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Abstract. In this paper, by applying Mawhin’s continuation theorem of coincidence degree
theory, some sufficient conditions for the existence and uniqueness of an w-periodic solution
for the following third-order neutral functional differential equation are established:

& . . -

e (x(t) —d(t)x(t - 6(t))) +a()Et) + bt f(t ) + Y a(t)g(tz(t — (b)) = e(t).
i=1

Moreover, we present an example and a graph to demonstrate the validity of an analytical

conclusion.
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1. Introduction

Neutral functional differential equations provide good models in many fields in-
cluding biology, mechanics, physics, medicine, chemistry, ecology, aerospace, and
economics, see [1, 7, 9, 12]. Recently, the study of periodic solutions for neu-
tral differential equations has attracted the attention of many researchers, see e.g.,
[4, 5,11, 14, 15, 16, 17]. Several methods were developed to obtain periodic solutions
to differential equations. One of the main tools is Mawhin’s continuation theorem,
which is become very powerful technique in the existence of periodic solutions to
nonlinear differential equations.

In [3, 4, 6, 10, 13, 14], the authors discussed the properties of the neutral op-
erator (A1x)(t) = x(t) — cx(t — §), where ¢ and § are constants, |c| # 1. Lu and
Ge [6] investigated an extension of A;, namely, the neutral operator (Asx)(t) =
z(t) — Y, cix(t — &;), and obtained the existence of periodic solutions for the
corresponding neutral differential equation. In [8, 16], the researchers discussed the
properties of the neutral operator with a variable delay (Asx)(t) = x(t) —cx(t—0(t)).

In this paper, we consider the neutral operator (Az)(t) = x(t) — d(¢t)x(t — 6(t)),
where |d(t)| # 1, d,6 € C?*(R,R) are w-periodic functions for some w > 0. It is
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noted that A is a natural generalization of the operators Ay, A; and As. A class of
neutral differential equation with A possesses a more complicated nonlinearity than
a neutral differential equation with A1, As or Az. Because neutral operators A; and

d
Ay are homogeneous, that is — (A z)(t) = (A;&)(t) for i = 1,2, the neutral operator

A is in general 1nh0mogene0us

Now we display some papers which discussed the existence and uniqueness of
periodic solutions for differential equations with the neutral operator, as follows:

In 2011, Ren et al. [8] established sufficient conditions for the existence of periodic
solutions to a second-order neutral differential equation of the form:

d? .
= (a(t) = cx(t = 0() ) = £(t.3(1) + g(t,x(t = 7(2))) + (D),
where 1,e € C,, and fo t)dt = 0; f and g are continuous functions defined on

R? and periodic in ¢, with f( ) = f(t +w,.), g(t,.) = g(t +w,.), f(t,u) >0, or
f(t,u) <0 for all (¢, u) € R2.

In 2014, Xin et al. [15] established sufficient conditions for the existence of
positive periodic solutions for a generalized third-order neutral differential equation:

d3
=5 (a(t) = e (t = 6(1)) ) = a(t)a(t) = M(B)f (t,(t = 7(2))),

where ) is a positive parameter; §(¢) is a variable delay, ¢,§ € C'(R,R) and § is
an w-periodic function for some w > 0, f € C(R,[0,00)), and f(z) > 0 for z > 0;
a,be C(R,(0,00)), 7 € C(R,R), with a(t),b(t), 7(t) are w-periodic functions.

In 2017, Na Wang [10] investigated the existence and uniqueness of periodic
solution for the second-order neutral functional differential equation with delays:

s (wlt) ~ ku(t 7)) = 7)) + alt) +2@ ult = (1) + p(0).

where f,g,h € C(R,R), p,7:(t) (¢ = 1,2,...,n) are continuous periodic functions
defined on R with period w > 0; «f(t), B (t) (1 =1,2,...,n) are continuous periodic
functions defined on R that have the same sign, and k, 7 € R are constants such
that |k| # 1.

In this paper, we consider a third-order generalized neutral differential equation
as follows:

% <o:(t) —d(t)x(t - 5(t))> +a(t)d + b(t) f (t, (1))
” (1)
+> et ot — mi(t)) = e(t),

i=1

where |d(t)| # 1, d,0 € C3(R,R) are w—periodic functions for some w > 0, 6(t) < 1
for all t € [0,w]; a,b,¢;, e (i = 1,2,...,n) are continuous periodic functions defined
on R with period w > 0, such that a, b ¢; have the same sign and fo t)dt = 0;
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7, € C1(R,R) is a periodic function with 7; < 1 (i = 1,2,...n); f, g are continuous
functions defined on R? and periodic in the first argument, that is, f(¢,.) = f(t +
w,.), g(t,.) =gt +w,.) and f(¢,0) =0.

2. Analysis of the generalized neutral operator

Let C, = {z € C(R,R) : z(t+w) = z(t),t € R} with the norm ||z|[o = n%gx]\x(tﬂ.
te|0,w

Then (Cy, ||.|l) is a Banach space. Define operators A, B : C,, — C,, by
(Az)(t) = x(t) — d(t)=(t = 6(t),  (Bx)(t) = d(t)z(t - 8(2)),

where |d(t)| # 1, d,6 € C3(R,R) are w-periodic functions for some w > 0.
For convenience, we introduce the following notations:

do = min |d(t)|, do = dt)], dy = dt)], dy = d(t)],
0 t?ﬂéﬁi}'()" tgf&ﬁ!(ﬂ 1 féﬁﬁ]“)‘ 2 Jé%&ii]“”

3 t§3§]| d®)]. & tgﬁf}“ @), & tg%gf}“ ®)], % tg%&f}“ 5 (B (2
= i (1 = ()], i=1,2,..,n.

T tg%(?i()]h-l( )‘7 ¢ tre%l,)i]kz( )‘7 ? ) Sy ,n
The following lemmas are needed in the proof of our results:

Lemma 1 (see [16]). If |d(t)| < 1, then the operator A has a continuous inverse
A~L on the space C,,, satisfying

[(A™ 2)(1)] < Lzlloo fords <1, Vaedl,.

=71_ doo’
Lemma 2 (see [5]). Ifd(t) € C,, 6(t) € CL == {z € CY(R,R) : z(t+w) = z(t), t €
R} and §'(t) <1, Vt € [0,w]. Then d(u(t)) € C.,, where u(t) is the inverse function
of t —6(t).

Lemma 3 (see [16]). If|d(t)] > 1 and §'(t) < 1, then the operator A has a continuous
inverse A~% on C,,, satisfying

(A7) (1)] < %, fordo>1, Vzed,.

Here, we recall Mawhin’s continuation theorem of coincidence degree theory,
which our study is based upon. Let X and Y be real Banach spacesand L : D(L) —» Y
a Fredholm operator with index zero, where D(L) C X denotes the domain of L.
This means that ImL is closed in Y and dim KerL = (dimY/ImL) < +oc.

Consider subspaces X1,Y; of X, Y, respectively, such that X = KerL @ X; and
Y=ImL®Y;. Let P: X — KerL and @ : Y — Y7 denote the natural projec-
tions. Clearly, Ker L N (D(L) N Xl) = {0}, thus the restriction Lp := L|p)nx, is
invertible, and L;l denote the inverse of Lp.

Let 2 be an open bounded subset of X with D(L)N2 # 0. Amap N : 2 — Y is
called L-compact in 2 if QN (£2) is bounded and the operator Lp' (I — Q)N : 2 — X
is compact.
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Theorem 1 ([2, Mawhin’s Continuation Theorem]). Let X,Y be Banach spaces.
Suppose that L : D(L) C X — Y is a Fredholm operator with index zero and
N : X =Y is L-compact operator on §2, where §2 is an open bounded subset in X.
Moreover, assume that all of the following conditions hold:

(i) Lz # ANz, for allz € 02ND(L), A € (0,1) (012 denotes the boundary of £2);
(i) QNxz #£0, for all x € 02 N KerL;
(ii7) deg{JQN, 2N KerL,0} # 0, where J : ImQ — KerL is an isomorphism.
Then, Lz = Nx has at least one periodic solution in 2 N D(L).

First, we rewrite (1) as a system:

d
@ (Al‘1> (t) = .%‘Q(t),
SCQ(t) = wg(t), (3)

Z3(t) = —a(t)Z1(t) — b(t) f(t, 41 (¢ ZCZ (t,z1(t —7(t))) + e(t).
i=1

Clearly, if z(t) = (951(75),352(75),303(15))—r is a periodic solution for (3), then x(¢)
must be a periodic solution for (1). Therefore, the problem of finding an w-periodic
solution for (1) is reduced to finding one for (3).

Set X =Y = {x(t) = (l‘l(t),xg(t),xg(t))—r € C(R,R?) : z(t + w) = x(t)} with
the norm [|z]|oc = max {||21||s, [|#2]/oc, %3]0 } . Clearly, X and Y are both Banach
spaces. Meanwhile, define

={2(t) e C'R,R?) 1 z(t +w) =2(t)} C X >,

by
d
2 (Az)(t)
L= "0 |
i3(t)
and N: X =Y by
ZL’Q(t)
(Na)(t)= 3(t) -(4)

—a(t)Ex(t) = b(t) F (8, 21(8)) = 225y cs(B)g (8, 1 (t = 7i(1))) + e(t)

Then (3) can be transformed to the abstract equation Lx = Nz. From the definition
of L, we can see that

y1(8) 0
KerL=R3 ImL={yecY: / ya(s) |ds=1{0
0 y3(s) 0
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We observe that dim(kerL) = dim(Y/ImL) = 3, which implies dim(KerL) =
codim(ImL). Therefore, L is a Fredholm operator with index zero.
Let P: X — KerL and Q : Y — ImQ C R? be defined by

(Az1)(0) e (0s)
Px = z2(0) and Qy:—/ ya(s) | ds;
25(0) w0\ ys(s)

then ImP = KerL and Ker@ = ImL.
Setting Lp = L|(p(r)nkerp) : (D(L) N KerP) — ImL and the inverse of Lp is
Lp' :TmL — (D(L) NKerP) defined by

A1 fot y1(s)ds

[Lp'l) = | [y ya(s)ds
f(f y3(s)ds
From (4), we have:
(QNx)(t)
w (1)
-5 ) a®

—a(t)E1(t) =b(t) f (£, &1(t)) =322y ci(t)g(t, w1 (t=7i(1))) +e(t)

Thus, it is easy to see that QN and L;,l(I — Q)N are continuous. Hence QN (£2)
is bounded and then L;l(I — Q)N({2) is compact for any open bounded 2 C X,
which means that N is L-compact on (2.

3. Existence result

In this section, we will study the existence of aperiodic solution for (1).

Theorem 2. Suppose that there exist positive constants o, 3, m and D such that the
following conditions satisfied:

(Hy) |f(t,u)| <alul+8 Vit ueR;
(Ha) |g(t,x1) — g(t, x2)| < mlwy —wa| Vb, 21,25 € R;

(H3) There exist positive constants My, My such that one of the following conditions
hold:

. M,
I 1 — <1
(1) Ifd(t)<1, and O<1_doo_M1< )
. M,
(ZZ) If d(t) > ]., and 0< m < 1,

where M, = indg 4+ wdy + wd11 + %wdooég + doo0? + 2d 001,

1
1—7

)

1 1 -
and My = w||al|ee + iaw2||b||oo + Zcmw?’ ;
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(Ha) {()v+b tu+Zcz } 0, Vt,z,u,v €R and |z| > D.

Then (1) has at least one w-periodic solution.

Proof. Consider the operator equation Lx = ANz with a parameter A € (0,1].
Define 21 = {z € C,, : Lv = ANz }. Then = = (21, 22, 23) € {2 satisfies:

pn (Axl) (t) = Aza(t),

Ea(t) = Azs(t), (6)

z3(t) = A( —a(t)z1(t) — b(t) f(t, 21 (t ch (t,z1(t — 1:(2))) +e(t)>.
i=1

1 d?

Substituting x3(t) = E B

{(Axl)(t)} into the third equation of (6), we get:

n (7)
=\ ( — a(t)E1(8) = b(e) f (t,d1() = Y cs(D)g(t, a1 (t = 7(1))) + e(t)> :
=1

By integrating both sides of (7) from 0 to w, we obtain:

n

[ (a0 + 010 0100) + 2 st ma(c = o) )t =

i=1

By using the integral mean value theorem, this implies that there exists a point
¢ € [0,w] such that:

n

a(¢)i1 (¢) + b(O) F(¢,#1(0) + D ci(Q)g(¢, 21 (¢ — 7€) = 0.

i=1

In view of (Hy), we find that |z1(¢ — 7(¢))| < D.
Let ¢ — 7(¢) = nw + to, where tg € [0,w] and n is an integer. Then we have
|z1(¢ — 7(¢))| = |%1(to)]. Thus for ¢ € [tg,to + w], we obtain:

21(t)] = |z1(to) +/t i1(s)ds| < D +/t |1 (s)|ds.

Since x1(t) is w-periodic, then for ¢ € [ty, to + w], we get:

t

|z1(t)] = ‘xl(to +w) +/

totw
s)ds| < D —|—/ |1 (s)|ds.
to+w ¢

Combining the above two inequalities, we obtain:

1 w
@l <D+ 5 [ fin(s)lds.
0
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Thus
1 /v, 1.
[21]lec = max [z1 ()] < D+ 2 | [#1(s)lds < D+ Jwlld1]oo- (®)
tE[O,w] 2 0 2
Furthermore, since z1(0) = x1(w), there exists a point t; € [0,w] such that

#1(t1) = 0. Then we have:

t t
\:’cl(t)\:’fcl(tl)—l—/ Fr(s)ds| < [ fir(s)|ds, te [t t+w].
tl tl

Moreover, since 41 (t) is w-periodic, then for ¢ € [t1,t] + w], we get:

t

t1+w

t1+tw

By combining the previous two inequalities, we obtain:

(1) < ;/Ow (i (5)ds.

Thus

Then, by substituting (9) in (8), we get:
1. 1 9.
1z1lloc < D+ gwldifloc < D+ 707[|Z1|oo- (10)

Now, by the definition of operator (Axz1)(t) = z1(t) — d(t)z1(t — 0(t)), we get:

4 (Az1)(t) = @1(t) — d(t)ar(t — 8(t)) — d(t)ir(t — 5(t))(1 — ().

Then from (2) and (8), we have:
|2 (Aan) ()] < b (0)] + @) (6 — S0 + (D) a ¢ — 50 11— Ga (1)
< 21 lloe + dallz1floo + dooll&1[loo (1 + 61) (11)
<diD+ {1 + %dlw +doo(1+ 51)} 1100

We also find:

% [(Afcl)(ﬁ] - % [561(0 —d(t)a1(t — 8(t)) — d(t)iy (t — 5(£))(1 — 5(,5))]

= (Ai)(t)—d(t)a1 (t—0(t)— [2d(t)—2d(t)5(t)—d(t)5'(t)}il(t—é(t))
— [d(t)éQ(t) - Qd(t)(i(t)} E1(t—a(t)).
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Thus

2

(A1) (1) == [(Axl)(t)} Fd(t)a (t—8(t) + [2d(t)—2d(t)5(t)—d(t)5(t) 1 (t—3(1))
- [d(t)SQ(t) - 2d(t)5(t)] E1(t—0(t)).

Hence, from (2) we get:

@) 0)] <| g [(40)@)] |+ i0]lar(e - 50|

- [2\d(t)| +2[d(®)|[6(t)| + |d(t)\|5‘(t)\] |a1(t = 8(t))]

) . (12)
+ [|d(t)||62(t)| + 2|d(t>||a<t>|} 1 (¢ — 8(1))|

< lzslloo + dall@1]loe + (2d1 + 2d161 + dood2) |81 0o
+ (doo 03 + 2docd1) || E1 | o-

Now, we need to prove that ||z1|lec, [|Z2]|cos [|Z3]lcc are bounded. So, we consider two
cases:

e Case (I): If d(t) < 1, from (12) and by applying Lemma 1, we obtain:

1[0

max}|A_1Ai1(t)|

tel0,w

1 .
T AR ]

(13)

1 |
i Il + dale e+ 2+ 2000+ )l
+ (doo0? + 2doe 1) IIifllloo}

By substituting (9) and (10) into (13), we have:

1

. [ 1 .. 1 ..
Hml‘loo < 1—d ||x3||oo + d2(D + szuxlnm) =+ 5w(2d1 + 2d151 + doo($2)||x1||oo

 (ded? + 2dooal)|im]

S1-4d ||x3||w+d2D+M1||il||m:|7

where Ml = %wzdg + wdl + wd161 -+ %Wdooég + doo($% + 2d0051
Since 1 — doo — M7 > 0 by (H3)(¢), then we get:

lz3|loo + d2.D

i1 < T (14)
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On the other hand, since 22(0) = z2(w), then there exists a point 2 € [0,w] such
that @o(t2) = x3(t2) = 0. Thus we obtain:

t t
\xg(t)\:ny(tg)Jr/ ia(s)ds| < [ aa(o)lds, ¢ € [tarts+ .
to

to
Furthermore, since x3(t) is w-periodic, then for t € [t2, ta + w], we get:

t

totw
|z3(t)] = ‘fﬂg(tg +w) +/ i’g(S)dS’ < /t |Z3(s)|ds.

totw

Hence, from the above two inequalities and by using (6), we find:

n

las(0)] < / s (s)lds
a0 (0) ~ BT 1(0) — Y eld)glt s (D)) + o)t

o
0 i=1

S/O !a(t)!\il(t)\dtJr/o DI f (¢, @1(2))|dt

+/0 ;Icz'(t)lg(t,xl(t—n(t)))dtJr/O le(t)]dt.

From (H;) and (Hz), we obtain:

w

w3(t)] < / " a(t)| (D)t + / 1b(8)| (a1 ()] + B)dt

+ / S e (t)lmlan (- 7i(8))dt + / S i)l (t, 0)ldt + / e(t)dt
0 =1 0 =1 0
< wllalloell1lloo + 0w blloo 51 loe + Bellblloe +em S / 1 (¢ — (1)) dt
=1
+ newmax {|g(t,0)| : 0 <t < w} + wllef oo- (15)

ds
1= 7i(vi(s))

w w—T;(w)
/ |21 (t — 7:(t))|dt :/
0 77’1(0)

< w|xlooH

Put s = t—7;(¢t). Then dt = since «;(t) is the inverse of ¢t — 7;(¢). Thus:

i | tartepias

(16)

= (&d())‘ : H :
1
17

1—7

oo
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Substituting (16) in (15), and from (9) and (10), we get:

n
.. . 1
23(®)] < wlalloellE1llon + awlbllslirlloo + Buwlblloe +emw Y | === lleillos
i=1 ¢ oo
+ newmax {[g(t,0)] : 0 < t < w} 4 wllefoo
1 - 1
< wllallsolirfloo + S [bllocllE1lloc + Belbloc + emuw Y | =
i=1 tlloo

1
(D + 1w2||&§1||oo) + newmax {|g(t,0)| : 0 <t <w} + wllefoo

1
1— 7o

+ newmax {[g(t,0)] : 0 < t < w}

)wmm
o0

< Bwl|b]|oo + cmeZ
i=1

1

1—%

1
2

+MMu+(Wam+

1 n
w?a||b]| oo + Zcmw3 Z
i=1

< Ms + Ms||Z]| 0,

where
1 1 <3 !
My = wlafloo + 5002 [Bloo + Femew? ; s I
| 1
M3 = Bwl|b]| + cmeZ [ + newmax {|g(t,0)| : 0 <t <w} + wlle] oo
— il

i=1

Hence,
l23]|c0 = tglax]|a:3(t)| < Mz + Mal|Z1 oo

Thus, from (14) we obtain:

MQ”IZ?gHOO +d2DM2
o <M. ;
2slloo < M5+ | —de — M,

Since 1_(11172_1\/[1 < 1by (H3)(%), then there exists a positive constant K5 (independent
of ) such that:

My(1 = dug — My) + doa DM

o < K3, Kg = 1
lzslloc < K3, Ky 1 —do — My — M, 7
Substituting (17) in (14), we obtain:
. K3+ dsD
s B 1
il < o (18)

From (10) and (18), we find that there exists a positive constant K such that:

w? (Kg + d2D)

<Ky, Ky =D+ 2\ ®RY)
[21]loo < K1, K1 11 —do — 1))
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Furthermore, by substituting (18) into (9), we have:

. 1 . W(KS +d2D)
< — < ——"“ -
sl < gl < gL

d [(Az1)(¢)], then from (11) and (19) we find that:

Since x5 (t) = 7

d
oo = B = (2]
22l = macc ea(t)] = ma | [(Az1)(0)]

1
<diD + {1 +5hw + doo(1+ 51)} 171 | o

1 w(Kg +d2D)
<di D+ |1+ -diw+de(14+ 1) | —————L.
= { 2 ( 1)}2(1—%—1\41)

Hence, it is easy to see that there exists a positive constant Ky such that:
1 w(K3 4 daD)

<Ky, Ko=diD+ |1+ -diw+do(l+6)| 77—~

H$2||oo > Az 2 1 { 5 1w oo( 1)} 2(1 A — M1)

Thus, from Lz = ANz we get:

lz1]loo < K1, |22l < K2, ||23]]00 < K.

e Case (II): If d(t) > 1, from (12) and by applying Lemma 3, we get:

121 ] oo max]|A*1Ai1(t)|

tel0,w

IN

< g ol + el + (Ao + 201+ 20060) i
-

o (2814 0 i
1 .
< ———|||z3lloo + d2D + My |1 0o |-
do— 1
Since dg — 1 — M7 > 0, then by Hj(4i) we obtain:

e < L22lloe 20D
T dy—1-M;
By following the same strategy and notation as in Case (I), we can get:

w? (K3 + doD)

w <Ky, Kj=D+ 220
||£U1|| = 1 4(d0 1 _Ml)
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w(K3 + doD)
2(do— 1— 20,

My (do — 1 — M) + do DM,
do—1— My — My

!/ ’ 1
lz2loo < Ky, Ky =diD+ |1+ §d1w +de(14671)

[23]lo0 < K5, K3 =
Hence, from Lx = ANz, we obtain:

[21]loo < Kys [l2]loe < Koy [|23]lec < K-

Let Ky = max { Ky, Ky, K3} +1, 25 = {a(t) = (21(t), 22(t), 23(8)) " : [2]loo < Ku}-
Then we see that x belongs to the interior of {25, which yields a contradiction with
x € O0f2,; this contradiction came from Lx = ANx. Hence, condition (¢) of Theorem
1 is satisfied.

Moreover, Vo € 025 NKerL, and by using (5), if QNz = 0, then x2(t) = z3(t) =
0, x1(t) = K4 or z1(t) = —Ky4,. But if 21(t) = K4, we have

Aw i Cz(t)g(t, K4)dt = 0,

which implies by integral mean value theorem that there exists a point n € [0,w]
such that g(n, K4) = 0. From (Hy), we have K4 < D, which yields a contradiction.
Similarly, if z1(t) = —K4. Therefore, we also have QNx # 0, that is Vo € 925 N
KerL, = ¢ KerQ = ImL, so condition (i) of Theorem 1 is satisfied.

Now, we will show that condition (7i7) holds. Since Im@Q and KerL can be
identified, we can define the isomorphism J : ImQ) — KerL as follows:

J(x1,72,23)" = (—x3,21,72) "
Then

1 e [(@@F A0 F(EE1(0) + 3 cil)g(t et — 7i(8))) — e(t)
JQNI = — / T2 (t) dt.
w Jo

.’1?3(t>

Thus, we shall show that deg (JQN, 25N KerL, 0) 2 0. In order to do that, we use
the homotopy invariance of the degree. -
Define a continuous function H(z, p) : (22 NKerL) x [0,1] — R by

H(z,p)=1—pz+pJQNz, pel0,1].
Then for all (z, 1) € (062, NKerL) x (0,1)
(1—/1)5514-5 Jo Ta(t)E1+b(t) f(t,d1)+ D0 cig(t, wa(t—73)) —e(t)] dt

H(z,p) = {(Q—p) + p}za(t)
{(1 =)+ phas(t)

Thus H(z,0) = Iz and H(z,1) = JQNz, where Iz is the identity. Therefore,
H(x, ) is a homotopy from identity I to JQN.



EXISTENCE AND UNIQUENESS OF A PERIODIC SOLUTION 269

Since [;"e(t)dt = 0, and from (Hy), it is obvious that " H(z,u) # 0, for all
(x,p) € (8(22 N KerL) x [0,1]. Thus, by using the homotopy invariance theorem, we
get:

deg{JQN, 25 NKerL,0} = deg{I, 25 N KerL,0} # 0.
So condition (7i7) of Theorem 1 is satisfied. Then by applying Theorem 1, we can
conclude that equation Lz = Nz has at least one solution z = ($1,$2,$3)T on
25 N D(L), that is, (1) has an w-periodic solution x4 (t).

Similarly, let K, = max {Kl,KQ,K3}+1, {23 = {z = (21, m2,23) " : [|2]lo < K4}.

By following the same strategy as in Case (I), we find that all conditions of
Theorem 1 hold, so (1) has an w-periodic solution. O

4. Uniqueness result
In this section, if in (1) f(t,2(t)) = (t), a(t) = ||allco, b(t) = ||b]|co, then we have
the following uniqueness result.

Theorem 3. Assume that all conditions of Theorem 2 hold, A is a linear operator
and g(t,x) is a strictly monotone decreasing function of x such that:

M,
1—ds
4

(Hs) (i) 0< <1,if |d(t)] <1,

(19) 0 < <1, |d(@t)| > 1,

do—1
where
1

OJ3 n
My =do(1+do 7[ H ,
4 (1+ )+8 mc; T

+ dg}

2
+ % [3d2 4 3dod; + 3105 + doods + ||b\|oo}

n % [Halloo £ 3d1(1 4 61)2 + 3dooda(1 + 51)] T douby [3 436, + 5%}.

Then (1) has a unique w-periodic solution.

Proof. Suppose that wy(t) and us(t) are two w-periodic solutions of (1); then we
get:

3
5 [ 0) = Aua0)] + lallo [ (6) — 2 (0)] + [0l i1 () — (0]
£ 3l gt (e = m(0)) — gt ualt = m(0))] = 0.
Let z(t) = uq(t) — uz(t). We obtain:

3
L1(A=0)] + lalloz ) + B0
. (20)
+ > )9t wa(t = (1)) - gt ua(t = m(1))] = 0.

i=1
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Integrating (20) from 0 to w, we get:
| e [att (e~ m(0) = gtt. uate - (o)) <o

By using the mean value theorem, we find that there exists t3 € [0,w] such that:

g(ts,ua(ts — 7(t3))) — g(ts, uz(ts — 7(t3))) = 0. (21)

Let t3 — 7(t3) = t§ + mw, where ¢5 € [0,w], and m is an integer. Since g(t,z) is a
strictly monotone decreasing function of u, and from (21) and (Hz) we get:

z(t3) = w(t3) —ua(t3) = ui(ts — 7(t3)) —ua2(ts — 7(t3)) = 0.

Therefore,
t t
|2(t)] = |z(t§) +/ 2(s)ds| < / |2(s)lds, te€[t5, 5+ w].
t3 t3

Again, since z(t) is w-periodic, then we get:

t th+w
(s)ds| < / |2(s)|ds, t € [t5,t5 + w].
¢

|2(t)| = ’z(t?;‘ +w) +/

t; “+w

Combining the two above inequalities, we obtain:

A0 <5 [ 1lds

which implies that

1.
1l = SwliZ]lco- (22)
Furthermore, since z(0) = z(w), then there exists a point ¢4 € [0,w] such that

2(t4) = 0; thus
200 = ) + [ 2eas| < [ JzGo)las

Since £(t) is an w-periodic function, then

t

tatw
|z'(t)\=yz:(t4+w)+/ z(s)ds\g/t 15(s)|ds.

tatw

Combining the previous two inequalities, we get:

0125 [ s

which implies that

: 1.
12l = SwliZ]lco- (23)
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Similarly, we find:

8o = 5000 % e (24
Now, by definition of operator A, we find that (Az)(t) = 2(¢) — d(¢t)z(t — 6(t)), and
3
Llaaw] = 4% 0 d 0= - 50)

- [351’@)(1 —§(1) — 3d(D)8 () — d(t) § (t)} At —6(t)

— [3d(H)(1 = 5(1))? = 3d(1) (1 = b@)S®) |2t - 5(1))
- [ — 3d(t)5(¢) + 3d(t)82(t) — d(t)SB(t)} F(t— 8(1)).

(25)

Substituting of (25) in (20), then multiplying by z (t), we get:
(A7 @®) %)
=d ()2(t = d(t) Z (¢)
+ [3(1‘(75)(1 —5(t)) — 3d(t)d(t) — d(t) § (t)} At —0(t) 7 (b)

+ [3d(t)(1 — (1)) = 3d(t)(1 — S(t))a(t)} E(t—6(t) % (t)
+ [ — 3d(t)8(t) + 3d(t)6(t) — d(t)53(t)] Z(t—0(t) 7 (t) — ||lalls2(t) % ()

= [bllooz(t) = () = p_ ci(t) [g(t,m(t—n(t))) —g(tvuZ(t—Ti(t)))] Z (t).

v

s
Il
=

obtain:

¢}

Hence, from (2) and (Hy), w

[(AZ®)| % @)
< ds|a(t - 5(1)|| Z ()] + [3d2(1 +61) + 3d10 + doo(sg] 2t = 6| % )]

+ [ (14 81)2 4 8dc (1 + 00)a 2 — 60| | % (1)

+ [3doctt + 8ducd? + docdf]| £ (¢ = 6(1))]| % (1)

(26)

+ lall 20N 2 @)1+ Pl 2 0]+ 3 emlatt = @)l # (1)
Integrating (26) from 0 to w, we have:
JiaE @) s @l <olas+ > en| ]| el 7
0 i=1 inee

+ w[3d2(1 +61) + 3dy6s + docds + ||b\|oo} 2ol % oo
o w[llalloo + 3 (1+ 1) + 3doo (1 4+ 81)85 | |2l | % [l

+ wdood [3 438 + 03] £ %
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Thus, from (22), (23), and (24), we get:
“ wt = 1 12
|1z @z ol < 5o *;C’”HHUJ 1% 1%

3
w 2
T (3204 81) 4 88 - docs + Bl 1% 1% g

2
w
+ 5 [llallos + 81 (14 01)% + 3o (1 4+ 0180 I 2 1%

+ wdsedy [3 438, + 55} 15|12
But
/w (A% ®)|| % (1)|dt = /w (A% (1) [Pat + /w (A (1)||d(t) % (¢ — 5(2))|dt
0 0 0
<oA% |2+ dool1 + duo)| % |%]- (28)
Substituting (28) in (27), we obtain:

|4 % Hiog{ o1+ doo) [dg-l-ZcmH —

w2

T
+3 [\|a||oo+3d1(1+51)2+3doo(1+51)52} +doo [3+361+6ﬂ }|| 312

N (29)

[3d2(1 -+ 81) + 3d1 62 + docls + [b]}

< My 7 |5
Now, we have two cases:

e Case (I): If |d(t)| < 1, then from Lemma 1, we get:

1
7% = 2= A7tA 2< A7 2. 30
1% 1% tggx]! 2 (t)] tggg\ FOF <AL G0)

Thus, by substituting (30) in (29) and from (Hs), we obtain:

My
A% ]2 <

laE R = (1-g)la <o

1-—
which implies that ||A % |2, = 0.

e Case (II): If |d(¢)| > 1, then from Lemma 3, we get:

2 2 1 2
= = ATTAC <
1=l trrfoax| =0 tre%li]} cOF =

(31)

Hence, by substituting (31) in (29) and from (Hj;), we have:

2 My 2
— <
||Az|\oo_dM 1412 = (1- 729147 1% <o
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which implies that ||A % |2, = 0.

Since Az(t), Az(t), A2(t), A Z (t) are w-periodic and continuous functions, we
get:

Az(t) = Az(t) = AZ(t) = A Z (t) =0,

that is,

2(t)=2(t)=2(t) =% (t) =0
Thus u1(t) = ua(t) for all t € R, and the proof of Theorem 3 is completed. O
5. Example

Consider the following third-order neutral nonlinear differential equation:

3
% (z(t) - 51@ sin(4t) x(t - % cos,2(4t)>) + % cos(4t) (t) + % cos(4t) (t)

1 2
5 sin(t) (Za(t—isin(an) ) = dcos(40).
—&—;msm( )<7Tx i sin( )) cos(4t)
For n = 2,

d(t) = % sin(4t), 6(t) = ﬁ cos?(4t), a(t) = 3—12 cos(4t), b(t) = 1176 cos(4t),

c(t) = %Sin(4t), cao(t) = isin(élt), ft,z(t)) = a(t), m(t) = sin(4t),
To(t) = 2sin(4t), e(t) = 4cos(4t).

It is clear that w = g and

F(t3) = |&] with a=1, B=0, f(t0)=0, /e(t)dt:O, m =
0
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We also find:
1
doo = d(t)| = —sin(4t)| = —
o tg[l(?,%“ 0] 1ei0.3]| 512 sin )‘ 512’
d; = max |d(t)’ = max Lcos(4t) = i,
te[0,Z] te[0,Z]| 128 128
dy = max ’d(t)’ = max _—lsin(élt) = i,
te(0,%] tef0,5]| 32 32
dy = max | d ()| = max icos(élt) = 1,
te(0, ] tef0,2]| 8 8
01 = max |5(t)| = max isin(8t) = i,
t€[0, 2] tefo,7]| 64 64
d2 = max ’6(t)| = max llcos(St) = 1,
tef0,%] te[0,2]] 8 8
b3 = 5 ()| = in(st)| =1,
0= el 6 O] = o [ sin(30)
1
= t)| = — cos(4t)| = —
lalloo = max |a(®)] = mox |55 cos( )‘ 32’
||b]]cc = max |b(t)| = max icos(4t) = i,
te[0,Z] te[0,Z]| 16 16
lc1]lco = max ’cl(t)’ = max 1sin(élt) = 17
te[0,Z] tef0,Z]| 2 2
1
= t)| = = sin(4t)| = -
l[e2]loo tg[l(%%]kl( )| tg[l(%%] sin( )‘ T
1
¢ =max{llerllos, llezllc} = 5,
and
1 i 1 a 1 1
= X — X - @ | ==
1 -7l tel0.z] |[1—71| tefo,3] |1 —4cos(4t) 3’
1 1 1 1
= ma = ma. —_— | = —
1 =72l te[oé] 1—17 te[o,}g] 1—8cos(4t)| 7’
2
1 1 1 1 1
> . —H : H || =<+ = ~047619,
i=1 1 =7illoo L =71, 1-7all, 3 7
My =~ 0.03199, 1—dy — M; ~0.96606 >0, My~ 0.27307, M, =~ 0.2227.
M. M
Cleanly, dog < 1and 0 < 7—— "= ~ 0.28266 < 1, and 0 < -—— ~ 0.2231 < 1.

Thus, all the hypotheses of Theorem

1
2 and Theorem 3 hold.

It has also been proven that the example fulfills the hypotheses of Theorem 2 and
Theorem 3 using Matlab-Simulink. The periodicity of a solution for the considered
differential equation is shown by the following graph:
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Figure 1: Trajectory x(t)
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