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On the dynamics of discrete-time Rayleigh-Duffing oscillators
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Abstract. This paper investigates the dynamics of a discrete-time Rayleigh-Duffing oscillator exhibiting chaos in the
Li-Yorke sense. We use Marotto’s theorem to prove the existence of chaos by finding a snap-back repeller. It is shown
that the system undergoes Neimark-Sacker and a period-doubling bifurcations. We compute the Lyapunov exponents
numerically to show sensitive dependence on initial conditions and chaotic behavior. The results are illustrated using
numerical simulations.
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1. Introduction

Discretization of ordinary differential equations is an approach to approximate and analyze their dynamical
behavior. Some discrete schemes are e.g. the trapezoidal rule method, midpoint, forward, and backward
Euler’s methods [20]. For an autonomous differential equation

v =f(y), (1)

where y, f € R" the flow map is defined by the function ¢, : R" — R", where ¢, (y9) = y(7) and y(?) is
the solution of the associated differential equation (1) with the initial condition y(0) = yo forz € [0, 7]. The
flow map of a differential equation defines a discrete dynamical system (difference equation) when the vector
field f is globally Lipschitz, since there is a unique solution to any initial condition yy € R" for all time.
Among the discretization methods of ordinary differential equations, forward Euler’s method approximates
the flow map.

This paper considers the Rayleigh-Duffing oscillator, which is demonstrated as ¥ + 8x + %> + ax + x> = 0.
Duffing’s function ax + x> shows a nonlinear stiffness in this system, and Rayleigh’s function 8x + x> shows
nonlinear damping. Also, @ and S describe the linear damping coefficient and linear stiffness, respectively.
This system can be shown equivalently in the form of the planar system

X =y, y:—a/x—ﬁy—x3—y3, 2)

where @, 8 € R. This system is a mathematical model in many physical and mechanical problems; for
instance, see [1, 11, 23].

It behaves similarly to the Van der Pol-Duffing and Van der Pol oscillator, see [28]. In [13], the authors
studied qualitative analyses with small positive linear and cubic damping. In [4], Freire et al. studied
the bifurcation diagram when |e| and |g| are small. In [3], Chen and Zou studied the global dynamics of
Rayleigh-Duffing oscillators. Also, the dynamic behavior of the general form of Rayleigh-Duffing oscillators
is investigated by Chen et al. in [2].
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By choosing various values for parameters @ and 8, system (2) has different behaviors. So, the forward
Euler method applied to system (2) is an approach to investigate the approximate dynamical behavior of its
flow map. Hence, by applying the forward Euler scheme to system (2), we obtain the following discrete-time
model:

Xptl = Xp + hyn,  Ynsl =}’n_h(axn+ﬂyn+x§l+y;31)’ 3)
where the step size is & > 0.

The main goal of this paper is to study chaotic behaviors and bifurcation conditions of the given discrete
system. This paper is organized as follows: The following section will briefly discuss the existence of fixed
points and describe their local stability conditions. In Section 3, sufficient conditions for the existence of
codimension-one bifurcations, including Neimark-Sacker and period-doubling bifurcations, are investigated.
In Section 4, it is shown that system (3) is chaotic in the sense of Li-Yorke using Marotto’s method. Finally,
we used Maple and Mathematica to conduct numerical simulations, confirming our theoretical results.

2. Local stability of fixed points

In this section, we determine the existence of the fixed points of the discrete-time system and analyze their
stability. It is clear that system (3) has Ey = (0, 0) as a fixed point for all @, 8 € R. Furthermore, it has the
origin and E; = (£v/—a, 0) as fixed points for @ < 0.

Let T denote the map associated with system (3), i.e.

[ %)= X+ hy
y |\ y-h(ax+By+x3+y%) )

the Jacobian matrix of T at the point (x, y) is

1 h
Ir (%,5) = [ —ah=3h® 1= Bh-3hy? ] ’
and characteristic polynomial
FQ) =%+ (3hy2 +hB - 2) A+3022 + Pa =32 — hB + 1. @)

To study the stability of Ey = (0,0) and E. = (x+/—a,0), we use [19, Lemma 2.2]. In the following
proposition, the stability of system (3) at the fixed point Eg = (0, 0) will be considered and used in the rest
of the paper to find some conditions that eventuate bifurcations at the origin.

Proposition 1. Assume that a, 8 € R, and h > 0.
Then the equilibrium point Ey = (0, 0) of system (3) is:

(a) a sink for max {0, 2'8:2_4} <a< '% and 0 < B < %,

2Bh-4

(D) asaddleforw<a<0andﬁ<%0r0<a< 0

h2

2
and 8 > =

2Bh—-4
h2

2Bh—4 ﬁ}

(¢) a source for B € R and a < min {0, } or @ > max {O, =

(d) a non-hyperbolic with
1) A1, are the conjugate roots and |/11’2| =1fora= % #0and 0 < B < %,
2) Mi=-L |l # lor | # 1, da=—1fora=LE2 g2 2 gsdandp+0,
3) A =1,—1¢/lz<1f0ra=0and%#,B>O,
H =1L >1fora=0,8<0,
5) A1 =4 =1for My = (B, @) = (0,0),
6) A1 = 1,42 =1 for My = (B,0) = (2.0),

7) A1 =-1, A =~1for M3 = (B,a) = (%, %)

See Figure 1.
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Figure 1: The stability of Eg = (0, 0) in the (8, @)-plane, M; = (0,0), M> = (%,o) and Mj = (%,

Proof. For h > 0 and a, 8 € R, we have

Jr(E) = Jr (0.0) = | ! h ]

ah  1-Bh

and the corresponding characteristic equation is

FAO) =2+ Bh-2)A+ah*-Bh+1=2>+Ba+C,

from which

Since

we have three different cases.

i) Fora =0:

and

ii) For a < 0:

2— Bh—h\B? - 4a . 2— Bh+hB? - 4a
_ L= : .

A =

2

<Ofora <0,
F(1) =ah®*{ =0fora =0,
>0fora >0,

1 _2-Bh-h|B| | =1forB<O,
= 2 < 1for 8 >0,
1 _2-=Bh+h|B|l | >1forB <0,
2= 2 =1forB > 0.

A1 <1 e —Bh < hyp?-4a,

which is satisfied for all 8 € R, because

Also,

—Bh < 1Bl h < hB% - 4a.

4 2Bh -4
/112—1@,8<Zanda2 ﬂhz
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Therefore,
4 4 2Bh —4
Al<—1@ﬁzzor(ﬁ<zanda<ﬂ7),
4 2Bh —4
/11=—1<:>ﬂ<zanda= ﬂhz ,

28h - 4
h2

4
|/11|<1<:>ﬂ<zanda> .
Itis clear that 1 > 1 fora <0 and 8 € R.

iii) Ifoz>0,wehavethatB2—4C:ﬂ2—4a/ZOforO<a£%zand

0 for B # 2,
B=Bh-2%+ ﬂ{}
2for B # 7,
=1f0ra=§,
C=(ah-p)h+1{ >1fora>2,
B
<1fora<ﬁ,
4
C:lande—4C=,82—4a/<0fora=%and0<ﬁ<Z,
> 0 for @ > 2/3:2—4’
F(-1)=ah®-2ph+4{ =0fora =214
< 0fora < 2'82’2_4,

and by using Lemma 2.2 [19], there follows the conclusion.

Proposition 2. Assume a <0, B € R, and h > 0.
Then equilibrium points E. = (£v=a,0) of system (3) are:

B

2-hB
(a) asource fora <0, < 0anda < —%; and a <

N

2-hg

(b) asaddle for @ <0 and a > =3 ,,B>%,

(¢) a non-hyperbolic with

DAy ==1, || # 1 fora<O0ande =35, 8> 2 B+ 1,

2) Ay ==1, 0 =1for My = (B,a) = (%, _%),
3) A1 are the conjugate roots and |/11,2| =1fora= _% and 0 < B < %_

See Figure 2.
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Figure 2: The stability of E, in the (8, a)-plane, @ < 0, M; = (0,0), Ms = (,l 0) and My = (%,

1 h

Proof. Fora <0, 8 € Rand h > 0, we have Jr (E.) = [ Sk 1= Bh , and

F(A) =2+ (Bh-2)A-2ah*>-Bh+1=2>+Ba+C.
For @ < 0 and 8 < 0, equilibriums E . are the source because

C=-2ah*>-Bh+1>1,

F(1)= =2 >0, F(-1)=2(2-hB - k%) > 0.
For 8 > 0, we have

:#Ofor,Bi%,

B=ph-2
P {;tzforﬁ;t%,

<1fora>—2£h,
C=1-h(B+2ha)} =lfora=-5,
>1fora<—;ih,

B

4
C=1and B> -4C =hB(hB—-4) <0for0 < B < =5

F(1) = 2h*a >0,

<Of0ra>2;l#,,8>—

2

h,
F(-1) =2(2—hﬁ—h2a) —Ofora =2 g5 2
2;;2113'

> (0 fora <

Using [19, Lemma 2.2], the above proves all the claims.

Also, for the local stability of all equilibrium points, see Figure 3.
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Figure 3: The stability of Ey and E. in the (8, @)-plane, M| = (0,0), M, = (% 0), My = (
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Remark 1. Propositions 1 and 2 give us a clear idea of the local stability of the equilibrium points of
system (3). From this, it can be concluded that system (3) dynamics are very complicated. Namely, in
addition to Neimark-Sacker and period-doubling bifurcations, the equilibrium Ej also has codimension-two
bifurcations (1:1, 1:2, possibly 1:3 and 1:4, as well as the bifurcation that occurs in (d) 6) of Proposition
1). On the other hand, E. equilibria are unstable, except possibly in cases (c) 2), and 3) of Proposition 2).
Examining all these cases requires much more time and would take up much more space in the manuscript
so that it can be the subject of future research. It is very important in situations where a codimension-two
bifurcation occurs and when the shape of the trajectory of the orbits that move between all equilibrium
points needs to be precisely determined. For this reason, we decided only to examine Neimark-Sacker and
period-doubling bifurcations of the equilibrium point E( and theoretical proof of the appearance of chaos

in these situations.

3. Bifurcation analysis

In this section, we study the conditions for the existence of Neimark-Sacker and period-doubling bifurcations
of system (3) at the fixed point Ey = (0,0), see [7, 12, 15, 16, 17, 14, 24]. We choose the step size & as a
bifurcation parameter to study these bifurcations.

3.1. Neimark-Sacker bifurcation

Based on statement (d), 1) of Proposition 1, system (3) has a pair of complex multipliers on the unit circle.
We use the standard version of the Naimark-Sacker result, see [15, Theorems 15 and 16] and [9, 17].

30 02
Theorem 1. Assume that h > 0, hgy := % < %, a(hy) = W, a>0,6>0.
(i) Fora € (0, \3/4_1) and B € (0,a%) ora > Vdand € (0,2v/), i.e., a (ho) > 0, there is a neighborhood

U of the origin and a § > 0 such that for |h — hy| < & and (xo, yo) € U, then the w-limit set of (xg, yo)
is the origin when h < hqy and belongs to a closed invariant C' curve T'(1) encircling the origin if

h > hg. Furthermore, I'(hg) = 0.

(ii) For a € (0, \3/4_1) and B € (az, 2va), i.e., a (hy) <O, there is a neighborhood U of the origin and a

6 > 0 such that for |h — hy| < § and (xg, yo) € U, then the a-limit set of (xo, yo) is the origin when
h > hq and belongs to a closed invariant C' curve T' () encircling the origin if h < hg. Furthermore,

(o) = 0.
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Proof. We rewrite system (3) in the following form:

Xn+l1 Xn " 0
Vsl ya| © |=h(x) +y3)

The Jacobian Jr (0,0) has two non-real eigenvalues: A (h) = M‘# Via—p? and A (h), for 4a — B* > 0,
which implies that |2 (%) |z, = 1. Since

1 h
- [—ha/ 1-hp ' ™

dia(h)| 1
dh 2

2ah - B) (1 —hB+ ahz)_i ,

we obtain d (ho) := %Ll L= B s

Also, we have that

o

. h\4a-
Ak (h)|h:h0 = exp (lk arctan( thﬁﬁ )) -
=no

=exp (ik arctan ('B '40_’82)) ,

2a—-52

and

A¥ ()|, # 1 & arctan ("’;jﬁ’gfz) #0, k=1,23,4,

(since 4a — 8% > 0) which implies that the third condition of Poincare-Andronov-Hopf bifurcation for maps
(see [9, p. 474, Theorem 15.31]) is valid.

Now, our goal is to obtain the normal form of system (7), when & = hqg.

First, denote A (ho) = k + ie (with k = 272"’/8, o= 420_B2 ), and let

-7
Yn|

Xn

In|’ ®

where %,, ¥,, are new variables, and

h 0 | _ L 0
Pz[k_ol —e |’ Pl:[& 1]’

such that P~1J7 (0,0) P = [ ’; N

Let us notice that from (8) we have that

},with =1.

Xn = hoXn, yn=(k—-1)%,—ey,.

Then, using (8) and & = hy, system (7) has the form

g o B e
where
¢(Xn, Jn) = 0,
Y@ Fn) = —ho((ho%n)® + ((k = 1) Fn — e30)°),
from which we obtain its normal Jordan form as
Sl e sl e )
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ie.,
)En+l] _ [k —-€ [in] + f(in»yn)]
Vn+1 e k||Fn g(Xn, ¥n) |’
where
[f(fn,yn) _ p-1 [6Gn.Fn)
g(&n, Jn) U (X, 3n)|’
and

f(x5) =0
(k=17 + hg) B o3e (k=122 +32 (k- )2 - S35

g(x,¥) = ho
Now, for (%, 7) = (0,0), we get

gii = 83y = 855 = 0, gxyy = Ohoe (k= 1),  gy55 = —6hge?,

1
f0=g {(fex = frs + 2855) + (855 — 855 — 2f35)} = 0,

1
én=g {(fex + f55) +i(85x — &55)} = 0,
02 = (fxx — f53 — 28x5) +i(gzx — &35 +2/33) =0,

1 .
&y = T (f,zﬁ + fxy5 + 8xx5 + gyyy) +1 (gxxx + 8xyy — faxy — W&)}’

(k=1)° + 1}
— |

&1 =—%ho(62+(k—1)2+i((1—k)e—

%ho (hg —(k=1)?%- ez) .

Re {z{fz] }
Finally, it is necessary to calculate the following coefficient:

(1-207

a(ho)ZRe{ )

1 _
fnfzo} + §|§11|2 +1&0|* —Re {2&21},

ie.,

3 2 _
ﬂ)zw, da - B2 >0,a>0,8>0,

@ (ho) :a(; 8at

which is the coeflicient of the cubic term in [7] (4.2) in polar coordinates.
It is easy to see that

o € (0,¥4) and g € (0,0?)

>0, for or
a(ho):a(é) a > 34and,8€(0,2\/5),
Yl =0, for ac (O, \3/4_1) and B = o2,

<0, for ac (0, \3/4_1) and 8 € (a?,2va).

This completes the proof of the theorem.
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3.2. Period-doubling bifurcation

The period-doubling bifurcation happens when A; = —1 and |4;| # 1 for i, j € {1,2},i # j. Then, from (6)

— 2 - —
we have A = ~1 and 4 = 9% = 3 — By, for hy := ZVE4 (and for ah? = 28y — 4, hi# 3. h# 3,

B #0, B> > 4a, see (d) 2) of Proposition 1).

Now, we investigate the period-doubling bifurcation of system (3) at the origin when parameter 4 changes
in the small neighborhood of h;. Therefore, consider system (3) by choosing & as a small bifurcation
parameter (h = hy + h):

Xn+1 :xn+(h1 +E)Yna Yn+1 =Yn_(h1 +il)(axn+ﬂyn+xi+yz)’ &)

Then, system (9) can be written in the following form:

Xn+1 1 h Xn D (x4, yn)
= + s 10
|:}’n+l [—/’l](l 1- h]ﬁ:| [yn] b4 (xn’ yn) (10)
where
D (Xp,yn) = hyn
¥ (Xp,vn) = —h(ax, + Byn) — (hl + 71) (x,31 + yi) ,
and |h| << 1 is a small perturbation parameter. To make the normal form of system (10), we need an
invertible matrix B whose columns are eigenvectors of the corresponding 4 = —1 and 4, = 3 — Bh;:
| h
B = [—2 Ay — 1} ’
where )
_ 1 -1 - ~1 1 h -1 0
Bl=—— , B B= .
hi (A2+1) | 2 hy ] —ha 1-mp 0 A

Now, let

=
3

[xn-_B> -_[hl hy Hin]_[ hi (Zn + n)
Yn | B | n | =2 =1 |Fa] |Fa(A2-1)-2%,

Then, system (10) changes into

B >£n+1< [ 1 hl B Xn (Dl (X~n, yn)
| Vn+1 | »‘hla’ 1-mp Vn Wi (Fn, ) |

where
©1 (. In) =h (Fu (A2 = 1) = 25) .
Wi (%n, ) = — h (ahy (Xn + In) + B (Fn (12 — 1) = 2%,))
= (B (g G+ 500 + (5 (2 = 1) = 280)°)

which implies that

in+] -1 1 hl in -1 D, (in, yn)
- =B B|."|+B P I
yn+1] [_hla’ l-mp [yn ["Pl (%, In)
ie.,
fn+1 -1 0 in f(fn, yn)
- = - |+ AR IR 11
[yn+1 [0 /12] [yn 8(%n, Jn) an
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where

L1 —2h (A + 1)) _
f(x,y)—/lzﬂ[( : )x

+ (n+R) (1] - 8) 2 + (2= D? +13) 37)

3 (h+B) (1 -2 = 12) 557 + (A} +4 (12 - D) #5) |

1 [ (2-Bh)h (A +1)) _
Ay +1 hy Y

= (4 R) (- 8) 2 + (2= 1)? + 1) )

3 (h + 1) (200 = D= }) 552 = (0] + 400 - 4) #5) |

g(%,9) =

Now, we compute the center manifold W€ (0, 0) at the fixed point (0,0) in a small neighborhood of & = 0
by using the center manifold theorem in [8, 18]. To compute the center manifold, one can consider it by a
polynomial of ¥ and & of degree four § = C (X), where
C (%) = AR + Bih + Ch®> + D> + EX*h + Fih?
+ 0l + HE* + w@h + JE*h* + N3h® + Mh*,
with the unknown coefficients A, B, C, D, E, F, o, H, w, J, N, M. Then, it must satisfy the following

condition:

C(=%+ f(£C (%)) - L () -g(%C(%) =0.
By approximate computation, for the center manifold, we obtain
A=B=C=E=F=G=H=J=N=M=0,

_ hy (2= hy) (2hy + 12 + 4) " 2(hy =2) (A2 +3) (2hy + W2 + 4)
(L + 1) ’ (L +1)°

Therefore, the center manifold

. (12)

o

We(0,0) = {(x, 5| §=C (%), C(0) =C"(0) =0},
near 2 = 0, can be approximately written in the following form:
We(0,0) = { (&) 5= o8 +wih+0 (15 +17])°)}
where o and w are given by (12). Now, we restrict system (11) (the first equation) to the center manifold:
F( =5+ f(ECE)=-F+f ()Z,O')Z3 + wﬁ),

ie.,
F(X) = -+ 68h+n>+ 0O ((lil + |le)4) .

where 6 = —h% and

_ (hi+R) (hi=2) (h}+2h,+4)
- Ar+1 :

The following three conditions are satisfied (see [25, Theorem 3.1, p. 246]):
« F(0) =0,
e F’(0) =—1and
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8F 1 OF 8*F 2
. = = = = = = = —=
k1 (axah T30k 0% )| 0.0 o=-5 #0,
~ ~\2 2
18 1 & _ hi(hi=2) (R2+2h,+4)
k2 = (8 ot (i a;ﬂ) ) = o+l #0,
(0,0)

With the above arguments, we have the following theorem, which shows that system (3) experiences a
period-doubling bifurcation at the origin, as the parameter % varies through the bifurcation value 4 = 0.

Theorem 2. System (3) undergoes a period-doubling bifurcation at the fixed point Ey = (0,0) if h = hy :=
[#3_40 # 2 and B* — 4a > 0.

Furthermore, the orbits of period-2 that bifurcate from the origin are stable if hy < 2, and unstable if
hi > 2 for B2 — 4a > 0.

4. The existence of Li-Yorke chaos

In this section, by using Marotto’s theorem [5, 6, 21, 22], we prove that system (3) has chaotic behavior for
particular values of coeflicients. In [22], Marotto extended the definition of chaos in the sense of Li-Yorke
from one dimension to multiple dimensions by introducing the concept of a snap-back repeller. In [21],
Marotto redefined the definition of a snap-back repeller. He proved that the existence of a snap-back repeller
is an indicator of chaos. We present the concept of a snap-back repeller and Marotto’s theorem.

We will prove that system (3) possesses chaotic behavior in the sense of Marotto’s definition whenever
the origin is a source and has a pair of complex multipliers.

From (5) we see that it is |4, 5| > 1if C > 1 and B> - 4C < 0, i.e., if ha — f > O and 4e — 3% > 0.
Our next step is to determine a neighborhood U, (0, 0) in which the norms of eigenvalues exceed 1 for all
(x,y) € U, (0,0). Then from (4) conditions C > 1 and B2 —4C < 0 are equivalent to the conditions

2
(3hy2 +hB - 2) _4 (3h2x2 +ah? —3hy? — Bh+ 1) <0,
3n2x% + ah® = 3hy? —Bh+ 1> 1,
or
S (x) = 12x* = 9y* — 6y°B + da — % > 0,
v (x) = 3hx? = 3y> + ha — B > 0.
These are two hyperbolas that have local extremes at zero.
Smin (X) = 6 (0) = =9y* — 6y*B + d4a — 2 > 0,
Ymin () =7 (0) = =3y* + ha — B> 0.

For 4a — * > 0 and ha — 8 > 0, we have
o200 (P52, B52).
Ymin (X) >0 & y € (_ /ha;ﬁ’ /ha3ﬁ)’

and 7 = min {w/@,\/h‘g—ﬁ}, U, (0,0) = {(x,y)I 2 +y? < rz}.

We need to find the preimage (xg, yo) of (0,0) in U, (0,0) with

(.X(), yO) # (O’O) P TM (XO,yO) = (0’ O) b |JT ()Ck, yk) | #0
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for0 < k <M -1 hold.
For M = 2, we get two systems

xi=x0+hyo,  yi=yo—hl@xo+Byo+x)+ ), (13)
0=x; + hyy, O:yl—h(ax1+ﬁy1+x%+y? . (14)
From the first equation of system (14) we get y; = —%, so the second equation is equivalent to x% (1- h3) =

h? (=B + ha) + h. For h < 1 and ha — 8 > 0, we have x; = +| 2B 4 o Fop

2 —_ X
(x1.y1) = (\/%,—ﬂ #(0,0),

we have |Jr (x1,y1) | # 0 because it is

Vr (y) | = ~hB=3hy* + Ba +30%% + 1| =-2(h(ha~p)+1) <0.
Using y; = —3 from (13) we get that xg is the solution of the equation
Ax} + Bxj + Cxo + D =0, (15)

where A = (1 - h%) >0, B = -3x; <0,

h(h3 +2) (1 + h(ha - B))
(1=h)(h+h*>+1)

(h*B =2k — R2a + 1) x1h

(L—=h) (h+h*>+1)

>0,

C=—-ahl’+ph* —h+3x]=

D = —Bh%x| +2hx; —x? =

for x| = \/W and a small enough .

Example 1. For @ =20, 8 =2 and & = 0.2, we find a neighborhood

U, (0,0) = {(x,y) xr 4yt < rz},
for » = min {\/ MTt_ﬁ, ,/#} = ‘/?6 ~ 0.816 50, where all eigenvalues of Jr (0, 0) exceed 1 in norm and

(x1,y1) = (0.5312796481290517¢, —2.6563982406452586°) ¢ U, (0, 0),

because |1;| = 3.4463 > 1, [12| = 0.81246 < 1.
Equation (15) has three real solutions:

—-0.03237199632171373°,0.6022113936915484°, 1.0368530868914105°.
Only for xg = 0.6022113936915484° it is true that

(x0, y0) = (0.6022113936915484°, —0.3546587278124836°) € U, (0,0),

72 (x0, yo) = (0.,—8.881784197001252‘ : 10—16) ~ (0,0),
I (x1,y1) [ ~ 1.3681 # 0

and
|21.2| =10.76227 + 0.88713i| = 1.1696 > 1.

Then (xg, yo) = (0.6022113936915484°, —0.3546587278124836°) is a snap-back repeller and in this case,
system (3) is chaotic in the sense of Li-Yorke.
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5. Numerical simulations

To justify the theoretical analysis for system (3), we present the phase portraits for @ = 10, § = 0.1, and
initial conditions (10_3, 10_3) by choosing a different value of parameter 4 (A = 0.001, 2 = 0.1, and
h = 0.01). Based on Proposition 1, when a < ’%, a > % and @ = %, the fixed point (0, 0) is a sink,
source, and non-hyperbolic (NH), respectively. See Theorem 1 (i), for @ = 10 > V4, 3 = 0.1 € (0,2va),

333 (a?—
ho =2 =0.01 and a (ho) = p g(; 2 - 8002090907000 > 0.

a =

For illustration see:
* Figure 4: 10000 and 100000 iterations for (xg, yo) = (0.001,0.001) and & < hy;

 Figure 5: 1400 iterations for (xg, yo) = (0.001,0.001) and 1500 iterations for (xg, yo) = (0.8, 1.1)
for h > ho;

» Figure 6: 350 iterations for (xo,yo) = (0.001,0.001) and ellipse a’x*> + b%y*> = a’b* with a =
0.0033232476573834087 and b = 0.0010486001027132572 for h = hy.

i e
0.002 0.003 -0.003 —-0.002 -0.001

0.002 0.003

-0.003F
A

Figure 4: The phase portrait for @ = 10 < % = 0%% =100, (a sink for 7 = 0.001) for h < hyg
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Figure 5: The phase portrait for @ = 10 > é—i = % =1, (a source for h = 0.1) for h > hy
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Figure 9: The snap-back repeller and chaotic attractor

Equation (15) has at least one real solution (it can have three real solutions). If there is such xq that
(x0,y0) € Uy (0,0), |J7 (x1,¥1) | # 0and (x1,y1) ¢ U, (0,0), then (xo, yo) is a snap-back repeller.

In Figure 7, we plot the bifurcation diagram of system 3 in (a, x), (@, y) plane for » = 0.5, 8 = 0.1, and
initial conditions (1073, 1073) are generated by Code Bif2D [27].

Finally, the diagram of the Lyapunov exponent for 4 = 0.5, @ < 2, § = 0.1, and initial conditions
(1073,1073) are shown in Figure 8. The Lyapunov exponents (based on the computational algorithm in
[10, 26]) corresponding to Figure 7 are shown in Figure 8, verifying the existence of chaos. In Section 4, we
proved that system (3) has chaotic behavior in the sense of Marotto’s definition. So, we guess it has chaotic
behavior in the other sense. Namely, the point

(x0, yo) = (0.6022113936915484°, —0.3546587278124836°)

is a snap-back repeller for @ = 20, 8 = 2 and # = 0.2. In this case, system (3) is chaotic in the sense of
Li-Yorke. For (xg, yo) = (0.6, —0.3), we have a chaotic attractor (see Figure 9).

6. Discussion
The general form of the Rayleigh-Duffing oscillator,
F+ax+ b +cx+dd =0, (16)

was investigated by Chen et al. in [2]. This model incorporates both nonlinear damping and external periodic
forcing, and its complex dynamical behavior, including bifurcations (pitchfork, Hopf, and heteroclinic),
chaotic attractors, and multistability, is analyzed using both analytical and numerical techniques. The
continuous system (2) is obtained from system (16) for X = y, ¢ = @, a = 8, d = b = 1, and it exhibits Hopf
bifurcation, a homoclinic bifurcation, and a double-limit cycle bifurcation. In particular, the homoclinic
bifurcation, also known as a gluing bifurcation, is notable for marking a critical point where two symmetric
periodic orbits merge into a single, more complex orbit. This process leads to a sudden qualitative change in
the system’s dynamics, often associated with the emergence or disappearance of chaotic attractors, and plays
a crucial role in shaping the system’s global bifurcation structure (see [3]). By comparing the continuous
system (2) with its discrete counterpart (3), we show that the fixed point at the origin (0, 0) undergoes both
a Neimark—Sacker bifurcation and a period-doubling bifurcation. Moreover, when the origin of system
(3) is a source with a pair of complex multipliers, the system exhibits chaotic behavior in the sense of
Marotto’s definition, an extension of Li—Yorke chaos from one-dimensional to multidimensional systems
via the concept of a snap-back repeller.
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