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1. Introduction

Let (Pn)n≥0 be the Padovan sequence given by the Fibonacci–like recurrence relation

Pn+1 = Pn−1 + Pn−2, for all n ≥ 2,

with initial conditions P0 = P1 = P2 = 1. The first few terms are

1, 1, 1, 2, 2, 3, 4, 5, 7, 9, 12, 16, 21, 28, 37, 49, 65, 86, 114, 151, 200, 265, 351, . . .

The above definition is the one listed in Sloane’s On–Line Encyclopedia of Integer
Sequences (OEIS) [24] as A134816. These numbers were named by Stewart [25]
after Richard Padovan, although Padovan attributted the sequence to Hans van der
Laan (see Padovan [18]). The Perrin sequence (Rn)n≥0 satisfies the same recurrence
relation as the Padovan sequence but with different starting values. The first few
terms for n = 0, 1, . . . are

3, 0, 2, 3, 2, 5, 5, 7, 10, 12, 17, 22, 29, 39, 51, 68, 90, 119, . . . . (OEIS A001608)

This sequence was discussed by Edouard Lucas [16] in 1878. It was later investigated
by Raoul Perrin [19]. For more information on these sequences, see for example
Anderson, Horadam, and Shannon [5].

We remind the reader that the concatenation of two or more numbers is the num-
ber formed by concatenating their numerals. Given positive integers D1, . . . , Dt, we
write D1 · · ·Dt for the integer whose decimal representation is the concatenation
of the decimal representations of D1, . . . , Dt. In recent years, several authors have
studied problems in this subject. For example, concatenations of two repdigit num-
bers (OEIS A010785) that are Fibonacci numbers (OEIS A000045), generalized Fi-
bonacci numbers, Perrin numbers, Tribonacci numbers (OEIS A000073), generalized
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Lucas numbers, Padovan numbers, Narayana cows numbers (OEIS A000930), gen-
eralized Pell numbers, Lucas numbers (OEIS A000032), balancing numbers (OEIS
A001109), and associated Pell numbers (OEIS A001333) have been treated sepa-
rately in [1, 2, 7, 9, 10, 12, 13, 15, 20, 21, 22].

In the case of the concatenation of binary recurrent sequences, there is a general
result due to Banks and Luca [6]. They showed that if (Un)n≥0 is a binary recurrent
sequence of integers satisfying some mild hypothesis, then only finitely many terms
Un can be written as concatenations of two or more terms of the same sequence.
In particular, they showed that the only Fibonacci numbers that are non–trivial
concatenations of two other Fibonacci numbers are 13, 21, 55. Recently, Alan [3]
found the Fibonacci and Lucas numbers that are concatenations of two terms of the
other sequence.

Inspired by these results, we study an analogue of the problem of Alan [3] with
Padovan and Perrin numbers instead of Fibonacci and Lucas numbers, respectively;
i.e., we determine all solutions of the Diophantine equations

Pn = RmRk

= 10dRm +Rk (1)

and

Rn = PmPk

= 10dPm + Pk (2)

in non–negative integers n,m, k, where d denotes the number of digits of Rk and Pk,
respectively.

More precisely, we prove the following results.

Theorem 1. The only Padovan numbers which are concatenations of two Perrin
numbers are 2, 3, 5, 7, 12, 37, 351. All of the representations of these numbers as
concatenations of two Perrin numbers are given below.

P3 = P4 = 2 = R1R2 = R1R4;

P5 = 3 = R1R0 = R1R3;

P7 = 5 = R1R5 = R1R6;

P8 = 7 = R1R7;

P10 = 12 = R1R9;

P14 = 37 = R0R7 = R3R7;

P22 = 351 = R0R14 = R3R14.

Corollary 1. The only numbers that are both Padovan and Perrin with non–negative
integer indices are 2, 3, 5, 7, 12. More precisely, the only solutions of equation

Pn = Rk (3)
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in non–negative integers n, k are those listed below.

P3 = P4 = 2 = R2 = R4;

P5 = 3 = R0 = R3;

P7 = 5 = R5 = R6;

P8 = 7 = R7;

P10 = 12 = R9.

Theorem 2. There are only seven Perrin numbers that are concatenations of two
Padovan numbers, namely 12, 17, 22, 29, 39, 51, 486. Their representations as con-
catenations of two Padovan numbers are listed below.

R9 = 12 = P0P3 = P0P4 = P1P3 = P1P4 = P2P3 = P2P4;

R10 = 17 = P0P8 = P1P8 = P2P8;

R11 = 22 = P3P4 = P4P3 = P3P3 = P4P4;

R12 = 29 = P3P9 = P4P9;

R13 = 39 = P5P9;

R14 = 51 = P7P0 = P7P1 = P7P2;

R22 = 486 = P6P17.

Our argument is based on elementary properties of the Padovan and Perrin
sequences together with five applications of linear forms in logarithms that help
us to obtain absolute upper bounds for the variables of the Diophantine equations
treated here. Since these bounds are large, we use reduction methods such as the
Baker–Davenport method and an application of the LLL algorithm to reduce them,
and we finish the work by computationally finding all the solutions of our equations
in the ranges found.

2. The Padovan and Perrin sequences

We begin by recalling some properties of these ternary recurrence sequences. First,
their characteristic polynomial is given by Ψ(X) = X3 −X − 1. Denoting its zeros
by ρ, β, γ, with ρ being the only real root, an analytic expression of the kth term of
the Padovan and Perrin sequences can be given by

Pk = cρρ
k + cββ

k + cγγ
k and Rk = ρk + βk + γk, (4)

respectively, see Vieira, Mangueira, Alves, and Catarino [26, sections 3.7 and 3.8].
Here

cρ =
7ρ2 + ρ+ 3

23
, cβ =

7β2 + β + 3

23
and cγ = cβ .

Moreover,

ρ =
3

√
9 +

√
69

18
+

3

√
9−

√
69

18
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is called the plastic constant, and it is the smallest Pisot number (see Siegel [23]).
Numerically,

1.32 < ρ < 1.33, 0.86 < |β| = |γ| = ρ−1/2 < 0.87,

0.72 < cρ < 0.73, 0.24 < |cβ | = |cγ | = (23cρ)
−1/2 < 0.25.

By induction, it can be shown that the Perrin sequence can be obtained from the
Padovan sequence by

Rk = Pk+1 + Pk−10. (5)

In addition, it can also be shown by induction that

ρk−2 ≤ Pk ≤ ρk−1, for all k ≥ 4, (6)

and
ρk−2 ≤ Rk ≤ ρk+1, for all k ≥ 2. (7)

Let L = Q(ρ, β) be the splitting field of the polynomial Ψ over Q, which has degree
D = 6. The Galois group of L over Q is given by

Gal (L/Q) ≃ {(1) , (ρβ) , (ργ) , (βγ) , (ρβγ) , (ργβ)} ≃ S3.

Therefore, we can identify the automorphisms of Gal (L/Q) with the permutations of
the zeros of Ψ. For example, the permutation (ρβ) corresponds to the automorphism
σρβ : ρ → β, β → ρ (σρβ : cρ → cβ , cβ → cρ).

3. Linear forms in logarithms

Here we give the general lower bound for linear forms in logarithms due to Matveev
[17]. Let K be a number field of degree D over Q, let α1, . . . , αt be non–zero elements
of K, and let b1, . . . , bt be integers. Set

Λ = αb1
1 · · ·αbt

t − 1 and B ≥ max {|b1|, . . . , |bt|} .

Recall that we define the logarithmic height of an algebraic number α as follows.
Let α be of degree d over Q with minimal primitive polynomial

∑
0≤j≤d ajX

j in
Z [X] with ad ̸= 0. Then, the logarithmic height h(α) of α is given by

h(α) =
1

d

(
log(|ad|) +

d∑
j=1

max
{
log
∣∣α(j)

∣∣, 0}),
where α = α(1), . . . , α(d) are the conjugates of α. The following are some basic
properties of this height that will be used later without reference:

h(α) = h
(
α(j)

)
, h(α1 + α2) ≤ h(α1) + h(α2) + log 2, h(α1α

±1
2 ) ≤ h(α1) + h(α2),

h(α
p
q ) =

∣∣p
q

∣∣h(α), h
(
p
q

)
= logmax{|p|, q}

(
p
q ∈ Q, q > 0, gcd(p, q) = 1

)
.

Let A1, . . . , At be real numbers such that

Aj ≥ max{Dh(αj), | logα(j)|, 0.16}, 1 ≤ j ≤ t.

With this notation, the main result of Matveev [17] implies the following estimate.
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Theorem 3. Assume that Λ ̸= 0 and K ⊆ R. We then have

|Λ| > exp
(
− 1.4 · 30t+3t4.5D2A1 · · ·At(1 + logD)(1 + logB)

)
.

4. Reduction tools

Next, we remind the Baker–Davenport reduction method from Bravo, Gómez, and
Luca [8, Lemma 1], which is an immediate variation of a result due to Dujella and
Pethö [14, Lemma 5(a)], which turns out to be useful in order to reduce the bounds
arising from applying Theorem 3. For a real number x, we write ∥x∥ = |x − ⌊x⌉ |,
where ⌊x⌉ is the nearest integer to x.

Lemma 1. Let κ be an irrational number, let M be a positive integer, and let p/q
be a convergent of the continued fraction of κ such that q > 6M . Let A,B, µ be real
numbers with A > 0 and B > 1. Set ϵ = ∥µq∥ −M ∥κq∥. If ϵ > 0, then there is no
solution of the inequality

0 < |sκ− r + µ| < AB−w

in positive integers r, s, w, with s ≤ M and w ≥ log(Aq/ϵ)/ logB.

One of the most spectacular applications of the LLL algorithm is to linear forms
in real numbers (for more details, see Cohen [11, Section 2.3.5]). Let λ1, . . . , λn be
real numbers, and let x1, . . . , xn be integers. Consider

Γ = x1λ1 + · · ·+ xnλn

and fix a (large) positive constant C. If (ei) is the canonical basis of Rn, for i ≤ n−1
we set bi = ei + ⌊Cλi⌉ en and bn = ⌊Cλn⌉ en, and let Ω be the lattice generated by
the bi.

Lemma 2. Keep the above notation, and consider a reduced basis {vi} of Ω with
{v∗

i } its associated Gram–Schmidt basis. Let X1, . . . , Xn be positive integers, set

c1 = max
1≤i≤n

∥v1∥
∥v∗

i ∥
, dΩ =

∥v1∥
c1

, Q =

n−1∑
i=1

X2
i and T =

1

2

(
1 +

n∑
i=1

Xi

)
.

If |xi| ≤ Xi for all i = 1, . . . , n and d2Ω ≥ T 2 +Q, then we have

|Γ| ≥
√
d2Ω −Q− T

C
.

5. The proof of Theorem 1

First, by a computational search in the range 0 ≤ k,m < 285 and 1 ≤ d ≤ 36 we find
that the Padovan numbers that are concatenations of two Perrin numbers are those
given in Theorem 1. Therefore, from now on we can assume that max{k,m} ≥ 285.



110 E.F.Bravo

Assume that equation (1) holds. Note that we can write the number of digits of Rk

as

d =

 ⌊log10 Rk⌋+ 1, if k ̸= 1,

1, if k = 1,

where ⌊x⌋ denotes the greatest integer less than or equal to x. Then using (7) we
obtain

d ≤ 1 + log10 Rk ≤ 1 + log10 ρ
k+1 ≤ 1 + (k + 1) log10 ρ < 1 + 0.123(k + 1),

so that
d < 0.123k + 1.123. (8)

In addition,
Rk = 10log10 Rk < 10d ≤ 101+log10 Rk ≤ 10Rk. (9)

Combining (9) with (1), (6) and (7) we get

ρn−2 ≤ Pn = 10dRm +Rk ≤ 10RkRm +Rk ≤ 10.5RkRm < ρk+m+11,

and also

ρn−1 ≥ Pn = 10dRm +Rk > RkRm +Rk ≥ RkRm ≥ ρk+m−4.

Therefore
m− 3 < n− k < m+ 13 (10)

is valid for k,m ≥ 2 and n ≥ 4. We now rewrite (1) using (4) as

cρρ
n − 10dρm = −(cββ

n + cγγ
n) + (βm + γm)10d +Rk.

Dividing both sides of the above equation by cρρ
n and taking absolute values on

both of its sides, we obtain that∣∣10dc−1
ρ ρm−n − 1

∣∣ ≤ 2|cβ ||β|n

cρρn
+

2|β|m10d

cρρn
+

Rk

cρρn

<
1

ρn−k

(
2

√
23c

3/2
ρ ρ

n
2 +k

+
20

cρρ
m
2 −1

+
1

cρρ−1

)

<
1.9

ρn−k
, (11)

where we used (7) and the facts that max{k,m} ≥ 285 and 10d ≤ 10Rk by (9). Now
we find a lower bound for the left–hand side of (11). To do this, we use Theorem 3.
We put

t = 3, α1 = 10, α2 = cρ, α3 = ρ, b1 = d, b2 = −1, b3 = m− n.

The number field containing α1, α2, α3 is K = Q(ρ), which has degree D = 3. Note
that d ≤ n−m. Otherwise, by inequalities (8) and (10), it follows that

k − 3 < n−m < d < 0.123k + 1.123,
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which in turn implies that k ≤ 4. Then d = 1 and thus n = m. Then by (1) and
(5) we get Pn = 10(Pn+1 + Pn−10) + Rk, which is not possible. So we can take
B = n−m. On the other hand, Λ1 = αb1

1 αb2
2 αb3

3 − 1 = 0 implies that

cρρ
n−m = 10d.

Conjugating this last relation by the automorphism σρβ , and then taking absolute
values on both sides of the resulting equality, we conclude that

0.24ρ−(n−m)/2 < 10d,

which is false for any n−m ≥ 1 and d ≥ 1. Therefore Λ1 ̸= 0. Since h(α1) = log 10,
h(α2) = (1/3) log 23 and h(α3) = (1/3) log ρ, we take A1 = 3 log 10, A2 = log 23 and
A3 = log ρ. Theorem 3 applied to |Λ1| tells us that

|Λ1| > exp
(
− 1.64715× 1013(1 + log(n−m))

)
. (12)

Combining inequalities (11) and (12) and then taking logarithms in the resulting
inequality we obtain

n− k < 5.9× 1013(1 + log(n−m)). (13)

We then rewrite (1) with the help of (4) as follows:

ρn(cρ − ρk−n)− 10dRm = −(cββ
n + cγγ

n) + βk + γk.

Dividing the above equation by ρn(cρ − ρk−n) and taking absolute values on both
sides, we obtain that∣∣∣∣10d Rm

cρ − ρk−n
ρ−n − 1

∣∣∣∣ ≤ 1

ρn(cρ − ρk−n)

(
|cβ ||β|n + |cγ ||γ|n + |β|k + |γ|k

)
≤ 1

ρ3k/2

(
2(23cρ)

−1/2

ρ
n−k

2 (cρρn−k − 1)
+

2

cρρn−k − 1

)

<
3.1× 10−18

ρ3k/2
, (14)

where we have used that n − k ≥ 147 by (10) and the fact that max{k,m} ≥ 285.
Again, we apply Theorem 3 to the left–hand side of the above inequality (14). For
Λ2 = 10dRm(cρ − ρk−n)−1ρ−n − 1, we take

t = 3, α1 = 10, α2 =
Rm

cρ − ρk−n
, α3 = ρ, b1 = d, b2 = 1, b3 = −n.

As in the first application of Theorem 3, we have α1, α2, α3 ∈ K = Q(ρ), D = 3,
A1 = 3 log 10 and A3 = log ρ. Assume n < d. Then n < 0.123k + 1.123 by (8) and
thus 0.877n+0.123m < 1.492 from (10), which is impossible since max{k,m} ≥ 285.
Therefore

d ≤ n, (15)
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and we can choose B = n. Suppose Λ2 = αb1
1 αb2

2 αb3
3 − 1 = 0. Then

10dRm = cρρ
n − ρk.

Conjugating this last relation by the automorphism σρβ , and then taking absolute
values on both sides of the resulting equality we get

10dRm < 0.25ρ−n/2 + ρ−k/2,

which is not possible for any d ≥ 1, n ≥ 0, and max{k,m} ≥ 285. Thus Λ2 ̸= 0. It
remains to estimate A2. To do this, note that

h(α2) ≤ h(Rm) + h(cρ − ρk−n)

≤ logRm + h(cρ) + h(ρk−n) + log 2

≤ (m+ 1) log ρ+ (1/3) log 23 + (1/3)(n− k) log ρ+ log 2

< ((4(n− k) + 12)/3) log ρ+ (1/3) log 23 + log 2, (16)

where we have used (10). So we can choose A2 = (4(n − k) + 12) log ρ + 5.22.
Theorem 3 together with inequality (14) allows us to conclude that

k < 1.25× 1013(1 + log n)((4(n− k) + 12) log ρ+ 5.22). (17)

Suppose that k ≤ m. By (13) we have then that n− k < 5.9× 1013(1 + log(n− k)).
This implies that n− k < 2.14× 1015. That in turn together with (10) leads us to

n < 4.28× 1015.

In the case where m < k, we have (n−13)/2 < k by (10). Combining this inequality
with inequalities (17) and (13) we get that

n < 2.5× 1013(1 + log n)((4(5.9× 1013(1 + log n)) + 12) log ρ+ 5.22),

from which it follows that
n < 8.6× 1030.

Therefore, in any case, n < 8.6× 1030 holds. We summarize what we have shown so
far in the following lemma.

Lemma 3. All solutions of equation (1) with max{k,m} ≥ 285 satisfy

d < 0.123k + 1.123 and k +m− 3 < n < 8.6× 1030.

Let us first reduce the upper bounds of n− k and m. Putting

Γ1 := d log 10− (n−m) log ρ− log cρ, (18)

inequality (11) can be rewritten as

|eΓ1 − 1| < 1.9

ρn−k
.
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Note that |eΓ1 −1| < 1/2 for all n−k ≥ 5 (because 1.9/ρn−k < 1/2 for all n−k ≥ 5).
If Γ1 > 0, then 0 < Γ1 ≤ eΓ1 − 1 < 1.9/ρn−k. If, on the other hand, Γ1 < 0, then
e|Γ1| < 2, and hence 0 < |Γ1| ≤ e|Γ1| − 1 = e|Γ1||eΓ1 − 1| < 3.8/ρn−k. Therefore,

0 < |Γ1| <
3.8

ρn−k
.

Substituting (18) in the previous inequality and dividing both sides of the resulting
inequality by log ρ, we obtain

0 < |dκ− (n−m) + µ| < AB−(n−k), (19)

where

κ :=
log 10

log ρ
, µ := − log cρ

log ρ
, A := 13.6, B := ρ.

By the Gelfond–Schneider theorem, κ is an irrational number. Note that d ≤ n <
8.6× 1030 := M by (15) and Lemma 3. In addition, we have that

p71
q71

=
2258853669333136386080922972687607

275858943153498874498361480573513

is the first convergent of the continued fraction of κ with denominator q71 > 5.16×
1031 = 6M and ϵ > 0.367844. Applying Lemma 1 to inequality (19) we get

n− k <
log(Aq71/ϵ)

logB
< 278.477,

so m ≤ 281 by Lemma 3.
Now let us reduce the upper bound of k. Let

Γ2 = d log 10− n log ρ+ log(Rm/(cρ − ρk−n)).

From inequality (14), we have that

|eΓ2 − 1| < 3.1× 10−18

ρ3k/2
.

Note that the right–hand side above is less than 1/2 because max{k,m} ≥ 285.
Thus, arguing as before, the above inequality implies

0 < |Γ2| <
6.2× 10−18

ρ3k/2
,

which leads to
0 < |dκ− n+ µ| < AB−3k/2, (20)

where we now apply Lemma 1 with the choices

κ :=
log 10

log ρ
, µ :=

log(Rm/(cρ − ρk−n))

log ρ
, A := 2.20484× 10−17, B := ρ.
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As in the first application of Lemma 1, we take M = 8.6× 1030 by (15) and Lemma
3. This time

p77
q77

=
105784031274868768335055290923254406

12918708044783169584916763263610615

is the first convergent of the continued fraction of κ such that q77 > 6M and ϵ >
7.20451× 10−5 for each m ∈ [0, 281] \ {1} and n− k ∈ [147,m+ 13]. Accordingly,

3k

2
<

log(Aq77/ϵ)

logB
< 158.425,

so that k ≤ 105, which contradicts the fact that max{k,m} ≥ 285. Thus, equation
(1) has no solutions for max{k,m} ≥ 285.

5.1. Special case: Padovan numbers that are Perrin numbers

If m = 1, equation (1) becomes equation (3). Using (6) and (7) in equation (3) we
obtain

ρk−2 ≤ Rk = Pn ≤ ρn−1,

for all k ≥ 2 and n ≥ 4. Taking logarithms on both sides of the resulting inequality
above, we obtain k ≤ n + 1. A quick search by inspection reveals that the only
solutions of the Diophantine equation (3) for k ≤ n + 1 ≤ 43 are those given in
Corollary 1.

From now on, let us assume that n > 42. Equation (3) can be expressed as

cρρ
n − ρk = βk + γk − cββ

n − cγγ
n

using (4). Multiplying by c−1
ρ ρ−n and taking absolute values on both sides of the

equation above, we obtain ∣∣c−1
ρ ρk−n − 1

∣∣ < 2.8

ρn
. (21)

Now, we apply Theorem 3 choosing

t = 2, α1 = cρ, α2 = ρ, b1 = −1, b2 = k − n.

Note that α1, α2 ∈ K = Q(ρ), and therefore D = 3. From the first application of
Theorem 3, we have A1 = log 23 and A2 = log ρ. We can take B = n − k since
k ≤ n + 1. Suppose now that Λ3 = αb1

1 αb2
2 − 1 = 0. Then k − n = (log cρ)/ log ρ,

which is not possible because the left–hand side is an integer, while the right–hand
side is irrational. Therefore Λ3 ̸= 0. Theorem 3 tells us that∣∣c−1

ρ ρk−n − 1
∣∣ > exp

(
− 1.28193× 1010(1 + log n)

)
. (22)

Putting inequalities (21) and (22) together, we obtain the following absolute upper
bound for n.

Lemma 4. If (n, k) is a non–negative integer solution of equation (3), then k ≤
n+ 1 < 1.32× 1012.
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To apply Lemma 2 for

Γ3 := (n− k) log ρ+ log cρ,

let us first note that 0 < Γ3 < eΓ3 − 1 = |eΓ3 − 1| = |Λ3| < 2.8ρ−n < 1/2 holds if
n ≥ 7. Thus, (21) can be rewritten as

|Γ3| <
5.6

ρn
. (23)

Let X1 = X2 := 1.32 × 1012 and let C = 1.3 × 1025 be fixed. Therefore, Q =
1.7424× 1024 and T = 1.32× 1012. The LLL algorithm uses the lattice Ω generated
by the columns of matrix

(b1,b2) =

(
1 0

⌊C log ρ⌉ ⌊C log cρ⌉

)
,

and returns the following reduced basis of Ω:

(v1,v2) =

(
−1305780173941 1040857895043
1611149606912 1956894474240

)
.

Then, by the Gram–Schmidt orthogonalization, we get

(v∗
1,v

∗
2) =

−1305780173941 6818790816522707314553254784450691072
4300864918510080333647225

1611149606912 5526390485568753601603697843367837696
4300864918510080333647225

 .

Now, we estimate c1 = max{1, 1.01621} = 1.01621 and dΩ = 2.04077 × 1012. Since
|n − k| = n − k < n < 1.32 × 1012 (by Lemma 4) and d2Ω = 4.16473 × 1024 ≥
3.4848× 1024 = T 2 +Q, it follows from Lemma 2 that

|Γ3| ≥ 2.15016× 10−14.

This previous lower bound for |Γ3| together with the upper bound given in (23)
imply that n ≤ 118. Using this new bound, Lemma 2 (which we do not detail here)
can reduce the upper bound of n to 41. This contradicts the assumption that n > 42
and ends the proof of Theorem 1.

6. The proof of Theorem 2

This proof largely follows the line of argumentation given in the above proof of
Theorem 1. We omit some details. When 0 ≤ k,m < 285 and 1 ≤ d ≤ 35, by
a computational search we see that the only solutions of (2) are those shown in
Theorem 2. From now on, we will assume that max{k,m} ≥ 285. Assume that
equation (2) holds. This time d = ⌊log10 Pk⌋ + 1 for all k, and using (6) we obtain
the following upper bound for d in terms of k:

d < 0.123k + 0.877. (24)
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Moreover, Pk ≤ 10Pk, and combining this inequality with (2), (6) and (7) we obtain
the following bounds for n in terms of k and m:

m− 5 < n− k < m+ 9 for all k,m ≥ 4 and n ≥ 2. (25)

We now use (4) to rewrite equation (2), after which we divide it by ρn and take
absolute values, thus obtaining that

∣∣10dcρρm−n − 1
∣∣ ≤ 1

ρn−k

(
2

ρ
n
2 +k

+
20√

23cρρ
m
2 −1

+
1

ρ

)

<
0.8

ρn−k
, (26)

where we used (6) and the facts that max{k,m} ≥ 285 and 10d < 10Pk. We apply
Theorem 3 with the same choices of αi’s and bi’s as when we first applied it, except
that now b2 = 1. Again, inequalities (24) and (25) imply that d ≤ n −m and the
proof that Λ4 := 10dcρρ

m−n − 1 is non–zero is similar to the proof that Λ1 is non–
zero, so the lower bound we obtain for |Λ4| is the same as obtained in (12) for |Λ1|.
Combining inequalities (12) and (26) we also obtain the same upper bound for n−k
given in (13).

We now rewrite (2) using (4) again, after which we divide it by ρn(1 − cρρ
k−n)

and take absolute values, arriving at∣∣∣∣10d Pm

1− cρρk−n
ρ−n − 1

∣∣∣∣ ≤ 1

ρ3k/2

(
2

ρ
n−k

2 (ρn−k − cρ)
+

2√
23cρ(ρn−k − cρ)

)

<
9.7× 10−19

ρ3k/2
, (27)

where we have used that n − k ≥ 145 by (25) and the fact that max{k,m} ≥ 285.
Next, we use Theorem 3 with the same choices as we did in its second application,
only this time α2 = Pm/(1−cρρ

k−n). This single change does not affect the choice of
K. Moreover, the proof that Λ5 := 10dPm(1− cρρ

k−n)−1ρ−n − 1 is non–zero follows
by a repetition of the argument used in the proof that Λ2 is non–zero. Using (25)
and the properties of the logarithmic height it can be seen that the upper bound
of h(α2) is the same as the one given in (16); therefore, A2 does not change either.
Combining the lower bound for |Λ5| given by Theorem 3 and inequality (27) we get
the same upper bound for k in terms of n and k given in (17).

Studying both cases, namely k ≤ m and m < k, it can be noted that n <
8.6× 1030 always holds. Summarizing we have proved the following result.

Lemma 5. If (d, k,m, n) is a solution of equation (2) with max{k,m} ≥ 285, then

d < 0.123k + 0.877 and k +m− 5 < n < 8.6× 1030.

We start again by reducing the upper bounds of n − k and m. To do so, we
rewrite (26) making

Γ4 := d log 10− (n−m) log ρ+ log cρ.
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We then reason as we did before when we obtained (19) and arrive at this same
inequality with only two changes, namely µ = log cρ/ log ρ and A = 5.7. It can be
seen that d ≤ n using inequalities (24) and (25) and the fact that max{k,m} ≥ 285,
so we also take M = 8.6×1030 due to Lemma 5. As in the first application of Lemma
1 with the 71th convergent of the continued fraction of κ, we get that q71 > 6M
and ϵ > 0.367844. This time, from Lemma 1 it follows that n − k ≤ 275, and thus
m ≤ 280 by Lemma 5.

To reduce the upper bound of k, we rewrite (27) making

Γ5 := d log 10− n log ρ+ log(Pm/(1− cρρ
k−n)).

Now arguing as we did before to obtain (20) we arrive at this same inequality with
only two modifications, namely µ = log(Pm/(1−cρρ

k−n))/ log ρ and A = 6.9×10−18.
Again, it suffices to take M = 8.6 × 1030 and p77/q77 is the first convergent of
the continued fraction of κ such that q77 > 6M and ϵ > 8.36185 × 10−5 for each
m ∈ [0, 280] and n− k ∈ [145,m+ 9]. In this application of Lemma 1 we have that
k ≤ 110, which is not possible since max{k,m} ≥ 285. This completes the proof of
Theorem 2.

Remark 1. Our results together with those of Banks and Luca [6] invite us to ask
whether only a finite number of terms of any recurrent ternary sequence can be writ-
ten as concatenations of the terms of the same sequence with some mild restrictions.
On the other hand, Altassan and Alan [4] recently determined Fibonacci numbers
which are mixed concatenations of a Fibonacci number and a Lucas number. By a
mixed concatenation of two non–negative integers D1 and D2 we mean D1D2 and
D2D1. So it is natural to ask then also about the mixed concatenations of Padovan
and Perrin numbers.

We believe that our method will prove the following statements. We leave the
details of these proofs to the interested reader.

Conjecture 1.

1) The only Padovan numbers which are concatenations of two other Padovan
numbers are 12, 21, 37, 49, 265, 465.

2) The only Perrin number that is a non–trivial concatenation of two other Perrin
numbers is 22.

3) 12, 37, 151, 351 are the only Padovan numbers that are concatenations of a
Padovan number and a Perrin number.

4) There are only three Padovan numbers that are non–trivial concatenations of
a Perrin number and a Padovan number, and these are 21, 37, 265.

5) All Perrin numbers that are concatenations of a Perrin number and a Padovan
number are 2, 3, 5, 7, 12, 22, 29, 39, 51.

6) There are only five Perrin numbers which are concatenations of a Padovan
number and a Perrin number, namely 10, 12, 17, 22, 90.
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