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Abstract. Based on the authors’ article [5] and the work of Hrbacek [11], we prove that
every unlimited natural number w is of the form w = w1 - w2 + w3 - w4 in at least k different
ways (k > 1 is limited), where w; € N is unlimited and w;/w; is appreciable for 1 < 4,5 < 4.
Other similar representations of unlimited natural numbers are also presented.
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1. Introduction

The study of which integers are represented by a given quadratic form is one of
the most celebrated in the theory of numbers. In Guy [10, D4, p. 229], Waring’s
problem is that of representation of positive integers as a sum of a fixed number s
of nonnegative k-th powers, i.e., whether for a given k there is any fixed s = s(k)
such that

n:xlf+x§+-~+x§

is solvable for any n. In 1640, Fermat stated his conjecture that every prime number
p = 1(mod 4) can be written in the form p = 22 4+ 32. A century later, Euler proved
Fermat’s conjecture and worked seriously on related problems and generalizations.
In 1770, Lagrange and Euler (see, e.g., Adler [1, Theorem 8.22, p. 234]) proved that
every positive integer is a sum of four squares. In 1798, Legendre and Gauss ([1,
Theorem 8.25, p. 236]) classified the integers that could be represented as a sum of
three squares. More precisely, they proved that a positive integer can be represented
as a sum of three squares if and only if it is not of the form 4™ (8k + 7). This result
is deeper and more difficult than either of the two-square or four-square theorems.
Motivated by Lagrange’s result, it is natural to ask about the collection of quadratic
forms that represent all positive integers, or more generally, to fix in advance a
collection S of integers, and ask about quadratic forms that represent all numbers in
S. In this context, Iwaniec [12] considered a more general problem of the number of
representations of an integer n by a positive definite quadratic form Q(z1,...,zs).
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For example, in [1, p. 259], it is shown that each nonnegative integer is either of the
form 2 +y? + 22 or of the form 22 4+ %2 4 222, where x,y and z are positive integers.

In the context of nonstandard analysis [6], we shall need the following definition
and principle which are used throughout this paper.

Definition 1. Two positive real numbers x and y are of the same order, written
x ~ vy, if ©/y is appreciable. Or, equivalently, there exist standard real numbers
r1,72 € Ry such that r1 < z/y < ro.

Principle 1. [Cauchy’s principle [6, p. 19]] No external set is internal.

For details about internal and external sets, one can see [3, definitions 2.2, 2.3]
and [6, pp. 5,6]. Furthermore, we explain here how to apply this principle. Let w
be unlimited. The set {n € N: w > n} is internal and contains all limited positive
integers. By Cauchy’s principle, w > ng for some unlimited positive integer ng.

As a continuation of our previous works [3, 4, 5] and Hrbacek’s work [11], we
prove in the present paper that every unlimited positive integer n can be written in
the form:

n=wp- W+ w3 Wwq (A)
w; ~w; for 1 <4,5 <4, 2

where w; € N for 1 < i < 4. Note that the second condition of (As) implies that
each w; is unlimited. As a consequence, if k > 2 is a limited positive integer, then
we can generalize the above form as follows:

N =Wy w2+ w3 Wyt -+ W1 Wk,
(Ax)
w; ~wj for 1 <4, 7 < 2k.

Moreover, we present some families of unlimited positive integers which can be
represented as in (Ay) by giving the values of w; (1 < i < 4) in terms of n. Other
similar types of representation of unlimited natural numbers are also discussed.

To start with our main results, we need the following lemmas:

Lemma 1. Let a,b,c,d € R,.
(1) a~a. Ifa~Db, thenb~a. Ifa~b and b~ c, then a ~ c.
(2) If a ~b and r,s € RT are appreciable, then r-a ~ s - b.
(8) Ifa ~candb~d, thena+b~c+d.
(4) Ifa ~c and b ~d, thena-b ~c-d.
(5) If a ~ b and n € NT is standard, then a ~ b" and /a ~ V/b.

Proof. Proofof (3). We have ri-¢c < a < ro-cand s1-d < b < s-d for some standard
r1,T2, 81,582 € RT. Hence uy-(c+d) <ry-ct+s1-d<a+b<ry-ct+ss-d<uy (ctd)
for w3 = min{ry, s1} and us = max{re, sa2}. O

To state the second lemma, we need the result known as Bertrand’s postulate:
For every n € N, n > 2, there is a prime p such that n < p < 2n.
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Lemma 2. For every x € R, x > 2, there is a prime p such that x < p < 2x.

Proof. Recall that [z] denotes the integer part of the real number z. There is a
prime p such that [z] < p < 2[z]. Then z < [z] +1 < p < 2[z] < 2. O

2. Unlimited integers of the form w; - wy + w3 - wy
One of the main results is the following:

Theorem 1. Every unlimited w € N can be written in the form wi - ws + w3 - wy,
where w; ~ y/w and w; >0 for 1 <i<4.

Proof. By Bertrand’s postulate, there is a prime number p; such that ‘F <p1 <

y/w and a prime number py such that ‘F < pg < f

The Diophantine equation p; - x + p2 Yy=w has a particular solution zg, yg in
integers (Euclid’s algorithm) since ged (p1, p2) = 1. Moreover, all solutions are given
by ¢ = xg+t-p2 and y; = yo — t - p1, where ¢ is an arbitrary integer. Now, we can

choose t so that
w 3w
In fact, let t* be the largest integer for which 24 < y/w/4. Then clearly xs11 >

Vw/4 and since 4«1 = T4 + pa, it follows that

w Vw
Tgx 41 — T S Zpeg1 — Tpe = P2 < 5

and so :th_l < ‘F + @ 3){5 Thus, we let ¢ = ¢t* + 1. This proves (1). For this ¢

we get g < pp- xt < 32 and hence w/4 < py-y; = w—p1 -2 < Tw/8. It follows that
% <y < % We let w1 = p1, Wy = T4, wz = p2 and wy = y¢. This completes the
proof. O

We now consider the basic question: Can every unlimited natural number n be
represented in the form n = w; - w2 4+ w3 - w4, where w; ~ w; holds for all 1 < 4,5 <4
in at least k different ways (k > 1 limited)? For the answer, fix a standard k. By
Bertrand’s postulate, there is a prime number p; such that ‘2/;7 <p1 < % and
a prime number ps such that ){—,‘E < p2 < ‘2/—;3, s0 p1 ~ yw and ps ~ Jw. The
Diophantine equation p; - ¢ + ps - y = w has a solution xg, yg in integers. Moreover,
every solution is of the form z; = xo+t-p2, y: = yo—t-p1 for some t € Z. We can now
choose t so that f <ap < 341,(, $0 Ty ~ y/w. For this t we get sz <DP1-1 < i%
and hence

(4k? = 3) w (8k* — 1w
e <p2-Yyt=w—p1 Tt < T2
2 o k2
It follows that % <y < w. Different values of k give different

values of the quadruple p1, p2, T+, Y:.
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Proposition 1. Let k > 1 be limited. FEvery unlimited positive integer w can be
represented as w = w1 - we + w3 - wy in at least k different ways with the same values
of w1, ws for all k, where w; € N is unlimited for 1 <i < 4.

Proof. Let p1, p2,p3 be distinct unlimited primes such that w > p;paps (such prime
numbers exist by Cauchy’s principle and the fact that there are infinitely many
primes, since w is greater than any product of three standard prime numbers).
Since ged (p1,p2) = 1, we conclude that there exist integers 2y and yo such that
p1-To+p2-yo = 1. Therefore, the integer solutions of p; - =+ ps -y = w are given by
Tt = wxg — pot and y; = wyo + p1t, where p1 - xg + p2 - yo = 1 and t € Z. Thus, this
equation has positive solutions if wxy > pot and wyg > —p1t, from which it follows
that
—E0 20 (2)
b1 P2
Now let k& > 1 be limited. Since w > pipak, or equivalently w (p12o + p2yo) >
p1p2k, we conclude that

—wY0 [“’yﬂ k<20 (3)
P1 P b2

Therefore, inequalities (2) hold for at least k different values of t with ¢t = [—wyo/p1]+
i1for 1 <e<k.

Next, note that x; and y; are not both limited; otherwise pg < % + % 2 (), which
is a contradiction. In fact, without loss of generality, assume that z; is unlimited
with zg > 0, i.e., yo < 0 and we show that y; is also unlimited.

Let a > 1 be limited. Since w (p1xo + p2yo) > aps2, we deduce that ps (a — wyg) <
p1wxg. Moreover, as in the proof of (3), we can prove that % +t' < % for every
limited ¢’ > 1. Indeed, the last inequality holds since w (p12o + p2yo) > p2 (a + t'p1),
and so the following inequalities:

G790 -y PT0 (4)

P b2
hold at least for k different values of ¢. It follows from the left-hand side of (4) that
pit > a — wyg. Thus, y; = wyg + p1t > a, which shows that y; is unlimited. We let
w1 = p1, Wy = Xy, w3z = po and w4 = Yy, which are unlimited positive integers. This
completes the proof. O

Remark 1. One can give a proof of Proposition 1 as follows: By Bertrand’s postu-
3, 3,
late there exist prime numbers p; and ps such that @ <p1 < Jw and % <p2 <

?, The solutions of the equation p1x + poy = w are of the form x; = g — tps and
Yi = Yo+tp1, where t is an integer. Fizt so that (Yw)’ —w <y < (Yw). Ifk >0
is standard, then vy = s + kp1, 50 yeyr is unlimited and yopp, < (Yw)° +kYw, so
that p1&ipp = W—Payirr > w— Jw ((\“‘/5)2 + k(’/@) /2> w/4 and xiyp > (\“’/5)2 /4
is also unlimited. We can let w1 = p1, we = Tiyk, W3 = P2, Wy = Ytk and k > 0.

Corollary 1. Let k > 2 be a standard natural number. Every unlimited w € N can
be written in the form (Ay).
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Proof. By induction. Note that wo_1-war ~ w, so Theorem 1 enables the inductive
step by writing wo_1-wak = wh, | -why+wak41-Wopt+2 With wh, |, why, Wokt+1,Wakt+2 ~

N O

Lemma 3. Every unlimited w € N can be written in the form w = w? - w3 + wy - 7,
3 3/, 12
where w1, ws,wy ~ Jw and n ~ Vw?.

Proof. We closely follow the proof of Theorem 1. We fix prime numbers p; such
that ? <p1 < Jw and p2 such that % < p2 < ? The general solution of the
Diophantine equation p? -z + ps -y = w has the form x; = xg +t- pa, yr = yo — t - p3,
t € Z. We can now choose t so that ‘F <xp < 3f For this ¢ we get 15 < P2 Ty

< 3—“ and hence § <p2 -y =w — p? oy < 15“. It follows that F <y < 15F

We let w1 = p1,w3—$t, W4 = P2, 1 = Yt. D
Theorem 2. FEvery unlimited w € N can be written in the form

W =wWw1" Wy W3+ wWyq- Ws-wWg+ Wy - wg - Wy,
where w; > 0 and w; ~ JYw for 1 <i<9.

Proof. Use Theorem 1 to write n = ws-wg +ws -wg where ws, wg, ws, Wy ~ NGE Yw,
then substitute into the expression from Lemma 3 and let ws = wq, w7 = wy. O

Corollary 2. Let k > 3 be a standard natural number. Every unlimited w € N can
be written in the form

Kk
w = Zwm TWi2 Wi 3, (5)
i=1

where w; j >0 and w;j ~ Yw for1 <i<k, 1<j<3.

Proof. By induction, starting with & = 3 and using the observation that n =
w1 - Ws - w3 + wy - ws - wg ~ w and hence, by Theorem 2, it can be expressed as n =
wi - wh - wh + W) wh - wh + wh - wh - wh, where w) > 0 and w] ~ Yw for 1 <i<9. O

Lemma 3 generalizes as follows. Note that » = 2 gives Theorem 1.

Lemma 4. Let r > 2 be a standard natural number. FEvery unlimited w € N can be
written in the form w = wI_l w3 + wy - where wy,ws, wy ~ Yw and n ~ Vw1l

Proof. We fix prime numbers p; such that TT‘/‘Z < p1 < {/w and ps such that

TT‘/E <p2 < TT\/E The general solution of the Diophantine equation pq_l cx+pey = w
has the form z; = xo +t-p2, yr = yo — ¢ - p;_l, t € Z. We can now choose t so
that L/; < xp < % . For this t we get 575+ < pTl X < %“’ and hence 7 <
r+1_ ”
P2y =w—Dpy Log < @Tiﬂl)w It follows that AVwr—l <y < 2 QT 2 2Ll
We let wi = p1, wg = o4, wa = p2, N = Y. O

Theorem 3. Let r > 2 and k > r be standard natural numbers. Every unlimited w
€ N can be written in the form w = Zle [[j=y wij, where w;j >0 and w; j ~ Jw
for1<i<k, 1<j<3.
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Proof. By induction on r. For r = 2, this is Corollary 1. Assume the theorem is
true for 7 —1. Then k—1 > r —1 and we can write n = Zf;ll g;} w;.; with all w; ;

~ N = v/w and substitute the result into the formula from Lemma 4. O

Next, we present an explicit method to prove that all numbers that are similar
in structure to n! can be written in the form (As).

Theorem 4. Let (a;), ., be a sequence of positive integers such that a; is limited,
k is unlimited and a;y1 — a; is limited positive for i = 1,2,... )k — 1, and let n =
aias - --ag. There exist two unlimited positive integers Riand Ry such that n =

Rl . R2 with R1 ~ RQ.

Proof. Let X\ be a limited positive integer such that 0 < a;41 —a; < Afor 1 <i <
k — 1. Indeed, such number exists since the set {a;+1 — a; : i < k} is internal, so it
has a maximal element a;+ 1 — a;+ which is limited.

Now, we show that there exists a unique unlimited positive integer ¢ such that

a1ag Q10 < Q410442 - Ag—10k, (6)
102 Qg1 = Qg2 Qp—10k-

Otherwise,
a; < ag2a3 -+ Qp—10g
a1a2 < a3Qyq -+ Ap—10k

: (7)
a1az - Qp—30—2 < Qp—10k

a1ag - AQp—20p—1 < Qf.

But the last inequality of (7) leads to a contradiction because ax_sarp—1 > ay.
Indeed, the numbers a;_o, ar_1 and aj are unlimited with 0 < ax — ax_1 < A and
0 < ag —ag_s < 2\, which implies that ax_1 = ap — A1 and ax_o = ap — A2 for some
limited integers A\; and Ao, since A is limited. Therefore,

Ak—1ak—2 = Ay (1 - /\1> (1 - AQ) =ai(1—¢) > a,

Qg

where ¢ 22 0. A contradiction. This proves (6).
Next, from (6) we also have

1 a1ag -+ - Gg_1a;
<

< < Qtyq- (8)
A1 At42 - Ap—10k

There are three cases to consider:

Case 1. ajas - -ar_1a¢/as1o - - ap—_1ax is appreciable. Since a;41 —a; < A with
A limited, i.e., the elements (a;);.;~, are increasing by a limited quantity, there
exists a positive integer ig with i < ¢t such that a;, and ,/a;r1 have the same
order, that is, aio/\/cTH is appreciable. We put Ry = ajag---ai—1ata441/a;, and
Ry = at49 - -ag_1aka;,. It is clear that n = Ry - Ra, where

Ry _Q1Q2 - Qp—1G¢Ag41 G102 Q10 G4
2
10

.o 2
Ry ai apio--ag—rap Gugoccag—1ak a
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is appreciable since a;11 ~ afo.

Case 2. ajas - -ai—1a¢/as12 - ap—1ax = 0. Here by (8), there exists an unlim-
ited positive integer I < a;11 such that % -1 is appreciable. We have the
following subcases:

Case 2.1. a;y1/l = A with A appreciable. Here, we put Ry = ajag - - - a;—1a:ai41

and Ry = ay49---ax—1ak, in which case n = Ry - Ry, where

& _@1G2 - Q104G A102 " Ar—10¢ 1A
= = 1A,
Ry Q42 Ag—10% Q42 Ap—10k

which is appreciable.

Case 2.2. a;11/! is unlimited. As above, let ig be a positive integer with ig < ¢
such that a;, and /a¢4+1/! have the same order. We put Ry = ajas - - ar—1a¢a141/ai,

and Ry = ayqo- - ag—1aka;,. It follows that Ry/Ry = % - 2t is appre-
, - 2

. . 2
ciable since a;y1/1 ~ aj, .

Case 3. ajas - a_1a¢/aipo - - ap—1a; = +00. In this case, by (8), there exists

S e . a1a2---G¢—10¢ 1 i
an unlimited positive integer m < a;41 such that arrear aap m 18 appreciable. We

also have the following subcases:
Case 3.1. a;y1/m = A with A appreciable. Here we put Ry = ajas---a;_1a¢
— — P, . _ _aag-apiar
and Ry = ayyo- - ak—1aras11, where n = Ry - Re and Ry /Ry = T =
ajag---at—1a¢ 1 1 . . .
(m : E) - which is appreciable.
Case 3.2. a;41/m = w with w unlimited. Let 4o, jo be two positive integers
not exceeding ¢t with ig # jo such that a;, ~ m and aj, ~ /w. Then we put
Ry = a1as-- -at,latatﬂ/aioajo and Ry = agq2---ap—1a1a4,a4,- We also observe

that n = Ry - Ry, where

Ry aiag---ai_104G041 (a1a2~--at1at 1) mag11
o 22 - ]2 2
Rs a; a5 Gi42 - Ap—10k Ay Ap—10K M a; aj;
. . bl . o 2 2 2
is appreciable since mai41 = m*w ~ a; a3 .
This completes the proof. O

Applying Theorem 4, we obtain the following corollaries.

Corollary 3. Let n be as in Theorem 4. Then n is of the form wy - we + w3 - wy,
where w; € N is unlimited and w; ~ w; for 1 <4,7 < 4.

Proof. Since n = Ry - Ry with R; ~ Rs, we conclude that if one of these numbers
is even, say Ry, then n = (R1/2)- Ra+ (R1/2)- Ry. If Ry and Ry are both odd, then
n= (£ Ry + (B2 1+ 1) - Ry, as required. O

Corollary 4. Let n be unlimited. Then n! is of the form n! = wy - ws + w3 * wy,
where w; € N is unlimited and w; ~ w; for 1 <1i,5 < 4.
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Proof. By definition n! = ajas---a,, where a; =i (1 < i < n), that is, (a;);<,;<,
satisfy conditions of Theorem 4. Then the result follows by applying Corollary 3. [

The proof of Theorem 4 can be adapted straightforwardly to obtain the following
corollary.

Corollary 5. Let k be unlimited and let (a;), ;< be a sequence of positive integers
such that ay is limited and a;+1 = s;-a;, where s; > 1 is limited fori =1,2,... k—1,
and let n = ajas - --ai. Then there exist two unlimited positive integers Ry and Ro

such that n = Ry - Ra, where Ry ~ Rs.

3. Other similar representations

In this subsection, we provide some other representations of unlimited natural num-
bers. First, we need the following lemma:

Lemma 5 (see [9]). Let n! = Hpgnpvp(”!) be the prime factorization of n!. If
v, (n!) > v, (n!), then p'r(™) > gva(m!)

Remark 2. By Nathanson [16, Theorem 1.12, p. 29], for every positive integer n
logn

and prime p, vy (n!) = ;rz [p%} = Z([xlfl”] [1%] It follows that for primes p and

q with p < q we have vy, (n!) > vy (n!). In particular, if n >4, p =2 and ¢ > 3, then

n!)

clearly v, (n!) = vy (n!) > v, (n!). Hence by Lemma 5, 2V2(") > gva(m),
Theorem 5. Let n be unlimited. Then n! can be written as Ry - Ry where, Ry, Ra

1
are two unlimited positive integers with Ry ~ v/n! ~ {(n')iﬁ} .

Proof. By Stirling’s formula we have n! = n"e™"v2mn (1 + ¢1), ¢1 = 0 (see [7,
p. 49]). On the other hand, in 1808, Legendre determined the exact power t of the
prime p that divides n! (so p'*! does not divide n!) [18, p. 18], namely,

)

tzfi[”]::”‘“m+al+~+aa

= p—1
where the integers ag, a1, ...,a, are the digits of n in base p, that is, n = a,p” +
ar_1p" '+~ +ap+agsuchthat 0 <a; <p—1fori=0,1,...,r.
Now, assume that n! = [\, p{*, where 2 = p; < ps < --+ < p,,, are primes

1 1
and a; > 1 for all . We have |[(n!)3| = (n!)3 (14 ¢2), ¢2 = 0. By the formula

1 1
above, the exponent as of 3 satisfies oy < n/2. Since [(n')i%} /P52 = [(n')?)] /3%2 >

1 1
(n!)3 | /37/2 it is easily seen that {(n') 3} /p5? = +00. Then there exists a positive

integer k such that

1
pe’ps® PRt < [(n!)3] <pEpst -t it
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Since in the prime factorization of n! we have a; > a1, it follows from Lemma 5

that p7* > pgfll. Hence there exists an integer s with 0 < s < a3 such that

l 3
pf#ﬁﬁﬁ”'lﬁkﬁ{U@3}<p?p?-~ﬁ?~m+y

1

1
Therefore, 1 < {(n'):%} Jp5pSEpse - po* < 2, that is, {(n')?)] ~ PIPS2PaS .. poe

Hence, n! = pipg2p5? - - pp* - py* *ppitt -+ poy, which is of the form Ry - Ry, where
a1 —S, Xk+1

R1 = pips?ps® -+ p* and Ry = pS Dpay - P This completes the proof. [

Corollary 6. n! is of the form wy - ws - w3 + wy - w5 - wg, where w; € N is unlimited
with w; ~ V/n! for 1 <i, j <6.

Proof. Since n! = Ry - Ry, where Ry ~ /n!, we have Ry ~ 4 (n!)Q. Use Theorem

1 to write Ry = ws - w3 + wy - ws where wa, w3, wy, ws ~ /Ry = v/nl. O
Consider the sequence of Fibonacci numbers (F),), where F; = F, = 1 and

Foi1=F,+ F,—1,n > 2. It is well-known that the generalized Fibonacci sequence
is defined by G,, = Gj,—1 + Gp—2, where G; = a and G2 = b (a,b € N and n > 3),
see Koshy [14, page 109].

Theorem 6. Let n be unlimited. If a and b are limited, then G3, — G2 is of the
form wy - wy - w3 + w4 - ws - we, where w; € N is unlimited with w; ~ w; for 1 < 4,
J<6.

Proof. By [14, Theorem 7.1, p. 109], we have
G, =aF,_o+bF,_1. (9)

Moreover, the terms of this sequence verify the following equality: G2, = G? ., =
Gin1GmFon + Gr—1Gm Fop (see [14, Identity 3, p. 214]. In particular, for m = 2n
we get G3,, — G2 = Gop11G2, Fay + Gap 1G22, Fay,, which is of the form wy - ws - ws +
wy - ws - wg, where w; € N are unlimited (1 <4 < 6). Applying (9) we have w; ~ w;

for 1 <14, 57 <6. ]

Note that Corollary 5 and Theorem 6 are interesting because it is not known
whether every unlimited w is of the form w; - wy - wg 4+ w4 - ws - we with w; ~ w; for
1<i,j<6.

Proposition 2. There are infinitely many unlimited positive integers n such that
F, = w1 - way + w3 - wyg, where wy,ws, w3, wq € N are unlimited, pairwise relatively
prime with w; ~ w; for 1 <4,j < 4.

Proof. Let k be a positive integer with 3 1 (k+ 1) and let n = 2k. Applying
Andrica [2, Equation (2), p. 194] (Fppgn = Fig1 - Fo + B - Frmq), if m = n + 1,
then Fo,41 = Fryo - Fy+ Foy1 - Froq. Let zyy € {In—1,n,n+ 1,n+2}. We can
verify easily that ged (x,y) = 1 or 2, and by Koshy [14, Theorem 16.3, p. 198] we
have ged (Fy, Fy) = Fyed(a,y) = 1 since Fi = F5 = 1. On the other hand, we see that
F,/F, is appreciable since |z —y| < 3. O
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Theorem 7. Every unlimited positive integer n can be written in the form (Asg),
where w; € Z is unlimited and |w;/w;| € {1/2,1,2} for 1 <i,j <4.

The proof is based on the fact that a positive integer n can be represented as the
difference of two squares if and only if n is not of the form 4k + 2 (see, e.g. Dujella

[8])-

Proof of Theorem 7. Let n be an unlimited positive integer. If n is not of the
form 4k + 2, then n = 22 — y? for some positive integers x,y with = unlimited, and
if n is of the form 4k + 2, then n = 2m with m odd, i.e., m is not of the form 4k + 2.
Thus, n is of the form 2z? — 2y2. In both cases, n is of the form X (z? — y?), where
A € {1,2}. There are two cases to consider:

Case 1. x and y are of the same order. In this case we have nothing to prove
and we can put wi; = Az, ws =z, wg = —Ay and wy = y.

Case 2. y/x =2 0. We distinguish two cases:

Case 2.1. Assume that x + y is even. Then

Tty Tty
it =G - (55 ) +ae -0 (552,
which is of the form wy -wa+ws-wa, where w; € Z is unlimited and |w; /w;| € {1/2,1,2}
for 1 <i,5 <4.
Case 2.2. Assume that x + y is odd. Then

n=Az—y)(z+y—1)+A(z—vy)

=) (T e () #a )

o) (T ) ae - (),

which is also of the form wy -ws+ws-ws with w; € Z unlimited and |w; /w;| € {1/2,1,2}
for 1 <i,j < 4. This completes the proof. O

Theorem 8. Every unlimited positive integer is either of the form w? — w3, where

wi,ws € N are unlimited with wi /wa = 1, or of the form w?/2—w3 /2, where wy,ws €
N are even and unlimited with wy/we =2 1.

Proof. We distinguish two cases:

Case 1. Assume that n is not of the form 4k + 2. Then n = a® — b2 for some
positive integers a,b. This means that either n is odd or it is of the form 4k. If it is
odd, then n — 1 and n + 1 are both even, in which case

2 2
n+1 n—1
= — . 10
= () - (%) a0
On the other hand, if n is divisible by 4, then n = (% + 1)2 - (% - 1)2. In both
cases, n is of the form w% — w%, where wy,ws € N are unlimited and wy /wy = 1.

Case 2. Assume that n = 4k + 2, then n = 2m with m odd. Since m satisfies
(10), we conclude that n = (m+1) (m+1) /2 — (m — 1) (m — 1) /2, which is of the
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form w?/2 — w?/2, where wy,ws € N are unlimited and w; /wy = 1. This completes
the proof. O

Proposition 3. Let p be a limited prime number such that p = 1 (mod 4). There
exist infinitely many positive integers n such that n is of the form (As) with wy/wa =
UJ3/W4 =DP.

Proof. Let a and b be two limited positive integers such that p = a? + b? and
ged (a,b) = 1. Consider the Diophantine equation a - x 4+ b -y = 1. Then there are
limited integers xg and yo for which a-zg+b-y9 = 1 and all solutions are given by
xy = xg + bt and y; = yo — at, where t € Z. For t = co we see that |x¢| ~ |y.|. For
each such values of t it follows from Lagrange’s identity (Jarvis [13, Lemma 1.18,
p. 9]) that p (:z:t2 + yf) = (axs + byt)2 + (ay: — bzt)Q =1+ k2, where k = ay; — bxs.
Thus, 1+ k2 = pa? + py?. The proof is finished if we put n = 1 + k2, wy = p|ayl,
wy = |z¢], w3 = plye| and wy = [y O

Proposition 4. FEvery unlimited positive integer n can be written as one of the
following four forms:

1) n =M} 4 w3 + w3, where X € {1,2} and w; ~ w; for 1 <i,j < 3.
2) n=(A+1)w}+ws —ws-ws, where X € {1,2} and w; ~w; for 1 <i,j <A4.
)

3) n=(\+2)wi—ws ws—ws-ws, where X € {1,2} and w; ~ w; for 1 <i,j <5.

(
(
(
(4) n=2w? + 2w3 — w3 - w4, where w; ~ w; for 1 <i,j < 4.

Proof. Let n be an unlimited positive integer. From [1, Theorem 8.25, p. 236], n
can be written in the form z2? + 3% 4+ A\2%, where A\=1or A = 2.

First, assume that z = max {x, y, z}. We distinguish the following cases:

Case 1. x and y are of the same order as z. In this case, we have nothing to
prove and we can put wy; = 2z, we =y and ws = x. Then n is in form (7).

Case 2. z/z = 0 and y/z is appreciable. Here, n = (v +2)(z — 2) + 3% +
(A+1) 22 Hence, w; = 2z, wy =¥y, wg = + 2z and wy = z — x. Thus, n is in form

Case 8. y/z = 0 and x/z is appreciable. This case is very similar to that of Case
2 with z, y exchanged. Thus, n is in form (2).

Case 4. x/z = 0 and y/z = 0. Then, n = (z+2)(x —2)+ (y+2) (y — 2) +
(A+2) 22, Hence we can put w1 = 2, wg = 2 + T, w3 = 2 — T, Wy = 2 + y and w5 =
z —y. Then n is in form (3).

Now, assume that A = 2 and max {x,y, 2} is either = or y, say x. We also have
the following cases:

Case 1. y and z are of the same order as z. Here n is in form (7).

Case 2. y/r = 0 and z/x is appreciable. In this case, n = 212 + 222
(x+y)(xr—y). Hence, w; = x, wo = 2, w3 = z+y and wy = = —y. Then n
is in form (4).

Case 3. z/x = 0 and y/x is appreciable. We can do the same reasoning as above,
that is, n is in form (4).
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Case 4. y/x =2 0and z/z 2 0. Then, n = 42?2 (z + 2) (z — 2)—(z + y) (x — y).
Hence, w1 =2z, ws =2(x+2), ws =2 — 2, wy =z +y and ws = x —y. Then n is
in form (3).

This completes the proof. O

4. Unlimited integers of the form a - w? + b - w3, where w; ~ wy

Let n be an arbitrary unlimited number and let a, b be limited. We want to represent
n in the form: a - w? + b - w2, where w; ~ wo.

Let w be unlimited and let F,, be the w-th Fibonacci number. Then Fb, 1 is
of the form w? + w?, where w; ~ wo and ged (w1, wsz) = 1. In fact, from Koshy [14,
Identity 30, p. 97] we have Fb, 41 = F2 + F2_,, where ged (F,,, Fi,11) = 1 by [14,
Theorem 16.3, p. 198].

Let us start with the following result:

Proposition 5. There erist unlimited prime numbers p such that p = w? + w3,
where w1, ws € N are unlimited.

Proof. From Dirichlet’s theorem about primes in arithmetic progressions there ex-
ists an unlimited prime ¢ of the form 4k — 1. Let n be an unlimited positive integer
with n < ¢. It is not difficult to see that the numbers ¢ and

4(g+12)° (¢ +22)° - (¢ +n?)°
are coprime. By Dirichlet’s theorem once again, there exists a positive integer k'
such that the number p = 4 (q + 12)2 (q + 22)2 e (q + n2)2ok’ —q is prime. Clearly,
it is of the form 4¢ + 1. By Nathanson [16, Theorem 13.3, p. 407], there exist two

positive integers wy,ws with w; < wa such that p = w? + w3. Now, assume by way
of contradiction that wy is limited, i.e., wy < n. It follows that

Wi=p-wi=4(¢+1%)" (¢+2%)" (q+n®)° K — (g+w})

= (q+w?) 4(g+12)" (CH'(M - 1)2)2 (q+w?) (Q+ (w1 + 1)2>2
(q+n2)2ok’—1

Note also that the above factors are relatively prime, i.e.,

2 2)2 2)? 2 2\2 _
ged (g a(g+1)% - (g @ = 1°) (g+wd) - (g+n2) 0 1) =1,

2 2
andso4(q-|—12)2-..<q_|_(w1—1)2) (q—f—w%) (q+(w1—|—1)2> ~-~(q—|—n2)2-k:’—1
must be square. This is impossible because it is of the form 4t — 1. Thus, wy > wy >
n 22 co. This completes the proof. O

Proposition 6. Let n € N be unlimited such that n is representable as the sum of
two squares. Then either n = a® + b with a ~ b or 2n = a + b with a ~ b.

Proof. Suppose that n = a? + b? with b < a. If a ~ b, the desired assertion holds
in this case; otherwise, b/a = 0 and so 2n = (a — b)* + (a + b)®, where in this case
a — b~ a+b. This completes the proof. O
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5. Representation of unlimited integers using quadratic forms

In this section, we aim to represent unlimited positive integers as in (Asg), where
some of the factors w; (1 <14 < 4) are in Z. In addition, we give the values of w;

(1<i<4).

Recall that a quadratic form is a homogeneous polynomial of degree two. The
quadratic form Q(z,y, ..., z) represents the integer n if there exist integers a, b, ..., ¢
such that n = Q(a,b,...,c). A binary quadratic form is a quadratic form in two

variables. We consider the following definition:

Definition 2. Let f(z,y) = ax? + bry + cy?®. We say that f represents an integer
n if f(u,v) = n for some integers w and v, and that f properly represents n if
f(u,v) = n with ged(u,v) = 1.

In what follows, we give two results, where in the first we show that every unlim-
ited integer n, which can be represented by a quadratic form f(x,y) = az?+bry+cy?
such that a,b and c are all nonzero limited integers with b% — ac # 0, can be written
in the form (As), where w; € Z is unlimited for 1 < ¢ < 4. More precisely, we give
the value of w; in terms of n for 1 < 4,5 < 4. In the second theorem, we present
some types of quadratic forms for which any unlimited positive integer n that can
be represented by one of these forms is of the form:

n = wi - wy + ws - Wy
ged (wy - wa, w3 - wy) is limited

where w; € Z is unlimited for 1 < i < 4. Here we also give the value of w; in terms
of nfor 1 <i,j <4.

Theorem 9. Letn be an unlimited positive integer. Assume that n is represented by
the quadratic form f(z,y) = ax®+bxy+cy?, where a,b and c are all nonzero limited
integers with b> — ac # 0. Then by rewriting this quadratic form n can always
be represented explicitly in the form (As), where some of the w; may be negative
integers.

Proof. We suppose that n is represented by f, i.e., n = ax? + bxy + cy?. We have
the following cases:

I. (z =0and y # 0) or (z # 0 and y = 0 ). In this case, n = cy? with ¢ # 0
or n = ax? with a # 0. Let us take, for instance, n = cy?. Then n = c(y —t + t)2.
Hence, n = ¢ ((y — ) 12 42 (y — t)) = c(y—t)® +ct (2y — t). We end this case
if we take t = [y/2] and put w1 =y —t, wa =c(y —t), wz = ct and wy = 2y — t.

II. z,y # 0. We distinguish two subcases:

II-1. a,b,c # 0. Consider the following possibilities:

I1-1-1. y/x is appreciable. Clearly, we have n = x (ax + by) + cy?. Since ax + by
is of the same order as x and y, we put wy; = x, we = ax + by, w3 = cy and wy = y.
Then n can be represented in the form (As).
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IT-1-2. y/x is unlimited. Here we see that

n:awz—l—bxy—i—cyQ:ax2+y(bx—|—cy):a(m—y+y)2+y(bx+cy)
=a(@—y)(z+y)+yley+brt+cy) =alz—y)(z+y) +yyla+c)+bz).

We end this case if a + ¢ # 0 because we can put w; = a(x —y), we = = + y,
w3 =y and wy = y(a+c) + br. Otherwise, c = —a and so n = ax? + bxy — ay?.
Since x = x — y + ¥y, we conclude that n = (x — y) (ax + (a + b) y) + by?. Similarly,
when a +b # 0, we put w1 = ¢ —y, wo = ax + (a+b)y, ws = by and wy = y.
Otherwise, b = —a and then n = ax? — azxy — ay®. Here, we can easily see that
n=a(z+2y)* — bya (z +y). To finish the proof for this case, we only need to put
w1 =a(x+2y), wy =z + 2y, w3 = —5ya and wy = x + y. In addition, the proof of
our claim for the case that z/y is unlimited is similar to our previous discussion.
II-2. At least one of the coefficients a, b and c is zero.

I1-2-1. Only one coefficient among the numbers a, b and ¢ is zero. We have the
following cases:

e b=0. Then n = ax? + cy?. Here we can assume that = and y are positive with
y > z. If y/x is appreciable, then the proof in this case is obviously met by taking
appropriate values for w; (1 <i<4). Otherwise, y/x is unlimited from which we

getn=ar?+cy:=ale—y+y)°’ +c>=alz—y) (x+y)+ (a+c)y? Hence,

aoJa@—y (@+y)+(ato)yifatec#0
" la(z—y)?+2ay (z — y), otherwise.

The proof in this case is met by taking appropriate values for w; (1 <4 <4). The
case x > y is treated in the same way.

e a = 0. Then n = bxy + cy®. Suppose that |y| > |z|. If y/z is appreciable,
then the proof in this case is obviously met by taking appropriate values for w;
(1 <i<4). Otherwise, y/z is unlimited and then n = b(z —y)y + (c+b) y>. If
c+b # 0, then the proof is finished for this case by taking appropriate values for w;
(1 <1 <4). Otherwise, ¢+ b =0 and then

n=bz—yly=bx—y)(y—t+t)=b(z—y)(y—1t)+b(z—y)t

where ¢ = [y/2]. Also the proof is finished for this case by taking appropriate values
for w; (1 <i<4). The case |z| > |y| is treated in the same way.

e ¢ = 0. Then n = ax? + bry. This case is treated in the same way as the case
(a=0).

I1-2-2. Exactly two coefficients among a, b and ¢ are zero. We distinguish the

following possibilities:
e a =b=0. Then n = cy?. This case is treated in the same way as the case (I).

e a = c=0. Then n = bxy. Suppose that |y| > |z|. If y/z is appreciable, then
n=bx(y—t+t)=>bx(y—t)+ bxt,
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where t = [y/2]. This complete the proof for this case by taking wy = bz, we =y —*t,
w3 = bz and wy = t. If y/x is unlimited, then n = by (x —y +y) = by (z — y) + by?.
This completes the proof by taking w; = by, we = ¢ —y, wg = by and wy = y. The
case |z| > |y| is treated in the same way.
eb=c=0. Then n = az?.
(a = b= 0) of the previous case.
This completes the proof of Theorem 9. O

This case is treated in the same way as the case

By a similar proof we obtain the following result:

Theorem 10. Let n be an unlimited positive integer represented by a quadratic form
f(x,y) = ax?® + bxy + cy?, where a, b and c are limited integers with ged (z,y) = 1.
Then n is represented as in (AL) whenever f corresponds to one of the following
cases:

(1) f(x,y) =

(2) flx,y) = ax® + cy? with a # —c.

(
(

(3) f(x,y) = ax® + bry + cy? such that a,b,c # 0 and y/x is appreciable.

(4) flx,y) = ax®+bry+cy? such that a,b # 0,c = —a and y/x is not appreciable.
(

(5) f(z,y) = ax?® + bry + cy? such that b= c = —a.

Proof. (1) n = az® Then a,z # 0. Put n = a(z —t+1)°, where ¢t > 3z is
prime with ¢ ~ 3z. Therefore, n = a ((:z: — ) 12 42t (z — t)) = a(z—1)°+
at (2x —t). Let wy = a(x —t), wy = x — t, wy = at and wy = 22 — t. Clearly, w; is
unlimited for 1 <7 <4 and w; ~ w; for 1 < 14,5 < 4. Moreover, we can prove that
ged (w1 - wa , w3 - wy) is limited. Indeed, first we see that ged (¢,22 — t) = 1 since ¢
is prime and ¢ > 3z. Suppose further that ged (wiws,wsws) = ady, where d; > 2.
Then dy | (x —t)* and dy | ¢ (22 —t). Hence, dy | (z —t)* + ¢ (22 — t) = 2. There
are two possibilities:

e dy | z. Then d; | t since d; | t (22 — t), which is impossible since ged (x,t) = 1.

o di f . We put 2% = ¢?*1¢5°2 .- ¢2%, where q1, ¢, . .., ¢, are distinct primes
and a1, @9, ...,q, are positive integers, and let di = ¢{'¢5* -+ ¢% with 0 <

a; < 2a; for 1 < i < r. We prove that every prime factor of dy is limited;
otherwise, if p is an unlimited prime number with p | d;, then p | ¢ and so
p = t. A contradiction. Now, let qa0 be an unlimited prime power such that
qlo0 | di, i.e., qi, is limited and a;, is unlimited. Since g, Y0 | 22 we conclude
that ¢ | =, Where w = a;, /2 if a;, is even or w = (a;, — 1) /2 othervvlse Since
q¢ | 2x —t, we deduce that ¢ = t. This is a contradiction since t is prime.
Therefore, all the prime powers ¢{*,¢5?, ..., ¢ are limited and so d; is also
limited.
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(2) Here we can assume that x and y are positive and a, ¢ are both non-zero;
otherwise, if a or ¢ is zero, then we are in case (1). Suppose that y > x. If y/z is
appreciable, then the proof is easy. In the case when y/x is unlimited, we see that

n=ar’+eff =a@x—y+y)’+a=alr—y) (@+y) +(a+c)y’

Letwi =a(x —y), ws = (z +y), ws = (a+¢)y and wy = y. Clearly, w; is unlimited
for1 <i<4andw; ~w,forl <i,j <4. Moreover, ged (w1 - wa , w3 - wy) is limited.
Indeed, if d = (a(z —y) (z+y), (a+c)y?) = +oo, then d | a(z —y) (z +y) and
d| (a+c)y? Asin case (1), let p* be an unlimited prime power such that p® divides
both d and y, from which it follows that p® | a (x — y) (z + y). This contradicts the
fact that x and y are relatively prime, i.e., d is limited.

(3) Assume that n = az? + bry + cy?, where a,b,c # 0 and y/x is appreciable.
In this case, n = z (ax + by) + cy?. Now, if ax + by = 0, then n = cy? and this
case can be treated as in case (1); otherwise, if (ax + by) /x is appreciable, then we
put wi = x, wa = ax + by, ws = cy and wy = y. Then we can easily prove that
ged (wy - we w3 - wy) is limited since ged (x,y) = 1. But, if (ax + by) /= = 0, then
we can write n as n = ax?+y (bxr + cy), where (bz + cy) /y must be appreciable and
we end the proof as before. It remains to prove that (az + by) /z and (bx + cy) /y
cannot be simultaneously infinitesimal. Indeed, suppose we have ax+by = g1 = ws
and bz + cy = ¢y = wa, where ¢ and ¢ are two infinitesimal numbers, that is, we
have the following system:

a-r+b-y=w
{b-x—l—c-y:wg.

b-wb;_# and z = wabi_chwl ButNthis
is a contradiction because this means that y = ¢y and x = ¢x, where ¢ and ¢ are
also infinitesimal.

(4) Consider the case when n = ax? + bry + cy?, where a,b # 0,c = —a and y/x
is unlimited. Then n = ax? + bxy — ay?. Put x = 2 — y + v we get

The solution of this system is y =

n=(z—y)(az + (a +b)y) + by*.

If a 4+ b # 0, then the proof is completed for this case by choosing w; = x — ¥y, wy =
ar+ (a+b)y, ws = by and wy = y. Otherwise, b = —a, and so n = ax? — ary — ay?,
in which case we get n = a (z + 2y)° — 5ya (z + y). This ends the proof for this case
by setting wy = a(z +2y), we = = + 2y, ws = —bya and wy = x +y. As before,
we can prove that ged (wy - wo , w3 - wy) is limited. Using the same way as above we

can consider the case when n = ax? + bxy + cy?, where a,b # 0,c = —a and z/y is
unlimited.

(5) Here we can follow the same argument as in the proof of (4).

The proof of Theorem 10 is finished. O

5.1. Examples

Applying the above theorems we find the following examples:
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1) Let p be an unlimited prime number with p = 1(mod 4). By Niven [17,
Lemma 2.13, p. 54], there exist positive integers s, ¢ for which p = s? +¢2. Hence by
Theorem 9, p can be written as in (Aj).

2) Let p be an unlimited prime number such that (p/13) = (p/17) = 1. By [17,
Proposition 11.3.3, p. 324], either p = 22 + xy — 55y or p = —2% + xy + 55y, but
not both represent p. Hence by Theorem 9, p can be written as in (A}).

3) Let p be an unlimited prime number such that (—2/p) = (p/13) = 1. Then
at least one of the following statements is true: (a) both p and 2p can be written
as in (A}). (b) both 3p and 5p can be written as in (A}). Indeed, by Lehman
[15, Proposition 7.3.2, p. 216], one and only one of the following is true: (a) The
equations 22 + 26y? = p and 222 + 13y? = 2p both have solutions in integers. (b)
The equations z2 + 26y2 = 3p and 2x2 + 13y? = 5p both have solutions in integers.
Hence, Theorem 9 gives us the response. Here, we remark that if we can write p and
2p as in (A}), then we can do the same for 3p and 5p, while the converse is not true.

4) Let p be an unlimited prime number which is not congruent to 13, 17, 19, or
23 modulo 24. Since p is not divisible by 4 and 9, we conclude from Lehman [15,
Proposition 7.2.3, p. 207] that p is either properly represented by x? + 6y* or by
222 + 3y2. Hence, by Theorem 10, p can be written as in (Aj).

5) Let p be an unlimited prime number which is not divisible by any prime con-
gruent to 3,5,6 (mod 7). Then p is represented as in (A}). Indeed, in this case, p is
not divisible by 49. Then, by [15, Corollary 2.5.4, p. 84|, p is properly represented
22 4+ Ty%. Applying Theorem 10, p can be written as in (A}).

6. Some equivalent internal statements

All variables range over positive integers. First, let us consider (F3): Every unlimited
v can be written in the form v = a - 22 + b - 2, where a, b are limited. The external
statement (F3) is equivalent to the following internal statement (S3): There is a
finite set {{a1,b1),...,{ak,bk)} and a number s such that for every n > s there
exist i <k and x,y such that n = a; - 2> + b; - y2.

Proposition 7. (F3) < (S3).

Proof. First, assume that (S3) holds. By transfer, the set {{(a1,b1),..., {ar,bx)}
and the number s can be taken to be standard. If v is unlimited, then v > s, so
a; - 2 + b; - y? for some standard 4, a; and b;. This proves (F3). Conversely, assume
that (S3) holds. Then for every standard finite set {{a1,b1), ..., {ak,br)} and every
standard number s there exists n such that for every ¢ < k we have n > s A Vz,y
(n # a; - 2% + b; - y>. By idealization?, there is v such that for every standard (a, b)

Idealization (see F. Diener [6, pp.9, 21]): Vs!finz3yva € 2 B (x,y,t) < yViz B(x,y,t). The
only nonlogical symbol of B must be € (that is, B must be internal). The parameter ¢ may take
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and every standard s we have v > s A Va,y (v # a- 2% +b-y?). So v is unlimited
and it cannot be written in the desired form. O

Next, let us consider (Fy), which is obtained from (F3) by adding the requirement
that x/y be appreciable. Note that (F3) is equivalent to the following internal
statement (S3): There is a finite set {{a1,b1),...,{ar,bx)} and numbers m, s such
that for every n > s there exist i < k and x,y > \/n/m such that n = a; x> +b; -y>.

Proposition 8. (F5) < (S5%).

Proof. Assume (S3) holds. By transfer, the set {(a1,b1),...,{(ag,br)} and the
numbers m,s can be taken to be standard. If v is unlimited, then v > s, so v
=a; - 22 + b; - y? for some standard a,b and z,y > g Of course, also z,y < /v,
hence 1/m < z/y < m.

Assume the negation of (S5) holds. As in the proof of “(F3) implies (S3)”, we
obtain v such that for every standard {(a,b) and every standard m, s we have v > s
AV, y > % (v#a-22+b-y?).

Suppose that for some standard a,b we have v = a - 2% + b - y?, where z/y is
appreciable. Then 1/¢ < x/y < 1/¢ holds for some standard ¢. It follows that y < z
fLand x <y-f hence v < (a+b-¢?) - 2% and v < (a- % +b)-y?. Fix a standard
m > max(vVa+b-02,va-02+b). Then z,y > %, a contradiction. O

If (FY) is true, then (Fy): Ewvery unlimited v can be written in the form v =
x1 - g + x3 - T4, where all z; are unlimited and x;/x; is always appreciable is true.
Statement (F3) is equivalent to the internal statement

(S9): There are numbers m, s such that for every n > s there exist x1,x9,x3, x4
such that n = x1 - x9 + 3 - x4 and Jv/m < z; < m - /v holds for 1 <i<A4.

Proposition 9. (F3) < (S2).

Proof. Similar to the preceding proof. On the one hand, note that the condition
Vu/m < z; < m - /v implies that 1/m? < xifr; < m?, so all the ratios x;/x; are
appreciable. On the other hand, if 1/k < z;/x; < k holds for all 7, j (where k is
standard), we have (1/k)z; < z; < k- z; for all 4, 5. From this one gets (1/k + 1/k?)
cxf <wyp-aatas-xg =0 < (k+ k)22 Let m > max (VEk+ k2, k/V1+k) be
standard. The above inequality gives (1/m?)- 22 < v < m?-z? and /v/m < z;
< m-4/v for all 4. O

In addition, Theorem 1 is equivalent to the following internal statement:

Theorem 11. There exists (i,j) € N? such that every w > i can be written as
W = w - we + w3 - wy, where w; is a positive integer with w;/\/w € [1/4,]] for
1<1<4.

Proof. We write Theorem 1 as follows:
Vw [V (w>i) =3 (w,ws,ws,ws)

It jvie{l,... 4} (wl/\/ae[l/j,j]) &w=w wr+ws -wy],

any value.
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where all variables range over positive integers. This is equivalent to

Vw3530 [(w>9)
= 3 (w1, we,ws,wq) VIe{l,...,4}, (w/vw e [1/],5]) &w=wi -wy+ws-wy].
By idealization, we obtain

FLiFt iV [(w>i)
= 3 (wi,wa,wz,wa) VIE{L... .4}, (w/Vw e [1/4,]]) & w=wi ws+ws-wy].
Now, by transfer, the last formula is equivalent to

JiFjVw [(w>19)
= 3 (wi,wo,wz,wa) VIE{L... .4}, (w/vw e [1/4,]]) & w=w; ws+ws-wy].
This completes the proof. O

Finally, we obtain a generalization of the above theorem as follows:

Corollary 7. Let k > 2 be a fized standard integer. Then there exists (i,7) € N2
such that every w > i can be written as w = w1 - wo + + + + + Wak_1 * Wak, where wy is
a positive integer with wy//w € [1/4,7] forl =1,2,...,2k.

Proof. Corollary 1 is equivalent to the following internal statement:
Vw [V (w>i) = 3{w,...,wy} I VI €{1,...,2k},
(wi/vVw € [1/4,4]) & w = wiwa + -+ - + wap—1war | ,

where k is a standard positive integer. The unique free variable is k and it is
standard, so we can apply the same method as before to show that the last formula
is equivalent to

FidjVw [(w>i) =3 (wr,...,w) YIE{L... 2k},
(wi/vw € [1/4,4]) & w = wiws + -+ + wop—1wak |,

as required. O

7. Open questions

For further research, we propose the following questions on the representation of
unlimited integers as in (As).

1. We ask if every unlimited positive integer n is of the form n = w; - wy + w3 - wy,
where w; € N is unlimited and w; ~ w; for 1 < ¢,j < 4 with ged (w;,wj) =1
for i # j.

2. Let w be unlimited. Consider the numbers n = ajas - - - a.,, where a; is standard
for every i standard and a;11/a; = oo for i & co. For example, n is the product
of Fermat numbers, i.e., n = fofy --- f., with w = oo, where f,, = 22" +1 (n >
0). As in the proof of Theorem 4, we ask if we can determine effective values

w1, W, ws,ws such that n = w; - wy + ws - wa, where w; ~w; for 1 <i,5 < 4.
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3. Does result (5) in Corollary 2 in Section 2 hold for k£ = 27 In other words, we

ask whether every unlimited positive integer n is of the form n = wy - wy - w3 +
Wy - ws - we, where w; € N is unlimited with w; ~ w; for 1 <4, j < 6.
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