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Abstract. By analogy with the classical case, noncommutative differential calculus on a
quantum superspace can be extended to the Cartan calculus by introducing inner deriva-
tions and Lie derivatives. So, to give the Cartan calculus on the algebra of functions on
quantum (2+1)-superspace Cgll, we first introduce two left-covariant differential calculi
over O((Cgll) and extend one of these calculi by adding inner derivations and Lie deriva-
tives to the calculus. We also introduce tensor product realization of the wedge product of
forms.

AMS subject classifications: 17B37, 17B60, 81R50, 81R60

Keywords: Quantum superspaces, Hopf superalgebra, differential calculus, Clifford su-
peralgebra, inner derivation, Lie derivative, Cartan calculus

1. Introduction

Noncommutative geometry continues to play an important role in different fields of
mathematics and mathematical physics. The goal of this geometry is a differential
calculus on an associative algebra. In the approach of Woronowicz [16], the quan-
tum group is taken as noncommutative space, and the differential calculus on the
group is derived from the properties of the group. Differential calculi on certain
classes of quantum homogeneous spaces are described in [1, 2, 12]. The quantum
plane and superplane are the simplest samples of noncommutative spaces. Following
Woronowicz’s approach, noncommutative differential calculi on some lower dimen-
sional superspaces are presented in [3, 4].

In another approach initiated by Wess and Zumino [15], differential forms are
defined by the differential and algebraic properties of quantum coordinates and quan-
tum groups acting on them. The natural extension of their scheme to superspace
[11] was introduced by many authors (for example, [5, 10, 14]).

Using the approach in [13], the extended calculus on the quantum plane was
introduced in [9]. The extended calculus on the quantum superplane was introduced
in [6].

In this paper, we investigate the noncommutative geometry of the algebra of
functions on the quantum (2 + 1)-superspace denoted by O(Cg‘l). In Section 4,
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we set up two left-covariant differential calculi, covariant under GL,(2|1), on the

quantum superalgebra O((Cg‘l). In Section 5, we extend one of these calculi by
adding inner derivations and Lie derivatives to the calculus. In Section 6, we re-
formulate the results we got in the previous sections with an R-matrix and introduce
the tensor product realization of the wedge product.

2. Preliminaries

In this section, we will briefly talk about some of the known basic concepts as
necessary. Throughout the paper, we will fix a base field C, the set of complex
numbers. We write Zo = Z/2Z = {0, 1}.

A super vector space V over C is a Zy-graded vector space over C and we write
V =V @ Vi1, where Vj and V; are even and odd subspaces of V', respectively. The
elements of V) and V; are called even and odd, respectively. The elements of VU V;
will be called homogeneous. For a homogeneous element v we write p(v) for the
parity or degree; if v € Vj (resp. V1) we have p(v) =0 (resp. 1).

A superalgebra (or Zs-graded algebra) A over C is a super vector space over C
with a map A x A — A such that A;- A; C A4, fori,j =0,1. If A and B are two
Zy-graded algebras, then the tensor product A ® B exists. The following definition
gives the product rule for the tensor product of Zs-graded algebras.

Definition 1. If A and B are two Zs-graded algebras, their tensor product rule is
defined by
(a1 ® ag)(by @ by) = (—1)P2PC) (q1b; @ ashy),

where a;’s and b;’s are homogeneous elements of A and B, respectively.

The elementary properties of a Hopf superalgebra are similar to the correspond-
ing properties of ordinary Hopf algebras.

Definition 2. A Hopf superalgebra (or a Zo-graded Hopf algebra) is a super vector
space H over C with two algebra homomorphisms A : H — H ® H called the co-
product, € : H — C called the counit and an algebra antihomomorphism S : H — H
called the antipode, such that

(A®id)c A= (ld® A)o A,
mo(e®id)oA=id=mo (Id®e¢)o A,
mo(S®id)oA=noe=mo(id® S) oA,

and A(1) =1®1, (1) =1, S(1) = 1, where m is the multiplication map, id is the
identity map andn: C — H.

Definition 3. Let X be a superalgebra and H a Hopf superalgebra. Then the superal-
gebra X is called a left H-comodule algebra if there exists an algebra homomorphism
0 : X — H® X such that

(1d®6L)06L:(A®1d)05L and (6®1d)06L:1d

Moreover, 0, is called the left coaction of H on X.
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3. The algebra of polynomials on quantum superspace Cz‘l

Let z, y and 6 be the elements of a superalgebra, where the generators = and y
are of degree 0 (or even),and the generator 6 is of degree 1 (or odd). Let O(C3")
be defined as the polynomial algebra Clz,y,6]. It will sometimes be convenient
and more illustrative to write a point (x,y,0) of O(C?') in the vector form x =
(xv Y, 0) = (xz)t

Let C{x,y,0) be a free algebra with the unit generated by z, y and 6, where
p(z) =0 =p(y) and p(f) = 1. Also, let ¢ be a nonzero complex number.

Definition 4 (see [7]). Let I, be the two-sided ideal of the algebra C{z,y, 8) generated
by the elements xy — yx, ©0 — gbz, y0 — qby and 6%. The Zo-graded, associative,

unital algebra
O(C3) = Cla,y,0)/1,

1s the algebra of polynomials on the Zo-graded quantum space (C?,ll.

This associative algebra over the complex number is known as the algebra of
polynomials over the quantum (241)-superspace. In accordance with Definition 4,

if (2,9,0)t € C2", then we have
vy =yx, z0=qbx, yb=qby, 6>=0. (1)

If we consider the generators of the algebra O((Cill) as linear functionals, we can find
many 3 X 3 matrix representations of these generators that preserve the relations

(1):
Example 1. There is a C-linear homomorphism p : (9(@3‘1) — Ms3(C) defined by

qg00 1¢2-10 00¢>—-1
plz)=10qg0]), py)=(0 ¢ 0f, p@)=[00g~1
001 0 0 ¢ 00 0

corresponding to the coordinate functions satisfying the relations (1).

Example 2. There exists a representation p : (9(@3‘1) — M5(C) such that the
matrices

100 ¢ 00 0O 0 0
plz)=1010], ply)=(1-¢>10], p(0)=| 0 0 0
00gq 0 Og¢q 1-¢>1-¢%0

representing the coordinate functions satisfy the relations (1).

Definition 5 (see [7]). Let A((Cﬁll) be the algebra with the generators 1, 2 and z
satisfying the relations

vip; = —*TDoipi,  piz=q tzpi, (6,5 =1,2), (2)

where the coordinates p; are of degree 1, and the coordinate z is of degree 0. We
call A((Cg‘l) the exterior algebra of the Zy-graded space (Cgll.
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Of course, it is also possible to find Zs-graded C-linear homomorphisms repre-
senting generators of the superalgebra A(Cg‘l):

Example 3. As can be easily shown, the Zo-graded C-linear homomorphism p :
A((Cg'l) — M3(C) defined by

001 000 g0 0
plpr) = 000, plpa) =001 ), pz)=|0g O
000 000 00 -1

represents the generators of A((C(QIH) and preserves the relations (2).

In this section, we will finally talk about the superalgebra O(GL4(2|1)) intro-
duced in [8], which is sufficient to meet our needs.

Theorem 1 (see [8]). The algebra O(M,(2|1)) is the quotient of the free algebra
Cla,b,c, e, f,a, B,7,9) by two-sided ideal J, generated by the relations

ab = ¢*ba, be = ¢ 2cb, ce = ¢’ec, ea = ae,
ac = ca, be = eb, ca = qac, ef = qfe,
aq = qaa, ba = qab, cB = qpfc, ey =q e,
ay = qa, by =g b, ¢y = qve ed = qde,
fa=af, bd = qdb, ay = —ya, Bd = =60,
fB=4abf, fo=ddf, ad = —ba, V6 = =07,
fr=arf, aff = —q *Ba, By =B, p? =0,
ae =ea—+ ghbc, af = fa+ A\ya, af =q fa+ dac, ad = gda + \yb,
bf = fb+ Na, bB=q 'pb+ dae, cf = fc+ B, ef = fe+ A\p,
cd = qdc + Mvye,

where u € {a, 8,7,6} and A =q—q~*.

It will sometimes be convenient and more illustrative to write a point (a,b,...,?d, f)
aba

of O(M(2[1)) in the matrix form, as a supermatrix, T = (t;;) = | c e 8 ]|. The
v6 f

quantum superdeterminant for the supermatrix 7' is given by
sdet(T) = ale — ca 'b)[f —va ta — (6 —yea ') (e — ca™b) "1 (B — aca™ )] !,

where the formal inverses of the generators a, e and f exist. Using the quantum
superdeterminant sdet(7') belonging to the algebra O(My(2|1)), we can define a
superalgebra adding the inverse of sdet(T) to O(M,(2]1)).

Definition 6. The algebra O(GL,(2]1)) is the quotient of the algebra O(M,(2]1))
by the two-sided ideal generated by the element t - sdet(T') — 1. In short, we write

O(GL(2]1)) 1= O(M, (21))[f]/ (¢ - sdet(T) — 1).



CARTAN CALCULUS ON THE SUPERALGEBRA (’)((Cill) 217

The Hopf superalgebra structure of O(GL,(2|1)) is given, as usual, in the follow-
ing theorem.

Theorem 2 (see [8]). There exists a unique Hopf superalgebra structure on the
superalgebra O(GL4(2|1)) with co-maps A, € and S such that

Alti) =t @y, elty) =05, S(tiy) =t;}"
k

Definition 7. The Hopf superalgebra O(GL4(2|1)) is called the coordinate algebra
of the quantum supergroup GL,(2|1).

By Definition 3, we can consider the superalgebra O(Cﬁll) as a left comodule
algebra with respect to the coproduct.

Theorem 3. The algebra (’)((Cgll) 1s a left comodule algebra of the Hopf superalgebra
O(GL4(2]1)) with left coaction 65, such that

op(z;i) = Ztik ® Tk,
k
where x1 = x, xo =y and x3 = 0.

4. The quantum de Rham complex on O(Cgu)

The de Rham complex of a smooth manifold X' is the cochain complex, which in
degree n € N has the vector space Q" (X) of n-degree differential forms on X. Under
the wedge product, the de Rham complex becomes a differential graded algebra. In
this section, we set up two quantum de Rham complexes, two first order differential
calculi, on the quantum superalgebra 0(«:3‘1). It contains functions on (C?]|1 and
their differentials as differential one-forms.

Definition 8. Let A be an arbitrary superalgebra with unity and Q a bimodule
over A. A first order Zs-graded differential calculus over A is a pair (2, d), where
d: A— Qs a linear mapping such that the so-called Zo-graded Leibniz rule

d(w) = (du) v 4 (=1)*®u (dv)

holds for any u,v € A, and ) is the linear span of elements of the form u - dv - w
with w,v,w € A.

A Zs-graded differential algebra over A is a Za-graded algebra Q = @, -, Q", with
the linear map d of degree 1 such that dod := d? = 0, and the Zy-graded Leibniz
rule holds. Here we assume that Q° := A and Q<0 = 0.

To set up a quantum de Rham complex on the quantum superalgebra (9(@2‘1)
we actually choose the cotangent superspace or differential 1-forms. Since one can
multiply forms by functions from the left and the right, this must be an Q-bimodule.
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4.1. The relations between coordinates and differentials

We denote the quantum de Rham complex of the quantum superspace (Cfll1 by
Q((Cgll) and assume the superalgebras (’)((Cgll) and A((Cgll) as parts of the differential
graded algebra Q((CZ'I), as Wess and Zumino say [15]. For this reason, we introduce

the first order differentials of the generators of O((Cgll) as dr = p1, dy = @2 and
df = z. Then the differential d is uniquely defined by the conditions in Definition 8§,
and the commutation relations between the differentials have the form

duNdu=0, dxAdy=—q 2dyAdz, dbAdu=qduAdd (3)

for u € {z,y}.

In this case, the quantum de Rham complex Q((Cg‘l) is generated by the elements
of the set {x,y, 0, dx, dy, df} by adding the nine cross-commutation relations satisfied
between the elements of O(Cill) and A((Cﬁll), which will be given in the following
theorem, to relations (1) and (3).

We assume that the cross-commutation relations are of the following form:

z; - dx; ch;iz dxy - @, (4)
k,l

where C' = (C’,?l) is a 9x9-matrix with constant entries. Here, there seems to be
81 indeterminate constants when the sum is explicitly written, but in fact, we have
41 indeterminate constants due to consistency and we can determine them in a few
steps:

1. The differential d reduces to sixteen numbers of constants in relations (4).

2. The compatibility with the left coaction of O(GL4(2|1)) leaves one free param-
eter and relations (4) are of the form:

z-dr=[(¢* +1)r —1)dz - x, y-dr = ¢*rdx -y + (r — 1)dy - x,
x-df = (¢*r — V)dz -0 +qrdd -z, y-dy=I[(¢*+1)r—1]dy-vy,
z-dy = (¢*r — 1)dx -y + rdy - x, y-df = (¢°r — V)dy - 0 + qrdf - y,
0-de=—qgrdx-0+(1—7r)dd-z, 0-dy=—qrdy-60+(1—r)df-vy,
0-do=db-o.

3. The associativity of the graded differential algebra Q((Cgll) solves the param-
eterrasr=1orr=q 2.

As a result, when we combine the above three steps, we have the following theorem.

Theorem 4. There exist two left covariant Zs-graded first order differential calculi
Q(Cill) over O(Czll) with respect to the Hopf superalgebra O(GL4(2|1)) such that
{dzx,dy,db} is a free right @(Cgll)-module basis of Q((Cg‘l). The bimodule structures
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for these calculi are determined by the relations:

z-dr=¢*de -z, y-de=q¢*dz -y,

z-dy=dy-z+(q° —1)dz -y, y-dy=q*dy-y, (52)

x-d)=qdf-z+ (¢> —1)dx -0, y-df =qdf-y+(¢*—1)dy-0,

0-dx=—qdx-0, 0-dy=—qdy-0, 0-df=db-0
for Case I (r =1) and,

z-dr=q %dz-x, y-de=dr-y+ (¢%—1)dy -,

z-dy=qtdy-z, y-dy=q *dy-y,

z-dd=qtdh-x, y-df=q1db -y, (5Db)

0-de=—q tde-0+(1—q¢2do-z, 0-dd=db-0

O-dy=—q tdy -0+ (1 —q2db-y
for Case II (r = q=2).

As a note, in [7], a differential calculus on the Hopf superalgebra F ((C?Ill) of
functions on (C(21|1 was constructed using Woronowicz’s approach. This calculus is
right-covariant with respect to the Hopf superalgebra F (((Cg‘l) itself. Both calculi
obtained above are left-covariant under the action of the quantum group GL,(2]1),

which is the symmetry group of the superspace Cg‘l. These calculi were obtained
using Wess-Zumino’s approach. However, one of the calculi that emerged in this
work, namely relations (5b), coincides with the relations in [7].

Remark 1. We know that a free right (’)((Cgll)-module basis of O(Cg‘l)—bimodule
Q((Cgll) is the set {dx,dy,d0} and relations (1) and (3) hold. We now consider a
left module structure of (’)(Cgll)—bimodule Q(Cg‘l). The left product dv — wu-dv is an

endomorphism of the right module Q((Cg‘l). The ring of all endomorphisms of any
free module of rank 3 is isomorphic to the ring of all 3x3 matrices. Since {dz, dy,d0}
is the homogeneous basis on((Cg‘l), there exists a map o : (’)((CZ'I) — Mg(@(@?l))
defined by

for all u € O(Cg‘l) and 1 = x, x3 = y and x3 = 0. Indeed, one can see that
relations (6) equivalent to relations (5a), where

¢z (¢* =1y (¢* - 1)0 ¢y 0 0
o(@)=1|0 x 0 , o) =10 ¢Py(@®-18],
0 0 qx 0 O qy
—qf 0 0
o@)=1 0 —gfO0]. (7)

0 0 ¢
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Theorem 5. The map o is a C-linear homomorphism such that
oij(uv) Zalk uw)oj(v), Vu,v e O(Cill).

Remark 2. [t is easy to see that relations (1) are preserved under the action of the
map o.

Remark 3. We can also define a map 7 : (’)((Cgll) — Mg((’)((Cgll)) by the formulas

de, -u = Zn] ~dzj, Vu,z; € (’)(Cg‘l), (8)
where
g% 0 0 q %y 0 0
@)= ((¢*-Yyx 0 |, 7y)=| 0 ¢ 0 |,
(1-g¢?)00q ' 0 (1-g¢*0q 'y
—q¢'¢ 0 0
7(0) = 0 —q'90
0 0 6
for Case I.

Theorem 6. The map 7 is a C-linear homomorphism such that

Ti; (uv) Zﬂk )T (v), Vu,ve(’)((cg‘l).

Remark 4. It is easy to see from Theorem 6 that relations (1) are preserved under
the action of the map .

Remark 5. The maps o and 7 are not the inverse of each other. However, they
have the property
Zajk(rik(u)) =ud;;, Vue€ (’)((Cill).
k

4.2. The action of the map o on Q(A)

By taking the differential of both sides of (6), we get
du N da; =Y (1P da; Adog(u),  Vu,a; € OC). (9)

From Remark 1, we know that the map o acts on the generators of O(CQH) We

wish to extend the map o to the whole algebra Q((Cq“). For this, we define a map
o' as follows:

o Q(C2N) — My(UCY)), o (du) = dogj(w),  VdueQCM),

where o} (u) := oy;(u) for all u € (’)((Czll) Then we have
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Theorem 7. The map o* is a Zo-graded C-linear operator such that

du v) Zozk (du) - ok (v),
oft(u-dv) = Z(— JPEAPE) g () - o (dv)

Z p(u)+p(oix(u)) Jlk‘(u) . O']?j (dU), (10)
k

for all z;,x, € O(Cg'l) and du,dv € Q((Cg‘l).

Proof. It is clear that ¢! is linear. To obtain the first equality in (10), we can use
the identity (du-v) Adz; = du A (v - dz;). Indeed, we write

(du-v) ANdz; = Z(—l) Pl o A o (du v), Yu,v,z; € O(Cg'l),

%

according to (9). On the other hand, we have

du A (v-dzj;) = Z(du Ndxy) - ogj(v)
k
= (1)) da; A o (du) - o (v).
i k

We make use of the fact that (u - dv) A dx; = u - (dv A dx;) to show that o
satisfies the first of the second equality in (10). According to (9), we can write

(u-dv) Ndz; = Z(—l)p(d"”‘) dx; A UZ-Qj (u - dv),

for all w,xy, € (’)((Cg‘l) and dv € Q((Cm) On the other hand, we have
w- (dv A daj) = Z(q)ﬂdmk)(u -dwy,) A o (dv)
_Z p(dxy) dez/\glk( )O']?J(dv)

Z p(dﬂc ) dz; A Z P(dxz)+]3(d$k) i (u) - U/?j (dv).

When we compare these two results, considering that p(du) = 1 + p(u) (mod2) for
all u € O(Cg‘l), we get the first equality in (10). Finally, since

doi;(u-v) =3 [dog(u) - o1 (v) + (~1)PC+ Doy (u) - do; (v)]
k
= S [0k (du) - o1y (v) + ()P gy (u) - o (dv)],

Q Q u . Q u) 0
aij(d(u v)) = aij(du TS (—1)p( Dy - dv) = Uij(du ‘v) + (—1)”( )Uij(u - dv)
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for all ¢,j and u,v € O(Cgll), we can write

(=103 (- dv) = (=1 Doy (u) - o (d)

k

with the first equality in (10). O

Remark 6. It is easy to see from Theorem 7 that relations (5a) and (5b) are pre-
served under the action of the map o*.

The proof of the following corollary can be done using the fact that (du A dv) A
dzj; = du A (dv A dzxj) for all du,dv,dx; € Q((Czll)

Corollary 1. For all du,dv € Q(CZH)

o (du A dv) =Y (=14 of (du) A o (dv).
k

We can obtain similar results for the map 7. Indeed, if we take the differential
of both sides of (8), we get

da:l/\du— —1)pldw:) ZdTLJ /\dx_p vxtaueo(cg‘l)

We now define a map 7% as follows:
QCI) — Mz((C2Y),  TH(du) =drj(u),  Vdue QCHY),
where 782 (u) := 7i;(u) for all u € (’)((C2|1) Then we have

J

Corollary 2. For allu € O(Cz Y and dv € Q((Cm)

Tf;(u dv) = Z(— )p(“)”(’”k)nk(u)-T,%(dv),
dv u) Z i (dv) - T (w).

It is easy to see from Corollary 2 that relations (5) are preserved under the action
of the map 7.

4.3. The relations with partial derivatives

We will complete the calculus with the following two theorems. To obtain the com-

mutation relations of the generators of O(Cgll) with derivatives, we first introduce
the derivatives of the generators of the algebra. Since (€2, d) is a left covariant differ-

ential calculus, for any element « in O((Cg‘l) there are uniquely determined elements
Ok(u) € (’)(Cm) such that

du = dx 05 (u) + dy 0y (u) + df O (u). (11)

For consistency, the degree of the derivative dy should be 1.
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Definition 9. The linear mappings 0,0y, 0 : O((Cg‘l) — O(Cg‘l) defined by (11)
are called the partial derivatives of the calculus (9, d).

The next theorem gives the relations between the generators of O(C?I‘l) and their
partial derivatives.

Theorem 8. The relations between the generators of O(Cill) and partial derivatives
are as follows:

0 - x = Ojp + (1PN "0 (21) - O, Vi € O(CIM). (12)

The proof of the following theorem follows from the fact that d2f = 0 for a
differentiable function f.

Theorem 9. The partial derivatives satisfy the following commutation relations:
0.0y = q 20,0y, 0,00 =q 090y, 0,00 =q '090,, 0; =0. (13)
Remark 7. We can write relations (13) as (no summation)
00k = Q;10,0;,

with a single formula, where Q;; = (—q2)p(8ﬂ’) and QrQr; = 1.

4.4. A deformed Clifford superalgebra

Suppose that A is a unital *-algebra with the involution x — ™ and the algebraic
relation uv = quu holds for the generators u,v € A and ¢ € C. There are three
important cases where this relation is invariant under involution. Case 1: wu is
unitary, v is hermitian and ¢ € R; Case 2: u = v* and ¢ € R; Case 3: w and v
are hermitian and |q| = 1. All three cases arise from the definitions of real forms
of quantum algebras. The corresponding x-algebra generated by u and v is the
coordinate algebra of the real quantum plane.

In this subsection, we will introduce a deformation of the Clifford superalgebra
pointing out relations (6) and (13). Let us consider the real quantum superspace,
that is, 2* = z, y* = y and #* = —0. This request imposes the condition § = ¢! on
the deformation parameter. Further, the involution of the partial derivatives should
be of the form:

0 = —¢*0,, 0y = =0y, Op = 0p.

We can now define real momentum operators as
P, =—V-1¢*0,, P,=-V-10,, Py=0,.

Lemma 1. The real momentum operators and the generators of (’)((Cgll) satisfy the
following commutation relations:

Pjvk = —(\/ —1)p(Pj)+1 q2p(Pj)(5jk + (_1>p(vk) Zaji(vk)Pi7 V’Uk < O(Czll)

P.P,=q *P,P;, P,Py=q 'PP,, Fj=0,

where u € {x,y}, together with relations (1).
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To obtain the Clifford superalgebra, we define the super gamma matrices as
follows:
cn=P,, =P, c=z ca=y;, m=F v=>0

Theorem 10. The generators of the Clifford superalgebra satisfy the following com-
mutation relations:

C1C2 = (1_20201, 171 = q_171017 C371 = q_l’YlCSa 712 =0,
creq = qPegen, c1Y2 = q7y2c1, 32 = q 'acs, 73 =0,
Cac3 = C302, o =q ‘e, e = q 'yie,
€3C4 = C4C3, CaY2 = q72C2, caye = q 'yaca,

cics — ¢*eser = —V—=1¢*1+ ¢*(¢* — 1)(caca — V—17271),
Cocy — q20402 =—V-11+(1- qz) V—=1vv, my2+y2711=1

5. Zs-graded Cartan calculus on O(Cgll)

In this section, we will continue with relations (5a), (9) and (12). We know from
Subsection 4.1 that the cotangent space Q(’T*(C?]ll) is an O(C?]ll)—bimodule spanned
by the basis {dz,dy, df} with relations (5a) and from Subsection 4.3 that the tan-
gent space Q(T(Cgll) is a O(Cg‘l)—bimodule spanned by the basis {05, 0y, 0p} with
relations (13). Therefore, we can define an inner product by analogy with the cor-
responding objects of the theory of ordinary manifolds. The general inner product

between Q(T(Cg‘l) and Q(’T*(Cg‘l) is of the form:

8j(d.%‘k) =< 8j,d.%‘;€ >= (5j;€.

5.1. The Cartan calculus in the classical geometry

We first briefly review the construction of a Cartan calculus in the classical differ-
ential geometry. Let A be a unital associative algebra over a field K, and I'(A)
an A-bimodule such that there exists a linear map d : A — T'(A) which obeys
d(1.4) = 0 and the Leibniz rule

d(f-g)=(df) g+ f-(dg),

where 14 is the unit in A4 and f,g € A. We now denote the differential algebra
associated with A by (A). This algebra is spanned by elements of the form fg -
dfi Adfa A--- Adfg. Therefore, we can extend the linear map d to a linear map
d: Q(A) — Q(A) by requiring d(1) =0, dod :=d? =0 and

d(aAB)=([da)AB+ (—1)PYan(df)=dan B+ (-1)PDands, — (14)

where a and (8 are any differential forms in €(A). That is, d maps k-forms to
(k 4+ 1)-forms (functions being 0-forms). Actually, we assume that the action of d
on « (and then f) in (14) is the same as the differential of «, that is, da.
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The exterior derivative d on the algebra A is given by

da = Zdaj 0a;(u), a,a; € A, (15)
J

so that it verifies (14) and the rule
da = da + (—1)P¥ ad,
where « € Q(A). In particular,
da=da+ad, ac A (16)

The Cartan calculus contains inner derivations and Lie derivatives which act on
Q(A). An inner derivation is defined to be the contraction of a vector field with
a differential form. Thus if X is a vector field on a manifold M, then the inner
derivation, denoted by iy, is a linear operator which transforms k-forms to (k — 1)-
forms. The inner derivation is an anti-derivation of degree —1 on the exterior algebra
and

ix(aApB)=(ixa) A B+ (=1)P a A (ixf), (17)

where a and § are any differential forms. The inner derivation ix acts on 0- and
1-forms as follows:

ix(f) =0, ix(df) = X(f). (18)

The anticommutativity of forms gives ix oiy = —iy oix and ix oix :=i% = 0.
From now on, unless stated otherwise, we will write ixiy instead of ix oiy.

We know from the classical differential geometry that the Lie derivative of a
vector field is a vector field and the Lie derivative of a k-form is a k-form, that is,
the Lie derivative has degree 0. The Lie derivative of a smooth function f with
respect to the vector field X corresponds to the action of derivatives: £xf = X(f).
Cartan’s formula relates the Lie derivative to the inner derivation ix and the exterior
differential d:

£x =ixyod+doiyxy :=ixd+dix.

The Lie derivative has the following properties. If (M) is the algebra of functions
defined on a manifold M, then £x : F(M) — F(M) is a linear derivation on the
algebra F (M) and commutes the exterior derivative d.

5.2. Extension of the Cartan calculus to the supergeometry

Let A be a unital Z,-graded associative algebra over a field K, that is, A = @, czA,.
In this case, some formulas given above will undergo some changes. The linear map
d: A— T'(A) will satisfy d(14) = 0 and the Zs-graded Leibniz rule

d(f-g) = (@f) g+ -V f - (dg),
where f,g € A. If f € A, then (16) will take the form

df =df + (-1)PV) fd.
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If X is a supervector field on A, then the Zs-graded inner derivation ix of the
Zs-graded algebra (.A) preserves (18) and (17) and can be expressed as

ix(aAB) = (ixa) AB+ (—1)PExIP@) o A (ixf),

where o and S are two differential forms in (.A). The map ix : Q(A) — Q(A) is
K-linear and maps k-forms to (k — 1)-forms. The Zs-graded Lie derivative £x of
the Zy-graded algebra Q(A) acts on 0- and 1-forms as follows:

Lxf=X(f), £xdf=dX(f),
for all smooth functions on A := Q°(A). The map £x : Q(A) — Q(A) is K-linear
and maps k-forms to k-forms such that

£x(aAB)=(£xa) A B+ (—1)PEP@) o A (£4 1),

where a and § are two differential forms in Q(.A).
If X is a supervector field on A, then the Zs-graded Cartan formula can be
expressed as )
£x =ixd — (—=1)Pix)diy.
The Zs-graded Lie derivative £ x supercommutes the exterior derivative d:

£xd = (—1)PEdLy.

5.3. Commutation relations with inner derivations

In this and the next two subsections we will consider the vector fields as the partial
derivatives of the generators and assume 0y = 0, 02 = 0y, 03 = 0s.
We now wish to find the commutation relations of the generators of the superal-

gebra (’)((C,zl‘l) with the inner derivations.

Theorem 11. The relations of the generators with inner derivations are given by

g, u=Y on(u) iy, ueO(CH)
J

Proof. The commutation relations (6) satisfied by the generators and their dif-
ferentials allow us to write the possible relations of the generators with the inner
derivations in the form:

lg, u=Y Gk(u)-ip,, YueOCI).
J

Therefore, we need to determine the operator & for the proof. Recalling (18) and
using (8), according to Remark 5 we can write:

0=1ig, |da; u-— Z 7ij(u) - dz; | = 1ig, (dz;) - u — Z Ghom (T35 (w)) - 1a,, (dz;)
a Jym

= Opi - u— Z5km(m(U)) Oy = Z 035 (Thj(w) — Gij (T (u))] -

So, it must be 7;; = 0;; for all 7, j. O
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Theorem 12. The relations between differentials of the generators and inner deriva-
tions are given by the formulas:

cdw; = 0 +q 2 Z 1)play) ,?j(dxz) g, x; € O(Cgll). (19)
J

Proof. Let us assume that the possible relations of the differentials of the generators
with inner derivations have the form:

o, - dz; =iy, (dw;) + Y Gpj(dz;) 19, Va; € O(CIY). (20)
j
Then using (9), we can write

0= g, [da; Ada; — Y (1P da, Aoy (da;)]

n

= [0ki + Z G (d) - o, Jdwy — > (= 1P [6,, + Z Grm (dxy) -, Joy; (d;)

n

= 5kzdxj + ZO’km dl?l mj + ngs d$J) 18 ] ( l)p(dwk)(f]?j(dl’l)
,Z pdan) ZO’km dxy)lis,, (o m(dxi +ngs(05}j(dxi))ias]

= Suidaj + G1(day) — ()PP o (dei) — Y (=17, (07 (di)) Gk (dy)

m,n

+ 3 [k (d2:) A s (day) = D (= 1)P W) G (d) A G0y (di)) i,

There is a conclusion we can deduce from here:
Gin(du) = ¢ 2(=1)"0) 02 (du), Vu e O(C21).

Then, the last expression in the last equality above is:

n

K=Y [&km(dxi) A Gms(das) = > (1P 4Gy (day) A Gms(o, (dxz))]

= ¢ ()P Y ()Pl (dai) A o (dej)

m

— (1P S (1) S )0 (d) Ao (o ()

n m

= ¢ 4(—1)rlder) [akg (das A day) =Y (=1)P )0l (da,, A 0y (dxl))]

n

=0.
Thus the proof is complete. O

Remark 8. This theorem is also valid for the algebra of functions on C;n‘n ezxcluding
a factor q¢=2. We found this factor for special matrices o given by (7).
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Theorem 13. The relations of the partial derivatives with the inner derivations are
of the form (no summation):

i, 0 = (—1)P%) [~ Q r 0k, + (¢7° — 1)(1 — Hyx)05ia, ] , (21)
where Qj; = (—¢®)P) and Hjj, := H(j — k) is the Heaviside step function.

Proof. To find the commutation relations of the inner derivations with the par-
tial derivatives, inspired by relations (5a), let us assume that they are simply (no
summation)

ip, Ok = a;ji0kis; + bjr0jig,,

where a5, and bj;, are constants to be determined. By applying the inner derivations
ip, from the left to relations (12), we determine all constants a;, and bjr. Then,
when we make the necessary arrangements, we arrive at relations (21). O

The following lemma can be easily proved using the definition of d given by (15),
and relations (19) and (21).

Lemma 2. The partial derivatives in terms of the exterior derivative and the inner
derivations are expressed below:

ig,d = O + ¢ 2(—1)PUe)dip, . (22)
Theorem 14. The relations between the inner derivations are of the form:
i%u =0, 1ip,ip, = —ip,lo,, 1o,ia, = qig,is,,
where 0y, € {0y,0,}.

Proof. Ifit is assumed that the commutation relations between the inner derivations
are of the form: ip,ip, = Q;kiakiaj for j,k =1,2,3, and Theorem 13 and Lemma 2
are used, the desired relations can be deduced. For example, one has

0 = (ip, 10, — Q2 10,i0,)d = in, (9, — ¢ *dis,) — Q1sio, (9, — ¢ *dio,)
= q %0)ia, + (72 — 1)0:in, — ¢ %(0, — ¢~ dip, )iy,
- Qllz [aziay - qu(ay - qizdiay)iam}
= ¢ 2(1+ QL) (Byin, — ¢*0sin, ) + g~ d(ip, in, — Qlais,in, ).

So it must be 1+ @}, = 0. When performing general operations, it is seen that the
constants Q;k must be

Q;‘k — (71)p(iaj)+p(iak) [(1 _ q—2)ij _ 1] q2Hk_7’ij7 Q;‘j _ 7q72ij
for all j, k. O
Remark 9. Using Lemma 2, one can easily see that
dod, = (-1)P%) 29, d,
for all 9y, € {03,0y,00}.
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5.4. Zs-graded Lie derivatives

We now will find the commutation rules of the Lie derivatives with the elements of
the superalgebra O((Cg‘l), their differentials, etc. The Zsy-graded Cartan formula for

the generators of O(Cgll) can be expressed as
£y, =ip,d — (—1)Plou)di,, , (23)
where 0, € {0;,0,,00}.

Theorem 15. The commutation relations of £y, ’s with the generators of O(C 2‘1)

are as follows:

Loy = Sji + Z (190 (wr) £, + (a7 = 1)(=1)"%) o, (dwy)io, |

for all xy, € O(Czll)
Proof. Using (23) and relations (19) we can write
£y = (i;d — (-1 )p(ij)dij)xk = ij(dxy, + (=1)P"ad) — (1?0 d (i)
= 0y + a4 (”)ZO’ (@1)im + (1P Y " g (1) ind

j)Zdem k) - im
= jk + q_Q(—T)p(ij) ZU?m(ﬂ%)im + (1P Y g (@r)ind
1yp(a) Z { o, (dzk) + 1)p<ajm<xk))gjm($k)d} i
= 65+ (—1 p(wzam (@) £m + (g7 = D)(=1)PE) D "0 (dag )i
+Z[ 1)P(r)+p(im) _(_1)P(lj)+:0(0jm(1k))} ij(xk;im,

Since the last expression is equal to zero for all j, k, we have the desired result. [

Theorem 16. The commutation relations of £, ’s with the differentials of the gen-
2|1
erators of O(Cq'"") are as follows:

Lo, - du = q—Q(_l)p(dqu(i’ak)H Zogj(du) Lo, u€ O((Ci‘l).
J
Proof. Using (23) and relations (19) we can write
£j-du = (ijd — (—=1)P0)di;)du = (~1)P9) (i, - du)d — (— ) P d(i; - du)
= (—1)P)g2(( p(dU)ZJJk (du) - ipd — Z 5k (du)) Q 2 (du) - diy)

= (=1) (du)+p(£])+1q—2zajk (du) - £, + M.
k
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where

M, = Z[ 1)p(dn)+p(£ >+p<£k>_(_1)p<o§’k<du>>} o (du) - diy.
k

Since Mj is equal to zero for all j, k according to Theorem 7, we have completed the
proof. O

Theorem 17. The commutation relations between the Lie derivatives and partial
derivatives are of the form:

£0,00 = *V TN Qr0k Lo, + (1 - ¢°)(1 — Hj)0; £o,. (24)

Proof. The desired relations can be easily deduced using Theorem 13 with Remark
9. Indeed,

£9,0k = (ig,d — (—1)712)di, )ak
=¢* [¢ "+ QkOkin, + (¢ —1)(1 — jk)a-iak} d
— (—1)Ple) PO g2 ik diy, + (¢ — 1)(1 — Hyp)jis, ]
:q 2(1— HJk)ijak(lajd_ (-1 )p(18-7)d18j)
+ (1= @) (1 = Hj)9;(in,d — (~1)"0o0)dip,),
as expected. O

Theorem 18. The relations between the Lie derivatives and the inner derivations
are of the form:

£o,a, = (—1)PE2)@OHDQ 55, Lo, + (~1)P00) (@ = 1)(1 - Hypli, £5,. (25)

Proof. We can do the proof using the equality given in (23), but it is quite long and
a bit tedious. Therefore, we will use the equality given in (22) and hence relations
(24). If we apply the operator £ to both sides of the equality given in (22) and use
relations (24), we write

£iigd = £ + ¢ 2(—=1)PE)diy) = £;0, + ¢ 2(—1)PIIFP(EDq £,
= TN Qu £ + (1= ) (1 = Hjp)dj £5 — ¢ 2 (=PI £
— q2(1*ij)ij[ikd _ q*Q(_I)P(ik)dik]o{:j _ q72(_1)p(ik)+p(ij)d£jik
+(1—¢*)(1 = Hjp)li;d — ¢ > (-1)PWdi;] £y
= 2070 Q (1P HE )iy £5d — ¢ Q (1)) diy £
+ (1= ) (1 = Hj) ()P 15 £5d + (1= ¢ %)(1 = Hyp,)(~1)P09)di; £,

Now, if we consider the parts where the operator d is on the left and on the right
separately, we get relations (25). O

Theorem 19. The relations between the Lie derivatives are of the form.:

Lo, Lo, = QjrLo, Lo,
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Proof. Using (23) and relations (24) we can write
£ £y = £;[ipd — (=1)PE0)diy]
= (1P D@ Q i £ + (=1)P0)(¢% = 1)(1 = Hjp)ij £4]d
— d[(—1)PI PO Q iy £ + (—1)PED (¢ — 1)(1 = Hjp)i; £4]
= @ 0Q[ind — (1M dik] £5 + (1 — ¢*)(1 — Hyp)[ijd — (=1)P0)dij) £,
= U HMQu £ L5+ (1= ¢*) (1 — Hyp) £ £

or
—2H;n ().
q J Q]k
£ily = £i L.
IR T (g2 = ) Hy, 0 E
On the other hand, since 1+ (¢=2 — 1)Hj,=q —2Hjx for all j, k, we get the desired
result. O

6. The R-matrix formalism

We know from Theorem 4 that there exist left-covariant differential calculi over
O((Cg‘l) with respect to the Hopf superalgebra O(GL4(2|1)). So, we can use the
R-matrix of the quantum supergroup GL4(2[1) to formulate the calculi. Here, we
consider relations (5a).

6.1. Commutation relations of calculus

Using the commutation relations (5a), it is possible to find an R-matrix that obeys
the Zs-graded Yang-Baxter equation. If it is assumed that an R-matrix is associated
with the superspace (C2 1 the relations of the coordinates with their differentials can
be expressed as x; - dxy = ) Bl; gk o AT, - n. When we compare these relations with
(5a), we see that relations (5a) can be expressed as

xj- dxquz p(mJ)RJk ATy * Ty,

in terms of an R-matrix. Here the entries of the matrix R are R11 =q, R12 =q—q ',

R21 —ff{ R13 =q—4q R31 =1 Rz% :qR22 =4q, R23 =q—-q", RQ% =

R1 3 = R23 =1 and R —q~ 1, except the zero entries. The matrix R is glven
by R = PR where P is the Zg—graded permutation matrix. The matrix R satisfies
the graded Yang-Baxter equation RisRi3R23 = Rao3R13R12, where Ris = R ® I3,
Roz = I3 ® R and Ri3 = (P ® I3) Ry3(P ® I3) with the 3 x 3 identity matrix I3. The

matrix R obeys braid relation R12R23R12 = R23R12R23 and the Hecke condition
R =(q—q "R+,

where Ig is the 9 x 9 unit matrix.
As a note, the matrix R is skew-invertible, that is, there is a matrix B such that

Z an ka _ (51(51 — ZR%kB:’gl

m,n
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The non-zero entries of this B matrix are Bif = ¢!, Bi2 = ¢!, Bi3 =1, Bl =
¢ — 1), By =g By = ¢ B = L Biy = ¢ - 1), B o= L,
B33 =q ' —q, Bj =1and B =q.

The commutation rules of the generators of the function algebra on the super-
space Czll, with the matrix R, can be expressed as follows:

At
g R TmXn = qu Tk

m,n

Using the R-matrix, we can rewrite relations (12) and (13) as follows:

Ojk =0k +q Y R 2mOn, 0,0k =q > (R 0.
6.2. Commutation relations of the Cartan calculus

Here, we give all cases formulated with the matrix R of the Cartan calculus presented

in Section 5.
1. Relations involving the inner derivations:

ig, - = qZ(,l)p(wk) R;fgl T - i, ,

cdawg =05 — g7 Y (= 1)PEE o) i dg g

m,n

io,0h = ¢ " Z PO (RN O i,

o, =7 Yo ) (g

m,n
2. Relations involving the Lie derivatives:

Lo, -mn =0 +a) Rin [xm c £, + (—1)PEEEPGo) (1 — g72) da,y, - ia,b] 7

m,n

Lo, - dry = 12 VIR day - Lo, £0,0k=a ) (RS O Lo,

m,n

Lo, Lo, = qz kg Lo, Lo,

3. Mixed relations:

£0,i5, = qz(_1)1+p(,£aj)+p(iam) (Rq)kj iy Lo, .

6.3. Tensor product realization of the wedge product

The commutation relations of ix; with dxj given by (20) can be used to define the
wedge product A of forms as an antisymmetrized tensor product. Since dz; ® dz; is
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an element in the tensor space of Q(T*Cill) ® Q(T*(Cgll), we can define the product
of two forms in terms of tensor products as:

dzi ANdzj = dx; @ dzj + q 2 Z(—l)p(d”k)dxk ® agj(dmi)
k

=dx; @ drj — Z(—l)p(d“)”(dw"”)A%n dz,, ® dx,,

m,n

where A = ¢~ R. These equations give implicit commutation relations between the
dxy’s. So we have

(0, dxj A day) = 6;; dog + Z(_l)p(ai)w(dzj)/\g;fn Sim A,

m,n

We can define ix; to act on this product by contracting in the first tensor product
space, that is,

iai (dl‘j A dxk) = (Sij dd?k - Z(_l)p(iai)er(de)A%Cn 5im dCEn

m,n

Using the same method as for dz; we can also obtain a tensor product decom-
position of products of inner derivations as follows:

i, Mg, = io, ®in, — Z(il)p(iaij(iam)A%n ig, ®ig, .

m,n
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