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Abstract. Let K be a finite field, let X ¢ P! and X’ ¢ P"!, with » < m, be two
algebraic toric sets parameterized by some monomials in such a way that X’ is embedded in
X. We describe the relations among the main parameters of the corresponding parameter-
ized linear codes of order d associated to X and X’ by using some tools from commutative
algebra and algebraic geometry. We also find the regularity index in the case of toric sets
parameterized by the edges of a complete graph. Finally, we give some bounds for the
minimum distance of the linear codes associated to complete graphs.
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1. Introduction

Let K =, be a finite field with ¢ elements. Recall that a linear code C is a subspace
of K*. The main parameters of the code C are the following.

1. Length: s.
2. Dimension: k. It is the dimension as a vector space over K.

3. Minimum distance: §. It is given by
d = min{|jv]| : 0 £ v € C},

where ||v|| is the norm of the Hamming distance, and it means that ||v|| is the
number of non-zero entries of v.
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In this case we say that C is an [s, k, §]-linear code. These basic parameters are
related by the Singleton bound

k+6<s+1.

The main objective of this paper is the comparison of the parameters of some
codes known as parameterized codes when they arise from some embedded sets and
their implications when we work with the edges of a complete graph.

Parameterized codes were introduced in [14]. Projective parameterized codes
are important because in some cases their main parameters have the best behavior.
For example, in [4] the resulting codes are MDS. It is worth saying that projective
parameterized codes are, in general, strictly different to toric codes which were
defined in [9] and generalized for example in [11] and [16]. They evaluate over the
complete torus, meanwhile we do it over specific subsets of the projective space.

Let L = K[Zy, ..., Z,] be a polynomial ring over the field K and let Z%, ..., Z™
be a finite set of monomials. As usual, if a; = (a;1,...,a;,) € N, where N stands
for the non-negative integers, then we set Z% = Zy** ... Z%n foralli =1,...,m. In
this situation we say that the following set X, which is a multiplicative group under
componentwise multiplication, is the toric set parameterized by these monomials.

X = {[(tlllu ”.t?;n,ttllm . _t;llzn’ . 7tillml . ..thn)] c Pm—l . ti c K*}, (1)

where K* = K \ {0} and P! is a projective space over the field K. We denote
the equivalence class of any o € K™ \ {0} by [a]. The toric set parameterized by

the monomials 71, ..., Z,, is called a projective torus and it is given by
To1 = {[(t1,t2, ..., tm)] €P™ 71t € K*Y. (2)
Let S = K[X1,..., X = @, Sa be a polynomial ring over the field K with
the standard grading and let X = {[Py],...,[Px|]}. The evaluation map
evg: Sq — KX,
£ (- 1) ®

defines a linear map of K-linear spaces. The image of this map is denoted by Cx (d)
and it will be called a parameterized code of order d associated to the toric set (1).

APy fBx) |
Cxld) = {<Xf(P1)""’ Xf<P|X>) KN p s} @

The vanishing ideal of X, denoted by Iy, is the ideal of S generated by the homo-
geneous polynomials of S that vanish on X.

The contents of this paper are as follows. In Section 2, we introduce the pre-
liminaries and connect the algebraic invariants of S/Ix with the main parameters
of the code Cx(d) (see Propositions 1, 3, 4). In Section 3, we consider the case
when X’ is embedded in X and recall some results that were first stated in [18].
In fact, the basic parameters of Cx(d) and Cx/(d) were related in [18], but we find
new relations among these parameters when |X| # |X’|, and generalize some of
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these results (see Theorem 1 and Corollary 3). In Section 4, we obtain a formula
for the regularity index (see its definition in the next section) of S/Ix when X is
the toric set parameterized by the edges of a complete graph (see Remark 3). This
formula allows us to get an optimal lower bound for the regularity index in the case
of the toric set parameterized by the edges of any connected non-bipartite graph
(see Remark 4).

Actually, there are other families of graphs where the regularity index is known,
for example for complete bipartite graphs [5, Corollary 5.4] (the regularity index
is obtained adding 1 to the a-invariant), and for Hamiltonian bipartite graphs [18,
Corollary 2.21], in particular for even cycles. Also, in [13, Corollary 5.6] the reg-
ularity index is computed in the case of connected bipartite graphs with pairwise
disjoint even cycles.

Finally, in Section 5, we find some bounds for the minimum distance of the
parameterized codes associated to the edges of a complete graph (see inequalities 16
and 18). We show an example in order to verify that some of the bounds are good
enough.

2. Preliminaries

Let X C P™~! be the algebraic toric set defined in (1) and Cx (d) the parameterized
code of order d defined in (4). The kernel of the evaluation map ev, defined in (3)
is precisely Ix(d), the degree d piece of Ix. Therefore, C'x(d) is isomorphic, as a
linear space, to Sq/Ix(d). Recall that the Hilbert function of S/Ix is given by

Then we obtain the following well known result.

Proposition 1. The dimension of the linear parameterized code of order d, Cx(d),
s given by
dmeCX(d) = Hx(d)

On the other hand, let hx(t) = Zi;é c;t" € Z[t] be the unique polynomial of
degree | —1 = dim (S/Ix)—1, where dim(S/Ix) means the Krull dimension of S/Ix
such that hx(d) = Hx(d) for d > 0 (recall that this polynomial is called the Hilbert
polynomial of S/Ix). The integer ¢;_1(I — 1)!, denoted by deg(S/Ix), is called the
degree or multiplicity of S/Ix. In our situation hx (t) is a non-zero constant because
S/Ix has dimension 1. Furthermore

Proposition 2. hx(d) =|X]| for d > |X| - 1.
Proof. See [10, Lecture 13]. O
This result means that | X| = deg(S/Ix) and then we obtain that

Proposition 3. The length of the linear parameterized code of order d, Cx(d), is
the degree of S/Ix.
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There are algebraic methods based on elimination theory and Grobner bases to
compute the dimension and the length of Cx(d) [14].

The regularity index of S/Ix denoted by reg(S/Ix) is the least integer p > 0 such
that hx(d) = Hx(d) for d > p. In fact, the Hilbert function is strictly increasing
until it stabilizes (see [1], [2]).

1=Hx(0) < Hx(l) <--- < Hx(reg(S/Ix)—1) < Hx(d) = | X]| for d > reg(S/Ix).

In terms of applications, a good parameterized code should have large | X| and at
the same time dimy Cx(d)/|X| and dx(d)/|X| as large as possible. The following
result gives an indication of where to look for non-trivial parameterized codes. Only
the codes Cx (d) with 1 < d < reg (S/Ix) have the potential to be good linear codes.

Proposition 4. dx(d) =1 for d > reg(S/Ix).

Proof. Since Hx(d) is equal to the dimension of Cx(d) and Hx(d) = |X| for
d > reg (S/Ix), we obtain that Cx(d) = K'XI, and the claim follows. O

For more information about the basic parameters of evaluation codes, which are
a generalization of parameterized codes, we refer to the introduction of [15].

3. First results

We continue using the notations and definitions used in Sections 1 and 2. Let
A:={a1,...,0r,...;am}
be a subset of Z", with 1 < r < m. Let X be the toric set defined in (1) and let A’
be a subset of A given by A’ := {a1,...,a,}. Thus X’ is the algebraic toric set
X o= {5 g0 € PPy € K for all 4}

In this case we say that X’ is embedded in X. The main goal of the following
results is to describe the relations among the main parameters of the corresponding
parameterized codes arising from X and X’. Note that X and X’ are groups under
componentwise multiplication.

Lemma 1. |X| = n|X'| for some positive integer 1.
Proof. Let 7 be the projection map (defined with a different notation in the proof
of [18, Lemma 3.5])
m: X = X/,

[(tr, o 0, )] = [(E0 .. ).
We know that 7 is a well-defined map and in fact it is an epimorphism between
multiplicative groups and then
RS

X'| = .
X [ker 7|

If we take n = | ker 7|, then the claim follows. O
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The following two propositions were first observed in the proof of [18, Lemma 2.13].

Proposition 5. If
I' =Ix cS=K[Xi,...,X,]
and
I=IxCS=K[X1,...,Xr,..., Xnm],
then
Ins =r.

Proof. If f € I’ then f € I since 0 = f(t*,...,t%) = f(t*,...,t%). On the
other hand, if h € T NS, then h(t*,...,t*) = 0, but h € S’ and therefore
h(tar, ... t97) = 0. O

Proposition 6. Let H' and H be the respective Hilbert functions of S’/I' and S/I.
Then

H'(d) < H(d) for all d € N.
Corollary 1 ([18, Lemma 2.13]). If | X| = |X'|, then reg(S/I) < reg(S’/I").

In order to generalize Corollary 1 to the case |X| # |X’| we analyze how the
minimum distances of the parameterized codes associated to X and X' are related.
Let Cx(d) and Cx/(d) be the parameterized codes of order d associated to X and
X', respectively. By dx (d) we denote the minimum distance of Cx (d) and by dx/(d)
the minimum distance of Cx(d).

For G € S, we denote the zero set of G in X C P! by Zg(X). It means that

Za(X):={P e X :G(P) =0}

Also, if
Mg :=max{|Zp(X)|: F € 54\ Ix(d)},

then we have the next equality
dx(d) =min{|levg (F)| : evq (F) #0, F € Sg} = | X| — Mg.

In the same way, if H € S’, we denote the zero set of H in X' C P"~! by Zy(X').
If M}, is defined similarly as before, then we have

5Xl(d> = min{||evd (H)H L evy (H) 75 O7 H e S(/i} = |X’| — MZi

Theorem 1. The minimum distances of Cx(d) and Cx:(d) are related in the follo-
wing way

dx (d) < ndx(d),

where 1 is the integer that appears in Lemma 1.
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Proof. Using the definitions above, we know that there exists some f € S’ such
that M), = |Z;(X')|. If we take P’ € Z¢(X'), then f(P) =0 for all P € n~(P’)
and, as |7 1(P")| = n (because 7~ (P’) is a coset of X/ker ), thus
125 (X)| =n|Zs(X")].
But 0x/(d) = |X'|-M), = | X'|—|Z¢(X")| and it means that |Z;(X')| = | X'|—dx-(d).
Finally, we deduce the result
Ox(d) = |X| = Ma < [X] = [Z5(X)| = | X[ = n|Zp(X')] = [ X[ = (IX'| = 6x(d))
= [X| =X +n0x:(d) =ndx(d),

and the claim follows. O
Corollary 2 ([18, Lemma 3.5]). If | X| = |X'|, then dx(d) < dx(d).

Corollary 3. The regularity indexes of S/I and S'/I' are related in the following
way
veg (S/1) < reg (8'/1') + 11— 1. (5)

Proof. If u is the regularity index of S’/I’, then dx/(u) = 1. By using Theorem 1
we get that

Ox(u) <nox (u)=n.
If reg(S/I) > u+n—1, then, due to the fact that dx is a strictly decreasing function,
we obtain that

Ox(u+n—1)<---<dx(u+1) <dx(u) <n.
Therefore dx (u+n — 1) = 1, and this contradiction proves inequality (5). O

Corollary 3 is a generalization of Corollary 1 and it plays an important role in the
next section where we find the regularity index when the toric set is parameterized
by the edges of a complete graph.

4. Regularity index and complete graphs

Let X’ be a toric set parameterized by a subset of monomials M’ C K[Z1,...,Z,]
in such a way that 7125, Z3Z4 € M’ and Z1Z3, 727, ¢ M’. Let X be a toric set
parameterized by a subset of monomials M C K[Zy,...,Z,] in such a way that X’
is embedded in X and Z1Z3,7Z:7Z4 € M. Thus without loss of generality we can
write

X' = {[(1, 87 My Mgty ty e et ) € PPt € K'Y (6)
and
X={[(1, ¢ e gty ot g 0ty M ) M, S ) € P e KL (T)

The following theorem gives an inequality that is very useful to describe the
regularity index in the case of toric sets parameterized by the edges of a complete
graph.
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Theorem 2. Let X and X' be the toric sets defined in (6) and (7) and we suppose
that | X| = (¢ — 1)|X']. If u =reg(S'/I') and 1 <1 < 552, where ged(q,2) = p,
q > 3, then

dx(u+1)<qg—1-2L (8)

Proof. We notice that C'x(u) = KXl and we know that there exists f’ € S’, such
that f/(1,...,1) # 0 and f/(P) =0 for all P € X'\ {[(1,...,1)]}. By using the
same notation of Section 3, we notice that

1Zp(X)] = 1X] = C],

where C' = ker 7 and 7 is the projection map defined in the proof of Lemma 1 when
X’ and X are the sets defined in (6) and (7). In fact,

Ci= {[(L,t%2 70, g0 g g € X 4T =1 =2, 1)
But it means that for the elements of C, ¢;'t; 't3t4 = 1. Thus
orrrmanganiz—ar — gy by, —
Therefore t%+1-% = (t4+2791)~1 and then
C={[1,...,1,87, 877, ..t )] ecX: j=1,...,q— 1},

where 3 is a generator of the cyclic group K*. We will separate the proof in two
cases.
Case (I): We consider p = 1. If g; := X, 18% — X, 4o € S, then it is easy to see
that
gL, 1,80, 87 ey = It 37 = o 20D = 1,

Therefore the following two elements of C' are different roots of g;.
(1., 1,87 7L g2 em )] [(1,.. ., 1, 89710 glmatt L gamany]

where 1 < [ < %1. Hence |Z,,(C)| > 2. Moreover, if G; = g1g2---¢g;, then
|Zfc,(X)] > |X| = |C| + 2, with f'G; € Sy4;. Then

Ox(u+1) = |X[ = My <|X| = |Zpa,(X)| < |C] =20 =q—1-2I,

where we recall that M, ; = max{|Zp(X)|: F € Suri \ Ix(u+1)}.
Case (II): We consider p = 2. Let Z be the index set given by

I={1,2,...,q—2}.

Let iy € Z. Then it is easy to see that there exists j; € Z\{i1} such that 1+3% = 37t
and then 1+ #% + 371 = 0. We define the polynomial

hl = Xr + Xr+1 —+ ﬂler_;,_g,
with k1 =41 4+ 71 — ¢ + 1, and we notice that

ha(l,..., 1, 8%, U710 0Ty =0 = hy(1,..., 1, B0, gr T e,
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Thus |Z,(C)] > 2. In the same way, let ia € Z \ {i1,j1}. We can find jo €
T\ {i1, 1,42} such that 1 + 3?2 + 372 = 0. Then we define the polynomial

ho = X, + X1 + 852 X, 42,
with ke = i3 + jo — ¢ + 1, and we notice that
h’2(1a R 1a/8i27ﬂq717i2a s 7tam7al) =0= h2(1’ ey laﬁj%ﬁqili]é, ‘e 7tam7a1).

Thus |Zp,n,(C)| > 4. Following this construction, for 1 <[ < ‘15—2, we can find a
polynomial
hl =X, + Xr+1 + Bler-&-Qa

with iy € Z\{ir,- o iio1,d1s oo diot byt € I\{its ey itotyitn et b by = it
ji — g+ 1 and in such a way that

hu(L, ..., 1, B4, BI040 ) = 0 = Ry(1,..., 1, B, gIT 0 L pem e,

Thus |Zh1--~hl<C)| > 2l and |Zf’h1»--hl (X)| > |X| — |C| + 21, with f'hy---h; € Suaq-
Ifi<i< % then

5x(u+l) = |X| *Mu+l < |X| — |Zf’h1---hl(X)‘ < |C‘ —2l=q—1-2I,

where we recall that M, ; = max{|Zp(X)|: F € Sy1; \ Ix(u+1)}. Therefore the
claim follows in both cases. O

The following corollary gives a relation between the regularity indexes of the toric
sets defined in (6) and (7). We continue using the notation introduced in Section 3.

Corollary 4. Let X and X' be the toric sets defined in (6) and (7) and we suppose
that | X| = (¢ — 1)|X’|. Then

veg (S/1) < reg (8'/1') + 1L, 9)

where p = ged(q, 2).
Proof. If ¢ = 2 or ¢ = 3, inequality (9) is exactly inequality (5). Thus we can take
q > 3.
Let p = ged(g,2) = 1. By using (8) with [ = ‘1;—3, we obtain that
-3
5X(u+qT) <g—-1-qg+3=2.
Therefore dx (u + 45+) = 1 and then
qg—1
reg (S/I) <u+ 5

Thus inequality (9) is proved when p = 1.
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Now let p = ged(q,2) = 2. If we use (8) with [ = %, then

-2
5X(u+qT) <g-1-q+2=1.
Therefore
q—2
reg (S/1) <u+ 5
and the claim follows. O

Now we are able to find the regularity index in the case of toric sets parameterized
by the edges of complete graphs with an even number of vertices.

Corollary 5. Let X be the toric set parameterized by the edges of a complete graph
Kn, withn =2n' and n’ > 2. Then

reg (S/I) = {((12)2(711)—‘ , (10)

where [x] is the ceiling function of x, and it means that [z] = min{y € Z : y > x}.

Proof. From [6, Corollary 3.13] we get the inequality
-2 -1
reg (S/I) > {(‘J)Q(n)-‘ .

Let X’ be the toric set parameterized by the edges of the complete bipartite graph
K nr. In [5], it was proved that reg (S'/I') = (n'—1)(¢—1)—n'+1 = (¢—2)(n' —1).
If we use (9) with p = 1, we obtain that

g—1 (¢—2)2n' —1)+1

reg (S/1) < (g~ 2)(n' — 1)+ L% = ' -|

(q—2)2(n— 1)} _

If we use (9) with p = 2, we obtain that

reg (S/I) < (q—2)(n' — 1) + ‘J;2 _ (q—2)(22n’—1) _ {(q—2)2(n—1)" |

In any case the claim follows. O

Remark 1. In the case Ky the set X becomes Tq (see Eq. (2)) and thenreg(S/I) = 0
[3, Lemma 1].

In a similar way, in order to find the regularity index in the case of toric sets
parameterized by the edges of complete graphs with an odd number of vertices, we
will make the following construction.

Let Y’ be a toric set parameterized by a subset of monomials N’ in such a way
that

VAVANWAYARS N’ and 7173, Z1Zn+1, ZQZn+1 ¢ N/,
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with n > 3. Let Y be a toric set parameterized by a subset of monomials /N in such
a way that Y’ is embedded in Y and Z1Z3, Z1Z,, 41, Z2oZp+1 € N. Thus without loss
of generality we can write

Y = {[(1, 87 s, g et ) e PP st € KT (11)
and
Y={[(1, 67 gyt 0ty g 8y M1t e, -t Ty )]t € KT (12)

Theorem 3. Let Y/ andY be the toric sets defined in (11) and (12) and we suppose
that |Y| = (¢ — 1)?|Y’|. If w =reg (S'/I") and 1 <1 < q — 2, where ged(q,2) = 1,
then

Sy(w+1) < (g—1-1)> (13)

Proof. We notice that Cy(w) = K!¥'I and then there exists ¢’ € S/, such that
g(1,...,1) #0and ¢'(Q) =0 for all Q € Y'\ {[(1,...,1)]}. We observe that

1Zy (V)| = [Y| =D,
where
D :={[(1, ¢t % gm0 T e Y YT =1 fori=2,...,7}.
But it means that, for the elements of D, tl_lt3 = 1. Thus
garnimergaria—ar — polpgely sl o gerraar
and due to the fact that |Y| = (¢ — 1)?|Y”| then |D| = (¢ — 1)? and
D={[1,...,1,B,, M 7 . )] €Y i j€{l,...,q—1}},
where 3 is a generator of the cyclic group K*. Moreover, we can write
D={[1,...,1,z,2y,y,...,.t*" ") €Y :x,y € K'}.

Notice that there is a natural bijection between D and the set 7 = K* x K*. If
1< v <1< q—2 we define the polynomial

F, = 62U_2XT - Bv_erJrl + XT+2 - Bv_er+3a

and we take F' := Fy---F; € S;. We observe that the points in 7 that correspond
to the roots of F' in D are:

{1} x {p}1],
(B < {1,

{8} x {B7}I1,
{8YZ] = {8},

{81} x {B7}I1,
{BYZ] x {871},

X

X
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and then |Zp(D)| = 2l(g — 1) — [?. Therefore |Zyp(Y)| = |Y|—|D|+2l(qg—1) — 2,
with ¢'F € Sy4i. Thus, by taking My, = max{|Z¢(Y)| : G € Sy41 \ Iy (w + 1)},

by (1) = V] = Myt < [Y] — |Zyw(V)] = (a—1)° = 2(g— 1) + 2 = (g — 1~ 1),
and the result follows. O

Corollary 6. Let Y/ and Y be the toric sets given in (11) and (12) with |Y| = (q—
1)2|Y'|. If ged(q,2) = 1, then

reg (S/I) <reg(S'/I') +q—2. (14)
Proof. By using [ = ¢ — 2 in (13) we get
oy(w+1) =1,
and then
reg (S/I) <w+q—2.
O

Corollary 7. LetY be the toric set parameterized by the edges of the complete graph
K., withn =2n"+1 and S/I its coordinate ring, n' > 3. Therefore

reg (/1) = n'(q - 2). (15)
Proof. From [6, Corollary 3.13] we obtain that
veg (S/1) > n'(q - 2).

In order to prove the reverse inequality we will consider two cases.

Case (A): ged(q,2) = 1. Let Y’ be the toric set parameterized by the edges of
an even cycle Cy,,/, which is a subgraph of K., and let S’/I’ be its coordinate ring.
Thus ,

Y = {[(tltg, tots, ... ,tgn/_ltgn/,tgn/tl)] S P2t t; € K*}

We know that Y| = (¢ — 1)?” 2 and |Y] = (¢ — 1)>" (see [14, Corollary 3.8]).
Moreover, reg (S"/I') = (¢—2)(n' —1) (see [13, Theorem 5.2] or [18, Theorem 2.20]).
Therefore, by using (14), we obtain that

reg (S/1) < (¢~ 2)(n' — 1) +q—2=n'(g~ 2),

and the result is proved in the case ged(q,2) = 1.

Case (B): ged(q,2) = 2. We will continue using the notation of case (A). Now,
let G” be the graph with the same vertex set that Cs,, but with two more edges in
such a way that the toric set associated to G” is given by

Y ={[(t:ta, ..., tant1, tits, tats)] € P" i t; € K*}.
G is a non-bipartite graph because it has an odd cycle and then |[Y”| = (¢—1)2"~1.
We note that |Y"| = (¢ — 1)[Y’|. By Corollary 4 we obtain that
2 q—2

veg (§/1") < veg (8'/1') + 155 = (g=2)(w' = 1) + 1=,
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where S”/I" is the coordinate ring associated to Y. Moreover,

res (/1) < reg ("/1") + T52 < (g =20 ~ 1) +q—2= (g~ 2)

and the claim follows. O

Remark 2. In Corollary 7 we consider n' > 3 (and then n > 7) in order to satisfy
the conditions of the previous results. However, in the two remaining cases n = 3
(see [3, Lemma 1]) and n =5, we know that reg (S/I) = 2(q — 2).

Remark 3. Corollaries (5) and (7) describe the regularity index in the case of toric
sets parameterized by the edges of complete graphs. Equations (10) and (15) can be
joined in the following result: Let S/I be the coordinate ring associated to the edges
of a complete graph KC,,. Then

a(syn = [£=22=1]

Remark 4. Let G be any connected non-bipartite graph with n vertices and X'
the toric set parameterized by its edges. If X is the toric set parameterized by the
edges of the complete graph K, then, by using Corollary 1 and Remark 3, we get an
optimal lower bound for the reqularity index corresponding to X':

veg (5'/1') > [@‘”2(”‘”] .

5. Minimum distance and complete graphs

In this section we find some bounds for the minimum distance of the parameterized
codes associated to the edges of a complete graph.

Corollary 8. Let X be the toric set associated to the edges of a complete graph IC,,,
n = 2n', n’ > 2. Then the minimum distance of the corresponding parameterized

code of order d, dx(d), is bounded by
5'J1‘n71 (Zd) < 5X (d) < gn’ (d)7 (16)

where O, _,(2d) is the minimum distance of the parameterized code of order 2d
associated to the projective torus Tp_1 and &,/ (d) is given by

(g—1)" 2 3(q—1-02% ifd < ap — L,

fn/(d) = q— 1- 2€/7 Z'fOén’ < d < ap + % - 17 (17)
]-7 Zfd > ap + %7
where o,y = (g — 2)(n’ — 1) is the regularity index corresponding to the projective

torus Tp/—1, ! = d — ar when iy < d < oy + 4552 — 1, p = ged(q,2) and k', £ are
the unique integers such that k' >0, 1 <{<qg—2 andd=k'(qg—2) +¢.
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Proof. The result 1, ,(2d) < dx(d) was proved in [6, Corollary 3.12]. In order
to prove the second inequality, let X’ be the toric set associated to the complete
bipartite graph KC,/ ,». We know that | X| = (¢ —1)|X’| and thus, by using Theorem
1, we get

x(d) < (g —1)dx/(d).

But in [5] it was proved that 6x(d) = (61, ,(d))?. Moreover, it is known that

or,,_,

(d) = { (q— 1"~ * ¥ (g—1—-10),if d < ap — 1,
1, if d > ayy,
where k" and ¢ are unique integers such that ¥’ > 0,1 < ¢ < ¢—2and d = k’'(¢—2)+/.
Therefore,
(q—1)" 2K =3(g—1—-0)2% if d < s — 1,
q—1, if d> ap.

5x(d) < {

where k&’ and ¢ are unique integers such that ¥’ > 0,1 < ¢ < ¢—2and d = k'(¢g—2)+¢.
On the other hand, if o,y < d < vy + 452 — 1, and we take £/ = d — av,r, then,
by using (8),
Sxc(d) = Sx(u+ ) < q—1-20,

where u = ay,y = (¢ — 2)(n' — 1) =reg (5" /Ix/).
Finally, we notice that

Qpr + qu = [(q—2)2(n— 1)—‘ =reg (S/I).

Then dx(d) = 1 if d > oy + 952, and the claim follows. O

In the case of complete graphs with an odd number of vertices we obtain the
following result.

Corollary 9. LetY be the toric set associated to the edges of a complete graph IC,,,
n=2n'+1,n' > 3. Then the minimum distance of the corresponding parameterized
code of order d, 6y (d) is bounded by

6Tn—1(2d) < 6Y(d) < (q - 1)n/+16'ﬂ‘n/_1(d)7 (18)

where or, _,(2d) is the minimum distance of the parameterized code of order 2d
associated to the projective torus T,_1 and ot , (d) is the minimum distance of the
parameterized code of order d associated to the projective torus T,/ _1. Moreover, if
ged(q,2) =1, then

(q—1)"F2(q—1-0), if d< o —1,

oy (d) < (q—1—1)2, if an <d<an +q-—3,
1, ideOén’+q—27
where o,y = (g — 2)(n’ — 1) is the regularity index corresponding to the projective

torus Tp/_1, £ =d — ayp when ay < d <y +q—3 and k', £ are unique integers
such that k' > 0,1 <0<qg—2andd=kK(q—2)+¢.
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Proof. The first inequality in (18) follows from [6, Corollary 3.12]. In order to
prove the second inequality, let Y’ be the toric set associated to the edges of an even
cycle Cy,_1, which is a subgraph of K,,. Then |Y| = (¢ — 1)?|Y’| and thus, by using
Theorem 1, we get

Sy (d) < (g —1)%dy+(d).

But in [7, Theorem 3.4] it was proved that dy(d) < (¢ — 1)"/_1531,71 (d). Thus the
second inequality in (18) follows.

Now let ged(q,2) = 1. The corresponding result follows directly from the formula
of the minimum distance in the case of the projective torus given in [15, Theorem
3.4], inequality (13) by taking w = v, I = ¢ = d — a,, and the fact that the
regularity index associated to KC,, is exactly o, + ¢ — 2. O

Example 1. In order to show that some of our bounds for the minimum distance
in the case of parameterized codes arising from complete graphs are good enough we
give the following example.

Let K = F11 be a finite field with ¢ = 11 elements and let X be the toric set
associated to the edges of the complete graph Ky4. Let Cx(d) be the parameterized
code of order d arising from the set X. By using the notation appeared in Corollary
8 we notice that n = 4, n' = 2, ap = (¢ —2)(n’ — 1) = 9 and the corresponding
reqularity index is [&2(3)—‘ = 14. With the help of Macaulay2 [8] we get the next
information.

| X 1000{1000|1000{1000{1000{1000{1000|1000{1000{1000

dimCx(d)| 6 | 19 | 44 | 85 | 146 | 231 | 344 | 489 | 670 | 832
dx(d) |810|640 | 490 | 360|250 |160| 90 | 40 | 10 | 8
&n(d) | 810|640 (490|360 | 250|160 | 90 | 40 | 10 | 8

d 11 |12 | 13 | 14
|X| 1000{1000|/1000{1000
dim C'x (d)| 930 | 980 | 998 {1000
5x(d) | 6 | 421
Ed) | 64|21

The main conclusion of this example is that in this case the upper bound &,/ (d),
defined in (17) is attained for any d > 1.
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