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Abstract. Under appropriate algebraic conditions on the nonlinearity, using variational
methods and critical point theory we discuss the existence of one, two and three solutions
for nonlinear discrete Dirichlet boundary value problems driven by ¢.-Laplacian operator
involving two parameters A and p, without imposing the symmetry or oscillating behavior at
infinity on the the nonlinearity, which has applications in the dynamic model of combustible
gases, the capillarity problem in hydrodynamics, and the flux-limited diffusion phenomenon.
Some applications and examples illustrate the obtained results.
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1. Introduction

In this paper, we study the following problem:

—A(¢e(Bulk — 1)) = Af (K, u(k)) + pg(k, u(k)), k € [L, Nlz, (1)
u(0) =u(N+1)=0,

where ¢.(s) = o2 [1,N]z ={1,2,..,N}and f,g:[1,N]z x R — R are continu-
ous functions. Au(k — 1) = u(k) — u(k — 1) and A, u are two positive parameters.
In the last decades, differential equations involving ¢.-Laplacian operator (¢.(s)

= —=2— is the mean curvature operator) regarded as a variant of the Liouville-

Vi+s?
Bratu-Gelfand problem, which is used to study the dynamic model of combustible
gases [36, 37], the capillarity problem in hydrodynamics [22, 35], and the flux-limited
diffusion phenomenon [29], have been studied by some researchers [3, 2, 4, 5, 15, 34].

On the other hand, difference equations describe evolution of certain phenomena
over the route of time. For example, if a certain population has discrete genera-
tions, the size of the k + 1th generation u(k + 1) is a function of the kth generation
u(k). Namely, since difference equations give a natural description of many discrete
models in the real world, in various fields of science and technology such as statis-

tics, computer science, electrical circuit analysis, biology, neural networks, optimal

*Corresponding  author. Email  addresses: ahmad673.1356Q@gmail.com (A. Ghobadi),
sh.heidarkhani@razi.ac.ir (S. Heidarkhani)

https://www.mathos.unios.hr/mc
(©2025 School of Applied Mathematics and Informatics, University of Osijek



40 A. GHOBADI AND S. HEIDARKHANI

control, economics, finance, and so on, it is of practical importance to study the
existence of solutions of difference equations and discrete boundary value problems.
Lately, there have been many studies on discrete boundary value problems by differ-
ent approaches, for example, see [11, 12, 17, 19, 20, 23, 24, 26, 27, 28, 30, 31, 32]. In
[28], by using the three critical point theorems proposed by Bonanno [7], Jiang and
Zhou have obtained sufficient conditions for the existence of at least three solutions
of discrete p-Laplacian Dirichlet boundary value problems. In [12, 11], Bonanno and
Candito have discussed the existence of multiple solutions for a class of discrete non-
linear boundary value problems under rather different assumptions via variational
methods and critical point theory. In [17], by using critical point theory, the au-
thors have studied the existence of at least three solutions for a perturbed nonlinear
Dirichlet boundary value problem for difference equations depending on two positive
parameters.

To the best of our knowledge, there are a few works in the literature studying
the existence of solutions for boundary value problems involving ¢.-Laplacian, and
we have just found [19, 38], in which the authors have discussed the existence of
multiple solutions for problem (1) in the case p = 0, and the existence of infinitely
many solutions for problem (1) in the case p = 0. We refer to [21], in which
a partial discrete Dirichlet boundary value problem involving the mean curvature
operator was studied, and under proper assumptions on the nonlinear term, some
feasible conditions on the existence of multiple solutions by the method of critical
point theory were obtained. Also, open intervals of the parameter to attain at least
two positive solutions and an unbounded sequence of positive solutions with the help
of the maximum principle were separately determined.

We refer to [25], where the author has studied the characterization of entire
solutions of some system of Fermat type functional equations and also posed an
open problem. The author has provided a nice discussion and presentation of the
mathematical background to underline the relevance of the topic. The author has
distinguished various situations and supported the finding with illustrative examples.
We also refer to paper [6], where using critical point theory and variational methods,
the existence of at least three solutions for a class of double eigenvalue discrete
anisotropic Kirchhoff-type problems was discussed. Further, the effects of Kirchhoff
weight on the principal operator were considered. We note the fact that establishing
the Kirchhoff counterpart of existing models is a very actual topic of research. In [33],
the authors have established the existence and multiplicity of non-zero homoclinic
solutions to a nonlinear Laplacian difference equation without using Ambrosetti-
Rabinowitz type-conditions. Similarly to our present paper, the main approach is
based on the mountain pass theorem and the Palais-Smale compactness condition
involving suitable functionals.

Inspired by the above results, in this the article, we investigate the existence
of one, two and three solutions for problem (1). In these cases, we apply suitable
conditions on the nonlinear terms and create openings for two parameters A and pu
in problem (1), without imposing the symmetry or oscillating behavior at infinity on
the nonlinear terms f and g. We also give examples to show the use of the proven
theorems. At the end, we discuss the existence of the solutions for the problem in
the case when two parameters are the same. Precisely, we discuss the regularity
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properties of energy functionals associated to the main problem.

2. Preliminaries and basic notation
In this section, we introduce the tools that are necessary for our main results in the
next section. Set

X ={u:[0,N +1]z — Rju(0) = u(N + 1) = 0}. (2)
X is an N-dimensional Banach space with the following norm:

N+1

MH—(EZMU-4 ) (3)

Let |Julloo := max{u(k) : k € [1,N]z}. We see that |lul|s is another norm in X.
From Lemma 2.2 of [28], we have

Lemma 1. For any u € X, the following relation holds:

VN +1 u
2

[ufloo <

From (2.1) and (2.3) in [13], we have the following lemma.

Lemma 2. For any u € X, one has

1 1
\/TTNHu” <ulleo < \/TTHUH’
where \; = 4sin? m and Ay = 4sin? %

We define the functionals ®, ¥ : X — R in the following way:

N+1 N
o)=Y (VI+Bulk—DP-1), ¥(w) = 3 (Flku(k)+5 Gk uk)). (5)
k=1 k=1

Corresponding to the functions f and g, we introduce the functions F,G : [1, N]z x
R — R, respectively, as follows:

F(kut) = [ f(h et € Rand Gkut) = [ g(k.€)ds.t € R

For v > 0 and n > 0, set

N

G = lr{‘ngG(k ,€) and G, 72 inf G (k, £).

If g is sign-changing, then G” < 0 and G, > 0. We say that a function u € X is a
solution of problem (1) if

N
—ZA Se(Bu(k = 1))o(k) — ()\f (k, u(k))v(k) +ug(k,u(k))v(k)) )

k=1
holds for all v € X.
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Definition 1. Assume that X is a real reflexive Banach space. We say I satisfies the
Palais-Smale condition (denoted as PS-condition for short) if any sequence {ur} C
X, for which {I(ux)} is bounded and I'(ux) — 0 as k — 0, possesses a convergent
subsequence.

If r1,ry € [—00,+00] such that r1 < ro and I = & + AU, where &,V : X - R
are two continuously Géateaux differentiable functions, so that each sequence {u,}
that has the following conditions:

(i1) {I(uy,)} is bounded;
(i2) Timp oo [ (un)|x- = 0;
(i3) 1 < P(un) <72,

possesses a convergent subsequence. At a time, the functional J applies to the
Palais-Smale condition cut off lower at 7; and upper at 5 ( "1}(PS)["2l-condition).

Likewise we can make (PS)I"2] in which r; = —oco and 7, € R and ["(PS) in
which 71 € R and ro = co. By definition (1) of the (PS)-condition, it is established
that in [")(PS)I"2)-condition, r = —o0o and ro = oco. Indeed, let ® and ¥ be two

continuously Géateaux differentiable functionals defined on a real Banach space X;
fix » € R. The functional I = ® — AV is said to verify the Palais-Smale condition
cut off upper at r (in short (PS)I") if any sequence {uy, }nen in X such that

(71) {I(uy)} is bounded;
(J2) limy oo [ (un)||x+ = 0;
(43) ®(uy,) < r for each n € N,

has a convergent subsequence.
The proofs of our theorems are based on the following four theorems.

Theorem 1 ([10, Theorem 2.3]). Let X be a real Banach space and let ®,¥ : X — R
be two continuously Gdteaux differentiable functions such that inf,cx ®(u) = ®(0) =
U(0) = 0. Assume that there exist r > 0 and @ € X, with 0 < ®(@) < r, such that:

suPg (< V(W) _ W(u
(kl) p“I’( )TS < E’E;7

&

(ko) for each X\ € (igg,m), the functional I := ® — AU satisfies the

(PS)I"l_condition.

Then, for each A € A := (igg,m), there exists ug x € ®71(0,7) such

that In(ugx) = Ox+ and In(uox) < In(u) for allu € O=1(0,7).

Theorem 2 ([10, Theorem 3.2]). Let X be a real Banach space, &,V : X — R two
continuously Gateaux differentiable functionals such that ® is bounded from below
and ®(0) = ¥(0) =0. Fiz r > 0 and assume that for each

i)
’ SUPyed—1(—oo,r) \I/(’U,) ,

)\E(O
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the functional Iy = ® — AU satisfies (PS)-condition and is unbounded from below.
Then, for each

)
’ SUPyed—1(—oo,r) \I/(’U,) ,

Ae(o

the functional I admits two distinct critical points.

Theorem 3 ([1, Theorem A]). Let X be a reflexive real Banach space, ® : X — R
a continuously Gateaux differentiable and sequentially weakly lower semicontinuous
functional whose Gateaur derivative admits a continuous inverse on X* and let W :
X — R be a continuously Gateaux differentiable functional whose Gateaux derivative
18 compact. Assume that:

(ml) hmHuH—)oc(q)(u) + )‘\II(U)) = 00, for all A € [Ov OO);

(mg) there is r € R such that infx ® <1 and ¢1(r) < p2(r), where

\I/(’LL) — inf(b_liw v
. (—o0,r)
= f
S01(T) uG@Jﬂfoo,F[ r— (I>(u) ’
_ : Y(u) — ¥(v)
= f —
2= o M ) ™ ) B(0) — ()

and ®—1(—o0,r) s the closure of ®~1(—o0,r) in the weak topology. Then, for each

s (w%(r)’ ﬁ) the functional ® + AV has at least three critical points in X.

Theorem 4 ([8, Theorem 1.1]). Let X be a reflexive real Banach space, and let
O, U: X — R be two sequentially weakly lower semicontinuous and Gateaux differ-
entiable functions. Assume that ® is (strongly) continuous and satisfies 1im|j,|| 00
®(u) = co. Also, suppose there exist two constants 1 and ro such that

(m) infx @ <rp <ro;

(n2) @1(r1) < 3(r1,7m2);
(n3) pi(re) < @i(ri,r2), where @1 is defined as in Theorem 3 and

Y(v) — U(u)

i) = inf SUD B ey
502( 1 2) u€d—1(—o0,r) VEDP—1[ry,ra] @(’U) - CI)(U)

Then, for each \ € (m,min{m, m}), the functional ® + AV admits at
least two critical points which lie in ®~1(—oco,r1] and ®~1[ry,r3), respectively.
For situations of successful employment of the results such as Theorems 1-4 in

order to prove the existence of solutions for various boundary value problems, we
refer the reader to [14, 16, 18].
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3. Main results

In this section, we present the existence results.

S (N+D)VNFT
2

Theorem 5. Assume that there exist two positive constants and n

with the property

2¢/14+ 12 -1<

2
——— N,
JNE1!
and assume that

(A1) Shoisup <y F(kt) SN Fkyy) |
2
- N-1 2(y/14n2-1)’

. F(k,
(Ag) limsup¢ o —Supkg[l’l?lz (k,8) < 00

Then, for every

2
/\EA::<2(\/1+772—1) NaE A
Yimy F(k,n) " S0, supjy <, F(k, )

and for every continuous function g : [1,N]z x R — R satisfying the following
condition:

. supgeq1,ny, Gk, t)
lim sup

[t =00 It]

< 00, (6)

there exists 0y given by

N

) {2(\/ 1+n2-1)—X Z,If:l F(k,n) \/%_H’Y_N_l_)‘ > k—15uP|y < F'(E, t)}

min e ; g% (7)
7

such that for each pn € [0,9y), problem (1) admits at least one solution uy in X such
that max,co1] [ux(t)| < 7.

Proof. We want to apply Theorem 1 with regard to the space X with the norm
defined in (3), and the functionals ® and ¥ defined as in (5). According to the
definition of @, we realize that ® is Gateaux differentiable and sequentially weakly
lower semicontinuous, its Gateaux derivative is the functional ®'(u) € X*, that is
as follows:

and
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for every v € X. An easy computation ensures the regularity assumptions required
on ®. Moreover, the functional ¥ is in C'(X,R) and ¥ has a compact derivative.
By the definition of ®, one has

N+1 N+1
=> V1+(Auk-1)2->"1
k=1 k=1
N+1 1 N+1
> (2(1 + (Aulk — 1))2)) -3
k=1 k=1
> ul =N —1. (8)
Put r = \/ﬁiﬂw—N—land

1,N
U.J(k): 7, k€[7 ]Za
0, k=0=N+1.

Clearly, w € X. Hence, we have

D(w) = 2(v/1+ 72— 1).

Thus, by assumption (12), we get 0 < ®(w) < r. Moreover, by (4) and (8), we have

[u(®)] < Jlullos < "l < L(@(u) + N+ 1)

N+1

(r+N+1)=4+, V k€][l,N]z.
Consequently,
O (—oo,r] = {u € X;®(u) <r} C{uc X;u(t) <y}

Therefore, one has

N

N
sup ZF(km(k)) < sup ZF(k,t),
u€P~1(—o0,m) [t<v 1

and this in conjunction with the second inequality in (6) ensures

N N
7 7
. q)f}lpjoo ) Z (F(k,u(k)) + XG(k,u(k))) < . @f}lpjoo ) ZF(k,u(k)) + XG"f
€ (=00,m) € (=00,m)
N
<Z sup F(k,t) + G“’
1|t|<’Y

for every u € X such that ®(u) < r. Thus,

N

sup ¥(u) < Z sup F(k,t) + areal
P(u)<r =1 ItI<Y A
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On the other hand, we have

N N
W) = Y (Flhw(®) + KGwih) = 30 Pk w(k) + 56,

k=1 k=1

Therefore,

SUD 1oy D) SWPucat (oo ) Yy (Flku(k) + 4Gk, u(k)))

r r
Zk 1 Sup|t|<’y F(k,t) + 5G7 )
\/77 N -1 ’
and
N o
W) | T (FUom) + §G0m) 5 i) + 4G,
ow) = Vil -1) 20/t -1)
Since
\/%—5-17 -N-1- )‘chvzl SUP|¢| <y F(k,t)
< >
G
this means
S supyy <y F(k, 1) + £G7 1
2 .
=) N -1 A
Furthermore,
< 2V 1) — AN Fki)
G, ’
this means
Saea Flkn) +§Gy 1
21+ 72 —1) A
Then,
N
wiTﬂ—N— A 2(w/1+n2—1)

Hence, from (9) to (10), the condition (k1) of Theorem 1 is fulfilled. Finally, for
A > 0, we will show that the functional Iy, = ® — AV is coercive. Since pu < d and

by (6), we can fix a > 0 such that ap < N\/?vﬁ’ and there exists p € R such that
G(k,t) < alt| + p, for every (k,t) € [1, N]z x R. Now, we fix ¢ < ﬁ - 4k
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From the assumption (Az) there exists h € R such that F(k,t) < ¢|t| + h for every
(k,t) € [1, N]z x R. It follows that for each u € X,

N+1 N
B(u) ~ AU(u) = 3 (\/1 T (Aulk— ) AZ( “G(k uk )))
k=1 k=1

N+1 N+1

z( [1+(Au(k )5 Zl—Ame )| = AR
—auZIU )| = np
€Nv aNVN +1
> fufl - ASY Ly - 7|\U||—N(1+)\h+up)—1
EN\/N+ aN\/N+
2(1_A 2 M )

??‘

[ull = N(L+ Ah + pp) =1,

SO

lim  (®(u) — AP (u)) = oo,
lJul| x —o0
which means the functional I, = ®(u) — A¥(u) is coercive. Therefore, by [9, Propo-
sition 2.1], the functional I = ®(u) — A¥(u) verifies the (P.S)["-condition for each
r > 0, so the condition (k2) of Theorem 1 is fulfilled. From (9)-(10), one also has

d(w) T
A€ (\Il(w)7 SUP G (u)<r \If(u))

Theorem 1 with © = w guarantees the existence of a local minimum point uy for
the functional Iy such that 0 < ®(uy) < r and so uy is a nontrivial weak solution of
problem (1) such that maxyep, Ny, [ua(k)] < 7. O

Now we give an example to show the use of Theorem 5.

Example 1. Consider the problem
N Au(k—1) _
A(imm(k_l))Q) Mk, u(k)) + pg(k, u(k)), k € [1,3]z, )
u(0) =u(N+1)=0,

where g(k,t) = 2k for all (k,t) € [1,3]z x R, we have G(k,t) = 2kt + 1 for all
SUPke(1,3], G(k,6)

(k,t) € [1,3]z x R. We see that limsupm_moT < o0, namely, (6)
holds. Letting
3k, t<1
k) =450 S0
R

for every k € [1, 3]z, we have

Flk.t) = 3kt, t<1,
U 8k(In(t) + 1), t>1,
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Pk, .
W < 00, the condition (As)

holds. Taking v = 5 and n = 1075, then 2/1+10-12 — 1 = 2/14+ 12 -1 <
\/%ny — N =2, and also

for every k € [1,3]z. Hence, lim supj¢| 00

N
=1 SUPJyj<o F (ko) 18 % In6 < 18 x 106 _ S F(k,m)
W@HV—N—l 2(V1+10712-1)  2(/1+n2-1)

Therefore, the condition (A1) holds. So, all conditions of Theorem (5) are satisfied.

Consequently, it follows that for each \ € (2( 11;1(1)011271)’ 18}n6) and for every

2% (VI+1012-1)—18 x 1076\ 1 —181In6 x A}

0< i { ,
= s min 12x10°°+3 63
problem (11) admits at least one weak solution in X.

Now, we want to discuss the existence of at least two solutions for problem (1).

Theorem 6. Assume that there exist two positive constants v > % VNHL nd n
with the property

1

2 l-i-’l72—1<\/?_'_1

v —N, (12)

and assume that

(Ag) there exist v > 1 and T > 0 such that
0 <wvF(k,§) <&f(k,€)

for all |§] > T and k € [1,N]z.

Then, for each

2
) N
AE N0, —x ,
k=1 SUP|¢<y F(k,t)

and for every continuous function g : [1,N]z x R — R satisfying the following
condition:

(A4) there exist v >v' > 1 and T’ > 0 such that
0 <V'G(k,¢§) <&g(k, )
for all |§] > T and k € [1, N]z,

and for each i in (7), problem (1) admits at least two solutions u; and us in X such
that maxyen, Ny, [u1 (k)] <.
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Proof. We want to apply Theorem 2. Recalling the functionals ® and ¥ defined
in Theorem 2, we first examine the (PS)-condition for the functional I). To prove
this, let {u,} be a sequence in X such that {I)(u,)} is bounded and I} (u,) — 0
as n — +oo. Then, there exists a positive constant ¢ such that |I(uy)| < ¢o and
|T} (un)| < co for all n € N. Therefore, by assumptions (As), (A4), and the definition
of I, we have

co + clfunl = vIx(un) = I (un) (un)

> (v —1)|un| — N —1+)\Z< (k, un (K (/c)—uF(mn(k)))

+ MZ ( (kyun (k))un (k) — VG(kaun(k)))
> (v— 1)||Un|| -N-1,

for some ¢; > 0. Since v > v/ > 1, this implies that {u,} is bounded. Next, we
prove that there exists u € X such that u, — v in X, as n — oo. Since X is a
Banach space, there exist a subsequence, still denoted by {u,}, and a function u in
X such that u, — u, in X. We have

N
S (\/1 T (Bunk—1D)2—1— (VI+ (Aulk —1))2 - 1))dt 50, n—oo. (13)
k=1

From the continuity of f and g we get

N

)‘Z(f(k7un(k)> - f(k7u(k)))(un(k) - u(k)) — 0, n— o0, (14)
k=1
and
N
1Y (g(k, un(k)) = gk, u(k))) (un (k) — u(k)) = 0, n — oo. (15)
k=1

On the other hand, we have
< I(un) = (), —u > = =~ A(¢e(Aup(k — 1)) (un (k) — u(k))
(£ 0 (1)) () = u()))

(908, () () = (k) )
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2
+

1

+ 2 Alde(Au(k = 1)) (un(k) — u(k))

=

+
g Il
> -

(M, (k) (k) = u(k)) )

k=1
N

+ ”Z (g(k,u(kj))(un(k‘) - U(k))>
k=1

N
= > (A Ry un (k) = £, w(k)) (un(k) = (k)
k=1

+ gk, un(k)) — g(k, u(k))) (un (k) — U(k)))~ (16)
It is easy to see that
< I{(un) — I\ (u), up —u >— 0.
From (13)-(16), we have
lwn — ul| = 0.

Consequently, the sequence u, converges strongly to u in X. Therefore, I sat-
isfies the (PS)-condition. From the conditions Az and Ay, there exist constants
ai, as, by, by > 0 such that

F(lﬁt) 2 a1|t|” — a2 (17)
for all k € [1, N]z and ¢ € R.
G(k,t) > bi]t]” — b (18)

for all k € [1, Nz and t € R. Now, choosing any u € X\{0}, using (17) and (18) for
each 7 > 0, one has

N N
Iy(tu) <||tu|| - N —1— AZF(R,Tu(k)) - uZG(k,Tu(k))
k=1 k=1
N N
< rlull =M arfu(k)]” + Xag — pr Y bifu(k)]” + pby — N — 1.
k=1 k=1

Since v > 2, this indicates that the functional I is unbounded from below. Thus, all
AT

YN sup|¢ <~ F(k5t)
the functional Iy admits two critical points that are weak solutions of problem (1).
O

hypotheses of Theorem 2 are verified. Therefore, for each A € (0
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Remark 1. In Theorem 1 we observe that if f(k,0) # 0, then Theorem 7 ensures
the existence of two nontrivial solutions for problem (1). If the condition f(k,0) # 0
for all k € [1, Nz does not hold, the second solution us of problem (1) may be trivial,
but the problem has at least a nontrivial solution.

Now, we want to present an example to illustrate the application of Theorem 6.

Example 2. Let N = 20. Put g(k,t) = 3t> +t + k for all (k,t) € [1,20]z x R,
so G(k,t) = t3 +t2 + kt for all (k,t) € [1,20]z x R, hence limg_ oo G(( )) 3, by
choosing v/ =3 and T' = 1, condition (A4) holds. Letting

3 +cosmt+4, t<1
kt — b [— b
k1) {5t41, t>1,

for all k € [1,20]z, we have

t4—|— fsm77t+4t t <1,
F(k.t) = t5 13
+ t>1.
Hence, limg_ 4 % =5 < oo and limg,_ % =4 < oo, thus by choosing
v=>5>2and T =1, condition (As) is satisfied, also v > v'. Taking v = 100 and
n =1 such that 2,/1+ 12 —1=2V2-1< V% x 100 — 21 = w@Tn—N—l, we

clearly see that all assumptions of Theorem 6 are fulfilled. Therefore, it follows that

x100—21

for each \ € (O, W) the following problem:

_ M — 2
A( 1+(Au(k_1))2) Af(k,u(k)) + p(362 +t+ k), k € [1,20]z

u(0) = u(21) =0,
has at least two nontrivial solutions.

Now, we consider A = u, and in this case we want to discuss the existence of at
least two and three solutions for problem (1).

Theorem 7. Assume that there exist two positive constants 5 > % Al

with the property

and 1

@(2\/1+ﬁ2+]\771)>ﬁ, (19)
and let the assumption (As) in Theorem 5 hold. Moreover, assume that
(As) Yoy Fkym) 2 0;
(4s)

zﬁzlsupmm,t) Sy F(k,n) — S, suppy <y F(k, 1)
T - N1 (VT 1)




52 A. GHOBADI AND S. HEIDARKHANI
Then, for every

= 25
/\E( 2(V1+92-1) Al V-1
Zk L Fkym) — Zk 1 SUP¢ <5 F(k,t) ZkN:1 Sup|¢|<y F(k,1)

and for every sign-changing function g : [1, N]z x R — R satisfying in (6) problem
(1), in the case A = u, admits at least three solutions in X.

Proof. Put Iy = ®(u) + AV (u), where

N+1

@(u):Z( 1+ (Au(k—1))2— )and\Il - Z( k) + Gk, u(k ))) (20)

k=1

for all w € X. Standard arguments show that ® and ¥ are Gateaux differentiable
functionals whose Gateaux derivatives at the point w € X are given by

N
== A(¢e(Au(k —1)))o(k)
k=1

and
N
= =3 (FOkulk))olh) + gk u)e()

for all u, v € X, respectively. We know that a critical point for function ®(u)+A¥(u)
represents a solution of problem (1) in the case A = u. Our objective is to imple-
ment Theorem 3 for & and W. By sequentially weakly lower semicontinuity of the
norm, the functional ® is sequentially weakly lower semicontinuous. Moreover, ¢
is continuously Gateaux differentiable and its Gateaux derivative admits a contin-
uous inverse on X*. The functional ¥ : X — R is well-defined and continuously
Gateaux differentiable and its Gateaux derivative is compact. Thus it is enough
to show that ® and ¥ satisfy (m;) and (msg) in Theorem 3. By (6), we can fix
a > 0 such that a < ﬁ, and there exists p € R such that G(k,t) < alt| + p.

Now, we fix ¢ < AN#\/W — a. From the assumption (Asz) there is h € R such that

F(k,t) <elt| + h for every (k,t) € [1, N]z x R. It follows that for each u € X,

=z
+

1

D(u) + A\U(u) =

/N

VIT Bulk - D)7 1) - AZ (F(k,u(l) + G b u(h)))

=~
Il

1

=z
+

1

> (Y 0+ (Autk - 1))?))

1

—a)\Z|u ) — Ap

N+1

Z1—A52|u )| = Ah

[NIC

~
Il
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eNvN +1 NvN +1

> lull = N = 1= A== lul) = ANA = AZ= ]| = ANp
N+vN +1 N+/N +1
> (1A% Tl \e . + Yllull = AN~ ANp— N —1,

thus lim |, -0 (®(u) +A¥(u)) = oo, which means the functional Iy = ®(u)+A¥(u)
is coercive. Now it remains to show that (mg) of Theorem 3 is satisfied. Put
r = \/%H’V — N —1 and

(k) = {77, k€ [1,Nlz,

0, otherwise.

Clearly, w € X and

O(w) =2(+/1+72—1). (21)

Thus, by (19) we see that ®(w) > 7. Moreover, since ¢ is sign-changing and using
the condition (As), we have

N N
U(w) = = > (Flkw(k) + Gl w(k)) < = 3 Flkn).
k=1 k=1
Taking (4) into account, for every u € X such that ®(u) < 7, we get
sup  [u(k)] <7.
ke[1,N]z
Thus
N N

o 7)2 (P(k,u(h) + Gk, u(k)) ) < sup 7)ZF(k,u(k>)
ued—1(~00,7) 11 u€P~1(—o00,7)
N
<3 sup F(h, 1) (22

1 Ity

for every u € X with ®(u) < 7. So

N
sup U(u) < Z sup F(k,t).
®(u)<F — <

2

By simple calculations and from the definition of ¢1(7), since ®(0) = ¥(0) = 0 and
d1(—o0,7) = ®1(—00,ar), we have
\If(u) — infqri_
— . 1(70077‘)
= f
(Pl(r) uefbjﬂ—oo,F[ T — <I>(u)
— infmw \I/(’U/>
r

N
2 ok—1 SupP|¢ <y F(k,t)
— .
Al N1

o U(u)

<
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On the other hand, by (22), one has

I 2w = V()
p2(T) = u@@*l(f—wf) veéfl%w) ®(v) — ®(u)
. U(u) — ¥(w)

- uE‘I"_llr%—oo,f) D(w) — P(u)
infue@_l(—oof) \I/('LL) - \I/(OJ)

: (w) — @(w)

o= Y pe S| <y F(k, ) + Y, F(k,m)
- (w) — @ (u)

o Xhn Pl m) = S50 supyy < F(k )

2(/1+ 72— 1) '
From (Ag) one has
p1(T) < pa(7).

Therefore, from Theorem 3, taking into account that

1 2(v1+7%2-1)

— <
p2(r) T SN F(k,n) — Yop suppy <y Fk, 1)

and

2 _
1 S YNT1 !~ N-1
eu(r) Zfevzl Sup|¢ <y F(k,t)’

we obtain the desired result.

Remark 2. In Theorem 7, if we replace the condition

(A7) 2R SUP |y <5 Fkot) < Sry F(k,n)
’ N1 2(y/14+7%-1)

with the condition (Ag), the assumptions (19), (As) and (A7) hold. Then, for each

2 —
. (2(\/1 +72 —1) THW—N— 1
ey Flkom) " i suppy <y F(k, 1)

and for every sign-changing function g : [1, N]z x R — R satisfying condition (6),

in the case A = u problem (1) admits at least three solutions.

We now want to show the existence and multiplicity of solutions for problem (1)

by using Theorem 4 in the case A = p.
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Theorem 8 Assume that there exist three positive constants 7, > % ‘NH,
Yo > (N+1) VNEL and 7 with the property
2 2
—N<2y14+72-1< Jo — N (23)

VN + N +1

such that the assumption (As) in Theorem 3 holds, and

(As)
N N
- Zk:l Sup|¢| <y, F(k,t) Zk:l SUP|¢|<5, F(k,t) ch\’:1 F(k,n)
ax T - N1 T N1 < = )
/N+1’717 - /N+1f}/27 - 2(\/m_1)
Then, for each
AeA_(2(\/1+772—1) i { Neca i Neca i 1
= N J N "N
> k=1 F(kym) Y k=1 SUP <5, F(kyt) D p—y suppy<s, F(k, 1)

and for every sign-changing function g : [1,N]z x R — R satisfying in (6), in
the case A = p problem (1) admits at least two solutions uq x and ug x such that
maxye(1, ], U1, (k)| < F1 and maxgep Ny, [uzn ()] < 2.

Proof. Put
B f(ka 7’_71)a lf(kﬂ ) [17N] ( o0 7:}/1)
f(k7t) = f(ta LC), if(ka ) [17N] [ 717’72]
f(k/’f??)v if(ka ) [LN] (’72a )

Clearly, f : [1, N]z xR — R is a continuous function. Now put F(k,t) fo
for all (k,&) € [1, N]z x R and take X and ® as (2) and (20), respectlvely, and

N

() = = 3 (Flk,ulk) + Gk, u(k)))

k=1

for all w € X. Our goal is to apply Theorem 4 to ® and ¥. It is well known that
lim )| x oo ®(u) = 00 and ¥ is a differentiable functional whose differential at the
point u € X is

3 (s (FCk, kDo) + gk, ulk))o(k))

k=1

for any v € X, and it is also sequentially weakly lower semicontinuous. Furthermore,
¥’ : X — X* is a compact operator. Thus, it is enough to show that ® and ¥ satisfy
conditions (n1), (n2) and (n3) in Theorem 4. Let
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and let w € X as in the proof of Theorem 4. Due to the assumptions (23) and (21),
we have 71 < ®(w) < 7y and infx ® < 71 < To. Moreover, arguing as in the proof of
Theorem 7 and taking Remark 2 into account, we obtain
S suppy<s, F(k, )
p(r) < 5 ,

Voes i

N
(i) < > k=1 SUPpy <, F'(K, 1)
— 2 —
e~ N -1

and

* Fo T z;cvzl F(k,’l])
) 2 Sy

Hence, from (Asg), the conditions (ng2) and (n3) of Theorem 4 hold. Therefore, from
Theorem 4 we obtain that for each A € A, the problem

_A<%> = A(JF(’@W?)) + 9(k7U(k))), ke[l Nz

uw(0) =u(N+1) =0,

admits at least two solutions u x and uz x such that maxycp ny, lui (k)] < W% and
maxye(1,n], [t2,x (k)| < 3. Observing that these solutions are also the solutions for
problem (1) in the case A = pu, the conclusion follows. O

We now consider the case where variables of function f are separated, in which
case problem (1) is written as follows:

A (e ) = A(00) (k) + gk (b)) k€ 1N
u(0) = u(N +1) =0,

where 6 : [1,N]z — R is a non-negative and non-zero function such that 6 €
I*([1,N]z) and f : R — R is a non-negative and continuous function.
Put

3
F() = /0 ft)dt, for all & €R.

We apply the results of Theorems 7 and 8 to the case when f(k,t) = 0(k)f(t) (V
(k,t) € [1,N]z x R).

Theorem 9. Assume that there exist two positive constants 5 > % VN nd 7
with the property

VNF1
5 VTP + N —1)>5

and let the assumption (As) and
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F(7) F(n)
(4s) —05m < G hold.

Then, for every

_ 2
e (2(v1+n2—1) W’V_N_l)
10112 (1,30 F' () 110112 (11, 37) F'(7)

and for every sign-changing function g : [1, Nz x R — R satisfying (6), in the case
A = p, problem (1) admits at least three solutions in X.

Theorem 10. Assume that there exist three positive constants 7, > w, 7
and g > % VL with the property
2 5 N <2y/1+7? 1<L‘ N
VN1 ! VN1
and
(Ag)
F( F(+ F
maX{ i P (1) — P (72) } < (777)2 .
v V-l e - N -1 (14 - 1)

Then, for each

_ 2 o n 2 = N
ver= (AP D L v D0 a2 )
101102 (1, 3712) F'(0) 1001x (1,312 F (1) " 10112 (1, 372) F (V2)

and for every sign-changing function g : [1,N]z x R — R satisfying (6), in the
case A = p, problem (1) admits at least two solutions ui x and ugx such that
maxieqi, Ny, [u1a (k)| < F1 and maxgep, Ny, [uz A (k)| < e
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