, n =5, a = 0.5

It can be verified that fa € Lip,y 1 and || fa]lco = 1, so we have

2 2 8w
w( fa; <

nlfa’ nlfa) - pl-a :

We then denote the corresponding control error for fo (see the right-hand side of the
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result in Theorem 2) by

con(error2) =

8w

1

nl—a

<1+

/mdn®

;

+4 §de*ﬁ—f-il 3+71 2+i67ﬁ
2 ' Vrdn® V/mdn® NZ3

Ford =0.35 and a = 0.5, Figure 5 (a) shows that the approximation error decreases
as n increases. If we fit n =5 and o = 0.5, we can see the changes of the approx-
imation error with different values of d in Figure 5 (b). In Figure 6, we show the
change of control error with different values of n and d, where the trend is the same
as in Figure 5, so that the error estimate in Theorem 2 is reasonable and effective.

0.8F

0.751

0.7r

0.65

error2

055

05F

06

100

10 20 30

(a) :d=0.35, a=0.5

error2
w

*

FHA bk g gopp do R RR R RO R

05 1 15 2 25 3 35 4
d

(b) :n=5 a=05

Figure 5: Approximation error for fo with different values of n and d
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Figure 6: Control error for fo with different values of n and d

Remark 4. [t is easy to see that we can obtain corresponding results by replacing
G given by (7) with ¢ defined by (5).
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Remark 5. For s > 2, we can construct network operators similarly to approzimate
functions f € C([-1,1]°) with activation function
1 2 1 2 1 2
- _”TH — o1, % — S
se = e e s, x=(r1,...,25) € R
w2 VT N3 (1 s)
Remark 6. For a general centered bell-shaped activation function we can construct

network operators and obtain the error estimates, provided that the decay rate of
activation function o(x) is given when |z| — oo.

G(x) =

Remark 7. For general centered bell-shaped activation functions we can extend to
more than 2 dimensions.

Remark 8. Network operators constructed in the paper are the form of feed-forward
neural networks with a single hidden layer. Also, they are quasi-interpolation op-
erators. However, they are not quasi-interpolation with polynomial reproduction.
Because the coefficients of network operators are related with the target function, the
operators include the information of the target function. Therefore, compared to the
existing algorithms, such as interpolation operators, we do not need to solve the lin-
ear system to obtain the coefficients, which results in lower computational complexity
and good convergence. The given numerical results also agree with the rate claimed
in theorems.
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