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Abstract. We improve the method of Bulinski and Dimitrov (2019) to prove the 𝐿2-consistency of the Kozachenko-
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1. Introduction

Shannon entropy is a fundamental concept in information theory that has numerous applications in fields
like statistics, probability, and combinatorics. Let 𝑋 ∈ R𝑑 be a random vector defined on a probability space
(Ω,F , 𝑃). Suppose that the joint distribution of 𝑋 has a density 𝑓 (𝑥) with respect to the Lebesgue measure
𝑑𝑥, with the support S = S ( 𝑓 ) = {𝑥 ∈ R𝑑 : 𝑓 (𝑥) > 0}. Consider ℎ(𝑋) = − log 𝑓 (𝑋), which can be thought
of as the (random) information content of 𝑋 (or as log-likelihood). The average value of information content
of 𝑋 is known as Shannon (or Boltzmann-Gibbs) entropy,

𝐻 (𝑋) := E
[
ℎ(𝑋)

]
= −

∫
S
𝑓 (𝑥) log 𝑓 (𝑥)𝑑𝑥 . (1)

In [2], Kozachenko and Leonenko construct a popular nonparametric (differential) entropy estimator, the
so-called Kozachenko-Leonenko (K-L) estimator 𝐻𝑁 , based on the nearest neighbor (NN) graph. Let
𝑋1, . . . , 𝑋𝑁 be i.i.d. random vectors having the same law as the random vector 𝑋 ∈ R𝑑 . For each 𝑖 = 1, . . . , 𝑁
and 𝑁 ≥ 2, set 𝜌𝑖 = min

{
𝜌(𝑋𝑖 , 𝑋 𝑗 ), ∀𝑖 ∈ {1 . . . 𝑁} ,∀ 𝑗 ∈ {1, . . . , 𝑁} \ {𝑖}

}
, where 𝜌(𝑥, 𝑦) =∥ 𝑥 − 𝑦 ∥

denotes the Euclidean distance between 𝑥, 𝑦 ∈ R𝑑 . In other words, 𝜌𝑖 is the distance from 𝑋𝑖 to its nearest
neighbor (NN) in the sample {𝑋1, . . . , 𝑋𝑁 } \ {𝑋𝑖}, and {𝜌𝑖 , 𝑖 = 1, . . . , 𝑁} defines the NN random graph.
Recall the NN in [2], the estimator of 𝐻 defined in equation (1) is provided by the formula

𝐻𝑁 =
1
𝑁

𝑁∑︁
𝑖=1

𝜁𝑖 (𝑁),

with 𝜁𝑖 (𝑁) = log
[
𝜌𝑖

𝑑𝑉𝑑 𝑒
𝛾 (𝑁 − 1)

]
, 𝑖 = 1, . . . , 𝑁,

where 𝑉𝑑 := 𝜋 (𝑑/2)/Γ
(
𝑑
2 + 1

)
and 𝛾 = −

∫ ∞
0 𝑒−𝑡 log 𝑡 𝑑𝑡 ≈ 0.5772 are the volume of a unit ball in R𝑑 and

the Euler-Mascheroni constant, respectively.

2. Main results

In [1], Bulinski and Dimitrov propose using an analogue of the Hardy-Littlewood maximal functions for
an investigation of unbiasedness and consistency of 𝐻𝑁 . They provide an interesting and detailed proof
method; however, some errors and shortcomings emerged. In this paper, we correct the errors, refine the
proof method, and propose a more rigorous and general proof framework. This framework can be applied
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not only to the entropy proof of the NN but also to the entropy proof of 𝑘-th nearest neighbor (𝑘-NN) graphs,
as well as to VarEntropy and high-order statistics of entropy estimators. Before stating the main results,
some more definitions are needed. Let 𝐵(𝑥, 𝑟) = {𝑦 ∈ R𝑑 : 𝜌(𝑥, 𝑦) < 𝑟} be a ball of a radius 𝑟 > 0 with a
center 𝑥 ∈ R𝑑 . Clearly, |𝐵(𝑥, 𝑟) | = 𝜇

(
𝐵(𝑥, 𝑟)

)
= 𝑟𝑑 𝑉𝑑 . Let 𝐺 (𝑡) be a monotonically increasing function on

[0,∞):

𝐺 (𝑡) =


0, 0 ≤ 𝑡 < 1,

𝑡 log 𝑡, 𝑡 ≥ 1 .

Recall the following functionals:

𝐼 𝑓 (𝑥, 𝑟) =

∫
𝐵(𝑥,𝑟 ) 𝑓 (𝑦)𝑑𝑦

𝑟𝑑𝑉𝑑
, 𝑀 𝑓 (𝑥, 𝑅) = sup

𝑟∈ (0,𝑅]
𝐼 𝑓 (𝑥, 𝑟) and 𝑚 𝑓 (𝑥, 𝑅) = inf

𝑟∈ (0,𝑅]
𝐼 𝑓 (𝑥, 𝑟).

It is known that the function 𝐼 𝑓 (𝑥, 𝑟) is continuous in (𝑥, 𝑟) ∈ R𝑑 × (0,∞), while for each 𝑅 > 0, the
functions 𝑚 𝑓 (·, 𝑅) and 𝑀 𝑓 (·, 𝑅) are upper semicontinuous and lower semicontinuous, respectively. Hence,
these non-negative functions are Borel measurable. Clearly, for each 𝑥 ∈ R𝑑 , 𝑚 𝑓 (·, 𝑅) is nonincreasing and
𝑀 𝑓 (·, 𝑅) is nondecreasing. Note in passing that substituting sup𝑟∈ (0,𝑅] by sup𝑟∈ (0,∞) in the definition of
𝑀 𝑓 (𝑥, 𝑅) leads to the celebrated Hardy-Littlewood maximal function 𝑀 𝑓 (𝑥) that is widely used in harmonic
analysis. The main results in [1] are

Assumption 1. For a continuous density 𝑓 in R𝑑 , given positive 𝜀0, 𝜀1, 𝜀2, 𝑅1, 𝑅2, 𝛼 = 1, 2, it holds that

𝐾 𝑓 (𝜀0, 𝛼) :=
∫
R𝑑

( ∫
R𝑑\{𝑥}

𝐺 ( | log𝛼 𝜌(𝑥, 𝑦) |) 𝑓 (𝑦)𝑑𝑦
)1+𝜀0

𝑓 (𝑥)𝑑𝑥 < ∞ ,

𝑄 𝑓 (𝜀1, 𝑅1) :=
∫
R𝑑

𝑀
𝜀1
𝑓
(𝑥, 𝑅1) 𝑓 (𝑥)𝑑𝑥 < ∞,

𝑇 𝑓 (𝜀2, 𝑅2) :=
∫
R𝑑

𝑚
−𝜀2
𝑓

(𝑥, 𝑅2) 𝑓 (𝑥)𝑑𝑥 < ∞.

Theorem 1. Under Assumption 1 and 𝛼 = 1, the estimator 𝐻𝑁 is asymptotically unbiased, i.e.

E(𝐻𝑁 ) → 𝐻 , 𝑁 → ∞ .

Theorem 2. Under Assumption 1 and 𝛼 = 2, the estimator 𝐻𝑁 is 𝐿2−consistent, i.e.

E
(
𝐻𝑁 − 𝐻

)2 → 0 , 𝑁 → ∞.

The proofs of these two theorems, while drawing inspiration from the classical approach in [2], innova-
tively incorporate the Hardy-Littlewood maximal function, widely used in harmonic analysis. However, the
proof of Theorem 2 lacks rigor and contains errors. We have made the following corrections and refinements
to address these issues.

The proof of Theorem 2 (i.e. the 𝐿2-consistency of 𝐻𝑁 ) is provided in Section 4 Proof of Theorem
2.8 in [1]. Note that the 𝐿2-consistence of 𝐻𝑁 is guaranteed by Var(𝐻𝑁 ) −→ 0, as 𝑁 → ∞, and

Var
(
𝐻𝑁

)
=

1
𝑁

Var
[
𝜁1 (𝑁)

]
+ 2
𝑁2

∑︁
1≤𝑖< 𝑗≤𝑁

Cov
[
𝜁𝑖 (𝑁) , 𝜁 𝑗 (𝑁)

]
.

The proof is composed of two steps. Step 1 and Step 2 are established to prove the asymptotic zero of variance

and covariance terms separately, i.e.
1
𝑁

Var
[
𝜁1 (𝑁)

]
−→ 0 and

1
𝑁2

∑
1≤𝑖< 𝑗≤𝑁

Cov
[
𝜁𝑖 (𝑁) , 𝜁 𝑗 (𝑁)

]
−→ 0 , as

𝑁 → ∞.
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In Step 1, Bulinski and Dimitrov adopt the setting of 𝑁 = 2 and replace the cumulative distribution
functions 𝑝𝑁,𝑥 (𝑢) and 𝐹𝑁,𝑥 (𝑢) with 𝑝2,𝑥 (𝑤) and 𝐹2,𝑥 (𝑤) to facilitate the proof. In particular, they
change the variable from 𝑢 to 𝑤 = 𝑢/(𝑁 − 1) and thus, the radius 𝑟𝑁 (𝑢) defined in [1, Eq. (3.7)], i.e.

𝑟𝑁 (𝑢) :=
(

𝑢

𝑉𝑑 𝛾̃(𝑁 − 1)

)1/𝑑
, becomes 𝑟𝑁 (𝑢) = 𝑟𝑁 (𝑤(𝑁 − 1)) = 𝑟𝑁

( 𝑤

𝑉𝑑 𝛾̃

)1/𝑑
= 𝑟2 (𝑤). Hence, the

accumulative distribution functions are changed accordingly (see, for instance, [1, Eq. (4.4)]).
In Step 2, Bulinski and Dimitrov specify that 𝑁 ≥ 3 is required (see, for instance, the settings of [1,

Eq. (4.6)]). However, they apply the results of the Step 1 in [1, pp. 31-34], which was based on the settings
of 𝑁 = 2, e.g. 𝑟𝑁 (𝑢) = 𝑟2 (𝑤). In particular, in [1, p. 37], it is written: “The same reasoning as was used at
Step 1 of the proof of Theorem 2.8 leads......”.

Note that we require 𝑁 ≥ 2, as we use the Euclidean distance of two different points 𝜌(𝑥, 𝑦) to define the
nearest neighbor. In other words, we need at least two points to define a ball 𝐵(𝑥, 𝑟) := {𝑦 ∈ R𝑑 : 𝜌(𝑥, 𝑦) <
𝑟}. Consider a ball centered at 𝑥 with radius 𝑟 . We can adopt the setting of 𝑁 = 2 for Step 1, where we only
consider the variance of the single random variable 𝑦 or 𝜁1 (𝑁). But we need at least two points 𝑦 and 𝑧 to
calculate the covariance in Step 2, i.e. we need 𝑁 ≥ 3.

We improved the proof of Step 2 by amending the settings of 𝑁 = 2 to adopt the requirement of 𝑁 ≥ 3.
To avoid confusion, we use 𝐽𝑦2 (𝑁, 𝑥) to replace 𝐽2 (𝑁, 𝑥) for the case when 𝑁 ≥ 3. We define 𝑢̃ = 2𝑢/(𝑁 − 1)
and the change of variables leads to the following remarkable results:

(i) 𝑢 ∈ [
√
𝑁 − 1,∞) ⇐⇒ 𝑢̃ =

2𝑢
𝑁 − 1

∈
[

2√
𝑁−1

,∞
)
, 𝑁 ≥ 3 ,

(ii) 𝑟𝑁 (𝑢) =
[

𝑢

(𝑁 − 1)𝑉𝑑 𝛾̃

]1/𝑑
=

[
𝑢̃

2𝑉𝑑 𝛾̃

]1/𝑑
= 𝑟3 (𝑢̃) ,

(iii) P𝑁,𝑥 (𝑢) =
∫
𝐵(𝑥,𝑟𝑁 (𝑢) ) 𝑓 (𝜉)𝑑𝜉 =

∫
𝐵(𝑥,𝑟3 (𝑢̃) ) 𝑓 (𝜉)𝑑𝜉 = P3,𝑥 (𝑢̃) ,

(iv) 𝐹𝑦

𝑁,𝑥
(𝑢) = 𝐹𝑦

3,𝑥 (𝑢̃) .

Recall from the last equation in [1, p. 32] that the integral
∫
[𝑒,∞] is split into

∫
[𝑒,

√
𝑁−1] +

∫
(
√
𝑁−1,∞) :

𝐼
𝑦

2 (𝑁, 𝑥) = 𝐽
𝑦

1 (𝑁, 𝑥) + 𝐽
𝑦

2 (𝑁, 𝑥),

with

𝐽
𝑦

1 (𝑁, 𝑥) =

∫
[𝑒,

√
𝑁−1]

[1 − 𝐹𝑦

𝑁,𝑥
(𝑢)] log 𝑢

𝑢

[
log(log 𝑢) + 1

2

]
𝑑𝑢 ,

𝐽
𝑦

2 (𝑁, 𝑥) =

∫
(
√
𝑁−1,∞)

[1 − 𝐹𝑦

𝑁,𝑥
(𝑢)] log 𝑢

𝑢

[
log(log 𝑢) + 1

2

]
𝑑𝑢 . (2)

We substitute 𝑢̃ =
2𝑢
𝑁 − 1

into [1, Eq. (4.4)] and split the integrals as follows:

𝐽
𝑦

2 (𝑁, 𝑥) ≤
(3𝛾̃)𝜀

𝑚𝜀
𝑓
(𝑥, 𝑅2) (𝑁 − 1)𝜀/2

( ∫
( 2√

𝑁−1
,𝑒1+Δ ]

+
∫

(𝑒1+Δ ,∞)

)
log

(𝑁 − 1)𝑢̃
2

[
log log

(𝑁 − 1)𝑢̃
2

+ 1
2

]
𝑢̃

[
1 − P3,𝑥 (𝑢̃)

]
𝑑𝑢̃ (3)

Recall from (iv) that we have

1 − 𝐹𝑦

3,𝑥 (𝑢̃) = 1
[
𝜌(𝑥, 𝑦) > 𝑟3 (𝑢̃)

] [
1 − P3,𝑥 (𝑢̃)

]
=


1 − P3,𝑥 (𝑢̃), 𝜌(𝑥, 𝑦) > 𝑟3 (𝑢̃) ,

0, 𝜌(𝑦, 𝑥) ≤ 𝑟3 (𝑢̃) .
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Therefore, when 𝜌(𝑦, 𝑥) ≤ 𝑟3 (𝑢̃), we have 𝐹𝑦

3,𝑥 (𝑢̃) = 𝐹
𝑦

𝑁,𝑥
(𝑢) = 1. From equation (2), we obtain that

𝐽
𝑦

2 (𝑁, 𝑥) is equal to zero. Obviously, the boundedness of 𝐽𝑦2 (𝑁, 𝑥) is proved in this case. Let us focus on
the case 𝜌(𝑥, 𝑦) > 𝑟3 (𝑢̃), and then we have

𝐹
𝑦

3,𝑥 (𝑢̃) = P3,𝑥 (𝑢̃) . (4)

From equations (3) to (4), we obtain a refined 𝐽
𝑦

2 (𝑁, 𝑥), which can replace 𝐽2 (𝑁, 𝑥) in [1, Eq. (4.4)].
Analogously, we can amend the related formulas in Step 2 by replacing 𝑤, 𝑃2,𝑥 (𝑤), 𝐹2,𝑥 (𝑤) with 𝑢̃/2,
𝑃3,𝑥 (𝑢̃), 𝐹3,𝑥 (𝑢̃). After this amendment, the main results of Bulinski and Dimitrov remain unchanged. This
work provides a rigorous correction to the proof of Theorem 2 in the original article. The refined methodology
offers researchers a more precise framework for applying similar proof techniques to related problems.
Notably, this improved approach has already demonstrated its utility through successful application and
extension in the recent work in [3].
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