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1. Introduction

Symmetric positive systems (also known as Friedrichs systems) form a class of boundary value
problems which allow the study of a wide range of differential equations in a unified framework.
They were introduced by Kurt Otto Friedrichs [F] in 1958 in an attempt to handle transonic flow
problems, which are partially hyperbolic and partially elliptic in different parts of domain.

To be specific, in his seminal paper [F] Friedrichs considered a first-order partial differential
operator £ : L2(; R") — D'(Q; R") of the form

d
Lu = Zak(Aku) + Cu,
k=1

the coefficients being real matrix functions A, € W1(Q; M, (R)), for k € 1..d, while C €
L>®(2;M,(R)), where Q@ C R? is an open bounded set with Lipschitz boundary I" (we shall
denote its closure by CIQ2 = QUT) and d,r € N. Of course, at that time he assumed more
regularity than it is stated here. It is also required that the coefficients satisfy

(F1) each Ay is symmetric: Ay = A; ,
d
(F2) (Fpo>0) C+CT+> A, >2uI  (ae onQ),
k=1

and then such an operator L is called the Friedrichs operator or the symmetric positive oper-
ator. The corresponding first-order system of partial differential equations Lu = f, for given
f € L2(Q;R"), is called the Friedrichs system or the symmetric positive system. Also note that
we have used the divergence form of the differential operator in order to allow coefficients with
lower regularity (the difference (OxAj)u can be included in the term Cu).

In order to describe boundary conditions, following Friedrichs [F] we first define a matrix
field on the boundary, namely

d
A,, = Z I/kAk y
k=1

where v = (v1,vg,---,14) " € L®(T;R?) is the outward unit normal on I". Note that A, is of
class L on I'. The boundary condition is then prescribed by

(Ay —Mu =0,

where M : I' — M, (R) is a given matrix field on the boundary, and by varying M one can
enforce different boundary conditions. Friedrichs required the following two conditions (for a.e.
x € I") to hold:

(FM1) (VEeR") M(x)£-£>0,
(FM?2) R’ = ker (A,,(x) - M(x)) + ker (A,,(x) + M(x)) ;

and such M he called an admissible boundary condition.
The boundary value problem thus reads: for given f € L2(€2; R") find u such that

Lu=f
(1) {(A,,—M)u|F =0

It is important to emphasise that this setting covers a large number of equations of continuum
physics, regardless of their type. Also a different types of (initial) boundary conditions (Dirichlet,
Neumann, Robin) can be treated in this way as well. For some specific examples of (initial)
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boundary value problems that can be treated via theory of Friedrichs systems we refer to [ABV1,
BDG, EG, EGC, J].

As assumptions on coefficients are rather weak, the existence of a classical solution (C! or
W) cannot be expected. It can be shown that, in general, the solution belongs only to the
graph space of operator L:

W= {u e LX(Q;R"): Lu € L2(Q;R7")}.

For more information about these spaces we refer to [AB1, B, J]. Here we would only like to
mention that W is a separable Hilbert space with inner product

(ulv)e = (u|v)Lqrr) + (Lu| Lv)r2@Rr)-

The corresponding norm is denoted by

lulle = Il @mr + 120122 0

and functions from C°(ClI€;R") (and thus also from H!(Q; R")) are dense in W.
One of the main difficulties in the theory of Friedrichs systems was the interpretation of
boundary conditions: it was not a priori clear what would be the meaning of restriction Ul for

functions u from the graph space. Later, it was shown that Ul can be interpreted as an element

of H™2 (T'; R"), and the appropriate well-posedness results for the weak formulation of (1), under
additional assumptions, were proved [Ra, J].

Abstract theory of Friedrichs systems

More recently, Ern, Guermond and Caplain [EG1, EGC] suggested another approach to the
Friedrichs theory, which completely avoids the question of traces for functions from the graph
space. They developed an abstract theory of Friedrichs systems written in terms of operators
acting on Hilbert spaces, and gave an intrinsic description of boundary conditions. The trace
operator was replaced by the boundary operator D € L(W; W') defined by

wA Du,v)w = (Lu | Vv)r2@rr) — (U] EV>L2(Q;RT) ) u,veWw,

where £ : L2(Q;R") — D/(; R"), the formally adjoint operator to £, was defined by

d d
Lv := —Z@k(Akv) + <CT + Z@kAk)V
k=1

k=1

In fact, it turned out that operator D had better properties than the trace operator, among which
was its symmetry:
(Vu,ve W)  wi(Du,v)w = wA{Dv,u)w.

Using these properties Ern at al. [EGC] proved a weak well-posedness result in this abstract
setting. When applied to the classical partial differential operator £, their main result reads:

Theorem 1. Let (F1)~(F2) hold, and let subspaces V and V of W satisfy

(V]) (VUE‘N/) WI(DU,U>W>0,
(VVEV) W/<DV,V>W<O,
(V2) V=DV), V=DV,

where V stands for the annihilator. . B
Then the restrictions of operators E‘V :V — L and £‘~ : V. — L are isomorphisms.
\%4
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Note that the information about boundary conditions is hidden in the structure of subspace
V. In the sequel we shall refer to both properties (V1) and (V2) as (V), and similarly we shall
use (F), (FM), etc.

Ern et al. [EGC] also investigated different representations of boundary conditions in the
abstract setting which correlated with those known in the classical Friedrichs theory. They were
also interested in their mutual relationship, which raised a number of open questions. In [ABI,
AB2, AB3| we closed the most important question by proving that those abstract conditions
were, in fact, all equivalent. The new development was based on the fact that the theory can be
expressed in terms of Krein spaces (a particular kind of indefinite inner product spaces). This
approach allowed us to simplify a number of earlier proofs as well.

One of these representations, corresponding to the matrix boundary field M satisfying (FM),
uses an operator M € L(W;W') with properties

(Ml) (VUEW) W/<MU,U>W>O,
and
(M2) W =ker(D — M) + ker(D + M) .

Such an operator is also called the boundary operator, as ker M = ker D = Wy := Cl jyy C(2; R").

In [AB2] we proved the equivalence between properties (V) and (M) in the following sense:
two subspaces V and V of W satisfy (V) if and only if there is (not necessary unique) operator
M € L(W;W') with properties (M), such that V = ker(D — M) and V = ker(D 4 M*). Thus,
the weak well-posedness result can also be expressed as follows.

Theorem 2. Let (F) be valid and assume that there exists an operator M € L(W; W) satisfying
(M). Then the restricted operators

:ker(D — M) — L2(Q; R") and s ker(D + M*) — L2(Q;R")

’ker(DfM) |ker(D+M*)

are isomorphismes. .

The above simplification of abstract theory paved the way to new investigations of the precise
relationship between the classical Friedrichs theory and its abstract counterpart.

The analogy between the properties (M) for operator M and (FM) for matrix boundary
condition M is apparent. A natural question to be investigated is that of the nature of relationship
between matrix field M and boundary operator M. More precisely, to find additional conditions
on the matrix field M satisfying (FM) which will guarantee the existence of a suitable operator
M e L(W;W') with properties (M). Here, a suitable operator means that the result of Theorem
2 really presents a weak well-posedness result for problem (1) in the following sense: if for
given f € L2(Q;R"), u € ker(D — M) is such that Lu = f, where we additionally have u €
CL(;R") N C(CIQ; R"), then u satisfies (1) in the classical sense.

In [AB4, ABV1, ABV2] we found sufficient conditions insuring that matrix field M defines
an appropriate operator M. The connection between M and M is given by

(2) (Vu,ve CZ(CIRY)) ( Mu,v) /M u| V‘F(x)dS(x),
as a result of the known connection [AB1, B, EGC| between operator D and matrix field A,:
3) (Vu,v e COCI%R)) ol Du,v) /A Juy (%) v, (x)dS ().

In fact, both above formulse can easily be extended to u,v € H!(Q;R"), provided that the
restriction to I' is replaced by the trace operator.

In [ABV1] the following theorem was proved and applied to some hyperbolic and elliptic
equations.
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Theorem 3. Let P: CIQQ — M, (R) be a Lipschitz matrix function satisfying:
(P1) (3R € Wh°(Q; M, (R)))(Vk € 1..d) AP =RA;,
(P2) for almost every x € I' the matrix A, (x)(I — 2P (x)) is positive semidefinite, and

(P3) for almost every x € I' it holds that ker (AU(X)P(X)) + ker((A,,(x)(I — P(x))) =R".

Then formula (2), for M(x) := A, (x)(I-2P(x)) on T, defines a bounded operator M € L(W;W')

satisfying (M). .

In this paper we first try to apply this theorem to the heat equation, and pinpoint some
obstacles that prevents us in getting good results. At the same time we shall use the intrinsic
result of Theorem 1 in order to get appropriate well-possednes results for the initial-boundary
value problem for heat equation.

Better understanding of the theory for the heat equation written as a Friedrichs system
will hopefully bring us closer to the satisfactory theory for mixed-type equations. As a more
immediate goal, we hope to be able to get a homogenisation result. The unification of equations
of different type (elliptic/parabolic/hyperbolic) within the framework of Friedrichs systems has
already shown practical benefits in their numerical treatment. Namely, the convergence analysis
can be done in a more unified way, while the numerical code can also be shared. A number of
recent results on discontinuous Galerkin methods for Friedrichs systems can be found in [BDG,
DE, EG1, EG2, EG3, J].

The paper is organised as follows: In the second section we write the heat equation as a
Friedrichs system and show that the method described in [ABV1], i. e. Theorem 3 cannot be
applied here. In the third section we describe the graph space W and the boundary operator
D. In order to get a well-posedness result it is important to represent D by boundary integrals,
which is done in Theorem 4. In the following section we achieve well-posedness result for the
Dirichlet boundary condition: first we try to guess a good boundary operator M, and then turn
our attention to intrinsic conditions of Theorem 1, which enables us to get a well-posedness result.
At the end of this section we show that the two-field theory for Friedrichs systems with partial
coercivity [EG2, EG3], initially developed for elliptic equations, can be applied to the parabolic
equation as well. In the fifth section we try to clarify whether our starting boundary operator M
is continuous and satisfies (M). We reduce this to the question of specific decomposition of the
graph space (Corollary 2), which remains open. Finally, we close the paper with some concluding
remarks, and an Appendix containing basic information regarding the evolution spaces, which
were used in the text.

2. Heat equation as a Friedrichs system

Let © € R? be an open and bounded set with the Lipschitz boundary I, T' > 0 and Q7 :=
Q x (0,T). The parts of boundary 9Qr we denote as follows: I'g := Q x {0}, ' := Q x {T'} and
I'y:=T x(0,T). We consider the heat equation in the following form

Ou — divx(AVxu) + b - Vyxu+cu = f in Qp,

where f € L2(Qr), ¢ € L®(Q7), b € L®(Q7r;RY) and A € L®(Q7; My(R)) (note that the
coefficients depend both on x and ¢). Suppose that there exist constants 5 > « > 0 such that
A(x,t) is a symmetric matrix with eigenvalues between a and 3, almost everywhere on Q7.
Similarly as it was the case for the elliptic equation [ABV1], this equation can be rewritten as
a Friedrichs system in the following way: consider a new unknown vector function taking values

in Rd+1
[—AVU]
u= ,
u
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matrices Ay = exRegr1+e4r1®er € Mgy1(R), for k € 1..d (here by ey, ... egq11 we have denoted
the standard basis for R%*!) and block matrix function
Al 0 o
C=| ()T o €L Maa(R))).

all coinciding with those used for the elliptic equation, while Aj11 = €441 @ €441 € Mg (R).
Note that our domain is now ()7, and that first d variables are space variables of the original
equation, while (d + 1)-st variable is the time variable. We choose this order of variables in order
to have our matrices A and C in a form as close as possible to that in the elliptic case.

The positivity condition C + CT > 2uoI is fulfilled if and only if the Schur complement
c— iA_lb -b is uniformly positive, i.e. if there exists a constant v > 0 such that ¢ — %A_lb-b >y
on Q7 (see [ABV1] for details).

Let us now apply Theorem 3 (with d+ 1 in place of d and Q in place of ): in order to fulfil
condition (P1) we need to determine all possible P € W (Q7; M,.(R)) such that

(AR € WH°(Q7; M, (R)))(VE € 1.d+1) AP =RA;.

After testing this condition for first d matrices Ay, we obtain
[al 7] [ 0]
-OT b_ and R = _’I’]T CL_ N
where a,b and 1 are Lipschitz functions on Qp. Since A g4 has to satisfy (P1) as well, we easily
get the requirement b = a, and thus

P =

[al 7] ~[al 0]
P = _OT al and R = _TIT al
Note that the outward unit normal v = (v4,14)' on boundary 97 is now a (d + 1)-

dimensional vector function on 027, whose first d components, corresponding to the space direc-
tions, we denote by v, while its last component, corresponding to the time direction, we denote
by v;. Therefore, for matrix functions A, and M we have
0 (1 - QG)I/d
v, (1-2a)v, (1-2a)y—2v4-7
Condition (P2) now reads
(VE e R 2(1 —2a)¢qpv - € — (1 —2a)vé5 — 263,040 >0,
which leads us to consider the following two cases:
a) a:%and vy -n<0;
b) a# %, vy =0, and (1 — 2a)y; > 0.
It order to check (P3), we first write it in a form more suitable for calculations.
Lemma 1. The condition (P3) of Theorem 3 is equivalent to equality A, (x)P(x)(I-P(x)) =0
valid for almost every x from the boundary of domain.
Dem. Let (P3) hold, and for an arbitrary & € R4 let &; € ker(A,P) be such that £ — & €

ker(A, (I — P)) (we suppress explicitly writing x in this proof). Then
0= A,(I-P)(¢ &)= A(I-P)E~ Ak = A, (T-P)E— &),
which implies (I — P)€ — &; € ker A,,. Since ker A, C ker(A,P), it follows that
0= A,,P((I —P)E - .51) — A, P(I- P,

and therefore A,P(I — P) = 0, by the arbitrariness of &.
In order to prove the converse statement, for £ € R%*t! define & := (I — P)&, so that
& — & = P& Now it easily follows

A, = [ o ”d] and M= A, (I —2P) =

AuP‘El = AI/P<I - P)E =0,
Ay(I-P)(—-&)=A,I-P)PE=0,

which proves the statement.
Q.E.D.

Nenad Antoni¢ & Kre$imir Burazin & Marko Vrdoljak 5



Journal of Mathematical Analysis and Applications Heat equation as a Friedrichs system

For the heat equation, the condition A,P(I —P) = 0 becomes
a(l—a)rg=0 and (1-2a)vg-m+a(l—a)y,=0.

With these conditions the above case (a) leads to vq4 = 0 and 14 = 0, which contradicts |v| = 1.
Since the case (b) already contains the constraint v4 = 0 it means that on the part I'y of boundary
I" conditions (P2) and (P3) of Theorem 3 cannot be achieved, and thus we cannot apply Theorem
3 to our Friedrichs systems. However, we should keep in mind that Theorem 3 gives only sufficient
conditions for well-posedness, so in the sequel we shall try to obtain the well-posedness result for
the heat equation in a different way.

3. Graph space and boundary operator

For the heat equation written as a Friedrichs system, the operator L is given by (note that
we use u = (Ug,ug1) below)

(4) L Ug — vxud+1 + Ailud
Ug+1 Orttgr1 + divug + cugrs — A7 b -ug |’

while the corresponding graph space is

W= {u € L2(Qr: RY) : Vg € L2(Qr R & Qg + divug € LQ(QT)}
- {u € L2 (1) : Vitars € LZ(QT;Rd)}
- {u € L2 (Q7) : ugyr € L2(0,T; Hl(Q))},
where

L2 (Qr) = {u € L2(Qr; RY)  divu = ugs + diveug € LQ(QT)} .

Here we identified spaces L?(€7) and L2(0,T;L2(2)) as they are isometrically isomorphic (see
Appendix for some basic properties of LP spaces with values in Banach spaces which will be
frequently used in the sequel). One can easily see that norm || - ||z on W is equivalent to (~
stands for equivalence between norms)

lulle ~ /Il sy + 1Vxtar oo + v ula,

2 2
©) - \/H”HLﬁiV(QT) FIVxttailliao, me

~ \/HudHiQ(QT;Rd) + ||Ud+1||i2(0,T;H1(Q)) + [|div UH?}(QT) .
Let us now introduce
W(0,T) = {u € L2(0,T; HY()) : dyu € L2(0, T; H—l(Q))} ,

which is a Banach space when equipped by norm

lullwiom = \/ T2 oz oy + 1951220 a1y -

The following lemma, together with the imbedding of W (0,T) to C([0,T];L%(Q2)) (see Ap-
pendix), will be of great importance for obtaining well-posedness results.
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Lemma 2. The projection u = (ug,ugy1)' + ugy1 is a continuous linear operator from W to
wW(0,T).

Dem. Let u € W. Then dyugyq + divxug € L2(Qr) ~ L%0,T;L%(Q)). Using the continu-
ity of imbedding of L2(2) in H™1(Q2) and Theorem 10 (Appendix), we get Qyugy1 + divxug €
L2(0,T; H~1(£2)). Analogously, using the continuity of div  : L2(£2) — H™1(Q), we get divxuy €
L2(0,T; H71(2)), and thus Qyug,1 € L2(0,T; H~H(Q)). Finally, ugy; € W(0,T), and as all oper-
ators involved in the above calculations where continuous, we get the continuity of projection as
well.

Q.E.D.
One can easily see that boundary operator D € L(W;W') takes the form

T
wr Du,v)w = / / (Vxtgs1 - Vg + vgr1divu + Vxvge - ug + ugridivv) dx dt ,
0 Q

for any u = (ug, ugs1) ',V = (Vg,v44+1)" € W. The low regularity of functions in W does not allow
us to apply the divergence theorem directly. For that purpose, it is enough to strengthen the
condition divu = Qyugsq +divug € LQ(QT) by assuming that both summands belong to LQ(QT).
This motivates the definition of

W= {u €W : dugyr,diviug € L2(Q7)},
which is a dense subspace of W. Notice that for u,v € W we have

VxUd+1 - Vd + Vg+1divu + Vgt - Ug + ugsrdivy
= VxUgi1 - Vq + ud1divxvg + VUit - ug + vg11div xug + g 410i0g41 + Va4104Ud 1 -

Since v € W, vq belongs to L2(0,T; L%, (2)) so (by Theorem 10) its normal trace v, - vq on
the boundary I'y belongs to L2(0, T} Hfé(F)) Similarly, as u € W, we have that ugi1 €
L2(0,T; HY(Q)), so its trace on ' belongs to L2(0,T;H%(F)). Using Green’s first formula, al-
most everywhere on (0,7") we have

(Vd - Va, udy1 >H%(F) .

/Q(qud+1 Vg + ugy1div xvg) dx = H-3 ()

By the generalised Holder inequality for evolution spaces (see Appendix), both sides of the equality
belong to L'({0,T)). Analogously,

l/d'ud,’l}d+1> 1 €L1(<O,T>).

/Q(vadH “Ug + vg1divgug) dx = H_%(F)< 13 (1)

Finally, for u,v € W, we have g 1040411 +Vi4105ugr1 = Or(ugp1var1) € L1 (Q7), so Green’s first
formula gives

T
/ /Q(ud+18tvd+1 + vg110¢ugy1) dx dt = /Qudﬂ(-,T)vdH(',T) dx — /QudJrl(-,O)vdH(-,O) dx .
0

These calculations lead to the following expression for D:

T

o wr{ Du,v)w = /0 (H_%(F)<Vd Vg, Udy1 >H%(F) + H_%(F)< Vg - Ud, Vat1 >H%(r)> dt

+ / Uds1 (5, TVvgp1 (- T)dx — | uge1(,0)vge1(-,0)dx, u,veW.
Q
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If we additionally assume that vq € L2(0,T; H'(£2; R%)), the normal trace v, - v4 belongs to
L2(0,T;1L2(T")), so the above dual product can be replaced by an integral:

Vg Vg, U = [ ugr1vg-vydSx.

Particularly, as H'(Q7; R%*!) is dense in W [AB1], the linear operator D € £(W;W') is uniquely
determined by

T
W’< Du,v)W = / /(ud+1 Vg Vg + V4414 - ud) dSy dt + / ud+1(-,T)vd+1(-7T) dx
(7) 0 T Q
_/Ud+1(',0)vd+1(‘70) dx, u,ve Hl(QT;RdH).
Q

Theorem 4. Letu € W, and u”,v € H'(Qp; R%*) be such that the sequence (u™) converges
tou in W. Then

T T
wr Du,v)w = lim/ /'Ud+1 Vg - ul dSx dt+/ /U/d+1 vy - Vg dSx dt
(8) n Jo Jr 0 JI
+ [ waaC Thvans (T dx = [ waia,0)uaa (-0) dx.

Dem. Using formula (7) and the continuity of D : W — W' we get

wr Du,v)w —th/ Du"™, v )w

(9) —hm</ /Ud+1Ud Ud dSx dt—l—/ /ud_H Vg - Vg dSx dt
[ alheaC T (T dx = [ s 0)vaia (0 dx),

and from (53) it follows that convergence u” — u in W is equivalent to the following three
convergences
ungl — Ud+1 in L2(07 T7 Hl(Q)) )
ut — ug in L2(0,T;L2(Q; RY)),
divu™ — divu in L2(0,T;L3(Q)).

As the first step we calculate the limit of the last two integrals in (9). By Lemma 2, uy, , —
ugr1 in W(0,T), and, by the imbedding (Appendix, Theorem 12), also in C([0,7];L2(Q2)). In
particular, w7, (-,0) — ug41(-,0) and u}j (-, T) — uq1(-,T) in L?(Q2), and therefore

[t D (T — [ g T (1),
/Qu:lLJrl(VO)vdJrl('vo)dx—>/Qud+1('70)1}d+1(',0)dx.

The convergence u}j, ; — uq4+1 in L2(0, 75 H'(Q)) implies the convergence of traces on T', by
Theorem 10: u}j,; — ug4q in L2(0,T; H%(F)) Since the normal trace of v4 on I'y belongs to

L%(Ty), it follows
T T
lim/ /ugﬂ Vd-vddedt—/ /Ud+1 Vg Vg dSx dt,
n Jo Jr 0o Jr

which proves the theorem.
Q.E.D.
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4. Dirichlet boundary conditions

Let us now investigate the possibility of representing the initial boundary value problem for
the heat equation

(10) {&gu—divx(Aqu) +b-Vyu+cu=fin Qp

u=0onTgUTYy

as a boundary value problem for the Friedrichs system.

Remark. If one wants to treat nonhomogeneous initial and boundary conditions, their ho-
mogenisation needs to be done first; this can be done for sufficiently regular initial and boundary

conditions [W, Section 28]. .

We shall use the following approach: first we guess a matrix field M satisfying (FM), and
then try to prove that this matrix field defines an operator M € L(W;W’) satisfying (M) via
formula (2).

If we choose

M:|:0T _Vd:| )
d

where a is a scalar function defined on 9€)p, such that A, = —1 and ap, = 1, then
0 T

o 0 2Vd
Ay —M= [OT (1—(1)1/J ’

which imposes the Dirichlet boundary condition for the heat equation (with homogeneous initial
condition)

u‘ =0.
Touly

The nonnegativity condition (FM1) then reduces to
(VE € R anél, >0,

which is satisfied with the above a. One can easily check that we have ker(A, + M) = R%*! on
Io, ker(A, —M) = R on 'y , while on T'y we have ker(A, —M) = R%¢x {0} and ker(A, +M)
is described by vy - &4 = 0, for € = (€4,&441)" € RATL It follows that (FM2) holds as well.

The corresponding operator M given by (2) then takes the form

T
W’< Mu,v)W = / /(_ud+1 Vg Vg + Vd+1Vd - Ud) de dt
(11) 0 r
+/Ud+1(',T)Ud+1(',T)dX+/Ud+1(',0)1)d+1(',0)dx,
Q Q

for any u,v € HI(QT;RdH). However, we do not know whether the above formula defines a
continuous operator M : W — W', If this is the case, then

T
(12) w (D—M)u,v>W:2/ /ud+1 l/d-vddedt—2/Qud+1(‘,0)vd+1(-,0) dx ,
o Jr

and, proceeding as in the proof of Theorem 4, one can easily see that this formula would be valid
for an arbitrary u € W. The following lemma suggests that ker(D — M) should consist of those
functions in the graph space whose last components satisfy Ud+1|p op, = 0.

0 d
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Lemma 3. If formula (11) defines an operator M € L(W; W') satisfying (M), then
ker(D — M) = {u €W :ugy1 € L2(0, T; HY(Q)), wugi1(-,0) =0 a.e. on Q} .

Dem. By using the density argument, one proves that (D — M)u = 0 if and only if yw.((D —
M)u,v)w = 0, for every v € H(Qp; R¥1). From (12) it trivially follows that the right hand
side of the above identity is included in ker(D — M).

In order to prove the converse inclusion, let us take u € ker(D — M) and v = (0,v441)" €
HY(Q7; R¥1) such that vgy1(x,t) = g(t)h(x) with g € C>([0,T]), g(0) = 1 and h € HY(Q).
Then by (12)

0=wA{(D—-M)u,v)y = —2/ Ud+1(+,0)vg41(+,0) dx = —2/ Ug+1(-,0)hdx,
Q Q

and therefore ug41(+,0) vanishes by the arbitrariness of h.

If we now take an arbitrary ¢ € L*(I';) and a sequence (v?) in H!(Q7; RY) such that the
corresponding sequence of traces on I'y converges to vy in L?(I'y; R%), then for v = (Vi 0)" €
HY(Qr; R™1) we have

0= W’< (D - M)U,Vn>w = 117ILHW/< (D - M)U,Vn >W

T T
—2lim/ /'U,d+1l/d'vgdsxdt —2/ /ud+1god5’xdt.
n Jo Jr 0o Jr

As ¢ is arbitrary, it follows that ug.1 = 0 in L?(T'y), and thus ug1 € L2(0,T; H(Q)).
Q.E.D.

The result of the above lemma is in agreement with the Dirichlet boundary condition which
we want to impose; however, we are still not able to prove that M is continuous. Therefore, we
change our approach, and try to use the intrinsic conditions of Theorem 1.

We start with the subspace V' of W, imposing the required initial and boundary conditions

V= {u EW :ugyr € L2(0,T;HY(Q)),  uge1(-,0) =0 ae. on Q} ,

and
V= {v €W :vgyq € L20,T;HY(Q)), vgp1(-,T) =0 a.e. on Q} .

For the application of Theorem 1, one should calculate annihilators of D(V') and D(V'), where
the annihilator G of set G C W' is defined by

Goz{VEW:(VgEG) W/<g,v>W:()}.

Let us first prove one technical result. The density of space H!(Qr; Rd+1) in the graph space
W of any first order partial differential operator holds in general, but for our application we have
to additionally consider the homogeneous Dirichlet boundary condition for the last component.

Lemma 4. The space
Sy = {u € Hl(QT;RdH) tug+1 = 0 on Fd}

is dense in

V= {u eW :ugp € L2(0,T; H(l)(Q))} ,
in the norm of the graph space W.
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Dem. Using the partition of unity, for given 0 < ¢ < g one can introduce functions 1, g €

C>([0,T]) such that ¢; + w2 = 1 with ¢; = 0 on [0,e] and @3 = 0 on [T —&,T]. A given
function u € V,, can be represented by the sum u = pju + @ou of functions in W, vanishing in a
neighbourhood of t = 0 and ¢ =T, respectively. Therefore, for the proof of the lemma it suffices
to approximate these two terms separately by sequences in Sy. We shall consider only the former,
as the latter can be treated analogously.

Let us take a function u € W which vanishes in a neighbourhood of ¢ = 0. For n € N by 7,
we shall denote the translation operator in time variable: T,u(x,t) := u(x,t — ). It is a classical
result that, as n — 0o, we have L? convergence on R4 of sequences T,u, T,divu and T VxUdt1
towards u, divu and Vxugy1, respectively. More precisely, here we consider the extension of the
original functions to whole R%*! by zero (as L? functions).

Let the mollifying sequence in time variable be denoted by p,,(t) = mp(mt), where p is a
nonnegative infinitely differentiable function with support in (—1, 1) and integral equal to 1. Now
we follow the Cantor diagonal procedure: for given n we choose m(n) > n sufficiently large such
that (recall that the convolution is taken only in the time variable)

1
Hpm(n) * TpU — Tnu||L2(Rd+1) < n’
. . 1
| Prm(n) * Tndivu — Tndlvu||L2(Rd+1) <
1
[om(n) * TnVxu — TanUHLQ(RcHl) < n

Therefore, by the triangle inequality we conclude that the sequence v" := p;;;(,,) * Tou approx-
imates u in the norm of the graph space W. For example, we have
[div (prm(n) * Talt) — divu||L2(QT) < ||div (ppm(n) * Tau) — Tpdiv uHLQ(QT) + [[Tadivu = divully2 (g,
= ||pm(n) * Tadivu — 7, div uHLQ(QT) + [[Tadivu = divullp2 (g,

which tends to zero by construction.
The last component vj, ; has the desired properties, so a simple adjustment is needed only

for v}, as it does not belong to H'(Q7;R%). As for this part we have no boundary condition,
we can use the classical approximation by a sequence of smooth functions approximating v); and
divyvly in L? norm (notice that the former belongs to L?(Qr), since both divv™ and dv}j,; do)
and again use the Cantor diagonal procedure.

Q.E.D.

The following theorem assures that conditions (V) are satisfied by the above choice of V' and

V.
Theorem 5. The following statements hold:

V=DV) and V=DV,
VueV) w(Du,u)y >0,
(VveV) widDv,v)w <0.

Dem. For the first statement, let us first take arbitrary v € V and u € V and denote by v* and

u™ the corresponding approximating sequences in S obtained by Lemma 4. Using the continuity
of D and formula (7) we obtain

W’< DU,V>W = lim W’< Du”,v" >W
n
T
= 1im</ / (ufjy Va -V + vy va - ujdSx) di
n 0 r
+ /Q Wy (- TV (- T) dx — /Q uly (- 0)ly () dx>.
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Since ug,, and vj,, are zero on I'y, the first two integrals in the last expression vanish. In the
last two integrals we can pass to the limit since the convergence in W implies the convergence
of ulj,,(-,0) and v7,(-,T) t0 ugt1(+,0) = vg41(-,T) = 0 in L?(Q). Therefore, yy( Du,v)y = 0,
which implies v € D(V)Y as u € V is arbitrary.

Conversely, for some v € D(V)? let (v*) € H'(Q7; R4T!) be a sequence approximating v in
the W norm. As the first step, let us take u = (ug, ugy1) € VN HY(Qp; R¥1) such that ug = 0
and ugy1(t,x) = g(t)h(x) with g € C°((0,T]), g(T) = 1 and h € H}(2). Then by the symmetry
of D and Theorem 4 we have

wA Du,v)w = w(Dv,u)w :/

ud+1(-,T)vd+1(-,T)dX:/hvd+1(-,T)dx,
Q

Q

which is zero by assumption v € D(V)%. As h is arbitrary, it follows vg, (-, T) = 0.

To conclude the proof, we take arbitrary ¢ € L2(I") and a sequence (h) in H'(Q; R?) such
that the corresponding sequence of traces to I' converges to @vy in L2(T'; R?). Finally, given any
function ¢ € C2°((0,T")), we take a sequence (of tensor products of a function in ¢ and a function
in x) uf = (Yhy,0)" € VNHY(Q; R, implying 0 = 1y+( Du¥, v )y, for any k € N. Similarly as
above, using the symmetry of D and Theorem 4 we conclude that

T
(13) 0 = wA Duk>V>W = / /Ud—i—l vy - us dSxdt = (vgy1 | vq - us >L2(U,T;L2(F)) .
0 T

By the Lebesgue dominated convergence theorem we have uf — v, in L2(0,T;L?(I'; R%)).
More precisely, we use

HUZ(tV)HL%F;Rd) — Y@ evall 2 rray £ €(0,T),
IS Moy < 260 ollag € L2(0,7))

Therefore, from (13) we conclude

(vas1 | o)z =0,

and by the density of tensor products in L2(0,T;L?(I')), we have vgy1 = 0 a.e. on I'y, implying
that vgy1 € L2(0,T; H(Q)).

The fact that V = D(V)? can be proved analogously.

The last two statements follow from Lemma 4. Namely, for the third one let us take u € V
and its approximating sequence (u™) C S, given by Lemma 4. Using the same reasoning as in

the first part of this proof, we obtain

wrA Du,u)w = / U1 (-, Tug1 (-, T)dx > 0.
Q

Q.E.D.
Corollary 1. The operator L, given by (4), defines an isomorphism from V to L?(Qp; R4t1).

Two-field theory with partial coercivity

One of the assumptions of the above corollary is the positivity condition (F2), which, for our
system, reads ¢ — iAflb -b = v > 0 on Qp, for some constant . In particular, coefficient ¢ in
the heat equation should be uniformly positive on Qr, and thus the result of Corollary 1 does
not apply if ¢ = 0. A similar situation occurs in the treatment of elliptic equations, such as the
stationary diffusion equation. In order to overcome this problem for elliptic equations, in [EG2,
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EG3] the authors proposed the two-field theory of Friedrichs systems with partial coercivity,
which enabled them to consider the case ¢ = 0 as well.

We shall now show that their method can also be applied to the parabolic equation, namely
the following initial boundary value problem (for simplicity here we shall consider only the case
b=0)

Oru — divx(AVxu) = f in Qp
u=0onTyUTly.

To be specific, in order to apply the two fields theory with partial coercivity, our coefficient

matrix fields need to be of the following form
0 BF ci 0
AF = [(Bk)‘l' ak:| and C= [OT Cd+1] ;

where B¥ € R? are constant vectors, a* € Wh®(Qr), C? € L=((Qr; Mg(R))) and ¢! €
L>®(Qr), ke 1l..(d+1).

In our particular case (with b = 0 and ¢ = 0) we have B¥ = ¢, k € 1..d, B! =0, a¥ = 0
for ke 1.(d+1),C* = A~! and 4! =0.

To obtain the well-posedness result, one needs to verify that the following two conditions of
Theorem 3.1 in [EG3] hold:

d+1

(3 > 0)(VE = (£4,€441) € R (c rCT ZakAk)g E>2uE>  (ae on Q)
k=1

(Fpz > 0)(Yue VUV) \/(ﬁu | Wrz@praty + [1Buatillrzoray 2 p2lluarllizor) -

where Bugyq = Zii} BkakudH = Vxug+1. It turns out that for our system both conditions are
trivially fulfilled (the spaces V' and V are the same as before): the former condition reduces to
A > ,uflI almost everywhere on 7, while the latter is a simple consequence of the Poincaré
inequality (it suffices to consider only the term ||Buat1]ly2 (o, .ra) on the left-hand side). Therefore,

we have the well-posedness of the initial boundary value problem (10) even if ¢ vanish:

Theorem 6. The restriction of operator

£l v | = Vg1 + A‘lud
Udy1 Ougs1 + div xug

to
V= {u = (Ug,tgr1) € W s uger € L2(0, T3 HY(Q)),  ugsr(-,0) =0 ace. on Q}

is an isomorphism from V' to L2(Qp; R4H1).

5. Boundary operator M

In the previous section we have seen that subspaces V and 1% satisfy conditions (V), and thus
we have the well-posedness result. We also know [AB2] that these conditions are equivalent to
(M), in the sense that there exists at least one operator M € L(W; W) satisfying (M), such that
V =ker(D — M).

In this section we want to check whether one of these operators M satisfies (11). For given
V and V satisfying (V), we are aware of two possible ways for construction of the corresponding
M : the first one is given in [EGC, Theorem 4.3] and [AB2, Theorems 6 and 7], while the second
is described in [AB2, Theorem 8].

Let us remark that the first construction can be performed only if V + V is closed in the
graph space W. We recall results from [EGC, AB2]| in the following theorem.
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Theorem 7. Let V and V be two subspaces of W satisfying (V).
a) Let us assume that there exist operators P,Q € L(W') such that

P?=P and Q*=Q,
(14) imP=V and imQ=1V,
PQ = QP.
If we define M € L(W;W') by

w{ Mu,v)w = wA{ DPu, Pv)w — w(DQu, Qv )w
+w(D(P+Q—PQ)u,v)w —w(Du,(P+Q—PQ)V)w,

for u,v € W, then V = ker(D — M), V = ker(D + M*), and M satisfies (M).

b) Operators P and @ from (a) exist if and only if V + V is closed in W. In this case, P and

@) can be constructed in the following way: let Vo := V N ‘N/, and let us denote by Vi the
(- |-)c—orthogonal complement of Vy in V', by Va the (- | -)c—orthogonal complement of V
inV, and by Vs the (- | -)s—orthogonal complement of V + V in W, so that W is the direct
sum of V;, i € 0..3. If w = w® + w! + w? + w? is a decomposition of an arbitrary w € W
corresponding to this direct sum, then P and () can be defined by

Pw:=w’+w! and Qw:=w’+w?.

In order to apply the above theorem, we need the following lemma.
Lemma 5. If V and V are as defined in section 4, then V + V is closed in W.
Dem. It is obvious that

V4+V={ueW:ug cL*0,T;H}Q)}.

The closedness of this space in W now easily follows from (5) and the closedness of L2(0, T'; H} (£2))
in L2(0, T; HY(Q)).
Q.E.D.

For P and @ defined as in Theorem 7(b), we have
(P+Q—PQ)w =w’+w! +w?,
which together with (V2) and the symmetry of D gives the following formula for M

W’< MU,V>W = W’( Dul,vl >W — W’< DUQ,V2 >W

15
(15) + (D 4+ u! + u?), v ) — w Dud VO vt vy,

where u = u® 4+ u' +u? + u? and v = v? + v! + v? + v3 are decompositions of arbitrary u,v € W
as in Theorem 7(b). Unfortunately, up to now we still do not know whether this M satisfies (11)
even for smooth functions u and v. One can easily check that if the above M satisfies (11), and
if every u?,v? is smooth, i € 0..3, then one has the equality

T
[ [ b v i) dswde+ [ b (1) (2080 (7) + v (1))

[ (0 (2041 (0) + e (,0)) dx 0.

Since we have no argument for this formula to be valid, we suspect that operator given by (15)
does not satisfy (11).

Next we turn our attention to the second construction of operator M. First, let us recall
Theorem 8 from [AB2].
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Theorem 8.

a) If V and V are two subspaces of W that satisfy (V) and if there exists a closed subspace
Wy C C~ of W, such that V4+Wy = W, then there exists an operator M € L(W;W’)
satisfying (M) and V' = ker(D — M). If we define Wy as (- | -)-orthogonal complement of
Wy in V, so that W = W1+Wy+Ws, and denote by Ry, Ry, Ry projectors corresponding to
this direct sum, then one such operator is given by M = D(R; — Ra).

b) Let M € L(W;W') be an operator satisfying (M), and denote V. = ker(D — M). If we
denote by Wy the orthogonal complement of Wy in ker(D + M), then Wy C C~ is closed,

V+Wy =W, and M coincides with the operator constructed in (a). .

In the theorem above C'~ stands for the set of all nonpositive vectors in W with respect to
D, i e
C™ = {U eWw: W/(DU,U>W < 0}.

Remark. By Lemma 12 in [AB2], if W)/ C C~ is a subspace of W such that V + W = W,

then there exists a closed subspace Wy C WZ” of W, such that Wo C C~ and V4+Wy = W. .

Remark. In Theorem 8(a) the space W can be any closed subspace of V, such that W =
W1+Wo+Ws, and not necessarily the (- | -)z-orthogonal complement of Wy in V. The similar
statement holds for Wy in Theorem 8(b): Wy can be any closed subspace of ker(D + M), such
that V+W2 =W.

Let us for the moment assume that formula (11) defines an operator M € L(W; W) satisfying
(M). Then for any u,v € H'(Q7; R4!) we have

T
wi (D + M)u,v)w :2/ /Ud—l—l I/d-uddsxdt—i-Q/ g1 (- T)vge1 (-, T) dx.
0 r Q

We would like to find the expression for D + M, valid for arbitrary u,v € W.

Lemma 6. If formula (11) defines an operator M € L(W; W) satisfying (M), then for u,v € W
and u™ € H'(Q7; R™1) such that u™ — u in W, it holds

T
wr (D + M)u,v)w :21im/ /Ud+1 ud~u§dedt+2/ Ug1 (- T)vggr (-, T) dx.
nJo Jr Q

Dem. As the first step let us take u € H'(Q7; R, v € W and v* € HY(Qp; R4*!) such that
v"" — v in W. Then by the continuity of D 4+ M one has

T
W’< (D + M)U,V>W = 2hran (/ / ?)le+1 Vg - Uyg de dt + / ud+1<-’T)vg+1(~’T) dX> .
o Jr Q
By Lemma 2, we have vy, ; — vg11 in W(0,T) and consequently

Vi —vgy1 in L%(0,T;L%(Q))

(16) I
Vi (5 T) — vapa (T) in L(Q).

Since u € HY(Qp; R, it follows that vy - ug € L%(09r), and the first convergence in (16)

implies
T T
/ /vg+lud-udd5xdt—>/ /vd+11/d-uddedt.
0 r 0 r

Similarly, the second convergence in (16) implies

/Qud-s-l(',T)Ug_H(wT)dX—>/Qud+1(',T)Ud+1(',T)dX,
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and thus
T
W’< (D + M)U,V>W = 2/ / Vd+1 Vq - Uq de dt + 2/ ud+1(-, T)’Ud+1<-, T) dx .
0 r Q

Let us now take u,v € W and u™ € H!(Qp; R4!) such that u™ — u in W. By the above
formula and the continuity of D 4+ M we have

T
wA (D + M)u,v)y = 2lim (/ /vd+1 Vg - uy dSx dt + / ug+1(',T)Ud+1(~,T)> dx .
n 0 Jr Q

The convergence of the second integral in above limit can be achieved similarly as in the first
step, and thus we have the claim.

Q.E.D.
Let us denote
Wy = {u =limu™ € W :u" € HY(Qp; R, wgyi(T) =0 ae. on Q
n
& wvg-u — 0 in L2(0, T} H—%(r))}.
Lemma 7. If formula (11) defines an operator M € L(W; W') satisfying (M), then
ker(D + M) =W .
Dem. Let us first note that (D + M)u = 0 if and only if w/((D + M)u,v)y = 0, for every
v € HY(Qp; R, By Lemma 6, WY C ker(D + M), so it remains to prove the converse

inclusion.

Let u € ker(D + M) and u® € HY(Q7; R1) such that u” — u in W. Now we proceed
similarly as before: we take v = (0,v441)" € H'(Qp; R™!) where vgy1(t,x) = g(t)h(x) with
g € C2({(0,T]), g(T) =1 and h € H}(Q). Then by Lemma 6 we have

0= w( (D+M)u,v>W:2/Qud+1(‘,T)vd+1(~,T)dx:2/Qud+1(-,T)hdx,

and as h is arbitrary, ug.1(-,7") vanishes.
Using again Lemma 6, we now have

T
O:W/<(D—|—M)u,v>wzlim/ /vd_,_ll/d-ugdedt,
" Jo Jr

for arbitrary v € W. Thus, the restriction of vg;1 to I'q is an arbitrary element of L2(0, T'; Hz (Q)),
which implies v4 - u? — 0 in L2(0, T} H_%(Q))
Q.E.D.

From lemmas 3 and 7 it follows that if formula (11) defines an operator M € L(W;W')
satisfying (M), then (by (M2)) V+ W, = W. Although the expressions describing functions from
V and W) appear to be relatively simple, we do not know whether this equality really holds. In
the sequel we shall prove the converse statement as well, i.e. if V + WY = W, then M defined by
(11) is good. In order to do that we shall make use of the first remark following Theorem 8. We
start with a simple lemma.
Lemma 8. The space WY is nonpositive with respect to D, i.e. Wi/ C C~.
Dem. If u and u™ are as in definition of WY, then, as before, we have

T
W/<Du,u)W:limW/(Du",un>W:2lim/ /ugﬂud-ugdsxdt—/u?lﬂ(-,())dx.
n n Jo Jr Q

By Lemma 2 and Theorem 10 from Appendix we have uj, ; — ugq11 in L2(0, T; H%(F)), and as
vg-ul — 0 in L%(0, T H_%(F)) by definition of W', it follows that the above limit vanishes, so

wr{ Du,u)w = —/ ug,1(-,0)dx <0,
Q

which proves the lemma.
Q.E.D.
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Theorem 9. IfV + WY = W, and if Wo C W is a closed subspace of W satisfying Wo C C~
and V+Wy = W, then operator M constructed in Theorem 8(a) satisfies (11) for any smooth u
and v.

Dem. Let u = u; + ug + ue be the decomposition of an arbitrary u € W that corresponds to the
direct sum from Theorem 8(a), and let R;, Ry, R2 be the corresponding projectors. Since Rou =
ug = (uz.g,uaar1) € Wo C WY, by definition of WJ/, there is a sequence u™ € H!(Qp; R4F1)
converging to up in W, and satisfying v4 - uj} — 0 in L2(O7T;H7%(F)). By Theorem 4, for
arbitrary v € H'(Q7; R1) we then have

T T
W’< DRQU, \% >W = lim/ / Vd+1Vd - Ug de dt + / / U2,d+1Vd " Vd de dt
mJo Jr 0o Jr

+ / u27d+1('> T)Ud-i-l('v T) dx — / u27d+1('> O)Ud-i-l('v 0) dx.
Q Q
Since ugs € WY, the first and the third integral in the above expression vanish. As u—uy = ug+u; €

Wo + Wy =V, it follows that ugi1 — ugaq1 € L2(0, 75 H(Q)) and ugy1(-,0) — ugat1(-,0) = 0.
Therefore, in the second and the fourth integral we can replace ug 411 by 1441, which leads to

T
(17) W/<DR2u,v>W:/ /Ud+1 Vd-vddedt—/ud+1(-,0)vd+1(-,0)dx.
o Jr Q

In order to find a similar expression for DRy, let us now denote by u™ € H'(Qp; R™1) a
sequence converging to uj in W. Then for any v € H'(Q7; R%1) one has

T T
W’< DRlu, \% >W = lim/ / Vd+1Vd - Ug de dt + / / U1,d+1Vd " Vd de dt
mJo JTU 0o Jr

+ /Q gt (- TYogen (-, T) dx — /Q wr.gin (- 0) v (-, 0) dx.

In this case, the second and the fourth integral vanish, and since u—u; = ug+us € Wo+Wso C WY,
we have ug41(-,T) —u1,44+1(-,T) = 0, and therefore it follows that

(18) [ 00 (.0 dx = [ g (0 (-0 dx
Q Q
In order to get a similar result for the first integral in the above sum, let us take a sequence

w" € HY(Qr; R4 converging to ug + ug in W, and satisfying v - wi — 01in L2(0, T H_%(F))
For arbitrary v € H'(Q7; R9T!) we then have

T
lim/ /Ud+1Vd'WZdedt:O,
nJo Jr
and therefore
T T
lim/ / Vd41 Vg - Uy dSx dt = 1irn/ / V41 Va - (U +w)) dSx dt .
n Jo Jr n Jo Jr

This, together with (17) and (18), gives
wi( Mu,v)w = w(D(R1 — R2)u,v)w

T T
—lim/ /'UdJrl vy - (Ul +wyj) dSx dt—/ /ud+1 Vg - vqdSx dt
n Jo Jr 0o Jr
+/Ud+1(',T)Ud+1(',T)dX+/Ud+1(',0)vd+1(',0) dx
Q Q

for v.e HY(Qp; R1). Since u™ +w™ — uy + ug +ug = u in W, it follows that M satisfies (11).
Q.E.D.
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Corollary 2. Formula (11) defines an operator M € L(W;W') satisfying (M) if and only if
V+Wy=Ww.

6. Concluding remarks

It is known that the abstract theory of Friedrichs systems can be applied to elliptic equations
[EGC, AB4, BDG], and some applications to second-order hyperbolic equations are also known
[ABV1, ABV2]. In this paper we have investigated an application of this theory to a second-order
parabolic equation, namely to the heat equation. In particular, we wanted to check whether the
results of [ABV1], such as Theorem 3, can be applied. This motivated our choice of the represen-
tation for heat equation in a form of the Friedrichs system which is close to the representation of
its stationary counterpart, for which results such as Theorem 3 can be applied.

However, we have proved that the result of Theorem 3 cannot be applied in this setting,
although there is a natural choice of matrix field M that enforces the Dirichlet boundary condition
for the starting equation.

By changing the approach and using intrinsic conditions of Ern, Guermond and Caplain
[EGC], we were able to prove a well-posedness result for the Dirichlet boundary condition. The
question whether our matrix field M generates a good operator M via (2) appears to be equivalent
to the equality W =V + WJ). We guess that this statement is true, although we are not able
to prove it at the moment. There are some technical difficulties in the related calculations
arising from the interplay of function spaces involved: the graph space as a natural framework
for Friedrichs systems and the evolution spaces as a natural framework for the heat equation.

We also believe that other types of boundary conditions (e.g. the Neumann condition) can be
treated in this se‘gting as well. It is possible that some more complicated spaces, like the Lions-

Magenes space Hgo, would appear here, which could make the calculations even more challenging.
These spaces appear naturally when one wants to treat mixed type boundary conditions [LM,
T]. Since our setting does not distinguish between the time variable and space variables, our zero
initial condition together with the Neumann boundary condition on I'y may appear as a kind of
mixed boundary condition for our system.

Perhaps the above technical difficulties could be resolved by a development of the theory of
Friedrich systems which is more natural for applications to evolution equations, as it was done in
the classical setting [Ra].

Appendix

In this appendix we summarise some basic facts regarding evolution spaces, which we have
used in the paper (the details can be found in [GGZ]). First we recall the notion of measurability
and Bochner integrability for functions u : .S — X, where X is a Banach space, and S C R is an
open interval.

A function u : S — X is said to be strongly measurable if it can be strongly approximated
(in the norm of Banach space X ) almost everywhere on S by a sequence (s,,) of simple functions.
A simple function is any function of the form

s(t) = xs,(H)ai,
=1

for some n € N, ai,...,a, € X and measurable sets B1,...,B,, C S of finite measure. If every
B; is an interval, s is called the step function.

A strongly measurable function u is said to be Bochner integrable if there exists its approxi-
mation by simple functions which additionally satisfies

n%n/x u(t) — sn(t)]| 5 dt = 0.
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By the Bochner theorem, a strongly measurable function is Bochner integrable if and only if the
real function ¢ — ||u(t)|| x is integrable on S. Therefore, for 1 < p < oo one introduces

LP(S; X) = {u :§ — X :u is strongly measurable and /S||u||§( dt < oo},

and by LP(S; X) all equivalence classes of almost everywhere equal elements of £P(S; X).
The space LP(S; X)) is a Banach space, with norm

1
lulhocs.ny = ( [ ol ar)”

and if X is a Hilbert space, then L?(S; X) is also a Hilbert space with inner product

(ulv)resx) = /S<u | v)x dt.

Step functions are dense in LP(S; X), and as the characteristic function of an interval can be
approximated by smooth functions in L? the density of C2°(S; X) in LP(S; X) follows. Further-
more, for a Banach space Y which is densely imbedded in X, the space LP(S;Y") is also densely
imbedded in LP(S; X). For the special case X = L2(Q2), with Q C R open, S and 2 bounded, one
can naturally identify spaces of continuous functions C(Cl.S x CIQ) and C(CI.S; C(CIf?)), which
leads (by density) to isometric isomorphism between L?(S x Q) and L2(S;L?(2))

Throughout the paper we use the following result (for p = 1 it is classical; the generalisation
is straightforward).

Theorem 10. If X and Y are two Banach spaces and T € L(X;Y), then mapping T defined by
(Tu)(t) :=T(u(t))

is a continuous linear operator from LP(S; X) to LP(S;Y). .

The generalised Holder inequality for evolution spaces states that if u € LP(S;X) and v €
LY (S; X'), with % + ]% =1, then real function ¢ — x/{v(t),u(t))x is integrable and

/SX'<V(t)a u(t))x dt < HUHLP(S;X)HV”LP'(S;X’) .

Moreover, the characterisation of the dual space also holds:

Theorem 11. If X is a separable and reflexive Banach space, then for every f € LP(S; X)' there
exists unique v € LP (S; X') such that

LP(S;X)'< f7 u >LP(S;X) = /SX'<V(t)7 U(t) >X dta uc Lp(S7X> :

The mapping f — v is an isometric isomorphism from LP(S; X)' to L (S; X').
We recall that the set
W(0,T) = {u € L2(0,T; HY()) : dyu € L2(0, T H—l(Q))} ,

is a Banach space with norm

HUHW(O,T) = \/HuHiQ(O’T;Hl(Q)) + HatuH?}(O’T;H—l(Q)) .

For further properties we refer to [LM]. In particular, in [LM, Chapter I, Theorem 3.1, Lemma
12.1] the following continuity property of such functions is proved.

Theorem 12. The space W(0,T) is continuously imbedded into C([0,T]; L?(Q)).
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