Mathematical
Math. Commun. 31 (2026), 1-14 o .
DOI: 10.1000/100 Communications

Interpolatory necessary optimality conditions for reduced-order
modeling of parametric linear time-invariant systems
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Abstract. Interpolatory necessary optimality conditions for #H>-optimal reduced-order modeling of non-parametric
linear time-invariant (LTI) systems are known and well-investigated. In this paper, using the general framework of
L,-optimal reduced-order modeling of parametric stationary problems, we derive interpolatory H, ® L,-optimality
conditions for parametric LTI systems with a general pole-residue form. Then we specialize this result to recover known
conditions for systems with parameter-independent poles and develop new conditions for a certain class of systems with
parameter-dependent poles.
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1. Introduction

Consider a parametric linear time-invariant (LTI) system (full-order model (FOM))

E(Q)x(t,q) = A(Q)x(t,q) + B(q)u(r), (1a)
y(t,q) = C(qQ)x(t,9), (1b)

where q € Q C C"a is the parameter vector; u(t) € C™ is the input; x(¢,q) € C" is the state; y(z,q) € C"
is the output; and £(q), A(q) € C™", B(q) € C"™ ", and C(q) € C™*" are parametric matrices. Given
the FOM in (1), the goal of parametric reduced-order modeling is to find a reduced parametric LTI system
(reduced-order model (ROM))

E(Q)x(1,q) = A@F(7,q) + B(Qu(), (2a)
3(1,9) = C(Q)x(1,q), (2b)

where x(t q) € C" is the reduced state with r < n; y(z,q) € C™ is the approximate output; and
& (9), A(q) e C™r B (q) € C™"i and C(q) € C™*" are the reduced parametric matrices, such that y
approximates y for a wide range of inputs u and a set of parameters q € Q. Parametric dynamical systems
are ubiquitous in applications, ranging from inverse problems and uncertainty quantification to optimization,
and model reduction of parametric systems has been a major research topic; we refer the reader to, e.g., [4, 3]
for more details.

Both the FOM and the ROM can be fully described by their (parametric) transfer functions, given by

H(5,) = C@)(E(@ ~ A@) ' B(@) and
A(5.q) = C(a)(s€(@) - A@)  Bla). G)
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respectively. As in any approximation problem, one needs a metric to judge the quality of the approximation.
For non-parametric LTI systems, i.e., when £, A, I3, C are constant matrices, the H,-norm has been one of
the most commonly used metrics in (optimal) reduced-order modeling [1, 8, 12, 23]. For parametric LTI
systems considered here, the H; ® £;-norm introduced in [2] provides a natural extension. The goal of
Hy ® L-optimal reduced-order modeling is to find ROM that (locally) minimizes the H; ® L, error

o, = (/QHH(.,q) —ﬁ(.,q)H;2 dv(q))l/z, @)

where v is a measure over Q and the #, norm is given as

Jer -7

o 12
1
IH(C D lg, = (ﬂ‘/ |HGw,q)llE da)) i

assuming H(-,q) is analytic in the open right half-plane (otherwise, we say that the H, norm is infinite).
The H, ® L, error gives an upper bound for the output error

-y < H—ﬁ” ullz,,
Iy = lesoe, <[ - A, e,

where
1/2
IVlz.ec, = (/Qlly(nCl)llzgm dV(Q))

is the L., ® £, norm of the output, further justifying the use of the #, ® £, norm in parametric reduced-order
modeling.

The H; ® £, norm with v as the Lebesgue measure was introduced in Baur et al. [2]. There, for
the special case where £ and A are parameter-independent, the H, ® L,-optimal reduced-order modeling
problem was converted to a non-parametric H;-optimal reduced-order modeling problem and interpolatory
optimality conditions could be established. For another simplified problem where the poles of H do not vary
with the parameter q € {|q| = 1} c C, Grimm [7] used an H, ® £, norm, derived interpolatory conditions
and proposed an optimization algorithm.

A common assumption in parametric reduced-order modeling methods is parameter-separability. For
the ROM (2), this would mean that the reduced quantities can be written as

ng s

Ea) =) 8(@E;, Al@) =) a@(@A;, B@=) @B, C@a=) @l ©)
i=1 1 k=1

=1

j=

for some functions &y, @;, E 75 Yi: @ — R, constant matrices E{, Z,-, B s 6/(, and positive integers
ng,nz,Ng Ns. We call ROM of this form structured ROM (StROM). This form has also been consid-
ered in H;, ® L-optimal reduced-order modeling methods. In particular, Petersson [19] considered the case
of a discretized H, ® £, norm, i.e., where v is a sum of Dirac measures, proposing an optimization algorithm
to find a locally H, ® L,-optimal ROM. Additionally, Hund et al. [9] proposed an optimization algorithm
for H, ® L,-optimal reduced-order modeling using quadrature for the case of the Lebesgue measure. Both
of these works used matrix equation-based, Wilson-type conditions [23] and not interpolation.

The H, ® L£;-norm was also used by Brunsch [6] to derive error bounds within a reduced-order modeling
framework for parametric LTI systems with symmetric positive definite £(q) and —.A(q). The method is
based on sparse-grid interpolation in the parameter domain. It satisfies (Hermite) interpolation conditions
and preserves stability, but has no proven optimality properties. See also [10, 5, 20] for some data-driven
approaches.

In our recent work on £,-optimal reduced-order modeling [15], we covered both LTI systems and para-
metric stationary problems. We developed interpolatory necessary optimality conditions in [16] for certain
types of structured ROMs (StROMs), including non-parametric LTI systems and parametric stationary
problems. We also showed that the interpolatory conditions of [7] can be derived from our generalized
L>-optimality conditions. However, as stated before, [7] assumes the poles are fixed.
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Therefore, unlike for non-parametric LTI problems for which interpolatory optimality conditions for
‘H> model reduction have been well-established [12, 8, 1], there is a significant gap in the development
of interpolatory optimality conditions for H, ® L£;-optimal parametric ROM construction, except for the
special cases mentioned above. Our goal in this paper is to close this gap and to develop interpolatory
optimality conditions for a more general setting of parametric LTI systems. Additionally, we show that our
analysis contains the earlier conditions from [2] as a special case.

We provide background in Section 2. While Section 3 covers the general parametric diagonal StROMs
(D-StROMs) case, Sections 4 and 5 focus on simplified cases, leading to optimality conditions that can be
directly linked to the bitangential Hermite interpolation framework. We conclude with Section 7.

2. Background

Here we recall one of the main results of [14], specifically, the necessary L;-optimality conditions for
D-StROMs (based on prior work in [15, 16]), which will form the foundation of our analysis. For generality,
we switch the notation from Q and q to P and p, and in the later sections we will have p = (s, q).

Given a parameter-to-output mapping

H: P — CroXm
the goal in [14] is to construct StROM
K(PX(p) = F(p), (6a)
H(p) = G(P)X(p), (6b)
with a parameter-separable form
ne ng ng
K) =Y @@k, Fp)=) G@F, () =) mP)Gr, )
i=1 j=1 k=1

where X(p) € C™ " is the reduced state, H (p) € C"* g the approximate output, IC(p) e Crr,
.7-"(p) e Crxm, Q(p) € Cloxr E,{j,nk P > C,K; € Crxr, F € C™ni and Gy € C"*" The goal is to
construct IC(p), F (p), and G (p) such that H (p) = G (p)lC(p) lf (p) is an optimal L£,-approximation to the
original mapping H(p), i.e.,

is minimized, where u is a measure over P. The 'Hz ® L, norm (4) is a special case of the Cg -norm (8) for
appropriately defined p and y, a fact we exploit in Sections 3 to 5. We will use the notation (Kl, F; s G k) to
denote the St(ROM spemﬁed by (6) and (7).

We assume (K,, Gk) is D-StROM, i.c., all K;’s are diagonal, and in return so is IC(p) in (6). Then

Hhasa pole-res1due form

= [Jre - 44 ®)
F

Ap) = Gk Fp = Y 80D

—_ 9
20" k() ®

where k¢ (p) is the £th diagonal entry of I%(p), fe(p) = ]?(p)*eg, and g¢(p) = §(p)eg, with e, denoting the
¢th canonical basis vector of appropriate size. With this pole-residue form in hand, we have the optimality
conditions for D-StROMs (Corollary 2.4 in [14]).

Theorem 1. Suppose that P C C"; u is a measure over P; the function H is in Ly (P, u; C"*™); functions
ki, {j, k. P — C are measurable and satisfy

| PR
/ du(p) < . (10)

P
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A_ r Xr A_ r Xnj ~ No XF .
K; eC7 F; € C", G e C s and
—~ = -1 .
esssupHK,-(p)lC(p) ” <o, i=1,2,...,ng, (11)
peP F

where I is as in (7). Furthermore, let (El-, I?j, Gk) be an Ly-optimal D-StROM of H with H asin (9). Then

P ke(p) P ke(p)
/ i (P)se(P) H(p) AP o, / Gi(Pge(P)H(p) du(p) (12b)
ke(p) ke(P) ’
/ % (p)gc(p)’ HO® (o) - / %i(p)ge ()" H<p>ff<P> du(p), (120)
P ke () P ke®)

fori= 1,2,...,n,€,j= ],2,...,}1]’_2,](: 1,2,...,n§, andl=1,2,...,r

Theorem 1 establishes the interpolatory optimality conditions (12) for £,-optimal approximation. We
showed in [14] that various structured reduced-order modeling problems appear as a special case of The-
orem 1 and derived interpolatory optimality conditions for important classes of non-parametric structured
LTI systems. In this paper, we extend this analysis to parametric LTI systems.

3. H, ® L,-optimal parametric interpolation

Here we use Theorem 1 to derive interpolatory conditions for H, ® £;-optimal reduced-order approximation
of the FOM (1) using D-StROMs. But first we need to establish what assumptions (10) and (11) appearing
in £;-optimal approximation the structure (7) correspond to in the case of H, ® £, approximation with the
structures of StROMs in (5).

Lemma 1. Letp = (s,q), P =1Rx Q, and u = A,R X v where A, is the Lebesgue measure over 1R and

v is a measure over Q@ C C"a. Furthermore, for StROM in (5), let the functions &g, a,,ﬁj, Yi: Q — Cbe
measurable. Then the condition

(0|3 (@)| 2, Ire@)
/g S Ee(@)] BiA 1@ (o)

dv(q) < o (13)

is equivalent to (10), and the conditions

~ —~ -1
s(s€@-A@) | <, (14a)
qeQ Lo
—~ - -1
esssup (@)l (sE(@) - A@) | <o, (14b)
qeQ Loo
fort=1,... g andi=1,.. . N, are equivalent to (11).

Proof. First note that with the choices of p = (s5,q), P = tIRx Q, and u = ﬁ/l,]g X v, the £o-norm in (8)

recovers the Hr®Lynormin (4). Now note that the integral in (10), for the StROM (sg(q) —./Zl\(q) , g(q), 5(q))
as in (5), takes the form

/ [ 27| (@)] 2, (@l
|w|z“|8f<q>|+z 11|

dwdv(q).
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Using that /_ O; (a‘de#)z = % for positive a and b, the above integral becomes equal to the one in (13), up
to scaling by 2.
Next, the conditions in (11) become

—~ - -1
ess sup ess sup [[tweg(q) (le(q) - .A(q)) < 00,
qeQ weR F
—~ - -1
ess sup ess sup ||@; (q) (lwé’(q) - A(q)) < 0,
qeQ weR F
which simplify to
. - - -1
esssup |gz(q)| ess sup s(sé’(q) - A(q)) < oo,
qeQ seiR F
—~ - -1
esssup |@; (q)| ess sup (sé’(q) - A(q)) < 00,
qeQ se€iR F
Since ||-||r and ||-||2 are equivalent norms, the above conditions are equivalent to (14). ]

In [9] it was assumed that Q C R is compact, v is a finite Borel measure over Q, 7, @:, B Yk Q=R

are continuous, & (qg) is invertible, and & (q)_l.;l\(q) has all eigenvalues in the open left half-plane for all
g € Q. Therefore, we see that the assumptions of the earlier work [9] on H; ® £, approximation are indeed
a special case of the ones we derived in Lemma 1.

Now that we have established the assumptions of Theorem 1 for parametric LTI systems, we are ready
to derive the correspondlng interpolatory #H, ® L,-optimality conditions based on conditions (12) We
take that £ (q) = [ and all A are diagonal. (The result can be extended to parametric diagonal 5 only the
expressions become more involved.)

Theorem 2. Given the full-order parametric transfer function H of the finite Hy ® Lo norm, let Hin 3) be
an Hy ® Lo-optimal D-StROM for H with £(q) = I and all A; diagonal in (5). Let A¢(q) denote the {th
diagonal entry of A(Q). Moreover, define c¢(q) = C(Qq)e¢ and be(q) = B(q)*e¢, where B(q) and C(q) are
as defined in (5). Then

~ o ce(@be(q)
H(s,q) = ; Ry (15)
and
/ T (@ H(-2(@).q)be () dv(a) = / 7x(@H(-2¢(@), a)be () dv(@), (16a)
Q Q
/ Bi(@ec(@)H(-2,(),q) dv(a) = / Bi(@ee() H(-2c(a).q) dv(a), (16b)
Q Q

~ LJOH ([ —— [~ JOH | ——
/Q @ (@)cc(@) 5= (- (@) a)be(@) dv(a) = /Q @(@ec(@) 5= (-2 (@.a)be(@ dv(@). (160

fort =1,2,...,r, k = 1,2,...,n5, j=12,...
in (5).

sng i =1,2,...nz where @;, Bj, and yy are as defined

Proof. The pole-residue form (15) follows from the general diagonal pole-residue form (9), with k,(s,q) =
s —A¢(9), fe(s,9) = be(q), and g¢(s,q) = ce(q). Then, with this structure, optimality conditions (16)
follow from diagonal conditions after applying the Cauchy integral formula. For instance, the left-hand side
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of the right tangential Lagrange condition (12a) becomes

/n(p)H(p)bz(p) . / [ D) g, g
P

ar(p) 1w - 2,(q)
- [ / TL@H 0, Dbe(@) 4o
Q —-1w - 2,(q)
1 Yi(QH(s,9)be(q)
= dsd
N P

_ 27” /Q 7 (@) H(~2¢(@), a)be (a) dv(a),

which yields (16a). The remaining two conditions (16b)—(16c) follow similarly from (12b) and (12¢). O

Recall that Hj-optimal approximation of non-parametric LTI systems requires bitangential Hermite
interpolation of the FOM transfer function H at the mirror images of the reduced-order poles [8, 1]. We
showed in our earlier papers [15, 16, 14] that bitangential Hermite interpolation as necessary conditions
for optimality extends to many other #,/L, approximation settings as well. Even though the H; ® £;
optimality conditions (16) derived here have an integral form, they still have a similar bitangential Hermite
interpolation structure as before. To arrive at this more familiar form of bitangential Hermite interpolations,
we need to have explicit expressions for the functions @;, E 7 Yi»Ae, be, ce. In the next two sections we focus
on such cases.

4. Parameters in inputs and outputs

In [2], the authors considered parametric LTI systems with parameters only in B and 5, specifically, the
ROM of the form

E@ =1, Aq) =4, B(q)=Bi+aqBs C(@) =Ci+ql, (17)
with A = diag(11, 2, ...,4,) and Q = [0, 1]%. Therefore,
a=(q1,q), ngz=1 ai(q) =1,
ng=2,Bi(@) =1, Ba(a) = qi,

ng=2,%1(9) =1, %) =q,
Ae(Q) = A¢, be(qQ) = by +A1bep, co(Q) = ce 1 +AQace 2,

where by ; = E:feg and c¢; = aE‘g fori = 1,2. In [2], only single-input single-output (SISO) systems were
considered. Here we consider multiple-input multiple-output (MIMO) systems. (Further extensions are
possible, see e.g., [11].)

Note that the reduced transfer function is bilinear in terms of the parameters q; and Q:

_ . . -1 _ . _ _ .
H(s,q) = (C1 +C|2C2)(SI—A) (31 +Cth) = Hyi(s) + qiHi2(s) + QuHz (s) + 12 Hpn(s)  (18)

where 1
Hi(s) = (sl A) B, i.je{12).

We assume the same form for the full transfer function
H(s,q) = Hyi(s) + qiH12(s) + Q2 Ho1(s) + q192H22(s), 19)

where H;; € H, for i, j € {1,2}. However, contrary to [2], we do not need to assume that H;; has a
finite-dimensional state space, i.e., they can contain non-rational terms. We only require the ROM to have
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a finite-dimensional state space. Thus, the theory we develop applies not only to MIMO systems but also to
irrational transfer functions.
Following [2], we define the auxiliary transfer functions

#0= s ol
=[G Fal = lal -5 B

Note that H and H can be obtained from H and 7 via
H(s,0) = [In, Gl ] H(s) [qf,] 1)

H(s,Q) = [Lny QoL | H(s) [qf’; } 21b)

ni
We obtain the following result, where we take v to be the Lebesgue measure over Q (as in [2]).

Theorem 3. Let H, H be as in (19) and (17) and H, H as in (20a) and (20b). Furthermore, let H be an
Ho ® Lo-optimal ROM for H. Define

1 1
I 1 R 1A v
Then for € = 1,2,...,r, we have
H(~e br = H(-2 o, (23a)
GH () = A (), (23b)
GH (- or = ;7 (<20 )b (23c)

Proof. Based on the conditions in (16), we need to compute the integrals
/Q H(=17.)be(q) da, /Q oH (-7, )b (q) da, /Q ce(a)*H(~7¢,) da,
o n(-Te.a)aa [ e G (-Tea)be@ da
and similarly with H. Starting with the first, we find that
/Q H(—/l_f, Q)be(Q) dq = /Q(Hu (_/1_() +Q1H12(—Z) +02H> (—/1_5) +Q1Q2H22(—/l_€)) (be+a1be2)dq
= Hu(—/l_e)bf,l + %Hn(_/l_f)bt’,l + %Hm(_/l_{)bt’,l + %LH22(_/1_€)I7£’,1
+ %Hll(_/l_(,’)bfl + %le(—ﬂ_f)be,z + %HZI (—Z)bf,z + ész(—Z)bz,z

— 1 7 ]"i lI"i b€’1
= [Ino 2Ino] 7‘[( /lt’) [%Ini il”i] [bg,z] ’

where we used (19) and (21a). The second integral becomes

/Q H(-2r.a)be(@da= [, L] H(-T) [%1?;

QI = | —

L | |be.

Ly | |ben]|”

Stacking these two vertically (and using (22)) gives us the left-hand side in the right Lagrange tangential
condition (23a). The other conditions follow similarly. O
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Therefore, for this special case of (17), we obtain a more familiar bitangential Hermite interpolation.
More specifically, H;, ® £,-optimal reduced-order modeling of H with Hin (17) is equivalent to a weighted
‘H,-optimal reduced-order modeling for H with H. Thus, our general framework in Theorem 2 not only
recovers the results from [2] but also extends them to MIMO systems and eliminates the need for the FOM
to have a rational transfer function. R

Interpolatory conditions of Theorem 3 are in terms of the parametric function 7, not the original
parametric transfer function H. The next result gives explicit interpolatory conditions in terms of H for
SISO systems.

Corollary 1. Let the assumptions in Theorem 3 hold. Furthermore, let nj = no = 1 such that by, cp € C2
and denote their components as
b, = [b[’l] and ¢; = [cm].
beo

Ce2

Ifbe1 #0and cey # 0, then

— b2 ) ( — b2 )
Hl-A¢, —. Q| = H|-¢, —, Q2|
( be.1 beo1
— beo [ — beo
6q2H(— 05 —,Q2) = 5q2H(—/1£, ,Q2),
De 1 De 1
_ % ~f — €2
H(_ [’,QI,:)zH(_/IE,CII,:),
Ce1 €1
— 2 = %)
6qu(—/lg,q1, :) = aq,H(—/lf,ql, :)
€1 Ce1
— beo o ~( — brn o
aSH(_M, :) :asH(_ _:)
e,1 € be1 o
forallqi,qp € Cand € =1,2,...,r.
Proof. The proof follows directly from (23) using (21) and
1
0y, H(s,q) = [0 1] H(s) [ql]
and similar expressions for dq, H, 0q,H, and 8q1ﬁ . O

This states that 7, ® £, -optimality for the full-order and reduced-order structure in (19) and (18) requires
that, in the parameter space, interpolation be enforced over lines rather than at only a finite number of points
(as generically done for parametric systems). Furthermore, note that partial derivatives with respect to the
parameters q, 0> also appear in the optimality conditions, thus having a similar role as the Laplace variable
s in the necessary optimality conditions.

5. Parameter in dynamics

In the previous section, we considered a special case where the parametric dependence was only in B and
C. Now, we consider the case where Q = [a, b] C R, a < b, and the FOM and ROM have the form

£@ =1, A(q) =A;+qA;, B(Q =B, C(q =C (24)

and
E(@) =1, A(q) = A1 +qA,, B(q) =B, C(q) =C, (25)

respectively, with

A = diag(ve 1, Vias - > Vi) and Ay = diag(Ag 1, Ak - - - Ak )
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for k = 1,2. In other words, we assume the parametric dependencies appear only in the dynamics matrices
A and A and they are both composed of only two terms which are simultaneously diagonalizable. With
these parametric forms, the full-order and reduced-order transfer functions have the pole-residue forms

n CD,' . r Cibik
H(s,q) = ——, H(s,q) = _l (26)
(59 ;s—vi(Q) (59 ;s—/li(Q)
where
vi(qQ) = v, +qva; and  2;(q) = A1 +9do,;. 27
Let v be the Lebesgue measure over [a, b]. Furthermore, for any o, 0 € C_, define fo, o), : C2 > Cas
b—a Sp — o-b)
o op (Sa, Sp) = In . (28)
. b( ) (Sb—O'b)—(Sa—O'a) (Sa_o—a
Additionally, define the functions G, G: C2 — CMo*ni by
G(8q,8p) = Z Svica),vi(p)(Sa, sp)P;  and (29a)
i=1
- r
G(5a,5p) = Z Faica),a; () (Sa» sp)ciby. (29b)

i=1

Note that G and G depend on the pole-residue forms (26) of H and H, respectively. Thus, one can consider
G as the full-order modified function and G the reduced-order one. Based on this setup, we are ready to
state the interpolatory optimality conditions in this setting.

Theorem 4. Let H and H be as given in (26) and let G and G beas defined in (29). If Hisan M ®Lr-optimal
D-StROM for H, then

G(-2i@), -0 (B)|bi = G(~1i(@). ~A: (D) )b (302)
66 (-2(@), -2(8)) = ¢;G(~2:(@), ~1:(B)), (30b)
i 28 (@, T = e 2 (T, Db (300)
e ) L G R ) (30d)

fori=1,2,...,r.

Proof. DueA to the special form of the ROM in (25) and its transfer function H in (26), the quantities
b¢,ce, ¥k, Bj in (15) and (16) in Theorem 2 are parameter-independent. Thus, to analyze the first Lagrange
conditions (16a) and (16b) for the special case (24) and (25), it is enough to focus on the integrals

/QH(—Fq),q)dv(q) and /Qﬁ(—m,q)dv(q).

We start with the first integral involving H. Using the pole-residue form of H from (26) and the expression
for A;(q) from (27), we obtain

[ #(-5@.q)ava = [ (-, o) da = / Z 4

-2,(Q) = vi; —qva;
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Then integrating the last equality gives

/QH(—/TCI), q) dv(q) = Zn: _d)j In _é— Vit b(—E - Vz,,-)

j=1 —A2,i = V2, j -A1,i — vi,j + a(—m - V2,j)
®;(b-a) (—/li(b)—vj(b))
— In| ——=
P (— b) — v](b)) ( T(a) - vj(a)) —1:(a) - v;(a)

G(-i(@), ~®)).
Similarly, one can show that
[ A(-7G@.q) av(0) = 6(-T@. 1)
Q

Therefore, the first two optimality conditions (16a) and (16b) in Theorem 2 lead to the interpolatory
conditions (30a) and (30b).
To derive the remaining two conditions (30c) and (30d) from (16c), we now consider the integrals

OH | ——
/q"a—(—ﬂi(qxq) dv(a). k=01 (31
o N
We will need the expressions for the partial derivatives of G. It directly follows from (29a) that
oG 0 fvi(a)vi(b
a—(Sa, sp) = Z %‘/()(Sa, sb) P (32)

i=1

Similar expressions hold for %(sa, Sb), %(sa, sp), and gTi(sa, sp) as well. Thus, to compute these
partial derivatives, we simply focus on fi,, -, and obtain, via direct differentiation of (28), that

Ofoy o b—a Sp— Op b-a 1
———(Sa>Sp) = 3 In - . , and
054 ((sp —0p) = (54 — 00)) Sq = 0q (Sp = 0p) = (Sa = 0Ta) $a—0q
(9f0'aa'b( 5p) = b-a (Sb—O'b) b-—a 1
S sp =) — (sa— )2 \Sa-0a) (so-00) = (Sa-0a) sp-0p

Using the pole-residue form of H from (26) in the first integral in (31) gives

/Q%L:(—W,q)dvm)=Lb%—f(—m,q)dq=/abjzn: S dg

=1 (—ﬂi(Q) —Vi,j— qu,j)2

= /b % dq
e (T ol T )

= D; 1 1

j=1 —A2,i=V2,j —m—w j +b( /12 i V2,j) _E_Vl,j +a(_E_V2,j)
After various algebraic manipulations to replace Ay ; and v ; by 4;(-) and v;(-) and using (32), we obtain

OH | —— n orth— o
/Qa_f(‘ﬁi@ﬂ)dv(qh;(_ j(b—a

0 (B) = v (b)) = (~Ail@) - v(@)

ot ! )
=4;(b) —v;(b) -2;i(a)-v;(a)
‘;SG( (@), /l(b))+g—G( (@), /li(b)).
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Following the same derivations, one obtains similar expressions involving H and G, which shows that

|29 (@, ) + 2 () o

6su Sp
oG Y- o (33)
= C?(E(_/li(a)’ —ﬂi(b)) + E(—Ai(a), —/li(b)))bi.

Focusing on the second integral in (31), we find

OH | —— P OH [ ~9%;
‘/qu(—/li(q),q) dV(q)=‘/a QR(—/li(Q)’q) dq = ;./a (_m_ vig+ q(ia_ Vz,j))2 dg
N -0; —A1i—vi _ —A1i—v1) ~i(b)-v;(b)
R )2(—m_w&> @ l(mm))

J=1 (—ﬂz,i —V2,j

After more tedious algebraic manipulations, we obtain

OH | — _ - ®;(b-a) b B a
/Qqas( /h(q),q) dv(q) Z, (_m—vj(b))—(—W—Vj(a))(_m_vj(b) —m—vj(a))
S ((A® - 0) - (T@ - vy@)) i) i@

= 4G (AL ) + b5 (<T@, T 5.

a

As before, with similar expressions involving H and @, we obtain

i[5 (-A@. ) + 52 (ACar. ) o .
G 7l )
-3 (T@.-2B) + 652 (-2 )

Then (33) and (34) give the last two optimality conditions (30c) and (30d), thus concluding the proof. O

Theorem 4 proves that for this class of parametric LTI systems, bitangential Hermite interpolation, once
again, forms the foundation of the £,-optimal approximation. The interpolation is based on a modified, two-
variable transfer function G, and has to be enforced at the reflected boundary values of the poles. This is the
first such result for parametric LTI systems where the system poles vary with the parameters. Therefore, we
have extended the classical bitangential Hermite interpolation conditions from non-parametric H,-optimal
approximation to parametric H; ® L£-optimal approximation.

6. Numerical experiments

In this section, we numerically demonstrate Theorem 4 on two numerical examples. In both cases, we start
with FOM of the form in (24) and numerically find a locally H; ® £;-optimal ROM of the form in (25) via
the BFGS method implemented in SciPy [22]. The gradients are computed based on the expressions in [9]
and using SciPy’s numerical quadrature. The H> norms are computed using pyMOR [17]. Then Theorem 4
is verified by computing the relative errors in (30), i.e., computing the absolute difference between the left-
and the right-hand sides and dividing by the absolute value of the left-hand side (since we focus on SISO
systems in the numerical examples, there is only one Lagrange interpolation condition). In other words, in
both cases we show that optimal D-StROMs satisfy the developed interpolatory optimal conditions.
The code to reproduce the results is available in [13].
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6.1. Synthetic parametric model

We first consider a variant of the synthetic parametric model from MOR Wiki [21]. In particular, we
consider FOM of order 6 (instead of 100), i.e., £(q) = 1,

-10g 10
-10 -10q
~ -30q 30 ~
A(q) - _30 _30q s B(q) -
50q 50
-50 50q

C@=[1 0 1 0 1 0]

OO N O

over the parameter space P = [50, 1]. To obtain a locally H, ® L;-optimal D-StROM of order 4, we enforce
the complex diagonal structure with & (g)=1,
X1 +0x2 x3+ Qx4
Tiq) — | X3~ 0% X1 +0Qx2 B _
AlQ) = vs+aqre  xp+qug] D=
—X7 —QXg X5+ Qxe

2
0 —~
NE C@ =[x x10 xu xp2.
0

Note that for this example, H and H are of the form in (26) i.e,, A] and A; in A(q) = A; + qA; are
simultaneously diagonalizable, as well as A1 and A2 in A(q) = A1 + qu Therefore, the assumptions of
Theorem 4 are satisfied.

We initialize the BFGS-based minimization with the FOM truncated to the first 4 states. Upon the
convergence of BFGS, we obtain

Ala) = diag( A (@), A>(@)),
N (@ = -7.0213 x 1073 - 11.014q 9.9975 + 0.24074q
HY=1 99975-0.24074q  —7.0213 x 1073 = 11.014q]’

(g = | 716795 -39.184q 29261 +0.95464q
29 = 129261 - 0.95464q —1.6795 — 39.184q|’

€(q)=[1.1211 -0.019113  1.7966 0.65666|.

Then, we check whether the converged ROM satisfies the newly developed optimality conditions. The relative
errors in Lagrange interpolation of G in Theorem 4 for the two complex conjugate pairs are 8.496 x 10~°
and 2.105 x 1078, For interpolation of G /ds,, we have 1.6114 x 1073 and 1.2166 x 10~7. Finally, for
interpolation of G /dsy,, we have 4.9016 x 1078 and 2.0029 x 10~7. Thus, the resulting optimal ROM
satisfies the interpolatory optimality conditions (to the accuracy of the gradient-based stopping criteria of
the minimization algorithm).

6.2. Parametric Penzl’s FOM

Next, we consider a parametric variant of Penzl’s FOM from the SLICOT benchmark collection [18].
Specifically, we consider FOM of order 12 with £(q) = 1,

A(q) = diag(A1 (@), o), Al(q>=[j; _ql], A = diag(—1,-2,....,-10),
B@T=C@=[5 5 1 1 — 1],
and P = [1,100].

Setting the initial ROM based on the FOM truncated to the first 3 states and running minimization to
find a locally H, ® £, optimal D-StROM of the form £(q) = 1,

- X1 +Qgx2 X3 + Qxg N 2 N
A(@) = [-x3—0xs X1 +0x2 . B(@=10|, and C(q) =[x x3 xo],
X5 + Qxe 1
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we obtain

Ala) = diag( A1 (a). &(a)).

Ai(q) = | 10030 +7.2387 x 1075q  2.2567 x 10~3 + 1.0000q
N =1 22567 x 1073 = 1.0000q  —1.0030 +7.2387 x 10|’

Ay(q) = =3.5530 +2.4940 x 10~*q,
C(q) = [25.063 —0.053279 8.7695].

Note that, just as in the previous example, the assumptions of Theorem 4 are satisfied.

The relative errors in the Lagrange and the two Hermite conditions for the first complex conjugate pair

of poles are

1.0660 x 10719, 1.9085 x 10, and 1.5356 x 107°.

For the real pole they are

4.4460 x 1071°, 4.4054 x 10710, and 1.6685 x 107°.

Therefore, similarly to the previous example, we find good agreement with the theory.

7. Conclusions

We derived interpolatory necessary optimality conditions for H; ® £;-optimal reduced-order modeling of
parametric LTI systems with a general diagonal structure. Then we give conditions for special cases where
only inputs and outputs or only the dynamics are parameterized. Future work includes the derivation of an
iterative, IRKA-like algorithm to compute H, ® L;-optimal StROMs.
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