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Abstract. The introduction of abstract Friedrichs operators in 2007—an operator-theoretic framework for studying
classical Friedrichs operators—has led to significant developments in the field, including results on well-posedness,
multiplicity, and classification. More recently, the von Neumann extension theory has been explored in this context,
along with connections between abstract Friedrichs operators and skew-symmetric operators.
In this paper, we show that all 𝑚−accretive extensions of abstract Friedrichs operators correspond precisely to those
satisfying (V)-boundary conditions. We also establish a connection between the 𝑚−accretive extensions of abstract
Friedrichs operators and their skew-symmetric components. Additionally, three equivalent formulations of boundary
conditions are unified within a single interpretive framework. To conclude, we discuss a constructive relation between
(V)- and (M)-boundary conditions and examine the multiplicity of the associated 𝑀-operators. We demonstrate our
results by two examples, namely, the first order ordinary differential equation on an interval, with various boundary
conditions, and the second-order elliptic partial differential equation with Dirichlet boundary conditions.
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1. Introduction

Ern, Guermond and Caplain [28] introduced the concept of abstract Friedrichs operators in 2007, in order
to provide a Hilbert space operator-theoretic approach to studying the classical Friedrichs operators, which
were introduced by Friedrichs [29] in 1958. Friedrichs’ primary motivation was to treat the equations that
change their type, like the Tricomi equation, which appear in the transonic fluid flow. The class of classical
Friedrichs operators encompasses a wide range of (semi)linear equations of mathematical physics (regardless
of their order), including classical elliptic, parabolic and hyperbolic equations, making it still attractive to
the community. A nice historical exposition of the classical Friedrichs’ theory (which was very active until
the 1970s) can be found in [33]. While we postpone the introduction of the precise definition of abstract
Friedrichs operators to the subsequent section (Definition 1), here we discuss the main ideas. Assume we
are given two densely defined linear operators 𝑇0, 𝑇0 on a Hilbert space H such that 𝑇0 ⊆ 𝑇∗

0 and 𝑇0 ⊆ 𝑇∗
0

(𝑇∗
0 denotes the adjoint operator of 𝑇0 and 𝑇0 ⊆ 𝑇∗

0 is understood in the standard way: dom𝑇0 ⊆ dom𝑇∗
0

and 𝑇∗
0 |dom𝑇0

= 𝑇0). Now we seek for realisations (or extensions) 𝑇 of 𝑇0, i.e. 𝑇0 ⊆ 𝑇 ⊆ 𝑇∗
0 , such that

𝑇 : dom𝑇 → H is bijective. Thus, if 𝑇 represents a differential operator (e.g. a classical Friedrichs
operator), the associated problem 𝑇𝑢 = 𝑓 , for 𝑓 ∈ H, is well-posed, and the choice of realisation 𝑇
corresponds to the prescribed (initial-)boundary conditions. Since our focus is on further developing the
abstract theory, we begin with a brief overview of the existing framework.

• The authors introduced the concept of abstract Friedrichs operators in [28] and obtained a well-
posedness result within the operator-theoretic framework introduced for this purpose (see also [2]).
This is an immediate improvement over the classical theory, because no such satisfactory result was
previously available.
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• The renewed interest in Friedrichs systems arose from numerical analysis (see e.g. [32, 33]) based on
the need to apply (discontinuous) Galerkin finite element methods to partial differential equations of
various types. The abstract approach initiated a number of new investigations in various directions. For
example, studies of different representations of boundary conditions and the relation with classical
theory [2, 3, 5, 7, 11, 23], applications to diverse (initial-)boundary value problems of elliptic,
hyperbolic, and parabolic type [6, 14, 16, 22, 25, 35], and the development of different numerical
schemes [13, 17, 18, 19, 26, 27].

• In the classical setting, there were three different but equivalent ways to pose boundary conditions. One
was Friedrichs’ boundary condition formulated via matrix valued boundary fields [29], usually referred
to as (FM)-boundary conditions. The second was the Friedrichs-Lax (FX)-boundary conditions, also
called maximal boundary conditions [30]. The third approach, introduced in [39], is referred to as the
(FV)-boundary condition. In the abstract theory, there are analogous boundary conditions (M), (X)
and (V), respectively. The (V)-boundary condition is also referred to as the cone-formalism, which
was introduced in [28]. A discussion of the equivalence of these three types of boundary conditions
can be found in [28, 2]. We shall recall the definitions in the next section.

• In [7], the authors prove the existence and multiplicity of subspaces satisfying (V)-boundary condi-
tions. It was also established that Grubb’s universal extension theory [31] is applicable, leading to a
classification result.

• A von-Neumann type decomposition of the graph space of abstract Friedrichs operators was proved
in [23]. In [24], it was recognised that abstract Friedrichs operators can be written as the sum of
skew-symmetric and a bounded, strictly positive definite self-adjoint operator. In the same paper, the
von-Neumann extension theory for abstract Friedrichs operators was studied.

The first main result of this paper is to prove the equivalence between the𝑚−accretive extensions and the
(V)-boundary condition of abstract Friedrichs operators. To place this result in context, let us briefly recall
that the notions of accretive and 𝑚−accretive operators stem from the study of linear operators in Hilbert
spaces and their applications in differential equations and stability analysis. Early work in functional analysis
by researchers such as E. Hille and R. S. Phillips in the 1950s, who developed the theory of semigroups
of linear operators, laid the groundwork for understanding accretive operators as key tools in the analysis
of time-evolution problems. Over time, mathematicians such as H. Brézis and G. Minty expanded these
concepts to nonlinear operators, introducing the notion of maximal accretivity to ensure well-posedness in
various contexts.

Returning to abstract Friedrichs operators, in [14], the authors proved that any realisation satisfying
the (V)-boundary condition gives rise to a contractive 𝐶0−semigroup. A straightforward application of the
Lumer-Phillips theorem then shows that any such realisation is 𝑚−accretive. The main novelty of our result
lies in the converse; namely, that any 𝑚−accretive realisation of abstract Friedrichs operators is precisely
the realisation satisfying the (V)-boundary condition. In addition, we also prove that the skew-symmetric
part of abstract Friedrichs operators has 𝑚−accretive extensions on the same domains. The classification of
𝑚−accretive extensions of skew-symmetric operators is well-studied (see [8, 40, 42, 43]). Thus, we can also
classify all 𝑚−accretive realisations (or, equivalently, realisations satisfying the (V)-boundary condition) of
abstract Friedrichs operators by applying the existing theory for skew-symmetric operators.

In the next section, we begin by fixing all definitions and notations. The result discussed above regarding
the connection between the (V)-boundary condition and 𝑚−accretive realisations is presented in Section
3. The fourth section offers an interpretation of the (M)-, (X)- and (V)-boundary conditions in terms of
𝑚−accretive realisations. Finally, the paper concludes with some improved results on the classification of
(M)-boundary conditions in Section 5, illustrated with a second- order PDE example.
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2. Abstract Friedrichs operators

2.1. Definition and main properties
The abstract Hilbert space formalism for Friedrichs systems studied in this paper was introduced and
developed in [28, 2] for real vector spaces, while the required differences for complex vector spaces have
been supplemented more recently in [4]. Here we present the definition in the form given in [7, Definition
1].

Definition 1. A (densely defined) linear operator 𝑇0 on a complex Hilbert space H (a scalar product is
denoted by ⟨ · | · ⟩, which we take to be anti-linear in the second entry) is called an abstract Friedrichs
operator if there exists a (densely defined) linear operator 𝑇0 on H with the following properties:

(T1) 𝑇0 and 𝑇0 have a common domain D, i.e. dom𝑇0 = dom𝑇0 = D, which is dense in H, satisfying

⟨𝑇0𝜑 | 𝜓 ⟩ = ⟨ 𝜑 | 𝑇0𝜓 ⟩, 𝜑, 𝜓 ∈ D;

(T2) There is a constant 𝜆 > 0 for which

∥(𝑇0 + 𝑇0)𝜑∥ ⩽ 2𝜆∥𝜑∥, 𝜑 ∈ D;

(T3) There exists a constant 𝜇 > 0 such that

⟨ (𝑇0 + 𝑇0)𝜑 | 𝜑 ⟩ ⩾ 2𝜇∥𝜑∥2, 𝜑 ∈ D.

The pair (𝑇0, 𝑇0) is referred to as a joint pair of abstract Friedrichs operators (the definition is indeed
symmetric in 𝑇0 and 𝑇0).

Remark 1. Any pair of operators satisfying condition (T1), and consequently any pair of abstract Friedrichs
operators, can be viewed as a particular case of adjoint, dual or symmetric pairs. In the general framework,
however, it is not required that those two operators possess identical domains (see e.g. [9, 34] and [31,
Chapter 13]).

Before moving to the main topic of the paper, let us briefly recall the essential properties of (joint pairs
of) abstract Friedrichs operators, which we summarise in the form of a theorem. At the same time, we
introduce the notation that is used throughout the paper. The presentation consists of two steps: first, we
deal with the consequences of conditions (T1)–(T2), and then we highlight the additional structure implied
by condition (T3). A similar approach can be found in [15, Theorem 2.2].

Theorem 1. Let a pair of linear operators (𝑇0, 𝑇0) on H satisfy (T1) and (T2). Then the following holds:

(i) 𝑇0 ⊆ 𝑇∗
0 =: 𝑇1 and 𝑇0 ⊆ 𝑇∗

0 =: 𝑇1, where 𝑇∗
0 and 𝑇∗

0 are adjoints of 𝑇0 and 𝑇0, respectively.

(ii) The pair of closures (𝑇0, 𝑇0) satisfies (T1)–(T2) with the same constant 𝜆.

(iii) dom𝑇0 = dom𝑇0 =: W0 and dom𝑇1 = dom𝑇1 =: W .

(iv) The graph norms ∥ · ∥𝑇1 := ∥ · ∥ + ∥𝑇1 · ∥ and ∥ · ∥
𝑇1

:= ∥ · ∥ + ∥𝑇1 · ∥ are equivalent, (W , ∥ · ∥𝑇1 ) is a
Hilbert space (the graph space) and W0 is a closed subspace in it containing D.

(v) The linear operator 𝑇0 + 𝑇0 is everywhere defined, bounded and self-adjoint on H that coincides on
W with 𝑇1 + 𝑇1.

(vi) The expression
W ′⟨𝐷𝑢, 𝑣 ⟩W := ⟨𝑇1𝑢 | 𝑣 ⟩ − ⟨ 𝑢 | 𝑇1𝑣 ⟩, 𝑢, 𝑣 ∈ W ,

defines a bounded linear operator 𝐷 ∈ L(W;W ′) called the boundary operator as ker𝐷 = W0. The
boundary form

[ 𝑢 | 𝑣 ] := W ′⟨𝐷𝑢, 𝑣 ⟩W , 𝑢, 𝑣 ∈ W ,
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defines an indefinite inner product on W (cf. [12]) and we have W [⊥] = W0 and W [⊥]
0 = W , where

the [ · | · ]-orthogonal complement of a set 𝑋 ⊆ W is defined by

𝑋 [⊥] :=
{
𝑢 ∈ W : (∀𝑣 ∈ 𝑋) [ 𝑢 | 𝑣 ] = 0

}
and it is closed in W . Moreover, 𝑋 [⊥] [⊥] = 𝑋 if and only if 𝑋 is closed in W and W0 ⊆ 𝑋 .
For future reference, let us define

W+ :=
{
𝑢 ∈ W : [ 𝑢 | 𝑢 ] ≥ 0

}
W− :=

{
𝑢 ∈ W : [ 𝑢 | 𝑢 ] ≤ 0

}
.

(1)

Note that 𝑋 ⊆ 𝑋 [⊥] implies 𝑋 ⊆ W+ ∩W− .

Assume, in addition, (T3), i.e. (𝑇0, 𝑇0) is a joint pair of abstract Friedrichs operators. Then

(vii) (𝑇0, 𝑇0) satisfies (T3) with the same constant 𝜇.

(viii) A lower bound for 𝑇0 + 𝑇0 is 2𝜇 > 0.

(ix) We have
W = W0 ∔ ker𝑇1 ∔ ker𝑇1,

where the sums are direct, W0 ∔ ker𝑇1 ⊆ W− , W0 ∔ ker𝑇1 ⊆ W+ and all spaces on the right-hand
side are pairwise [ · | · ]-orthogonal. Moreover, the linear projections

𝑝k : W → ker𝑇1 and 𝑝k̃ : W → ker𝑇1

are continuous as maps (W , ∥ · ∥𝑇1 ) → (H, ∥ · ∥), i.e. 𝑝k, 𝑝k̃ ∈ L(W ,H).

(x) Let V be a subspace of the graph space W such that W0 ⊆ V ⊆ W+ (see (1)). Then

(∀𝑢 ∈ V) ∥𝑇1𝑢∥ ≥ 𝜇∥𝑢∥.

In particular, ran(𝑇1 |V ) = ran𝑇1 |V .
Analogously, if Ṽ is a subspace of W such that W0 ⊆ Ṽ ⊆ W− , then ∥𝑇1𝑣∥ ≥ 𝜇∥𝑣∥, 𝑣 ∈ Ṽ , and
ran(𝑇1 |Ṽ ) = ran𝑇1 |Ṽ .

(xi) Let V ⊆ W be a closed subspace (in W) containing W0. Then, for a subspace Ṽ of W , the operators
𝑇1 |V and 𝑇1 |Ṽ are mutually adjoint, i.e. (𝑇1 |V )∗ = 𝑇1 |Ṽ and (𝑇1 |Ṽ )∗ = 𝑇1 |V , if and only if Ṽ = V [⊥] .

(xii) Let V ⊆ W be a closed subspace containing W0 such that V ⊆ W+ and V [⊥] ⊆ W− . Then
𝑇1 |V : V → H and 𝑇1 |V [⊥] : V [⊥] → H are bijective, i.e. isomorphisms when we equip their domains
with the graph topology, and for every 𝑢 ∈ V the following estimate holds:

∥𝑢∥𝑇1 ≤
(
1 + 1

𝜇

)
∥𝑇1𝑢∥.

The same estimate holds for 𝑇1 and V [⊥] replacing 𝑇1 and V , respectively.
These bijective realisations of 𝑇0 and 𝑇0 are called bijective realisations with a signed boundary map.

(xiii) Let V ⊆ W be a closed subspace containing W0. Then 𝑇1 |V : V → H is bijective if and only if
V ∔ ker𝑇1 = W .

The statements i)–iv), vii) and viii) follow easily from the corresponding assumptions (cf. [7, 28]). The
claims v), x) and xii) are already argued in the first paper on abstract Friedrichs operators [28] for real vector
spaces (see Sections 2 and 3 therein), while in [4] the arguments are repeated in the complex setting. The
same applies for vi), with a remark that for a further structure of indefinite inner product space (W , [ · | · ])
we refer to [2]. The decomposition given in ix) is derived in [23, Theorem 3.1], while for additional claims
on projectors we refer to the proof of Lemma 3.5 in the aforementioned reference. In the same reference, one
can find the proof of part xiii) (Lemma 3.10 therein). Finally, a characterisation of mutual self-adjointness,
xi), is obtained in [7, Theorem 9].
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Remark 2. In this paper, we use the term realisation to denote operators 𝑇 that lie between the minimal
(e.g. 𝑇0) and the maximal (e.g. 𝑇1) operators, i.e. 𝑇0 ⊆ 𝑇 ⊆ 𝑇1. Moreover, in our context, it coincides with
the concept of extensions of the minimal operator, since all studied operators in this manuscript are always
between a minimal and a maximal operator (which is not the case in all works, cf. [40, Proposition 3.3]).
Note that all realisations are densely defined.

2.2. Boundary conditions for Friedrichs operators
We recall the definitions and connections among different boundary conditions for abstract Friedrichs
operators, which are mainly drawn from references [2, 28], while a brief overview can also be found in [41,
Chapter 2.5]. We assume that (𝑇0, 𝑇0) is a joint pair of abstract Friedrichs operators on a Hilbert space H.

Definition 2 ((V)-boundary conditions). A subspace V of the graph space W is said to satisfy (V)-boundary
conditions (jointly with Ṽ := V [⊥]) if the following conditions are satisfied:

(V1) The boundary form has opposite signs on these spaces. More precisely, V ⊆ W+ and Ṽ ⊆ W− , i.e.

(∀𝑢 ∈ V) [ 𝑢 | 𝑢 ] ≥ 0,

(∀𝑣 ∈ Ṽ) [ 𝑣 | 𝑣 ] ≤ 0.

(V2) The subspaces V , Ṽ are mutually [ · | · ]-orthogonal, i.e.

V = Ṽ [⊥] and Ṽ = V [⊥] .

Note that the second equality in (V2) is just the definition of Ṽ , and it is repeated here to emphasise
symmetry in conditions for both subspaces.
Remark 3. Let us note that any subspace V of W that satisfies assumption (V) (in pair with Ṽ := V [⊥])
is, by Theorem 1.vi), closed and contains W0, and thus satisfies assumptions from part xii) of the same
theorem. Since the converse is also true (see again Theorem 1.vi)), it follows that (V)-boundary conditions
correspond to realisations with a signed boundary map. If this is the case, note also that by part xiii) of the
aforementioned theorem we have V ∔ ker𝑇1 = W . However, not all bijections described in that part are
with a signed boundary map (see Example 1 below).

Definition 3 ((X)-boundary conditions). A subspace V of (W , [ · | · ]) is said to satisfy (X)-boundary
conditions if it is maximal non-negative, i.e. if the following conditions hold:

(X1) V is non-negative with respect to the boundary form [ · | · ], i.e. V ⊆ W+.

(X2) There is no non-negative subspace of (W , [ · | · ]) containing V properly.

In a similar way, one can define the notion of maximal non-positive subspace of W . Actually, it can be
proven that a subspace V of W is maximal non-negative if and only if Ṽ := V [⊥] is maximal non-positive
in W (see Theorem 2 below).

Definition 4 ((M)-boundary conditions). Let 𝐷 be the boundary operator. An operator 𝑀 ∈ L(W;W ′) is
said to satisfy (M)-boundary conditions if:

(M1) 𝑀 is non-negative:

(∀𝑢 ∈ W) ℜW ′⟨𝑀𝑢, 𝑢 ⟩W ≥ 0,

where ℜ𝑧 stands for the real part of a complex number 𝑧;

(M2) the graph space can be decomposed as

W = ker(𝐷 − 𝑀) + ker(𝐷 + 𝑀).
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The following result [28, Lemma 4.1] justifies the usage of the notion boundary operator for 𝑀 as well.

Lemma 1. Let 𝑀 ∈ L(W;W ′) satisfies (M)-boundary conditions. Then,

ker𝐷 = ker𝑀 = ker𝑀∗ and ran𝐷 = ran𝑀 = ran𝑀∗.

The statement of the equivalence between (X)- and (V)-boundary conditions is fairly straightforward
and can be summarised as follows (cf. [2, Theorem 2]).

Theorem 2. Let V be a subspace of W .

(a) If V satisfies (V)-boundary conditions, then V is maximal non-negative in W (and Ṽ := V [⊥] is
maximal non-positive).

(b) If V satisfies (X)-boundary conditions, then V satisfies (V)-boundary conditions.

The topic of the equivalence between (V)- and (M)-boundary conditions appeared to be more challenging.
Eventually, the following theorem was proven.

Theorem 3. Let W be the graph-space and 𝐷 the boundary operator.

(a) If 𝑀 ∈ L(W;W ′) is an operator satisfying (M)-boundary conditions, then the subspace V :=
ker(𝐷 − 𝑀) satisfies (V)-boundary conditions, and V [⊥] = ker(𝐷 + 𝑀∗).

(b) If V satisfies (V)-boundary conditions, then there exists an operator 𝑀 ∈ L(W;W ′) satisfying
(M)-boundary conditions such that V := ker(𝐷 − 𝑀) and V [⊥] = ker(𝐷 + 𝑀∗).

The (a) part of the above theorem was proved in [28, Theorem 4.2]. The converse appeared to be more
challenging. In some cases, this question boils down to closedness of the subspace V + Ṽ in the graph space
W (see e.g. [28, Section 4]). In [2, Corollary 3], this problem has been addressed in full generality. We
shall give more details on this subject in the fifth section.

2.3. The von Neumann extension theory
Recently, in [24], the authors presented a classification theory in the spirit of the von Neumann approach,
which is a well-known theory for both symmetric and skew-symmetric operators. Here we briefly recall the
results of the paper [24] (see also [41, Chapter 3]), in the context of the requirement of this manuscript.

Theorem 4. A pair of densely defined operators (𝑇0, 𝑇0) on H is a pair of abstract Friedrichs operators if
and only if there exist a densely defined skew-symmetric operator 𝐿0 and a bounded self-adjoint operator 𝑆
with strictly positive bottom, both on H, such that

𝑇0 = 𝐿0 + 𝑆 and 𝑇0 = −𝐿0 + 𝑆. (2)

If this is the case, then 𝑆 = 1
2

(
𝑇0 + 𝑇0

)
, and thus

∥𝑆𝑢∥ ≤ 𝜆∥𝑢∥, ⟨ 𝑆𝑢 | 𝑢 ⟩ ≥ 𝜇∥𝑢∥2, 𝑢 ∈ H, (3)

where 𝜆, 𝜇 > 0 are constants appearing in (T2) and (T3), respectively.
For a given pair, decomposition (2) is unique. Furthermore, we have the following:

(i) If we denote 𝐿1 := −𝐿∗0 ⊇ 𝐿0, then we have

𝑇1 = 𝐿1 + 𝑆, 𝑇1 = −𝐿1 + 𝑆.

(ii) W0 = dom 𝐿0 and W = dom 𝐿1, i.e. spaces W0 and W are independent of 𝑆.

(iii) The boundary form satisfies

[ 𝑢 | 𝑣 ] = ⟨ 𝐿1𝑢 | 𝑣 ⟩ + ⟨ 𝑢 | 𝐿1𝑣 ⟩, 𝑢, 𝑣 ∈ W . (4)
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Corollary 1. Let (𝑇0, 𝑇0) be a joint pair of abstract Friedrichs operators on H and let V ⊆ W be a closed
subspace containing W0 such that V ⊆ W+ and V [⊥] ⊆ W− (with respect to (𝑇0, 𝑇0)). For any joint pair
of abstract Friedrichs operators (𝐴0, 𝐴0) on H such that

(𝐴0 − 𝐴0)∗ = (𝑇0 − 𝑇0)∗,

we have that
(
(𝐴0)∗ |V , (𝐴0)∗ |V [⊥]

)
is a pair of bijective realisations with a signed boundary map.

Theorem 5. Let (𝑇0, 𝑇0) be a joint pair of abstract Friedrichs operators on H and let 𝑇 be a closed
realisation of 𝑇0, i.e. 𝑇0 ⊆ 𝑇 ⊆ 𝑇1. For a mapping 𝑈 : (ker𝑇1, [ · | · ]) → (ker𝑇1,−[ · | · ]) we define
V𝑈 :=

{
𝑢0 +𝑈𝜈̃ + 𝜈̃ : 𝑢0 ∈ W0, 𝜈̃ ∈ ker𝑇1

}
.

(i) 𝑇 is bijective if and only if there exists a bounded linear operator 𝑈 : ker𝑇1 → ker𝑇1 such that
dom𝑇 = V𝑈 .

(ii) 𝑇 is a bijective realisation with a signed boundary map if and only if there exists a linear operator
𝑈 : (ker𝑇1, [ · | · ]) → (ker𝑇1,−[ · | · ]) such that ∥𝑈∥ ≤ 1 and dom𝑇 = V𝑈 .

(iii) dom𝑇 = dom𝑇∗ if and only if there exists a unitary transformation 𝑈 : (ker𝑇1, [ · | · ]) →
(ker𝑇1,−[ · | · ]) such that dom𝑇 = V𝑈 .

(iv) The mapping 𝑈 ↦→ 𝑇1 |V𝑈
, is a one-to-one correspondence between the classifying operators 𝑈 and

the realisations 𝑇 , i.e. dom𝑇 , in each of the above cases.

3. 𝑚-accretive extensions of abstract Friedrichs operators

In this section, we shall further explore the decomposition from Theorem 4 in the context of accretive
operators. Since, for historical reasons, the use of term accretive is not uniform in the literature, we shall
provide a brief overview of basic notions that we shall use.

A linear operator 𝐴 : dom 𝐴 ⊆ H → H on a complex Hilbert space H is said to be accretive if for all
𝑥 ∈ dom 𝐴, we have

ℜ⟨ 𝐴𝑥 | 𝑥 ⟩ ≥ 0.

An accretive operator is said to be maximal accretive if it has no proper accretive extension, while an
accretive operator 𝐴 : dom 𝐴 ⊆ H → H is called 𝑚-accretive if 𝐼 + 𝐴 is onto (surjective). An operator
𝐴 is referred to as (maximal) dissipative if −𝐴 is (maximal) accretive. We consider only densely defined
operators on a Hilbert space in this paper. For these operators, the notions of maximal accretivity and
m-accretivity are equivalent [38, p. 201].

In the context of linear differential equations, maximal accretive operators generate 𝐶0− semigroups of
contractions (the Lumer-Phillips theorem - see [21, 37]) that provide solutions to time-evolution problems.
The notion of 𝑚-accretivity is also central to the Hille-Yosida theorem [21, 37], through the concept of the
so-called range condition: an accretive operator is𝑚−accretive if and only if the range of 𝜆𝐼+𝐴 equalsH for
some (and thus all) 𝜆 > 0. In the context of nonlinear operators, this is closely related to the Minty-Browder
theorem [36, 44], a result initially proven for monotone operators.

In the following results, we assume that (𝑇0, 𝑇0) is a joint pair of abstract Friedrichs operators on H and
make use of decomposition 𝑇𝑖 = 𝐿𝑖 + 𝑆 from Theorem 4, with 𝑖 being 0, 1 or void.

Lemma 2. If 𝑇 is a realisation of 𝑇0, i.e. 𝑇0 ⊆ 𝑇 ⊆ 𝑇1, then the following statements are equivalent:

(i) 𝑇 is accretive;

(ii) 𝐿 is accretive;

(iii) dom𝑇 (= dom 𝐿) is non-negative (contained in W+).

7
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Proof. Note that (4) implies

ℜ⟨ 𝐿1𝑢 | 𝑢 ⟩ = 1
2
[ 𝑢 | 𝑢 ], 𝑢 ∈ W , (5)

which proves the equivalence between (ii) and (iii), as 𝐿 = 𝐿1 |dom𝑇 . From 𝑇 = 𝐿 + 𝑆 and the second
inequality in (3) it is clear that the accretivity of 𝐿 implies the accretivity of 𝑇 . It remains to prove that (i)
implies (iii): from 𝑇 = 𝐿 + 𝑆 and (5), we have

ℜ⟨𝑇𝑢 | 𝑢 ⟩ =ℜ⟨ 𝐿𝑢 | 𝑢 ⟩ + ⟨ 𝑆𝑢 | 𝑢 ⟩

=
1
2
[ 𝑢 | 𝑢 ] + ⟨ 𝑆𝑢 | 𝑢 ⟩, 𝑢 ∈ dom𝑇 = dom 𝐿.

(6)

For an arbitrary 𝑢 ∈ dom𝑇 , by Theorem 1(ix), there exist 𝑢0 ∈ W0, 𝜈 ∈ ker𝑇1 and 𝜈̃ ∈ ker𝑇1 such that
𝑢 = 𝑢0 + 𝜈 + 𝜈̃. Since D = dom𝑇0 ⊆ dom𝑇 , for any 𝑣0 ∈ D we also have that 𝑣 = 𝑣0 + 𝜈 + 𝜈̃ ∈ dom𝑇 , and
[ 𝑢 | 𝑢 ] = [ 𝜈 | 𝜈 ] + [ 𝜈̃ | 𝜈̃ ] = [ 𝑣 | 𝑣 ] by [ · | · ]-orthogonality from Theorem 1(ix). Thus, if 𝑇 is accretive,
using this, (5), (6) and the first inequality in (3), we get

ℜ⟨ 𝐿𝑢 | 𝑢 ⟩ = 1
2
[ 𝑢 | 𝑢 ] = 1

2
[ 𝑣 | 𝑣 ] = ℜ⟨𝑇𝑣 | 𝑣 ⟩ − ⟨ 𝑆𝑣 | 𝑣 ⟩ ≥ −𝜆∥𝑣∥2 = −𝜆∥𝑣0 + 𝜈 + 𝜈̃∥2.

Since dom𝑇0 is dense in H, we can choose 𝑣0 arbitrarily close to −𝜈 − 𝜈̃ with respect to norm ∥ · ∥. Hence,

ℜ⟨ 𝐿𝑢 | 𝑢 ⟩ ≥ 0,

implying that 𝐿 is accretive.
□

Theorem 6. If 𝑇 is a realisation of 𝑇0, then the following assertions are equivalent:

(i) 𝑇 is 𝑚−accretive;

(ii) 𝐿 is 𝑚−accretive;

(iii) 𝑇 is a bijective realisation with a signed boundary map, i.e. dom𝑇 satisfies (V)- (equivalently (X)-)
boundary conditions.

Proof. For the equivalence between (i) and (ii), from Lemma 2 we have that 𝑇 is accretive if and only if 𝐿
is accretive. Since dom𝑇 = dom 𝐿 by definition, it is easy to see that if one of them is maximal accretive,
then so is the other, which concludes this equivalence.

Let us now prove that (i) implies (iii): if 𝑇 (and thus also L) is 𝑚−accretive, then from Lemma 2 we have
dom𝑇 = dom 𝐿 ⊆ W+. By Theorem 2 and Theorem 1(xii) it is enough to prove that dom 𝐿 is maximal
non-negative. If this is not the case, then there exists a non-negative subspace V ⊆ W+ that properly contains
dom 𝐿. But then 𝐿1 |V is again accretive by Lemma 2, which contradicts 𝑚−accretivity of 𝐿.

For the converse, if 𝑇 is a bijective realisation with a signed boundary map, then for any 𝑢 ∈ dom𝑇 , it
holds [ 𝑢 | 𝑢 ] ≥ 0, which, by Lemma 2, implies that 𝑇 is accretive. Since, by Theorem 2, dom𝑇 is maximal
non-negative in W , due to Lemma 2, it follows that 𝑇 is maximal accretive.

□

Remark 4. Theorem 6 provides an equivalence between (V)-boundary conditions and maximal accretive
realisations of abstract Friedrichs operators. In the context of the equivalence between (V)- and (X)-
boundary conditions (see Theorem 2), we can interpret this equivalence as follows: 𝑇 is a maximal accretive
realisation of an abstract Friedrichs operator if and only if dom𝑇 is a maximal non-negative subspace of W .
We shall explore these connections more precisely in the next section.
Remark 5. Recall that (by Theorem 5) point (iii) of the previous theorem is equivalent to the fact that
there exists a linear operator 𝑈 : (ker𝑇1, [ · | · ]) → (ker𝑇1,−[ · | · ]) such that ∥𝑈∥ ≤ 1 and dom𝑇 =

W0 ∔ {𝜈̃ + 𝑈𝜈̃ : 𝜈̃ ∈ ker𝑇1}. Hence, all 𝑚−accretive realisations of 𝑇0 can be parameterised by such
contractive mappings𝑈 between the kernels.
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Now we state the main result of this section, which is now a direct consequence of the Lumer-Phillips
theorem (see e.g. [21, Chapter II, Theorem 3.15]).

Corollary 2. If 𝑇 is a realisation of 𝑇0, then the following assertions are equivalent:

(i) 𝑇 is a bijective realisation with a signed boundary map, i.e. dom𝑇 satisfies (V)- (equivalently (X)-)
boundary conditions;

(ii) −𝑇 is a generator of a contractive 𝐶0−semigroup;

(iii) −𝐿 is a generator of a contractive 𝐶0−semigroup.

In [14, Theorem 2], the implication (i) =⇒ (ii) has been proved. Here in Corollary 2, we show that
the converse is also true, i.e. the bijective realisations, which give rise to the generators of contractive
𝐶0−semigroups, are precisely the ones with signed boundary maps.

It is natural to ask whether weakening the assumptions on the realisation—such as considering all
bijective realisations (not necessarily with a signed boundary map)—still ensures that the operator generates a
strongly continuous semigroup, even if it is not contractive. However, the answer is negative. More precisely,
a bijective realisation without a signed boundary map may generate a (non-contractive) 𝐶0−semigroup, but
it may also fail to be a generator. This can already be observed in the following one-dimensional example.

Example 1. Consider the first-order differential operator 𝐿0𝑢 =
𝑑𝑢

𝑑𝑥
on H = 𝐿2 ((0, 1);R) (for simplicity,

we consider only the real setting), with dom 𝐿0 = 𝐶∞
𝑐 ((0, 1)). The minimal space and the graph space are

W0 = 𝐻1
0 ((0, 1)) and W = 𝐻1 ((0, 1)), respectively, while the boundary operator 𝐷 and the boundary form

[ · | · ] are given by

(∀𝑢, 𝑣 ∈ W) W ′⟨𝐷𝑢, 𝑣 ⟩W = [ 𝑢 | 𝑣 ] = 𝑢(1)𝑣(1) − 𝑢(0)𝑣(0).

Note that an evaluation of a function from 𝐻1 ((0, 1)) at a point has a meaning due to the embedding of
𝐻1 ((0, 1)) in the space of continuous functions. The operator 𝑇0 := 𝐿0 +1 is an abstract Friedrichs operator
by Theorem 4 (see also [1, Example 1]) and, for 𝛼 ∈ R ∪ {∞}, let us consider closed realisations 𝑇 𝛼,
𝑇0 ⊆ 𝑇 𝛼 ⊆ 𝑇1 (here we continue to use the notation introduced in Section 2), where

dom𝑇 𝛼 =
{
𝑢 ∈ W : 𝑢(1) = 𝛼𝑢(0)

}
, 𝛼 ∈ R,

dom𝑇∞ =
{
𝑢 ∈ W : 𝑢(0) = 0

}
.

Of course, we have 𝑇 𝛼 = 𝐿𝛼 + 1 =
𝑑

𝑑𝑥
+ 1, where 𝐿𝛼 = (−𝐿0)∗ |dom𝑇𝛼 , and the derivative is taken in the

weak sense.
By [24, Example 3.6], we know that all𝑇 𝛼, except for one particular value, 𝛼 = 𝑒−1 ∈ (0, 1) are bijective

realisations. Moreover, it is also shown that bijective realisations with a signed boundary map correspond
to 𝛼 ∉ (−1, 1).

Therefore, by Theorem 6, we know that both 𝑇 𝛼 and 𝐿𝛼 are 𝑚−accretive if and only if 𝛼 ∈
(
R∪ {∞}

)
\

(−1, 1).
Our aim is to investigate whether 𝑇 𝛼 and 𝐿𝛼 generate a 𝐶0−semigroup in the yet undetermined case

when 𝛼 ∈ (−1, 1). Since 𝑇 𝛼 is merely a bounded perturbation of 𝐿𝛼, and vice versa, it suffices to study
only 𝐿𝛼 (cf. [21, Chapter III, Theorem 1.3]). Using this argument, we can also see that the value 𝛼 = 𝑒−1

should not be of a particular importance since it depends on the choice of bounded perturbation (see [24,
Example 3.6]), while this choice is irrelevant for the property of being a generator of a 𝐶0−semigroup.

If 𝐿𝛼 generates a 𝐶0−semigroup 𝑆𝛼 (𝑡), then for any 𝑢0 ∈ dom 𝐿𝛼 the abstract Cauchy problem

𝑢′ = 𝐿𝛼𝑢, 𝑢(0) = 𝑢0,

has a unique solution 𝑆(𝑡)𝑢0. Since the above differential equation corresponds to a first-order transport
partial differential equation, it is easy to see that the only choice for 𝑆(𝑡) is to be a translation semigroup(

𝑆(𝑡)𝑢0
)
(𝑥) = 𝑢0 (𝑥 − 𝑡)

9
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(cf. [21, Chapter I, Section 3]). In order to give a meaning to the formula above, we need to extend 𝑢0 to the
negative part of the real line. This is done by utilising the property 𝑆(𝑡)𝑢0 ∈ dom 𝐿𝛼 (see e.g. [21, Chapter
II, Lemma 1.3]). Hence, we get

𝛼𝑢0 (−𝑡) = 𝑢0 (1 − 𝑡), 𝑡 ≥ 0.

For 𝛼 = 0, the above property implies that 𝑢0 ≡ 0, implying that 𝐿0 cannot be a generator (the abstract
problem has a solution only for 𝑢0 ≡ 0).

On the other hand, for 𝛼 ∈ (−1, 1) \ {0} we get that 𝑆(𝑡)𝑢0 is well-defined for any 𝑢0 ∈ dom 𝐿𝛼. In
particular, 𝐿𝛼 is a generator of a 𝐶0−semigroup. Moreover, one easily gets(

𝑆(𝑛)𝑢0
)
(𝑥) = 𝛼−𝑛𝑢0 (𝑥), 𝑥 ∈ [0, 1], 𝑛 ∈ N.

Since 0 ≠ |𝛼 | < 1, this provides evidence that these semigroups are neither contractive nor uniformly
bounded.

To conclude, in this example one can see that there is a realisation of 𝐿0, which corresponds to a
bijective realisation of 𝑇0 that does not generate a 𝐶0−semigroup, while there are also realisations that
generate 𝐶0−semigroups that are not uniformly bounded.

Let us strengthen the above argument slightly by demonstrating in an alternative way that the operator
𝐿0 (i.e. for 𝛼 = 0) does not generate a 𝐶0−semigroup: by direct computation, the resolvent operator
R(𝜆, 𝐿0) = (𝜆1 − 𝐿0)−1 can be characterised as follows. For any 𝜆 > 0 and 𝑓 ∈ 𝐿2 ((0, 1)), we have

R(𝜆, 𝐿0) 𝑓 (𝑥) =
∫ 1

𝑥

𝑒𝜆(𝑥−𝑦) 𝑓 (𝑦)𝑑𝑦.

For constant function 𝑓 ≡ 1, the above reads

R(𝜆, 𝐿0) 𝑓 (𝑥) = 1
𝜆
− 1
𝜆𝑒𝜆

𝑒𝜆𝑥 .

Thus, we have

∥R(𝜆, 𝐿0)∥2 ≥ ∥R(𝜆, 𝐿0) 𝑓 ∥2 =
3
2𝜆

���1 − 2
3𝜆

− 4
3𝑒𝜆

+ 1
3𝑒2𝜆

���,
implying that ∥R(𝜆, 𝐿0)∥ is of the order 𝑂 ( 1√

𝜆
) for large 𝜆 > 0. Therefore, the assumptions of the Hille-

Yosida theorem [37, Chapter I, Theorem 5.3] are not fulfilled, and thus 𝐿0 (and consequently 𝑇0) is not a
generator of a 𝐶0−semigroup.

Remark 6. Analogous results to those of Lemma 2, Theorem 6 and Corollary 2 hold for realisations of
𝑇0, due to the symmetric role of 𝑇0 and 𝑇0 in the theory of Friedrichs systems. For example, statements
of Lemma 2 hold true with 𝑇𝑖 replaced with 𝑇𝑖 (with 𝑖 being 0, 1 or void), 𝐿 replaced with corresponding
𝐿̃ := −𝐿1 |dom𝑇

and W+ with W− . In particular, 𝑇1 |V is 𝑚−accretive if and only if 𝑇1 |V [⊥] is 𝑚−accretive.
This can also be seen from the semigroup theory of adjoint operators ([21, Chapter I, Proposition 1.13])
and the fact that bijective realisations of 𝑇0 and 𝑇0 with a signed boundary map are mutually adjoint to each
other (see Theorem 1.xi)).
Remark 7. A specific case of the (V)-boundary condition occurs whenV [⊥] = V , i.e. when dom𝑇 = dom𝑇∗.
It is easy to verify that this is equivalent to operator 𝐿 being skew-selfadjoint, which is by Stone’s theorem
[21, Chapter II, Theorem 3.24] equivalent to the fact that 𝐿 generates a unitary 𝐶0-group. However, it is
worth noting that the operator −𝑇 does not generate a unitary group, even though −𝑇 generates a contractive
𝐶0−semigroup. Indeed, if it does, then by Stone’s theorem 𝑇 has to be skew-selfadjoint, i.e. 𝑇∗ = −𝑇 , which
would imply 𝑆 = 0 in (2), contradicting the fact that 𝑆 is strictly positive. The reason is that the operator
−𝑇 = −𝐿 − 𝑆 is not 𝑚−accretive, which means the semigroup generated by 𝑇 is not contractive due to the
Lumer-Phillips theorem [21, Chapter II, Theorem 3.15]. However, the 𝐶0−semigroup ((𝑃(𝑡))𝑡≥0 generated
by 𝑇 has the following bound (see [21, Chapter III, Theorem 1.3]):

∥𝑃(𝑡)∥ ≤ 𝑒 ∥𝑆 ∥𝑡 𝑡 ≥ 0 .
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Let us conclude this section with a remark on skew-symmetric operators.
Remark 8. The extension theory for skew-symmetric operators is well-studied. The von Neumann approach
can be found in [40] and the approaches involving the concept of boundary systems (or boundary quadruples)
can be found in [8, 42, 43]. These extension results, classifying all 𝑚−accretive extensions of skew-
symmetric operators, combined with Theorem 6, provide another way to classify the boundary conditions
of abstract Friedrichs operators of interest. Moreover, [42, 43] also include the nonlinear 𝑚−accretive
extensions of skew-symmetric operators, which leads to the nonlinear 𝑚−accretive extensions of abstract
Friedrichs operators.

4. Interpretation of 𝑚-accretive extensions in terms of other boundary conditions

In the previous section, we proved the equivalence between𝑚−accretive extensions and the realisations with
signed boundary maps for abstract Friedrichs operators. In this section, we investigate and compare (V)-
and (X)-boundary conditions with 𝑚−accretivity in more detail.
Remark 9. (V)-boundary conditions are also known as the cone formalism. The two parts (V1) and (V2)
reflect on accretivity and maximality, respectively. Indeed, to verify this interpretation of the (V1) condition,
let 𝑇 and 𝑇 be realisations (extensions) of 𝑇0 and 𝑇0, respectively. If we denote V := dom𝑇 , Ṽ := dom𝑇 ,
then by Lemma 2 (see also Remark 6) the following assertions are equivalent:

(i) V and Ṽ satisfy the (V1)-condition;

(ii) 𝑇 and 𝑇 are accretive.

Similarly, having that 𝑇 and 𝑇 are accretive, the maximal accretivity (of both 𝑇 and 𝑇) is equivalent to the
(V2) condition. Indeed, due to Theorem 1(xi), the (V2)-condition is equivalent to the fact that the operators
(𝑇,𝑇) are mutually adjoint, i.e.

𝑇∗ = 𝑇 and 𝑇∗ = 𝑇.

Since both are accretive, then by [21, Chapter I, Proposition 1.3], both are maximal accretive. The converse
statement has already been proven in Theorem 6 (see also Remark 6).
Remark 10. The maximal accretive extensions of Friedrichs operators are directly comparable to (X)-
boundary conditions through Lemma 2 and Theorem 6. To be more specific, the (X1) condition is
equivalent to the accretivity, while the (X2) condition, which is the maximality condition in the context of
non-negative subspaces, appears to be equivalent to the maximality in the context of accretive operators. In
a way, this provides another equivalence between (X)- and (V)-boundary conditions via maximal accretivity.
Remark 11. In the theory of abstract Friedrichs operators, a key challenge is to establish the connection
between (V)- (or (X)-) boundary conditions and the abstract version of Friedrichs’ conditions, namely, the
(M)-boundary conditions. Naturally, the closer we get to understanding these connections, the easier it
becomes to relate maximal accretivity to (M)-boundary conditions. Although there are existing results on
the equivalence between (M)- and (V)-boundary conditions (see Theorem 3 and its constructive version
in Theorem 7 below, taken from [2]), in the next section we provide a refined result in this direction.
The equivalence between maximal accretivity and (V)-boundary conditions allows us to directly relate
maximal accretivity to (M)-boundary conditions. Indeed, using Theorems 3 and 6, we can easily conclude
that if an operator 𝑀 : W → W ′ satisfies (M)-boundary conditions, then 𝑇1 |ker(𝐷−𝑀 ) and 𝑇1 |ker(𝐷+𝑀∗ ) are
𝑚−accretive. Conversely, if a realisation𝑇 of𝑇0 in𝑚−accretive, then there exists an operator𝑀 ∈ L(W;W ′)
satisfying (M)-conditions such that dom𝑇 := ker(𝐷 − 𝑀) and dom𝑇 [⊥] = ker(𝐷 + 𝑀∗).

The difficult part is the construction of such an operator 𝑀 for a given 𝑚−accretive realisation 𝑇 , and
we shall address this in the next section.

5. On the equivalence of (V)- and (M)-boundary conditions

In this section, we provide a more concrete proof of the equivalence between (V)- and (M)-boundary
conditions for a pair of abstract Friedrichs operators.

More precisely, the known result [2] is the following:

11
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Theorem 7. Let W be the graph space and 𝐷 the boundary operator.

(i) Suppose that V satisfies the (V)-boundary conditions. Then there exists a closed subspace W2 ⊆ W−

of W such that
W = V ¤+W2.

Additionally, if W2 is such a subspace and we set W1 := V ∩W⊥
0 , so that W = W0 ¤+W1 ¤+W2, with

projectors 𝑞0, 𝑞1, 𝑞2 associated to this decomposition, then the operator 𝑀 ∈ L(W;W ′) defined with

𝑀 = 𝐷 (𝑞1 − 𝑞2)

satisfies the (M)-boundary conditions and V = ker(𝐷 − 𝑀).

(ii) Conversely, let 𝑀 ∈ L(W;W ′) satisfy the (M)-boundary conditions and set V := ker(𝐷 −𝑀). Then

W2 := ker(𝐷 + 𝑀) ∩W⊥
0

is a closed subspace of W contained in W− , and we have

W = V ¤+W2.

Remark 12. Note that the construction above of𝑀 from part (i) can be simplified: if 𝑝1, 𝑝2 are corresponding
direct projectors with respect to the decomposition W = V ¤+ W2, i.e. 𝑝1 = 𝑞0 + 𝑞1 and 𝑝2 = 𝑞2, then the
operator 𝑀 can be represented as 𝑀 = 𝐷 (𝑝1 − 𝑝2) = 𝐷 (1 − 2𝑝2) due to 𝐷𝑞0 = 0.
Remark 13. The existence of a closed subspace W2 ⊆ W− of W such that V ¤+W2 = W was proved in
[2, Theorem 9] via rather non-trivial arguments of Kreı̆n space theory. However, from Remark 3 we have
V ¤+ ker𝑇1 = W , clearly ker𝑇1 is closed in W , and by Theorem 1, part (ix) it is also non-positive in W .
Thus, we can choose W2 to be ker𝑇1 (for every V satisfying (V)-boundary conditions). We state and prove
this result explicitly in the following theorem and also discuss the multiplicity of the subspaces W1 and W2
later.

Theorem 8. LetV be a subspace satisfying (V)-boundary conditions. If 𝑝1, 𝑝2 are projectors corresponding
to the decompositionW = V ¤+ ker𝑇1, then the operator𝑀 := 𝐷 (1−2𝑝2) satisfies (M)-boundary conditions
and V = ker(𝐷 − 𝑀).

Proof. Let us first prove that 𝑀 satisfies the (M1)-condition: if 𝑢 ∈ W , then

W ′⟨𝑀𝑢, 𝑢 ⟩W = [ (1 − 2𝑝2)𝑢 | 𝑢 ] = [ (𝑝1 − 𝑝2)𝑢 | (𝑝1 + 𝑝2)𝑢 ],

where we used 𝑝1 + 𝑝2 = 1. Since [ 𝑝1𝑢 | 𝑝2𝑢 ] − [ 𝑝2𝑢 | 𝑝1𝑢 ] has no real part (by the symmetry
property of the indefinite inner product; see Theorem 1(vi)) and V ⊆ W+, ker𝑇1 ⊆ W− , we conclude that
ℜW ′⟨𝑀𝑢, 𝑢 ⟩W ≥ 0. Hence, 𝑀 satisfies the (M1)-condition. The statement V = ker(𝐷 −𝑀) easily follows
from

ker(𝐷 − 𝑀) = ker𝐷𝑝2 = ker 𝑝2 ∪ (ran 𝑝2 ∩ ker𝐷) = V ∪ (ker𝑇1 ∩W0) = V ,

where we have used the definition of 𝑀 for the first equality, the second one is trivial, the third one follows
from the definition of 𝑝2 and ker𝐷 = W0 (Theorem 1.(vi)), while the last one follows from Theorem 1(ix).

To obtain the (M2)-condition, i.e.W = ker(𝐷−𝑀)+ker(𝐷+𝑀), it is sufficient (due to the decomposition
given in Theorem 1(xiii)) to prove that ker𝑇1 ⊆ ker(𝐷 +𝑀). Since for 𝑢 ∈ ker𝑇1 we have 𝑝1𝑢 = 0, it easily
follows that

(𝐷 + 𝑀)𝑢 = 2𝐷𝑝1𝑢 = 0,

which completes the proof. □

Remark 14. Let V be a subspace satisfying (V)-boundary conditions.

12
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(i) In the proof of the previous theorem, we showed that ker(𝐷 −𝑀) = V and ker(𝐷 +𝑀) ⊇ ker𝑇1. The
latter can be improved to ker(𝐷 + 𝑀) = W0 + ker𝑇1. In fact, the analogous identity holds for the
more general construction given in Theorem 7(i), namely

ker(𝐷 + 𝑀) = W0 +W2,

with W2 denoting the space defined in Theorem 7(i).
Indeed, since ker(𝐷 + 𝑀) is a subspace, from

W0 ⊆ ker(𝐷 + 𝑀) and W2 ⊆ ker(𝐷 + 𝑀)

we obtain W0 +W2 ⊆ ker(𝐷 + 𝑀). The first inclusion follows from ker𝐷 = ker𝑀 = W0, while the
latter is obvious from the identity 𝐷 + 𝑀 = 2𝐷𝑝1. Conversely, using again 𝐷 + 𝑀 = 2𝐷𝑝1, for any
𝑢 ∈ ker(𝐷 + 𝑀) we have 𝑝1𝑢 ∈ W0. Hence, writing 𝑢 = 𝑝1𝑢 + 𝑝2𝑢, we get that 𝑢 ∈ W0 +W2.

(ii) Theorem 8 ensures that for any subspace V satisfying (V)-boundary conditions, there exists a corre-
sponding operator 𝑀 satisfying (M)-boundary conditions such that V = ker(𝐷 −𝑀), obtained via the
construction of Theorem 7(i) with W2 = ker𝑇1. Moreover, this operator 𝑀 is unique. Consequently,
the assignment

V ↦→ 𝑀

is a well-defined and injective mapping.
It is, however, not surjective: there exist operators 𝑀 satisfying (M)-boundary conditions with
V = ker(𝐷 − 𝑀) that do not arise from this construction (see the next point and the examples
following this remark).

(iii) Let us now reflect on the construction from Theorem 7 in more detail: for a fixed V satisfying
(V)-boundary conditions, let us define

WV := {W2 ⊆ W : W2 ⊆ W− is a closed subspace and V ¤+W2 = W},
MV := {𝑀 ∈ L(W ,W ′) : 𝑀 satisfies the (M)-boundary condition and V = ker(𝐷 − 𝑀)},

and a mapping WV → MV defined as W2 ↦→ 𝑀 by the construction from part (i) of Theorem
7. Surjectivity of such mapping follows from part (ii) of the theorem, thus all suitable 𝑀’s can
be obtained by this construction. Regarding injectivity, we can only conclude that this mapping
is injective modulo W0, i.e. if 𝑀 = 𝑀 ′ ∈ MV , then from part (i) of this remark it follows that
W2 +W0 = ker(𝐷 + 𝑀) = ker(𝐷 + 𝑀 ′) = W ′

2 +W0.
Indeed, this is the strongest conclusion we can make sinceW2+W0 = W ′

2+W0 implies ker(𝐷+𝑀) =
ker(𝐷 + 𝑀 ′) (again using part (i)), which means that 𝑀 = −𝐷 = 𝑀 ′ on this subspace. Since 𝑀 and
𝑀 ′ coincide on V = ker(𝐷 −𝑀) = ker(𝐷 −𝑀 ′) by the similar argument, it follows that they coincide
on W by the (M2)-condition. Thus, W2 +W0 = W ′

2 +W0 is equivalent to 𝑀 = 𝑀 ′.

We now illustrate the results and observations of this section with two examples. The first one extends
Example 1, while the second examines a partial differential operator corresponding to the stationary diffusion
equation.

Example 2. We continue with Example 1, where the spaces H, W , W0, and the operators 𝑇0, 𝑇1, 𝑇 𝛼, 𝐷,
are fixed.

It is easy to get that the kernel of 𝑇1 is given by

ker𝑇1 = span{𝑒−𝑥},

cf. [24, Example 3.6].
Let us take an arbitrary 𝛼 ∈

(
R ∪ {∞}

)
\ (−1, 1). Then 𝑇 𝛼 is a bijective realisation with a signed

boundary map, i.e. dom𝑇 𝛼 satisfies (V)-boundary conditions. Thus, by Theorem 3, there exists an operator
𝑀𝛼 ∈ L(W;W ′) satisfying (M)-boundary conditions.

13
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We shall first use the construction given in Theorem 8 to obtain one such 𝑀𝛼. Let 𝑝𝛼1 , 𝑝
𝛼
2 be direct

projectors corresponding to the decomposition W = dom𝑇 𝛼 ¤+ ker𝑇1. Then, by Theorem 8,

𝑀𝛼 = 𝐷 (1 − 2𝑝𝛼2 )

satisfies (M)-boundary conditions and corresponds to dom𝑇 𝛼 in the sense that ker(𝐷 − 𝑀𝛼) = dom𝑇 𝛼.
Moreover, by obtaining an explicit formula for 𝑝𝛼2 (see [23, Subsection 5.3] for similar computations), we
get:

W ′⟨𝑀𝛼𝑢, 𝑣 ⟩W = (𝑢(1) − 2𝐾𝛼
𝑢 𝑒

−1)𝑣(1) − (𝑢(0) − 2𝐾𝛼
𝑢 )𝑣(0) , 𝑢, 𝑣 ∈ W ,

where
𝐾𝛼
𝑢 =

𝑢(1) − 𝛼𝑢(0)
𝑒−1 − 𝛼

,

and 𝐾∞
𝑢 = 𝑢(0).

Now, let us consider other operators that satisfy (M)-boundary conditions and correspond to the same
space dom𝑇 𝛼. We will use the more general construction provided by Theorem 7. Our aim is to find
all closed W2’s satisfying dom𝑇 𝛼 ∔ W2 = W and W2 ⊆ W− , which by Theorem 7(i) ensures the
classification of all (M)-boundary conditions corresponding to a fixed 𝛼. Since dim ker𝑇1 = 1, by Theorem
1(xiii) codim dom𝑇 𝛼 = 1, implying dimW2 = 1. By Theorem 1(ix), we can write W2 = W𝑎,𝑏

2 :=
span{𝑢0 + 𝑎𝑒−𝑥 + 𝑏𝑒𝑥} for some 𝑢0 ∈ W0, 𝑎, 𝑏 ∈ R. By Remark 14(iii), it is sufficient to take 𝑢0 = 0. Since
W𝑎,𝑏

2 ⊆ W− , we have that 𝑎 ≠ 0 and hence we can parameterise all such W2’s by 𝑟 := 𝑏
𝑎
.

Let us take 𝑟 ∈ R such that

|𝑟 | ≤

√︄
− [ 𝑒−𝑥 | 𝑒−𝑥 ]

[ 𝑒𝑥 | 𝑒𝑥 ] =
1
𝑒

and define
W𝑟

2 = span {𝑒−𝑥 + 𝑟𝑒𝑥} .
The assumption on the parameter 𝑟 is precisely to ensure that W𝑟

2 ⊆ W− . Note also that W0
2 = ker𝑇1.

Clearly, the decomposition

W = dom𝑇 𝛼 ∔ W𝑟
2

holds, and it is direct, barring the following two exceptional cases: if 𝛼 = 1, then W𝑒−1

2 ⊆ dom𝑇 𝛼, and
if 𝛼 = −1, then W−𝑒−1

2 ⊆ dom𝑇 𝛼. If the direct projections 𝑝𝛼,𝑟1 and 𝑝
𝛼,𝑟

2 are onto dom𝑇 𝛼 and W𝑟
2 ,

respectively, then the operator 𝑀𝛼,𝑟 = 𝐷 (1−2𝑝𝛼,𝑟2 ) satisfies (M)-boundary conditions. Analogously to the
case 𝑟 = 0 above, we have: for any 𝑢, 𝑣 ∈ W ,

W ′⟨𝑀𝛼,𝑟𝑢, 𝑣 ⟩W = (𝑢(1) − 2𝐾𝛼,𝑟
𝑢 (𝑒−1 + 𝑟𝑒))𝑣(1) − (𝑢(0) − 2𝐾𝛼,𝑟

𝑢 (1 + 𝑟))𝑣(0), (7)

where
𝐾𝛼,𝑟
𝑢 =

𝑢(1) − 𝛼𝑢(0)
𝑒−1 + 𝑟𝑒 − 𝛼(1 + 𝑟)

,

and 𝐾∞,𝑟
𝑢 = 1

1+𝑟 𝑢(0).
Note that 𝑀𝛼 and 𝑀𝛼,0 coincide, as expected (since W0

2 = ker𝑇1). Furthermore, by Remark 14(iii),
we see that all operators satisfying (M)-boundary conditions and corresponding to dom𝑇 𝛼 are given by (7).
Indeed, one simply needs to observe that for any other W2 ⊆ W− such that dom𝑇 𝛼 ¤+W2 = W we have
W2 +W0 = W𝑟

2 +W0 for some 𝑟, 𝑟 ≤ 𝑒−1.

Example 3. Let Ω ⊂ R𝑑 be an open and bounded set with Lipschitz boundary Γ. Consider the following
second-order partial differential equation:

−Δ𝑢 + 𝑢 = 𝑓 ,

which can be written as a system of first-order partial differential equations as follows:{
p = −∇𝑢
div p + 𝑢 = 𝑓 .

(8)
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Let us define the coefficient matrices A𝑘 = e𝑘 ⊗ e𝑑+1 + e𝑑+1 ⊗ e𝑘 ∈ M𝑑+1(R) for 𝑘 = 1, 2, ..., 𝑑, where
(e1, e2, ..., e𝑑+1) is the standard basis for R𝑑+1, and let B be the identity matrix of order 𝑑 + 1. Then the
system (8) can be rewritten as 𝑇0u = f, where

𝑇0u :=
𝑑∑︁

𝑘=1
𝜕𝑘 (A𝑘u) + Bu,

with u =

[
p
𝑢

]
and f =

[
0
𝑓

]
. The operator 𝑇0 is an abstract Friedrichs operator (see [3, 28, 41]). Here we use

our standard notation, in which 𝑇0 stands for minimal and 𝑇1 for the corresponding maximal operator. The
graph space and the minimal space are identified as

W := 𝐿2
div (Ω;C𝑑) × 𝐻1 (Ω;C)

and W0 := 𝐿2
div,0 (Ω;C𝑑) × 𝐻1

0 (Ω;C),

respectively. Here, the space 𝐿2
div (Ω;C𝑑) is defined as the space of all vector-valued 𝐿2 functions whose

divergence is an (scalar) 𝐿2 function as well. Then 𝐿2
div,0 (Ω;C𝑑) is just the closure of the space 𝐶∞

𝑐 (Ω;C𝑟 )
in the norm of 𝐿2

div (Ω;C𝑑).
Let T0 and T𝝂 be the traces of 𝐻1 (Ω;C) in 𝐻 1

2 (Γ;C) and 𝐿2
div (Ω;C𝑑) in 𝐻− 1

2 (Γ;C), respectively.
Moreover, the boundary map can be characterised as(

∀ u :=
[
p
𝑢

]
, v :=

[
q
𝑣

]
∈ W

)
W ′⟨𝐷u, v ⟩W = − 1

2
⟨T𝝂p,T0𝑣 ⟩ 1

2
+ − 1

2
⟨T𝝂q,T0𝑢 ⟩ 1

2
, (9)

where − 1
2
⟨ ·, · ⟩ 1

2
denotes the duality pairing between the space 𝐻 1

2 (Γ;C) and its dual 𝐻− 1
2 (Γ;C). The kernel

can be described as

ker𝑇1 = {(p, 𝑢)⊤ ∈ W : p = −∇𝑢 and 𝑢 = − div p}.

Notice that (p, 𝑢)⊤ ∈ ker𝑇1 if and only if −Δ𝑢 + 𝑢 = 0 and p = −∇𝑢. Hence, ker𝑇1 can be parametrised by
the value of 𝑢 on the boundary, i.e. T0𝑢, since the problem −Δ𝑢 + 𝑢 = 0 together with T0𝑢 = 𝑔, for a fixed
𝑔 ∈ 𝐻 1

2 (Γ;C), has a unique solution.
By choosing V = 𝐿2

div (Ω;C𝑑) × 𝐻1
0 (Ω;C) = {(p, 𝑢) ∈ W : T0𝑢 = 0}, the homogeneous Dirichlet

boundary condition is imposed (we refer to the aforementioned references for these results).
Let us follow the construction from Theorem 8 in order to obtain an operator 𝑀 ∈ L(W;W ′) that

satisfies (M)-boundary conditions and is associated to the chosen V . For an arbitrary 𝑢 ∈ 𝐻1 (Ω;C), let
𝑤𝑢 ∈ 𝐻1 (Ω;C) be a unique solution of {

−Δ𝑤𝑢 + 𝑤𝑢 = 0 in Ω

T0𝑤𝑢 = T0𝑢.
(10)

Then we know that (−∇𝑤𝑢, 𝑤𝑢)⊤ ∈ ker𝑇1. For an arbitrary p ∈ 𝐿2
div (Ω;C𝑑) we have[

p
𝑢

]
=

[
p + ∇𝑤𝑢

𝑢 − 𝑤𝑢

]
+
[
−∇𝑤𝑢

𝑤𝑢

]
.

Since the vector-valued functions on the right-hand side are in V and ker𝑇1, respectively, the decomposition
above defines the direct projectors 𝑝1 and 𝑝2 from Theorem 8. More precisely, 𝑝2 (p, 𝑢)⊤ = (−∇𝑤𝑢, 𝑤𝑢)⊤.
Now, by Theorem 8, 𝑀 = 𝐷 (1 − 2𝑝2) is a desired operator. Using (9), for any u := (p, 𝑢)⊤ ∈ W and
v := (q, 𝑣)⊤ ∈ W we get

W ′⟨𝑀u, v ⟩W = W ′⟨𝐷 (u − 2𝑝2u), v ⟩W
= − 1

2
⟨T𝝂 (p + 2∇𝑤𝑢),T0𝑣 ⟩ 1

2
+ − 1

2
⟨T𝝂q,T0 (𝑢 − 2𝑤𝑢) ⟩ 1

2

= − 1
2
⟨T𝝂 (p + 2∇𝑤𝑢),T0𝑣 ⟩ 1

2
− − 1

2
⟨T𝝂q,T0𝑢 ⟩ 1

2

= − 1
2
⟨T𝝂p,T0𝑣 ⟩ 1

2
− − 1

2
⟨T𝝂q,T0𝑢 ⟩ 1

2
+ 2− 1

2
⟨T𝝂∇𝑤𝑢,T0𝑣 ⟩ 1

2
,
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where in the third equality we used T0𝑤𝑢 = T0𝑢. The linear map 𝑢 ↦→ T𝝂∇𝑤𝑢 appearing in the formula
above can be recognised as the Dirichlet-to-Neumann map, corresponding to the elliptic operator −Δ + 1.
See, for example, [10] for recent studies of this object in a broader context.

In [3, Section 6], other operators 𝑀 were provided using a rather different approach. More precisely,
for the homogeneous Dirichlet boundary conditions, which are considered here, it was proved in [3] that for
any 𝛼 ≥ 0, operators from the following family: ((p, 𝑢)⊤, (q, 𝑣)⊤ ∈ W)

W ′⟨𝑀𝛼 (p, 𝑢)⊤, (q, 𝑣)⊤ ⟩W = − 1
2
⟨T𝝂p,T0𝑣 ⟩ 1

2
− − 1

2
⟨T𝝂q,T0𝑢 ⟩ 1

2
+ 2𝛼

∫
Γ

T0𝑢T0𝑣 𝑑𝑆, (11)

satisfy (M)-boundary conditions and correspond to V .
For any 𝛼 ≥ 0, one can easily find a suitable subspace W𝛼

2 which, following the construction of Theorem
7, leads to the above operator 𝑀𝛼: for an arbitrary 𝑢 ∈ 𝐻1 (Ω;C), let 𝑣𝑢 ∈ 𝐻1 (Ω;C) be a unique weak
solution of the Neumann problem {

−Δ𝑣𝑢 + 𝑣𝑢 = 0 in Ω

𝝂 · ∇𝑣𝑢 = T0𝑢.
(12)

Then we also have that Δ𝑣𝑢 ∈ 𝐿2 (Ω;C), the equation in (12) holds in 𝐿2 (Ω;C), while the boundary
condition can be interpreted as T𝝂 (∇𝑣𝑢) = T0𝑢 in 𝐻−1/2 (Γ;C) [20, pp. 380-383]. Then a possible choice
could be

W𝛼
2 =

{
(−𝛼∇𝑣𝑢, 𝑤𝑢)⊤ : 𝑢 ∈ 𝐻1 (Ω;C)

}
.

Indeed, the decomposition [
p
𝑢

]
=

[
p + 𝛼∇𝑣𝑢
𝑢 − 𝑤𝑢

]
+
[
−𝛼∇𝑣𝑢
𝑤𝑢

]
can be used to verify that the identities W = V + W𝛼

2 and ker(𝐷 + 𝑀𝛼) = W0 + W𝛼
2 hold. The second

equality shows that this W𝛼
2 generates 𝑀𝛼, given in (11), by the construction from Theorem 7 (see also

Remark 14). Since 𝛼 ≥ 0, we easily get W𝛼
2 ⊆ W− , while V ∩W𝛼

2 = {0} follows from the fact that the
zero function is the only solution of (12), as well as (10), with a zero boundary condition.

It only remains to verify that W𝛼
2 is closed in W: if (p𝑛, 𝑢𝑛) is a sequence in W𝛼

2 that converges to
some (p, 𝑢) in W , then there exists 𝑢̃𝑛 ∈ 𝐻1 (Ω;C) such that

p𝑛 = −𝛼∇𝑣𝑢̃𝑛 −→ p in 𝐿2
div (Ω;C𝑑),

𝑢𝑛 = 𝑤𝑢̃𝑛 −→ 𝑢 in 𝐻1 (Ω;C). (13)

From the second convergence above, the continuity of the trace operator T0 and boundary conditions in (12)
and (10) we obtain that T𝝂 (∇𝑣𝑢̃𝑛 ) = T0 (𝑢̃𝑛) = T0 (𝑤𝑢̃𝑛 ) converges to T0 (𝑢) in 𝐻 1

2 (Γ;C) and thus also in
𝐻− 1

2 (Γ;C). An a priori estimate for (12) gives that 𝑣𝑢̃𝑛 converges to 𝑣𝑢 in 𝐻1 (Ω;C), which together with
the first convergence in (13) implies that p = −𝛼∇𝑣𝑢, by uniqueness of the limit. Similarly, from an a priori
estimate for (10) we conclude that 𝑤𝑢̃𝑛 converges to 𝑤𝑢 in 𝐻1 (Ω;C), and thus 𝑤𝑢 = 𝑢 by uniqueness of the
limit. Therefore, (p, 𝑢) = (−𝛼∇𝑣𝑢, 𝑤𝑢), and thus W𝛼

2 is closed in W .
With this, we conclude our discussion on the multiplicity of 𝑀-operators associated with the chosen

(homogeneous Dirichlet) boundary condition, along with the corresponding subspaces W2 used in their
construction. Although the examples presented do not cover all possible 𝑀-operators, they serve to
demonstrate that the abstract construction provided in Theorem 7(i) is applicable (see also Remark 12). In
particular, the choice W2 = ker𝑇1 (see Theorem 8) is highlighted. Moreover, the approach aligns with
previously established 𝑀-operators developed through a rather different, classical method.
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