MATHEMATICAL COMMUNICATIONS 453
Math. Commun. 19(2014), 453-468

Method of asymptotic partial domain decomposition for
non-steady problems: heat equation on a thin structure*

GRIGORY PANASENKO T

Y Institute Camille Jordan UMR CNRS 5208, University of Lyon, 23 rue P. Michelon,
42023, Saint-Etienne, France

Received October 18, 2013; accepted March 8, 2014

Abstract. The non-steady heat equation is considered in thin structures. The asymptotic
expansion of the solution is constructed.The error estimates for high order asymptotic
approximations are proved. The method of asymptotic partial domain decomposition is
justified for the non-steady heat equation.
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1. Introduction

The method of asymptotic partial decomposition for thin structures was proposed
n [11], and then developed in [12]. Thin rod structures are connected finite unions
of thin finite cylinders (in the 2D case respectively thin rectangles), where the ratio
of the diameter and the height of cylinders is the small parameter e. Each such
structure may be schematically represented by its graph: letting the thickness of
cylinders to zero we find out that cylinders degenerate to segments. Although the
method is developed for the steady problems, there are only few examples of its
application to non-steady equations (see [13]). In the present paper, the heat equa-
tion set on the thin structure with the Neumann boundary condition at the lateral
boundary is considered. An asymptotic expansion of the solution to the problem is
constructed. It has a regular part, expansion in powers of € with coefficients depend-
ing on the time variable and the longitudinal space variable only, and the boundary
layer correctors depending on the dilated space variables z/e and the time and de-
caying exponentially with respect to space variables, so that their values at some
small distance from the bases of the cylinders become of order of £/ for any .J. This
property of asymptotic expansion allows us to "cut ” the cylinders at the distance
of order ¢|ln(g)| from the bases of cylinders, to reduce dimension in the truncated
middle parts of cylinders and to set at the truncated sections some special asymp-
totically justified interface conditions between the 1D and multi-dimensional parts
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(see [11]). Note that in the non-steady case these conditions are the same as in the
steady case [11].

Notice that earlier the dimension reduction of parabolic problems set in thin
structures was considered in [3] (Chapter 8) and [8]. Another method which can be
applied to the construction of an asymptotic expansion of the solution is the method
of matching (see [4, 5, 6, 9]); however, here we use the method developed in [3] and
[12].

2. Graphs

Let O1,042,...,0n be N different points in R®,n = 2,3, and ey, es3,...,epr M
closed segments each connecting two of these points (i.e., each e; = Oy, Oy, where
ij,kj € {1,...,N},i; # kj;). All points O; are supposed to be the ends of some
segments e;. The segments e; are called edges of the graph. A point O; is called a
node if it is the common end of at least two edges and O; is called a vertex if it is
the end of only one edge. Any two edges e; and e; can intersect only at the common
node. The set of vertices is supposed to be non-empty.

M
By B = | e; denote the union of edges and assume that B is a connected set.
=1
The graph QJ is defined as the collection of nodes, vertices and edges.
The union of all edges having the same end point in O; is called the bundle B®).
Let e be some edge, e = TOJ Consider two Cartesian coordinate systems in
R™. The first one has the origin in O; and the axis Oixge) has the direction of the ray
[0;0;); the second one has the origin in O; and the opposite direction, i.e., Oﬁ:ge)
is directed over the ray [O;0;).
Further, in various situations we will choose one or another coordinate system
denoting the local variable in both cases as x¢ and pointing out which end is taken
as the origin of the coordinate system.

3. Rod structures

With every edge e; we associate a bounded domain ¢/ C R™™! having Lipschitz
boundary do?,j = 1,..., M. For every edge e; = e and associated o/ = o(©) by
B® we denote the cylinder

2

B = {2 e R": 2{? € (0, |e]), — € o)},
where 2(®)" = (xée), . ,xSf)), le] is the length of the edge e and £ > 0 is a small

parameter. Notice that the edges e; and Cartesian coordinates of nodes and vertices
Oj, as well as domains o}, do not depend on €.

Let Oy, ...,0n, benodes and Oy, 11, ..., On vertices. Let w!,...,w" be bounded
independent of € domains in R™ with Lipschitz boundaries dw’; introduce the nodal
~-0;

domains w! = {x € R" : €wil.
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Every vertex O; is the end of one and only one edge e;. By a rod structure we
call the following domain

B. = (]ﬁl Bgea‘)) U (j@lwg).

Assume that it is a connected set and that the boundary dB. of B. is C?—smooth.
Without loss of generality, assume that

(en(J9)) 0 (0 () =0

for j # k. Denote 7 = 0B.NOw, i = N1 +1,..., N (these values of i correspond to
N .
the vertices), and v. = | L.

i=N1+1
Let us introduce some Sobolev spaces:

Hilg(Bs x (0,T)) ={v € La(Be x (0, T))|ull o(B.x (0,7))
+ [IVullL,B.x(0,1)) < +00,0],. = 0},

H0(B: % (0,T)) ={v € La(B: x (0, )|l (5. x 0,7))
+[IVullL,B.x(0,1)) < +00,v],, = 0}.

4. Formulation of the heat equation in a rod structure

Consider the initial boundary value problem for the non-steady heat equations in
the tube structure B,

a(;tta _Aus = f(iZ?,t), S B‘f’t € (O’T)7
Ou,
5o =0, x€0B\1e, € (0.7), (1)

u. =0, z€n.,te€(0,7),
Ue(z,0) = 0,z € B..

The right-hand side f is a function defined on B. x [0,T] such that f(z,t) =
fi(z1,0), if z € B;ej), j =1,..,M, where f; are independent of ¢ C’/**—smooth
functions and they are constant with respect to x in some neighborhood of the nodes
and vertices. The values of f in the domains w! are equal to its value in the node
or vertex O;. We assume that f;(.,t) =0fort <7, 7>0.

The variational formulation of problem (1) is: find u. € H] (B. x (0,T)) such
that for almost all ¢ € (0,7),

Oou
/ (a—:v + Vau, - Vv)dx = fudz, ve H;O(BE), (2)
B. Be

Uei—o = 0. (3)
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This variational formulation implies:

/ (8%0 + Vau - Vv) dxdt = / fodzdt, ve H,t"g(BE x (0,7)), (4)
B.x(0,T)" Ot Bx(10,T) ’

ualt:O =0. (5)
Identity (4) will be used in Section 7.
Theorem 1. There exist a unique solution to problem (2),(3).

Proof. The proof of the theorem is based on the Galerkin method and follows the
same ideas as in [7, Chapter 4, Section 3]. Let ¢1, ..., ®m, ... be an orthogonal with

respect to the inner product fBE (Vu . Vv) dzx base of H,LO(BE). Consider the span

Hy of N first functions of the base and consider the projection of problem (2), (3)
on this subspace. Its solution u” is saught in the form of a sum El]\il ci(t)¢d; with
¢, € HY(0,T), so that for the unknown functions ¢; satisfy the system of ordinary
differential equations with homogeneous initial conditions. Multiplying its equations
by ¢; and adding them up, we get an estimate for v”v in the V2 norm (|uly2 =
SUPe(o,7] lu(., )llLyBy + VUl Lo x(0,7))). Multiplying then the equations by
9% and adding them up, we get an estimate for uV in the H*(B. x (0,T)) norm.
Then we apply the standard argument of the weak compactness of a ball in the
Hilbert space and find that a weak limit of some subsequence is a solution of (2), (3).
The Poincaré-Friedrichs inequality holds with a constant independent of € (see [12,
Chapter 4, Appendices]).

The uniqueness follows from identity (4) written for v = ue.. O

The estimates for u” still hold for the weak limit u., so that

Theorem 2. The estimate holds

el (B.x0,1)) < CPRIfllLaB.x0.1)) (6)
where the constant Cpr is independent of €.

Remark 1. This estimate (6) holds in the case if the right-hand side is any function
of Lo(Be x (0,T)) free of the above regularity restrictions.Indeed, these restrictions
were not used in the proof of Theorems 1 and 2.

5. Construction of an asymptotic expansion

Let us seek the J—th approximation of an asymptotic expansion of the solution to
problem (1) in the form of a sum of functions v; defined on the graph G, multiplied

by the cut-off functions vanishing in the neighborhood of the nodes and vertices, and

the boundary layer correctors ViBL depending on %Oi and exponentially tending

x—0;
€

to zero as | — 00. Namely, consider it in the form:
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(e5)

o) _ Iegl - (e5) (e;)
Ug ZC 37"5 3re )’U](‘Tl t)XJ(‘Tl )

n ZvBL - (B9, (7)

Emin

where r is the maximal diameter of domains w;, ¢ is a smooth cut-off function
independent of ¢ with ¢(7) =0 for 7 < 1/3,{(1) = 1for 7 > 2/3,0 < ((r) <1
€min 18 the minimal length of the edges; Xj(azgej)) =1iff x§€“ € (0,]ej]), and it
is equal to zero otherwise; functions v; satisfy the heat equation on the graph G
with some Kirchhoff-type junction conditions in the nodes O;, i = 1,..., N7 and
the Dirichlet condition in the vertices O;, i = Ny, ..., N; ViBL, i =1,...,N, are the
boundary layer correctors. Let us specify now v; and V;BL:

(i, ¢ Zs vl (8)

V(e 1) Za )

Substituting the first term of the expansion into the equation, we get the residual
which has to be compensated by the boundary layer correctors. The result of the
substitution has the form:

M 6 ( |e |_$( ) (e,) (e‘)
Z(a‘(a )){<< 3m~>< A (@) ) (a4))
2 NT

v (2! 20, (4% 7’ el —=x
_Z((aJ 1 t) 9 J(;)Qvt))c( 1 )<(|J|
1

_zavm&”,t) 9 ((éej’)g(lejl—ée“))
€ &Cgej) 555) 3r 3r
Loy o 0 lej] — &l

g(ej) (e5)
- v 0) aggem(“ L)L) eyt X @) (10)

Let us note that v; are defined such that % — 88(: 52 = [}, so that the first term

of the sum is equal to

(e5) (e5)
e;) x eil —x e;
ij ) yeayedal=m Ty e,

3ra 3re

Note that f;(z; 2l ,t)) is a time dependent constant in every connected part of

3) (ej)
supp{Q(W)C(M) — 1}. These components are some neighborhoods of the

3re
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extremities of the edge e;. In particular, in the e, /2-neighborhood of nodes and
vertices O;, we have:

CD (e5) (ej (e5)
AN e T L L B Y BTN P M L R
and
) B el = e
ij ) 31"5 )C( 3re )x;(x177)
Flat) +Zf 0 3 (Bl - (=2,

j:0;€e;j

where x(t) =1 for [t| < 3, x(t) =0 for |1€|>1
Let us expand now the functions v;; and ”) according to Taylor’s formula

J—1

1 omv e Vm
vgl(x( i) t)) =v;1(0,1)) + Z g™ ejgfn (O,t)éi 3)
1 aJ 1, o
J—I+1 3l (e;)(J—1+1)
e — 1+ 1) 5 (e (T=1+T) (0,6)&”
(J +1) o)
and
1
OUL (e 31)]1 S m 1 8m+lvjl (ej)m
axgen( 1) = 83:16] 0, +mzls ol TG (0,t)¢!
4+ gl 1 87~ l+2vjl (0 t)ggej)(J_lJrl)

_ I 5 (e)(J—1+2
(T =1+ 2)! gg(& =12

5(61) = x(ej)/g'
Then the result of the substitution of the first sum of (7) in the e, /2-neighborhood
of nodes and vertices O; is finally equal to

J
f(x5t)+zal72Fil(€vt)+R,]E($7t)a (11)
=0
where £ = (x — O;) /e,
6])
Fu(&,t) = — {f(01,1) {Zc YH(ED) — 130
: Y Y ( (0, <5§ej)>)w<5§ej’>
mipmi1jm T Oah ST o5 3

1 o™ e Vm 2 (e5) ..
FY S (g PRl ) CEL D

m (BJ
m+p=l j=1 pa
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where (& (e5) ) =1 ff(ej > 0, and (& (e5) ) =0 if §(BJ < 0; by convention, all
terms depending on the local variables vanish out of the cyhnder II; = {f(ej €
(0, +00),&)" € o)} Ry (x,t) is uniformly bounded by Ce’~!, where C is a

J—l+1,
constant independent of €, determined by the Lo.-norms of derivatives Wfffl)
ox
97 =142, 1
PRONCEEDN
In order to compensate these right-hand sides, functions Vf L satisfy the equa-

tions

and

vt = e - Yl e (13)

set in ; = w; U (Uj:oi@j Hj> (here the union is taken over all j such that e;

contains O; as an end point), with the Neumann boundary condition on 0€2;:
0]
—-—VBL =o. (14)
If O; is a vertex, then on the part 0Q2; N dw; of the boundary we set condition

V;{gL =0, (15)

while condition (14) holds only on the part 9€;\0w; of the boundary.

Consider first the case when O; is a node.

The existence and uniqueness of the solution to (13), (14) with exponentially
decaying at infinity gradient was studied in [10]. The solution exists iff

/{Ezét Zlﬂéwwa—o (16)

This condition yields:

S DL, )j0)] = gy (), a7)

(e5)
j:0i€e;j ax
where

(81) (e;)
— )& )de

1 8”“1)],, (ej)m
2 2 m! 8x§€j)(m+1 / & 35(%) C(

j:0;€ej m+p=l,m#0

1 9™y, (ej)m 32 67 een
22 i ® 0 [ R (e

j:0i€e; m+p=Il+1,m>2

8V” )
+A (6. 1)de

(ej
() j/ {2 CprmwE™) - L i (18)

Jj:0;i€ej in
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This solution tends to some constants depending on time as a parameter. Denote
the constant corresponding to the outlet II; as C;z(ﬂ- It is known that the solution
of problem (13), (14) is unique up to an additive constant (function of ¢). So, we
determine one of these constants, say cél ,(t) = 0. Then all other constants are
uniquely defined. Edge e;, of the bundle B is called below the selected edge of the
bundle.

On the other hand, it is clear that their values depend on the values of v;4(0,?)
on the right-hand side of (13) because in (12) v;(0,t) are the coefficients in the last
sum corresponding to m = 0. Notice that

69 e
Un(€,t) = —en (0,00 e™)
is a solution of the problem
o2 %ey‘) (e;)
—-AUj = Ujl(oat)WC( o W& ), §ey,
1

—%Uﬂ =0, 0%,

and this solution evidently tends to v;;(0,t) on every outlet II;. These constants
also depend on the values of the derivatives of v;, at (0,t) with p < [, and so these
values are known from the previous steps of induction.

Analogous problems should be solved in the infinite domains Q;, i = N1 +1,..., N
(for vertices). These domains have only one outlet to infinity, but the boundary
conditions are mixed: (14), (15). In this case, there always exists a unique solution
with an exponentially decaying gradient, but the solution tends at infinity to some
constant ¢/;(t), which can be calculated as in [10].

Let us now choose the values of v; at the nodes and vertices such that all
constants c;;(t) vanish. To this end we organize the calculus of v;; and VfL by
induction in the following way.

For | = 0, first we solve the problem on the graph B

duo((2\ 1) 8Pvj0(at™), 1) e &
J 8t1 B (; (ejl) 2 :fj(xg )7t)7 Jig ) € (07 |ej|)’t>0’
Ty

v
> S0l =0,
j:O;s€e; Oxy”’

’Ujl((),t) = vjll((),t), j :0; € €j,
j1 is the selected edge of B;,i=1,...,Vq,
’Ujo(o,t) =0,i=N:+1,...,N,

vio((2,0) = 0, (19)

and define
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(€5)
V;gL(gﬂt) = {1 - Z C(%)w( §ej))}vj10(07t)u 1= 17 "'7N17

j:0i€e;
VEL(E4) =0, i= Ny +1,...,N, (20)

where e;, is the selected edge of the bundle. V;51 defined in this way satisfies (13),
(14) (eventually (15)) and tends to zero as |§] — +o0.

Assume that we have constructed v, for all s <1—1, and V.BE(£ 1), s <1—1.
Consider problems (13), (14) (eventually (15)) where the expressions Fj; are defined
by formulas (12) without the term corresponding to m = 0 in the last sum. If we
denote these new functions on the right-hand sides by ®;;, then

82 (e5) .
Fa=®u= 3, w0l Com)i 1) (21)
j: Oi€e; 1

Let us solve problems (13), (14) (eventually (15)) with ®;; instead of Fj; on the
right-hand side. Denote by V;PL its solutions. Denote by &;l (t) the limits of solutions

f/f L at the outlets corresponding to IT;. Then consider the following problem in the
graph:

a . (ej) t 62 . (ej) t o
Ujl((xl : ) - Ujl(x.l : ) =0, JJ; ) € (07 |€j|),t >0,
8t ax(ej) 2
1

0;1(0,t) = v5,1(0,t) + &5 (1), j: O; € ¢,
j1 is the selected edge of B;,i =1,..., Ny,
v;1(0,t) =& (t), i= Ny +1,...,N,

vir((2{7,0) =0, (22)
and define
~ (e) ‘
VEHEN) TP + 11— Y (e a0 (28)
j:0;€e;
89 e
- D (HETNE), i=1, Ny (24)
J:0i€ej, j#5
and
~ (e) N
VP& = Vigt(&t) - c@,ﬁ PG )E (D), i = N1, . (25)

Note that condition (16) is satisfied because v;;_1 satisfy (17), see (22)s.
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Now V.BE(&,t) — 0 as [£] — +oo.

Let us calculate the result of substitution of (7) in the operator = — A. Taking
into account (10), we get
N WE) W
(57— A)ul” = f(@.8) + Ruclo,t) + RY (a,), (26)

where as it was noted above

IRl (Box o1y < Ce’71,

and
N
8‘/1 O ,T—Oi
Ry =3 (S 0 - A
N BL
6‘/1 :E—Oi I—Oi
+5]Z J ,t)(l—C(T))) +RS25)’

R =3 (2 8) (- (0 a(m ),

— Cmin Cmin

where x(y) = 11if |y| € [1/3,2/3], and x(y) =0 if |y| < 1/3 or |y| > 2/3.

The support of RS? is situated in the middle third of every cylinder Bj., where
functions V;BL as well as their derivatives %, V,V? are exponentially small inthe
Loo—norm (see [10],[?] ).

So, for RSQE) (and hence for Rglg) as well) we get

HR HLOO(BEx(OT <ce

and
HR HLOO(BEx(OT) < Ce’7h

Here C is a constant independent of .
Note that the boundary and initial conditions are satisfied by ugJ) exactly.

Applying now the a priori estimate (6), we get

[ul”) — el (B x(0,ry) < Cel 7t
and so,
[ul ) — Uel| (B x (0,7)) < Ce’.
() (J+1)

Comparing us"’ and ue we notice that

[l —ul | g1 50,1y < Ce” (27)

with C independent of . So, from the triangle inequality we get

||u§‘]) — USHH?J(BEX(O,T)) < Ce”. (28)
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Remark 2. The asymptotic expansion (7) can be slightly modified without loss of

€min

accuracy. Namely, the argument in the cutoff function ¢ may be replaced

by CJM, where the constant Cy is chosen in such a way that the absolute
values of the boundary layer functions, as well as of their derivatives, are smaller
than €772 in the zone where the cutoff function is different from one and zero.
Indeed, the boundary layer functions V,PY and their derivatives decay exponentially:

there exist positive constants c1, ca such that for €] > r,

OVEL (&t
(e 0l 28D < eap(-eole).
9¢;
It follows from [10] and the ADN-ellipticity [1, 2] of the elliptic equations. The same
estimates hold for their time derivatives of order J — | + 3.

Therefore, if | — O;] > Cje|lne|emin/3, then

Oi,t

VP 2Coemin /s,

)| < crexp{—coCy|lnelemin/3} = 16

Choose Cy such that

c2Cyemin/3 > J +2. (29)

Then for VPL and its derivatives we get the estimate c1e’+2. So, the difference
between

|$—Oi| BL LL‘—Oi
VT
and

|lna||3:—01-|)va(a: —-0;

Emin €

¢(

7t)

can be estimated by
|%FL(%Oi,t)| < 16712 in the domain

SUPP{C(M) —¢(

[Ine||z — Oy

min Emin

)}

where ellz=0:l > 1 /3

Cremin = ’

In the same way we get a similar estimate for the derivatives of this difference. It

¢ |z—0O;] b |lne||z—O;|
Em, Cremin

means that the change of the argumen
2

in  gives an additional

residual of order ¢’ (the factor e=2 appears after two derivations in x variable), and
so it does not lead to any loss of accuracy.

Denote by ull expansion (7) modified in such way. So,

[ul? — uel| g (. x 0.1y < Ce”. (30)
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6. Asymptotic partial decomposition of the domain for the
heat equation

In this section, we apply the method of partial asymptotic decomposition of the
domain assuming that f; are C7/T*—smooth functions.

Let us describe the algorithm of the method of asymptotic partial domain de-
composition (MAPDD) for the heat equation set in a tube structure B.. Let ¢ be a
small positive number much greater than e (it will be chosen of order |lng|). For any
edge e = TOJ of the graph of the structure introduce two hyperplanes orthogonal
to this edge and crossing it at the distance § from its ends. Denote the cross-sections
of the cylinder Bge) containing e by these two hyperplanes, byS; ; (at the distance &
from O;) and S;; (at the distance ¢ from Oj;), respectively, and denote part of the
cylinder Bée) between these two cross-sections by ngec’a. Denote byB; * the con-
nected truncated by cross-sections S; j, part of B. containing the vertex or the node
O;. Denote by e'iijec’5
and Sj,i-

Define subspace H}(B. x (0,T),0) (H.(Bc,4)) of the space H},(B: x (0,T))
(i.e., HiO(BE), such that its elements have vanishing transversal derivatives V' ., on

part of the edge O;0; concluded between cross-sections S;_;

every truncated cylinder ijec’g. Define
HP(B. x (0,T),8) = {v € H3)(Be x (0,T)); Vv = OVB{ .
The MAPDD replaces problem (1) by its projection on Hl,(B. x (0,T),6) : find

Ue 5.dec € Hlo(Be % (0,T),8) such that for almost all ¢ € (0,7),

OUe 5, dec
/ (%v + Ve 5.dec - Vv) dx = / fodx, ve H;MB57 ), (31)
B. B.

and satisfying
u€,57d60|t:0 =0, (32)

which implies:

6 €ec
/ (Mv + Ve s dec - Vv) daxdt
- x(0,T) ot
— / fvdzdt, ve H(B. x (0,T),0), (33)
% (0,T)
ua,&,declt:O =0. (34)
This identity will be used in Section 7.

Theorem 3. There exists a unique solution of this partially decomposed problem.

The proof of this theorem repeats the proof of Theorem 1, where the Galerkin
base is constructed in the space H. (B, d) instead of H ,(B:).
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Theorem 4. The estimate holds

l|ue,5,decll i1 (B x (0,1)) < CPPIfllLa(B. x(0,1))5 (35)

where the constant Cpp is independent of € and 6.
Indeed, such an estimate holds for the Galerkin’s approzimations, and thus for
their limit.

Remark 3. This estimate (35) holds in the case if the right-hand side is any function
of La(B: x (0,T)) free of the above regularity restrictions (and so it can depend on
all components of x).

Theorem 5. Let § satisfy the following inequality

6 > Cyiaelin(e)], (36)
where Cy41 is chosen according to (29). Then function ulX! belongs to the space
H;()(B8 x (0,T),8) and the estimate holds for the difference ul? — uc s dec:

ag

[ull ™ — e 5.qecll (. x (0.1)) < Ce7, (37)

where constant C'is independent of €.

741 belongs to the space H(B: x (0,T),d) by construction, see Remark

Proof. u;;

2. Moreover, u/F! satisfies equation (1); with the residual evaluated by Ce” in
the Lo,—norm, and it satisfies the boundary and initial conditions exactly. So, the
difference u; " — uc 5 ace belongs to the space Hly(B: x (0,T),8) and satisfies the
integral identity (33) with the right-hand side f replaced by a function of order
O(e”) in the Lo—norm. Applying the Galerkin method argument as before (see
Remark 1) in Theorems 3 and Theorem 4 we get estmate (37) for the difference
Ui;rl — Ug,§,dec- O

Now comparing (30), (28) and (37) and applying the triangle inequality, we get
Theorem 6. Let § satisfy the following inequality

6 > Cyiielin(e)], (38)

where Cjiq is chosen according to (29). Then the estimate holds for the difference
Ue — Ug,§,dec”

lue — e s,decll 1 (B. x (0,1)) < Ce’, (39)

where constant C'is independent of €.

This estimate justifies the method of asymptotic partial decomposition of the
domain for the heat equation.

Notice that the integration by parts in the variational formulation (31) gives the
differential version of the partially decomposed problem. Namely, by denoting @ the

restriction of u on the part efjec’é of the edge e we have
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0 ec .
usé% _Aus,é,dec:f(xat)v xeBiE.’év L= 17'-'7N7t€ (OvT)v
aﬁs,&,dec 82{1’6,6,d80 £ (e) dec,d
ot - 8,@56)2 = f(xl at)v T e eij ’ Ve;t € (OaT)a
0 ec .
“Bﬂ =0, z€ (0B’ NIB)N\Y., i=1,...,N,t€(0,T),
mn
Ue,5,dec = 07 VS ’787t € (07 T)u
Ue 5.dec(,0) = 0,7 € Be (40)

with the junction condition at sections S;; corresponding to the value xge) = ¢ for
the local variable, which are the same as in [11]:

us,é,dec(xa t)|m(1€):5 - ﬂs,é,dec(av t)a

1 / 8u5 S.dec ot d,dec
e S Iy (41)
|SU| Si]‘ 3x§6) 1 =0 8(1756)

It means that we keep the n-dimensional in space setting (40); for the heat

equation within small pieces Bf"s, i=1,..., N, (their diameters are of order ¢|ln(e)|),
reduce the dimension to one and consider the heat equation (40)2 on the pieces e'iijec’5
of edges e and add the junction conditions (41) between the n-dimensional and one
dimensional parts. This reduction allows us to reduce the mesh m times and
keep exponential precision of the computations.

Note that conditions (41) are ”dissipative” in the following sense. Assume that
the right-hand side f vanishes for all t € [t1,t2], #1 < t2. Then with v = e 5 dec
(33) yields:

/ ug,é,dec(x7t2)dx < / ug,é,dec(x7t1)d‘r'

€ €

7. General scheme of the MAPDD in the non-steady case

Consider the general scheme of the method of asymptotic partial decomposition of
the domain. Let H. be a Hilbert space and H. its subspace. Let b. be a mapping
from H. x H. to R, such that

Vwy, wy € He, |be(wr, w1 — w) — be(wa, w1 — wa)| > e1e”|Jwy —wo |7, (42)

||.]| is the norm in H., @ > 0, ¢; > 0 independent of ¢.
Consider the problem

- find u. € H, such that
bE(uan) = (fv U]), V’LU € Hsa (43)

where (f,.) is a linear bounded functional on H.. Assume that there exists a
unique solution to this problem.
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Let H. gec be a subspace of H..
Let u? be an asymptotic solution such that

(i) u® € H. gec and
(i) there exists ¥ € HY such that ||¢|| < c2, where ¢z is independent of ¢ and
such that
be(ug, w) = (f,w) + €’ (¢e,w) Yw € H, (44)
where J > 7.
Subtracting (43) from (44) we get
be(ul, w) — be (ue, w) = e’ (e, w) Yw € H, (45)
ie., for w = u? — u. we have

cre flug — uel|F < el lllug — uell,

Jug = o < 27,
C1
1/«
g — e < (2) e (46)
C1

Let u¢ be a solution of aa partially decomposed problem, i.e., of the identity (43)
restricted to the subspace H, g4e.: find ug € H. 4ec such that

bé‘(ung) = (f7 ’LU), Yw € Ha,decu (47)

where H. 4. is a subspace of H,, and ﬁg)dec is a subspace of H; gec N H..

As above, we assume that the subspace ﬁsydec has a simpler structure than H..
Let us subtract this identity from (44) written for any w € H gec.

Then we get

be(ul, w) — be(ud, w) = e’ (Yo, w) Yw € He gec, (48)
i.e., for w = u? — ud we obtain as before
1/«
Jug —ufl < () e, (49)
1

Comparing estimates (44) and (47) we get:

1/«
e —udl < (2) eV (50)
1

In particular, in the previous section

H. = H§;8(38 x (0,7)), He = {v € H! ((B: x (0,T)),v|1=0 = 0},
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Hs,dec = H»i:g(BE X (OvT)75)aﬁ5,dec = {’U € H’}IO(BE X (OaT)a(S)vv|t:0 = 0}7

be(u,v) = / (3u5v + Vug - Vv) dxdt, (f,v) = / fudzdt,
B.x(0,T) \ Ot B.x(0,T)

r =0, a = 1. So, Theorem 6 can be proved as a corollary of estimate (50).

So, the main result of the paper is the formulation and justification of the
MAPDD in the case of the non-steady heat equation set in a thin structure. It al-
lows to reduce dimension in the main part of the domain keeping the n—dimensional
”zooms” near the nodes and vertices and gluing these models of different dimension
by the special junction conditions (see problem (40), (41)). Justification of this
method is based on the construction of an asymptotic solution to problem (1) (Sec-
tion 5) and a projection of (1) on the subspace of functions independent of the
transversal space variables out of some e|lne|—neighborhoods of the nodes and ver-
tices. This method allows to reduce considerably the computational cost of problem

(1)
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