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Optimal convergence rates of wavelet estimators for a hidden density
in a mixture model
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Abstract. This paper investigates nonparametric estimations of a density function in a mixture model. Firstly, a lower
bound estimation under L”(1 < p < +co) error of an arbitrary density estimator is discussed. Secondly, a linear
estimator and an adaptive nonlinear estimator of the unknown density function are constructed by the wavelet method.
The rates of convergence of those two wavelet estimators are discussed with some mild conditions. Combining with the
lower bound estimations, two wavelet estimators can attain the optimal convergence rate. Finally, numerical examples
are given to verify the performance of the two wavelet estimators.
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1. Introduction

This paper considers the following mixture density model:
g(x)=0h(x)+(1-0)f(x),x € Q. (1)

In the above equation, g(x) is the corresponding density function of independent and identically distributed
(i.i.d) random vectors X1, X», . . . , X;;. Other two functions i(x) and f(x) all are bounded density functions,
and the function A (x) is known. Q denotes a compact support subset of R¢. The parameter 6 is a known
mixing ratio and @ € (0, 1). The aim of this model is to estimate the unknown density f(x) by the observed
data X1, X5, ..., X,.

As a powerful statistical tool, the above mixture model plays a significant role in statistics, economics,
big data processing, and other fields, see [27, 34, 20, 4, 25]. In the context of dealing with contamination
problems [24], model (1) describes the case where the density function f(x) of an unknown distribution is
contaminated by an arbitrary distribution 4 (x) with a proportion 8, which constitutes a particular instance of
the pollution model [13]. In addition, Maiboroda and Sugakova [21], Chen et al. [7], and Liu and Gao [18]
made different assumptions about the contamination model to study the problem of nonparametric density
estimation.

The mixture model is also widely used in multiple testing problems, such as microarray analysis [3, 22],
neuroimaging [30, 33], and other related fields. In the model, #(x) and f(x) represent the densities of
the observed values under the null hypothesis and the alternative hypothesis, respectively, and 6 is the
asymptotic proportion of the true null hypotheses. Efron et al. [11] employed model (1) to estimate the local
false discovery rate (FDR), which is defined as the posterior probability derived from the mixture model.
Robin et al. [28] and Nguyen and Matias [26] further proposed stochastic weighted kernel estimators for
f(x), with weights based on the posterior probabilities.

For a nonparametric mixture density model, the kernel function method is commonly used by many
researchers, such as Marzio and Taylo [23], Liu and Yu [19], Zhang et al [35], Chagny et al [6]. Nevertheless,
when the function has sharp peaks and prominent parts, the corresponding kernel estimator is not particularly
effective. Wavelet estimation is characterized by its multiresolution analysis and adaptivity. The wavelet
transform refines various unknown functions and signals progressively across multiple scales through
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dilation and translation. For more details, refer to [14, 1]. Therefore, it has achieved relatively significant
accomplishments in the field of nonparametric estimation. Baldi et al. [2] proposed an adaptive density
estimation method based on spherical wavelets (needlets), and proved that it has the theoretically optimal
rate of convergence. Wang [32] provided the optimal rate of convergence for density estimation in Besov
space with Fano’s lemma. Chesneau et al. [8] proposed linear and nonlinear wavelet estimators for 2D
continuous-discrete density functions, and studied integrated mean squared error of wavelet estimators in
Besov balls. Chesneau etal. [9] investigated the nonparametric estimation of regression models with additive
and multiplicative noise. Juditsky and Lambert-Lacroix [15] studied the optimal rate of convergence of the
LP(1 < p < +00) risk using biquadrature wavelet estimation of the density function in one-dimensional
Holder space. Shen et al. [29] studied the consistency and asymptotic normality of wavelet estimators of the
regression function under the ¢-mixed case. Cao and Zeng [5] proposed a data-driven wavelet estimation
method for estimating the derivatives of the density function.

The main contributions of this paper are as follows. We consider nonparametric optimal estimations
of a density function in a mixture model. Firstly, a lower bound estimation over L? (1 < p < +o0) risk of
an arbitrary possible density estimator of the unknown density function f(x) is proved. Secondly, a linear
density estimator is constructed by using the wavelet method. A convergence rate of this linear estimator
is discussed with f(x) € Bj /() and some other mild conditions. Then, we can easily see that this
linear wavelet can attain the optimal convergence rate when p < . Furthermore, in order to overcome
the shortage of this nonadaptive linear estimator, a nonlinear wavelet-based estimator is proposed by using
the hard thresholding algorithm. According to the lower bound estimations and the corresponding theory
results of this nonlinear wavelet-based estimator, this nonlinear estimator can get the optimal convergence
rates up to an Inn factor in the cases of p < i or p > n. Finally, numerical experiments indicate that both
wavelet-based estimators can effectively estimate the unknown density function f(x).

This paper is structured as follows. Wavelet theory and Besov space are introduced in Section 2. A lower
bound estimation of any possible density estimator of the unknown density function in Besov spaces B3, , (€2)
is proved in Section 3. The upper bound estimations over LP(1 < p < +oo) risk of two wavelet-based
density estimators are discussed in Section 4. The numerical simulation studies are shown in Section 5.

2. Wavelet and Besov space

The aim of this paper is to study wavelet estimation of the Besov spaces density function based on a
mixture model. We begin with the notion of multiresolution analysis (MRA) by assuming that {V;} jez is a
sequence of closed subspaces of the space L?(R?), and that for any j € Z , it holds that Vi C Vi if the
following conditions hold:

(D NV; = {0} and UV; = L2 (RY);

(2) f(x) € Vpif and only if f(2/x) € V};

(3) There is a function ®(x) € Vy such that {®(x — k), k € Z¢} is an orthonormal basis in Vj.

In the present study, we adopt the compactly supported scalar function ®(x) from the family of
Daubechies. For any u € {0,1,...,2¢ — 1}, we introduce the associated compactly supported wavelet
function W, (x). Furthermore, for a positive integer 7 and A; = {0,1,.. .,27 = 1}, it is obvious that
S ={® ;=27 2D27x - k), WYiku = 204129, (2ix —k),j>T1,k € A} constitutes a standard orthog-
onal basis for L?(€). For any positive integer j, > 7, the function F(x) € L?(€) and can be expanded into
the following wavelet level using wavelet basis S expanded into the following wavelet series:

co 24-1
F) = ) @@ )+ > > 3" Biau¥jpulx),x € Q. @
keA;j, J=Js u=1 keA;

In this equation, o, x = fQ F(x)®;, x(x)dx and B x ., = /Q F(x)¥Y; gu(x)dx.
Let Py, denote the orthogonal projection operator. This operator maps functions from the space L*(Q)
onto the subspace V;. Then, for any F(x) € L*(Q),

Py, F(x) = Z @@ (x),x € Q.
kEAj
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Lemma 1. Assume that a scaling function ®(x) is m-regular, meaning that ®(x) € C™ and
DD (x)| < c(1+|x>)7! for each | € N and a = 0,1,...,m. For any sequence {ax} € I, (ie.,

1
(a)llp = (Xg lar|P)? < 00), when 1 < p < oo, there exist constants 0 < ¢| < ¢y satisfying:

(d_d jd . d_d
270 @, <|| 3, @2 T e@x — k)| <22’ (@)l -
keA;

: p

It is well known that Besov spaces are very important function spaces that can be characterized by

wavelet bases. The equivalent definition of Besov spaces given in terms of wavelet coeflicients is given
below [14].

Lemma 2. Suppose the scale function ®(x) is regular of order m, 0 < s < m; let F(x) € LP(Q),
1 £ p,q < 0. Then the following inferences are equivalent:

(1) F(x) € B 4(9):

(2) {27*||Py,,, F(x) - PVjF(x)||p} €ly;

i(s_dd
3) 278kl } € Ly
The Besov norm of F(x) is defined as

b}

q

i(q—dd
IF@sy, = el + [ @D 180al,)

Jj=T

L 291
. P P P
where | (@ei0llp = (Sken, laral?)” and |B1aulll = % 1Bkl
u= € j

3. Lower bound estimation

In this section, we will discuss the lower bound estimations of the density function in the mixture model.
We firstly introduce the Kullback-Leibler distance [31], which plays a key role in the following discussions.
Let (Q,F, Px) be a measurable space, and U and W are two probability measures defined on it. If U is
absolutely continuous with respect to W (denoted as U <« W), the corresponding Kullback-Leibler distance
is defined as

u(x)
w(x)

Here, u and w represent the probability density functions of U and W, respectively.

Based on the Kullback-Leibler distance, we can derive the following lemma. In the studies described
below, a < b means that a < c¢b with a positive constant ¢, which is independent of a and b. a > b means
that b < a. In addition, a > b means a > c¢b, a ~ b means that a < b and b < a hold.

K(U,W) :=/u(x)ln dx.

Lemma 3. Forthe estimation model (1), g1 and g, are two measurable functions definedon Q. X1, X, ..., X,
is a set of i.i.d. random vectors. Then, we have

w (Po. L) < llfi - Al

Proof. According to model (1), g;(x) = 0h(x) + (1 — 0) fi(x) and g2(x) = Oh(x) + (1 — ) f(x). Due to
the fact that Xi, X5, ..., X,, are independent and identically distributed random vectors, we can easily get
the corresponding joint density function:

grx) = a1, g5 @) = [ [ a2 (x0).
i=1 i=1
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Due to the definition of the Kullback-Leibler distance,
g7 (x)
K (Pr. P :/g;l(x)ln T )dx
l g1(xz)
g1(x)) In ==———dx
/ l—[ / H 182(x1)

_Z/gl(xz)lngl(xl)dx n/gl(x,)dx] -

J#I

(xi)
=;/le(xi)1ngl ;C.)dxz

/gl(xl)lngl( l)dxl
2(x1)

= 1K (Pyy. Pea)

Next, we derive the upper bound of K (P P ,). Note that In(Q + 1) < |Q] holds for all Q > —1. In
addition,

gix) _Ohx)+(1-0)f(x) | (A-0[Ailx)- L],

e® o+ (-0 s T amt -0k T
Hence,
K Py, Py )_/gl(x)lng;g;dx
s/gl(x)|Q<x>|dx
i) =l
(- 9)/ G

Due to g;(x) = 6h(x) + (1 — ) fi(x), we can get
€ (Pgpe) < 00— [ A Ry g [ AU - pl,

82(x) 82(x) )
= A + Aj.
For Ay, the regularity of the density function shows that g, (x) > 6h(x), and h(x) %. Therefore,
A< (1-0) [ 1) - . )

For Aj,, it follows from the properties of the density function that g,(x) > (1 — 0) f>(x). The boundness

property of f(x) implies that 223 < C,. Furthermore, i: ! E’;g <q J%;Z)( o < C‘ and
A= Ci1-0) [ 1510 - plwldr. ©®)
Q
Combining (4), (5), and (6), we know that
Py Pe) < 1+ C)(1-0) [ 1) - fiwlar. ™

By using the Cauchy-Schwarz inequality, we can get

1

/Q Ifl(x)—fz(x)ldxﬁ( /Q Ifl(x)—fz(x)lzdx)z( /Q 1dx)2 <\l - £l
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This, together with (7) and (3), shows that

w (Py. L) < llfi - Al
O

Fano’s lemma [31] Let (Q, F, Py) be a probability measure space and Gy € F(k = 0,1, ..., D) a sequence
of measurable sets on it. If G, N G; = @ holds with k # [, then

. — 1
0<k<D 2

where G¢ denotes the complement set of Gy and Kp := info<;<p % izt K (Pgys Pg,)-
In this position, the lower bound estimation of any possible density estimator will be stated. Throughout

this paper, we assume the density function f (x) € BS, , (Q,T) with BS, . (Q.T):={f €BS, ,(Q). || lls;, < T}

Theorem 1. For the estimation model (1), f(x) € By, ,(,T) with0 <1,q < +o0, p € [1, +c0) and s > %.

Suppose the region satisfies Q = [0, b]%. If f,(x) is any possible density estimator of the density function
f(x), we have

s-d+d
" s Inn\26-9)+a
-2 7
sup E[”fn(x) —f(x)||p] > max{n =+, (_
f(x)eBy 4 (Q.T) n
Remark 1. According this theorem, note that
d.,d s
AN n-s+d > 24
__s lnn 2(57%)+d ’ d.d d 2s+d”>
maxisn 2s+d, B — = s—ﬁd+F
n Inn )\ 26s-4)+a rd
()50 e g,

This conclusion means that the lower bound estimations have different results under distinct cases.

Proof. In order to prove the above theorem, we divide a theoretical result into two parts as follows:

sup )E[an(x) - f@),| 2 n

F(x)EBY 4 (QT

and
oodyd
~ Inn 2‘“717(71)1:‘1
swp E[| o) - £, | 2 (—) B,
F(X)EB 4 (Q.T) n
The proof of the first part. In order to prove the first part, we need to construct f: (x)(i =0,1,...,D)
such that fyi (x) € B, ,(Q,T) and
supE[IIfn(x) - fu (x)llp] > nw, (8)

with f,(x) being any possible estimator of the density function f (x).

Let the orthogonal scale function ® have compact support and satisfy the m-order (m > s) regularity
condition; the corresponding wavelet function is denoted by ¥, and supp¥, C [0,b]¢ = Q. Assuming
that there exists a compactly supported density function y(x) € B}, ,(Q,T), gcnelg y(x) = co > 0 and

fgy(x)dx =1.
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Now, we define (51_ = 27/(s+9) and falx) = y(x) +6; ZkeAJ, Ak k,u(x). In those definitions,
A= (A)ken, € {0, 137 and A; := {0,b,2b, ..., (2/ = 1)b}9. Then we can easily get

[ = [ [y 6 3 u¥o]as

keA;

:‘/S;y(x)dx+5j Z /lk/Qle,k,u(x)dx

keA;
=1+8; > 4-0=1.
keA,
Moreover, we can choose sufficiently large j such that
fa(x) > o= 6,277, |, > 0.

Hence, by the above discussions, the functions f;(x) are density functions.
On the other hand, due to A € {0, 1} and Lemma 2, we can obtain

n

. . d_d
Z |7 < 274,276+, Z | <.
kEAJ’ kEAj

< land f(x) € BS, ,(Q,T). Then, a series of density functions f;(x) has

s 7.9
been constructed, which belorig to Besov spaces Bj, (€2, T). Next, we prove that those density functions
fa(x) satisfy the result (8) with any possible density estimators. The Varshamov-Gilbert Lemma will be
used in later discussions. Now, we introduce it as follows. .

Varshamov-Gilbert Lemma [10, 31] For the set (Ax)kea; € {0, 132", there exist a subset {2° A, ..., AP}

and an element A° = (0,0, ..., 0) such that D > e

D == 29430 <w# p < D).
kE/\j

Hence, Héj 2ike; ¥ keu 5

and

According to the Varshamov-Gilbert Lemma, when 0 < w # u < D, we have

P
e ) = e = 37 D (A = ) ¥y i)
keA;
P
= / |67 D (A = AP 4 u(x)|"dx
Q keA;
=6 Z Idz’—ﬂ’k‘ll’/le,k,u(x)|”dx )
keA; Q
=07 3 I = APl
keA;

= 2 D0 S g - 2P 2 L2,
kEAj

We rewrite the above result as follows:
1
(| fae () —f/w(x)”p > 8 P27l = 0.

For an arbitrary density estimator f,,(x), we define G := {||fp(x) — fau @), < %}(,u =1,2,...,D).
Then, G jo N G = @ for any w # u. Furthermore, according to Fano’s lemma, we can obtain

1
sup Py, (G4) = min {\/Bexp(—KD),E}, (10)
0su<D
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where their common distribution is characterized by probability measure Py, with corresponding joint density
function g"(x) := []}_, g(x;). Using the arguments of (9),

2o ) = far ) = 65 3 14 = APkl < 57277,
keA;

Furthermore, by the definition of Kp and Lemma 3,

. 1 . . "
KD B OSI/?EDB wziﬂK(Pg,lw’Pglw) < l’l612 .

o , 200y | .
Taking 2/ ~ n2s+d , we can easily get néi ~n-pTmE ~ L By the Varshamov-Gilbert Lemma, there exists

a sufficiently small positive constant ¢ such that
- jd-3 _y,520id B id-3 . njd
VDe ™ Kp > 7 eG5> \De kP > T2 > 1,

According to (10), we have sup,,,<p Py, (G,Cw) > 1. Hence, by using Markov’s inequality,

o
J pn
sup —P, (
0<u<D 2 s

~ A ag;
sup B[1/u(e) = fu )], | 2 fo- full, 2 2

O<u<

S
Z 0—j ~ n_23+d’

which is the desired conclusion.
The proof of the second part. For the second part, it is necessary to construct a series of density
functions fi (x) such that fi(x) € B, (€, T) and

_d. d
s-G+5

In n) 2(s-)+d

Sl;PE[”fn(x) - fe@|,] 2 (

s

n
with f,(x) being any possible estimator of f(x).

Now, we define ¢; := ij(‘“%é'%) and fi(x) := y(x) + 6;¥; k.u(x) with k € A;. Then, we need to
prove that functions fi (x) are density functions and fi(x) € B3 4 (R, T) in the discussions that follow.
Note that

/s;fk(x)dx = /Q [y(x) +6jq}j,k,u(x)]dx -1

i(s—d
Due to mingeq y(x) = ¢o > 0 and [|6;%¥; x,u(¥) |l = 27767 ®, ||eo, We can choose a large parameter j
such that

fi@®) = co— 6,277 | W, = 0.

Obvi J(s+4-4) _ j(s+4-4) : ;
viously, 6,27 27w = 1 and ||6;% kullge  ~ 6727 27| W) kully ~ 1. This, together with the
n.4q9
condition y(x) € Bj, ,(Q,T), shows that fi(x) € B, ,(€2,T).
For any k, k" €A, and k # k', we can obtain supp ¥; x ., N supp ¥; r., =@ and supp fx N supp fr = 2.
Furthermore,

@) = fio @) = [167%) 0 — 6% 00|, = 277570 W, = 0
P P

In addition, take G := {|| fu(x) — Se@)lp < %} Then, G N Gy = @ holds when k # k’. Using Fano’s
lemma, one has

- 1
sup Py, (Gi) 2 min {\/Wexp(—szd) : 5}, (1)
J
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where their common distribution is characterized by probability measure Py, with corresponding joint
density function g" (x) := [, g(x;).
By Markov’s inequality, we get

Elllfo - @I, = ZPa (15 -, > 2) = 2P 65, (12)
Combining (11) and (12),
sup B x) - el ] 2 {JzT exp (~Kya) } (13)
Using Lemma 3 and the definition of K,ja,
Kya = inf 2774 3 K Py Py, ) < né?.

J k#k’

1 2ot

. oo (n\2s-D)sa 2 _ o on=2j(s=4+$) 0 n\ 26-rd _ i
Taking 2/ ~ ({)*¢~7*, we have nd; =n-2 12 n (i) 7*Y = Inn. In addition, there

-1
exists a small enough positive constant c4 such that néi < c4lnnand [4(s - %) + 2d] > c4. Hence,

-1
4(s-2y+2d
\2ide=Krid > 4[pjde=calnn (L)[ G J n~4>1.

Inn
This, together with (13), shows that

d. d
A—T’+I)

, -4y 1 2 V*f +d
Sup E[”fn(x)—fk(x)up] ;22767 4y _ (nn) =y
keA;j N

n

which is the desired conclusion. O

4. Upper bound estimations

In this section, we will construct two density estimators by using the wavelet method. The upper bounds
over L? (1 < p < +o0) risk of those two wavelet estimators are considered with some mild conditions.

4.1. Linear estimator

In this section, we develop a linear wavelet estimator using wavelet theory, and discuss its rate of
convergence under L? risk (1 < p < o) in Besov spaces.
For the estimation model (1), a linear wavelet estimator is constructed as follows:

fine) = ) ag @y k(x),x € Q.
kea;,

@}, k is defined as follows, but it can be obtained from Lemma 4 as an unbiased estimator:
R |
Vjode = Zl mq)j*,k(xi) = M, k> (14)
i=

with u; g ﬁz =g h(x)®;, x(x)dx. Now, in order to prove important theorems for the linear estimator, we
firstly give some lemmas.

Lemma 4. Assuming that &, j is defined as (14), then

E[&j*,k] = ozj*’k.
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n

Proof. Accordingto &, x = 1 ¥ @, 1 (X;) — ).k and pj, k —/91 g (x)®@;, x(x)dx, we can easily
get

X 1 & 1
Ela;«] =E|- ; T g @ik (Xi) = ik

[1¢ 9
=E| - —D; (X)) - | —h(x)D; d. 15
s g0 = [ 0 15)
1S 1 0
=E|- —D; (X)) - | —h(x)D; dx.
s U@ [ 0 e
Since the random variables X1, X», - - - , X,, are i.i.d. and due to its corresponding common density function
g(x),
1l 1
{25 T @k (X0)| = E| T @) [ e s, (16)
By (15), (16), and the model in equation (1), which has g(x) = 6h(x) + (1 — 6) f(x), we know that
X 1 6
Elajal = [ 1 p8@®xdr - [ T h0; 4o
ol—0 ol—0
1 0
- [ iplen+ (-0 7@]0 s - [ T n0, kx)dx
ol—-0 ol-06
- [ @10 4tx)dx =
Q
The proof of Lemma 4 is finished. O

Rosenthal’s inequality [12] Consider the independent random variables Xi, ..., X,, with E[X;] = 0 and
E[1X;|P] < o,

p
i=1

X;

i=1

n n
2E|XW+(2E|X|), p>2,
< =t P
2

(ZEIXI ) 1<p<2.
i=1

Lemmas5. Ler2/* <n 0<0<c3<1, and @j, k be defined as in (14). Then, for any 1 < p < oo, we can
derive

Ell¢; k- xl’] sn77.

Proof. By the definition of &, x and Lemma 4, we obtain

A 1 1
@)k = @)kl = ‘—Z T @ik (XD —pja—E szd)j*,k(xi) ~ Hjk
1 1
= |- —(I) Xl' - X
‘ngh_ejJ(> }]1 ;i %
n

— (@), 1 (X)) - E[q)j*,k(xi)])|

|
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where D; := 15 (®;. x(X;) — E[®;. x(X;)]). Obviously, E[D;] = 0 and

ZD

Using the assumption that 0 < 6 < ¢3 < 1, we can easily get

p

E[|&j* aj*k| i

i=1

—_—

p
E[|D;|"] = H— jok(Xi) —E[®}, k(X1)]) ]
1
= = Ell®na(X) - B[4 (x0)]|"] (17)
S E[|@.4(X:) - E[@;, 4(X0)]|"]
S E[|@(X)|"].

Due to g(x) = 0h(x) + (1 — 8) f(x), and the density functions /(x) and f(x) bounded in the defining
interval Q, it is easy to see that

E(l0,4 X0l ] = [ 5[0, 40 ds

= / Oh(x) |<I)j*,k(x)|p dx + /(1 -0)f(x) |(I)j*,k(x)|p dx
Q Q

< / |®j*,k(x)|p dx.
Q

This, together with Lemma 1 and (17), shows that
EIDI) 5 [ |04 dx s 27457,
Q

In particular, when p = 2, E[|D;|*] < 1
By Rosenthal’s inequality and 2/+¢ < n, when p > 2, we have

n p

5o,

i=

1
J— P
- §E|D| (
L
2

n_P( 2./(2 l,)P+

Il
|
es]

E[l&;. x — @, xl”]

A

A

n

A
[NI]

When 1 < p <2, we get

E[l&]* k=) kl” ]

. (ZE o71)

<n

1
—E
nbP

2/\

NN

In conclusion, when 1 < p < oo, the following result holds:

Ellaj. x —a;xl”] < n s
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In this position, the convergence rate of the linear wavelet estimator is stated in the following theorem.
In the sequel, the following symbol is introduced by x, = max{x, 0}.

Theorem 2. For the model (1), f(x) € By, ,(Q), withn, q € [1, 00) s>0,and1 <p<oo If{l <p<n}

or{l<n<p,s> } the linear estimator fl”‘(x) with 2 ~ n¥+d and s’ = s — d(— - —)+ satisfies

[0 - rell] s

Remark 2. It is easy to see from Theorem 2 that the convergence rates of this linear wavelet estimator are
different under distinct cases. According to the lower bound estimations in Theorem 1, this linear wavelet
estimator can attain the optimal convergence rate n~ %4 in the case of 1 < p < 1. On the other hand, when
p = 2, our results reduce to the conclusion of Liang and Kou [17].
_ _(s=d/n+d/p)p

Remark 3. Note that the convergence rate of this linear wavelet estimatorisn 2(s-d/n+d/p)+d when 1 < n < p.
Compared with the results of Theorem 1, the linear wavelet estimator gets worse with 1 < 7 < p. On
the other hand, the linear wavelet estimator relies on the smoothness parameter s of the unknown density
function f(x). Hence, this linear estimator is not adaptive. In order to overcome those shortages, a nonlinear
wavelet estimator will be proposed by the hard thresholding method in the following section.

Proof of Theorem 2. Based on the definitions of f,, flin(x) and orthogonal projection operators, we obtain

E[[l/i0) = f®) 0] = [/ (6) = Py, () + Py, f(x) = f@)]]

(18)
< E[|4" @) =Py f@I ]+ [P, £ o) = F G-
By Lemma 1, it is easy to obtain
p
[/ ) =Py, fFOIP] =E ||| > (). - @)x) D) i)
kEAj*
P
< Zj*(%_%)p Z E [|@j*,k —Qj, k p] .
keAj,
Furthermore, using Lemma 35, |Aj*’ ~ 2J+d and 27+ ~ nﬁ
E[|fin @) Py, f@)7] s 224507 3wk g ol Drpid ot Lpmsta. )
kEAj*
Whenl <p<n,s' =s5- d(— - —)+ = 5. By the Holder inequality and f(x) € B3, (), there are

.9

1Py, £(x) — FOOIE = /Q [Py, f(x) — f(0)|P - 1dx
1-2

_ P g 7= o
S(/Qll’v,-*f(x) f(x) dx) (/Ql dx)

Py. - g '
s( /g 1Py, () - F(0)] x)
— Py, f(x) - FO)D
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Due to Lemma 2, the definition of Py, f(x), and f(x) € Bj, ,(€), it is easy to see that

IPy,, f(x) = )l = i Z Z Bk seu(x)

Jj=Jj« u=1 ke -
<2 [Py £ =Py p)| 0y
< Y2
J=Jx
Therefore, according to (20), there are
1Py, f(x) = FCONL 5 > 2777 g 27757~ pmada. @n
When 1 < < p and s > %, sf =5 — d(— - —)+ The Besov spaces embedding theorem gives
s 4(Q) CB, ’" g (Q) and
1Py, f(x) = FOIE < > 277P g 27'P ~ pmavia (22)
J=J

Hence, according to (21) and (22), foreach 1 < p < oo,

1Py, £(x) - FG)IIL < =7 23)

Finally, owing to (18), (19), (23), we prove that

E[

) = f)|7] s n” e,

4.2. Nonlinear wavelet estimator

This section constructs a nonlinear wavelet estimator based on the thresholding function, and discusses
the convergence rate under L” (1 < p < oo) risk in Besov spaces. Firstly, we define the nonlinear wavelet
estimator by

2 29-1
fyrlxon(x) = Z aj*,ktbj*’k(x) + Z Z Z ﬁj’kv“]l{|Bj,k,1,|2Ktn}‘Pjvk’”(x)’x € Q,
k€/\j* j:]* u=1 kG/\j
with ¢, := '"" . In addition, we develop an estimator for the coefficients 5 x .,
s 11
Bjku =~ Zl R TICORDIwS (24)
i=

where ¥ ku = A: 725h(x)¥; k. (x)dx. This is the unbiased estimate of 3 k., that converges to f; k.u
in LP(Q), which follows from Lemma 6. To facilitate the proof of Theorem 3, we first introduce several
lemmas.

Lemma 6. Assuming that ,éj,k,u is defined as in (24), we obtain

E[B; kul = Bjku-
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A n .
Proof. Since Bk = % Z ;e da(Xi) = Vjkw and yj g fg %h(x)‘l’j,k,u(x)dx, by the properties

of expectation, one has

1 n
[’BJ k, ul = n Z 1— j,k,u(Xi) —VYjku
i=1
1 n
; Z 1- /',k,u(Xi) ~VYiku-
i=1
Since it is known that X{, X5, - - - , X,, are i.i.d. random variables with a common density function g(x), we
can obtain
RS 1 |
E - u X i kou X = R \P u d .
nl_:le 0 Wiku(Xi)| = -6 ke (X1) ‘/gl_eg(x) e (X)dx

Combining the above arguments and the mixture distribution g(x) = 0h(x) + (1 — 6) f(x), we can have

Eljaal = [ 75100 + (1= 07001 = [ T 61

Q

- /Q PO 4 ()X = B

Lemma 6 is proved. O

Lemma 7. Let 2/ <n, 0 <60 <c3 <1, and ,éj,k,u be defined as in (24). Then, for any 1 < p < oo, we can
derive

P
2

E['Bj,k,u _Bj,k,u|p] sn
Proof. By Lemma 6, we have E[,éj,k,u] = fBj k.u- Therefore,

n

1 1
- le -9 ke (Xi) =V keu

|,8j,k,u - IBj,k,u| = 9

IR
- ; m‘{'j,k,u(xi) ~Vjku—E

i=

v 1
p Z m(q"j,k,u(xi) - E[q"j,k,u(xi)])' (25)
i=1

if>

with G; := 115 (¥ k.u(Xi) — E[¥) ,u(X:)]). Obviously, E[G;] = 0 and

5l

p

E['ﬁj,ku ﬁ]kulp

5[0

i=1
p]

———E [|¥) k(X)) = B[¥) k. (X)]]7]

From the condition 0 < 8 < ¢3 < 1, it is known that

E[|G:|"] = ”— ¥ eu(Xi) = B[} k.u(Xi)])
1
T (1-or
S E[|¥)su(X0) = B[ au (X017 ]
S E[|¥ e (X)]"].
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The mixture model g(x) = 0h(x) + (1 — 6) f(x) in (1), combined with W(x)’s characteristics, yields
B[] = [ 20 [0l dx
= /th(x) ¥ k()| dx + /9(1 = 0)f(x)|¥)ku(x)]” dx
< /Q \‘Pl,-,k,u(x)r7 dx.

Then we can obtain E[|G;|P] < fQ |‘I‘j,k’u(x)|p dx and

BUGH < [ [ dx < 2457,
Q

Especially, when p = 2, E[|G;|*] < 1
Applying Rosenthal’s inequality and given that 2/¢ < n, for p > 2, we have

n pr

2,6

n

1
J—— P
o ZE 1G;|P] +

i=1

|
|
es!

EllB) ku — Bjkul’] =

n

A

E G2]

i=

)

N1 A

<n p(an(2 /')p+n

S

sno

When 1 < p <2, we get

|
|
™

E[lﬁj,k,u - ﬁj,k,ulp] =

N
3~
./—\
g
o
S

Hence, we can obtain
A p _E
E[lﬁj,k,u_ﬁj,k,ul ] sn 2.

]

Bernstein’s inequality[14] Let Xi,.. ., X, be independent random variables. We assume that E[X;] = 0,

n
|X;| < c,and 0% = % >, var(X;). Under these conditions, for each € > 0,

i=1
2
(— <2exp{ L}
n

2(02 + ce/3)
Lemma 8. Let 2/9 < o 0<6<c3<l andp € [l,00). The estimatorﬁj,k,u is given by (24). For some
constant k > 1, we have

n
S

i=1

Pr(|ﬁ,\j,k,u _ﬁj,k,ul > Ktn) < n—2p.
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Proof. According to (25), note that |,8Aj,k,u - ,Bj,k,u| = %\ Z:’zl G,-| and

n
Sa
i=1

It is known that G; := 115 (¥} k.u(X:) — E[¥, k,u(Xi)]), which gives E[G;] = 0. Because h(x), f(x), and
@(x) are all bounded functions,

5 1
{ B s = Bjka| = Ktn} C {; > Kt,,}. (26)

1G] <|¥)ku(X0)| + [E[ u(X0)]]

- + / e ()25 W, (2 x — k)dx
Q

25w, (27X, - k)

jd .
2T, (2 X; — k)

+

/ Oh(x)25 W, (2x — k)dx
Q

+ /(1 —0) f(x)25 W, (2x — k)dx| < 2%
Q
By the condition 2Jd < ﬁ
1Gil < 1/ —. 27)
Inn
Due to the proof of Lemma 7,
1 v 1 v
0—2 — ; Zvar[Gi] = ; ZE[GZZ] < 1. (28)
i=1 i=1

According to (26) —(28) and Bernstein’s inequality, we have

1 n
Pr(; ;Gi

= Kt,,) < exp {— nKZt%‘ }
2(c% + (Kln\/%)/:;)
(Inn)k?
xp {_2(02 + K/3)}

12
<n 2o 2+k/3) |

A

Then, a sufficiently large x can be selected such that

N R
Pr(1B) ko = Bjkul 2 Ktn) S 1”25 < n”2P.

]

Under the above conditions, the convergence rate of the nonlinear wavelet estimator is characterized by
the following theorem.

Theorem 3. For the model (1), f(x) € B, ,(Q) withn,q € [1,00), s >0and 1 < p <oo. If{1 <p <n}

or{l<n<p,s> %}, the nonlinear estimator f,’l‘o"(x) with 272 ~ (n/In n)é and 2+ ~ nrea (m > s) has

E[[l /2 00) - £)]7] < (nm) Fn=or,

where
d_d s _pd_
P { s s=u3t% A g e
= min =19 s-4d4d d
2s+d’ _4d — I < £
2(5 ,7) +d 2(s—%)+d’ N= 353a
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Remark 4. Taking into account the lower bound estimations in Theorem 1, note that the convergence rate of

this nonlinear wavelet estimator matches the optimal convergence rate up to an (Inn) ¥ factor. In addition,
the results of this theorem are consistent with the convergence rate of Liang and Kou [17], in the case of
p=2

Remark 5. While both linear and nonlinear wavelet estimators achieve optimal convergence rates when
n > p, the nonlinear estimator demonstrates superior convergence performance for p < n. Notably, the
nonlinear wavelet estimator exhibits adaptivity as its construction does not require prior knowledge of the
smoothness parameters of the unknown density function.

Remark 6. Note that the mixture density model (1) reduces to the nonparametric estimation problem of
Kou and Chen [16], when the density function i(x) = 1, which means that the function /4 (x) denotes the
density function of uniform distribution. Then, those upper bound estimations of two wavelet estimators in
Theorems 2 and 3 are the same as the results of Kou and Chen [16]. It should be pointed out that Kou and
Chen [16] only focus on the upper bound estimations of the wavelet method, they do not study the lower
bound estimations. In this paper, in order to discuss the optimality of wavelet estimators, the lower bound
estimations of wavelet estimators are investigated in Section 3.

Proof. By the definitions of f,‘l“’“ (x), f,lli“ (x), Py, f(x), and (2),

o 24—
[ = f&) = > (@ja— 0@ k) = Y Biku®kulx)
keAj, j=ja+1 u=1 keA;
o 24-1 2 241
+ Z Z Z Bjkalp, otz ¥ikou(*) = Z Z Z Bjkau¥keu (x)
J=Jj« u=1 keA; J=Jjs u=1 keA;
= (fi"(x) =Py, f(x)) = (f(x) =Py, ., f(x))

Ja 24-1

+ Z Z Z (Bj’k’u]l{lﬁj,k,ulzktn} _ﬁj’k’u)lyj’k’u(x).

j=j« u=1 keA;
Hence,
E[[[ /") = f@)|[}] s A+ B+C. (29)
In the above equality,
A =B [[|An) - Py, foll)] .
B:=|f(x) =Py, ",

2 29-1 P
C=El|> D) D (ﬁf,k,uﬂ{m,«,k,uzmn} ‘ﬁf,k’u)‘l'f,k’u(x)
||/=7x u=1 keA; »
For A, it follows from Lemma 1 that
p
Al p N
E [0 =Pl =E || 3 (@54 - @) .4)
ke, »
i(d_d R
s 2]*(2 p)p Z E[ |a‘]*,k _ a‘]hk|p ].
ke,
By Lemma 5, we have |A;,| ~ 279, with 27+ ~ nT (m > s),
A< 235 Z 8 <2 ot i < < P, (30)

kEAj*
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For B,whenl <p<n,s =s5- d(% - 111 + = 5. By the Holder inequality and f(x) € Bj, ,(€2),

1 (x) = Py, F oI5 = /Q £ () = Py, f()IP - 1dx

P p 1-2
_ ez ([ 07

— P . 77d 7
< ( R x)
= 1f ) — Py, f I

Then, the same method is used as in the proof of (20), and we can obtain

o0 & = 5p
. ) d 2s+d
B< Z 2=Jsp < p=iasp L (ln_n) < (ln_n) < (ln_n) . (31)
& n n n
Jj=j2+l1
Furthermore, when 1 <5 < p and s > %, s’ =5- % + %. The Besov spaces embedding theorem gives
_d,d
BS (Q) < B, " (Q) and
. (s-d+d)p (s-d+d)p sp
sl i d s—i +
B< Z 27is'p < 9 (= G+EIP (ln_") < (ln_") o (ln_") . (32)
L n n n
J=i+l
In conclusion, by (31) and (32), when 1 < p < oo,
ép
1
B < (ﬂ) . (33)
n
By Lemma 1 and the Holder inequality, C can be written as
J2 24-1 P
C=E|| Y D) 2 (Bikadpisntn) — Bikar) ¥k ()
]:]* u=1 kEA,'
: p
2 241 r
S =it )P Y TEN D ) (ﬁj’k’uﬂﬂﬁj.k‘ﬂzm‘n} —ﬁj,k,u)‘l’j,k,u(x)
]:]* u=1 kE/\j p
2o d_d 2] D
S (2= g+ D Z PG Z Z E ['Bj’k’”]l{lﬁj,k,ulzmn} ~ Bjku ] .
J=J« u=1 keA;

Note that

B3,z = Bidear| S 1Bidew = Biteul L1,y + Brkad Lyt <ina)

= 1Bk = Bidea L4, a2k 18 <2}
1Bt = Bl L izt 18 0012 52
1Bt X1, o <kt 52600

1B K18, <kt ol <2600

We will discuss the following four parts:

D) 1Bt = Breael L1, 5kt 8 | <22 )

2
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) [B) s = Bideau| L\, 5ty el > 520 )
) B kael L1, | <kt 5200}

@) 1B e 14, 1 <ty | <2010}

For (1), the conditions |,8 i ke
and

“ﬁjku|>Ktn’|ﬁjku|<_} {|,8]ku ﬂjku>%}.

Therefore, we can get
1Bjsu = Bl L, izt 8y <22y < |Bikwe = Brkoul T 3, 4 -y ]}

For (2), since Lijg, , 1 xt 18kl 2 52 S 1Bl 2> WE €AN gOL

|ﬂj,k,u _ﬁj,k,u|]I{\ﬁjvk‘“|zktn,|ﬁj‘ku|2%} < |:8j,k,u = Bjku > iy

For (4), due 0 Iy 5. | it 4l <2t} S T8kl <2x1}» 1L 1S €aSY 1O see that

iﬂj’k,u| ]I{ 1B k| <Kt | B oo <2680 = |ﬁj,k,u| I 1By de,u| <2kt } -

> kt, and |ﬁjku|< L lmply that |IBJku_ﬁjku|>|ﬁjku|_|ﬁjku|>

I(In

For (3), note that \BA]ku| < kty and |B} k.| > 2«t,; we see that \ﬁj,k,u - Bj,k,u| > |ﬁj,k,u| - |ﬁ]ku| > Kty,

iﬁj’k’u| ]I{|Ej.k,u|<Ktn,|ﬁj.k,u|>2’<tn iﬁj’k’u _ﬁj’k’u| + |B\j’k’ui) I[{|B_[,k,u|<Ktnalﬁj,k.u‘>2’<tn}

A

(
(iﬂj,k,u —ﬂj,k,u| + |/§Jkui) 1[{|ﬁ,-,kvu7/3,‘k‘u|>:<t,,}
(1Bjku = Bkl + 1261) L, sl it}

<
S|ﬂjku ﬂjku|ﬂ{|ﬁjku_ﬁjku|>”n}
Therefore, we know that
1Bk L1, gl <kt e 52y S B = Brdead L1, =y > 2y

In line with these discussions, we obtain

P A
p
L8 gzt ~ Bidear| S 1B = Briadl "L\, =y l> 22y

) P
1Bk = Bikal Yy, ts sy + Bl X1, pl <260

Therefore, C can be decomposed into three parts:

C<(jo—jo+ DPTHCI+ G+ C),

where
J 241 A
G Z 255 Z Z E [\ﬁj,k,u —ﬁf,k,u|pﬂ{\3,-,k,u—ﬂ_,-,k.u|>%}] ;
J=J« u=1 keA;
o v 2d_1 R
Co= 3 2 N BBk = Bkl Loy
J=Jx u=1 keA;
J2 24 _]
C3= 3 2507 3 N 1Bkl T <20
J=Js u=1 keA;
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For Cy, it follows from the Holder inequality that
1

1

3 2
} {E [, 1B) k=B eu| > <3+ 1 }

Kty

9l

E [|:éj,k,u - ﬂj,k»”ipﬂﬂﬁj,k,u_ﬁj,k,u|>%}] = {E“ﬁj’k’u —ﬁj,k,u| ]
e -]
P

Based on Lemma 7, Lemma 8, and |53 k.u — Bjkul? < (5) 2, we get

E[mjku_ﬂﬁkufélSE[mLhu_ﬁLhAmehu_ﬁLhAp]
() B oy

Inn
n % P
<(=) w7 E < w7t
Inn
1
. id a
Furthermore, since |Aj*| ~ 27+¢ and 272 ~ (ﬁ) 4,
7 o 2d _q b J2 d d X
C < Z 2i(§-%)p Z Z (Inn)"$n P < Z 2/(5=5)P2id (1n )~ F P
= u=1 keA; J=Js
3 P

< 22 ETPE )P g (nm)F

(mn)’z’ (lnn)‘sp
<|l—] <|—] .
n n

- 1 . . 1 1
For C;, one defines 2/ ~ nz+a, we obtain 2/ ~ nmd (m > 5) < 2/ ~ nz+a <272 ~ ()4,
be defined as
241
J(4-4p A _p.. P
Z Z 2 2o 2B |Bika =Bkl N0
J=Js =j'+1 u=1 keA;
= C21 +C22.
7 1
From Lemma 7 and 2/ ~ n2+a,
241
j(¢-4yp
Ca 2= 22 Py D B Bkl L2y
J=J« u=1 keA;
241
< 221(2 4)p Z Z sz(f—f)p 0jd . =%
J=J« u=1 keA; J=Js
i’ pd sp
Pt R N

For C»,, when p > 1, using Lemma 7, one obtains

J2 241
Cni= ), PP S S E Bk~ Bral L

JEj+1 u=1 keA,;
J’ v 2d_1
P (4 _4d
D)
DY L6 pul 2y
J=Jj« u=1 keA;
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)
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When 1 < p < 7, by the Holder inequality, Lemma 7, t,, = ,/1“” and 2/ ~ n>+a, we get

J2 P J2
P j(,_,)p z : |,8j,k,u| -z j(é—%)P . P
Cns n? E, 2 Z (Ktn/2 < (Inn)™2 E 2727 1B el

Jj=j'+1 j=j'+l
J2 J2 Cua )
< < Z 2](7—17)172/01(1—*)172 J(S—*+2)P (38)
j=i+1 J=i'+1
J2 o
= 27IPS < 27I'PS L pmaa < pm 0P,
J=j'+l1

Whenl§n<pands>%,

Cy < n_% i ] *—*)P Z Z (|ﬂj,k,u|)]7
) jEr+1 Ktn/2

u=1 keA;
J2
S ()~ #n"2 Y 2708, 7
T
< (Inp)~?n"" Z 2-isn=%(p=m))
j=j'+1

Lete := s — %(p —1n). Then Cy; can be written as

J2
Cy < (Inn) " In'7 Z 277e,
J=i+

When & > 0, if and only if n < 2S+d,then6— 7org and

Cp < (Inn)” Tp'p0'E (Inn)~ Ip iwa < poied < poOP, (39)

d
When ¢ < 0, if and only if < 2S m d, then we have 0 = m We take 2/1 ~ m Obviously,
. 1 . 1 . ‘L
27"~ prra < 20~ o-dyed <272 ~ ()9, Cx can be written as
J1 J2 (4_d 241
o j(d-4 5 p
C22 .= Z + Z 2] 2 p P Z Z E[|ﬁj,k,u —[)’j’k’u| I[{lﬁjkulz%}
JEIHL = u=1 ken;
= Cx1 + Con.
For Cy1, note that 52 — ~—6éii = —6p and
n'p
7 1-1 jl /A i 24
Cyo1 < (Inn) " 2In"'7" Z 277¢ < (Inn)~In'2 2 0e
J=i'+1 (40)
&
< (lnn)_flnugpn 07 = (Inn) " Fn"0P <n 0P
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s-2+d
For Cyp, when 1 < <pands> ¢, B} (Q) C B P (Q). Furthermore, we can get
J2 241 p J2
-5 J(E=9)p 1Byl -5 IE=9rng. . P
st Y NS Z(Wz <ont Y DL
J=ji+1 u=1 keA; =i+
J2 L
S(lnn)_% Z 2](2 *)P2 J(s-2+4 P < (Inn)~ So—ii(s- d+dyp
J=Ji+l
-+ dp
~(nn)"Tn 29 < (Inn)"Tn %P <n 0P,
By combining (38), (39), (40), and (41), we get
Cyn < n~°P.
This, together with (36), (37), and (42), shows that
G < n=°p,
Finally, C3 could be rewritten as
4 241
j($-4)
Z Z 2T NN 1Bkl T8l <200)
J=J  j=j'+1 u=1 keA;
= C31 + C32.
For C31,
S, 2 P e
Cyy = Z 2 (5=5)p Z Z |,8j,k,u|p T{18; gl <26t} < Z 2i(5=5)p Z Z |2kt |”
J= s u=1 keh; J=Js u=1 keA;
J 5
i(d Inn Inn\2 _j'pd
< 2 (5-% )szd( ) < (_) 2771
- Z n “\n
J=J
< (Inn)Tn % < (lnn)gn"s”.
lnn

For C3;, when 1 < p < 1, by the Holder inequality, Lemma 2, ¢, = ,and 27" ~ n29+d

Cs < 2 25 Z S el = ST 2B

j=i+1 u=1 keh,; j=i+l1
jZ 1_d d j2 d 1 d
d d o d d d o d 4
< Z 2](2 p)pzjd(l '7)p||,8j,k,u”gs Z 2](2 ,,)szd(l )PZ J(s + S)p
j=j’+1 j=j'+1

S 2 g 2T i <,
J=j'+l1

When 1 <7 < p, one has

2d _1 p—-n pzn g
2 1 2
as SIS Sl (G () 5 2

Jj=j'+1 u=1 keA; Jj=j'+1
p-n i pr-n i
Stk J2
7 4 a . d.d 2 ;
B (ln" 2i (4= Srpy-jnis-d+¢) _ (ln”) o-i(sn-4(p-)
n n
J=j'+1 J=j'+1
p-n ;
— J2
2
_ ( nn H-ie
n
J=j'+1
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When g > 0, r]<—and6——d. Then

p_n p_n
Ca < (hl_”) T oie o (1“_”) o =4 )
n n

- n-p S’I’%(l’*’l)

< (lnn)anTn vd < (lnn)%n_% < (lnn)%n_ap.

godyd
< < - STutp oo 1 . 7o e Ji~
When e < 0,7 < 5; +d and 0 = o Tyed One defines 2 T obviously, 2 nzmd < 2
S S Jr oo ()a
-Tyd <2/ ~ ($£)7, and C3; can be written as
B 241
Z Z PE NS Bikal” iy i<2en)
j=j’+1  j=j1+1 u=1 keA;

= G321 + G323

For C331,

1 ) 1 B

nn _ nn _7 o
Ci1 S (—) > 2 (—) 2711¢ ~ (Inn)Tn=OP.
n n

J=i+1

For C3p, whenl <p<pands> £ o (Q) C B _" ”(Q) and

B4
j d
Cins Y, 20479 Z Z 1Bl < Z 2D el
Jj=i+l =1k Jj=i+l
2
< Z 2/(*-*)172 j(s-4 2)p< Z 2 ip(s-2+4)
Jj=n+l Jj=h+l

< 2—1’117(s did) <pn P,
Therefore, in all cases,
< (Inn)7n~%7, (44)
Combining the above results (34), (35),(43), and (44), we have
C$ (o= et )P7HCL+Co +Cy) 5 (Inm) Fn~oF
This, together with (29), (30), and (33), shows that
B[l ) - f@)]7] s (nm) Fnor,

which is the desired conclusion. |

5. Numerical simulations

To assess the empirical performance of the proposed wavelet-based estimators, we conduct a series
of numerical simulations. Specifically, we consider the estimation problem defined in (1), where the
goal is to reconstruct the unknown probability density function f(x) from a set of observed data points
{X;},. In order to evaluate the performance of the estimators, we employed the MSE(f(X;), f(Xp) =

%Z;‘:l( f(X;) - F(X))?* as the assessment criterion. For the linear estimator f‘”‘(x), the wavelet scale
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parameter j. is selected from the discrete set j. € {0,1,...,log,(n) — 1}. The optimal choice of j.
is obtained by minimizing the mean squared error (MSE(f(X;), f,i”’ (X;))). For the nonlinear wavelet
estimator, the scale paremeter j, is fixed at the maximum level of wavelet decomposition j, = log,(n) — 1.
Similar to the choice of j., the other optimal threshold parameter A = «t,, is selected by minimizing the
MSE (MSE(f(X;), f,{’""(X,-))). The simulation experiments are done using RStudio software. In addition,
the Daubechies compactly supported wavelet with 8 vanishing moments is used in the following studies.

In the simulation study of model (1), we choose n = 4096 and the proportionality coefficient § = 0.1. Six
functions are selected as f(x). As shown in Figures 1-6, both linear and nonlinear wavelet estimators have
excellent performance. Table 1 presents the MSE results for both linear and nonlinear wavelet estimators
across various experimental settings. The simulation study indicates that these estimators are capable of
effectively approximating the unknown density function f(x). Notably, the nonlinear wavelet estimator
exhibits superior performance compared to its linear counterpart.

Example 1. In model (1), we consider two density functions: fj(x) = 2.38x2¢=*" and
h(x) = 0.15x% + 0.6 cos 2x + 0.15 defined on the interval x € [0,2]. As depicted in Figure 1(a), the optimal
scale parameter is determined to be j, = 5, and then the corresponding M SE ( ﬁi“, f) =0.01949769. Based
on Figure 1(c), we find the optimal threshold parameter to be 1 = 0.0478260870. The performance of both
linear and nonlinear wavelet estimators is visualized in Figures 1(b) and 1(d), respectively. These results
clearly demonstrate the effectiveness of the proposed wavelet-based estimators in approximating the target
density function.
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Figure 1: The estimates of f|(x): (a) MSE( f lin " £) with a different scale parameter J,; (b) the linear wavelet

n

estimate A,]li“ (x); (c) MSE( A,‘l“’“, f) with a different thresholding parameter A; (d) the nonlinear wavelet

estimate f,rl“’“ (x).
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Example 2. We choose the density functions f>(x) = (x —I{x<0.3})* +0.9, h(x) = 0.5x> +0.5 cos 2x +0.53,
x € [0,1]. The optimal scale parameter j, = 10 can be obtained from Figure 2(a). Figure 2(c) identifies
the optimal threshold parameter as 4 = 0.11391304. The estimation results for the linear wavelet estimator
are depicted in Figure 2(b). The corresponding results for the nonlinear wavelet estimator are shown in
Figure 2(d). Comparative analysis reveals that, when compared to the linear estimator, the nonlinear wavelet

estimator demonstrates superior performance, particularly at discontinuity points.
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Figure 2: The estimates of f(x).
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Example 3. In the context of model (1), we consider two density functions f3(x) = 1.6e~200(x=0.75)% 4

2e-50(x-033)? 4ng h(x) = 0.9x% + 0.35cos2x + 0.55, with x € [0,1]. The optimal scale parameter
J« = 6 can be obtained from Figure 3(a). Furthermore, the optimal threshold parameter is determined to
be 4 = 0.0030100334, as shown in Figure 3(c). Figures 3(b) and 3(d) show that the wavelet estimators
employed are capable of effectively approximating the unknown density function.
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Figure 3: The estimates of f3(x).
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Example 4. We choose the density functions fi(x) = e~ sin? x and h(x) = 0.1x% + 0.6 cos 2x + 0.11,
x € [-2.5,2.5]. The optimal scale parameter j. = 5 can be obtained from Figure 4(a). The optimal
threshold parameter, denoted as A, is determined to be 0.00301003344, as depicted in Figure 4(c). The
corresponding estimation results are displayed in Figure 4(b) for the linear wavelet estimator, and in Figure
4(d) for the nonlinear wavelet estimator.
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Figure 4: The estimates of f;(x).
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Example 5. In the context of model (1), we choose the density functions f5(x) = (4sindnx — sign(x +
0.12) — sign(0.22 — x))/5 + 1.2 and h(x) = 0.6x> + 0.5cos 2x + 0.53, x € [-0.5,0.5]. Figures 5(a) and
5(c) demonstrate that the optimal parameters are determined to be j. = 8 for the scale parameter, and
A = 0.0237458194 for the threshold parameter. Under those optimal parameters, two wavelet estimators
have good performance.
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Figure 5: The estimates of f5(x).
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Example 6. We choose the density functions f5(x) = 8(2 —x)e=#2=)"_ h(x) = 0.2x% +0.35 cos 2x +0.51,
and x € [0.5,2]. The optimal scale parameter j. = 6 can be obtained from Figure 6(a). The optimal
threshold parameter is 1 = 0.0284280936, as depicted in Figure 6(c). Figures 6(b) and 6(d) show that both
wavelet estimators can effectively approximate the target density function.
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Figure 6: The estimates of fg(x).
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The following Table 1 shows the optimal scale parameters, the optimal threshold parameters, and the
MSE of two wavelet estimators in different examples. For more simulation studies, we choose a different
sample size n to observe the performance of two wavelet estimators. According to Table 2, it is easy to see
that the MSE of two wavelet estimators becomes smaller when the sample size n is larger. In addition, the
nonlinear wavelet estimators f, perform better than the linear wavelet estimators Fo.

fi 12 1
Je 5 10 6
A 0.0478260870 0.11391304 0.0030100334
MSE(flln f) 0.01949769 0.00514771 0.03986530
MSE(f"On 1) 0.01466935 0.00298714 0.02302871
fa /5 fe
7 5 8 6
A 0.0237458194 0.170568562 0.0284280936
MSE(fim, ) 0.02185451 0.02971702 0.03902024
MSE(f,fon,f) 0.01837104 0.02093666 0.02811353

Table 1: The MSE of the wavelet estimator.

n 128 256 512 1024 2048 4096 8192 16384

MSE(f., f) 0.02004337 0.01969370 0.01967366 0.01965352 0.01963825 0.01949769 0.01938861 0.01934151
MSE(f,, f) 0.01531049  0.017234 0.014139 0.012880  0.01479997 0.01466935 0.01466550 0.01464125
MSE(fn, f) 000560728 0.00517845 0.00516828 0.00516463 0.00515295 0.00514771 0.00501177 0.00500330
MSE(f,, f) 0.00329194 0.00326762 0.00310774 0.00309442 0.00301939 0.00298714 0.00297252 0.00295634
MSE (fu, f) 0.04774499 0.04085642 0.03986695 0.03974946 0.03953559 0.03949926 0.03949290 0.03936086
MSE(f,, f) 0.02323339 0.02308795 0.02308036 0.02307001 0.02306140 0.02302871  0.022824  0.02281976
MSE(f,, f) 0.02285294 0.02189756 0.02189058 0.02188800 0.02188289 0.02185451 0.02162162 0.02151109
MSE(f,, f) 0.01921598 0.01861709 0.01860857 0.01850824 0.01839866 0.01837104 0.01827369 0.01809206
MSE(fu, f) 0.036478  0.03209222 0.03113655 0.03061721 0.02962667 0.02971702 0.02965899 0.02965899
MSE(f,, f) 0.02417582 0.02267460 0.02257770 0.02212211 0.02151516 0.02093666 0.02088335 0.02086120
MSE (f,., f) 0.03968358 0.03950713 0.03935347 0.03927934 0.03927852 0.03902024 0.038165  0.03792818
MSE(f,, f) 0.02851510 0.02843545 0.028391  0.02832763 0.02821251 0.02811353 0.02774405 0.02690849

Table 2: Estimation results of two wavelet estimators with a different sample size n.
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