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Abstract. The authors consider the problem of the existence of multiple weak solutions to p(x)-biharmonic equations
with Navier boundary conditions. Using Ricceri’s variational principle and a local mountain pass theorem, and without
requiring the Palais-Smale condition, the authors establish sufficient conditions for the existence of at least three solutions
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1. Introduction

In this work, we are interested in the existence of at least three weak solutions to the Navier boundary value
problem

p(x) (1)

A u = At(x,u(x)) + pk(x,u(x)), inQ,
u=Au-= 0’ on (99

The setting for the problem is as follows:
% A, u >0, and Q is a bounded open domain in RV with a smooth boundary 9Q;
* p € C(Q) with p(x) > 1, p~ > 1,and p* < oo, where p~ := infycq p(x) and p* := sup, .o p(x);
* the functions ¢ and k belong to C(Q x R).

Here, Ai(x u:=A(] A P2 Au) is the fourth order operator known as the p (x)-biharmonic operator.

In the last two decades, the literature on various mathematical problems with variable exponents has been
increasing, especially the study of elastic mechanics, electro-rheological fluids, image processing, micro
electro-mechanical systems, surface diffusion on solids, and flows in Hele-Shaw cells. One reason for such
an increase in interest is the fact that different areas of applied mathematics and physical phenomena can be
modeled by such equations. For example, applications in nonlinear elasticity and electro-rheological fluids
can be found in [1, 5, 14, 21, 23, 34, 38]. Many authors have considered differential equations with variable
exponents (see [9, 33, 7]) and have pointed out applications involving the p(x)-biharmonic operator. This
operator allows growth conditions that involve more complicated nonlinearities than the constant order case.
We refer the reader to [3, 2, 5, 10, 12, 22, 24, 26, 27, 29, 30, 32, 31, 7, 6, 39, 40, 41] and the references
therein for details. Some classical tools such as the three critical points theorem of Ricceri [36, 37] have
been used in solving such problems. Additional background on variational approaches to obtaining multiple
solutions to boundary value problems can be found in the monograph by Graef and Kong [20].

Kong [29] used Ekeland’s variational principle and some recent results on the generalized Lebesgue-
Sobolev spaces L”*) (Q) and W"-P(X) (Q) to prove the existence of solutions to

Ai(x)u +a(xX)|ulP® 2y = Aw(x) f(u), inQ,
u=A»Au-= 0, on 0Q.
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A class of quasilinear elliptic equations involving the p(x)-biharmonic operator with Navier boundary
conditions was recently analyzed by Yin and Xu in [40]. Deng [13] applied a local mountain pass theorem,
without the Palais-Smale condition, and Ricceri’s variational principle to obtain the existence of multiple
solutions to the p(x)-Laplacian doubly perturbed Neumann problem

A;(x)u + a(x)|u|p(x)—2u = f(x,u) + Ahy(x,u) inQ,
VP28 = g(x,u) + pha(x,u), on Q.

In the present paper, we discuss the existence of at least three weak solutions to problem (1). We first review
some basic facts on variable exponent Lebesgue and Sobolev spaces and then describe Ricceri’s variational
principle (see Theorem 2 below). We will also make use of a local mountain pass theorem, without requiring
the Palais Smale condition (Proposition 6), to prove our main results.

2. Preliminaries

We first review some definitions and facts about variable exponent Lebesgue and Sobolev spaces; detailed
descriptions can be found in [15, 16, 19]. Set

Ci(Q):={r:reC(Q) and r(x)>1forallx e Q}.
Define the Lebesgue space with variable exponent p(-) € C(Q) by

LPO(Q) = {u : Q — R is measurable and / lu(x) [P dx < oo} .
Q

This is a separable and reflexive Banach space if endowed with the Luxemburg norm

p(x)
| wllppc)=inf 7>0:/ de <1V,
Q

Next, we recall the mapping p : LP*) — R called the modular function for the space LP*) (Q), as defined
by

utx)
Y

pw = [ 1ut 17 dx.
The relationship between the Luxemburg norm and the modular function is given in the following proposition.
Proposition 1. ([18, 35]) If u € LPX), then the following relationships hold:
(D) Nullpper@<1(=1>1) ifandonlyif pu)<1(=1;>1);

@) lullpo@>1  implies ||u||§;(_)(Q)5p(u)s||u||§,,(_)(Q),-

B) Nullppoe< !t implies w2, 0% o) <l ullZ, o
@ lullppory— 0(— ) ifandonlyif p(u) = 0 (— o0);

(5) if (up)n < LPO(Q), then lim,_ e ||lun — ullppor) = 0 ifandonly if limy—co p(uy — u) =
0 if and only if (un), converges to u in measure and lim,_,, p(uy) = p(u).

From [19, 28], for any positive integer &, the Sobolev space with variable exponent W’-?(X)(Q) is
defined as
WP (Q) = {u € LPX)(Q) : Du e LPX(Q), | n |< h},

equipped with the norm

| w llwnre @)= Z | D7u || Lre) ()
[nl<h
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where Dy = avl 7 U and 7 = (11, ...,7n) is a multi-index such that | n |= Zfil n;. We note
N

Bxlm r')xén ...0
that W-P(X)(Q) is a separable, reflexive, and uniformly convex Banach space. Let g(x) be the conjugate
exponent of p(x), i.e., ﬁ + ﬁ = 1. Then the Holder type inequality

1 1
/ luv|dx < (—_ + —_) |l pix) Wlg(x)»  u € LPY(Q) and v € LI (Q),
Q p q

holds.

Proposition 2. ([19, Theorem 2.3]) Let g € C(;R) satisfy 1 < g~ < g* < o0 and g(x) < p;,(x) for all
x € Q, where

p* (x) — N]YZI(;El) ) l.f hp(x) < N,
" o, if hp(x) >N,

forany x € Qand h > 1. Then there is a continuous and compact embedding W) (Q) into L10)(Q).

We denote by W: P () (€2) the closure of Ci°(L2) in WP (Q). We next recall some properties of the
spaces W2P()(Q), Wé’p(')(Q), and W2P()(Q) n W(;’p(')(Q).
Remark 1. ([8])
(2) Foru € X = WP (Q) n Wy "™ (), we define || - ||x by

| llx=I u ||W01,p(x) + |l u llwere -

Note that X is a separable and reflexive Banach space. In [42], Zanga and Fu proved that the norms
|| Au ||zpc) and || u ||x are equivalent.

(b) The space W>PX)(Q) or W2PX)(Q) N Wé’p(x) () is equipped with the norm

||u||a=inf{n>0:/
Q

This norm is equivalent to the norm || Au || p().

Au [P p(x)

+ a(x)

u
n

del,aeLm}.

In [8, 42], the subspace S = {u € W>P()(Q) : u|sq = constant} is analyzed and can be considered as
{(S=u+b:uecw>rX(Q) ﬂWOI’p(X)(Q), b € R}. Moreover, (S, || u |ly2.0 ) is a separable and reflexive
Banach space and the norms || u [ly2.00)(q)s || # lla> and || Au || p) are equivalent.

Throughout the remainder of this paper, for convenience we use || u || instead of || u [|y2.0() (o) on X.

Next, we present some concepts and results needed to prove our main theorems in this paper.

Proposition 3. ([25, 35]) If u € LPC)(Q), then the following relations hold:
(i) N llP"< fo | A (PO dxe < [lullP”,  if [lul] > 1.
(ii) 1| |IP"< fo | Au [P dx < [lullP”,  if [lul| < 1.
Here we are studying the existence of weak solutions to problem (1), so we next define what that means.

Definition 1. We say that u € S is a weak solution to (1) if forall v € S,

/ | Au [P 72 AuAvdx — /l/ t(x, u(x))v(x)dx — /1/ k(x,u(x))v(x)dx = 0.

Q Q Q

To be able to find weak solutions to (1), we consider the functional I : § — R defined by
I(u) =1 + pls,

where

I = ./s;ﬁ | Au |P) dx—/l‘/QT(x,u(x))dx, b= —‘/S;K(x,u(x))dx,

T(x,c) ='/Oct(x,s)ds and K(x,c) :/Ock(x,s)ds.

Thus, weak solutions to problem (1) are exactly the critical points of the functional /.
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3. Ricceri’s variational principle

We will use a somewhat standard notation that — and — denote weak and strong convergence, respectively.

Definition 2. Let D be a bounded open subset of X. We say that D is a Ricceri block of /; of type « if

Li(x)<k, x€D,
I (x) = «, xedD=D"\D,

where D" means in the weak topology on D. If ¢ < b, D is said to be a Ricceri box of I; of type (c, b) if
c = inD 11 < infaT)Il =b.

Definition 3. Let D and Dy be two bounded open subsets of the Banach space X. We say that (Do, D) is a
valley box of ¢ : X — Rif Dy € D and

sgg) ¢ < gg @.
Proposition 4. ([4]) Let L : X — R be defined by

L= [ —— (| Ax P9 ae) | u [P0 dx.
a p(x)

Then:
(i) L € C'(X,R) and L is a convex functional that is sequentially weakly lower semi-continuous.

(ii) The derivative operator L’ : X — X* of L is a bounded and strictly monotonic homeomorphism.
Here, X* is the dual space.

(iii) L' is a mapping of type (S4), i.e., if u, — u and limsup,_, ., L' (u,)(u, — u) < 0, then u, —
u (strongly).

Theorem 1. ([11]) Let X be a reflexive Banach space and let the functional ¢ : X — R be coercive and
sequentially weakly lower semicontinuous. Then ¢ is bounded from below and infcx ¢(x) € X.

Remark 2. ([17]) If x, € X is a strictly local minimizer of I;, then for 8 > 0 sufficiently small, we have
infsp(x,.0) I1 > I1(x.). Moreover, the open ball B(x,,8) = {x € X : [|x — x.|| < 8} is a Ricceri box of I.

Remark 3. ([17]) For I and I, the following assertions hold:

(i) If D is a Ricceri box of I of type (c, b), then for each x € (¢, b], 11_1 (=00, k) () D is a Ricceri block
of I of type «.

(i) /; and I, are sequentially weakly lower semi continuous, that is, for any x € X and any subsequence
Xn C X such that x,, — x weakly, we have I;(x) < liminf,_ I; (x,) fori = 1,2.

(iii) The mapping I, is weakly-strongly continuous, i.e., if x, — x, then I} (x,) — I}(x).
(iv) The sum of a type (S, ) mapping and a weakly-strongly continuous mappings is also of the type (S).

Theorem 2. ([17, Theorem 3.2]) Assume that {1, = SUp,p m where D is a Ricceri block of
D
I of type k. Then:

. .. =~ . . .
(i) Foreach u € (0, u.), the restriction of I} + ul, to D attains its infimum at some x, € D, so that x.
is a local minimizer of I + ul».

(if) D is a Ricceri box of I + ul.
Proposition 5. ([13]) Assume that:

(i) Forr > 0andx| € B(xo,r), we have I1(xo) = infp(x, ) I1 = co and infap(x, ) I1 = b > co;
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(it) xy is a strictly local minimizer of I and I, (x1) = ¢ > co.

Then for 8 > 0 sufficient small, x| > cy, kg € (co, min{b, c\}), and for all u € (0, w.), I} + ul, has at
least two local minima x;j and x] € B(xo,r), where x;; € 11_1((—00, ko)) () B(xo,7), x; ¢ B(x1,0), and

xj € I71 (=00, k1)) N B(x1, ).
Theorem 3. ([13]) Let Y be a reflexive Banach space and assume that:
(i) For ¢ € C'(Y,R), the mapping ¢’ : Y — Y’ is of type (S.).
(it) (Dg, D) is a valley box of ¢ with Do and D being connected and 0 € Dy.

(iii) There exist e € Do and r > 0 such that ||e|| > r and infsp o) ¢ > {max #(0), ¢(e)}.

Then, the functional ¢ has at least one critical point xo€D with ¢ (xo) = d, where d =inf Ber SUPgeo.1] $(B(s))
andT = {B e C([0,1],D) : B(0) =0, B(1) = e}.

Proposition 6. ([4, Corollary 2.1]) If I} : Y — Y’ is weakly-strongly continuous, and assumptions (i)—(iii)
of Theorem 3 hold, then there exist p € (0, w.) such that I + plp has a mountain pass type critical point
xp € D.
4. Main results
The following assumptions will be needed in our main theorems:

(@) limjz|—e |,t|§:§—xz>)—l = 0 uniformly for x € Q.

(b) p* < p*(x) and there exist by > 0 and ¢ > 0 such that

| T(x,2) |<bo|z]|%™ forall xe€Q and |z|<56.

(c) Let D be a ball with D c Q. For any given Carathéodory function ¢ : QxR — R, there exists
7o > 0 such that

/ T(x,vo)dx > 0.

D

(d) There exist B(x) € C(Q) with 1 < B(x) < B* < p~, b >0, and y > 0 such that
K(x,2)>b|zF" forall xeQ and |¢]< v.

T(x,z)
lz|P*

(e) lim)z|e0 = +oo uniformly for x € Q.

infxeo K(x,2) _

(f) limsup,_, F = +oo.

. (x) o (x)
(k) There exists & € R such that T'(x, £) > fg Mcﬁx
Our first existence result in this section is contained in the following theorem.

Theorem 4. Assume that conditions (a)—(e) hold. Then there exists a constant 1o > 0 such that, for all
Ao < Aand u € (0, u.), problem (1) has at least three nontrivial weak solutions.

Proof. The proof will be divided into five steps.
Step 1: wo = 0 is a strictly local minimizer of I;. From (a), we can conclude that for every € > 0 there
is a d, > 0 such that

| t(x,2) |[<€e|z|P™71 forall |z]>68. and x e Q.
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Then, from the continuity of ¢, there exists cg > 0 such that
|£(x.2)] < co + €lz|P)! )
forall z € R and all x € Q. From (2) and (b), it follows that there exists ¢; € C(Q) with p* < q; < q1(x) <

p*(x) such that
| T(x,2) |<ci | z|2™)  forall xeQ and zeR.

Since || u ||< 1, we see that
1 (x) () 1 . :
Li(u) > — [ | Au [P dx = Ac |u | dx > — [[u ||P =Acy |[u ]9 .
P Ja Q p
Since g > p™, there exists 6 > 0 such that

Ii(u) >0 forall ue€ B(0,0)\0.

Step 2: I has a global minimizer wi # 0. By (2) and the definition of I,
1 @) @)
L)z — [ [ Au [P A€ | u [P ]dx = Aco |l u |1
P Ja
Choosing € < %, by Proposition 2, for || u [[> 1 and 1 < p3(x), we have

1
L(u) =z — /(I Au [P dx - 2e (/(I Au P9 4 [ u |PD)dx | = Aco [ u |
P Ja Q
1 -
>—(=2e) lullf —Acollulla-
P
This shows that /; is coercive and has a global minimizer w.

To show that I; is weakly lower semicontinuous, let #,, — u in S. Since S is a closed subspace of
WP (Q) (see [8]), the compact embedding obtained in Proposition 2 implies

up — uin LP(Q) and u, — uin L' (Q). 3)

By the Mean Value Theorem, a straightforward computation shows that

‘/ T(x,u,(x))dx — /T(x,u(x))dx
Q Q

< [ 1700 0) = T |
S/ngpt(x,v(x)) | up —u | dx.

Therefore, by (2), (3), and Proposition 4, the functional /; is weakly lower semicontinuous. Thus, the
hypotheses of Theorem 1 hold, and /; has a infimum w; € S.
By condition (c), for all 8 > 0 sufficiently small, we can take

By := {x € Q: dist(x, B) < 0} C Q.

Define the function

( ) to, X € B,
Ug(x) .=
¢ 0, xeQ\By.

Then,
1

Liw) < | — | Aug |P™) dx —/I/T(x, to)dx —/l/ T(x,ug)dx.
o p(x) B Bo\B

Hence, take 6 sufficiently small so that there is a positive constant @ such that

1
Li(wy) < / —— | Auyg, |p(x) dx—/la'o/T(x,to)dx,
o p(x) B
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and set |
. /;2 m | Abtgo |p(x) dx

Ay :
g [, T(x,10)

Then, I1(wq) < 0 for all g < A. Therefore, wy # 0.

Step 3: I = I + ul, has two local minima. Since I is coercive, we can find r > 0 large enough such that
wo, wi € B(0,r) and infsp () I1 > I1(wo) > I1(wy). By Proposition 5, given any > 0, k1 € (I1(w),0),
and k > 0, we see that for all u € (0, u.), I has at least two local minima uy € B(0,0) () I]‘I((—OO, K2))
and u; € 11‘1((—00, k1)) with u; ¢ B(0,9).

Step 4: [ = I} + uly has a mountain pass type critical point. Take a ball B(0,r;) C S such that
B(0,r1) D 11‘1(—00, k1) U B(0, 8). Since I, is coercive, we can find r, > r; with

> 0.

inf 11> su 11.
0B(0.r2) B(O,Ir)l)

Then, (B(0,r1), B(0,r7)) is a valley box of ;. Since I;(w) < 0, by Step 1, we have that for some €, > 0
with €y <|| wy ||, infgp(0,¢) 11 > max{l;(0), I;(w1)} = 0. From Proposition 6, we can conclude that for all
u € (0, u.), I admits a mountain pass critical point u5.

Step 5: ug # 0. From condition (e), for all L > 0 there exist ¢z > 0 such that

T(x,z)Zsz+—c'L foral xe€eQ and z>0.

Moreover, by (d), (e), and choosing a € (0, 1), we can immediately see that
Ii(za) < a?” / | Az |P™) dx — ALa?” / |z [P dx + Acr | Q |
Q Q
:a/p+(/ | Az [P dx—/lL/ | 2 [P dx) + dep | Q.
Q Q

Since L is arbitrary and large enough, we can obtain that

I (za) <0,
and hence,
20 € B(0,0) ()17 (=0, x2)).
On the other hand,
L(za) < —b/ | za |ﬁ+ dx = —ba'8+/ | z |'8+ dx < 0.
Q Q
Therefore,

I (uo) + ulr(uo) < I (za) + ulr(za) < 0,

i.e., up # 0, and thus we obtain at least three nontrivial solutions to problem (1), which proves the
theorem. =

In our next theorem, we replace assumptions (d) and (e) with (f) and (k).

Theorem 5. Assume that conditions (a)—(c), (f), and (k) hold. Then, there exists a constant 1o > 0 such
that for 1 < g < A and u € (0, ), problem (1) admits at least three nontrivial weak solutions.

Proof. The proof is similar to the proof of the previous theorem. First we show that I;(w;) < 0, and by
condition (f), taking z, — 0 in Step 5, we can show that uy # 0.
We may assume that || £ ||< 1; then

11(§)<i,/ | Ag [P dx—i,/ 16 1P de < (= — Ly e <o,
V4 Q )4 Q P P

Thus,
Ii(wy) <1 () <0O.
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On the other hand, we have that for all u € (0, u.),

infreq K(x,z,)
@, =2z, and ————" 5 Loo,
| zn P

SO
I(ay) sA/QT(x,zn)—u/QK(x,zn)

_ K(x,
S101/|Zn |q1(X) dx —u | zn |P /de
Q Q

|Zn |p’
- - K(x,z
<lzalPrng—plzn 1P /u

T dx < 0.

Thus, @, € B(0,6) N1 (=0, &2), and s0 I(ug) < I(ay,) <0, i.e., ug # 0.
This completes the proof of the theorem. O

By way of examples, it is easy to see that the equations considered by Kong [29] and Deng [13] described
above are special cases of the equation considered in this paper.

5. Conclusions

Here we studied the problem of the existence of multiple weak solutions to p (x)-biharmonic equations with
Navier boundary conditions. By applying Ricceri’s variational principle and a local mountain pass theorem,
we gave sufficient conditions for the existence of at least three solutions to the problem. We did so without
requiring the Palais-Smale condition which is often required by other authors.
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