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Abstract. In this paper, we investigate the growth of meromorphic solutions to a complex
higher order linear differential equation whose coefficients are meromorphic functions of
[p, q]-orders. We get the results about the lower [p, g]-order of solutions of the equation.
Moreover, we investigate the [p, g]-convergence exponent and the lower [p, g]-convergence
exponent of distinct zeros of f(z) — ¢(z).
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1. Introduction and notations

In this paper, a meromorphic function means being meromorphic in the whole
complex plane. We also assume that readers are familiar with the standard notations
and fundamental results of Nevanlinna’s theory (see e.g. [5, 12, 16]). Let us define
inductively for 7 € [0,+00),exp; 7 = €" and exp,, ;7 = exp(exp,r), p € N. For
all sufficiently large r, we define log; r = logr and log, ;r = log(log,r), p €
N. We also denote expyr = r = logyr and exp_;r = log; r. It is well known
that there exist many functions which have infinite iterated orders. There are also
many papers considering the iterated order of solutions of complex linear differential
equations (see e.g. [3, 7, 8, 11, 15]). In order to discuss accurately the growth of
these functions of fast growth, Juneja-Kapoor-Bajpai investigated some properties
of entire functions of [p, g]-order in [9, 10]. In [14], in order to maintain accordance
with general definitions of the entire function f(z) of iterated p-order, Liu-Tu-Shi
gave a minor modification of the original definition of the [p, ¢]-order given in [9, 10].
With this new concept of [p, g]-order, the [p, g]-order of solutions of complex linear
differential equations are investigated (see e.g. [13, 14]). B. Belaidi also considered
the growth of solutions of higher order linear differential equations with analytic
coefficients of [p, g]-order in the unit disc (see e.g. [1, 2]).

Now we introduce the definitions of the [p, g]-order as follows.
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Definition 1 (see [13, 14]). Let p, q be integers such that p > q > 1 and let f(z) be
a meromorphic function. The [p,q|-order of f(z) is defined by

Op.q(f) = Tlim log, T'(r, f)

r—o00 logq r

For an entire function f(z), we also define

— Tim logp+1 M(Tv f)
r—o0 logq r ’

(g (f)

Remark 1. By Definition 1 we note that op11)(f) = o(f), o2,1(f) = 02(f), and
1) (f) = op(f)-

Now, by Definition 1, we can get the definition of the lower [p, ¢]-order for entire
and meromorphic functions.

Definition 2. Let p, g be integers such that p > q¢ > 1, and let f(z) be a meromor-
phic function. The lower [p, q]-order of f(z) is defined by

For an entire function f(z), we also define

. log, . M(r, f)
fip.q (f) = lim Zoptl TP A S

T—00 logq T

Definition 3 (see [13, 14]). Let p, q be integers such that p > q > 1. The [p,q]-
convergence exponent of the sequence of a-points of a meromorphic function f(z) is
defined by

/\[P,q] (f - a) = )\[p,q](f, a) = hm _—

and the [p, q]-convergence exponent of the sequence of distinct a-points of a mero-
morphic function f(z) is defined by

By BV T IOg N(Tv %
A (f —a) = Ap g (f,a) = lim _°p 2 fmar

Now, by Definition 3, we can get the definition of the lower [p, g]-convergence
exponent for entire and meromorphic functions.

Definition 4. Let p, q be integers such that p > q > 1. The lower [p, q]-convergence
exponent of the sequence of a-points of a meromorphic function f(z) is defined by

_log, N(r, +15)
A[Z’v‘]](f - (L) = A[p,q] (fv a) = lim A

T—00 logq T ’
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and the lower [p, q]-convergence exponent of the sequence of distinct a-points of a
meromorphic function f(z) is defined by

_ _ g, N(r, 7))
X (f =) = X g (fra) = lim —2——I=a2,

T—00 10gq T

Furthermore, we can get the definitions of A, o (f =), Ap.q (f —¢) , A (f =)
and X[p’q]( f — ), when a is replaced by a meromorphic function ¢(z).

Definition 5 (see [13, 14]). Let p, g be integers such that p > q > 1. The [p, q]-type
of a meromorphic function f(z) of [p,q]-order o(0 < o < 00) is defined by

T logp—l T(T’, f)
Tip.q () = TIEEOW

For an entire function f(z), we also define

—log, M(r, f)
Mol (1) = T o 5

Now, by Definition 5, we can get the definition of the lower [p, q]-type for entire

and meromorphic functions.

Definition 6. Let p, q be integers such that p > q > 1. The lower [p, q]-type of a
meromorphic function f(z) of lower [p, q|-order n(0 < p < o0) is defined by

og, 70, 6)
7= (log, ;1)K

Tip,q(f) =

For an entire function f(z), we also define
. log, M(r, f)
Zpa(H) = M0 g

Remark 2. FEspecially, when q = 1, Definitions 5 and 6 are the definitions of the
iterated p-type and the iterated p-lower type, and the condition “p € N\{1}” in [7]
conforms to the condition “p > q =1 in this paper.

Moreover, we denote the linear measure of a set £ C [0,400) by mE = [, dt
and the logarithmic measure E C [1,400) by myE = [}, dt/t, respectively (see e.g.

[6])-

2. Main results

We consider the following equation, for n > 2,
F 4 A (2)f7D -k Au2)f + Ao(2)f =0, (1)

where A;(z), (j =1,---,n—1), Ao(2)(# 0) are meromorphic functions. For the
case of entire coefficients, by definitions of [p, g]-order and [p, g]-type, Liu-Tu-Shi [14]
got a result as follows.
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Theorem 1. Let Ag(z),...,An_1(2) be entire functions satisfying max{op, q(A;
Wi=1,....,n—=1} < apq](Ao) < 00 and max{Ty, 4 (A4;)|0p,q(45) = opp,q(A0) >
0,7 # 0} < Tip,q(Ao). Then every nontrivial solution f(z) of (1) satisfies oppi1,q(f)

= 0[p,q)(Ao)-

For the case of meromorphic coefficients, Li-Cao [13] obtained the same result
by complementing some conditions on the poles of the coefficients and solutions of

(1).

Theorem 2. Let Ay(z),. .., An—1(z) be meromorphic functions in the complex plane.
Assume that A[pqq](A%)) < Pp,g(Ao) < oo, max{op, q(4;)lj = 1,...,n = 1} =
Olp,q] (Ao) < 00 and maX{T[p’q] (Aj)\o[p’q] (AJ) = O[p,q] (Ao),j 7é 0} < Tp,ql (Ao) Then
any nonzero meromorphic solution f(z) of (1) whose poles are of uniformly bounded
multiplicities, satisfies op11,q(f) = 0p.q(Ao)-

In the above, Liu-Tu-Shi [14] and Li-Cao [13] used the [p, q]-type of Ay(z) to
dominate the [p, q]-types of other coefficients, and got the result about op,11,4(f)-
Thus, a natural question arises: If we use the lower [p, g]-type of Ag(z) to dominate
other coefficients, what can be said about p,41,4(f)? Another question is: Can we
find some other conditions to dominate other coefficients? In the meantime, can we
improve the condition on the poles of f(2)?

In this paper, we give our main results solving the above two questions. More-
over, we get the results about the [p, g]-convergence exponent and the lower [p, g]-
convergence exponent of distinct zeros of f(z) — p(2).

Theorem 3. Let p, q be integers such that p > ¢ > 1 orp > q = 1, and let
Ap(2),..., An—1( 2) be meromorphic functions. Assume that )‘[p’q](Aio) < Hip,q(Ao)
< 00, and that max{op, g (A;) [ =1,...,n=1} < pp, q(Ao) and max{y, 4 (A;)|0p.q
(A5) = pp,q (Ao) j # 0} < 11, 4(A0) = 7. If f(2)(# 0) is a meromorphic solution

of (1) satisfying = Nr ;i < exp,1{blog, r} (b < pppq(Ao)), then we have

Apt1.a(F =) = tippr1.q/ () = tiip.q1(A0) < g1 (A0) = T1pi1,41(F) = Apt1,q1(f =),

where ¢(z)(# 0) is a meromorphic function with o1 q(9) < pip,q(Ao)-

Theorem 4. Let p, q be integers such that p > g > 1 orp > q = 1, and let
Ao(2),..., Ap_1(z) be meromorphic functions. Assume that A, q](Alo) < pp,q(Ao) <

o0, and that max{op, o (A;)|lj =1,...,n—1} < ppp 4(Ao) and hm Z? 112(; 20;

If f(2)(££ 0) is a meromorphic solution of (1) satisfying %E: }c; < exp,1{blog, 7}
(b < pip,q(Ao)), then we have

<1

A1, (f=0) = b1, (F) = Bip,g (Ao) < 0ppq1(A0) = 01, (f) = Api1.q (f— ),
where ¢(2)(# 0) is a meromorphic function satisfying opp41,q)(¢) < fip,q(Ao)-

Theorem 5. Let p,q be integers such that p > q > 1, and let Ag(2),...,An—1(2)
be meromorphic functions. Suppose that there exists one Ag(z) (0 S <n-1)
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with /\[P,q](A%) < fifp,q(As) < 00, and 'that max{07, q(A4;)| j # s} < ppp.q(As) and
maX{T[%q] (Aj)\a[p)q] (4;) = Pip,q] (Ag),j £ s} < Tipa] (As) = 7. Then every transcen-
dental meromorphic solution f(z)(# 0) of (1) satisfying % < exp,;1{blog, r}
(b < pppq)(As)) satisfies pppi1.q(f) < pp.g(As) < ppg(f) and opiq(f) <
Olp,q)(As) < 0Oppq(f). Moreover, every non-transcendental meromorphic solution
f(2) of (1) is a polynomial with degree deg(f) < s — 1.

Remark 3. All meromorphic solutions of (1) satisfying % < exp,;1{blog, 7}
(b < pp(Ao)) in Theorems 3-5 are of regular growth ppy1,q)(f) = Opy1,q(f), when
the coefficient Ag(z) is of regular growth pp, 4(Ao) = opp,q(Ao)-

Remark 4. The condition “p > q > 1 or p > q = 1”7 ensures to get rid of the
case “p = q = 17, which is essential for the proof of Lemma 7. Since Lemma 7 is
the part and parcel in the proofs of Theorems 3 and 4, the condition “p > q > 1 or
p>q=1" cannot be omitted in Theorems 3 and 4.

Remark 5. The condition that )‘[pyq](A%,) < pip,q(Ao) in Theorems 3-5 can be
changed by N(r, Ag) = o(m(r, Ay)) (r = 00), 6(c0, Ag) >0 or

log,, m(r, Ag)

/“L[;D,q] (AO) = lim

T—00 logq T

3. Preliminary lemmas

Lemma 1 (see [4]). Let f(z) be a meromorphic solution of (1) assuming that not

all coefficients A;(z) are constants. Given a real constant v > 1, and denoting
T(r) =120 T(r, A;), we have

=0

logm(r, f) < T(r){(logr) logT(r)}", ifp=0

and
logm(r, f) < r?™71T0(r) {log T(r)}", ifp >0,

outside of an exceptional set E, with fE tP=ldt < +o0.
P

Remark 6. FEspecially, if p = 0, then the exceptional set Ey has finite logarithmic

measure on 4t — my .

Lemma 2 (see [6, 12]). Let g : [0,+00) — R and h : [0,+00) — R be monotone
increasing functions. If (i) g(r) < h(r) outside of an exceptional set of finite linear
measure, or (i) g(r) < h(r), r ¢ E1 U (0,1], where By C [1,00) is a set of finite
logarithmic measure, then for any constant a > 1, there exists 1o = ro(a) > 0 such
that g(r) < h(ar) for all v > ry.

Lemma 3 (see [13]). Let p, q be integers such thatp > q > 1 and let Ap(z2), A1(2), ...,
An_1(2), F(2)(#£ 0) be meromorphic functions. If f(z) is a meromorphic solution of

F + A () 4+ AL+ Ao(2)f = F(2) (2)
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satisfying
max{op, q(F), 00p,q(A5) =0,...,n =1} < opp g (f) = 0 < 00,

then we have Xy g (f) = Ap.g (f) = 0pp.q (f

)-
Lemma 4. Let p, q be integers such thatp > q > 1 and let Ao(2), A1(2),..., An—1(2),
F(z) (#£0) be meromorphic functions. If f(z) is a meromorphic solution of (2) sat-
isfying
max{a[p,q] (F)> O[p,q] (AJ)|.7 =0,....,n— 1} < Wp,q] (f)a
then we have X[p’q] (f) = Ap.q(f) = g (f)-

Proof. By (2), we have

1 f " fn=1) 4 ,
i= 5 (G ). Q
If f(z) has a zero at 2z of order v(> n) and Ag(2), A1(2),- - , An—1(2) are all analytic
at zg, then F(z) has a zero at zg of order at least v — n. Hence, we have
1, 1 1. =
N(r,<) <nN(r,) + N(r, =)+ Y _ N(r, 4;). (4)
f f T
By (3), we get that
n—1 n
1 1 f@
m(r,?)gm(r F)JerrA +Zmr—+0() (5)
7=0 Jj=1
Therefore, by (4), (5) and the first fundamental theorem,
1
T(ﬁ f) = T(T7 ?) + O<1)
o 1 n—1
< nN(r, ?) +T(r, F)+ Z T(r,A;) + O(log(rT'(r, f))) (6)
j=0

holds for all » ¢ E, where E is a set of r of finite linear measure. By max{cy, 4 (F'),
Olp,q(A)|7 =0,...,n =1} < ppp q(f), for sufficiently large r, we have

T(r,F)=0(T(r,f)) and T(r,A;)=0o(T(r,f)), 7=0,1,....,.n—=1.  (7)

Moreover, for sufficiently large r, we have O(log(rT(r, f))) = o(T(r, f)). By com-
bining this, (6) and (7), we have

(1 —o(1))T(r, f) < nN(r, %), ré E, r— oo. (8)

Hence, by Lemma 2 and (8), we have

X[p,q] (f) = Hip,q] (f)-
Since X[p,q](f) < Apg (f) < tp,q(f), the result holds. O
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Lemma 5. Let p, q be integers such thatp > q > 1 and let f(z) be a meromorphic
Junction with 0 < pp, q(f) < co. Then for any given € > 0, there erists a set
Es> C (1,00) of infinite logarithmic measure such that

log,, T'(r, f)
B= g (f) = lim —2——"F,
[Pl e logq r

and for any given € > 0 and sufficiently large r € Eo,

T(r, f) < exp,{(p+¢e)log,r}.

Proof. We use a similar proof as [14, Lemma 8]. By the definition of lower [p, ql-
order, there exists a sequence {r,}52 tending to oo satisfying r,, < (1 — n%rl)rn_ﬂ,

and
. logp T(rn7 f)
lim ———=
rn—oo  log, Ty

= Li[p,q (f)-

Then for any given £ > 0, there exists an ny such that for n > nq, for any r €
[(1 = 2)ry, 7], we have

log, T'(r, f) < log, T(rp, f)log, rn
log,r = log,r, log,r

When ¢ > 1, we have lg“ = — 1(n — 00). Let By = J;—,, [(1 — £)rpn, 5], then we

1 T 1 1 T 7
o 5 0) ns

% =, Fip.q)(f)
remy loggr rn—oo  log, Ty
and miEy = >~ nlf(1_7 m = Yo, log(1 + -15) = oc. Therefore, by the
evident fact that
log, T'(r, f) _ .~ 1log, T(r, [)
o f)og P Limoo fog r il ():
reEg q q

we have
log, T'(r, f)
m =P\l

T—r 00
i logq T

= N[p,q](f)

and for any given € > 0 and sufficiently large r € Ej,

T(r, f) <exp, {(n+e)log,r}.
0

Lemma 6. Let p, q be integers such thatp > q > 1 and let Ag(z), A1(2), ..., An_1(2)
be meromorphic functions such that max{op, q(A;)j # s} < ppp,q(As) < oo. If

f(2)(#£ 0) is a meromorphic solution of (1) satisfying NET ;; < exp,qiblog, '}

(b< Hip,q] (As)), then we have Hip+1,q] (f) < Hip,q] (As).
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Proof. By (1), we know that the poles of f(z) can only occur at the poles of Ag(z),
A1(2),...,Ap_1(2). By Nrp) exp,1{blog, r} (b < pip,q(As)), we have

N(r,f)
N(r,f) < expp+1{blogq r}N(r, f) < expp+1{blogq r} Z N(r,Aj)
=0
n—1
< exp,q{blog,r} Z T(r, Aj). 9)
=0
Then by (9), we have
n—1
T(r, f) < m(r, f) + exp,, 1 {blog, r} Y T(r, 4;). (10)
j=0

By Lemma 5, there exists a set E9 of infinite logarithmic measure such that for any
given € > 0 and sufficiently large r € F5, we have

T(r, As) < exp,{ (Hipq)(As) + ) log, 7). (11)

Since max {0, 4 (45)| J # 5} < ppp,q(As), for the above € > 0 and sufficiently large
r, we have

T(r,A;) < expp{(u[p’q] (A5) +¢) log, r}, j#s. (12)

By (11), (12) and Lemma 1, there exists a set Fy of r of finite logarithmic measure
such that for sufficiently large r € F3\Ey

ol
n—1 n—1
m(r, f) < expq Y T(r,4;) |(logr)log | Y T(r,A;)
j=0 j=0
< expyer {1 (A2) + 22) o 7). (13

By (10) and (13), we have

log,, ., T(r, 10gy 1 T,
m log, 1 T(r, f) < lim Loty 1 T, /) < Hip,q)(As) + 3.

=00 log,, 7 T log, 7
Since e > 0 is arbitrary, we have pp41,q(f) < fpp,q(As)- O

Lemma 7. Let p, q be integers such that p > ¢ > 1 orp > q = 1, and let
Ao(2),...,An—1(2) be meromorphic functions. Assume that )‘[qu](A%) < fip,q)(Ao)
and that

max{op, q(A4)|i =1,...,n— 1} < pppg(Ao) = 1 (0 < p < 00),

max {7, g (A;)] 0p.q(A5) = fp.q)(Ao),J # 0} < 71, (Ao) =7 (0 < 7 < 00).

If f(2)(# 0) is a meromorphic solution of (1), then we have pipi1,q/(f) > pp,q (Ao)-
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Proof. Suppose that f(z)(z 0) is a meromorphic solution of (1). By (1), we get

PN IC TN 1) 7
Aol2) =Ty AT 7o)
By )‘[Patﬂ(A%)) < pip,q)(Ao), we have N(r, Ag) = o(T'(r, Ag))(r — o0). Then by (14),

we have

+...+A1(z)

(14)

n—1 n ()

T(r, Ao) = m(r, Ag)+N(r, Ag) < > m(r, Aj)+> _ mlr, fT)+O(T(r, Ag)). (15)
j=1 j=1
Hence, we have by (15) that
n—1
T(r,Ap) <O m(r, Aj) +log(rT(r, f)) | , (16)

j=1

for sufficiently large r — oo, r ¢ E, where F is a set of r of finite linear measure.
Set b = max{a[p,q] (Aj)|0[p7q] Aj) < N[p,q](AO) =u,j=1,...,n— 1}. If Olp.q] (AJ)
< Hip,q(Ao) = p, then for any £(0 < 2¢ < p —b) and all r — oo, we have
)

m(r,A;) <T(r,A;) < expp{(b +e) log, r}
< expp{(lu - 6) logq 7’} = exppfl{(logqfl T)Mig}' (17)

Set 7 = max{T[pvq] (AJ)| Olp,q] (AJ) = Up,q] (Ao),j # 0}, then 7y < 7. If Olp,q] (Aj) =
ip,a) (Ao), Tip,q(Aj) < 71 < 7, then for r — oo and any € (0 < 26 < 7 —71), we have

m(r, Ag) < T(r, Ay) < expy_y {(m1 +)(log_1 )"} . (18)
By the definition of the lower [p, ¢]-type, for r — co, we have
T(r,Ag) > exp, ; {(r —e)(log, )"} . (19)
When p>¢g>1orp>qg=1, we have
exp,_ {(11 +e)(log, )"} = o(exp,_; {(T —e)(log, ,7)"}), r — occ.
By substituting (17)-(19) into (16), we have
exp,_1 {(’7’ — 25)(logq71 r)”} < O(log(rT'(r, f))), r & E, r — 0. (20)
Then, by Lemma 2, we have fip, 11,4 (f) > fp,q(Ao)- O

Lemma 8. Let p, q be integers such that p > q > 1 and let f(z) be a meromorphic
function with 0 < o, q(f) < oo. Then for any given ¢ > 0, there exists a set
E5 C (1,00) of infinite logarithmic measure such that

log, _, T(r,
T="Tpq(f) = lim gpl—ff()f).
reB3 (logq,1 T) [p.q]
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Proof. By the definition of the [p, g]-type, there exists a sequence {r,}32; tending
to oo satisfying (1 + L)r, < rp41, and

lo T(rn,
T ](f) = lim Sp—1 ( f) .
Pod T —>00 (]0gq71 rn)‘T[p,q](f)

Then for any given € > 0, there exists an n; such that for n > ny and any r €
[rn, (1 4+ %)rn], we have

lng71 T(T’I’h f) lqu,l T'n U[p.q](f) < logp71 /,T(’I"7 f)
(log,_y 7)) \log, 4 (1+ 3)rn = (log,_y 1)@’

Iqu_l Tn
logq71(1+%)rn

oo

When ¢ > 1, we have — 1, 7y — 00, Let B3 =, _,, [rn, (1 + Lyr,),

then we have

1ng—l T(T7 f) > lim 1ng—1 T(’I‘n7 f)

rery (loggy r)walll) = rusee (log, )7t

y = Tlp.dl (f):

and [ dr _ §noo I(H%)T"% =Y log(1+1) = co. Therefore, by the evident

T n=niJr, n=ni

fact that
1 T 1 T
ng,1 (T7 f) < Tm ng,1 (Ta f) = Thpal (f),
r—oo (Iqu_1 T)U[p‘q] N r—00 (10gq_1 r)”[p,q](f) )

reEg

we have | T f)
Og —1 T,
560 . y T T[p,q](f)-

reEg (logq—l T)U[p‘q] &

4. Proofs of Theorems 3 - 5
Proof of Theorem 3. By Lemma 1 and (10), we can get

T(r, f) < expp+1{(a[p’q] (Ao) + 3¢) log, r},

for any € > 0 and r € Ey, r — o0, where Fy is a set of r of finite logarith-
mic measure. And by Lemma 2, we can get oppi1,q(f) < 0ppq(Ao). Set d =

max{0y,q) (4))|07p,q)(Aj) < Oppg)(A0)} IE 0101 (Aj) < hippg)(Ao) < T1p,q(Ao) or
Op,q(A5) < pipp,g(Ao) < 0pp.q(Ao), then for any given £(0 < 2 < 07p,,4(40) — d)
and sufficiently large r, we have

T(r, A;) < exp,{(d + ¢)log, r} = exp,_,{(log,_, r)***}. (21)

Set 71 = maX{T[P,Q] (A])| O[p,q] (AJ) = Hp,q] (AO)a] ?é O} If Olp,q] (Aj) = U[p,q] (AO) =
O(p,q)(Ao), then we have 71 < 7 < 71, ;1(Ag). Therefore,

T(r, 4;) < exp,_y { (r + £)(log,_, r)7ra (40} (22)
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holds for 7 — oo and any given ¢ (0 < 2& < 77, g(Ao) — 71). By the definition of the
[p, ¢]-type and Lemma 8, for sufficiently large r, r € Es5, where F3 is a set of r of
infinite logarithmic measure, we have

T(r, Ag) > exp,_, {(T[p,q] (Ag) — &) (log,_, r)o[p,q]mo)} , (23)

Then by (16) and (21)-(23), for all sufficiently large r, » € E3\E and the above &,
we have

expy -1 { (T (A0) = 26)log,_y )04} < OlogT(r. 1)), (24)

where E is a set of 7 of finite linear measure. Then, we have o,11 4(f) > 07p,q(Ao)-
Thus, we have 07,414 (f) = 07p,q(Ao).

By Lemmas 6 and 7, we have pijp11,4(f) = pi[p,q(Ao)-

Now we need to prove X[p+17q](f — ) = Upi1,q(f) and Xpi1g(f — ) =
Olpt1,q (f)- Setting g = f — ¢, since o114 (p) < Hp,q(Ao), we have 0,11 4(9) =
Tpt1.0)(f) = 0o, (o) Hip1,0)(9) = Hipr1,0(F) = Lp,g) (A0)s Apr1,01(9) = Aps1,q1(f
—) and A1 (9) = Apiaq(f — ¢). By substituting f = g+ ¢, f = ¢ +
@ f = g™ 4+ o™ into (1), we get

g+ A, 1(2)g" T 4 Ag(2)g = — [+ Ap_1(2)e " 4 Ag(2)¢]. (25)

If F(z) = o™ + A, 1(2)p" V) 4 ... + Ay(2)¢ = 0, then by Lemma 7, we have
Pip+1,g)(#) > fp,q (Ao), which is a contradiction. Since F(z) # 0 and o1, (F) <

Tlp+1.0)(P) < Hip,q(Ao) = :“[gﬂ»q](f) = tp+1,g(9) < Opt1,q(9) = Tpr1.q(f); by
Lemma 3 and (25), we have Ajpi1,01(9) = Apt1,q/(9) = Oppt1,/(9) = Opp,q(Ao), ie

Ap1,6)(f = ©) = Apr1,g)(f = ©) = 0pp11,4/(f) = 07p,q)(Ao). By Lemma 4 and (25),
we have )‘[p+1 q]( ) - lu‘[p—‘rl,q]( )7 ie. A[p{»l,(]](f - Qp) = IU’[IH-Lq](f) = /j‘[p,q](AO)'
Therefore, A[p+1,q (f = ©) = tpr1,g(f) = pp,g(do) < opg(Ao) = opi1,g(f) =

X[erl,q](f —¢) = )\[p+1,q](f — ).
Then the proof is complete. O

Proof of Theorem 4. By the first part of the proof of Theorem 3, we can get
Ofp+1.q)(f) < 0p,q1(Ao)- By

nilm(r Aj)

< y 413

rlggoz m(r, Ag) <b (26)

7=1

we have for r — oo
n—1
Z m(r, A;) < om(r, Ap), (27)
j=1

where § € (0,1). By )‘[IW](A%,) < HUip,q(Ao), we have N(r, Ag) = o(T'(r, Ag))(r — o0).
By (15) and (27), for r — oo, r € E, we have

T(r, Ag) = m(r, Ao) + N(r, Ag) < 6T(r, Ag) + O(log(rT(r, f))) + o(T'(r, Ao)), (28)
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where E is a set of r of finite linear measure. By Lemma 2 and (28), we have

Olp+1,q (f) = 0p,q1(Ao). Then we have opp11,4(f) = op,q(Ao)-
By (28) and Lemma 2, we have p,41,q(f) > [p,q(A0). By Lemma 6, we have

Pipt1./(f) < Bip.g)(Ao), then we get i1 )(f) = pip,q(Ao)-
By using the similar proof of Theorem 3, we can get

X[p-i-l,q] (f—¢) = /‘[p+1,q](f) = Hip,q] (Ao)
< Olp.g] (AO) = U[p+1.,q](f) = >‘[p+1,q] (f - 90) = )‘[p+1,q](f - ‘P)'

Then the proof is complete. O

Proof of Theorem 5. Suppose that f(z) is a rational solution of (1). If f(z) is
either a rational function with a pole of multiplicity n > 1 at 2y or a polynomial with
degree deg(f) > s, then f(*)(2) # 0. If max{o(, q(A5)| j # s} < pip,q(As) = p, then
we have i, 41(0) = g (f) + Ap 1 (2) f7D -+ Ao (2) f) = paip.q)(As) = 1> 0,
which is a contradiction. Set 71 = max{7y, g (A;)|op.q(A5) = pp.q(As), 7 # s}
then we may choose constants 01, do such that 7y < 01 < d2 < 7. If 07, (4;) =
Pip,a) (As), Tip.q(Aj) < 71 < 7, then for sufficiently large r, we have

m(r,Aj) < T(r,A;) < expp71{61 (logq% r)*}. (29)

If O[p,q] (Aj) < U[p,q (Ay), then for sufficiently large r and any given £(0 < 2¢ <
Pip,q) (As) — op.q(Aj)), we have

m(r, A;) < T(r, Aj) < exp,{(opp,q(As) +€)log, 7} (30)

Under the assumption that Ap, g ( Al) < MUip,q)(As), for sufficiently large r, we have

N(r, A,) = o(T(r, Ay)). (31)

By the definition of the lower [p, q]-type, for sufficiently large r, we have

T(r, As) > exp,_1{02(log,_, 7)"}. (32)
By (1), we have
T(r,As) < N(r, A+ Y m(r, A;) + O(logr), (33)
Jj#s

for sufficiently large r. Hence, by substituting (29) and (30) into (33), we have the
contradiction. Therefore, if f(z) is a non-transcendental meromorphic solution, then
it must be a polynomial with degree deg(f) < s — 1.

Now we assume that f(z) is a transcendental meromorphic solution of (1). By
(1), we have

(s+1) (s—1)
fT + As_l(Z)f f

)= e A 2) Tt A2 (3)
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Noting that

r, %) < T(r, f) +T(r, %> =T(r. )+ T(r. f*) + 0(1),

by the logarithmic derivative lemma and (34), we obtain that

m(

T(r,As) < N(r, A+ Y m(r, Aj) + (s + 3)T(r, f), (35)
J#s

for sufficiently large r ¢ E, where E is a set of r of finite linear measure. By (29)-
(32),(35) and Lemma 2, we can get pup, q(f) > pp,q(As) and o, g1(f) > oppq(As)-
By Lemma 1 and (10), we have

T(r, f) < expp11{(0pp.q(As) + 3¢) log, '}, (36)

for any € > 0, and r € Ey, 7 — oo, where Ej is a set of r of finite logarithmic
measure. Then by (36) and Lemma 2, we have 07,41,4(f) < 0 g(As). By Lemma

6, we obtain u[p+17q](f) < u[p7q](As). Then we get 0[p+17q](f) < Olp.q (45) < O’[p,q](f)

and fupp1,q)(f) < pipp,g (As) < pagpq1(f)-
Then the proof is complete. O

Acknowledgement

This project was supported by the National Natural Science Foundation of China
(No. 11301233 and No. 11171119), and the Natural Science Foundation of Jiangxi
Province in China (No. 20114BAB211003 and No. 20122BAB211005).

The authors are grateful to the referees and editors for their valuable comments
which lead to the improvement of this paper.

References

[1] B.BELAIDI, Growth of Solutions to Linear Differential Equations with Analytic Coef-
ficients of [p, q]-Order in the Unit Disc, Electron. J. Diff. Equ. 156(2011), 1-11.

[2] B.BELAIDI, Growth and Oscillation Theory of [p, q]-Order Analytic Solutions of Linear
Differential Equations in the Unit Disc, J. Math. Analysis. 3(2012), 1-11.

[3] T.B.Cao0, J.F.Xu, Z.X. CHEN, On the Meromophic Solutions of Linear Differential
Equations on the Complex Plane, J. Math. Anal. Appl. 364(2010), 130-142.

[4] Y.M. CHIaANG, W. K. HAYMAN, Estimates on the Growth of Meromophic Solutions of
Linear Differential Equations, Comment. Math. Helv. 79(2004), 451-470.

[5] W.K.HAYMAN, Meromorphic Functions, Clarendon Press, Oxford, 1964.

[6] W.K.HAYMAN, The Local Growth of Power Series: a Survey of the Wiman-Valiron
Method, Canada Math. Bull. 17(1974), 317-358.

[7] H.Hu, X. M. ZHENG, Growth of Solutions of Linear Differential Equations with Entire
Coefficients, Electron. J. Diff. Equ. 226(2012), 1-15.

[8] J.J1aNG, J. Tu, Growth of Solutions of Linear Differential Equations with Gap Series
of Finite Iterated Order, Master Degree Thesis, JiangXi Normal University, 2012,
1-29.



42
[9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]

H.Hu AnD X. M. ZHENG

O.P.JuNEJA, G.P.KAPOOR, S.K.BAJPAIL, On the [p,q]-Order and Lower [p,q]-
Order of an Entire Function, J. Reine Angew. Math. 282(1976), 53-67.
O.P.JuNEJA, G.P.KAPOOR S. K.BAJrAl, On the [p,q]-Type and Lower [p, q]-Type
of an Entire Function, J. Reine Angew. Math. 290(1977), 180-190.

L. KINNUNEN, Linear Differential Equations with Solutions of Finite Iterated Order,
Southeast Asian Bull. Math. 22(4)(1998), 385-405.

I. LAINE, Nevanlinna Theory and Complex Differential Equations, Walter de Gruyter,
Berlin, 1993.

L.M. L1, T.B. Cao, Solutions for Linear Differential Equations with Meromorphic
Coefficients of [p, q]-Order in the Plane, Electron. J. Diff. Equ. 195(2012), 1-15.

J. L, J. Tu, L. Z. SH1, Linear Differential Equations with Entire Coefficients of [p, q]-
Order in the Complex Plane, J. Math. Anal. Appl. 372(2010), 55-67.

J. Tu, T. LONG, Oscillation of Complex High Order Linear Differential Equations with
Coefficients of Finite Iterated Order, Electron. J. Qual. Theory Differ. Equ. 66(2009),
1-13.

H.X. Y1, C.C.YANG, Uniqueness Theory of Meromorphic Functions, Science Press,
Beijing, 1995.



