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An analog of Wolstenholme’s theorem: an addendum
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Abstract. Let p > 2 be a prime number and let a,b,m be positive integers such that
p1m. In a recent paper [1], we discussed the maximal prime power p®, which divides the
numerator of the fraction

1 1 1 1
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when written in reduced form. This short note may be regarded as an addendum to
paper [1] for the case where p =2, b =1, m > 1 and 2%|jm — 1, which was left open.
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1. Introduction

For a given prime number p > 2 and positive integers a, b, m such that p {m, let us
consider the fraction
1 1 1

1
il e ——— = 1
m+m+pb+m—|—2pb+ +m+(p“—1)pb’ e

and let e = F(p,a,b,m) denote the maximal exponent of the prime power p¢ which
divides the numerator of fraction (1), when written in reduced form. In [1], we
proved that

a p>2
a p=2,b>2
E(p,a,b,m) = < 2a p=2,b=1 m=1
a+c p=2,b=1m>1 2m—-1, c<a
2a p=2,b=1, m>1, 2°|m—-1, c>a.

As one can see, all the values of E(p,a,b, m) have been determined, except for the
case where p = 2, b = 1, m > 1 and 2%||m — 1. Nevertheless, we were able to
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determine in [1] that in this exceptional case E(p,a,b,m) > 2a + 1. In this paper,
we prove that if p=2,b=1, m > 1, 2%||m — 1, then
E(p,a,b,m) = 2a + d,
where d is a positive integer such that 2d||m2721 + 1. As an illustrative example, for
p=2,b=1,a=2and m = 1021, we obtain that
1 4 1 + 1 n 1 4294946816
1021 1023 1025 1027 1099501142025

Here 22|lm—1 and 2%||3-1 41, so the numerator 4294946816 is divisible by 2228 =
212 but not by 2'3.

2. The proof of the exceptional case

For the proof of our main result we shall use the following part of Bauer’s theorem
from [2, p. 127]:

Proposition 1. Let a > 1 be a positive integer. Then

[Jx-5=@*-1*" (mod2%,

1<s<292
s is odd

where the congruence indicates that the corresponding coefficients of the polynomials
are congruent modulo 2°.

Now we are ready to prove:

Theorem 1. Suppose that a is a positive integer and m > 1 is an odd integer such
that 2%||m — 1. In addition, let d be a positive integer such that 2|t + 1. Then
the mazximal prime power 2¢ which divides the numerator of the fraction

1 1 1 1 1

m+m+2+m+4+m+6+”.+m+2(2“—1)’

when written in reduced form, is 22014,
Proof. Set u = (m — 1)/2%. Note that by our assumption u is odd and 2¢||u + 1.
In addition, set v = (u + 1)/2%. Note that

2%—1 2%—1

1 1 1 1 1
m e T T o © kzzo m+2k kZ:O 20y + (2k + 1)

1
- Z 20y + s

1<s<2a+1
s is odd

1 1
o Z <2au+s+2au+2“+1—s>

1<s<2a
s is odd

2a+1u_%2a+1
=2 (2% + 5)(20u + 201 — g)

1<s<29
s is odd



AN ANALOG OF WOLSTENHOLME’S THEOREM: AN ADDENDUM 161

gatd+1,,
- 1<sz<:za (2% + s5)(2%u + 20t _ g
s is odd
As

Hence, in order to prove the claim it suffices to prove that the numerator of the

fraction 1
—_— 2
Z A (2)

1<s<2a S
s is odd

when written in reduced form, is divisible by 227! but not by 2%. For simplicity,
for every 0 < k < 2°7!, let us denote the following kth elementary symmetric
expression ey (A1, As, ..., Asa_1) by er. Note that the numerator of (2) is ega—1_;.
Since the A,’s are odd, it suffices to prove that 2%~!|leza—1_;. To do that, consider
the polynomial

flx) = H (x — 2% — s).

1<s<2a+1
s is odd
It holds:
f@) = J] @-eu+s)= []@-@u+s))@—@u+2m —s)
1<s<2atl 1<s<2a
s is odd s is odd
= J] @-@u+2oMz+A)= ] @ +A)
1<s<29 1<s<29
s is odd s is odd
2{1—1

Z exr? 72 (mod 2071,
k=0

On the other hand, by Proposition 1

a—1
Il v-9=06"-1? (mod 29+1).
1<s<2atl

s is odd

Thus, by taking y = x — 2%u we get

a—1 2 2a—1 201k
flz) = ((x —2%u)? - 1) = Z ( k )(—1)’“((:10 — 2%u)?) (mod 2°11).

k=0

Now, since (z — 2%u)? = 22 (mod 2¢*1), it follows that

f@zgcfyﬂwukmmwv

k=0

By comparing the coefficient of 22" ~2* in (1) and (2) we obtain that

o= (%, )0F ozt

for every 0 < k < 2¢~L. In particular 2¢~!||ega—1_1, as required. O
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By combining the above with the mentioned results from [1], we have the result

as follows:

Theorem 2. Let p > 2 be a prime number and let a,b,m be positive integers such

that ptm. Then

E(p’a7b’m) =
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