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Abstract. In this paper, we take into account the multifarious impacts arising from the intricate interplay among
chemotaxis, haptotaxis, sub-logistic growth patterns, and remodeling mechanisms on the global boundedness of solutions
within a mathematical model. Initially devised by Chaplain and Lolas (2006) [5], this model stands as a potent instrument,
illuminating the complex dynamics that unfolds between cancer cells, matrix-degrading enzymes, and the host tissue
during the invasive process of cancer cells into the extracellular matrix. The model, outlined as follows, encapsulates a
vast array of biological phenomena:

𝑢𝑡 = Δ𝑢 − 𝜒∇ · (𝑢∇𝑣) − 𝜉∇ · (𝑢∇𝑤) + 𝑓 (𝑢, 𝑤),
0 = Δ𝑣 − 𝑣 + 𝑢,

𝑤𝑡 = −𝑣𝑤 + 𝜂𝑤(1 − 𝑢 − 𝑤).
in Ω ⊂ R2.

Here, Ω represents a generic bounded domain with a smooth boundary, while 𝑓 (𝑢, 𝑤) encapsulates the proliferation and
death of cancer cells, processes that are intricately intertwined with competition for space involving the extracellular
matrix. The constants 𝜒 > 0, 𝜉 > 0, and 𝜂 > 0 reflect various biological processes with nuance. A pivotal aspect
of our exploration focuses on cell kinetics, which is meticulously described by a versatile class of sub-logistic source
functions. As illustrative examples, we consider source functions such as 𝑢

(
𝜅 − 𝑤 − 𝜇𝑢

ln𝛾 (𝑢+1)

)
with 𝛾 ∈ (0, 1) and

𝑢

(
1 − 𝑤 − 𝑢

ln(ln(𝑢+𝑒) )

)
, offering nuanced perspectives into the dynamic growth of cancer cells.

In the context of this system, we establish the existence and boundedness of nonnegative solutions to the system,
thereby significantly broadening the horizons of previous findings reported in [29, 33, 37, 38, 39]. Regarding the
qualitative behavior of solutions, our work uncovers an explicit smallness condition on 𝑤0 that ensures the exponential
decay of 𝑤 in the long-time limit, while 𝑢 and 𝑣 persist in a specific sense. Our findings contribute immensely to the
comprehension of the complex mechanisms that govern cancer cell invasion, offering invaluable insights that could
potentially inform the development of targeted therapeutic interventions.
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1. Introduction

The phenomenon where cells migrate towards high concentrations of chemical signals is called chemotaxis.
Responding to this natural phenomenon, Keller and Segel developed a landmark mathematical model in the
1970s [19]. This model is presented in a concise and insightful form as follows:{

𝑢𝑡 = Δ𝑢 − 𝜒∇ · (𝑢∇𝑣), 𝑥 ∈ Ω, 𝑡 > 0,
𝜏𝑣𝑡 = Δ𝑣 − 𝑣 + 𝑢, 𝑥 ∈ Ω, 𝑡 > 0.

(1)

In this context, the parameter 𝜒 is greater than 0, and 𝜏 belongs to the set {0, 1}. Meanwhile, 𝑢 and 𝑣

represent cell density and chemical concentration, respectively. Here Ω, as a subset of R𝑁 (𝑁 ≥ 1), is a
bounded domain with a smooth boundary 𝜕Ω. Over the past five decades, numerous researchers have delved
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into exploring the existence of global solutions to this system within finite or infinite time frames, as well
as the possible occurrence of singularity phenomena [13, 50]. A salient feature of KS-type models is the
potential for solutions to blow up in finite or infinite time, which strongly depends on the spatial dimension.
To gain a more comprehensive understanding of this field, we have also referred to numerous important
sources in the literature [1, 9, 12].

In diverse application scenarios, the characteristics of biological environments necessitate a meticulous
consideration of cellular proliferation and death processes. To address this need, an adapted version of (1)
takes the following form: {

𝑢𝑡 = Δ𝑢 − 𝜒∇ · (𝑢∇𝑣) + 𝑓 (𝑢), 𝑥 ∈ Ω, 𝑡 > 0,
𝜏𝑣𝑡 = Δ𝑣 + 𝑢 − 𝑣, 𝑥 ∈ Ω, 𝑡 > 0.

(2)

Within this framework, any reasonable and non-trivial choice of the function 𝑓 will profoundly influence
the dynamic evolution of the total population size

∫
Ω
𝑢(·, 𝑡) and, notably, significantly diminish the energy

dissipation property exhibited by the original (1) in (2). On the other hand, from a biological perspective,
most meaningful choices of the function 𝑓 embody the increase in mortality rates at high cellular densities,
a phenomenon that is particularly evident in the classical logistic growth model and exemplified by:

𝑓 (𝑢) = 𝑟𝑢 − 𝜇𝑢2, 𝑢 ≥ 0,

where 𝜇 > 0, and typically 𝑟 ≥ 0. This model accurately captures the rise in cellular mortality due to resource
limitations and competitive pressures as cell density increases. Actually, for 𝑁 ≤ 2, any 𝜇 > 0 is sufficient to
exclude any blow-up, as referenced in [26, 27, 43]. A recent detailed study from [56] further demonstrates
that even sub-logarithmic sources, such as 𝑎𝑢 − 𝑏𝑢2

ln𝛾 (𝑢+1) or 𝑎𝑢 − 𝑏𝑢2

ln(ln(𝑢+𝑒) ) (where 𝑎 ∈ R, 𝑏 > 0, 𝛾 ∈ (0, 1)),
can prevent chemotactic aggregation. These results suggest that for 𝑁 ≤ 2, the blow-up phenomenon in
(1) can be completely avoided as long as a logistic or sub-logistic source is present, and in such cases, the
blow-up phenomenon inherent in (1) disappears entirely. For 𝑁 ≥ 3, preventing blow-up in (2) through
logistic sources becomes increasingly intricate and has been qualitatively and quantitatively explored in a
series of works [49]. In summary, it is currently known that only appropriately strong logistic damping in (2)
can prevent blow-up driven by chemotactic cross-diffusion in (1). More specifically, in the parabolic-elliptic
case when 𝜏 = 0, logistic damping outweighs chemotactic aggregation when 𝑏 ≥ (𝑁−2)

𝑁
𝜒 [43]. In the

fully parabolic case when 𝜏 = 1, the issue becomes even more nuanced: for 𝑁 ≥ 4, sufficiently strong
logistic damping can prevent blow-up [49], while for 𝑁 = 3 or in convex domains, explicit smallness of 𝜒

𝜇
is

available for boundedness and convergence [49]. We would add that in three-dimensional bounded, smooth,
and convex domains, even though logistic damping guarantees the global existence of weak solutions [21],
weak damping sources may fail to suppress blow-up in (1). Indeed, for 𝑁 ≥ 3, radially symmetric blow-
up has been observed in a parabolic-elliptic simplification of (2) under a suitable sub-quadratic damping
source [52]. Regarding a pivotal variant of equation (1), researchers have made remarkable breakthroughs
in exploring its global existence and boundedness by innovatively adopting the nonlinear diffusion term
Δ𝑢𝑚 of porous media type, where 𝑚 spans a wide range of values greater than 1. These ground breaking
research achievements have been comprehensively and profoundly elaborated in authoritative literature such
as [6, 8, 9, 32, 43, 58], providing invaluable references and inspirations for research in related fields.

In addition to the above models, in order to describe the process of cancer cells invading surrounding
healthy tissues, Chaplain and Lolas ([4, 5]) proposed an important extension to the classical chemotaxis
model, applying it to more complex cellular migration mechanisms. The specific form of this model is as
follows: 

𝑢𝑡 = Δ𝑢 − 𝜒∇ · (𝑢∇𝑣) − 𝜉∇ · (𝑢∇𝑤) + 𝑓 (𝑢, 𝑤), 𝑥 ∈ Ω, 𝑡 > 0,
𝜏𝑣𝑡 = Δ𝑣 + 𝑢 − 𝑣, 𝑥 ∈ Ω, 𝑡 > 0,
𝑤𝑡 = −𝑣𝑤 + 𝜂𝑤(1 − 𝑢 − 𝑤), 𝑥 ∈ Ω, 𝑡 > 0,

(3)

where the unknown variables 𝑢(𝑥, 𝑡), 𝑣(𝑥, 𝑡), and 𝑤(𝑥, 𝑡) represent the density of cancer cells, the concentra-
tion of matrix-degrading enzymes (MDEs), and the density of the extracellular matrix (ECM), respectively.
In the context of equation (3), setting 𝜏 = 0 is a justified simplification rooted in the evident disparity between
the diffusion rates: the MDE diffuses at a significantly higher pace than cancer cells, as evidenced in [5] (see
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also [15, 30]). Here, the parameters 𝜒 > 0 and 𝜉 > 0 denote the sensitivities of chemotaxis and haptotaxis,
respectively. The term 𝑓 (𝑢, 𝑤) details the proliferation or death process of cancer cells, including spatial
competition with ECM. The expression −𝑣 accounts for the decay of MDE, while +𝑢 represents their spon-
taneous production, and −𝑣𝑤 depicts the degradation of the ECM. When 𝜏 = 0, it can be justified here by the
evidence that the diffusion rate of MDEs is much faster than that of cancer cells [5]. The model, denoted as
(3), has undergone extensive scrutiny and examination over the preceding years, as evidenced by numerous
studies, including but not limited to [3, 17, 22, 23, 33, 34, 37, 38, 40, 41, 46, 48, 53, 54, 55, 59]. For instance,
in 2008, Tao and Wang [34] conducted a pioneering study on the global solvability of classical solutions to
equation (1.2), specifically focusing on the 𝜂 = 0 scenario across dimensions 1, 2, and 3. Following this, Cao
[3] and Tao [33] further contributed by establishing the uniform boundedness of these solutions. Expanding
the scope, Tao and Winkler [37, 38] successfully demonstrated the global existence, uniform boundedness,
and stability of solutions in 𝑁-dimensional spaces. If 𝑁 ≤ 3 and 𝑓 (𝑢, 𝑤) = 𝜇𝑢(1 − 𝑢 − 𝑤) with 𝜇 > 0,
Tao and Winkler [41] showed that the solution to (3) converges to the constant stationary solution (1, 1, 0)
uniformly and exponentially under the condition 𝜇 >

𝜒2

8 , while if 𝑁 ≥ 3 and 𝑓 (𝑢, 𝑤) = 𝑢(𝑎 − 𝜇𝑢𝑟−1 − 𝜆𝑤)
with 𝑎 ∈ R, 𝜇 > 0, 𝜆 ≥ 0 and 𝑟 > 1, Zheng and Ke [59] also established the global boundedness and stability
of the solution when 𝜇 is appropriately large and under other technical assumptions.

After incorporating the intricate interplay of chemotaxis, haptotaxis, and the reconstruction mechanism
of ECM components (𝜂 ≠ 0) into the model, the complex interactions among these three factors undoubtedly
add a deeper level of complexity to this research topic. Notably, when the specific parameter 𝜂 = 0, we
can ingeniously construct a one-way pointwise estimate, thereby establishing a close relationship between
𝑤 and 𝑣. In contrast, when 𝜂 > 0, the strong coupling effects among 𝑢, 𝑣, and 𝑤 in model (3) pose a
series of technical challenges, making related research findings particularly scarce. And therefore, in the
current realm of knowledge, research on this chemotaxis-haptotaxis model that integrates the reconstruction
mechanism is still in its nascent stage, with relatively limited achievements.

The parabolic-parabolic-ODE types (i.e., 𝜏 = 1 in (3)). When 𝑓 (𝑢, 𝑤) = 𝜇𝑢(1 − 𝑢 − 𝑤) with 𝜇 > 0,
the global existence and uniqueness of a classical solution to model (3) were established by Pang and Wang
[28] for large 𝜇 on 𝑁 = 2. In [18] (see also [16, 29]), we discarded the critical assumption made in [28] that
the coefficient 𝜇 needs to be sufficiently large, thereby enabling a broader scope of discussion or analysis.

The parabolic-elliptic-ODE types (i.e., 𝜏 = 0 in (3)). When 𝑓 (𝑢, 𝑤) = 𝜇𝑢(1− 𝑢 −𝑤) with 𝜇 > 0, Tao
and Winkler [39] proved that system (3) admits a unique globally classical solution to 𝜇 > 0 on 𝑁 = 2. In
[29], the authors not only successfully extended the core findings in [39] but also conducted further in-depth
exploration under the same conditions, deriving a significant conclusion of uniform boundedness of the
solution to system (3), thereby achieving remarkable expansion and deepening at the theoretical level.

This discovery prompts us to consider the following insightful and crucial question:
(Q) Given that the introduction of a logistic source in a two-dimensional environment is sufficient to

prevent the tendency of explosion among chemotaxis-haptotaxis models, we are intrigued to know if the
mere addition of a sub-logistic source would also suffice in preventing explosion phenomena in model (3).
Notably, under the specific scenario where 𝜂 ≡ 0, unlike the strictly required logistic source in (3), some
implicit settings with a smaller initial mass

∫
Ω
𝑢0 or weaker forms of sub-logistic sources, such as

𝜅𝑢 − 𝜇𝑢2

ln𝛾 (𝑢 + 1) with 𝛾 ∈ (0, 1)

or
𝑢

(
1 − 𝑤 − 𝑢

ln(ln(𝑢 + 𝑒))

)
have been proven to ensure that the solution to (3) remains bounded in two-dimensional space (see Xiang-
Zheng [57]). This finding not only broadens our understanding of model stability but also provides new
perspectives and avenues for future research.

In addition to the achievements and papers explicitly listed above, [16, 29, 31, 60] and the references
cited therein contain richer results and studies for readers to further explore and refer to. It is particularly
noteworthy that in [60] Zheng and Ke investigated a high-dimensional haptotaxis system describing oncolytic
virotherapy, focusing on the boundedness and long-time behavior of solutions in a bounded domain with zero-
flux boundary conditions. Under relatively mild conditions on the parameters, they established for the first
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time the existence and uniform boundedness of global classical solutions to the system in three-dimensional
space. Furthermore, they studied the asymptotic decay behavior of solutions when the coefficient of the cell
proliferation term is zero, and proved that the solutions converge to the zero equilibrium at an algebraic rate.

Motivated by the above papers, the primary objective of this endeavor is to establish the intricate
interplay between chemotaxis, haptotaxis, sub-logistic growth patterns, and remodeling mechanisms, and
successfully establish the chemotaxis-haptotaxis system (3) that incorporates the remodeling characteristics
of the ECM. Thus, we embark on analyzing the system given by

𝑢𝑡 = Δ𝑢 − 𝜒∇ · (𝑢∇𝑣) − 𝜉∇ · (𝑢∇𝑤) + 𝑓 (𝑢, 𝑤), 𝑥 ∈ Ω, 𝑡 > 0,
0 = Δ𝑣 + 𝑢 − 𝑣, 𝑥 ∈ Ω, 𝑡 > 0,
𝑤𝑡 = −𝑣𝑤 + 𝜂𝑤(1 − 𝑢 − 𝑤), 𝑥 ∈ Ω, 𝑡 > 0,
𝜕𝑢
𝜕𝜈

− 𝜒𝑢 𝜕𝑣
𝜕𝜈

− 𝜉 𝜕𝑤
𝜕𝜈

= 𝜕𝑣
𝜕𝜈

= 𝜕𝑤
𝜕𝜈

= 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0,
𝑢(𝑥, 0) = 𝑢0 (𝑥), 𝑤(𝑥, 0) = 𝑤0 (𝑥), 𝑥 ∈ Ω,

(4)

where Ω ⊂ R2 represents the physical domain assumed to be bounded and possess a smooth boundary, 𝜒 as
well as 𝜉 are predefined positive parameters, and where 𝜕

𝜕𝜈
represents the outward normal derivative on the

boundary 𝜕Ω. Additionally, for the sake of convenience, throughout this paper we assume that the initial
data (𝑢0, 𝑤0) satisfy 

𝑢0 ∈ 𝐶2+𝜗 (Ω̄) with 𝑢0 > 0 in Ω and
𝜕𝑢0
𝜕𝜈

= 0 on 𝜕Ω,

𝑤0 ∈ 𝐶2+𝜗 (Ω̄) with 𝑤0 > 0 in Ω and
𝜕𝑤0
𝜕𝜈

= 0 on 𝜕Ω,

(5)

with some 𝜗 ∈ (0, 1).
In the aforementioned frameworks, we can ascertain the existence of globally bounded classical solutions

to system (4), accompanied by the initial data (5), provided that the initial mass ∥𝑢0∥𝐿1 (Ω) or 𝜒 is below a
certain prescribed threshold. For clarity and to reinforce our argument, let us revisit the Gagliardo-Nirenberg
inequality in the two-dimensional setting:

∥∇𝜙∥4
𝐿4 (Ω) ≤ 𝐶4

𝐺𝑁

(
∥Δ𝜙∥2

𝐿2 (Ω) ∥𝜙∥
2
𝐿∞ (Ω) + ∥𝜙∥4

𝐿∞ (Ω)

)
, for all 𝜙 ∈ 𝑊2,2 (Ω) ∩ 𝐿∞ (Ω) (6)

and
∥𝜙∥4

𝐿4 (Ω) ≤ 𝐶𝐺𝑁,∗∥∇𝜙∥2
𝐿2 (Ω) ∥𝜙∥

2
𝐿2 (Ω) + 𝐶𝐺𝑁,∗∗∥𝜙∥4

𝐿2 (Ω) , for all 𝜙 ∈ 𝑊1,2 (Ω),

where 𝐶𝐺𝑁 as well as 𝐶𝐺𝑁,∗ and 𝐶𝐺𝑁,∗∗ are some positive constants depending only on Ω.
Suppose 𝑔 ∈ 𝐿

4
3 ((0, 𝑇); 𝐿 4

3 (Ω)), where 𝑔 is a function defined on the spatio-temporal domainΩ×(0, 𝑇).
We consider 𝑣 to be a solution to the following initial boundary value problem:{

−Δ𝑣 + 𝑣 = 𝑔, (𝑥, 𝑡) ∈ Ω × (0, 𝑇),
𝜕𝑣
𝜕𝜈

= 0, (𝑥, 𝑡) ∈ 𝜕Ω × (0, 𝑇).

Drawing upon the embedding property 𝑊2, 4
3 (Ω) ↩→ 𝑊1,4 (Ω) in two spatial dimensions and leveraging

the elliptic 𝐿 𝑝 estimates (refer, for instance, to Section 19 of Part 1 in [7]), we can derive the following
inequality with positive constants 𝛼1 and 𝛼2 > 0:

∥∇𝑣∥2
𝐿4 (Ω) ≤ 𝛼1∥𝑣∥2

𝑊
2, 4

3 (Ω)
≤ 𝛼2∥𝑔∥2

𝐿
4
3 (Ω)

. (7)

This inequality bounds the 𝐿4-norm of the gradient of 𝑣 in terms of the norm of 𝑔 in 𝐿
4
3 (Ω) through the

intermediate norm of 𝑣 in 𝑊2, 4
3 (Ω).

Within the framework of these presuppositions, our primary findings affirm the global existence and
boundedness of solutions within a specified domain, in the following nuanced manner:
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Theorem 1. Let Ω ⊂ R2 be a bounded domain with a smooth boundary, let 𝜒 and 𝜉 be positive constants,
and let the initial data (𝑢0, 𝑤0) be such that hypotheses (5) hold. Besides, assume that the locally bounded
source function 𝑓 is nonnegative at the origin for any 𝑤, and that it further adheres to

either 𝑓 ≡ 0 or
{
∃ 𝑟 ∈ R, 𝑏 > 0 𝑠.𝑡. 𝑓 (𝑠, 𝑤) ≤ 𝑟 − 𝑏𝑠 on (0,+∞) × (0,max

𝑥∈Ω̄
𝑤0 (𝑥))

}
. (8)

More importantly, we introduce the notion of an extended asymptotic damping rate 𝜇 defined as

𝜇 = lim inf
𝑠→+∞

{
inf

0≤𝑤≤max𝑥∈Ω̄ 𝑤0 (𝑥 )

{
− 𝑓 (𝑠, 𝑤) ln 𝑠

𝑠2

}}
, (9)

and we also suppose that the following conditions:{
𝜇 >

𝜒2𝛼2
2 𝑒 𝜉 max{1,∥𝑤0 ∥𝐿∞(Ω) }𝑀1 + 𝜉𝜂𝑒2𝜉 max{1,∥𝑤0 ∥𝐿∞(Ω) } if 𝑓 ≡ 0,

1
2𝐶𝐺𝑁𝑀1

>
𝜒2𝛼2

2 𝑒 𝜉 max{1,∥𝑤0 ∥𝐿∞(Ω) }𝑀1 + 𝜉𝜂𝑒2𝜉 max{1,∥𝑤0 ∥𝐿∞(Ω) } if 𝑓 . 0,
(10)

are valid with 𝑀1 being a finite quantity defined as

𝑀1 = ∥𝑢0∥𝐿1 (Ω) + |Ω|
{

0 if 𝑓 ≡ 0,

inf𝜀∈ (0,𝑏]
sup{ 𝑓 (𝑠,𝑤)+𝜀𝑠: (𝑠,𝑤) ∈ (0,∞)×(0,max𝑥∈Ω̄ 𝑤0 (𝑥 ) )}

𝜀
if 𝑓 . 0,

(11)

where 𝐶𝐺𝑁 denotes the Gagliardo-Nirenberg constant (see (6)), while 𝛼2 is specified in (7). Under these
assumptions, there exists a unique nonnegative solution triple (𝑢, 𝑣, 𝑤) ∈ (𝐶2,1 (Ω̄ × (0,∞)))3 that solves
system (3) in the classical sense. Furthermore, the functions 𝑢, 𝑣, and 𝑤 exhibit uniform boundedness in the
precise manner that

∥𝑢(·, 𝑡)∥𝐿∞ (Ω) + ∥𝑣(·, 𝑡)∥𝑊1,∞ (Ω) + ∥𝑤(·, 𝑡)∥𝐿∞ (Ω) ≤ 𝐶, for all 𝑡 > 0,

where𝐶 = 𝐶 (𝑢0, 𝑤0, |Ω|, 𝑓 , 𝜒, 𝜉) > 0 is a constant that remains independent of the time variable 𝑡, ensuring
a uniform bound across the entire temporal domain.

Ahead of the discussion, it is pertinent to make a few preliminary observations or remarks.
Remark 1. (i) In the case where 𝜂 ≡ 0, it becomes readily apparent that under the premises stipulated in
Theorem 1, the solutions for 𝑁 = 2 are uniformly bounded, thereby enriching and extending the insights of
Osaki et al. ([26]).

(ii) Our research endeavors have comprehensively addressed and resolved the lingering queries raised
in [1] and [16], offering robust evidence and profound insights crucial for surmounting pivotal challenges
within this domain.

(iii) When 𝑤 ≡ 0, simplifying the PDE system (4) into a chemotaxis-centric model, actually given
the conditions outlined in Theorem 1, the solutions remain uniformly bounded in two dimensions. This
observation harmoniously aligns with the findings reported by Winkler ([49]).

(iv) For logistic and super-logistic source terms exemplified by 𝑓 (𝑢, 𝑤) = 𝑢(𝑎 − 𝑏𝑢𝜃 − 𝑤), where
𝑎 ∈ R, 𝑏 > 0, and 𝜃 ≥ 2, alongside sub-logistic sources formulated as 𝑓 (𝑢, 𝑤) = 𝑢

(
𝑎 − 𝑤 − 𝑏𝑢

ln𝛾 (𝑠+1)

)
with

𝑎 ∈ R, 𝑏 > 0, 𝛾 ∈ (0, 1), a straightforward application of (9) unveils that 𝜇 = +∞, trivially fulfilling (10).
This pivotal discovery ensures the global boundedness of (4) in two-dimensional settings for all physically
pertinent initial data, underscoring how Theorem 1 augments existing knowledge by broadening the realm of
2D global existence and boundedness from logistic to encompass sub-logistic sources, surpassing previous
endeavors (cf. [33, 34, 35, 37, 38, 41]).

(v) In the exclusive chemotaxis realm, where 𝑤 ≡ 0, Theorem 1 elevates the outcomes presented in [56,
Theorem 1.1], reinforcing their significance.

(vi) Harnessing Theorem 1, we deduce that for any 𝜂 = 0 and a sufficiently substantial
∫
Ω
𝑢0 (𝑥), the

solutions to model (4) exhibit both global existence and boundedness, resonating with the conclusions drawn
by [56].
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(vii) To the best of our knowledge, these revelations constitute the inaugural results pertaining to the
boundedness of the system, marking a significant milestone in the field.

(viii) It is imperative to emphasize that the research methodologies adopted in [3, 49] do not cater to the
intricacies of the current model, necessitating an urgent pursuit of innovative research pathways to unravel
and comprehend the model’s intricate characteristics and behaviors.

(ix) Shifting focus to the haptotaxis-only scenario with 𝜒 = 0, (10) automatically holds true, ensuring
the boundedness of classical solutions to (4), irrespective of growth source presence, for sufficiently ample
initial data. This achievement transcends previous global existence findings reported in [24, 42, 45].

Large time behavior of the chemotaxis-haptotaxis model by remodeling a non-diffusible attractant.
The second core objective aims to establish a rational hypothesis framework to delve into the dynamic

behavioral characteristics of these solutions over long time scales. Given that the Keller-Segel-growth
system (2) has exhibited extremely complex dynamic evolution patterns through numerical simulations
(see [10]) and equilibrium set-related analyses (see [20]), and that we do not anticipate the introduction of
chemotaxis interactions and re-establishment of ECM components to bring about any form of regularization
effects, we will specifically focus our research on the scenario where 𝑓 (𝑢) = 𝑟𝑢 − 𝜇𝑢2 with 𝜇 > 0 and its
value is sufficiently large. This decision is grounded on solid previous research, which indicates that when
the value of 𝜇 increases significantly, the non-trivial equilibrium states of system (2) without chemotaxis
exhibit unique uniqueness and global attractivity (see [51]). This discovery provides invaluable guidance
and profound insights for our exploration. Furthermore, it is worth mentioning that in [1], Tao and Winkler
proposed an important assertion: under the condition 𝑁 ≤ 3, if (𝑢, 𝑣, 𝑤) is a bounded global classical
solution to equation (4) with 𝑓 (𝑢, 𝑤) = 𝜇𝑢(1 − 𝑢 − 𝑤), then when 𝜇 >

𝜒2

8 , (𝑢, 𝑣, 𝑤) will asymptotically
converge to the stable state (1, 1, 0) in an exponential manner. Another noteworthy research achievement
comes from [51], which states that in the chemotaxis subsystem of equation (2), if the ratio of 𝜇

𝜒
is sufficiently

large and the domain of investigation is convex, all solutions will approach the specific state (1, 1) at an
exponential rate. This conclusion also applies to models without self-repair terms, and relevant details can
be found in references [47, 59]. However, it must be emphasized that due to the presence of re-establishment
of ECM components, acquiring the initial spatial regularity, final regularity, and even uniform temporal
regularity with respect to the ∇𝑤 of the solution component 𝑤 in the third equation becomes exceptionally
challenging. This directly leads to the establishment of spatially and temporally uniform boundedness of
the solution component 𝑤 in models with self-repair terms becoming highly demanding, which is crucial
in analyzing the long-time asymptotic behavior of solutions. To the best of our knowledge, research on the
long-time asymptotic behavior of such models is still in its infancy. Therefore, our research findings fill an
important knowledge gap in this field.

Theorem 2. Let 𝜒 > 0, 𝜉 > 0 and 𝑓 (𝑢, 𝑤) = 𝑢(𝑟 − 𝜇𝑢 − 𝑤) with 𝜇 > 0 being the same as Theorem 1.
Moreover, suppose that the initial data (𝑢0, 𝑤0) satisfy (5) and

𝜂 ∈ (0, 𝐶∗),

where

𝐶∗ =𝑟 − (1 + 𝜉𝜂)𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) ∥𝑤0∥𝐿∞ (Ω) −
3𝑟2

2𝜇2

[
𝜒2

8
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 1

+∥𝑤0∥2
𝐿∞ (Ω)

(
𝜉2

4
𝑒2𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 𝜉𝜂

)
+ 𝜇𝜉𝜂

𝑟
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) (∥𝑤0∥𝐿∞ (Ω) + 1)

]
.

(12)

Then the corresponding global-in-time solution to (4) has the properties

lim sup
𝑡→∞

∫
Ω

𝑢(𝑥, 𝑡)𝑑𝑥 > 0 and lim sup
𝑡→∞

inf
𝑥∈Ω

𝑣(𝑥, 𝑡) > 0,

as well as
∥𝑤(·, 𝑡)∥𝐿∞ (Ω) ≤ 𝐶e−𝛾𝑡 , for all 𝑡 > 0,

with some positive constants 𝛾 and 𝐶.
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Before delving deeply into this topic, it is imperative to present a series of closely related and insightful
preliminary opinions and profound comments, which will undoubtedly lay a solid foundation for our
discussion.
Remark 2. (i) As far as we know, our findings constitute the inaugural investigation into the large-time dy-
namics within a chemotaxis-haptotaxis model that incorporates the remodeling of non-diffusible attractants.

(ii) The meticulous conditions stipulated in Theorem 2, wherein 𝑤0is required to be small and 𝑟 to
be large, play a pivotal role in maintaining 𝑤 at a relatively subdued level, under a specific interpretation.
Through a thorough examination of the functional

∫
Ω
𝑒 𝜉𝑤 ln 𝑎 within the crucial Lemma 6, we demonstrate

that hypothesis (12) not only furnishes a desirable lower bound for
∫ 𝑡

𝑡2

∫
Ω
𝑒2𝜉𝑤𝑎(·, 𝑠)𝑑𝑠, but this lower bound

serves as a cornerstone for subsequent analytical endeavors. Moreover, it enables the derivation of the
temporal decay characteristic of the term 𝑒−

∫ 𝑡

0 𝑣 (𝑥,𝑠)𝑑𝑠 , which, coupled with the explicit formulations of 𝑤
(refer to (50)), directly signifies the asymptotic extinction of 𝑤 under the conditions outlined in Theorem 2.

2. Preliminaries

Prior to establishing our core findings, we commence by revisiting several fundamental lemmas that serve
as the cornerstone in our subsequent analyses throughout this paper. Notably, the Gagliardo-Nirenberg
inequality emerges as a pivotal instrument, anticipated to be invoked frequently in the upcoming proofs.
Readers desiring a detailed derivation of this lemma are referred to the seminal work by Nirenberg and
associates [25], with additional insights also available in [44].

Lemma 1. Let 𝜃 ∈ (0, 𝑝). There exists a positive constant 𝐶𝐺𝑁 such that for all 𝑢 ∈ 𝑊1,2 (Ω) ∩ 𝐿 𝜃 (Ω);
then

∥𝑢∥𝐿𝑝 (Ω) ≤ 𝐶𝐺𝑁

(
∥∇𝑢∥𝑎

𝐿2 (Ω) ∥𝑢∥
1−𝑎
𝐿𝜃 (Ω) + ∥𝑢∥𝐿𝜃 (Ω)

)
is valid with 𝑎 =

𝑁
𝜃
− 𝑁

𝑝

1− 𝑁
2 + 𝑁

𝜃

∈ (0, 1).

In certain aspects of our subsequent analysis, we introduce a significant variable transformation (as
referenced in the works of Tao et al. [35, 36, 39] and Pang-Wang [28]), given by:

𝑎 = 𝑢𝑒−𝜉𝑤 ,

which alters the form of (4) by transforming it into the following comprehensive system of partial differential
equations: 

𝑎𝑡 = 𝑒−𝜉𝑤∇ · (𝑒 𝜉𝑤∇𝑎) − 𝜒𝑒−𝜉𝑤∇ · (𝑒 𝜉𝑤𝑎∇𝑣) + 𝜉𝑎𝑣𝑤

−𝑎𝜉𝜂𝑤(1 − 𝑒 𝜉𝑤𝑎 − 𝑤) + 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤), 𝑥 ∈ Ω, 𝑡 > 0,
0 = Δ𝑣 + 𝑎𝑒 𝜉𝑤 − 𝑣, 𝑥 ∈ Ω, 𝑡 > 0,
𝑤𝑡 = −𝑣𝑤 + 𝜂𝑤(1 − 𝑎𝑒 𝜉𝑤 − 𝑤), 𝑥 ∈ Ω, 𝑡 > 0,
𝜕𝑎
𝜕𝜈

= 𝜕𝑣
𝜕𝜈

= 𝜕𝑤
𝜕𝜈

= 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0,
𝑎(𝑥, 0) := 𝑎0 (𝑥) = 𝑢0 (𝑥)𝑒−𝜉𝑤0 (𝑥 ) , 𝑤(𝑥, 0) = 𝑤0 (𝑥), 𝑥 ∈ Ω,

(13)

which elegantly encapsulates the intricate, dynamic interplay among the variables 𝑎, 𝑣, and 𝑤 within the
spatial domainΩ across time 𝑡, all while rigorously adhering to the stipulated boundary and initial conditions.

Afterward, the next lemma concerns the theme of the local-in-time existence and uniqueness of a
classical solution pertaining to problem (4), a subject that has been extensively expounded upon in esteemed
literature, including [28, 29, 39].

Lemma 2. Assume that the nonnegative initial data 𝑢0 and 𝑤0 satisfy the conditions stated in (5) for some
𝜗 ∈ (0, 1). Then there exist a maximal existence time 𝑇𝑚𝑎𝑥 ∈ (0,∞] and a uniquely determined triple of
nonnegative functions 

𝑎 ∈ 𝐶0 (Ω̄ × [0, 𝑇𝑚𝑎𝑥)) ∩ 𝐶2,1 (Ω̄ × (0, 𝑇𝑚𝑎𝑥)),
𝑣 ∈ 𝐶0 (Ω̄ × [0, 𝑇𝑚𝑎𝑥)) ∩ 𝐶2,1 (Ω̄ × (0, 𝑇𝑚𝑎𝑥)),
𝑤 ∈ 𝐶2,1 (Ω̄ × (0, 𝑇𝑚𝑎𝑥)),
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which solves system (13) classically and satisfies

0 ≤ 𝑤 ≤ 𝜌 := max{1, ∥𝑤0∥𝐿∞ (Ω) } in Ω × (0, 𝑇𝑚𝑎𝑥).

Moreover, if 𝑇𝑚𝑎𝑥 < +∞, then

∥𝑎(·, 𝑡)∥𝐿∞ (Ω) + ∥𝑣(·, 𝑡)∥𝑊1,∞ (Ω) + ∥∇𝑤(·, 𝑡)∥𝐿4 (Ω) → ∞ as 𝑡 ↗ 𝑇𝑚𝑎𝑥 . (14)

In our subsequent analysis, we will harness the following auxiliary statement related to the boundedness
property within an ordinary differential inequality, thereby enriching our understanding and facilitating a
more comprehensive examination.

Lemma 3. Let 𝑇 > 0, 𝜄 ∈ (0, 𝑇), 𝐴 > 0 as well as 𝛼 > 0 and 𝐵 > 0, and suppose that 𝑦 : [0, 𝑇) → [0,∞)
is absolutely continuous such that

𝑦′ (𝑡) + 𝐴𝑦𝛼 (𝑡) ≤ ℎ(𝑡), for all 𝑡 ∈ (0, 𝑇),

with some nonnegative function ℎ ∈ 𝐿1
𝑙𝑜𝑐

( [0, 𝑇)) satisfying∫ 𝑡+ 𝜄

𝑡

ℎ(𝑠)𝑑𝑠 ≤ 𝐵, for all 𝑡 ∈ (0, 𝑇 − 𝜏).

Then

𝑦(𝑡) ≤ max

{
𝑦0 + 𝐵,

1
𝜄

(
𝐵

𝐴

) 1
𝛼

+ 2𝐵

}
, for all 𝑡 ∈ (0, 𝑇).

3. Existence and boundedness

This section is devoted to the meticulous and exhaustive verification of Theorem 1. Unless otherwise
specifically noted, we will operate under the presumption that all the prerequisites, as stipulated in Lemma
2 and Theorem 1, have been duly fulfilled. In keeping with the established conventions, we commence our
analysis by scrutinizing the 𝐿1-norm of 𝑢, thereby navigating towards the subsequent, pivotal lemma, which
stands as a cornerstone in our exposition.

Lemma 4. Let 𝜒 > 0, 𝜉 > 0 as well as 𝜂 > 0. Then the solution to system (13) conforms to

𝑢 > 0, 𝑣 > 0 and 0 ≤ 𝑤(𝑥, 𝑡) ≤ 𝜌 := max
{
1, ∥𝑤0∥𝐿∞ (Ω)

}
, for all (𝑥, 𝑡) ∈ Ω × (0, 𝑇𝑚𝑎𝑥).

More importantly, the first component 𝑢 of solutions fulfills the properties that for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

∥𝑢(·, 𝑡)∥𝐿1 (Ω)

{
= 𝑀1 if 𝑓 ≡ 0,
≤ 𝑀1 if 𝑓 . 0,

(15)

where 𝑀1 is the same as (11).

Proof. By reason of 𝑤0 > 0, from the explicit solution representation or, alternatively, two straightforward
ODE comparison arguments we obtain that

0 ≤ 𝑤(𝑥, 𝑡) ≤ 𝜌 = max
{
1, ∥𝑤0∥𝐿∞ (Ω)

}
, for all (𝑥, 𝑡) ∈ Ω × (0, 𝑇𝑚𝑎𝑥),

whereas in light of the parabolic strong maximum principles, it is not difficult to check

𝑢 > 0 and 𝑣 > 0, for all (𝑥, 𝑡) ∈ Ω × (0, 𝑇𝑚𝑎𝑥).

In terms of claim (15), we only need to prove it for the setting 𝑓 . 0, since given the circumstance that
𝑓 ≡ 0, the confirmation of the conclusion appears to be more intuitive and simpler. To this end, through a
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direct integration for both sides of the first equation in (3), we take advantage of the homogeneous Neumann
boundary conditions to derive a Gronwall inequality, namely, for any 𝜀 > 0,

𝑑

𝑑𝑡

∫
Ω

𝑢 =

∫
Ω

𝑓 (𝑢, 𝑤) ≤ −𝜀
∫
Ω

𝑢 + 𝑀𝜀 |Ω|,

evidently giving rise to ∫
Ω

𝑢 ≤
∫
Ω

𝑢0 +
𝑀𝜀

𝜀
|Ω|,

which upon taking the infimum over 𝜀 ∈ (0, 1), and recalling the definition of 𝑀 in (11), implies the
𝐿1-bound of 𝑢 as stated in (15). Here, due to (8),

𝑀𝜀 = sup
{
𝑓 (𝑠, 𝑤) + 𝜀𝑠 : (𝑠, 𝑤) ∈ (0,∞) × (0,max

𝑥∈Ω̄
𝑤0 (𝑥))

}
< ∞.

Actually, the definition of 𝜇 provided by (9) results in

∃ 𝑠 ≫ 1 s.t. 𝑓 (𝑠, 𝑤) ≤ −𝜇̂ 𝑠2

ln 𝑠
, for all 𝑠 ≥ 𝑠 and 𝑤 ∈ (0,max

𝑥∈Ω̄
𝑤0 (𝑥)),

where 𝜇̂ = min{2, 𝜇

2 }. This entails

𝑓 (𝑠, 𝑤) + 𝜀𝑠 ≤ −𝜇̂ 𝑠2

ln 𝑠
+ 𝜀𝑠 < 0, for all 𝑠 ≥ 𝑠 and 𝑤 ∈ (0,max

𝑥∈Ω̄
𝑤0 (𝑥)),

whence, in conjunction with the evident fact that 𝑓 is bounded on any finite interval, we would like to infer
that 𝑀𝜀 is finite, and moreover, the assertion is carried out. □

As a direct consequence of Lemma 4, we now proceed to establish two crucial estimates that are pertinent
to 𝑢.

Lemma 5. Under the assumptions of Lemma 2, one may introduce a positive constant 𝛽1 such that the
solution to system (13) satisfies∫

Ω

𝑣𝑙0 +
∫
Ω

|∇𝑣 |𝑙 ≤ 𝛽1, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥), (16)

where 𝑙0 ∈ [1,+∞) and 𝑙 ∈ [1, 2).

Proof. According to (15), there exists a certain suitable constant 𝛼0 > 0 such that∫
Ω

𝑣(·, 𝑡) ≤ 𝛼0, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

whereupon invoking the classical results by Brézis and Strauss ([2]) and the Minkowski inequality, this
ascertains the existence of several positive constants𝐶1, 𝐶2, and𝐶3, with the properties that for all 𝑙 ∈ [1, 2),

∥𝑣(·, 𝑡)∥𝑊1,𝑙 (Ω) ≤ 𝐶1∥Δ𝑣(·, 𝑡) − 𝑣(·, 𝑡)∥𝐿1 (Ω) ≤ 𝐶2∥𝑢∥𝐿1 (Ω) ≤ 𝐶3, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥), (17)

and then, gathering the above as well as the Sobolev embedding theorem together, we henceforth arrive at

∥𝑣(·, 𝑡)∥𝐿𝑙0 (Ω) ≤ 𝐶4 for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥) and 𝑙0 ∈ (1,+∞), (18)

with 𝐶4 being another positive constant, whereas (16) becomes an instant conclusion of (17)-(18). □

Drawing upon Lemmas 4 through 5, our initial conclusion yields the subsequent time-invariant bounds
for 𝑎.
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Lemma 6. Let {
𝜇 >

𝜒2𝛼2
2 𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌 if 𝑓 ≡ 0,

1
2𝐶𝐺𝑁𝑀1

>
𝜒2𝛼2

2 𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌 if 𝑓 . 0,

where 𝑀1 originates from (11). Then a positive constant 𝐶 can be found such that for any initial configura-
tions satisfying (5), the corresponding classical solution (𝑎, 𝑣, 𝑤) to system (4) complies with∫

Ω

𝑎(·, 𝑡) | ln 𝑎(·, 𝑡) | ≤ 𝐶, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥). (19)

Proof. Given the first equation of (13) implies that

(𝑎𝑒 𝜉𝑤)𝑡 = ∇ · (𝑒 𝜉𝑤∇𝑎) − 𝜒∇ · (𝑒 𝜉𝑤𝑎∇𝑣) + 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤),

it further follows from the integration by parts several times that

𝑑

𝑑𝑡

∫
Ω

𝑒 𝜉𝑤𝑎 ln 𝑎+
∫
Ω

𝑒 𝜉𝑤
|∇𝑎 |2
𝑎

=

∫
Ω

(𝑒 𝜉𝑤𝑎)𝑡 ln 𝑎 +
∫
Ω

𝑒 𝜉𝑤𝑎𝑡 +
∫
Ω

𝑒 𝜉𝑤
|∇𝑎 |2
𝑎

=𝜒

∫
Ω

𝑒 𝜉𝑤∇𝑎 · ∇𝑣 +
∫
Ω

𝑒 𝜉𝑤
[
𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤) − 𝜉𝜂𝑎𝑤(1 − 𝑤 − 𝑎𝑒 𝜉𝑤)

]
+
∫
Ω

𝑒 𝜉𝑤
[
ln 𝑎 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤) + 𝜉𝑎𝑣𝑤

]
≤1

2

∫
Ω

𝑒 𝜉𝑤
|∇𝑎 |2
𝑎

+ 𝜒2

2

∫
Ω

𝑒 𝜉𝑤𝑎 |∇𝑣 |2

+
∫
Ω

𝑒 𝜉𝑤 [ln 𝑎 + 1] 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤) + 𝜉𝜂

∫
Ω

(
𝑎2𝑤𝑒2𝜉𝑤 + 𝑎𝑤2𝑒 𝜉𝑤

)
+ 𝜒

∫
Ω

𝑎𝑒 𝜉𝑤𝜉𝑣𝑤,

(20)

for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥), whence we next pay attention to absorbing the terms on the right-hand side of (20). In
the integrals to be considered herein, observing by the Hölder inequality that

𝜒2

2

∫
Ω

𝑒 𝜉𝑤𝑎 |∇𝑣 |2 ≤ 𝜒2

2
𝑒 𝜉𝜌∥𝑎∥𝐿2 (Ω) ∥∇𝑣∥2

𝐿4 (Ω) , for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥), (21)

(7) applies so as to allow for a choice of 𝛼2 > 0 such that

∥∇𝑣∥2
𝐿4 (Ω) ≤ 𝛼2∥𝑢∥2

𝐿
4
3 (Ω)

, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥), (22)

which together with the interpolation inequality in 𝐿 𝑝 space domain contributes to

∥𝑢∥2
𝐿

4
3 (Ω)

≤ ∥𝑢∥𝐿2 (Ω) ∥𝑢∥𝐿1 (Ω) ≤ ∥𝑢∥𝐿2 (Ω)𝑀1, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

for 𝑀1 chosen as in Lemma 4, and which upon being inserted into (22) yields that on the basis of (21) and
5, we obtain

𝜒2

2

∫
Ω

𝑒 𝜉𝑤𝑎 |∇𝑣 |2 ≤ 𝜒2

2
𝑒 𝜉𝜌∥𝑎∥𝐿2 (Ω) ∥∇𝑣∥2

𝐿4 (Ω)

≤ 𝜒2𝛼2
2

𝑒 𝜉𝜌∥𝑎∥2
𝐿2 (Ω)𝑀1, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥).

(23)

A combination of (20) and (23) yields

𝑑

𝑑𝑡

∫
Ω

𝑒 𝜉𝑤𝑎 ln 𝑎 + 1
2

∫
Ω

𝑒 𝜉𝑤
|∇𝑎 |2
𝑎

≤
∫
Ω

𝑒 𝜉𝑤 [ln 𝑎 + 1] 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤) + 𝜒2𝛼2
2

𝑒 𝜉𝜌∥𝑎∥2
𝐿2 (Ω)𝑀1

+ 𝜉𝜂

∫
Ω

(
𝑎2𝑒2𝜉𝑤 + 𝑎𝑤2𝑒 𝜉𝑤

)
+ 𝜒

∫
Ω

𝑎𝑒 𝜉𝑤𝜉𝑣𝑤,

for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

(24)
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where we intend to estimate the leftmost summand on (24) by virtue of Lemma 4 and (9). Actually, in
accordance with the definition of 𝜇 as introduced by (9), for each small 𝜀 ∈ (0, 𝜇 − 𝜒2

𝛿1
) and 𝜇 > 𝜒, we may

select a constant 𝑠𝜀 > 1 adhering to

𝑒 𝜉𝑤 [ln 𝑠 + 1] 𝑓 (𝑠𝑒 𝜉𝑤 , 𝑤) ≤ −(𝜇 − 𝜀)𝑠2, for all (𝑠, 𝑤) ∈ (𝑠𝜀 ,∞) × (0, 𝜌) ,

consequently promoting

𝜒2𝛼2
2

𝑒 𝜉𝜌∥𝑎∥2
𝐿2 (Ω)𝑀1 + 𝜉𝜂

∫
Ω

𝑎2𝑒2𝜉𝑤 +
∫
Ω

[
𝑒 𝜉𝑤 [ln 𝑎 + 1] 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤)

]
≤ 𝜒2𝛼2

2
𝑒 𝜉𝜌∥𝑎∥2

𝐿2 (Ω)𝑀1 + 𝜉𝜂𝑒2𝜉𝜌
∫
Ω

𝑎2 +
∫
Ω

[
𝑒 𝜉𝑤 [ln 𝑎 + 1] 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤)

]
=

∫
{𝑎≤𝑠𝜀 }

[(
𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌

)
𝑎2 + 𝑒 𝜉𝑤 [ln 𝑎 + 1] 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤)

]
+
∫
{𝑎>𝑠𝜀 }

[(
𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌

)
𝑎2 + 𝑒 𝜉𝑤 [ln 𝑎 + 1] 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤)

]
≤ sup

0<𝑠<𝑠𝜀
sup

0<𝑤<max𝑥∈Ω̄ 𝑤0 (𝑥 )

[(
𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌

)
𝑎2 + 𝑒 𝜉𝑤 [ln 𝑎 + 1] 𝑓 (𝑎𝑒 𝜉𝑤 , 𝑤)

]
|Ω|

+
[
𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌 − (𝜇 − 𝜀)

] ∫
Ω

𝑎2.

(25)

Putting (25) into (24) and fully utilizing of the Young inequality accompanied by Lemma 5, we can write

𝑑

𝑑𝑡

∫
Ω

𝑒 𝜉𝑤𝑎 ln 𝑎 + 1
2

∫
Ω

𝑒 𝜉𝑤
|∇𝑎 |2
𝑎

≤1
2

[
𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌 − (𝜇 − 𝜀)

] ∫
Ω

𝑎2 + 𝐶1,

for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥).
(26)

Moving forward, we define the function 𝜑 : [0,∞) → R by letting

𝜑(𝑧) :=

{
𝑧 ln 𝑧 − 1

2

[
𝜒2𝛼2

2 𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌 − (𝜇 − 𝜀)
]
𝑧2 if 𝑧 > 0,

0 if 𝑧 = 0

satisfy
𝜑(𝑧)
𝑧2 → −1

2

[
𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌 − (𝜇 − 𝜀)

]
, as 𝑧 → ∞,

so that for some 𝑧0 > 0 we have 𝜑 < 0 on (𝑧0,∞). Since 𝜑 apparently admits the continuous property on
[0,∞), there exists a constant 𝐶2 > 0 such that

−1
2

[
𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 + 𝜉𝜂𝑒2𝜉𝜌 − (𝜇 − 𝜀)

]
∥𝑎∥2

𝐿2 (Ω) ≥
∫
Ω

𝑎 ln 𝑎 − 𝐶2. (27)

Set
𝑦(𝑡) :=

∫
Ω

𝑎 ln 𝑎, for all 𝑡 ∈ [0, 𝑇max),

whence going back to (26)-(27), this means that

𝑦′ (𝑡) + 𝑦(𝑡) ≤ 𝐶1 + 𝐶2, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥), (28)

and thus, taking into account the standard ODE comparison argument, one may pick some positive constant
𝐶3 obeying ∫

Ω

𝑎(·, 𝑡) ln 𝑎(·, 𝑡) ≤ 𝐶3, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥). (29)
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Apart from that, the case when 𝑓 ≡ 0 can be proven in a very similar and straightforward manner. Indeed,
we deduce through (24) connected with 𝑓 ≡ 0 that

𝑑

𝑑𝑡

∫
Ω

𝑒 𝜉𝑤𝑎 ln 𝑎+ 1
2

∫
Ω

𝑒 𝜉𝑤
|∇𝑎 |2
𝑎

≤ 𝜒2𝛼2
2

𝑒 𝜉𝜌∥𝑎∥2
𝐿2 (Ω)𝑀1+𝜉𝜂

∫
Ω

(
𝑎2𝑒2𝜉𝑤+𝑎𝑤2𝑒 𝜉𝑤

)
+𝜒

∫
Ω

𝑎𝑒 𝜉𝑤𝜉𝑣𝑤

for any 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),
(30)

whereby depending on Lemma 5, as well as the definition of 𝑎, the Gagliardo-Nirenberg inequality (see
Lemma 1) becomes applicable to enable us to present a constant 𝐶𝐺𝑁 > 0 that fulfills∫

Ω

𝑎2 =∥𝑎 1
2 ∥4

𝐿4 (Ω)

≤𝐶𝐺𝑁 ∥∇𝑎 1
2 ∥2

𝐿2 (Ω) ∥𝑎
1
2 ∥2

𝐿2 (Ω) + 𝐶𝐺𝑁 ∥𝑎 1
2 ∥4

𝐿2 (Ω)

=𝐶𝐺𝑁 ∥∇𝑎 1
2 ∥2

𝐿2 (Ω) ∥𝑎0∥𝐿1 (Ω) + 𝐶𝐺𝑁 ∥𝑎0∥2
𝐿1 (Ω)

≤𝐶𝐺𝑁 ∥∇𝑎 1
2 ∥2

𝐿2 (Ω)𝑀1 + 𝐶𝐺𝑁𝑀2
1 , for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

being particularly turned into

1
2

∫
Ω

𝑒 𝜉𝑤
|∇𝑎 |2
𝑎

≥ 1
2𝐶𝐺𝑁𝑀1

(∫
Ω

𝑎2 − 𝐶𝐺𝑁𝑀2
1

)
, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

which in consideration of (30) implies

𝑑

𝑑𝑡

∫
Ω

𝑒 𝜉𝑤𝑎 ln 𝑎 + 1
2𝐶𝐺𝑁𝑀1

(∫
Ω

𝑎2 − 𝐶𝐺𝑁𝑀2
1

)
≤ 𝜒2𝛼2

2
𝑒 𝜉𝜌∥𝑎∥2

𝐿2 (Ω)𝑀1 + 𝜉𝜂

∫
Ω

(
𝑎2𝑒2𝜉𝑤 + 𝑎𝑤2𝑒 𝜉𝑤

)
+ 𝜒

∫
Ω

𝑎𝑒 𝜉𝑤𝜉𝑣𝑤,

for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

and to proceed further, amalgamated with Lemma 5 and the Young inequality, simultaneously leads to

𝑑

𝑑𝑡

∫
Ω

𝑒 𝜉𝑤𝑎 ln 𝑎 +
(

1
2𝐶𝐺𝑁𝑀1

− 𝜒2𝛼2
2

𝑒 𝜉𝜌𝑀1 − 𝜉𝜂𝑒2𝜉𝜌
) ∫

Ω

𝑎2

≤ 𝜉𝜂𝜌2𝑒 𝜉𝜌
∫
Ω

𝑎 + 𝜒𝑒 𝜉𝜌𝜉𝜌

∫
Ω

𝑎𝑣 + 1
2
𝑀1

≤ 𝜉𝜂𝜌2𝑒 𝜉𝜌
∫
Ω

𝑎 + 1
2

(
1

2𝐶𝐺𝑁𝑀1
− 𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 − 𝜉𝜂𝑒2𝜉𝜌

) ∫
Ω

𝑎2 + 𝐶4

∫
Ω

𝑣2 + 1
2
𝑀1

≤ 1
2

(
1

2𝐶𝐺𝑁𝑀1
− 𝜒2𝛼2

2
𝑒 𝜉𝜌𝑀1 − 𝜉𝜂𝑒2𝜉𝜌

) ∫
Ω

𝑎2 + 𝐶5, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥).

(31)

At this point, extending the analogous statements shown in (28) to the current content, it holds from the
results of (27) and (31) that ∫

Ω

𝑎(·, 𝑡) ln 𝑎(·, 𝑡) ≤ 𝐶6, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥), (32)

with some constant 𝐶6 > 0. As the basic inequality 𝑎 ln 𝑎 ≥ −𝑒−1 for all 𝑎 > 0 culminates in∫
Ω

𝑎(·, 𝑡) | ln 𝑎(·, 𝑡) | =
∫
Ω

𝑎(·, 𝑡) ln 𝑎(·, 𝑡) − 2
∫
𝑎<1

𝑎(·, 𝑡) ln 𝑎(·, 𝑡)

≤
∫
Ω

𝑎(·, 𝑡) ln 𝑎(·, 𝑡) + 2|Ω|,

thereby (19) follows readily upon (29) and (32). □
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Utilizing the aforementioned 𝐿 ln 𝐿 (Ω) estimation of 𝑎, we derive the following:

Corollary 1. There exists some 𝐶 > 0 such that for any (𝑢0, 𝑤0) fulfilling (5), the corresponding classical
solution (𝑎, 𝑣, 𝑤) to system (4) satisfies

∥𝑣(·, 𝑡)∥𝑊1,2 (Ω) ≤ 𝐶, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥).

Proof. Recalling Lemma 6 and the definition of 𝑢, there exists a constant 𝐶1 > 0 such that∫
Ω

𝑢(·, 𝑡) | ln 𝑢(·, 𝑡) | ≤ 𝐶1, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

whereupon arguing in the reasoning quite in the same lines as Lemma A.4 of [39], we conclude that

∥𝑣(·, 𝑡)∥𝑊1,2 (Ω) ≤ 𝐶2, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

for some positive constant 𝐶2. □

Subsequently, we shall fully utilize the estimates acquired from Lemma 4, along with Lemma 6 and
Corollary 1, to construct the bounds for both 𝑎 and ∇𝑣 within the space domain 𝐿∞ (Ω).

Lemma 7. Let (𝑎, 𝑣, 𝑤) be the classical solution to system (4) in the bounded domain Ω × (0, 𝑇𝑚𝑎𝑥). Then
one may figure out a certain constant 𝐶 > 0 satisfying

∥𝑎(·, 𝑡)∥𝐿∞ (Ω) ≤ 𝐶, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥)

and
∥𝑣(·, 𝑡)∥𝑊1,∞ (Ω) ≤ 𝐶, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥).

In particular, for all 𝑇 > 0, there exists 𝐶 (𝑇) > 0 such that

∥∇𝑤(·, 𝑡)∥𝐿4 (Ω) ≤ 𝐶, for all 𝑡 ∈ (0, 𝑇0),

where we have set 𝑇0 := min{𝑇,𝑇𝑚𝑎𝑥}.

Proof. As a starting point of the arguments, Lemma 7 becomes applicable so as to ascertain the existence
of a positive constant 𝐶1 such that

∥𝑢(·, 𝑡)∥𝐿6 (Ω) ≤ 𝐶1, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),

whence on the basis of the standard 𝐿 𝑝-theory for elliptic equations, in combination with the Sobolev
embedding theorem, this means that several positive constants 𝐶2, 𝐶3 and 𝐶4 can be picked to fulfill

∥∇𝑣(·, 𝑡)∥𝐿∞ (Ω) ≤𝐶2∥𝑣(·, 𝑠)∥𝑊2,6 (Ω)

≤𝐶3∥𝑢(·, 𝑠)∥𝐿6 (Ω)

≤𝐶4, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥),
(33)

and whence if we invoke [28, Lemma 3.6] or [39, Lemma 2.3], then there exists 𝐶5 > 0 such that

∥𝑎(·, 𝑡)∥𝐿∞ (Ω) ≤ 𝐶5, for all 𝑡 ∈ (0, 𝑇𝑚𝑎𝑥). (34)

On the other hand, for any 𝑇 > 0, in light of [39, Corollary 3.15], we would also find a positive constant 𝐶6
conforming to

∥∇𝑤(·, 𝑡)∥𝐿5 (Ω) ≤ 𝐶6, for all 𝑡 ∈ (0,min{𝑇,𝑇𝑚𝑎𝑥}),
which alongside (33)-(34) confirms Lemma 7. □

Consolidating the preceding three lemmas seamlessly culminates in our primary finding concerning the
global existence and boundedness.

Proof of Theorem 1. Relying on the extensibility criterion (14) in Lemma 2, this means that the validity of
Theorem 1 becomes a straightforward deduction from Lemma 7. □
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4. Asymptotic behavior

In order to derive estimates for 𝑤, given the third equation in (4), it seems favorable to investigate lower
bounds for 𝑣. As a preparatory step, we state a pointwise estimate from below for the Neumann heat
semigroup (𝑒𝜎Δ)𝜎≥0 in Ω.

Lemma 8. There exists a positive constant Γ0 such that for all nonnegative 𝑧 ∈ 𝐶0 (Ω̄) we have

(𝑒𝜏Δ𝑧) (𝑥) ≥ Γ0

∫
Ω

𝑧, for all 𝑥 ∈ Ω and 𝜏 ≥ 1.

Proof. By adopting precisely the same methodology outlined in Lemma 3.1 of [11], we are able to definitively
confirm the conclusion. To avoid repetition of details, the specific proofs are hereby omitted. Instead, readers
are recommended to consult the pertinent conclusions presented in the equally insightful literature [47] for
further elaboration and verification. □

Recalling the second equation and given the support of Lemma 8, we are now able to derive a lower
bound estimate for the 𝐿1-norm of the solution component 𝑣 over time 𝑡.

Lemma 9. One may choose Γ > 0 and 𝐶 > 0 such that∫ 𝑡

0
𝑣(𝑥, 𝑠)𝑑𝑠 ≥ Γ

∫ 𝑡

0

∫
Ω

𝑢(𝑦, 𝑠)𝑑𝑦𝑑𝑠 − 𝐶, for all 𝑥 ∈ Ω and 𝑡 ≥ 0.

Proof. Drawing inspiration from [11], the verification process of Lemma 9 is meticulously divided into two
primary steps.

Step 1: There exists a constant Γ > 0 such that∫ 𝑡

0
𝑣(𝑥, 𝑠)𝑑𝑠 ≥ Γ ·

∫ 𝑡−2

0

∫
Ω

𝑢(𝑦, 𝑠)𝑑𝑦𝑑𝑠, for all 𝑥 ∈ Ω and 𝑡 ≥ 2. (35)

To this end, according to the associated variation-of-constants formula we represent 𝑣 in the form

𝑣(·, 𝑡) = 𝑒−𝑡𝑒𝑡Δ𝑣0 +
∫ 𝑡

0
𝑒−(𝑡−𝑠)𝑒 (𝑡−𝑠)Δ𝑢(·, 𝑠)𝑑𝑠, for all 𝑡 ≥ 0,

with 𝑒−𝑡𝑒𝑡Δ𝑣0 ≥ 0 in Ω due to 𝑣0 ≥ 0. Given that Lemma 8 implies that for some Γ0 > 0,

𝑒 (𝑡−𝑠)Δ𝑢(·, 𝑠) ≥ Γ0 ·
∫
Ω

𝑢(·, 𝑠) in Ω whenever 𝑡 − 𝑠 ≥ 1,

thus for 𝑡 ≥ 1 it is not difficult to reach

𝑣(·, 𝑡) ≥
∫ 𝑡−1

0
𝑒−(𝑡−𝑠)𝑒 (𝑡−𝑠)Δ𝑢(·, 𝑠)𝑑𝑠

≥Γ0 ·
∫ 𝑡−1

0
𝑒−(𝑡−𝑠) ·

∫
Ω

𝑢(·, 𝑠)𝑑𝑠,
(36)

whereby according to a straightforward time integration of (36), this means that∫ 𝑡

1
𝑣(𝑥, 𝑠)𝑑𝑠 ≥ Γ0

∫ 𝑡

1

∫ 𝑠−1

0
𝑒−(𝑠−𝜎)

∫
Ω

𝑢(·, 𝜎)𝑑𝜎𝑑𝑠, for all 𝑥 ∈ Ω and 𝑡 ≥ 1, (37)

which upon being solved by the Fubini theorem contributes to

Γ0 ·
∫ 𝑡

1

∫ 𝑠−1

0
𝑒−(𝑠−𝜎) ·

∫
Ω

𝑢(·, 𝜎)𝑑𝜎𝑑𝑠 =Γ0 ·
∫ 𝑡−1

0

(∫ 𝑡

𝜎+1
𝑒−(𝑠−𝜎)𝑑𝑠

)
·
∫
Ω

𝑢(·, 𝜎)𝑑𝜎

=Γ0 ·
∫ 𝑡−1

0
(𝑒−1 − 𝑒−(𝑡−𝜎) ) ·

∫
Ω

𝑢(·, 𝜎)𝑑𝜎, for all 𝑡 ≥ 1.
(38)
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Now, if 𝑡 − 𝜎 ≥ 2, then 𝑒−1 − 𝑒−(𝑡−𝜎) ≥ 𝑒−1 − 𝑒−2. Therefore, for 𝑡 ≥ 2, we arrive at

Γ0 ·
∫ 𝑡−1

0
(𝑒−1 − 𝑒−(𝑡−𝜎) ) ·

∫
Ω

𝑢(·, 𝜎)𝑑𝜎 ≥ Γ0 · (𝑒−1 − 𝑒−2) ·
∫ 𝑡−2

0

∫
Ω

𝑢(𝑥, 𝜎)𝑑𝑥𝑑𝜎, for all 𝑡 ≥ 1, (39)

and moreover, we infer from (37)-(39) that (35) holds if we set Γ := Γ0 · (𝑒−1 − 𝑒−2).
Step 2: There exists 𝐶 > 0 such that∫ 𝑡

0
𝑣(𝑥, 𝑠)𝑑𝑠 ≥ Γ ·

∫ 𝑡

0

∫
Ω

𝑢(𝑦, 𝑠)𝑑𝑦𝑑𝑠 − 𝐶, for all 𝑥 ∈ Ω and 𝑡 ≥ 0.

In view of Lemma 4, we have
∫
Ω
𝑢(·, 𝑡) ≤ 𝐶1 for all 𝑡 ≥ 0 and some 𝐶1 > 0. When 𝑡 ≥ 2, using Step 1, one

obtains

Γ

∫ 𝑡

0

∫
Ω

𝑢 ≤
∫ 𝑡

0
𝑣(𝑥, 𝑠)𝑑𝑠 + Γ

∫ 𝑡

𝑡−2

∫
Ω

𝑢 ≤
∫ 𝑡

0
𝑣(𝑥, 𝑠)𝑑𝑠 + 2𝐶1Γ, for all 𝑥 ∈ Ω,

while in the case of 𝑡 < 2, we trivially have
∫ 𝑡

0 𝑣(𝑥, 𝑠)𝑑𝑠 ≥ 0 for all 𝑥 ∈ Ω, and hence

Γ

∫ 𝑡

0

∫
Ω

𝑢 ≤ 𝐶1Γ𝑡 ≤
∫ 𝑡

0
𝑣(𝑥, 𝑠)𝑑𝑠 + 2𝐶1Γ, for all 𝑡 < 2,

which enforces the claim upon choosing 𝐶 := 2𝐶1Γ for instance. □

After Lemma 9, let us invoke the following simple statement regarding the eventual validity of the
appropriate bounds for both

∫
Ω
𝑢(·, 𝑡) and

∫
Ω
𝑣(·, 𝑡).

Lemma 10. Let (𝑢, 𝑣, 𝑤) be a global classical solution to system (4), and let 𝑓 (𝑢, 𝑤) = 𝑢(𝑟 − 𝜇𝑢 − 𝑤) with
some 𝜇 > 0. Then, we have

(𝑖) lim
𝑡→∞

sup ∥𝑢(·, 𝑡)∥𝐿1 (Ω) ≤
𝑟 |Ω|
𝜇

(40)

and
(𝑖𝑖) lim

𝑡→∞
sup ∥𝑣(·, 𝑡)∥𝐿1 (Ω) ≤

𝑟 |Ω|
𝜇

. (41)

Proof. For the first conclusion (i), by integrating the first equation in (4) with respect to 𝑥 ∈ Ω, and using
𝑓 (𝑢, 𝑤) = 𝑢(𝑟 − 𝜇𝑢 − 𝑤), it follows from the nonnegativity of solution 𝑤 ≥ 0 that

𝑑

𝑑𝑡

∫
Ω

𝑢(𝑥, 𝑡) ≤ 𝑟

∫
Ω

𝑢(𝑥, 𝑡) − 𝜇

∫
Ω

𝑢2 (𝑥, 𝑡), (42)

whence as a consequence of the Cauchy-Schwarz inequality and a series of elementary calculus, we
effectively see

𝑑

𝑑𝑡

∫
Ω

𝑢(𝑥, 𝑡) + 𝑟

∫
Ω

𝑢(𝑥, 𝑡) ≤ 𝑟2 |Ω|
𝜇

,

which, upon an integration of both sides with respect to 𝑡, implies that

∥𝑢(·, 𝑡)∥𝐿1 (Ω) ≤
∫
Ω

𝑢0 [𝑒−𝑟𝑡 ] +
𝑟 |Ω|
𝜇

(1 − 𝑒−𝑟𝑡 ), for all 𝑡 > 0,

henceforth giving rise to (40).
In the aftermath of the above, regarding the second claim (ii), noticing that (i) allows for any choice of

𝜀 > 0 such that there is 𝑡1 := 𝑡1 ( ¤𝜀) (the dot over 𝜀 is removed for clarity) fulfilling the property that for all
𝑡 ≥ 𝑡1

∥𝑢(·, 𝑡)∥𝐿1 (Ω) <
𝑟 |Ω|
𝜇

+ 𝜀,

then followed by (4), we deduce ∫
Ω

𝑣(·, 𝑡)𝑑𝑥 =

∫
Ω

𝑢(·, 𝑠)𝑑𝑥 <
𝑟 |Ω|
𝜇

+ 𝜀, (43)

which, along with the arbitrariness of 𝜀, implies that (41) holds. □
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Drawing upon Lemmas 4 through 5, our initial findings lead to the subsequent derivation of time-invariant
bounds for 𝑎.

Lemma 11. Let (𝑢, 𝑣, 𝑤) be a global classical solution to the corresponding issue (4). Provided that

𝐶∗ = 𝑟 − 3𝑟2

2𝜇2

[
𝜒2

8
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 1 + ∥𝑤0∥2

𝐿∞ (Ω)

(
𝜉2

4
𝑒2𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 𝜉𝜂

)
+ 𝜇𝜉𝜂

𝑟
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) (∥𝑤0∥𝐿∞ (Ω) + 1)

]
− (1 + 𝜉𝜂)𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) ∥𝑤0∥𝐿∞ (Ω)

holds, then there exist 𝛽 > 0 and 𝐶∗
1 > 0 such that∫ 𝑡

0

∫
Ω

𝑢(·, 𝑠)𝑑𝑠 ≥ 𝛽𝑡 − 𝐶∗
1 , for all 𝑡 > 0. (44)

Proof. In consideration of the strong maximum principle and the premise 𝑢0 > 0 outlined in (5), we confirm
that 𝑢 remains positive across Ω × (0,∞), where another application of the integration by parts over the
domain Ω results in
𝑑

𝑑𝑡

∫
Ω

𝑒 𝜉𝑤ln𝑎 =

∫
Ω

𝑒 𝜉𝑤
1
𝑎
𝑎𝑡 +

∫
Ω

𝑒 𝜉𝑤 ln 𝑎𝜉𝑤𝑡

=

∫
Ω

1
𝑎

[
∇·(𝑒 𝜉𝑤∇𝑎)−𝜒∇·(𝑒 𝜉𝑤𝑎∇𝑣)+𝜉𝑎𝑣𝑤𝑒 𝜉𝑤−𝑎𝜉𝜂𝑒 𝜉𝑤𝑤(1−𝑒 𝜉𝑤𝑎−𝑤)+𝑒 𝜉𝑤 𝑓 (𝑎𝑒 𝜉𝑤, 𝑤)

]
=

∫
Ω

𝑒 𝜉𝑤
|∇𝑎 |2
𝑎2 − 𝜒

∫
Ω

𝑒 𝜉𝑤

𝑎
∇𝑣 · ∇𝑎 + 𝜉

∫
Ω

𝑣𝑤𝑒 𝜉𝑤 − 𝜉𝜂

∫
Ω

𝑒 𝜉𝑤𝑤(1 − 𝑒 𝜉𝑤𝑎 − 𝑤)

+
∫
Ω

𝑒 𝜉𝑤 (𝑟 − 𝜇𝑒 𝜉𝑤𝑎 − 𝑤) + 𝜉

∫
Ω

𝑒 𝜉𝑤 ln 𝑎[−𝑣𝑤 + 𝜂𝑤(1 − 𝑎𝑒 𝜉𝑤 − 𝑤)]

≥ − 𝜒2

4

∫
Ω

𝑒 𝜉𝑤 |∇𝑣 |2 − 𝜇

∫
Ω

𝑒2𝜉𝑤𝑎 − 𝜉𝜂

∫
Ω

𝑒 𝜉𝑤𝑤 −
∫
Ω

𝑒 𝜉𝑤𝑤 + 𝑟

∫
Ω

𝑒 𝜉𝑤

+ 𝜉

∫
𝑎>1

𝑒 𝜉𝑤 ln 𝑎[−𝑣𝑤 − 𝜂𝑤(𝑎𝑒 𝜉𝑤 + 𝑤)] + 𝜉

∫
0<𝑎<1

𝑒 𝜉𝑤 ln 𝑎𝜂𝑤

≥ − 𝜒2

4

∫
Ω

𝑒 𝜉𝑤 |∇𝑣 |2 − 𝜇

∫
Ω

𝑒2𝜉𝑤𝑎 − 𝜉𝜂

∫
Ω

𝑒 𝜉𝑤𝑤 −
∫
Ω

𝑒 𝜉𝑤𝑤 + 𝑟 |Ω|

+ 𝜉

∫
𝑎>1

𝑒 𝜉𝑤 ln 𝑎[−𝑣𝑤 − 𝜂𝑤(𝑎𝑒 𝜉𝑤 + 𝑤)] + 𝜉𝜂

∫
0<𝑎<1

𝑒 𝜉𝑤 ln 𝑎𝑤.

(45)

Let
𝐶∗ =𝑟 −

3𝑟2

2𝜇2

[
𝜒2

8
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 1 + ∥𝑤0∥2

𝐿∞ (Ω)

(
𝜉2

4
𝑒2𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 𝜉𝜂

)
+ 𝜇𝜉𝜂

𝑟
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) (∥𝑤0∥𝐿∞ (Ω) + 1)

]
− (1 + 𝜉𝜂)𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) ∥𝑤0∥𝐿∞ (Ω) .

As pointed out in Lemma 10, there exists 𝑡2 > 0 such that for all 𝑡 ≥ 𝑡2∫
Ω

𝑢(·, 𝑡) ≤ 3𝑟 |Ω|
2𝜇

and
∫
Ω

𝑣(·, 𝑡) ≤ 3𝑟 |Ω|
2𝜇

, (46)

and thus (42) gives ∫ 𝑡

𝑡2

∫
Ω

𝑢2 (·, 𝑠)𝑑𝑠 ≤ 𝑟

𝜇

∫ 𝑡

𝑡2

∫
Ω

𝑢(·, 𝑠)𝑑𝑠 + 1
𝜇

∫
Ω

𝑢(·, 𝑡2)

≤ 3𝑟2 |Ω|
2𝜇2 (𝑡 − 𝑡2) +

3𝑟 |Ω|
2𝜇2 .

Moreover, we multiply the second equation of (4) by 𝑣 and apply the Young inequality to estimate

2
∫
Ω

|∇𝑣(·, 𝑡) |2 +
∫
Ω

𝑣2 (·, 𝑡) ≤
∫
Ω

𝑢2 (·, 𝑡)
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and to proceed further, ∫ 𝑡

𝑡2

∫
Ω

|∇𝑣(·, 𝑠) |2𝑑𝑠 ≤1
2

∫ 𝑡

𝑡2

∫
Ω

𝑢2 (·, 𝑠)𝑑𝑠

≤1
2

{
3𝑟2 |Ω|

2𝜇2 (𝑡 − 𝑡2) +
3𝑟 |Ω|
2𝜇2

}
and ∫ 𝑡

𝑡2

∫
Ω

𝑣2 (·, 𝑡) ≤
∫ 𝑡

𝑡2

∫
Ω

𝑢2 (·, 𝑠)𝑑𝑠

≤3𝑟2 |Ω|
2𝜇2 (𝑡 − 𝑡2) +

3𝑟 |Ω|
2𝜇2 .

(47)

By integrating (45) over (𝑡2, 𝑡), in tandem with identities (46) and (47), it shows that∫
Ω

𝑒 𝜉𝑤 ( ·,𝑡 ) ln 𝑎(·, 𝑡) −
∫
Ω

𝑒 𝜉𝑤 ( ·,𝑡2 ) ln 𝑎(·, 𝑡) (·, 𝑡2) + 𝜇

∫ 𝑡

𝑡2

∫
Ω

𝑒2𝜉𝑤𝑎(·, 𝑠)𝑑𝑠

≥𝑟 |Ω| (𝑡 − 𝑡2) −
𝜒2

4

∫ 𝑡

𝑡2

∫
Ω

𝑒 𝜉𝑤 |∇𝑣 |2 − (1 + 𝜉𝜂) |Ω|𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) ∥𝑤0∥𝐿∞ (Ω) (𝑡 − 𝑡2)−𝐽1−𝐽2,

for all 𝑡 > 𝑡2,
(48)

where

𝐽1 = 𝜉

∫ 𝑡

𝑡2

∫
𝑎>1

𝑒 𝜉𝑤 ln 𝑎[𝑣𝑤 + 𝜂𝑤(𝑎𝑒 𝜉𝑤 + 𝑤)] and 𝐽2 = 𝜉𝜂

∫ 𝑡

𝑡2

∫
0<𝑎<1

𝑒 𝜉𝑤 | ln 𝑎 |𝑤,

whence we next improve our knowledge of handling the last two factors on the right-hand side of (48).
Within this aim in mind, observe by the evident fact ln 𝑎 ≤ 𝑎 that

𝐽1 =𝜉

∫ 𝑡

𝑡2

∫
𝑎>1

𝑒 𝜉𝑤 ln 𝑎[𝑣𝑤 + 𝜂𝑤(𝑎𝑒 𝜉𝑤 + 𝑤)]

≤
∫ 𝑡

𝑡2

∫
𝑎>1

𝑣2 + 𝜉2

4
∥𝑤0∥2

𝐿∞ (Ω)𝑒
2𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

ln2 𝑎

+ 𝜉𝜂∥𝑤0∥𝐿∞ (Ω)

∫ 𝑡

𝑡2

∫
𝑎>1

𝑎𝑒2𝜉𝑤 + 𝜉𝜂∥𝑤0∥2
𝐿∞ (Ω)

∫ 𝑡

𝑡2

∫
𝑎>1

𝑎2𝑒 𝜉𝑤

≤
∫ 𝑡

𝑡2

∫
𝑎>1

𝑣2 + 𝜉2

4
∥𝑤0∥2

𝐿∞ (Ω)𝑒
2𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

𝑎2

+ 𝜉𝜂∥𝑤0∥𝐿∞ (Ω)𝑒
𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

𝑢 + 𝜉𝜂∥𝑤0∥2
𝐿∞ (Ω)

∫ 𝑡

𝑡2

∫
Ω

𝑢2

≤
∫ 𝑡

𝑡2

∫
Ω

𝑣2 + 𝜉2

4
∥𝑤0∥2

𝐿∞ (Ω)𝑒
2𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

𝑢2

+ 𝜉𝜂∥𝑤0∥𝐿∞ (Ω)𝑒
𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

𝑢 + 𝜉𝜂∥𝑤0∥2
𝐿∞ (Ω)

∫ 𝑡

𝑡2

∫
Ω

𝑢2

and

𝐽2 =𝜉𝜂

∫ 𝑡

𝑡2

∫
0<𝑎<1

𝑒 𝜉𝑤 | ln 𝑎 |𝑤

≤𝜉𝜂𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

𝑒 𝜉𝑤𝑎

=𝜉𝜂𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

𝑢,
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where we have also taken into account 𝑎 ≤ 𝑢 and 𝑒 𝜉𝑤 ≤ 𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) for all 𝑡 > 0, a substitution of the above
two inequalities into (48), we benefit from (45)-(47) as well as the definition of 𝐶∗ that∫

Ω

𝑒 𝜉𝑤 ( ·,𝑡 ) ln 𝑎(·, 𝑡) −
∫
Ω

𝑒 𝜉𝑤 ( ·,𝑡2 ) ln 𝑎(·, 𝑡) (·, 𝑡2) + 𝜇

∫ 𝑡

𝑡2

∫
Ω

𝑒2𝜉𝑤𝑎(·, 𝑠)𝑑𝑠

≥𝑟 |Ω| (𝑡 − 𝑡2) −
𝜒2

4
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

|∇𝑣 |2 − (1 + 𝜉𝜂) |Ω|𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) ∥𝑤0∥𝐿∞ (Ω) (𝑡 − 𝑡2)

−
∫ 𝑡

𝑡2

∫
Ω

𝑣2 −
(
𝜉𝜂∥𝑤0∥𝐿∞ (Ω)𝑒

𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 𝜉𝜂𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)
) ∫ 𝑡

𝑡2

∫
Ω

𝑢

−
(
𝜉2

4
∥𝑤0∥2

𝐿∞ (Ω)𝑒
2𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 𝜉𝜂∥𝑤0∥2

𝐿∞ (Ω)

) ∫ 𝑡

𝑡2

∫
Ω

𝑢2

≥𝑟 |Ω| (𝑡 − 𝑡2) −
𝜒2

4
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)

∫ 𝑡

𝑡2

∫
Ω

|∇𝑣 |2 − (1 + 𝜉𝜂) |Ω|𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) ∥𝑤0∥𝐿∞ (Ω) (𝑡 − 𝑡2)

−
∫ 𝑡

𝑡2

∫
Ω

𝑣2 − 𝜉𝜂𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) (∥𝑤0∥𝐿∞ (Ω) + 1)
∫ 𝑡

𝑡2

∫
Ω

𝑢

−
(
𝜉2

4
∥𝑤0∥2

𝐿∞ (Ω)𝑒
2𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 𝜉𝜂∥𝑤0∥2

𝐿∞ (Ω)

) ∫ 𝑡

𝑡2

∫
Ω

𝑢2

≥𝑟 |Ω| (𝑡 − 𝑡2) −
𝜒2

8
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)

{
3𝑟2 |Ω|

2𝜇2 (𝑡 − 𝑡2) +
3𝑟 |Ω|
2𝜇2

}
− (1 + 𝜉𝜂) |Ω|𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) ∥𝑤0∥𝐿∞ (Ω) (𝑡 − 𝑡2)

−
{

3𝑟2 |Ω|
2𝜇2 (𝑡 − 𝑡2) +

3𝑟 |Ω|
2𝜇2

}
− 𝜉𝜂𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω) (∥𝑤0∥𝐿∞ (Ω) + 1)

(
3𝑟 |Ω|

2𝜇

)
(𝑡 − 𝑡2)

−
(
𝜉2

4
∥𝑤0∥2

𝐿∞ (Ω)𝑒
2𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 𝜉𝜂∥𝑤0∥2

𝐿∞ (Ω)

) {
3𝑟2 |Ω|

2𝜇2 (𝑡 − 𝑡2) +
3𝑟 |Ω|
2𝜇2

}
=𝐶∗ |Ω| (𝑡 − 𝑡2) − 𝐶1,∗

with

𝐶1,∗ =
𝜒2

8
𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)

3𝑟 |Ω|
2𝜇2 + 3𝑟 |Ω|

2𝜇2 +
(
𝜉2

4
∥𝑤0∥2

𝐿∞ (Ω)𝑒
2𝜉 ∥𝑤0 ∥𝐿∞(Ω) + 𝜉𝜂∥𝑤0∥2

𝐿∞ (Ω)

)
3𝑟 |Ω|
2𝜇2 .

Depending on the nonnegative property of solution component 𝑢, we check

𝜇

∫ 𝑡

𝑡2

∫
Ω

𝑒2𝜉𝑤𝑎(·, 𝑠)𝑑𝑠 ≥|Ω|𝐶∗ (𝑡 − 𝑡2) − 𝐶1,∗ +
∫
Ω

ln 𝑢(·, 𝑡2) −
∫
Ω

ln 𝑢(·, 𝑡)

≥|Ω|𝐶∗ (𝑡 − 𝑡2) − 𝐶1,∗ +
∫
Ω

ln 𝑢(·, 𝑡2) −
∫
Ω

𝑢(·, 𝑡)

≥|Ω|𝐶∗ (𝑡 − 𝑡2) − 𝐶1,∗ +
∫
Ω

ln 𝑢(·, 𝑡2) −
3𝑟 |Ω|

2𝜇
≥|Ω|𝐶∗𝑡 − 𝐶2,∗,

for 𝐶2,∗ = 𝐶1,∗ + 3𝑟 |Ω |
2𝜇 , whereas given the case when 𝑡 ≤ 𝑡2, once again invoking the nonnegativity of 𝑢

leads to

𝜇

∫ 𝑡

0

∫
Ω

𝑒2𝜉𝑤𝑎(·, 𝑠)𝑑𝑠 ≥ 0 ≥ |Ω|𝐶∗𝑡 − |Ω|𝐶∗𝑡2.

This in particular allows us to deduce from (44) that (43) holds by choosing

𝛽 :=
1

𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)

|Ω|𝐶∗
𝜇
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and
𝐶∗

1 :=
1

𝑒 𝜉 ∥𝑤0 ∥𝐿∞(Ω)
max

{
𝛽𝑡2,

𝐶2,∗
𝜇

}
,

for instance. □

To establish an appropriate lower bound for 𝑣, we apply the inherent positivity of Green’s function
associated with the Helmholtz operator −Δ + 1, as detailed below.

Lemma 12. Let 𝜒 > 0, 𝜉 > 0. Then there exists 𝐶𝐺 > 0 with the properties that the pointwise inequality

𝑣(𝑥, 𝑡) ≥ 𝐶𝐺

∫
Ω

𝑢(𝑦, 𝑡)𝑑𝑦, for all 𝑥 ∈ Ω and 𝑡 > 0, (49)

holds.

Proof. We define 𝐺 as the Green’s function associated with −Δ+1 under homogeneous Neumann boundary
conditions within the domain Ω. According to Theorem 18.2 (i) in [14], it is well-established that 𝐺 (𝑥, 𝑦) ≥
𝐶𝐺 holds for all distinct points (𝑥, 𝑦) ∈ Ω2, with a positive constant 𝐶𝐺 > 0. Given the second equation in
(4), we have

𝑣(𝑥, 𝑡) =
∫
Ω

𝐺 (𝑥, 𝑦)𝑢(𝑦, 𝑡) d𝑦, 𝑥 ∈ Ω, 𝑡 > 0.

Given the nonnegativity of 𝑢, the inequality stated in (49) arises as a direct consequence of this formulation.
□

By integrating the aforementioned information with Lemma 11 and Lemma 12, we can readily derive
an exponential decay pattern for 𝑤.

Lemma 13. Let 𝜒 > 0 and 𝜉 > 0. In addition, presume that the initial data 𝑢0 and 𝑤0 satisfy (5) as well
as the smallness condition (12). One can fix certain constants 𝐶 > 0 and 𝛾 > 0 such that the solution to
system (4) fulfils

∥𝑤(·, 𝑡)∥𝐿∞ (Ω) ≤ 𝐶𝑒−𝛾𝑡 , for all 𝑡 > 0.

Proof. Noticing 𝑤 ≠ 0 in the identity as obtained from dividing the third equation of system (4) by 𝑤2,
and subsequently multiplying by an integrating factor as well as rearranging the terms, we rewrite the third
equation in the form asserting

𝑑

𝑑𝑠

(
1

𝑤(𝑥, 𝑠) 𝑒
−
∫ 𝑠

0 [𝑣 (𝑥,𝑟 )+𝜂𝑢(𝑥,𝑟 )−𝜂 ]𝑑𝑟
)
= 𝜂𝑒−

∫ 𝑠

0 [𝑣 (𝑥,𝑟 )+𝜂𝑢(𝑥,𝑟 )−𝜂 ]𝑑𝑟 ,

whence integrating the above from 𝑠 = 0 to 𝑡, we take advantage of performing a series of routine
manipulations to trivially arrive at

𝑤(𝑥, 𝑡) = 𝑤0 (𝑥)𝑒−
∫ 𝑡

0 [𝑣 (𝑥,𝑟 )+𝜂𝑢(𝑥,𝑟 )−𝜂 ]𝑑𝑟

1 + 𝜂𝑤0 (𝑥)
∫ 𝑡

0 𝑒−
∫ 𝑠

0 [𝑣 (𝑥,𝑟 )+𝜂𝑢(𝑥,𝑟 )−𝜂 ]𝑑𝑟𝑑𝑠
. (50)

Furthermore, Lemma 9 and Lemma 11 become applicable so as to guarantee∫ 𝑡

0
𝑣(𝑥, 𝑠)𝑑𝑠 ≥ Γ ·

∫ 𝑡

0

∫
Ω

𝑢(𝑦, 𝑠)𝑑𝑦𝑑𝑠 − 𝐶 ≥ Γ𝛽𝑡 − Γ𝐶∗
1 − 𝐶, for all 𝑥 ∈ Ω, 𝑡 > 0,

which by virtue of (50) and the fact 𝜂 > 0 culminates in

𝑤(𝑥, 𝑡) ≤ 𝑤0 (𝑥)𝑒−
∫ 𝑡

0 [𝑣 (𝑥,𝑟 )+𝜂𝑢(𝑥,𝑟 )−𝜂 ]𝑑𝑟 ≤ 𝑤0 (𝑥)𝑒−(𝜂−Γ𝛽)𝑡+Γ𝐶∗
1+𝐶 .

From this, we may conclude as intended. □

Indeed, the verification of our ultimate conclusion essentially boils down to an amalgamation of the
preceding three assertions.

Proof of Theorem 2. The stipulated lower bounds for 𝑢 and 𝑣 stem from Lemmas 11 and 12, whereas
Lemma 13 affirms the proclaimed decay characteristic of 𝑤. □
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