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FEIXIANG L1 AND KAIMIN TENG*

Department of Mathematics, Taiyuan University of Technology, Taiyuan, Shanxi 030 024,
P. R. China

Received May 5, 2022; accepted April 28, 2023

Abstract. This paper is devoted to studying the Cauchy problem and a standing wave
for a class of nematic liquid crystal system. This system appears in the recent studies of
the propagation of a laser beam in a nematic liquid crystal. The above system couples
the Schrédinger evolution equation to a nonlinear elliptic equation which describes the
response of the director angle to the laser beam electric field. The global well-posedness
will be established by using the Banach fixed point theorem and the continuity argument.
Secondly, the existence of standing wave solution is established by using the constrained
minimization approach.
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1. Introduction

In this paper, we consider the Cauchy problem of the following nematic liquid crystal
system:

iOpu+ SAu+usin20 = plufP~2u, z € R?, (1)
—vAD + gsin 20 = 2[u|*cos 20,  x € R?,

where 2 < p < o0, u(t,z,y) and 0(t,z,y) depend on the optical axis coordinate
t € R and the transverse coordinate (z,y) € R?, A = 92 + 85, is the Laplacian
in the transverse directions, and u, v, ¢ are positive constants. System (1) models
the interaction between u and 6, where u represents the complex amplitude of the
electric field of the polarized laser beam passing through the nematic liquid crystal
sample, and 6 represents the director angle of the macroscopic orientation of the
liquid crystal molecule. In particular, system (1) can be described by the saturation
effect in liquid crystal optics. When p = 0, system (1) can be simplified to the
following nematic liquid crystal system with the saturation effect:

iOpu + 3 Au + usin260 = 0, x € R?, @)
—vABO + qsin 20 = 2|ul? cos 20, x € R2.

In [2], Borgna et al. considered the well-posed and solitary wave solutions of the

above system (2), and proved the existence of global solutions via the Banach fixed
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point theorem, and presented that the pointing vector angle is bounded for any
electric field, and additionally, normalized solutions were studied for the steady-
state problems corresponding to system (2). For the arbitrary adviation angle case,
in [3], Borgna et al. studied the well-posedness, decay and constrained minimizers
of the Hamiltonian of the following coupled nonlinear Schrodinger system:

{ d.u=LiAu+ iy (sin (¢ + 90) — 81112(00)) 3)
vAY = 1Eo sin(26) — 3(Eo” + [ul*) sin(2 (¢+90))

where Ey, v, 7y are positive constants, 6y € (7, ) is a constant. Model (3) arises in
the study of optical beam propagation in nematic liquid crystals and models a set
of experiments by Assanto and collaborators [5, 14, 15].

By using the small angle approximation sinf ~ 6, cosf ~ 1, system (2) reduces

to the following model:

iOu+ 3Au+2uf =0, z € R?, )
—vAf +2¢0 = 2|u|?, x e R

The directorial angle of system (4) has a unique solution § = G x |u|?, where G(z) =

20 Ny (1/ %|:L’|)7 and Ny is the modified Bessel function. Replacing it in the first

equation of system (4), it can be written as the Schrodinger equation with a Hartree-
type nonlinearity

1
10yu + §Au—|—2(G* [ul*) u=0, (5)

which describes the physical effect that a local electric field u can produce a deformed
direction-vector angle 6 over longer distances. As recognized by some authors [9, 16],
this nonlocal effect regularizes the dynamics of the electric field and avoids the finite-
time explosions that occur in two-dimensional cubic NLS (see [19]). In [11], Simon
Louis et al. via the Newton conjugate gradient method calculated solitary waves of
nematic liquid crystals. In 2004, Panayotars and Marchant ([12]) proved for the first
time the existence and stability results of single spatial optical solitary waves of (5).
In 2015, Wang and Li ([17]) discussed the propagation of two-color solitary waves
with exponential-decay response by using a variational approach. In particular,
Horikis and Frantzeskakis ([7]) were able to experimentally or numerically observe
solitary waves pairs.

For some general forms of system (2), in [21], Zhang et al. have recently studied
the existence of local and global solutions for the following Cauchy problems

g dlAu—&-glubln(M) =0, zeR?zeR,
v "‘Av—i—ggvsm(%) =0, z€R?zeR,
—Z/AG +gsin(20) = 2(g1|u|* + g2|v]?) cos(20), z € R2 z€R,

and proved the existence of positive radial ground state vector solitary wave solutions
by using the symmetric decreasing rearrangement method and the minimization
approach. Moreover, the experimental setup has been studied by physicists (see
[7, 8]) who were able to experimentally or numerically observe solitary wave pairs
which form bound state spinning about each other. Zhang et al. ([20]) studied a
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class of two-dimensional Hartree-type nonlinear Schrodinger systems with the Bessel
potential kernel,

ig—z + 2D, Au+ Ayusin(20) =0, (z,y) € R?,z € R,
iSY + 3Dy Av + Ayusin(20) =0, (z,y) € R%,z €R,
—vAO + gsin(20) = 2(A,|ul? + Ay|v|?) cos(20), (z,y) € R?, 2z € R,

established the global well-posedness and obtained the existence and orbital stabil-
ity of ground state vector solitary waves by applying variational methods and the
concentration-compactness lemma.

Compared with (2), there is a perturbation term |u|P~2u appearing in system
(1); naturally, it is interesting to discuss the influence of the perturbation term
on the existence of the global solution of system (1), even the ground state for
the corresponding steady equations. To the best of our knowledge, there are few
results about the existence of global solutions and a solitary wave for system (1) in
the literature. The main purpose of this paper is to establish the local and global
well-posedness of Cauchy problem (1) by using Banach fixed point theorem, the
conservation law and the Gagliardo-Nirenberg inequality, we will prove the existence
of the ground state solution for the steady equation of system (1) by using the
constrained minimization approach.

The rest of this paper is organized as follows. In Section 2, we list some elemen-
tary results. Section 3 is devoted to proving the global existence of the solution of
the initial problem (1). In Section 4, the existence of ground state solutions will be
proved.

2. Preliminaries

Let LP(R?) (p > 1) represent the usual Lebesgue space, for given m € N, and let
H™(R?) represent the Sobolev space. For I C R and Banach space X, we have
LP(I,X) ={u: 1 — X||u|lx € LP(I)}.

Consider the following Schrédinger equation:

i0u+ tAu+ f=0,t € R,z € R?,
2 (6)
u(0) = wo,

where uy € L%(R?), the integral equation equivalent to (6) is
¢

u(t) = W (tuo + i / Wt — s)f(s)ds,
0

where W (t) = ¢22, and {W(t) : t € R} is the unitary group generated by LA in
L?(R?). For any s € R, W(t) is an isomorphism in H*(R?). Suppose h(t) = W (t)uo,
g(t) = zfot W (t—s)f(s)ds, then u(t) = h(t)+g(t). The following Strichartz estimates
hold.

Lemma 1 (see [4]). Let1<r§2§p<oo,q:p2%2,fy:3f—i2;

Cp, Cp,r > 0 such that

there exists

{ 2l Lar,Ley < Cplluol| L2, (7)
lgllzacr,ory < Cprll fllvr,ory,
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for any interval I C R.
Lemma 2 (Gagliardo-Nirenberg inequalities [4]).

lollze < Cpar | VOllTs 0l (8)

where%—%z(l—%—l)a,0§o¢§1,1§q,r§oo,p>2.

r

For system (1), the Hamiltonian H is given by the following form:

1 1
H(u,0) = 1 /R2 (|Vu|2 + v|VO|? — 2|ul?sin(26) + ¢(1 — cos(26))) dx — E/W |u|Pdz.

Now we show that ||u(x,t)|| .2 and energy H(u,0) are conserved.

Lemma 3. Let u be the solution of system (1); then the conservation law holds.
[u(z, )l L2 = lluollz2,  H(u,0) = H(uo, 0). (9)

Proof. Let u be the solution of system (1); then multiply both sides of the first
equation of (1) by @, and we have

1
10Ut + iAuﬂ + usin(20)a = |ulP~ 2.

Then integrating over R?,

; d 1
37/ |u\2d1:—f/ \Vu|2d1:+/ |u|281n(20)d3::/ lufPdz,
2 dt R2 2 R2 R2 R2

we have & [, [u|? = 0. Therefore |[u(z,t)|z2 = ||uo|/z2, and

1 .
s + SIVullz: = /RQ |uf* sin(20) < [[ul|Z2 = [JuollZ--
Since
1
OH = iAu —usin(20) — |ulP"?u, OpH = —%AG — |u|? cos(26) + gsin(%),

by simple calculation, we have

aa%(“a 9) = <auHa 8tu> + <80H, at9> = (i@tuﬁtu} = O7

that is, H(u,0) = H(ug, 0). Moreover, we see that

4
IVullZs + llullf < 4H (u,0) + 3[ul7. + EHUIIZE;w
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Let N(z,0) : R?> x R — R be a Carathéodory function, that is, for every 6 € R,
N(z,0) is measurable with respect to z, and for almost all z € R% N(z,6) is
continuous with respect to 6§ € R. We write the second equation in system (1) as

A0 = N(w,0), N(u,6) =L sin(20) + %|u|2 cos(26). (10)

Obviously, N (u, ) decreases in the interval [0, §]. For any u € C and 6 € [0, 7], the
function N (u(z),0), z € R?, satisfies the Carathéodory condition and |N(u,0)| <
C(0] + |ul?). Therefore N(u(z),0) := N(z,0) is a Carathéodory function, and
Nemytskii operator §# — N (x, ) is a bounded continuous mapping on L?(R?).

In [2], the existence and uniqueness of equation (10) have been established, we
list some results which will be used in the sequel.

Lemma 4. Let u € L*(R?) N L>®(R?); then 0 < 0(x) < Opax < § for all x € R?,

2 2
where Opqp = %arctan 2lullzee

Lemma 5. Let u € L*(R?) N L>®(R?); then equation (1) has a unique solution
9 € H*(R?), and 0 < 0(z) < T, Va € R?. Moreover, ||0| g2 < Clul|3.

3. Well-posedness of the problem

We now counsider the initial value problem for system (1), written as

{u(t) =W(t)uo +if0t W (t — s)(u(s)[sin(2(0(s)) — |u(s)[P~2)]ds, t e R, (11)
—~Af0 = N(u,0), z€R?

where N(u,6) = —%sin(26) + 2|u/? cos(26), and W is the unitary group generated
by %A.
Given ¢ > 0, define the set

X = {ue C(0,¢, H'(R?) : Vu € L77 ([0, (], LP(R?))},
endowed with the norm

e = Tuleqoqmsqeen + IVl any

4(p—1)

Clearly, X¢ is a Banach space and if u € X¢, then u € L2 ([0,¢],L>®(R?)). In
fact, in Lemma 2, taking ¢ = 00, r =2, a =

2(17—1)7

lullze < CIVull ™ flul 2™ = OVl 37 fluf 220 5,

Therefore, in view of u € C([0,¢], H*(R?)), we have
¢ p
23y =25y 257 =25y
il gy <€ [ IV T < 0 [ vl

P ’Y P v
<C|\u||zf,o([10<] Hl(RQ))/ V) 2507
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(p—1)
2

Taking v = 4p_ in the above inequality, we obtain that

—2
u _ < Cllu 200 Vul ™ ’
(|l 4(;7721)([0 (L @) [ HL ([O,C},HI(RZ))” ||L72%([0,{],LP(R2))

)

Define the mapping 7 : H*(R?) () L>®(R?) — H?(R?), n(u) = 0, where 0 is the
solution of equation (10). Lipschitz continuity of the mapping 1 was proved (see
Proposition 4.1 in [2]). We recall it as follows.

Lemma 6.
In(ur) = n(ug) |2 < Cog(urllar + lJuzllg) (14 [Jual|Fe + lJual|Fo) lus — ualar-

From Strichartz estimates, i.e., Lemma 1, we can easily deduce the following
estimates.

Lemma 7. Let f € L*([0,(], H'(R?)), and let g be defined by

g(t) = i/o W(t—s)f(s)ds.

Then g € X¢ and satisfies ”g”Xc < COfllzro,e,mr (R2))-

Proof. Since W (t) is a unitary operator, we have || gl|c(o,c;,51) < I|fll21(j0,¢), 52 (R2))-
By virtue of the fact that

¢
Vy(t) = z/ W(t —s)Vf(s)ds,
0
and Lemma 1 (taking r = 2,7 = 1), we obtain

) <
”vg”L%([&(],LP(R?)) < Cr2lIV£llLio,g.2®2)),

which leads to

lgllxe = lgllcqo.q.m@) 1Vl 2 o geyy S ClF L . E2)-

O

Lemma 8. Let ug € H'(R?) and h(t) = W (t)uo, therefore, ||h|x, < C|luo| g (rz2)-

Proof. By (7 h Vh|  p <C . Using th ty of
roo y (7), we have || ||Lp{2([07<]7LP(R2)) [[wollz2 sing the property o

W, we have

IOl co.q.am) =W (uollco.c.any =sup [[W(t)uollgr =sup luollar = [luolla1,
t€[0,¢] t€[0,¢]

which yields that

[Pllx; < Clluollar + [luollmr < Clluoll -
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Lemma 9. Let B(u) = usin(2n(u)) — |u[P~?u. Then the map B : X — L*([0,¢],
H'(R?)) is bounded. Moreover, for any R > 0 there exists C > 0 such that u € X
and |[ul| x. < R imply || B(u)l 10,1, 11 r2y) < CCllully, -

Proof. Let § = n(u); then B(u) = usin(20) — |u/P~2u. By the Sobolev embedding
inequality, we have that || B(u)||z2 < |Jullz2 + ||u||’l’;11. Since VB(u) = Vusin(20) +
2ucos(20)VO — (p — 1)|ulP~2 - Vu, by Lemma 4 and Holder inequalities, we deduce
that

IVB(u)llz2 <[ Vullz2 + 2full sl VOl s + (p — D |ul~* V] 2

<9l + Cillalze0e + = 1) ( [ 1P 9uas )
R2

<CallVuls + ulf) + o ([ 1) ([ 1)
R2 R2

-2
<C(llull g + [[ul3) + Csllull % | Vul| o
Integrating over [0, (], we get

¢ ¢
[ 1Blmde < [ (1B +IVB@)2) ds
0 0

¢ p—2)
< | (e = s + s’ + Collul 7219l ) s
<C (Jlull o o.61m1 oyl o121 gy + I 0.y s oy ) €
¢
+Hu||zljz;2([0,C]’Hl)/0 ||VU||LPd8

<C (1l zoe 0.1, w2 + 1l 10,0110 oy + 1l 2,112y ) €

p—2
2p

¢ 2p
-2 =3 pt2
+ Hu”ioo([O,C]’Hl) ( . ||VU||EP2> C 2p

<C (HUHLOC([O,C],Hl(R?))+||u||:z°°([0,§],H1(R2))+||u||i;1([07g],Hl(R2))> ¢
p+2

+ HUHL°" (l0,c1,m) IV HLP 2 ([0,¢,LP]) C g

< (OC(l + R+ RP?) + CWR”‘Q) [ull Lo (10,61, 1 (m2)) -
O

In view of the above estimates, we can obtain Lipschitz continuity of the mapping
B(u).

Lemma 10. The mapping B defined in Lemma 9 is locally Lipschitz continuous,
that is, for any R > 0, there exists C(R) > 0 such that when ui,us € X¢ and
lurllxc [[uzllx, < R, we have

p2—2p+ p+2
1B(u1) — B(u2)l|zro,q,mr @2 S CR)(C+HC #»° +¢C 2 )|lur — ugllx,-
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Proof. Let ui,us € X¢ satisfy [Juil|x,, |luz|x. < R. Since

[t [P~y — [ua [P~ %ug| <Cpluy — ug|(jur| + |ug])?~?

<Cpluy — ug|(Jur [P~2 + Jug|P~?),
we deduce that

|B(u1) — B(ug)| <|uq sin(26;) — |u1\p_2u1 — ug sin(2603) + |u2|p_2u2\
<Juy — ug| + 2uzl[01 — Oz] + [Juz | *ug — |ug [P u|

<luy — uz| + 2lus||0y — ba + Cplur — ua| ([P + |uaP72),
where 6; = n(u;). By Holder’s inequality, we have

[B(u1) — B(u2)l|r2 <[lur — uzl[r2 + 2||uz|pa |01 — b2/ 1
+ Cs(||ual%2r + Nual52) (lur — uzl e
<Cy([lur — U2HH1 + l[uzll 21|61 — 2]
+ Cs(ua |22 + luall5?) (lur — vl g)-

(12)

On the other hand, by a simple calculation, one has

<|V(u1 — ug)| + 2|Vusa||61 — 02| + 2|us — us|| VO]
+ 2|ua||[VOy — VO | + 4|us||02 — 61| V2]
+(p = D P72V (ur — us)
+(p = 1)|Vuz|jur [P72 — Jug [P~

=I +1I+ I3+ 14+ Is + Ig + Ir.

By using the Sobolev embedding inequality and Holder’s inequalities, we have

[1]lrz < [IV(ur —u2)l[re < [lur — uallm,

[L2]|r2 < C[|Vuz|[z2(|01 — b2[|Le < Cllua|lm |61 — 2] 12,
[Z3][2 < C|[VO1|Lallur — uzllps < OO m2llur — w2l a,
[Lal[z2 < Clluz|[24]|VO2 — VOi[|ps < Cllug| (|61 — 02|12,

[15]|L2 < Cllug||p4||VO2||L4]|61 — OaflLe < Clluz| g ||02] 21|02 — 01 12,

p—2
I3 < G, ( v - vm) ( / Iull2pdz> ’

= CplIV(ur — u2) || 2o [lua |55,
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and
_ _9212
Bl = [ (0= 02190 a2 = Juap 2 de
R
< [ o= VPVl [l s~ ol Puaf” o
R2
2 2 p-3|?
= [ = 02190 [jur = ] s + a7
R2
< Cp/ |Vuz\2|u1—uQ|2‘\ul\%’_?’)+|u2|2(p_3)’dx
]RQ

= Cp/ |Vu2\2|u1 —uz|2|u1|2(p_3)dx+0p/ \Vu2|2|u1 —u2|2|uQ|2(”_3)dm
R2 R?

2
P

<Gy (/ Vu2|pda:> </ lug — uQ|2pdx) ’ (/ |u1|2pdg;> '
R2 R2 R2

2 1

= p=3
+C, </ |Vuz|pdx) (/ lug — u2|2pdx> (/ |uQ|2pdm)
R2 R2 R2

2(p—3 2(p—3
= Cyll Vel llur — wzllfen (a3 + fuall3% )

2(p—3 2(p—3
< O Vus o llr = ol (el + s 32 7) - (13)

In view of Lemma 4, we know that ||0, g2 < C||u;||3:. By Lemma 2 and (8), we
get that

2 p=2 2 p=2
[ullLee < ClIVullpollull e < ClIVull Lo llull gy -

Therefore, according to (12), (13) and Lemma 6, we deduce that

| B(u1) — B(uz)|| g
<Clluy — uz|l g + Cllug|| 161 — Oal| g2 + C (][5
+ ual55%) (lur — ol ) + llus — uallmr + Clluz]l (161 — 6 2
+ Cllur —uzl| g |01] 2+ Clluz| 1 |01 — 02 || 2 + Clluz| 12 |61 — 02| 12|62 22
+ C||V (ur — )| o [[ua [3:% + Cllur — ug |l g2 | Vg Lo (||U1||]fq_13 + ||U2||Z_13)

<(C A llunll® + w2l + sl + 1+ ClIVuz) oo (lua 57 + luall3:7)
+ Cllluallm + w2l ) (luall e+ ezl ) (e + el 2o ) llus —uz |l
+ OV (w1 — ua)l| o Jua |

<(C + ualff® + Nuzlfn® + llua 7+ 1+ Ol Vuz| oo (lun 157 + Juzllfa®)

2(p—2)

4
+ O(lluzll e + lluzllz) (luall e + el m) (1 + Ol Vua || 7o llu || "
4 2(p—2)
+ OV, lluall ™)) X [lur = ual| g+ C[V (ur = us) | o [Jua |57

From ||us| x. < R, we see that ||u;|| g1 < R(i = 1,2), for Vt € [0,¢]. Thus, integrating
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over [0, ¢], and using Holder’s inequality, we get
¢
1) - Bl ds
0

¢ 4 4
<) [ [0+ 19w, + 1Vl o + [Vual)lhs = vl
1V (1 = w2l | ds (14)

¢ 4 4
<Csup ol [0+ 19, + 19l ], + 19l
0,¢ 0

¢
+/ 9/ (1 — ) [ 1ds].
0

where C'(R) is a positive constant that only depends on R. By Hoélder’s inequality
and [|u;]|x, < R, we have

2

¢ 4 ¢ 2 2(1’1;2) ¢ 2 P*221)+4
/|\Vu1||£pds§(/ [V [} 7ds) (/ 1)
0 0 0

(15)
4 p2—2p+4
<Rv¢ »*
¢ ¢ _2p_ p—2 ¢ 2p p+2 p+2
| 19 uslands < ([ 190sl770) 5 ([ 17055 < R, (16)
0 0 0

and

p=2 pt2

¢ ¢ 2 2p ¢ 2p
/0 IV (w1 — )| ods < </0 IV (us — ua)||7s ds> (/0 1ds> -

otz
< ¢ luy — ugl|x, -
Therefore, by (14), (15), (16), (17), we get

p2—2p+4

pt2
[B(u1) = Buz)ll L1 (o, my) < CR)(CHC 7 + ¢ )|lug — uel|x,,
where C'(R) is a positive constant that only depends on R. O

Theorem 1. Let ug € H'(R?); then there exist ( = ((||luo||z2) > 0, problem (11)
has a unique solution (u,8) € X x L>=([0,¢], H*(R?)) on the interval [0,(], and
6 € [0,7m/4]. Moreover, the mapping ug — u is continuous from H'(R?) to X..

Proof. Define a mapping I' : X, — X given by the following form:
t
(Tu)(t) = W (t)ug + z/ W(t —s)B(u(s))ds, te€]0,(].
0

In view of Lemma 4, we have § = n(u) € L*([0,¢], H*(R?)) if u € X¢. From
ug € H'(R?) and Lemma 8, we see that h(t) = W (t)up € X¢, t € [0,(].



NEMATIC LIQUID CRYSTAL SYSTEM 267

Now let us consider a closed ball Bg(h) C X, where R > 0. For any u € Bgr(h),
by virtue of Lemma 7 and Lemma 9, taking ¢ sufficiently small, we have

t
IT(u) = hllx. = ||/0 W (t = s)B(u(s))ds| x, < ClIBl[Lr(o,¢1.7) < CCllullx, < R,

that is, I' : Br(h) — Bgr(h) is well defined.
Next, we show that I' is a contraction mapping on Bg(h). In fact, let uj,us €
Br(h) C X¢; then

I(uq)(t) — T(ug)(t) = Z/o W (t = s)(B(ui(s)) — Bluz(s)))ds.
Thus, by Lemma 7 and Lemma 10, we have

I (ur) = T(ug)llx. < ClIB(ui(s)) = Blua(s))llr(o,),m)

b2 (18)
SCR)(CH+HC # +¢2)|lur — uglx,.

p2—2p+4 p
Taking ¢ sufficiently small such that C(R)(¢( + ¢  »*  + C%PQ) < £ leads to

1
[T (u1) — T(uz)|lx, < §||U1 —ua|lx,,

which means that T possesses the contraction property on Bg(h).

Applying the Banach contraction mapping theorem, there exists a unique u €
Bgr(h), such that I'(u) = w, that is;

u(t) = T(u)(t) = W(t)ug +i/0 W(t — s)B(u(s))ds, te€]0,(].

Thus the first equation of system (11) has a unique local solution w(z,t) on the
interval [0, (].

Finally, we prove the continuous dependence of the solution on the initial con-
ditions. Tor this reason, let the solution corresponding to initial conditions v; €
HY(R?) be uj, j = 1,2. Obviously, u; = T'y,(u;), j = 1,2. Thus, by (18) and
Lemma 8, we have

[lur = wallxe < ([T, (u1) = To, (u2) | x,

= ||W(t)U1_W(t)U2||X<+Hi/O W(t—s) x (B(u(s)) = B(uz(s))) ds| x,

p2—2pt4 P2
< [W(Hor =W (osl|x +C(R)(C+C 7 45l —ua|x, (19)
p2—2p+4

— W) (01 —v2)[[x. + CRYCHC 7 45 )Jug — s x,

p2—2pta

p+2
< COllor = vallgr + CR)(CHC 7 + 2 )[Jun — g x
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p2—2ptd p
Let us take ¢ sufficiently small such that C(R)({+¢  #? +C2%2) < 1. Thus, (19)
implies

|ur — uallx, < Cllvr — v2| m,

which implies the continuous dependence property of the solution on the initial
data. O

Theorem 2 (Global existence). Let ug € H*(R?); then the problem has a unique
solution (u,0) € C(R, H*(R?)) x L*(R, H*(R?)), such that 0 € [0,7/4], Vu €
2

L7 2 (R, LP(R2)).

loc

Proof. Assume that (u,#) is a solution of system (1). By Lemma 3, we get that

HU(SL’,t)HL2(R2) = ||’LL0||LZ(]R2)7 H(U(.’E,t),g(l',t)) = H(Uo,ao), 90 = ﬂ(UO)

Since

1 1 1
H(u,0) > 2 [Vulzz = 5llullfz - Z;IIUH]Zp,

and

lullFp < 4H (u,0) + 3[lullZ> + Cpllullf, < Clluolz, (20)

we deduce that [|ul| g1 (g2 is bounded, and its bounds are controlled by ||ugl| 1.

For t € [0,¢], (1) has a unique solution on the interval [0, (], which satisfies
equation (9). From (20), we have ||u(x,{)||g1 < |luo||g:- Let tg = u(x, ¢), similarly
to the proof of Theorem 1, a weak solution u(x,t + ¢) of (1) exists on [0, (], and
satisfies (9). Define

u(x’t):{ﬂ(m,t—g),0<C<t<2C' 2y

Obviously, u(z,t) defined by (21) is the solution of system (1) on the interval [0, 2¢],
and for { <t < 2¢, we have

[uz, t)][z2 = [[u(z,t = OllL2 = [uollz = llulz, Q)2 = lluollz2,

and
H(u,0) = H(u(x,t —¢),0) = H(tp,8) = H(u,0) = H(ug, bp).

Therefore, for all ¢t € [0,2¢], u(x,t) satisfies the conservation law (9). In addition,
from (20), we have ||u(z,2¢)|| g < Cllug|lgr. Next, repeating the discussion above,
constructing a solution of (1) on [0, +00) for all ¢ > 0. In the same way, we can
discuss the case of t < 0 and obtain the global solution of (1) on R, which satisfies (9).

O
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4. Existence of ground state solution

In this section, we will prove the existence of the ground state solution (u, ) for a
steady-state problem related to system (1).

Let u(z,t) = eto(x), where 0 € RY, 0(z,t) = ¢(z), system (1) becomes the
following system:

—Av + 200 = 2vsin(2¢) + 2v|P~%v, in R?, (22)
—vA@ + gsin(2¢) = 202 cos(2¢), in R2.

The energy function J : H'(R?) x H'(R?) — R corresponding to system (22) is

defined as follows:

J(v, @) :i /R2 (|Vv|2 + 20v)? 4+ v|V|* 4+ q(1 — cos(2¢)))) dz

1 1
—7/ |v|2sin(2¢)dac—f/ |v|Pdx.
2 R2 P JRr2

From ¢ € [0, §], we have

/ |v]? sin(2¢)dz < / |v|dz, / $*dr < / [1 —cos(2¢)]dx <2 [ ¢*dx.
R? R? R? R? B2

Therefore, J(v, $) is well defined on H'(R?) x H!'(R?). By a standard argument,
J € C1(H'(R?) x H(R?),R), and V(w,v) € H'(R?) x H'(R?),

(w0, (wow) =3 [

(Vva + 200w — 20w sin(2¢))dx - / |v[P~2vwdz
R2 R2

+ % /]Rz (VV¢V1/) — 2|v|? cos(2¢)1) + qsin(2¢)¢) dz.
Obviously, if (v,¢) € H'(R?) x H'(R?) is a critical point of J, then (u,#) is
a weak solution of system (22). Let V(z) = 20 — 2sin(2¢), from ¢ € [0, 7] and
assuming o > 1 + ap, where o9 > 0, V(z) is a bounded potential on R? with
positive and lower bounds. Using Lemma 1 in [13], we see that the solution v is a
continuous function on R?, and v € L>(R?), | llim v(z) = 0. By virtue of Lemma 4
&T|—0o0
in Section 2, we have ¢ € [0, 0,,42], where O = %arctan %, Omax < §. From
Lemma 5 in Section 2, we know that [|¢|| g2 < C||v|3..
Let ¢* denote the symmetric decreasing rearrangement of ¢ : R” — R, which
is the measurable function such that [{x € R™ : p(z) > t}| < oo, for all ¢ > 0. From
[10], we have the following lemma.

Lemma 11. Let f : Ry — Ry be a increasing continuous function such that f(0) =
0; then for all o : R™ - Ry, (fop)* = fogp*.

The symmetric properties of functional J(v,¢) can be obtained according to
Lemma 11.
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Proposition 1. Let (v,¢) € H'(R?*) x H'(R?), and v > 0, 0 < ¢ < T, ie.
in R2. Then J(v*,¢*) < J(v,9), where v* and ¢* are the symmetric decreasing

rearrangements of v and ¢, respectively.

Proof. By the Pdlya-Szego inequality, we have

1 N v N 1 v
21902 + 21V |3 < ZIVolEe + 21963 (23)

The functions 1 —cos(2¢), sin(2¢) are increasing continuous on [0, 7/4] and vanishes
at the origin, and Lemma 11 implies (1 — cos(2¢))* = 1 — cos(2¢*), (sin(2¢))* =
sin(2¢*). Therefore,

/]Rz %(1 —cos(2¢))dx = / %(1 —cos(2¢))*dx = %/W(l —cos(2¢%))dx.  (24)

R2

By the Riesz inequality for the rearrangement inequality in [10], we have

/ v sin(2¢)dx S/ v*? sin(26)*dx :/ v*? sin(2¢")dz, (25)
R2 R2 R2
and
122 = o220 llollfe = [0 (26)
Therefore, from (23), (24), (25), (26), we have J(v*, ¢*) < J(v, ®). O

We introduce the Nehari manifold
N ={(v.¢) € H'(R®) x H'(R?*): v#0, ¢ #0, (J'(v,9), (v, 9)) = 0}.
Lemma 12. Let p > 2; then the Nehari manifold N # (.
Proof. Let (v,¢) € HY(R?) x H'(R?), and v # 0, ¢ # 0. Let v = to(t2z),
Op = (b(t_%x), where t > 0. By calculation, we have

1
t) = (J (v, 1), (v, 8)) =517 [ |V’ da + ot? Ydr —t7 | v sin(2¢)d
90 = (w00, (00 00)) =58 [ [VePdosat’ [ pfde =t [ o sin(o)ds

_t2p+1/ v[Pdz + 5/ |V¢|2d$

R2 2 ]RQ

— t3/ v? cos(29) - pdx + gt/ sin(2¢) - ¢dx.
- 2" Jee

Clearly, y(t) — % [o2 |V@|?dz > 0 for t — 07, and y(¢t) — —oo for t — +o0.
Then there exists t; > 0, such that y(t1) = 0, that is, (J'(ve,, ¢¢,), (Vt,, Pr,)) = 0.
Obviously, vy, # 0, ¢y, ) # 0. We conclude that (ve,, ¢y, ) € N, and N # . O

From Lemma 12, we can consider the following minimum problem:

inf J(v,9) :=m. 27
Wit (v, ¢) (27)

Lemma 13. It holds that m > 0.
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Proof. By (v,¢) € N, we deduce that

T(0,6) = T(0,0) = 5{7'(0,6), (0,6))

=1 [ I + 200 4 V6P — 26%sin(26) + 4(1 - cos(26))]da
R2

1 1 o 1
- = Pdr — — | |Vol*de — = 2d 7/2'261
p/R?|U| x 4/]R2| v|*dx 2/&@21} a:+2 R2v sin(2¢)dx

1 1
+5 /R jo[Pda — g/R Vo[*dz + 5 /R v* cos(20) - ¢dx
q .
-1 /]R2 sin(2¢) - pdx
=5~ %ﬂ /IR oldz + 4 /Rz[(1 ~ cos(29)) — sin(2¢)d]dx

1
+ 3 /]R2 v? cos(2¢) pdx

1 1

> (5= ) [ JoPda+ % [ (1 cos(20) —sin(20)ed > 0

where we have used the following fact: 1—cos(2z) —x sin(2x) > 0, for any 2 € [0, §].
The proof is completed. O

Next, we use the minimization method to prove that the minimum energy m can
be achieved.

Lemma 14. Let 0 > 1+ ag, p > 2, where ag > 0 is a constant; then there exist
(v,¢) € HX(R?) x H}(R?), such that J(v,¢) = m.

Proof. Set

Ny ={(v,¢) € Hy(R*) x Hy(R?): v#0, ¢ #0, (J'(v,0),(v,)) =0},

and then

= inf J(v,¢)= inf J(v,):=my.
m= of J¢)= nf J©¢):i=m

In fact, since J(v, ¢) = J(|v|, ¢), we may assume that v is non-negative. By Propo-
sition 1, we see that J(v*, ¢*) < J(v, ¢), which implies that m; > m. On the other
hand, let (v*, ¢*) € N,. Then (v*, ¢*) € N, which leads to m; < m. Then m = m;.
Let (v, ¢n) € H}(R?) x H}(R?) be a minimizing sequence such that J(v,,, ¢,) — m
as n — oo.
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By calculation, we can get

1
J('Una ¢n) - ];<J/('Un» ¢n)a (vnv ¢n)>
~1_1 2 (T 2, (LY 2
~(3 = 3 IVenlts + (G = Dllnllts + (5 = 22)IV6al3s
—(1—1)/ vflsin(2¢n)dx+g/ [1 — cos(2¢y,)]dz
2 P Jr2 4 R2
—|—1/ vicos(2¢n)-q§ndx—i/ sin(2¢y,) - ¢ndx
P JRr2 2p Jp2
1 1 o O v v
>7—7 22 - - 22 - n22
—(l—l)/ Uflsin(2¢n)d$+g/ [1 — cos(2¢y,) — sin(2¢y,) - ¢n]dx
2 P Jr2 4 R2
4—]%/R2 v2 cos(26y,) - pndx
1 1 o O v v 1 1
S22 2, o o 2 v v 2. — (= — = 2,
(1 = g IVonls + (G = Dluall + (5 = 70 I90nls - (5 = )l

1 1 1
>min{~ — —, (0 - 1)((= —
_mln{4 2p,(0 )( 5

v

1%
DHvallzs + (5 %)Ilwnlliz-

"=

Since 0 > 1 and p > 2, using Lemma 5, we obtain that {(v,, ¢,)} is bounded in
H(R?)x H}(R?) up to a subsequence still denoted by {(v,, )}, and we can assume
that there exist v, ¢ € H}(R?) such that

Un AU,QSn 4\¢7 IHH;(RQ),
Vp =0, ¢p — ¢, inL5(R?), (2 < s < ), (28)
V() = v(2), Pp(1) = P(z), a.e. in R2

and v, ¢ > 0, i.e. in R2. We now prove that (v,¢) € N, and J(v,¢) = m. By (28)
and weak lower semi-continuity of the norm function, we have

1 1
SIVola + ZIV6]3. < liming (2||wn||i2 + ;Hwn%z) . @)

By (29), Holder’s inequality and Lebesgue’s dominated convergence theorem, we
can obtain

/ |2 sin(2¢,,) — v* sin(2¢) | da
R2
= |(v2 — v?) sin(2¢,,) + v(sin(26, ) — sin(2¢))|dz
- (30)
< /R2 2 — 0?2, |dz + /Rz v?|sin(2¢,) — sin(2¢)|dx

= (/R2 v~ 1)2|2dx)%(/Rz [6n[*da)* + /R2 v?|sin(2¢,,) — sin(2¢)|dz — 0.
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By Fatou’s lemma, we have
q/ sin(2¢) - ¢pdx < qliminf/ sin(2¢y,) - ¢pde. (31)
R2 n—0oo Jp2
Since
/ | cos(2¢,) - ¢ — cos(20) - P> da
RZ
3
< / ‘|¢n — ¢| cos(2¢y,) + P| cos(2¢,,) — cos(26)|| dx
R2
(32)

< ZL/R2 |, — &|° cos®(2¢,, )dx + /]R2 $3| cos(2¢,,) — cos(2¢)[Pdx

<4 [ Jon oot o)dat [ 616+ 0ul0— 6, da

— 0,

then by (32), we have

‘/ v2 cos(2¢,,) - Pn — 12 cos(2¢) - gi)d:z:‘
R2

:’ /z(vn —v )cos(2¢n) -y + 02 (cos(2¢y) - pn — cos(2¢) - @) ‘
® 1 : (33)

(/ 02 — 22dx) <AQ|COS(2¢H)~¢n|3dx>S+(/Rz|v3d:c>
(L

Therefore, according to (29), (30), (31), and (33), we can obtain

cos(2¢y,) - ¢dn, — cos(29) - ¢‘3dx> ’ — 0.

1
S IVolEe 4 olols + F19l3: + 2 [ sin(26) - ods
2 2 2 Jge
31
S/ v? sin(2¢)dx + ||v||}, —|—/ v% cos(2¢) - dz.
R2 R2

If the equality in (34) holds, then (v,¢) € N,. So, arguing by contradiction, we
assume that

1 v q .
L 9ulza +ololZs + Z1vel. + 2 / sin(26) - 6
2 2 2 Jao
< [ otsinC2o) 4 ol + [ o eos(z0) -6
R2 R2

Let 7( ) = (J'(vt, Pr), (v4, &¢)), where vy = tv(t_%x), ¢y = ¢(t_%$). Clearly,
() = 5[IVe[7. >0 f rt — 0%, and v(1) < 0. Therefore, there exists t € (0, 1),
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such that v(¢) = 0, i.e., (vs, ¢1) € Ny.. Thus, by (29), (30), and Fatou’s lemma, we
deduce that

m <J(ve, ¢r) = J(ve, dr) — %<J/(’Ut;¢)t)a (ve, d1))

_a
-1/

¢ )
+ 5/]1%2 |v|* cos(2¢) pdx

_ _ osi 1 1o
(1= cos(20) — Gsin(29)) da + (5~ )¢ /R2\U|de

a _ i o1 1 2
<3 /R2 (1 —cos(2¢) — ¢sin(2¢)) dz + (2 p) /R2 |v|Pdx + 5 /11@2 |v|* cos(2¢)pdx

1 1
<liminf (1 = cos(2dn) — ¢n sin(2¢,,)) dx + liminf(= — ) / |v [Pda
n—oo 2 p R2

n—o0 R2

1
+liminf7/ v2 cos(2, ) ppda
2 Je

n—oo

<lim inf [%/ (1 = cos(2¢n) — Pn sin(2¢y,)) dx + (% - %)/ |vn|Pdx
R2 R2

n—oo

+ % /R? v2 cos(2¢n)¢ndx}

=lim inf (J(’Un7 (bn) - %(JI('Una ¢n)7 (Un7 ¢n)>) = lim J(Uru (bn) =m,

n—00 n—oo

which leads to a contradiction. Therefore, the equality in (34) holds and then (v, ¢) €
N;.. By weak lower semi-continuity of the norm function, (29), and (30), we get that

J(v,¢) < liminf J(vy, ¢n) = m.
n—oo

On the other hand, owing to (v, ¢) € N,., we have that J(v,¢) > m, and so J(v, ¢) =
m. This completes the proof. O

Lemma 15. Let (v,¢) € H}(R?) x H}(R?) be the minimizer of the minimiza-
tion problem (27); then there exists qo > 0 such that for any q > qo, there holds
J'(,6) = 0.

Proof. Let G(v,¢) = (J'(v, ¢), (v,9)) = 0. Applying the Lagrange multiplier the-
orem, there exists p € R, such that J'(v,¢) = pG’'(v,$). Next, we prove u = 0.
Indeed, by simple computation, we get

(000,00 = [ 190 +20lofde =2 [ (02sin26) + 20 cos(20)0
—v?sin(20)p? + %1}2 cos(2¢)p)dx + q/ (cos(2¢)p?
R2
+%sin(2¢)¢)dm —p/RZ [v|Pdz + V/]R2 |Vo|dx
=2-p)|vlt, + / (20? sin(24)d? — 3v? cos(2¢)¢)dx
R2

tq / (cos(29)07 — 3 sin(26)6)d. (35)
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Observing that 222 cos(2x) —x sin(2z) < 0, for any x € [0,
0, such that 2 [5, (v? sin(2¢) ¢ — 3v% cos(2¢)¢)dz+q [z. (co
0, for any g > qo. Therefore, by (35), we deduce that

(G' (v, 9), (v, 8)) < 0.

This implies that u = 0. Thus, we conclude that J'(v,¢) = 0. O

]. Thus, there exists gy >
(20)¢* — 5 sin(2¢)¢)dz <

& =

Theorem 3. Let 0 > 1+ 09, p > 2, and there exists qo > 0, satisfying ¢ > qo,
where oo > 0 is a constant. Then system (22) has a normal ground state solution
(v.¢) € H; (R?) x Hy (R?).

Proof. From Lemma 14, there exists (v,¢) € N, such that J(v,¢) = m. By
Lemma 15, we have J'(v,¢) = 0, i.e., (v,¢) is the ground solution of system (22),
and the proof is completed. O
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