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Abstract. In this study, a single-layer functional link artificial neural network (FLANN) model based on Laguerre
polynomials, referred to as the Laguerre Neural Network (LgNN), is utilized to solve second-order linear and non-linear
equations of Lane-Emden-Fowler type. Using this model, in which the hidden layers are replaced with Laguerre
polynomials, we initially expand the input patterns corresponding to a given set of nonlinear Lane-Emden-Fowler type
equations. Subsequently, the network parameters are adjusted through an unsupervised error backpropagation algorithm
that employs Adam optimization. Consequently, we compare the LgNN results with those obtained by other FLANN-
based models, namely the Chebyshev Neural Network (ChNN) and the Legendre Neural Network (LeNN), by solving
some initial value problems of Lane-Emden–Fowler type equations.
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1. Introduction

Several phenomena in applied and theoretical physics can be expressed by singular nonlinear initial value
problems of Lane-Emden-Fowler type equations as follows:

𝑑2𝑦

𝑑𝑥2 + 𝑘

𝑥

𝑑𝑦

𝑑𝑥
+ 𝑝(𝑥)𝑞(𝑦) = 𝑟 (𝑥) 𝑥 ≥ 0,

𝑦(0) = 𝑎, 𝑦′ (0) = 𝑏,

(1)

where 𝑝, 𝑞, and 𝑟 are some functions of 𝑥 and 𝑦, and 𝑎, 𝑏, and 𝑘 are real constants.
Furthermore, as a special class of Lane-Emden-Fowler type equations, the Lane-Emden equations apply

to the thermal behavior of a spherical cloud of gas, the theory of stellar structure, the thermionic currents,
and isothermal gas spheres [10, 6]. For 𝑘 = 2, 𝑝(𝑥) = 1 and 𝑟 (𝑥) = 0, Equation (1) takes the form of the
Lane–Emden equations given below:

𝑑2𝑦

𝑑𝑥2 + 2
𝑥

𝑑𝑦

𝑑𝑥
+ 𝑞(𝑦) = 0 𝑥 ≥ 0,

𝑦(0) = 𝑎, 𝑦′ (0) = 𝑏.

The existence of a singularity at the origin causes a challenge to the solution of Lane-Emden-Fowler
equations and other initial value and boundary value problems in quantum mechanics and astrophysics.
Hence, various techniques have been employed to solve the Lane-Emden-Fowler equations. Koch et al. [14]
proposed the implicit Euler method to solve singular initial value problems. Wazwaz utilized the Adomian
decomposition method and the modified decomposition method to solve equations of Emden–Fowler and
Lane–Emden types [28, 29, 30, 31]. Chowdhury et al. [8, 9] solved singular initial value problems in second-
order ordinary differential equations using the homotopy perturbation method. Singh et al. developed an
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effective analytic algorithm based on a modified homotopy analysis method [23]. Demir and Sungu [11]
solved nonlinear singular initial value problems of Emden-Fowler type using the Differential Transformation
Method (DTM) with Maple 11. To solve singular Emden-Fowler type equations, Bataineh et al. [1] proposed
a homotopy analysis method. Bhrawy and Alofi [3] presented the Jacobi–Gauss collocation spectral method
to solve nonlinear Lane–Emden type equations. The Haar wavelet resolution technique was introduced to
solve Emden–Fowler type boundary value problems by [24]. For solving singular boundary value problems
of second order, Liu et al. [16] developed a novel iterative algorithm.

As a fast-learning single-layer ANN, a functional link artificial neural network (FLANN) was described
by Pao and Philips [21]. The hidden layer of FLANN is replaced with a functional expansion block that
uses functions such as orthogonal polynomials, trigonometric polynomials, exponential polynomials, etc.,
to enhance the input patterns. The FLANN has fewer parameters than the multi-layer ANN; hence, it is
more efficient in terms of computing. The FLANN has been used by several authors for solving different
types of differential equations. To solve the fractional differential equation, Qu et al. employed a cosine
basis function neural network [22]. Mall and Chakraverty [20] used the Legendre neural network (LeNN)
to solve ordinary differential equations. To solve various types of Lane-Emden equations, Hadian-Rasanan
et al. [12] utilized fractional Legendre neural networks, and Verma and Kumar [25] used MLP neural
networks. With an extreme learning machine (ELM) algorithm, Hou et al. [32] presented a Legendre
neural network for handling ODEs and systems of ODEs. Mall and Chakraverty [17, 18, 19] developed
the Chebyshev neural network (ChNN) model to solve differential equations. Verma et. al. [27] proposed
an algorithm based on ChNN and LeNN to find the solution of fractional Lienard and Duffing equations.
Chakraverty [4] suggested the Laguerre neural network (LgNN) to solve a Lane-Emden equation and the
Duffing oscillator equation. Chen et al. [7] presented a Laguerre neural network model for solving the
Black-Scholes differential equation. Furthermore, a method based on the Hermite neural network is designed
to solve Van der Pol Duffing oscillator equations in [5]. To solve the Bagley–Torvik equation, Verma and
Kumar [26] used the Legendre artificial neural network.

This paper focuses on utilizing the Laguerre Neural Network (LgNN) to solve second-order linear and
nonlinear equations of the Lane-Emden-Fowler type and compares the performance of LgNN with other
FLANN-based models. The LgNN model is selected for its computational efficiency and accuracy, achieved
through its single-layer architecture and the use of Laguerre polynomials. Here, an unsupervised version
of error backpropagation with the Adam optimization technique is employed to minimize the error function
and update the network parameters. The initial weights from the input to the output layer are taken as
random. Furthermore, the performance of the proposed LgNN model is compared with other FLANN-
based models such as the Chebyshev Neural Network (ChNN) and the Legendre Neural Network (LeNN) in
terms of accuracy and error minimization. The organization of this paper is as follows. In the next section,
the structure of the single-layer FLANN model and its training methodology are discussed. In section 3,
we describe the ANN formulation for differential equations and, specifically, the FLANN formulation for
second-order ordinary differential equations. Section 4 includes numerical examples and a comparison of
existing and LgNN, ChNN, and LeNN results, and the final section is the conclusion.

2. Single-layer functional link artificial neural network

Here, we first describe the general structure of the single-layer FLANN, which provides a main frame to
define distinct types of neural network models such as ChNN, LeNN, and LgNN, etc., by using special type
polynomials. Then, we explain the learning algorithm of single-layer FLANN.

2.1. Structure of single-layer FLANN models
The single-layer FLANN model has a single input node, a functional expansion block based on orthogonal
polynomials viz. Chebyshev, Legendre, Laguerre, Hermite, etc., and a single output node, as shown in
Figure 1. In a single-layer FLANN, orthogonal polynomials

(
𝑈 𝑗 (𝑥)

)
are used to expand the dimension of

the input data. The input data is denoted by 𝑥 = (𝑥1, 𝑥2, ..., 𝑥ℎ)𝑇 , where 𝑥 is a single input node with ℎ data
(the number of coordinates) and 𝑝 is the weight vector 𝑝 = [𝑤0, 𝑤1, . . . , 𝑤𝑚]. The output of a single-layer
FLANN can be written in the form:
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𝑁 (𝑥, 𝑝) = 𝜙

( 𝑚∑︁
𝑗=0
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Figure 1: Structure of single-layer functional link artificial neural network

2.1.1. Laguerre neural network (LgNN)

In a Laguerre neural network, the hidden layer is removed by using Laguerre polynomials. These polynomials
are derived from the Laguerre differential equation given by:

𝑥𝑦′′ + (1 − 𝑥)𝑦′ + 𝜆𝑦 = 0.

We use the following recursive formula to define all Laguerre polynomials:

L𝑔𝑛+1 (𝑥) = (2𝑛 + 1 − 𝑥)L𝑔𝑛 (𝑥) − 𝑛2L𝑔𝑛−1 (𝑥),

where L𝑔𝑛 (𝑥) is the 𝑛th general term of the sequence {L𝑔𝑛 (𝑥)} and L𝑔0 (𝑥) = 1, L𝑔1 (𝑥) = −𝑥 + 1. By using
Laguerre polynomials, input data 𝑥 = (𝑥1, 𝑥2, ..., 𝑥ℎ)𝑇 is transformed into a higher-dimensional space:

[
L𝑔0 (𝑥1),L𝑔1 (𝑥1), . . . ,L𝑔𝑚 (𝑥1);L𝑔0 (𝑥2),L𝑔1 (𝑥2), . . . ,L𝑔𝑚 (𝑥2); . . . ;

L𝑔0 (𝑥ℎ),L𝑔1 (𝑥ℎ), . . . ,L𝑔𝑚 (𝑥ℎ)
]
.

Then, Laguerre neural network’s output with input 𝑥 and weight vector 𝑝 = [𝑤0, 𝑤1, . . . , 𝑤𝑚] is written as
stated below:

𝑁 (𝑥, 𝑝) = tanh
( 𝑚∑︁
𝑗=0

𝑤 𝑗L𝑔 𝑗 (𝑥)
)
.

As an activation function, the tangent hyperbolic (tanh) function is considered in the output node of the
LgNN model.

Legendre neural networks and Chebyshev neural networks have the same LgNN structure; the difference
is that the functional expansion block in the hidden layer is based on either Legendre or Chebyshev
polynomials. Here, {𝐶0, 𝐶1, 𝐶2, . . . , 𝐶𝑚} represent the first 𝑚 Chebyshev polynomials. We can obtain the
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sequence of Chebyshev polynomials thanks to the recursive formula:

𝐶0 (𝑥) = 1,
𝐶1 (𝑥) = 𝑥,

𝐶𝑘+1 (𝑥) = 2𝑥𝐶𝑘 (𝑥) − 𝐶𝑘−1 (𝑥).

Also, the first few Legendre polynomials and the recursive formula for generating higher-order Legendre
polynomials are given below:

L0 (𝑥) = 1,
L1 (𝑥) = 𝑥,

L2 (𝑥) =
1
2
(3𝑥2 − 1),

L𝑘+1 (𝑥) =
1

𝑘 + 1

[
(𝑘 + 1)𝑥L𝑘 (𝑥) − 𝑘L𝑘−1 (𝑥)

]
.

2.2. Learning algorithm of FLANN
In order to modify the network’s parameters (weights) mentioned above and minimize the error function
of the network, an unsupervised error backpropagation algorithm with Adam optimization is employed.
Also, the initial weights of the single-layer FLANN model are chosen at random. As previously stated, the
network output is calculated using the following formula:

𝑁 (𝑥, 𝑝) = tanh
( 𝑚∑︁
𝑗=0

𝑤 𝑗𝑈 𝑗 (𝑥)
)
,

where 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥ℎ)𝑇 is the input, 𝑈 𝑗 and 𝑤 𝑗 for 𝑗 = {0, 1, . . . , 𝑚} are the expanded input data and
the weight vector of the single-layer FLANN.

The adaptive moment estimation (Adam) algorithm is utilized to update the weights of the neural
network. Adam was developed [13] as a method for efficient stochastic optimization that requires only
first-order gradients with little memory demand. To update the weights, Adam computes the first moment
𝑚𝑡 and second moment 𝑣𝑡 of the gradient:

𝑚𝑡 = 𝛽1𝑚𝑡−1 + (1 − 𝛽1)𝑔𝑡
𝑣𝑡 = 𝛽2𝑣𝑡−1 + (1 − 𝛽2)𝑔𝑡 2,

(2)

where 𝛽1, 𝛽2 ∈ [0, 1) are the exponential decay rates for the moment estimates, 𝑔𝑡 indicates the vector of
partial derivatives of error function 𝐸 (𝑥, 𝑝), with respect to 𝑤 𝑗 evaluated at timestep 𝑡 and 𝑔2

𝑡 denotes the
𝑔𝑡 ⊙ 𝑔𝑡 (elementwise matrix multiplication ⊙ between 𝑔𝑡 and 𝑔𝑡 ).

Since 𝑚𝑡 and 𝑣𝑡 are initialized as 0 vectors, the moment estimates are biased towards zero. These biases
are counteracted by computing bias-corrected estimates 𝑚̂𝑡 and 𝑣𝑡 as follows:

𝑚̂𝑡 =
𝑚𝑡

1 − 𝛽𝑡1

𝑣𝑡 =
𝑣𝑡

1 − 𝛽𝑡2
,

(3)

where 𝛽𝑡1 and 𝛽𝑡2 stand for 𝛽1 and 𝛽2 to the power of t. Finally, the weights of FLANN are updated as follows:

𝑤𝑡+1
𝑗 = 𝑤𝑡

𝑗 −
𝜂

√
𝑣𝑡 + 𝜖

𝑚̂𝑡 , (4)

where 𝑡 is the iteration step and 𝜂 is the value of stepsize. Kingma and Ba [13] suggest that to improve
the efficiency of the method in machine learning, one should implement the following values: 𝜂 = 0.001,
𝛽1 = 0.9, 𝛽2 = 0.999, and 𝜖 = 10−8.

246



Single-layer Laguerre neural network model for solving Lane-Emden-Fowler type equations

3. A neural network method to solve differential equations

This section examines the general formulation of differential equations using the ANN, with a focus on the
FLANN formulation for second-order ordinary differential equations.

A differential equation has the following general form [15]:

𝐺

(
®𝑥, 𝑦(®𝑥),∇𝑦(®𝑥),∇2𝑦(®𝑥), . . . ,∇𝑘𝑦(®𝑥)

)
= 0, ®𝑥 ∈ 𝐷 ⊂ R𝑛,

subject to initial/boundary conditions, where ®𝑥 = (𝑥1, 𝑥2, ..., 𝑥𝑛) ∈ R𝑛, 𝐺 is the function that defines the
differential equation’s structure, 𝑦(®𝑥) stands for the solution and ∇ is a differential operator.
To solve the differential equation mentioned above, the domain 𝐷 and its boundary 𝑆 discretize into a
collection of discrete points 𝐷̂ and 𝑆. Then, the following equation system is used to solve the problem:

𝐺 ( ®𝑥𝑖 , 𝑦( ®𝑥𝑖),∇𝑦( ®𝑥𝑖),∇2𝑦( ®𝑥𝑖), . . . ,∇𝑛𝑦( ®𝑥𝑖)) = 0, ∀®𝑥𝑖 ∈ 𝐷̂,

along with the boundary conditions. Let 𝑦𝑡 (®𝑥, ®𝑝) represent the trial solution with the adjustable parameter
®𝑝; the problem is converted into the following minimization problem:

min
®𝑝

∑︁
®𝑥𝑖∈𝐷̂

1
2

(
𝐺

(
®𝑥𝑖 , 𝑦𝑡 ( ®𝑥𝑖 , ®𝑝),∇𝑦𝑡 ( ®𝑥𝑖 , ®𝑝),∇2𝑦𝑡 ( ®𝑥𝑖 , ®𝑝), . . . ,∇𝑘𝑦𝑡 ( ®𝑥𝑖 , ®𝑝)

))2
.

The trial solution with parameters ®𝑝 and input vector ®𝑥 can be written as

𝑦𝑡 (®𝑥, ®𝑝) = 𝐴(®𝑥) + 𝐹 (®𝑥, 𝑁 (®𝑥, ®𝑝)),

where 𝐴(®𝑥) meets initial or boundary conditions and does not have any adjustable parameters, and
𝐹 (®𝑥, 𝑁 (®𝑥, ®𝑝)) contains 𝑁 (®𝑥, ®𝑝) single output of the feedforward neural network.

3.1. FLANN formulation for second-order ODE
Since our goal is to solve Lane-Emden-Fowler type equations, we will closely examine the formulation of
the second-order ODEs.

Let us consider a general second-order ordinary differential equation

𝑑2𝑦

𝑑𝑥2 = 𝑓

(
𝑥, 𝑦,

𝑑𝑦

𝑑𝑥

)
𝑥 ∈ [𝑎, 𝑏], (5)

with 𝑦(𝑎) = 𝐵, 𝑦′ (𝑎) = 𝐵
′ .

The trial solution for equation (5) can be formulated as

𝑦𝑡 (𝑥, 𝑝) = 𝐵 + 𝐵
′ (𝑥 − 𝑎) + (𝑥 − 𝑎)2𝑁 (𝑥, 𝑝),

where 𝑁 (𝑥, 𝑝) represents the single-layer FLANN output with input data 𝑥 and adjustable network parameters
𝑝.
As previously stated, the FLANN output 𝑁 (𝑥, 𝑝) is

𝑁 (𝑥, 𝑝) = tanh(𝑧),

where 𝑧 =
∑𝑚

𝑗=0 𝑤 𝑗𝑈 𝑗 (𝑥) and 𝑤 𝑗 are weights of the FLANN, and 𝑈 𝑗 (𝑥) indicates the corresponding
orthogonal polynomials.
Then, the error function for the second-order ODE that has to be minimized can be written as follows:

𝐸 (𝑥, 𝑝) =
ℎ∑︁
𝑖=1

1
2

{
𝑑2𝑦𝑡 (𝑥𝑖 , 𝑝)

𝑑𝑥2 − 𝑓

(
𝑥𝑖 , 𝑦𝑡 (𝑥𝑖 , 𝑝),

𝑑𝑦𝑡 (𝑥𝑖 , 𝑝)
𝑑𝑥

)}2

.

To minimize the error function, we employed the Adam algorithm, as shown in equations (2)-(4).
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4. Numerical results

In this section, the Laguerre neural network (LgNN), the Chebyshev neural network (ChNN), and the
Legendre neural network (LeNN) are employed to solve four initial value problems of Lane-Emden-Fowler
type equations. The first two experiments are the standard Lane-Emden equations. All results are computed
using Python 3.8.
For 𝑞(𝑦) = 𝑦𝑚, the Lane-Emden equation transforms to the standard Lane–Emden equation, which has the
form:

𝑑2𝑦

𝑑𝑥2 + 2
𝑥

𝑑𝑦

𝑑𝑥
+ 𝑦𝑚 = 0, 𝑥 ≥ 0. (6)

Equations of the form 6 provide an efficient model for the thermal behavior of a spherical cloud of gas acting
in accordance with the classical laws of thermodynamics and under the mutual attraction of its molecules
[10]. It has been demonstrated in [6] that an analytic solution of (6) exists just for 𝑚 = 0, 1, and 5.

Example 1. First, we consider the standard Lane–Emden equation for 𝑚 = 1

𝑦
′′ + 2

𝑥
𝑦′ + 𝑦 = 0, (7)

with 𝑦(0) = 1, 𝑦′ (0) = 0.

The exact solution to (7) is as follows [10, 2]:

𝑦(𝑥) = sin(𝑥)
𝑥

.

The FLANN trial solution of (7) can be stated as follows:

𝑦𝑡 (𝑥, 𝑝) = 1 + 𝑥2𝑁 (𝑥, 𝑝).
FLANN models are trained with twenty equidistant points in the range [0, 1] and five weights. The
comparison between the analytical results and the results of LgNN, ChNN, and LeNN is shown in Figure
2. Figure 3 displays the error between analytical results and LgNN, ChNN, and LeNN results, respectively.
Also, mean absolute errors between analytical results and FLANN model results are given in Table 1.

LgNN ChNN LeNN
MAE 3.678450e-05 4.549000e-04 3.437355e-04

Table 1: Mean absolute errors between analytical results and FLANN results (Example 1)

Example 2. Now, we take the standard Lane–Emden equation with 𝑚 = 5

𝑦
′′ + 2

𝑥
𝑦′ + 𝑦5 = 0 𝑥 ≥ 0, (8)

subject to 𝑦(0) = 1, 𝑦′ (0) = 0.

Equation 8 has a particular solution [10] for 𝑥 ≥ 0, which is as follows:

𝑦(𝑥) =
(
1 + 𝑥2

3

)−1/2
.

We can write the FLANN trail solution of (8) as

𝑦𝑡 (𝑥, 𝑝) = 1 + 𝑥2𝑁 (𝑥, 𝑝).
For computing the results, we trained the functional link artificial networks for 10 evenly spaced points
in the range [0, 1] with 5 weights from the input layer to the output layer. Analytical, LgNN, ChNN, and
LeNN results and absolute errors between them are shown in Figures 4 and 5. Mean absolute errors between
analytical results and FLANN model results are given in Table 2.
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(a) LgNN (b) ChNN

(c) LeNN

Figure 2: Comparisons of analytical results with the LgNN, ChNN, and LeNN results, respectively (Example 1)

LgNN ChNN LeNN
MAE 7.779200e-05 1.351930e-04 5.752020e-04

Table 2: Mean absolute errors between analytical results and FLANN results (Example 2)

Example 3. In this example, let us take a nonlinear Lane-Emden–Fowler equation

𝑦
′′ + 3

𝑥
𝑦′ + 2𝑥2𝑦2 = 0,

subject to 𝑦(0) = 1, 𝑦′ (0) = 0.

In this instance, the FLANN solution can be formulated as

𝑦𝑡 (𝑥, 𝑝) = 1 + 𝑥2𝑁 (𝑥, 𝑝).

Ten equidistant points in [0, 1] are used to train the network. The Laguerre neural network with the first six
Laguerre polynomials, as well as ChNN and LeNN with the first five Chebyshev and Legendre polynomials,
are considered. Figure 6 includes the comparison among solutions obtained by Maple 11 [11], LgNN,
ChNN, and LeNN. The plot of the error between Maple 11 [11] and LgNN, ChNN, and LeNN solutions,
respectively, is given in Figure 7.

Example 4. Finally, we analyze the nonlinear, nonhomogeneous Lane-Emden–Fowler equation.

𝑦
′′ + 8

𝑥
𝑦′ + 𝑥𝑦2 = 𝑥4 + 𝑥5, 𝑥 ≥ 0 (9)

with 𝑦(0) = 1, 𝑦′ (0) = 0.
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(a) LgNN (b) ChNN

(c) LeNN

Figure 3: Plots of errors between analytical results and LgNN, ChNN, and LeNN results, respectively (Example 1)

The related FLANN trial solution can be written as

𝑦𝑡 (𝑥, 𝑝) = 1 + 𝑥2𝑁 (𝑥, 𝑝).

To solve Equation 9, ten points in the domain [0, 1] are taken into account, and the Chebyshev neural
network with the first six Chebyshev polynomials and LgNN and LeNN with the first five Laguerre and
Legendre polynomials are used. A comparison among the numerical solutions obtained by Maple 11 [11],
LgNN, ChNN, and LeNN is shown in Figure 8. Figure 9 illustrates the plot of error between Maple 11 [11]
and, respectively, the LgNN, ChNN, and LeNN results.
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(a) LgNN

(b) ChNN

(c) LeNN

Figure 4: Comparison of analytical results with LgNN, ChNN, and LeNN results, respectively (Example 2)
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(a) LgNN

(b) ChNN

(c) LeNN

Figure 5: Plots of errors between analytical results and LgNN, ChNN, and LeNN results, respectively (Example 2)
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(a) LgNN

(b) ChNN

(c) LeNN

Figure 6: Comparison of Maple 11 [11] results with LgNN, ChNN, and LeNN results, respectively (Example 3)
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(a) LgNN

(b) ChNN

(c) LeNN

Figure 7: Plots of errors between Maple 11 [11] results and LgNN, ChNN, and LeNN results, respectively (Example 3)
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(a) LgNN

(b) ChNN

(c) LeNN

Figure 8: Comparison of Maple 11 [11] results with the results of LgNN, ChNN, and LeNN, respectively (Example 4)
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(a) LgNN

(b) ChNN

(c) LeNN

Figure 9: Plots of errors between Maple 11 [11] results and LgNN, ChNN, and LeNN results, respectively (Example 4)
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5. Conclusion

In this paper, a single-layer functional link artificial neural network (FLANN) model, that is, the Laguerre
artificial neural network (LgNN), is applied to linear and nonlinear initial value problems of Lane-Emden-
Fowler type equations. To solve the difficulty of Lane-Emden-Fowler-type equations due to the presence
of a singularity at 𝑥 = 0, the single-layer Laguerre artificial neural network (LgNN) is used here. The
hidden layer in LgNN is a functional expansion block that uses Laguerre polynomials to enhance the input
patterns. Its single-layer architecture reduces computational complexity, making it more efficient than multi-
layer neural networks. Moreover, the LgNN model is flexible enough to handle both linear and nonlinear
Lane-Emden-Fowler equations, whereas some traditional methods are limited to specific cases or require
significant modifications for nonlinear problems. In conclusion, this study demonstrates the potential of
the Laguerre Neural Network (LgNN) as a powerful and efficient tool for solving Lane-Emden-Fowler type
equations. By addressing the challenges posed by singularities and nonlinearities, the LgNN model provides
accurate and computationally efficient solutions. Additionally, the study employs the Adam optimization
algorithm, which ensures faster convergence and better performance compared to traditional optimization
methods. The study also conducts a systematic comparison of the performance of the LgNN model against
other FLANN-based models, including the Chebyshev Neural Network (ChNN) and the Legendre Neural
Network (LeNN). Figures and tables are used to display the numerical results of the LgNN, ChNN, and
LeNN models. The results of the numerical studies show that the LgNN and ChNN are more accurate
than the LeNN model. Especially when we compare the errors between analytical results and FLANN
models, the results emphasize the advantages of the LgNN model in terms of accuracy and power. While
the study primarily focuses on second-order ordinary differential equations (ODEs) of the Lane-Emden-
Fowler type, the LgNN’s architecture and methodology can be extended to PDEs, which are widely used
in various scientific and engineering fields. Its ability to handle nonlinearities, singularities, and complex
boundary conditions makes it a versatile and efficient approach for addressing the challenges posed by PDEs
in theoretical and applied research.
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