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Weighted approximation by g-Ibragimov-Gadjiev operators
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Abstract. The present paper deals with a g-generalization of Ibragimov-Gadjiev opera-
tors, which were constructed by Ibragimov and Gadjiev in 1970. We study convergence
properties on the interval [0, c0) and obtain the rate of convergence in terms of a weighted
modulus of continuity. We also give some representation formulas of the operators using
g-derivatives.
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1. Introduction

In 1970, Ibragimov and Gadjiev [10] introduced the following general sequence of
positive linear operators defined on the space C [0, Al:

= v v —a, ¥ v
n(fi2) = ;f (nQ\Ijn(O)) {;MKTL (z,t,u) |u=atn:\16n(t) % (1)
which contains the well-known operators of Bernstein, Bernstein-Chlodowsky, Szédsz
and Baskakov as a particular case. Over time, these operators, called Ibragimov-
Gadjiev operators, have been deeply investigated and different generalizations have
been obtained in numerous papers, see [1 — 4, 8,9, 11] and the literature cited therein.
In [9], an extension in ¢-Calculus of Ibragimov-Gadjiev operators was constructed.
Here we briefly describe some details. First of all, we should mention some basic
definitions of ¢-Calculus. We refer to [13] as a good guide. Let ¢ > 0. For any
natural number n € NU {0}, the g-integer [n] = [n], is defined by:

1—q"
== 0] =0,
and the g-factorial [n]! = [n] ! by
[t =[] [2]---[n], or=1.
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For integers 0 < k < n, the g-binomial coefficient is defined by:

Clearly, for ¢ =1,

The ¢-derivative of a function f: R — R is defined by:

f(z) = f(q2)
D@ ={ (-gz "7,
7). r=0

for functions which are differentiable at = 0 and the higher g-derivatives are

D)f=f Djf=Dg (D} 'f), n=1,2.3,...
The product rule is

Dy (f(2) g (x)) = Dyf () g (qz) + Dog (z) [ ().
The g-analogue of (x —a)" is the polynomial

" 1, n=>0
(z —a), _{(gg—a)(x—qa)--~(m—q”_la),nZl '

The g-exponential functions are given as follows:

= zh 1
-y - 1
k=0 q
o0 k
k(k—1) I oo
E,(x)=) q 2 Wz(l—&—(l—q)m)q,sceR7 lg] < 1.
k=0 ’

It is clear from equations (3) and (4) that

eq(z)Ey(—z) =1.

The following g-generalization of Taylor’s formula was introduced by Jackson

(see [6]).

Theorem 1. If the function f can be expanded in a convergent power series and if

q is not a root of unity, then

o0

f@) =Y Drf(a) ——2.

n=0
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In [9], the authors introduced a g-analogue of the Ibragimov-Gadjiev operators
that are called the g-Ibragimov-Gadjiev operators as follows:
Let 0 < ¢ < 1 and let A > 0 be a given number and {#,, (t)} a sequence of

1
functions in C'[0, A] such that 1, (t) > 0 for each ¢t € [0, 4], hrn L 2o ) = 0.

Also, let {a,,} be a sequence of positive real numbers such that lim I 1.
e T

Assume that a function K , (z,t,u) (z,t € [0, A], —00 < u < c0) depending on
the three parameters n, v and ¢ satisfies the following conditions:

(i) The function K[, (z,t,u) is infinitely g-differentiable with respect to u for
fixed z,t € [0, 4],

(i) For any x € [0, A] and for all n € N,

o0

V(V 1) v _qan’l/}n 0 v

Zq {D G (2t ) |u=anwn(t)} % -1,

v=0 =0 V]!

(i) {(1)V Dy K1, (x,t,u) |u=an,1/1n(t)} >0(r,n=12,...,x€0,4])),
t=0

(This notation means that if the g-derivative with respect to u is taken v times,
then one sets u = a,, (t) and t = 0.)

(w) DZ7uKr(IL,u (xv L, u) |u:anwn(t) = - [n} xq [DV 1K1?L+m v—1 (x7 t u) uanwn(t):|
t=0 t=0
(vyn=1,2,...,2 €0,A4]), where m is a number such that m + n is zero or a

natural number.

According to these conditions, the g-Ibragimov-Gadjiev operators have the following
form:

Lo (fiq;2) = i ¢S (MQEZ}L 0 ) {D;UK;,, (.t ) |u_%wt)](_q°‘“’/’” )"

=0 t=0 V]!
(5)
for x € R} and any function f defined on R, .

By v—multiple application of property (iv), L, (f;¢;x) can be reduced to the
form:

(nl[n 4 ml[n + 2m] - [n + (v — 1) m]
» (figi) Zf( P ( >) o

(mqanwn ( )) n+1/m 0 (377 07 a’ﬂw’ﬂ (0)) . (6)
Note that for ¢ = 1, the operators L, (f;q;.) are classical Ibragimov-Gadjiev oper-
ators. In [9], the authors showed that by taking g, € (0,1) such that 1i_{n Gn =1,

L, (f;q;.) satisfies the conditions of the Bohman-Korovkin theorem, and obtained
the other convergence properties on the space C[0, A]. Furthermore, they showed



204 S. HERDEM AND 1. BUYUKYAZICI

that in special cases, this sequence of operators consist of g-positive linear opera-

1-v
uz n
tors. For instance, by choosing K9, (z,t,u) = <1 _ 4 ) and a,, = u,
' q
q

1+1¢
1
¥, (0) = —, the operators defined by (5) are transformed into g-Bernstein poly-

]
1
nomials which were introduced by Phillips [15], for «, = [Z], ¥, (0) = b

(lim b, = oo, lim ﬁ = 0) the operators become g—Chlodowsky polynomials
n—o0 n—oo |n

defined by Karsh and Gupta [14]. For K{ , (z,t,u) = E4(—[n] (t + ¢ " uz)),

1 bn,
o, = M Y (0) = —— <lim b, =00, lim — = 0)7 the g—analogue of the

q ’ [n] b, \n—oo n—oo [n
classical Szdsz-Mirakjan operators, which were defined by Aral [5], can be obtained.
The aim of this paper is to establish Korovkin type theorems for continuous and
unbounded functions defined on [0, 00) by the g-Ibragimov-Gadjiev operators. We
also give some representations of these operators using the g-differences and divided
differences.

2. Preliminary results

We define a suitable g-difference operator as follows:

Agfl/ = fus Agfu = Ag_lfu-i-l - qr_lAZ_lfV s 21 (7)

where f, = f (%) , v € Np.
Now, suppose that in addition to conditions (i) — (iv) function K} , (2,t,u)
satisfies

(v) K, (v,t,u)is infinitely g— differentiable with respect to x for fixed ¢ € [0, 4],
ueR

Dq,SCKgL,u (1’, ta U) |u=o¢nwn(t) = - [TL] anq/}n (0) qliyKZqu,ufl (1’, 07 and}n (0)) )
t=0

where m is the natural number defined in (iv),
(vi) K ,(0,0,u) =1 forall n,v and u € R.
In what follows we take another look at our operators.
Theorem 2. Let q € (0,1). The generalized q-Ibragimov-Gadgjiev operators may be
expressed in the form:
NN g A m] [ (v —1)m]
Ln(fv‘]vx)*l;o&qfo [V]'
X K’gb-'rl/’ln,—y (0’ Oa Oénwn (O)) ZU’
z € [0, A], where A} fo is defined as in (7).

(qand}n (O))V
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Proof. Applying a g-derivative operator to (6) and taking into account product rule
(2) and property (v), we have:

L (f;q2)

- ZA I e (O K 1y, 0s 0 0) 2

for n € N and z € [0, A]. By induction with respect to r we can prove:
Ly (fiq )
- lln+m +w+r—1m vtr
- ZA g, il [ 4 I it (0))F

V]!

X Kn+(u+r)m,—r (2,0, ant)y, (0)) z”.

From the expansion of the above series by choosing « = 0, we observe that all terms
except the first one are zero,

Ln (fia:0) =83 o "L =D g, 0

X K7('1L+rm —7r (07 Oa and}n (0)) ' = 07 17 2a s

Hence, choosing a = 0 in Theorem 1, we obtain

n(figi Z ny gyl [“f. =DM i (0))7
X KZ—i-(z/)m (0,0, aptpn (0)) 2, (8)

which completes the proof. O

Now, we will give another representation of operators (5) in terms of divided
differences, using the following theorem given in [16, p. 44]. Here, [z 1, ..., Zk;; f]
denotes the divided difference of the function f with respect to distinct points in
the domain of f,

(wos f] =F (x0) , e, a0; f] = LD =S @o)

Tr1 — o
[!Eo,wh-.-,xk;f] :[‘rlv"',wk;f] B [mO,"'yxkfl;f]'
T — o
Theorem 3. For all 5,k > 0,
Ak £
_ 977
flej, zjpr, - ik = m,

where x; = [j| and [k]' = [k] [k —1]---[1].
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Corollary 1. The g-Ibragimov-Gadjiev operators can be represented as:

) =5 (g@nD)” 1] £l ]
Ln (.fa q; ) Vz::o [n]2y |:0’ [nP'(/)n (0) ’ [n]21/1n (0) [ szn ( ) 7f

(v=—1)v

xXq 2 [n] [TL + m] e [’n’ + (V - 1) ]KZJrum —v (07 07 and’n (0)) .

Proof. The proof is obvious from equality (8) and Theorem 3. O

Remark 1. It will be noted that for g = 1, this is the result obtained by Ibragimov
and Gadjiev [10] for the operators defined by (1).

Lemma 1. For the operators defined by (5), the following equalities hold:

Lo (1;;2) =1 )
Ly (t; ¢; ) :%x, (10)
2 = (10n N alntm] | fgan N 1
(o) = (532) U5+ () mr Y
5. g %l n+m]n+2mla® (¢ +2¢%) o} [n 4 m]a? q¥n®
Lo (% q;0) = o o (0) T Pz ()
(12)
1y _a"ad [+ m]n+2m] [n + 3m] o
Ln (t 43T ) - [n]’?
(¢* +24" +3¢°) a [n+ m] [n +2m] «*
()7 (0)
(¢° +3¢* +3¢°) o} [n+ m]2®  qox
T2 0) MOk "

Proof. For s = 0,1,2, the equalities of L, (t°;q;.) were obtained in view of the
definition of the operators defined by (5) in [9]. So this part of proof is omitted.
Hence for s = 3,4, we will prove this lemma in terms of ¢-differences. Using equality
(7) for s = 3 one has

Ay fo=fo =0

. 3
Alfo=fo—(1+q) fr+afo= ([71]257]1(0)> ~(+g <[n]21/}1n(0)>

Afo=fs—(1+a+d®) fat (a+ P+ ) L —d*fo

(rotm) - o) (k)

+(q+d*+ 4% (M)B
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By using Theorem 2, we can write:

Ly (£ q2) =00f0 + AéfO[[?]}!q%wn (0) K, -1 (0,0, anhn (0)) 2+
W(qan¢n (O))QKZHm,& (0,0, ¥ (0)) 2+
[n][n + m][n + 2m]

[3]!

+ A2 fo

+ A2 fo

(qaunthn, (0))3KZ+3m,73 (0,0, ¥ (0)) .

Taking into account condition (vi), by a straightforward calculation, we obtain equal-
ity (12).
We now prove (13). For s = 4, we have:
Agfo=fo =0
1 4
Afo=fi—fo=—"——
ofo=f1—fo (Man (0))
80— -+ +ah = (2 ) a0 (o)
RN DT ) Y\ (0

Afo=fs—(Q+a+d®) fat (a+ P+ ) L —d*fo

() ~ 0+ o) ()

2 3 1 )4
*lata ”)([n}?wnm)
Ajfo=fa—(1+a+@+) fs+ (a+ @ +23 +* + &) fo
(P +d*+d+d°) AL+ df

- (gbtm) 0o (k)

4
s @B N e s e ]
+ q+q2+2q3+q4+q"( (P +¢d"+¢+4q .
( Nri, @) ¢ \&ro. o)
Thus applying again Theorem 2 and using condition (vi), proceeding similarly, we
get (13). O

3. Weighted approximation

This section is devoted to obtaining weighted approximation properties of the g¢-
Ibragimov-Gadjiev operators. Note that we will use a weighted Korovkin type theo-
rem proved by Gadjiev [7]. When considering that theorem we should mention some
notations: Let p () = 1 + 22 be a weight function and B, [0, 00) the set of all func-
tions f defined on the semi-axis [0, c0) satisfying the condition |f (x)| < Myp (x),
where M is a constant depending only on f. C, [0, 00) denotes the subspace of all
continuous functions belonging to B, [0,00) and C% [0,00) denotes the subspace of
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all functions f € C,[0,00) with lim L8 =k < co. Obviously C¥[0,00) is a

T

N>

linear normed space with the p—norm:

_ |f (2)]
||f||p—xes[légn) p(x)’

where {b, } is a sequence of positive numbers, which has a finite or an infinite limit.

Theorem 4 (see [7]). Let {T,,} be a sequence of linear positive operators which are
mappings from C, into B, satisfying the conditions:

lim |7, (t";2) —2*|| =0, k=0,1,2.
n— o0 P
Then, for any function f € C’,’f,
lim ([ Tf - £, = 0.

In order to study convergence properties of operators (5) into the weighted
approximation fields we consider the following modified form of the g-Ibragimov-
Gadjiev operators.

Let {b,} be a sequence of positive numbers, which has a finite or an infinite limit
and {¢, (t)} be a sequence of functions in C'[0,b,] such that ), (t) > 0 for each
t € [0,b,], satisfying the condition:

1

nh_}n;g o (0) =0. (14)

Also, let {a,} be a sequence of positive real numbers such that

o 1
—=140|——]. (15)
[n] ( [n)? ¥y, (0) )

Now, assume that a function K , (z,t,u) (z,t € [0,b,], —00 < u < c0) depending

on the three parameters n, v and g satisfies the following conditions:

(i°) The function K, (z,t,u) is infinitely g-differentiable with respect to u for
fixed x,t € [0,b,],

(#°) For any x € [0,b,] and for all n € N,
:l (_qan¢7z (0))V =1

oo

v(v—1)
Z q 2 |:DZ,uK1€IL,V (l‘, t; U) |u:an'¢1n (t) [7/]' )
v=0 '

t=0

(Z”o) {(_1)V DZ,quL,u (m,t,u) |u—anwn(t)} >0 (I/,’I”L =1,2,...,xz€ [O7bn])7

t=0
(") Dyuk (@:8,0) lumaypu = = [n] 2g"™ [D;,#Kim,u_l (@8, 0) lumann )
t= e
(v,n=1,2,...,2 €0,b,]), where m is a number such that m + n is zero or a

natural number.
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Under above conditions we call operators (5) L% (f;q;.). It is clear that L (f;q;.)

holds for the equalities in Lemma 1. In the case lim b, = A and lim ﬁ =1 we
n—o00 n—oo (N

obtain g-Ibragimov-Gadjiev operators defined by (5).

Theorem 5. Let ¢ = ¢, 0 < ¢, < 1, satisfy the condition (q,) — 1 as n — oo.
Then for each function f € C[’f [0,00),

Jim || Ly, (f545-) = f

p,]0,6n] = 0

Proof. Making use of the Korovkin type theorem on weighted approximation, it is
sufficient to verify the following three conditions:

lim HL;(t’“;q;x)—kap:Q k=0,1,2. (16)

n—oo

From equality (9) clearly |[Ly, (1,¢5,2) — 1|, = 0 as n — oo on [0,b,]. From
equalities (10) and (14) we have:

1Ln (gsz) — 2| _Jaan T
sup —m DTl |2 sup ——
2€[0,b,) 1+ a2 [n] w€[0,b,) 1+ 22
qQin
< |- -1/,
[n] ’

hence the condition in (16) holds for k = 1.
Similarly, using equality (11) for k = 2 we can write:

L* (t?:q;2) — 22 " 2
sup | n (P 2 | < (qoz) q[n+m] — 1| sup ° 5
2€[0,by,) 1+ [n] [n] z€l0bn) L T2
qQn, 1 X
- sup ——

sup
[’I’L} [n]2¢n (0) z€[0,by,) 1422
aon L

gow \* q[n+m
§|<[n1> W ] B )

which implies that (16) also holds for k¥ = 2. Therefore, the desired result follows
from Theorem 4. O]

Now, we will give an estimate concerning the rate of convergence for the ¢-
Ibragimov-Gadjiev operators. As known, the first modulus of continuity w (f; )
does not tend to zero as § — 0 on the infinite interval. For this reason, we consider

e |f (@ +h) = f(2)
@(f30)= \hélggzo (1+h%)(1+2?)

a weighted modulus of smoothness associated to the space Cﬁ [0,00).
Q(f;0) possesses the following properties (see [12]):

- Q(f;9) is a monotonically increasing function of §, § > 0,
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- for every f € Cfo" [0,00), lim Q(f;6) =0,
6—0
- for each positive value of A

Q(£:A0) <2(1+A) (1+6%) Q(f39). (17)
From inequality (17) and the definition of  (f;d) we get
ro-r@i<2 (15 e ) (e e-07), 09

for every f € C¥[0,00) and z,t € [0,00).

Theorem 6. Let ¢ = q,, 0 < q, < 1 satisfies the condition g, — 1 as n — oo. If
fe Cf,f [0,00), then the inequality

S < o))

18 satisfied for a sufficiently large n, where M is a constant independent of a,

n (0).

Proof. From (18) we can write:

Ly (figiz) — f ()] <2(1462) Q(f;60) (1+27) > Py
v=0

V] _ ’ 2
29, (0)  © V]
- (”an) (”(w‘””) )
<4(1+4a° Q(f;én){Hl > 2[#]
(1+a7) 50 2 | 0 0)
+Z( an ‘T> Pgn()

(=) mnto.

DV n v (l‘ t, u) |u anwn(t):| (cgen¥a (0)” and 4,, > 0. Ap—
t

Pl (x)

- v,n

— T

where Pg,, (z) = ¢*% Bl

plying the Cauchy-Schwarz inequality we obtain

L () = F@ <4 0+2) 0060 (14 2VE +Kit K ). (19

where
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fe%s) 2
Kl—z< o) Pt
[n]24n, (0) ’
ngi < ] x>4Pq (z).
[n]2¢n (0) o

Using Lemma 1, we have

K, =1L} ((t —z)? ;q;x)
() Ga) =) o () o
and

Ky, =L} ( t—:c)4;q;x>

:<<?)4q1°[n+mw?+]32mnn+3m]_4<an>3 ¢ [+ m] [+ 2]

7]
) 253 )-

(( )3 427 +3¢°) [n+mln+2m] 1

3

=

:\:Q

[n]? [n]?¢n (0)

(i) R o () )
<(> (¢ + 3¢* +3q m]<[n]2wi<0>>2_4q<%>w>x2

+q([])([ P (0)°

Using condition (15) we can write

K, =0 <[n]2¢1n(0)> (z° + 2)

KQO(M> (z* + 2%+ 2% +2),

thus by substituting these equalities (19) becomes

Q2
3

E)

Q

and

ILZ(f;q;x)—f(x)l§4(1+x2)ﬂ(f;6n){1+;\/O< L )(x2+x)+

+0 <W> (x2+x)+%0 <[n]215n (0)> (x4+x3+x2+m)}.
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~1/2
By choosing §,, = ([n]2 Un (0)) , for sufficiently large n’s, we obtain the desired
result. O

Remark 2. It will be noted that, for ¢ = 1, this is the result obtained by Gadjiev
and Ispir [8] for Ibragimov-Gadjiev operators defined by (1).
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