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Abstract. We investigate equidistant integer grids and semigrids as generators of integer sequences. Equidistant integer
grids consist of arithmetic sequences arranged in rows and columns. Among other things, the partial sums of their
diagonal elements result in polygonal and second polygonal numbers. Furthermore, sequences of row sums in integer
semigrids fulfill certain recurrence relations. We analyze such sequences in detail for Pascal’s semigrid obtained in two
ways: by shifting columns only and by stretching and shifting columns.
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1. Introduction

To form an equidistant integer grid, we first place an arithmetic sequence 𝑎1, 𝑎1 + 𝑑𝑐, . . . in the first column
and an arithmetic sequence 𝑎1, 𝑎1 + 𝑑𝑟 , . . . in the first row. Then we distribute an integer grid by adding
arithmetic sequences with the difference 𝑑𝑐 to columns (or with the difference 𝑑𝑟 to rows). Here we study
equidistant integer grids for 𝑎1 = 1. Note that the entire equidistant integer grid is given by the upper left
triangle

1 1 + 𝑑𝑟
1 + 𝑑𝑐

.

We define a grid characteristic 𝑠 as 𝑠 = 2 + 𝑑𝑐 + 𝑑𝑟 , the sum of the elements on the first antidiagonal.
The difference between consecutive elements in all diagonal sequences in an integer grid of characteristic
𝑠 is equal to 𝑠 − 2. We are interested in the partial sums of the elements of the diagonal sequences in an
equidistant grid of characteristic 𝑠. In Section 2, we show that, depending on the position of the diagonal,
they give 𝑠-gonal numbers, second 𝑠-gonal numbers and many other known integer sequences listed in The
Online Encyclopedia of Integer Sequences, [4]. Section 3 is dedicated to integer semigrids, which consist of
a single arithmetic sequence repeated column by column, each time shifted down by 𝑘 . Depending on 𝑘 , the
row sums of the integer semigrid elements form sequences that fulfill certain linear recurrences. In the case
of Pascal’s semigrid, the row sums result in many known sequences. Moreover, the Fibonacci and Padovan
sequences ([1]) are sums of integer semigrid elements lying on certain diagonals. Finally, in Section 4, we
examine row sums in Pascal’s semigrid transformed by shifting and stretching columns.

2. Partial sums of diagonal sequences in equidistant integer grids

For a positive integer 𝑠, up to symmetry with respect to the main diagonal, there are
⌊
𝑠
2
⌋

different equidistant
grids of characteristic 𝑠, i.e.

1 𝑠 − 𝑝

𝑝
, 𝑝 ∈ {1, 2, . . . ,

⌊ 𝑠
2

⌋
}.

Some special values of 𝑝 lead to the special appearance of equidistant grids.

• For 𝑝 = 1, each diagonal sequence below the main diagonal is equal to the main diagonal sequence.
The sequence on the 𝑙th diagonal above the main diagonal is missing the first 𝑙 − 1 terms. Here, 𝑙 = 1
stands for the main diagonal.
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• If 𝑝 |𝑠, all sequences above the main diagonal also appear below it.

• For even 𝑠 and 𝑝 = 𝑠
2 , the equidistant grid is symmetrical with respect to the main diagonal.

There are two possibilities when considering diagonal sequences. The first is to take 𝑝 ∈ {1, 2, . . . , 𝑠−1}
and only consider sequences below the main diagonal in equidistant grids. The second option is to consider
diagonal sequences below and above the main diagonal for 𝑝 ∈ {1, 2, . . . ,

⌊
𝑠
2
⌋
}. We choose the second

option and give formulas for partial sums of sequences on the 𝑘th diagonal below and the 𝑙th diagonal above
the main diagonal. Here, 𝑘 = 𝑙 = 1 stands for the main diagonal itself.

Let us fix 𝑝 ∈ {1, 2, . . . ,
⌊
𝑠
2
⌋
}. The 𝑘th term of the first column is equal to 𝑏𝑘 = (𝑘−1)𝑝+ (2− 𝑘). Since

the difference of the diagonal elements is 𝑠−2, the 𝑛th element on the 𝑘th diagonal is 𝑎𝑛,𝑘 = 𝑏𝑘+(𝑛−1) (𝑠−2).
Therefore, the 𝑛th partial sums are

𝑃
𝑠, 𝑝

𝑘,𝑛
=

𝑛

2
[2𝑏𝑘 + (𝑛 − 1) (𝑠 − 2)] = 𝑛

2
[2𝑝(𝑘 − 1) + 2(2 − 𝑘) + (𝑛 − 1) (𝑠 − 2)] .

Here, 𝑃𝑠, 𝑝

1,𝑛 = 𝑛
2 [(𝑠 − 2)𝑛 − (𝑠 − 4)] is exactly the formula for the 𝑛th 𝑠-gonal number, see [2].

Similarly, the first term of the 𝑙th diagonal above the main diagonal (𝑙 = 1) is 𝑐𝑙 = 1+ (𝑙 − 1) (𝑠− 𝑝 − 1).
The 𝑛th partial sum of the elements on the 𝑙th diagonal above the main diagonal with 𝑎𝑛,𝑙 = 𝑐𝑙+(𝑛−1) (𝑠−2)
is

𝑅
𝑠, 𝑝

𝑙,𝑛
=

𝑛

2
[2𝑐𝑙 + (𝑛 − 1) (𝑠 − 2)] = 𝑛

2
[2 + 2(𝑙 − 1) (𝑠 − 𝑝 − 1) + (𝑛 − 1) (𝑠 − 2)] .

The cases 𝑙 = 1 and 𝑘 = 1 result in partial sums of elements on the main diagonal and coincide. For
𝑘 = 𝑙 = 2, the partial sums of the elements on the second diagonal below and above the main diagonal are

𝑃
𝑠, 𝑝

2,𝑛 =
𝑛

2
[2𝑝 + (𝑛 − 1) (𝑠 − 2)] , 𝑅

𝑠, 𝑝

2,𝑛 =
𝑛

2
[2(𝑠 − 𝑝) + (𝑛 − 1) (𝑠 − 2)] ,

respectively. This reflects the symmetry of the grids 1 𝑠 − 𝑝

𝑝
and 1 𝑝

𝑠 − 𝑝
.

We can set up formulas for 𝑃𝑠, 𝑝

𝑘,𝑛
and 𝑅

𝑠, 𝑝

𝑙,𝑛
and formulate the following theorem.

Theorem 1. Let 𝑠 be a positive integer. For equidistant grids 1 𝑠 − 𝑝

𝑝
, 𝑝 ∈ {1, 2, . . . ,

⌊
𝑠
2
⌋
} of

characteristic 𝑠, partial sums of their diagonal sequence elements on the 𝑘th diagonal below and the 𝑙th
diagonal above the main diagonal are given by

𝑃
𝑠, 𝑝

𝑘,𝑛
=

𝑛

2
[(𝑠 − 2)𝑛 + 2𝑘 (𝑝 − 1) + 6 − 2𝑝 − 𝑠] ,

𝑅
𝑠, 𝑝

𝑙,𝑛
=

𝑛

2
[(𝑠 − 2)𝑛 + 2𝑙 (𝑠 − 𝑝 − 1) + 6 + 2𝑝 − 3𝑠] .

Regardless of the specific diagonal position of the equidistant sequence in the equidistant grid of
characteristic 𝑠, we can analyze the dependence of its partial sums on the first term alone. Let us denote such
partial sums by 𝑆𝑠𝑛,𝑚 and let 𝑎1 = 𝑠−𝑚, the first term of the given sequence for 𝑠 ≥ 5 and𝑚 ∈ {1, 2, . . . ,

⌊
𝑠
2
⌋
}.

The following theorem applies.

Theorem 2. For an equidistant grid of characteristic 𝑠, 𝑠 ≥ 5 and 𝑚 ∈ {1, 2, . . . ,
⌊
𝑠
2
⌋
}, the 𝑛-th partial sum

of the equidistant sequences starting with 𝑎1 = 𝑠 − 𝑚 is

𝑆𝑠𝑛,𝑚 =
𝑛

2
[(𝑛 + 1)𝑠 − 2(𝑛 + 𝑚 − 1)] .

Proof. The assertion follows from the standard formula for the sum of the first 𝑛 elements of the arithmetic
sequence with the first term 𝑎1 and the difference 𝑑, i.e. 𝑠𝑛 = 𝑛

2 [2𝑎1 + (𝑛 − 1)𝑑]. Here, 𝑑 = 𝑠 − 2. □

A specific choice of 𝑚 = 1, 2, 3 leads to interesting relationships. Let us denote by 𝑆𝑛 the 𝑛th square
number 𝑆𝑛 = 𝑛2 and by 𝑇𝑛 the 𝑛th triangular number 𝑇𝑛 =

𝑛(𝑛+1)
2 .
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Corollary 1. For an equidistant grid of characteristic 𝑠, 𝑠 ≥ 5, with the first term 𝑎1 = 𝑠 − 𝑚, we have the
following formulas for 𝑆𝑠𝑛,𝑚:

1. 𝑆𝑠
𝑛,1 = 𝑠𝑇𝑛 − 𝑆𝑛,

2. 𝑆𝑠
𝑛,2 = (𝑠 − 2)𝑇𝑛,

3. 𝑆𝑠
𝑛,3 = 𝑛

2 [(𝑠 − 2)𝑛 + (𝑠 − 4)], the 𝑛th second 𝑠-gonal number.

Proof. Proofs are achieved through simple calculations:

1. 𝑆𝑠
𝑛,1 = 𝑛

2 [(𝑛 + 1)𝑠 − 2𝑛] = 𝑛(𝑛+1)
2 𝑠 − 𝑛2 = 𝑠𝑇𝑛 − 𝑆𝑛.

2. 𝑆𝑠
𝑛,2 = 𝑛

2 [(𝑛 + 1)𝑠 − 2(𝑛 + 1)] = 𝑛(𝑛+1)
2 (𝑠 − 2) = (𝑠 − 2)𝑇𝑛.

3. For 𝑚 = 3,
𝑆𝑠𝑛,3 =

𝑛

2
[(𝑛 + 1)𝑠 − 2(𝑛 + 2)] = 𝑛

2
[(𝑠 − 2)𝑛 + (𝑠 − 4)] ,

and this is exactly the formula for the second 𝑠-gonal numbers, cf. [2].

□

3. Recurrence relations in equidistant semigrids

The next recurrence relation applies to partial sums of elements of all arithmetic sequences, irrespective of
their grid position.

Proposition 1. Let (𝑏𝑛) be any of partial sum sequences (𝑃𝑠, 𝑝

𝑘,𝑛
), (𝑅𝑠, 𝑝

𝑙,𝑛
) or (𝑆𝑠𝑛,𝑚) of an equidistant grid of

characteristic 𝑠. It satisfies the unique recurrence relation

𝑏𝑛 = 3𝑏𝑛−1 − 3𝑏𝑛−2 + 𝑏𝑛−3.

Proof. The difference between two consecutive elements in an arithmetic sequence is constant. Therefore,

(𝑏𝑛 − 𝑏𝑛−1) − (𝑏𝑛−1 − 𝑏𝑛−2) = (𝑏𝑛−1 − 𝑏𝑛−2) − (𝑏𝑛−2 − 𝑏𝑛−3),

and the assertion follows. □

The list of sequences satisfying linear recurrence relations of type (3,−3, 1) is the longest on the index
page of linear recurrences of order three [5]. It contains almost 1500 sequences, but given the assertion of
Proposition 1, it should be much longer.

We continue with a few remarks.

1. There is no one-to-one correspondence between linear recurrence relations of type (3,−3, 1) and
sequences of partial sums of arithmetic sequences. For example, the sequence of the centered 22-
gonal numbers 1, 23, 67, 133, 221, 331, . . . (A069173 in [4]) fulfills the recurrence. However, it is the
partial sum sequence of the non-arithmetic sequence 1, 22, 44, 66, 88, . . ..

2. In general, for a positive integer 𝑘 and a sequence 1, 𝑘, 2𝑘, 3𝑘, . . ., the sequence of its partial sums
1, 𝑘 +1, 3𝑘 +1, 6𝑘 +1, 10𝑘 +1, . . . satisfies a linear recurrence relation of the type (3,−3, 1). In more
general case: For positive integers 𝑏, 𝑘 and an arithmetic sequence 𝑏, 𝑏 + 𝑘, 𝑏 + 2𝑘, 𝑏 + 3𝑘, . . ., the
partial sum sequence 𝑏, 2𝑏 + 𝑘, 3𝑏 + 3𝑘, 4𝑏 + 6𝑘, . . . satisfies a linear recurrence of type (3,−3, 1).

Not only equidistant grids generate recurrences, but also semigrids, which consist of an arithmetic
sequence continuously repeated in columns that are shifted downwards by a certain k. A semigrid obtained

261



B. Kolarec

by shifting by 𝑘 is called a 𝑘-semigrid. For example, for an arithmetic sequence 𝑎1, 𝑎2, 𝑎3 . . . and 𝑘 = 1, 2, 3,
respective 𝑘-semigrids are:

𝑎1
𝑎2 𝑎1
𝑎3 𝑎2 𝑎1
𝑎4 𝑎3 𝑎2 𝑎1 ,

𝑎5 𝑎4 𝑎3 𝑎2 · · ·
𝑎6 𝑎5 𝑎4 𝑎3 · · ·
𝑎7 𝑎6 𝑎5 𝑎4 · · ·
...

...
...

...
. . .

𝑎1
𝑎2
𝑎3 𝑎1
𝑎4 𝑎2 ,

𝑎5 𝑎3 𝑎1
𝑎6 𝑎4 𝑎2
𝑎7 𝑎5 𝑎3 𝑎1
...

...
...

. . .

𝑎1
𝑎2
𝑎3
𝑎4 𝑎1 .

𝑎5 𝑎2
𝑎6 𝑎3
𝑎7 𝑎4 𝑎1
...

...
. . .

By construction, sequences of row sums (𝑠𝑛)𝑛≥1 in such semigrids fulfill certain types of linear recurrence
relations with constant coefficients. The general form of recurrence relations becomes clear for 𝑘 ≥ 4, as
can be seen in Table 1.

𝑘 𝑠𝑛 𝑠𝑛−1 𝑠𝑛−2 𝑠𝑛−3 𝑠𝑛−4 𝑠𝑛−5 𝑠𝑛−6 𝑠𝑛−7 𝑠𝑛−8
1 -1 3 -3 1
2 -1 2 0 -2 1
3 -1 2 -1 1 -2 1
4 -1 2 -1 0 1 -2 1
5 -1 2 -1 0 0 1 -2 1
6 -1 2 -1 0 0 0 1 -2 1

Table 1: Recurrence relations for row sum sequences depending on the shift 𝑘

One could also consider shallow diagonal sums of elements. Note that shallow diagonal sums in the
𝑘-semigrid are equal to row sums in the (𝑘 + 1)-semigrid.

4. Recurrence relations in Pascal’s semigrid

Although not equidistant, it is interesting to study the row sums in Pascal’s semigrid

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
...

...
...

...
. . .

. . .

.

We consider the row sums of semigrids whose columns are shifted downward by 𝑘 , as well as the row sums
of those semigrids whose columns are both stretched and shifted. The first one is called Pascal’s 𝑘–semigrid.
Note that for 𝑘 = 0, we have Pascal’s semigrid.

In Pascal’s semigrid, the sum of the elements in the 𝑛th row is equal to 2𝑛. The row sums in Pas-
cal’s 1-semigrid are Fibonacci numbers. In Pascal’s 2-semigrid, the sums of the elements in the rows
1, 1, 1, 2, 3, 4, 6, 9, 13, 19, 28, . . ., give Narayana’s cows sequence ([3]) given by 𝑁0 = 𝑁1 = 𝑁2 = 1,
𝑁𝑛 = 𝑁𝑛−1 + 𝑁𝑛−3, 𝑛 ≥ 3. In Pascal’s 3-semigrid, the sums are 1, 1, 1, 1, 2, 3, 4, 5, 7, 10, 14, 19, . . ., which
is the sequence (𝑠𝑛)𝑛≥0 given by the recurrence relation 𝑠0 = 𝑠1 = 𝑠2 = 𝑠3 = 1, 𝑠𝑛 = 𝑠𝑛−1 + 𝑠𝑛−4, 𝑛 ≥ 4. In
general, we have the following result.

Theorem 3. Sequences (𝑠𝑛)𝑛≥0 of row sums in Pascal’s 𝑘-semigrid satisfy the recurrence relation 𝑠𝑛 =

𝑠𝑛−1 + 𝑠𝑛−(𝑘+1) for 𝑛 ≥ 𝑘 + 1, with 𝑠0 = 𝑠1 = · · · = 𝑠𝑘 = 1. In particular,

𝑠𝑛 =

⌊ 𝑛
𝑘+1 ⌋∑︁
𝑖=0

(
𝑛 − 𝑘𝑖

𝑖

)
.
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Proof. The first 𝑘 + 1 rows in Pascal’s 𝑘–semigrid each have a single term, which is 1. The next 𝑘 + 1 rows
consist of two terms per row, followed by 𝑘 + 1 rows consisting of three terms per row, and this pattern
continues. The elements in the 𝑛th row of Pascal’s 𝑘-semigrid are binomial coefficients(

𝑛

0

)
,

(
𝑛 − 𝑘

1

)
,

(
𝑛 − 2𝑘

2

)
, · · · ,

(
𝑛 − ⌊ 𝑛

𝑘+1 ⌋𝑘
⌊ 𝑛
𝑘+1 ⌋

)
.

Since 𝑠𝑛 is their sum, the statement follows. □

One could also study row sums in semigrids where the columns are stretched by a certain 𝑡 ≥ 1.
By stretching, we mean inserting 𝑡 zeros between every two consecutive elements in each column. The
combination of stretching and shifting the columns of Pascal’s semigrid results in a Padovan-like sequence
of row sums. For example, a semigrid with stretch 𝑡 = 2 and shift 𝑘 = 1 results in the row sum sequence:
1, 0, 1, 1, 1, 2, 2, 3, 4, 6, 12 . . .. It fulfills the recurrence relation 𝑃𝑛 = 𝑃𝑛−2 +𝑃𝑛−3, 𝑛 ≥ 3, with 𝑃0 = 1, 𝑃1 =

0, 𝑃2 = 1. Similarly, 𝑡 = 3, 𝑘 = 2 results in the sequence 1, 0, 0, 1, 1, 0, 1, 2, 1, 1, 3, 3 . . ., which satisfies
𝑃𝑛 = 𝑃𝑛−3 + 𝑃𝑛−4, 𝑛 ≥ 4, with 𝑃0 = 1, 𝑃1 = 𝑃2 = 0, 𝑃3 = 1.

The shift 𝑘 can continue up to 𝑘 = 𝑡 and beyond. Depending on the size of the stretch 𝑡 and the shift 𝑘 ,
row sums of Pascal’s semigrids are sequences with initial conditions and recurrence relations given in the
following theorem. The places marked with a dot follow the start pattern and contain 0 or 1.
Theorem 4. Fix the stretch size 𝑡 ≥ 3 of the columns of Pascal’s semigrid. Depending on the shift 𝑘 ≥ 0,
sequences of row sums (𝑠𝑛)𝑛≥1 satisfy the initial conditions and recurrence relations given in Table 2.

𝑘 𝑠0 𝑠1 𝑠2 𝑠3 ... 𝑠𝑡 𝑠𝑡+1 𝑠𝑡+2 𝑠𝑛 𝑠𝑛−1 𝑠𝑛−2 𝑠𝑛−3 ... 𝑠𝑛−𝑡 𝑠𝑛−𝑡−1
0 1 1 1 1 ... 1 1 1 -1 1 0 0 ... 0 1
1 1 0 1 0 ... . . . -1 0 1 0 ... 0 1
2 1 0 0 1 ... . . . -1 0 0 1 ... 0 1
...

𝑡 − 1 1 0 0 0 ... 0 1 0 -1 0 0 0 ... 1 1
𝑡 1 0 0 0 ... 0 0 1 -1 0 0 0 ... 0 2

Table 2: Pascal’s 𝑘-semigrid row sum sequence recurrences with fixed stretch 𝑡

Proof. In Pascal’s semigrid stretched by 𝑡, the first 𝑡 + 1 row sums equal 1. The semigrid has a diagonal
appearance: Each diagonal of the original Pascal’s semigrid is followed by 𝑡 diagonals containing only
zeros. The sequence (𝑠𝑛)𝑛≥0 of the row sums is therefore: 𝑠0 = 𝑠1 = . . . = 𝑠𝑡 = 1 and, by construction,
𝑠𝑛 = 𝑠𝑛−1 + 𝑠𝑛−𝑡−1, 𝑛 ≥ 𝑡 + 1. In Pascal’s 𝑘-semigrid with 𝑘 > 0, the initial conditions follow the pattern
that a 1 is followed by 𝑘 zeros. Therefore, for the stretch 𝑡, the shift 𝑘 and 𝑛 ≥ 𝑡 + 1, we have

𝑠𝑛 = 𝑠𝑛−𝑘−1 + 𝑠𝑛−𝑡−1.

In the case 𝑘 = 𝑡, this results in 𝑠𝑛 = 2𝑠𝑛−𝑡−1. □

5. Conclusion

Integer grids and semigrids generate many integer sequences. They are obtained as partial sums of diagonal
sequence elements and in integer semigrids as row sums. In the case of stretching and shifting columns in
Pascal’s semigrid, the row sum sequences fulfill certain linear recurrence relationships. Since all elements
there are binomial coefficients, the recurrences apply directly to them. It would be interesting to consider
the row sums of 𝑛-diagonal semigrids. They are constructed by placing the same arithmetic sequence on
the main diagonal and 𝑛 − 1 diagonals below it, with zeros elsewhere. In the special case that the sequence
1, 2, 3, . . . lies on the diagonals of the 𝑛-diagonal semigrid, the row sums for 𝑛 = 3 form a sequence of
coefficients in the expansion of 1+𝑥+𝑥2

(1−𝑥 )2 . Similarly, the row sums in a 4-diagonal semigrid give the sequence

of coefficients in the expansion of 1+𝑥+𝑥2+𝑥3

(1−𝑥 )2 . We assume that the row sums in an 𝑛-diagonal semigrid, 𝑛 ≥ 2,

generally correspond exactly to the coefficients in the expansion of 1+𝑥+···+𝑥𝑛−1

(1−𝑥 )2 . It would be interesting to
form 𝑛-diagonal semigrids of other arithmetic sequences and analyze their row sums.
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