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ABSTRACT. We construct explicitly the structure of Jacquet modules of parabol-
ically induced representations of GSpinay, 41 over a p-adic field F' of any char-
acteristic. Using this construction of Jacquet module, we construct a classifi-
cation of strongly positive representations of GSpinan41 over F' and describe
the general discrete series representations of GSpinan41 over F, assuming
the half-integer conjecture. One of the applications of this paper will be to
show the equality of L-functions from Langlands-Shahidi method and Artin L-
functions through local Langlands correspondence [Y. Kim, Langlands-Shahidi
L-functions for GSpin groups and the generic Arthur packet conjecture, preprint].

1. INTRODUCTION

The classification of discrete series representations of connected reductive groups
G over non-archimedean local field F' is one of the important steps in local Lang-
lands correspondence. Briefly, the local Langlands correspondence asserts that
there exists a ‘natural’ bijection between two different sets of objects: Arithmetic
(Galois or Weil-Deligne) side and analytic (representation theoretic) side. In the
analytic side, the objects are irreducible admissible representations of connected
reductive group over local field. To study admissible representations, we have the
following filtration of admissible representation according to growth properties of
matrix coefficients:

(1.1) supercuspidal = discrete series = tempered = admissible.

Representations in each class are described in terms of representations induced
from the previous class. In this paper, we study the first step (from supercuspidal
representations to discrete series representations) which is called ‘classification of
discrete series representations’. This step was first proved in [33] for the general lin-
ear groups by Bernstein and Zelevinsky. After that, Moeglin and Tadic established
the first step for classical groups [19, 20]. Recently, Ivan Matic has constructed
the strongly positive representations of metaplectic groups using a purely algebraic
approach [17].

The main purpose of the paper is to construct the classification of so-called
strongly positive representations of odd G.Spin groups over non-archimedean local
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field F' any characteristic, assuming half-integer conjecture ((HI) of [20], page 771
or Section[5.3]). Remark that we can remove this assumption in the generic case due
to Shahidi ([26]). This classification result generalizes Matic’s algebraic approach
to GSpin case. More precisely, let R (resp. R9°") be the Grothendieck group of
the category of all admissible representations of finite length of odd GSpin groups
(resp. GL) over F. We construct the following bijective mapping (Theorem [B.15)):

Theorem A. There exists an bijective mapping between the set of all strongly
positive representations in R and the set of induced representations of the following

form:
k ks

a,. —k; 1 (.i)
(HH5([V pi Rt p W pi])) % o
i=1j=1
where

e ¢’ is an irreducible supercuspidal representation of GSpin,,, (F') in R,

e {p1,p2,...,pr} C R9" is a (possibly empty) set of mutually non-isomorphic
irreducible essentially self-dual supercuspidal unitary representations of GL(F)
such that Ind (% p; ® ') reduces for a,, > 0 (this defines a,, ),

o ki = |_api-|7

e foreachi=1,2,...,k, bgi), b(;), ceey bfji) is a sequence of real numbers such
that a,, — b € Z, for j =1,2,...,k;, and —1 < b < b < ... < b,

Strongly positive representations are important class of discrete series represen-
tations and can be viewed as the basic building blocks for discrete series. We prove

(Theorem [62))

Theorem B. Let o denote a discrete series representation of GSpin,,, ;(¥) in R.
Then there exists an embedding of the form

o = Ind(3([v" p1, " p1]) @ 6([V"2 pa, V"2 pa]) @ - @ 8([v" pr, V7" py]) ® 0p)

where a; < 0,a; +b; > 0 and p; € R9" is an irreducible unitary supercuspi-
dal representation of GL(F) for ¢ = 1,2,...,r, with o5, € R a strongly positive
representation of GSpin,,, | (F') (we allow k = 0).

The classification of strongly positive representations could be used in many
problems in Langlands program. One of the them is to show the equality of L-
functions through local Langlands correspondence ([16]). More precisely, in each
side of local Langlands correspondence (i.e., arithmetic side and analytic side) we
can define the L-functions. The L-functions from analytic side are defined by
Shahidi (Langlands-Shahidi method) ( [22] 23, 24} 25| 26], 27]) and the L-functions
from arithmetic side are called Artin L-functions. The natural question is whether
those two corresponding L-functions are equal through the local Langlands corre-
spondence. Let us briefly explain the applications of the equality of L-functions.
One of the applications of the equality of L-functions is the generic Arthur packet
conjecture. The generic Arthur packet conjecture states that if the L-packet at-
tached to Arthur parameter has a generic member, then it is tempered. This conjec-
ture is first formulated in [28] for any connected reductive group and strengthened
for classical groups and GSpin groups in [I6]. This conjecture can be considered
as local version of Generalized Ramanujan conjecture.
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The second purpose of the paper is to construct explicitly Tadic’s structure
formula using Jacquet module method which is one of the main tools to construct
the classification of strongly positive representations of odd GSpin groups over
F. Tadic’s structure formula study the Jacquet module of parabolically induced
representations. More precisely, let Py := M) Ny, where M) = GLg X Gk,
be the standard maximal parabolic subgroup of G,, := GSping,+1 and let o denote
an irreducible representation of G.,(F') and let r() (o) be the normalized Jacquet
module with respect to P (). For such o, we can also define p*(0) € RI" ® R

by u*(o) = Zs.s.(r(k) (o)) (s.s. denotes the semisimplification) and extend p*
k=0

linearly to the whole of R. We describe p*(Ind(r ® o)) explicitly in Theorem
B4 This description (Jacquet modules method) is very useful in the study of
parabolically induced representations of connected reductive groups over p-adic field
F especially when we construct the classification of strongly positive representations
of odd GSpin groups. Furthermore, the Jacquet module method can be used when
we prove the irreducibility of certain induced representations (Section FA.T]).

The paper is organized as follows. In Section 2] we recall the standard notation
and preliminaries. In Section Bl we construct the Tadic’s structure formula for odd
GSpinan11 (Theorem [B4) which gives the explicit structure of Jacquet module
of parabolically induced representation of GSping,+1. In Section El we study the
reducibility of certain parabolically induced representation of GSping,41 that we
need for the classification of strongly positive representations and we also study the
Weyl group action on the induced representations.

In Section B we construct the classification of strongly positive representa-
tions for GSpinan+1 (Theorem A). For simplicity, let us explain the special case
D(p; 0cusp) which denotes the set of strongly positive representations whose super-
cuspidal supports are the representation o¢ys, of G, (F) and twists of the represen-
tation p of GL(F') by positive valued characters (Section [5.2]). We first construct
an injective mapping from D(p; 0cusp) into the set of induced representation of the
following form (Theorem [5.4)):

(12) S, p)) x ([ p, v p]) X - X ([ p, V7 pl) X Geusp

where

[

ai=a—k+1i, by <...<bgand k <[a] when aG%Zf%;
a;=aand by <...<b when a =

5 .
(Here, a is the reducibility point determined by p and ocysp, i-e., Ind(¥°*pQ ocysp) is
reducible if and only if |s| = a). We then show that the exact image of this injective
mapping is given by the induced representation of the following form:

(1.3) S([v™ p, ™ pl) x (12 p, %2 p]) X -+ X S([V7* p, v p]) X Teusy

where a;, =a—k+1i, by <...<bp and k < [a] for any a € %Z.
In other words, the proof of Theorem A in the special case D(p; 0cusp) is equiv-
alent to the commutativity of the following diagram:

Jord’("pﬂ)
A U
D(p;0cusp) = Jord,q)
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*

where Jord(pya) (resp. Jord, q)) be the set of data that corresponds to induced
representation of the form (L2)) (resp. (3])) (See page 17 of Section for more
detail).

In Section [6] We describe the general discrete series representations using Cas-
selman’s square integrability criterion [14] and Theorem A (Theorem B).

2. NOTATION AND PRELIMINARIES

2.1. Notation. Let F' be a non-archimedean local field of characteristic zero and
let G,, be a general spin group GSping,41 of semisimple rank n defined over F.
The Grothendieck group of the category of all admissible representations of finite
length of G, (F), ie., a free abelian group over the set of all irreducible repre-
sentations of G, (F) (resp. GL,(F)) is denoted by R(n) (resp. R(GL;)%") and
set R = €>BO R(n), RY" = G>90 R(GL,)%". Let s = (n1,n2,...,n;) be an ordered

partition of some n’ such that n’ < n. Let Py = MgNg denote the standard
parabolic subgroup of G, that corresponds to the partition s. The Levi factor
M is isomoprhic to GL,, X GLj,, X --- X GL,, X Gp_y (see [I]). Let v be a
character of GL,,(F) defined by |det|r. We denote the induced representation
Indg" (o1 ® -+ ® pr @ 7) by

pL X X e XT

where each p; (resp. 7) is a representation of some GL,, (F) (resp. G, (F)). In
particular, Indg’: is a functor from admissible representations of Mg(F') to ad-
missible representations of G, (F') that sends unitary representations to unitary
representations. We also denote the normalized Jacquet module with respect to Pg
by rs(7). In particular, rs is a functor from admissible representations of G, (F)
to admissible representations of Mg(F).

In the case of GL, we denote the induced representation Indg,L" (1 ® - ® pr)
by

p1 X e X Pk

where P’ = M'N’ is the standard parabolic subgroup of GL,, where M’ = GL,,, x
GL,, x---x GL,, and each p; is a representation of some GL,, (F'). We also follow
the notation in [7]. Let p is an irreducible unitary supercuspidal representation of
some GL,(F). We define the segment, A := [v%p, v*Tkp] = {vop, v 1p, .. 2 Fp}
where a € R and k € Z>q. If a > 0, we call the segment A strongly positive.

2.2. Preliminaries. Let us first introduce the strongly positive representations
which is the main object in this paper.

Definition 2.1 (Strongly positive). An irreducible representation o € R is called
strongly positive if for each representation v*'p; X v*2py X -+ X V% pp X Ocyusp,
where p;,i = 1,2,--- , k, are irreducible supercuspidal unitary representations of
some GL,, (F), ocusp € R an irreducible supercuspidal representation and s; € R,
i=1,2,---,k, such that

0= V¥ pr X v2py X - X VPR X Ocysp,
we have s; > 0 for each i.

Remark 2.2. Tt is easy to see that strongly positive representations is discrete
series using Casselman’s square integrability criterion in [I4]. Therefore, strongly
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positive representations are often called strongly positive discrete series represen-
tations.

One of the main tools of this paper is Jacquet module method (Tadic’s structure
formula, Theorem [B4]). In this paper, we consider the following Jacquet module
with respect to maximal parabolic subgroups.

Definition 2.3 (Jacquet module). Let Py := M) N, where M) =2 GLy x
G,,_x, be the standard maximal parabolic subgroup of G,, and let ¢ denote an
irreducible representation of G,,(F'). We denote by r(;(c) the normalized Jacquet
module with respect to P (). The Jacquet module r(;) (o) can be interpreted as a
representation of GLy(F) X G,,_(F), i.e., is an element of R9*" ® R.

Let us recall structure theory for GSpin groups which are studied by Asgari and
Shahidi [1], 2] [3].

Definition 2.4. [1, 2| B] The odd GSpin groups G,, := GSpina,+1 are reductive
algebraic groups of type B, whose derived groups are double coverings of special
orthogonal groups. Furthermore, the connected component of their Langlands dual
groups are GSp,,,(C).

Proposition 2.5. [1L 2, B] The root datum (X, R, XV, RY) of Gy, can be described
as the following. X = Zeo ® Zey ® -+ ® Zeyn, XV = Zel ® Zei @ --- @ Ze,.
(There is a standard Z-pairing <,> on X x XV.) And R and RV are generated,
respectz'vely, by A= {al =€ —€2,3 = €2 — €3, " ,0p_1 = €Epn_1 — €p,Qp = en}a

VvV V % * V % * Vv ok * VvV * *
A *{al*elie2aa2*627637"'aanflfenflfenaan*2671760}7

Remark 2.6. [1| 2] [3] The root datum of G,, := GSping,+1 is the dual root datum
to the one for the group GSps,,,.

Let us recall the properties of discrete series representations in [11, [14] [15].

Proposition 2.7 ([1, 14, 15]). Let M = GL,, X GLy, X -+ X GLyp, X Gp_yp
C G,. Let p; be a supercuspidal representation of GL,,(F) and let T be a generic
supercuspidal representation of Gn_n(F). Write p; = v pl where e(p;) € R
and p;i' is unitary supercuspidal representation. If p1 X -+ X px, X T has a discrete
series subrepresentation, then

(i) pi' = pi" @ (wr o det).

(i) 2e(p;) € Z for eachi=1,... k.

Remark 2.8. The Proposition 277(i) is still true when 7 is non-generic represen-
tations and the proof is exactly same as the proof of Proposition 2.71 However, to
derive Proposition[27](ii) in the case when T is non-generic representations, we need
to assume the half-integer conjecture, i.e., the reducibility points are half-integers.
Then slight variation of the proof of Proposition[2.7] applies to the non-generic case.

The following corollary is useful in Section

Corollary 2.9. If p1 X -+- X px X T has a discrete series subrepresentation and
pr X T is irreducible, then

l/e(p’“)pz T o I/_e(p")pz X T,

where py, = Ve(ﬂk)p}; and pj s unitary.
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Let us conclude this Section by recalling two results in the case of general linear
groups. The following theorem is the classification of discrete series representations
of general linear groups ([33]):

Theorem 2.10 (Bernstein, [33]). Let p be an irreducible supercuspidal representa-
tion of GL(F). We note that the induced representation vo+* pxvatk=1px ... xp2p
has a unique irreducible subrepresentation, which we denote by §(A), and a unique
irreducible quotient, which we denote by s(A). The 6(A) is an essentially square-
integrable representation attached to A (see [33], 3.1).

Let us briefly review the Langlands classification for general linear groups. For
every irreducible essentially square-integrable representation § of some GL,(F),
there exists a unique e(J) € R such that the representation »~°()§ is unitarizable.
Suppose 41, da, ..., are irreducible essentially square-integrable representations
of GL,, (F), GL,,(F), ---, GL,, (F) with e(d1) < e(d2) < --- < e(d;). Then
the induced representation d; X ds X --- X dx has a unique irreducible subrepresen-
tation, which we denote by L(d1,d2,...,dx). This irreducible subrepresentation is
called the Langlands subrepresentation, and it appears with the multiplicity one in
d1 X dg X -+ X . Every irreducible representation 7w of GL,,(F) is isomorphic to

some L(d1,02,...,0,). Given 7, the representations d1, da, . . ., d) are unique up to a
permutation. If 41,49, ..., 4 is a permutation of 1,2, ..., k such that the representa-
tions d;, X -+ - x d;, and 1 X - - - X d, are isomorphic, we also write L(d;,,0iy, ..., d;,)

for L(51, 52, ceey 619)

3. TADIC’S CONSTRUCTION ON JACQUET MODULE

In this section, we construct explicitly the structure of Jacquet modules of
parabolically induced representations of G,, := GSping,+1 over F (Tadic’s struc-
ture formula, Theorem [3.4]).

Tadic’s structure formula for SOg,41(F) ([30]) enables us to calculate Jacquet
modules of an induced representation in our case. Let’s construct Tadic’s structure
formula for G,,(F) by using the well known fact that the Weyl group of G,,(F) and
that of SOg,,11(F) are same and are isomorphic to S,, x {£1}".

Let (p,e) € S, x {£1}" with € = (e1,...,6,) € {£1}". We can identify
(p,e) with p-e € Wso,,,,(r) Where the action by conjugation of p and e €
Ws0,,..(F) on the standard maximal torus in SOs;,1(F) can be defined by p -

. —1 —1y _ e -1 -1

diag(wy, ..., on, Loy, o 2y ) = diag(Tp-1(1), - - Tp-1(n), 1,:cp,1(n), - vxp—1(1))
. —1 -1\ . € — —€

and € - diag(z1,...,on, Lz, b . 27 ) = diag(af, ... a8, Lo, o 27 ).

Using the previous action of Weyl group elements on the maximal torus, we can
also get the action of those on the roots (see also [I1]).

Lemma 3.1. Leteg,e1, - e, (resp. €y, -+ ,el) be the standard basis of character

rn
lattice (resp. the cocharacter lattice) of Gy as in Proposition and let (p,€) €
Sp X {£1}"™ be as above.
Then
Ep(i) fori>0,¢, =1;
—€p(s) fori>0,¢,=—1;
eo + Ep(i) fori=0.

€ =—

(p,€) - ei =
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e;(i) fori>0,¢ =1;
/ .
(p,e) e, = e'O—e;(i) fori>0,¢ = —1;
ef fori=0.

Proof. We can calculate (p, €)-¢; directly from the matrix calculation since e, - - - , €},
are the character lattice of GSp. We can easily calculate (p,¢€) - e; for i > 0 using
previous action. For (p, €) - e, we need to use the duality of e; and /. O
Let Ag, == {a1 =e1 —ea, - ,qn_1 = €1 — €, = €y} (see [I] for more

details) be the simple roots for G,,. From Lemma Bl we can calculate the action
of (p,€) on the simple roots in R.

Corollary 3.2. With notation as in Lemma [Z 1.

(pre) - s = €i€p(i) — €ir1€p(it1) for 0 < z <n-—1;
€nCp(n) fori=n.

Remark 3.3. The Weyl group action on the simple roots for GSpin groups is
exactly same as that for special orthogonal groups. In [30, chapter 4], the author
characterize the representative element of the set [Wa\o\W/Wa\ ] and its explicit
action on the simple roots for SOg,4+1. We can also construct the same result, i.e.,
from Lemma 4.1 through Lemma 4.8 of [30] in the case of odd GSpin groups since
those lemmas depend on the simple roots, Weyl group and its action on the simple
roots. This result enables us to prove the Tadic’s structure formula for G,,.

Now we are ready to construct the Jacquet modules of induced representations
for G,,. I follow the notation in [30]. Let i1, 42 be integers which satisfy 1 < iy,is <
n. Take an integer d such that 0 < d < min{iy,i2}. Suppose that an integer k
satisfies max{0, (i1 + iz —n) —d} < k < min{iy, iz} — d. Let py(d, k)iy i, € Sn be
defined by

J for 1 <j <k
j+ii—k for k+1<j<iy—d
pn(d;k)il,iz(j): (Z‘1+Z‘27d+1)*j for ig*d+1§j§i2;
j forii+io—d—k+1<j<n.

Let ¢n(d, k)i, i» be (Pn(d, k)iy ins (Liy—ds —1d, 1n—iy)) where 1; = 1,...,1 (1 ap-
pears 4 times). Let w = qn(d, k)4, Then, for (g1,92,93,94,h) € GL(F) x
GLiz—d—k(F) XGLd(F) XGLil—d—k(F) XGn—il—ig—i-d—i-k(F); note that w-(gl, 92,93, 94, h) =
(91,94,7 95 ' g2, det(ga)h).

Let 7; be an irreducible smooth representation of GLy,, (F) for i = 1,2,3,4. Let
o be an irreducible smooth representation of G,,, and w, is the central character of
o. By our previous calculation,

(3.1) wt. (MM RT3RMR0) =7 QT (T3 ® (wy odet)) @ my ® 0.
Set
(3.2) (11 @My @ m3) X (T4 ® 0) = (T1 ® (wo 0 det)) X Ty X T4 @ T3 X 0.

One extends % to a Z-bilinear mapping x : (R9*" ® R9°" @ RI°") x (R9°" @ R).
We denote by m the linear extension to RY°™ ® RI°™ of parabolic induction from a
maximal parabolic subgroup. Let o denote an irreducible representation of G, (F).
From definition r()(o), the normalized Jacquet module of o with respect to the
standard maximal parabolic subgroup Py = M)N(z), can be interpreted as a



8 YEANSU KIM

representation of GLi(F) x Gp_i(F), i.e., is an element of R9°"™ @ R. For such
o we can define p*(o) € RI™ ® R by p*( Zs 5.(rgy(0)) (s.s. denotes

the semisimplification) and extend p* linearly to the whole of R. Let m be a
representation of GLg(F') and let o4 be a supercuspidal representation of G,,(F).
Suppose that 7 is a subquotient of m x o5.. Then we shall denote 7, (1) by rar(r).

Using Jacquet modules with respect to the maximal parabolic subgroups of GL,,,

we can also define m* E s.8.(r(m)) € RI°™ @ RI°", for an irreducible rep-

resentation m of GL,,(F), and then extend m* linearly to the whole of R9¢". Here
ri(m) denotes Jacquet module of the representation m with respect to parabolic
subgroup whose Levi subgroup is GL; x GL,,_;. We define s : R9*" ® R9°" —
R9¢™ @ R9"™ by s(x ®y) = y ® z. Let M* : RI*™ — RI™ ® RI™ ® RI" be defined
by M* = (1 ® m*) os om™.

The following theorem (Tadic’s structure formula for odd G'Spin groups) is fun-
damental for our calculations with Jacquet modules:

Theorem 3.4. For 7 € R(GL;)’" and o € R(n — 1), the following structure
formula holds

(7 1 o) = I () s (o).
Proof. Let us sketch the proof and explam how we can adapt the approach in [30]

to our case. Write pu*(m % o) Z Al € Z R(GL,,)*" ® R(n — m) where
m=0

Al = 5.5.(P(m)(m x 0)). Using the GSpm version of [30, Proposition 4.6] (see
Remark B:3)) and Weyl group action [B.1), we can calculate A/ explicitly as in [30,
page 25]. We remark that w, o det appears after 75 when the Weyl group element
w = qn(d k:)“ i, acts on the representation (see (3.I))). Accordingly, we need to
define x as ([32). This forces u*(m x o) be equal to M*(7)xpu* (o) after changing
index several times as in the proof of [30, Theorem 5.2]. O

Using the previous theorem, we obtain

Lemma 3.5. Let p be an irreducible supercuspidal representation of GLi(F) and
a,b € R be such that b —a € Z>0 Let o be an admissible representation of fi-

nite length of G.(F). Write pu*( Z 7' ®o'. Then M*(6([v%p,v7p])) =

b b
>0 D (e, vt o)) @8([H p,vPp]) @ (W p, 1 pl) and pt (5([v°p, v p)) X o) =

i=a—1 j=i

b
S YD (B @ (wor 0 det), v G @ (wor 0 det)]) x 8(WT 1)) x 7 @

i=a—1 j=i n',0"

S(w ™ p, v p]) x o', We omit 5([v*p, l/yp]) if x > y.

We also use m*(8([v"p, v*p]) Z ([ p, v p) @6 ([ p, v p]) and m* (T  6([v* ps, v ps1))

1=a—1 j=1

= H( Y (Wt g% ps)) @ 6(1 pj, v py)))- ((1.3) of [31).
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Remark 3.6. In the case of even GSpin groups, Tadic’s structure formula (The-
orem [3.4) is different since Weyl group is different (S,, x {£1}"~!). This will be
addressed in our future article soon using the structure of even special orthogonal
groups ([4, [12]).

4. THE REDUCIBILITY OF PARABOLIC INDUCTION

In this Section, we study the reducibility of certain parabolically induced repre-
sentations that are needed in Section

4.1. The reducibility of parabolic induction. We first consider the represen-
tation v%p x 6(v%p, o).

Lemma 4.1. Let p be an irreducible unitarizable supercuspidal representation of
GL,(F) and let o be an irreducible supercuspidal representation of Gy, (F'). Suppose
that B > 1/2 is in (1/2)Z and that v°p x o reduces. Then vPp x §(vPp, o) is
irreducible.

In the proof of Lemma 1] we shall need the following lemma:

Sublemma 4.2. Let p be an irreducible unitarizable supercuspidal representation
of the group GL,(F) and let o be an irreducible supercuspidal representation of
G,.(F). Suppose that v%p x o reduces for some « > 0. Then
(i) p = pw,.
(ii) The representation v**"p x v/ pX -+ X V¥ xo,n > 0, has a unique
irreducible subrepresentation which we denote by &([v*p, v*t"pl, o).
(iii) We have r(yn+1(6([v*p, v*T"p],0)) = v*Tp @12 p ... @v*p 0.
(iv) If 7 is an irreducible representation of Gyp(ny1)4m(F) such that v*t"p ®
vt lp @ @ v tlp @ v ® o is a subquotient of r(,)n+1(7), then 7 =
o([v*p, vt pl, o).

n
(v) Wehave p* (5([v™p, v pl,0)) = > 8(* ™+ p, v p))@6 (v p, v ), 0),
k=—1
where we assume that §((,0) = o in the above formula.

(vi) The representation v p x v*T"=1px ... x v¥* 1l x 2%y x o is regular. Here,
we shall say that IndJGD (p') for given supercuspidal representation p’ of M is
regular representation if the Jacquet module of Indg(p’ ) with respect to P is
a multiplicity one representation.

a+n a+n—1

Proof. Since 7, (vp X o) = V¥ p ® 0 4+ V" pw, ® 0, v*p x o has two irreducible
subquotients m; and my such that r,y(m1) = v*p ® o and 7 (12) = V™ %pw, ® 0.
Therefore, Casselman’s square integrable criterion for GSpin groups ([14, Proposi-
tion 3.8 and 3.9]) implies that 7 is discrete series representations. Furthermore, m
can be embedded into v*pxo. Therefore, Proposition2.7 and Remark[Z8imply (7).
Remark that Ban and Goldberg also prove (¢) in [5]. Using the Tadic’s structure for-
mula for Jacquet module, i.e., Theorem B4l s.5.(r(p(nr1)) (¥ px - Xv*px0)) =
pen(@tn) o ool
(e)e{£1}n+?
[33] implies s.5.(r(pyn+1 (VT px- - - xV¥px0)) = Z Z per(@+P() pey
(ei)e{£1}n+1 pES(o,..., n}

p® o and the transitivity of Jacquet modules and
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@@ tP®) )@ 5. This Jacquet module is of length 271 (n+1)! and is a multi-
plicity one representation. This proves (vi). Every irreducible subrepresentation of
vty xv¥pxo has VAT p®- - -QU p®o for a subquotient of the corresponding
Jacquet module by Frobenius reciprocity. The regularity of 24T p x -+« X v%p X o
and exactness of Jacquet modules imply that v“t"p x --- x v%p x ¢ has a unique
irreducible subrepresentation which we denote by &([v“p,v*t"p], o). This proves
(#4).

Suppose that an irreducible representation 7 of G 4-1)4m (F') has Vot ®
v*p ® o for a subquotient of r(yyn+1(7). Frobenius reciprocity implies that 7 is a

p(nt1)+m(F) (') where o’ and v*t"p®R - QPR 0

e%

subrepresentation of some [/ ndlcjr
are associate. Since o’ and v*T"p®---@v*p® ¢ are associate, Indgj<’L+1)+’"(F)(a')
and vT"p x --- X v%p x o have the same composition factors. This implies 7 &
o([v*p, vt p], 0).

We prove (i4i) and (v) by induction on n.

When n = 0, the Frobenius reciprocity implies that s.s.(r@,) (0(v%p,0))) > v*p®
o. Since p*(v¥pxo) = (VPR (wyodet)) o +1v¥*pRc+v*px o and v¥p X o is
reducible, ;) (8(v*p,0)) = v*p ® 0. This proves (iii) for n = 0. Then (v) follows
from (447) in the case n = 0.

The Frobenius reciprocity implies that v%p ® o is a quotient of 7, (6(v*p, 0)).
The regularity implies that 6(v¥®p, o) is the only irreducible subquotient of v%p x o
which has v*p® o for a subquotient of the corresponding Jacquet module. We need
the following claim to finish the proof:
Claim. Let n > 0 and assume that (i%¢) and (v) hold for k¥ < n. Let m =
vty 6 (v p, vt pl, o) and mo i= §([vt " p, vt p)) (V% p, vt 1], o).
The intersection of 1 and o is 6([v%p, vt p], o).
Proof of the claim We can explicitly calculate s.s.(r(p(n+2)) (71)) and 5.5.(7(p(n42)) (72))
using Theorem [34] and the inductive assumption. Furthermore, a simple anal-
ysis of Jacquet modules for general linear groups implies that s.s.(r(n+1(71))
and s.5.(r(pyn+1(m2)) have vty @ vt p ® ... ® v*p ® o for subquotients.
This is the only irreducible subquotient which appears in both Jacquet modules.
Therefore, the intersection of 71 and 79, which is denoted by 7, is nonzero and
Fpyntr (m) = v T p @ v Mp @ .- @ v*p @ 0. This implies that 7 is irreducible.
By (iv), we have m = §([v¥p,v*T"+1p] o) and completes the proof of the claim.
[ ]

The claim and its proof prove (iii).

Using Theorem B:4] we can also calculate the intersection of p*(m1) and p*(2).
Furthermore, the claim implies that the intersection is "il S(orlp vt
S([v*p, v ], o) + v @ 5([v™p, v T p], o) + 512[:1/;1;), vt plo). In sum,

1
we have 1 (8([v*p, v*t"pl, o)) = Ti ([t p, v ) @6([v% p, v ), 0)
since §([v¥p, vt 1p] o) is the int:rzsg(lztion of w1 and 3. By induction on n, this
proves (v). O

Proof of Lemma [4.1] Once we construct the basic structures on the Jacquet mod-
ules (Sublemma [42)), the argument is exactly same as [31 Proposition 5.1]. Let
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us sketch the proof here. Suppose that v”p x §(v°p, ) is reducible. Note that
rarL(VPpxd(Pp,a)) =1vPpxvPp® o +vPpx 1P p@ o has length two. Therefore,
there exists subquotient 7 of %p x §(v%p, o) such that ror (1) = v9p x Vp @ 0.
We also have the following:

(4.1) S(wPHp, P ) xm < 6([v P p, P o) x v P x P xo
and
(4.2) (v Pp,vPp)) xo < o([v=Pp, P 1)) x v x VP xo.

From Sublemma and Theorem [3.4] we get

8
43) a0 o) xa) = > (v Fp, ) x (W pPp) @0
k=—p—1

(4.4) rar(VPp x v Pp x §([v =P p, vP71p]) x o)

A1
=WPor+vPp)x (WPp+rvPp) x Z (v Fp, P 1)) x S(W*Hp, P~ 1)) @ o

—
and
(4.5)
B8—1
rar(8([v " p, v T pl)xm) = v pxPpx Y s Ep, P pl) xS ([VE T p, v pl) @
—

Using (@) through ([@3X), we show that 6([v=?p, v%p])xo and §([v=P+1p, A1 p])
x7 have an irreducible subquotient. Let 7 is such subquotient. Since §([v =" p, 1% p]) %
o is unitarizable, Frobenius reciprocity implies that §([v=?p,v%p]) ® o < rar(7).
This is a contradiction since 7 is also a subquotient of §([v="+1p,v8~1p]) x 7 and
v~#p cannot appear in the equation (&H). This completes the proof of Lemma BTl
]

Proposition 4.3. Let p and po be irreducible unitarizable supercuspidal repre-
sentations of GL,(F) and GL,,(F) respectively. Let o be an irreducible super-
cuspidal representation of G, (F) and let B be positive. Suppose that v°p x o
reduces, and that v®p X o is irreducible for any o € R\ {£8}. Let | be a non-
negative integer and let o € R. If v%p x §([vPp,vPH!], o) reduces, then a €
{£(B-1),£(B+1+1),£8}. In particular, if we assume that § € (1/2)Z, then the
reducibility of v®p x §([v°p, 8T, o) implies that o € {£(B — 1), £(B+1+1)}.

Proof. Suppose that o ¢ {£(8 —1),£(8+1+1),£8}. We use Lemma 3.7 of [31]
to show that v%p x &6([v?p, v?*+!], o) is irreducible.
Using Theorem [3.4] we get

(4.6) p*(*px8([Wp, P 0) = (1@ v p+1vp @1+ (VP ® (wodet)) @ 1)

l
(D AT, ) @ 6([vp, v pl, ).

Since o is supercuspidal, we also get

(4.7) rarL(vp x 8([VPp, P, o))
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=V 5 ® (wodet)) x §([7p, v’ o)) @ o + v x §([V° p, VT p]) @ o,

(4.8) rip) (W p 2 8(VPp, v Hpl,0) = 6([WPp, v ) @ vp o
and
(4.9)  r—1yp) (¥ p S([Pp, vt p], o)) > 8([vP T p, P p]) @ v%p X 5(VPp, o).

Since a ¢ {£(8 —1),=(8+ 1+ 1)}, (@7 has length 2, i.e., two representations
in the right hand side are irreducible.

Let us consider the case when a # 0. Let P’ = M'N’,P” = M'N” and
P = M"'N" be standard parabolic subgroups of G(i41)p+m such that M =
GLy, x GL, X Gy, M” = GLy, x Gpyp and M” = GL(41), X Gy, Let 7/ =
§([vPp,vPF1p]) @ v¥p x o, i.e., the term in the right hand side of [@X) and 7" =
v x §([VP p, v p]) @ (Casel) or (1@ (wodet)) x §([vP p, VAT p]) @ o (Case2),
i.e., one of the terms in the right hand side of (7). In either case, we show
P () M () 2 (2 p 1 8((0 p, 1P, ).

(Casel) Let us first consider the case when 7" = v%p x §([?p, v+ p]) ® 0. Then
rap (P (7)) = 8P p, v pl)@rar (v” pxo) £y ) (v px8([1 p, v p)))®
o =0([Pp, vt p)) @ p@o+8([VPp, v p]) @ (1™ p@ (wodet)) @+ ) (¥ p X
520,15 0]) 0 £ 1y py (75 (W det)) x ([0, P p]) @ 7+ 1y y (v X
S(WPp, v Hp))) @ o = r§ (v¥p x 5([vPp,vPT1p],0)). The £ above is justified by
the fact that the supercuspidal support v*p does not appear in 7, ,) (¥~ *p® (wo
det)) x 8([v%p, 1 0])) ® 0.

(Case2) Let us also consider the case when 7/ = (v~ p®(wodet)) x & ([P p, v+ p))®
o. Then, 73, (7") + 72" (7") £ r$ (v*p x 5([vP p, vP 1 p], o)) since the supercusp-
idal support ¥~?p ® (w o det) does not appear in 7, ,) (v*p x 6([v° p, v p))) @ 0.
Therefore, Lemma 3.7 of [31] implies the irreducibility of the representation v*p x
S([vPp, P, o).

If we further assume that 5 € %Z and f > %, we can prove that v®p x
§([vPp,vPH1], o) is irreducible using Lemma 3.7 of [31] and Lemma ] with above
(@) through @J). When 8 = 1, the reducibility of v*p x 6([v” p, "], ) implies
a€{£(B—-1),2(B+1+1)}since {£(B8—1),£(B+I+1)}={x(B-1),=(B+1+
1), £5). 0

Remark 4.4. In general, the representation v°p x 6([?p,v#*!], o) may not be
irreducible since Lemma ET might not be true when 3 ¢ 1Z — {3}. For example,

vip x 5([u%p,yé+l],0) is reducible when we assume that v2p x o reduces and
v*p x o is irreducible for any o € R\ {£3} (see Theorem 8.2 (ii) of [31]).

4.2. Weyl group action on the induced representations. The following ex-
plicit calculation of Weyl group action on the induced representations are also useful
when we apply Ivan Matic’s idea ([IT]) to the case of GSpin groups. Let My be a
Levi subgroup isomorphic to GLj x G,,—j for § = A\ay. There is a unique Weyl
group element wy such that wo(ar) < 0 and we(f) C A.

Lemma 4.5. If we identify wo as (p,€) as in Section 2.2. Then

for1<i<k; {—1 for 1 <i<k;

p(i) = ktl-i and €; =
i fork+1<i<n. ¢ 1 fork+1<:<n.
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Proof. We can get this characterization of wy from the Weyl group action on the
character lattice (Corollary3.2]). The condition (p, €)-; = €;jep) —€ir1€p41) C A

for 1 <4 <k—1implies egL, ;= €1 = €2 = ... = ¢; and p(i + 1) = p(i) + ¢; for
1 <i < k— 1. Similarly, the condition (p,€) - a; = €jep;) — €j41€p(j+1) C A for
k+1<j<n-—1implies cgspin := €k+1 = €h+2 = ... = €, and p(j +1) = p(j) +¢;

for k+1 < j <n —1. The condition (p,€) - an = €nep(n) C A implies €, = 1 and
p(n) = n. In sum, egspin = 1 and p(j) = j for k+1 < j < n — 1. Suppose that
ecL = 1. Since {p(1),p(2),...,p(k)} ={1,2,...,k} and p(1) < p(2) < ... < p(k),
p =1id and wg - o, = e —ep+1 > 0. This contradicts that wg - a < 0. We conclude
that eqr, = —1. Since {p(1),p(2),...,p(k)} ={1,2,...,k} and p(1) > p(2) > ... >
p(k), p(i) =k +1—1i for 1 <i < k. In this case, wo - ap = —e1 — eg41 < 0. O

Using Lemma [B.J] and Lemma [H] we can get the action of wg on the represen-
tation of the associated Levi subgroup.

Corollary 4.6. Let o be a representation of GL(F) and 7 be one of Gn_(F).
Then

—€kt1—i for1 <@ <k
. e; fork+1<i<n;
Wy € = k
€0+Z€m fori=0.
m=1

and
(c®@T7)° = (0 ® (wr odet)) ® T,

where w; is the central character of T.

Corollary 4.7. Let o and 7 be as in Corollary[{.0. Then pxT and (p&(wrodet))xr
are associate. Therefore, Lemma 5.4 (iii) of [6] implies that the set of irreducible
composition factors of px 7 and (p ® (wr o det)) X 7 are same. Furthermore, if we
assume that p x T is irreducible, then p X 7 = (p® (wr odet)) x 7 (¢f. [I4, Lemma
3.7] in the generic case).

5. CLASSIFICATION OF STRONGLY POSITIVE REPRESENTATIONS FOR ODD GSpin
GROUPS

This section gives the classification of strongly positive representations of odd
GSpin groups. Our results parallel those of Ivan Matic for metaplectic groups.
In this section, we apply ideas and adapt some proofs from [I7] and also from
[20, BT, B2] to our situation and GSpin case. However let us remark that in the
case when the reducibility point is 3, more arguments are needed in [I7] (Matic has
kindly agreed to add arguments in detail about his paper as an appendix to this
paper). In our paper, we use another idea to approach the case when the reducibility
point is + and focus more on this case and this approach can be applied to the case

2
of classical groups and metaplectic groups.

5.1. Embeddings of strongly positive representations. In this subsection,
we show that strongly positive representations can be embedded into parabolically
induced representations of special type. More precisely, we consider the following
type of parabolically induced representations:

(5.1) 0(A1) x §(Ag) X -+ X §(Ak) X Ocusp
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where Ay, Ay, ..., Ay asequence of strongly positive segments satisfying 0 < e(A;) <
e(Ag) < --- < e(Ag) (we allow k = 0 here), o.ysp an irreducible supercuspidal rep-
resentation of G,,(F'). Note that the idea of certain embeddings of representations
was initiated in [2I] and further refined in [10].

Theorem 5.1. Let A;, i = 1,...,k and ocusp be as above. Then the induced
representation §(A1) X 6(Ag) X -+ X §(Ag) X Ocyusp has a unique irreducible subrep-
resentation which we denote by 6(A1, ..., Ag; Ocusp)-

Proof. We briefly explain the main ideas of the proof and how we adapt the proof
from [I7] to the case of GSpin groups. The case k = 0 is clear. We assume
that & > 0 and let A; = [v%p;,vbip;] for i = 1,..., k. The strong positivity
implies 0 < a; < b;. Let j; < jo < --- < js be the positive integers such that

e(Ar) = =e(Aj) <e(Aj41) = =e(Aj,) < <e(Qj 1) = = e(Ag).
Then
(5.2) G(A1) x -+ x 6(A) @(Aj41) X+ X 6(A),) ® @ Teusp

is irreducible.

Lemma 5.2. The irreducible representation ([53) appears with multiplicity one
in the Jacquet module of §(A1) x 6(Ag2) X -+ X §(Ak) X Teusp with respect to the
appropriate parabolic subgroup.

Lemma implies the theorem since the Jacquet module of every subrep-
resentation of §(A1) X 6(Ag) X -+ X §(Ag) X Oeysp With respect to the appro-
priate parabolic subgroup contains ([.2]). Therefore, the induced representation
O(A1) x §(A2) x - -+ X §(Ak) X 0cusp has a unique irreducible subrepresentation. O

Proof of Lemma

The proof relies on the Jacquet module method (Tadic’s structure formula).
Since we fully construct the Tadic’s formula in the case of odd GSpin groups (Sec-
tion [B]), we can apply the arguments of [17] to the case of odd GSpin groups and
we omit the proof here. [ |

Now, we consider strongly positive representation and show that it can be em-
bedded into induced representations of the form (GI]).

Theorem 5.3. Let 0 € R(n) denote a strongly positive representation. Then o
can be embedded into certain induced representation of the form (51)).

Proof. We also briefly explain the main ideas of the proof. We start with Jacquet
quotient theorem ([8, Theorem 5.1.2]). Jacquet quotient theorem implies that

(53) 0 = p1 X p2 X+ X pg X Ocusp-

where p; is an irreducible supercuspidal representation of GL,,(F),i = 1,2,...,k
and ocysp € R(n —n’) is an irreducible supercuspidal representation.
Consider all possible embeddings of the following form:

(5.4) 0= 0(A1) x §(Az) x -+ x 6(A1) X Teusps

where Ay + Ay + -+ A; = {p1,p2, ..., pr}, viewed as an equality of multisets (such
embedding exists; for example we can take | = k, A1 = {p1},...4A; = {p}).
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Each §(A;) is an irreducible representation of some GL,, (this defines n;) for
1=1,2,...,1. To every such embedding we attach an n’-tuple

(55) (G(Al)a s ,G(Al), @(Ag), SRR e(A2)7 SRR G(Al)a SRR e(Al)) € Rn/?

where e(A;) appears n; times and n’ = ny + - - -+ n; (see Section 3 of [10]). Clearly,
the set of all embeddings (5.4]) is finite. Then we can assume that (4] is such
that (B3] is minimal with respect to the lexicographic ordering on R™. The strong
positivity of o implies that e(A;) > 0 fori =1,2,...,l. Then we use the minimality
of (B3) to show that e(A1) < e(Ag) < --- <e(4) as in [I7] and we omit the proof
here. (]

5.2. Classification of strongly positive representations: D(p;ocusp). Let p
be an irreducible supercuspidal representation of GLy,, (F') and ocyusp be an irre-
ducible supercuspidal representation of G, (F). Let D(p;0cusp) be the set of
strongly positive representations whose supercuspidal supports are the representa-
tion ocusp and twists of the representation p by positive valued characters. Let
a > 0 be the unique non-negative real number such that v*p X g¢ysp reduces ([29]).
Furthermore, we assume that this reducibility point a is in 17Z (see (HI) of [20],
page 771). Let k, denote [a], the smallest integer which is not smaller than a. In
this section, we construct the classification of strongly positive representations in
D(p; 0cusp)- Remark that the approach in the case a = % is different from other
cases (a € IN—{1}).

In a previous section, we show that every strongly positive representation can
be viewed as the unique irreducible subrepresentation of induced representation of
the form ([B.1)). Therefore, there exists an mapping from the set of strongly positive
representations of G,,(F') into the set of induced representations of the form (G.1)).

Now we further refine the image of this map when we restrict the map to

D(P; Ucusp)-

Theorem 5.4. Let o be an irreducible strongly positive representation in D(p; 0cusp)
and consider it as the unique irreducible subrepresentation of induced representation
of the form ([Gd). Write A; = [v% p, % p]. Then,
{ ai=a—k+1i, by <...<bgand k <[a] when a€ %Zf%;
a; =aand by <...<b when a:%.

Proof. We first consider the case when a = % We use induction on k. The case
k =0 is clear. When k = 1, we have the embedding o < &([v*' p, "1 p]) X Tcusp <
vp X o x vPp X Ocusp- 1f @1 # a, then v p X Ocysp = V™Y p X Ocysp as in the
case a = 0. Using this isomorphism, we have ¢ < 1?1 p x -+ x v~ % p Ocusp Which
contradicts the strong positivity of o. This implies a; = a.

Suppose that theorem holds for all m € Z such that 0 < m < k, where k£ > 2.
We prove it for k. If a; # a, we get the inclusion o < P p x -+ x V¥ p X --+ X
z/bkp X oo X VRL X VT X Opysp as in the case a = 0. This contradicts that o is
strongly positive. This implies ax = a.

Since 0(Ag, ..., Ag;0cusp) is a subrepresentation of §(Ag) X - -+ X §(Ak) X Ocusp,
induction in stages gives the embedding (A1) X §(Ag, ..., Ak; Ocusp) < 0(A1) X
-+ X §(Ag) X Ocusp. Since o is the unique irreducible subrepresentation of §(Aq) x
o+ X 0(Ag) X Ocusp, we deduce that o — §(A1) X 6(Ag, ... Ag;0cusp). The strong
positivity of o implies the strong positivity of §([*2p, %2 p], ..., [V* p, V%% pl; O cysp)-
The inductive assumption implies a; = % forall i > 2 and by < ... < bi. It remains
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to show a1 = % and b; < by. We first show a; € % + Z. If not, we get the following
embedding using the fact that each % x §([v% p, v’ p]) is irreducible for all 7 > 2:

a1+1p7 Vblp]) x v p x §([v*p, Vb2p]) X - X O([%p, Vb’“P]) X Ocusp
S([vtp,vbip]) x 6([v®2p, vP2p]) X -+ x (V™ p, VP p]) X V¥ p X Tensp
S([vtp, b)) x 8([v®2p, v¥2p]) X -+ x S([V™ p, VP p]) X V"M p X Teusp

o= (v

>~

1%

which contradicts the strong positivity of o.

It is enough to show that a; < % since a; € % + Z. Suppose that a; > % The
inequality e(A1) < e(4;) for all ¢ > 2 implies that b; < b;. This implies that each
5(Aq1) x 6(4;) is irreducible for all ¢« > 2. Then we get the following embedding
using the fact that a; # %:

0= 0(A1) X -+ X 6(Ag) X Ocusp
2 §(Ag) x - x §(Ag) x (V™ p, V"' p]) X Teusp
> §(Ag) x - x §(Ag) x (™ p, v pl) X V¥ p X sy
= §(Ag) X -+ x 6(Ag) x 5[ T p, P p]) X VT p X Oeusp

which contradicts the strong positivity of o. Finally, the fact a; € % + Z implies
that a; = % And b; < by follows from the inequality e(A;) < e(As). When
a € {%Z — %}, we can apply the arguments of [17] to the odd GSpin groups since
we construct all the tools that we needed in Section Bland M and we, therefore, omit

here. O

We also show that the map from D(p; ocusp) to the set of induced representations
of the form (&) is well defined in the following theorem:

Theorem 5.5. Let o be an irreducible strongly positive representation in D(p; Ocusp)-
Then, there exist a unique set of strongly positive segments A1, Ao, ..., Ay, with
0 < e(Ay) <e(Ag) < --- < e(Ag), and a unique irreducible supercuspidal repre-
sentation o' € R such that o ~ §(A1,Ag, ..., Ap;0’).

Proof. We first consider the case a = % The uniqueness of the partial supercuspidal
support implies that 0/ = 0¢ysp. Suppose that there are two sequences of strongly
positive segments, A1, Ag, ..., Ag and Aj, Al ..., A} which satisfy the conditions
in Theorem B4, i.e., A; = [V%p, vhipl, by < oo+ < by, and Al = [I/%p, I/b;p], b <
.-+ < bj. We have the following two embeddings:

(5.6) 0 0(A1) x §(Az) X -+ X §(Ak) X Ocusp

(5.7) o= §(A]) x §(AL) X -+ X 6(A]) X Tcusp-

Note that 6(A1) x6(Ag) x---x6(Ag) and 6(A}) x(A%) x - - - x (A]) are irreducible
since the segments are not connected in the sense of Zelevinsky. The embedding
(E70) implies that the Jacquet module of o with respect to the appropriate parabolic
subgroup has to contain the irreducible representation 6(A}) x §(A5) x--- x §(A]) ®
Ocusp- The transitivity and exactness of Jacquet modules, applied to (5.6, imply
that §(A]) x §(A5) X -+ X 6(A]) ® Oeusp is an irreducible member of p*(§(A1) x
I(Az) x -+ x 6(Ag) X 0cysp)- Theorem B4 implies that there are —% <@ <y < b
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such that
(5.8)

k l
T 58 (wa.nodet), v 3 3 (ws,..., odet)) x3([¥ +p, v ) = T] (13 p, % p))-
i=1 i=1

We compare the supercuspidal supports of both sides to get x; and y; for every
i =1,...,k. Since all the segments in the right hand side are strongly positive,
we first get =; = f% for every i = 1,...,k so that each segment [v ™" p ® (wo,,., ©
det),v=2 p® (Woeys, © det)] is empty for every i = 1,...,k. We also get k& > [
by comparing the supercuspidal support I/%p. Reversing the roles, we also get
l > k. Since y; +1 > % and k = I, we get y;, = f% for all 2 = 1,...,k by

comparing the supercuspidal support V%p. Therefore, the inequality (5.8) becomes
k k

H((S([I/%p, vbip))) > Hé([yép, VPp)). Since by < ... < b, by < ... < by and k =,
i=1 i=1

we also get b; = b], for every ¢ = 1,..., k. This proves the uniqueness in this case.
Again, in the case when a € {3Z — 1}, the proof is similar to [I7] and we construct
all the tools that we needed in Section Bl and [ and we, therefore, omit the proof in
this case. O

We, in Theorem (4] and Theorem [BE5 construct an injective mapping from
D(p; 0cusp) into the set of induced representations of the form (5.1 with refinement

*

on the unitary exponents as in Theorem 5.4l More precisely, let J ord(p a) when

a # %, stand for the set of all increasing sequences b1, ba, . .., by, where b; € R, b; —
a+k,—i€Zsofori=1,...,k,and =1 < by < by < -- <bk andletJord( 1
= ’2

stands for the set of all increasing sequences b, bh, ..., b}, where b, € R,b,—1 € Zxg
fori=1,...,kand —1 < b} < b <--- < b} for any non-negative integer k. So far,
we construct the following injective mapping:

D(p; 0cusp) — Jord’("pm

Now, it remains to describe the exact image of this mapping. Let Jord(, ) be same
as Jordz‘p’a) when a # 2 3 and let Jord, 1 be a subset of Jord( 1) with condition
k = 1. In what follows, we show that the image of this mapping is exactly Jord, )
In other words, we show the image is the set of induced representation of the form
BEllwith a; =a—k+1i, by <...<bg and k < [a] for any a € %Z. We first show
that the image contains Jord, q). Let b1, bz, ..., bx, denote an increasing sequence
appearing in Jord(, ,). We showed in Section [5.1] that the induced representation

(5.9) o[ et P pl) x S([ et P2 pl) - x 5([% p, v p]) X Ty

has a unique irreducible subrepresentation, which we denote by O by sbi )

We apply induction argument in [I7] to show that the above subrepresentation
is strongly positive and we don’t repeat the argument here.

Theorem 5.6. The representation O(by,.. bi i) 18 strongly positive.

It remains to show that the image is contained in Jord(, ). It is enough to

: _ 1 _ 1
consider the case a = 5 since Jord(, ,) = Jord’(kp,a) when a # 3.
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Let b}, b5, ..., b}, denote an increasing sequence appearing in J ordz‘ Again, we

p3)
showed in Section B that the induced representation 8([v2 p, 1% p]) x8([v2 p, 112 p]) x
- 8([v2 p, v’k p]) X Oeusp has a unique irreducible subrepresentation, which we

denote by ¢

L1y
(V) sbhs 3

*
(3.353)°

of u%p X l/%p X Ocusp, 5 not strongly positive.

Lemma 5.7. The representation o the unique irreducible subrepresentation

Sublemma 5.8. Suppose that V%p X Ocusp Teduces. Then 5([1/*%;), I/%p]) X Ocusp
reduces into a sum of two inequivalent irreducible representations.

Proof. Theorem B4 implies that rqr(3([v=2p, vz p]) x Ocusp) = 200([v=2p,v2p])
®acusp)+yépx V%p@)ocusp. The Lemma 3.8 (b) of [31] implies that §([v~2 p, 12 p]) x
Ocusp 18 either irreducible or a direct sum of two irreducible non-isomorphic represen-
tations since the multiplicity of 8([v =2 p, l/%p])@O‘cusp inrar(8([v-2p,v2p))x Ocusp)
is exactly two. So, it is enough to show that d([v=2p, v p]) x Ocusp reduces. We
use Remark 3.2 of [31] to show this. The transitivity of induced representations
and Corollary 71 imply that 5([1/*%;), V%p]) X Ocusp < V%p X V’%p X Ocusp and
l/%p X (5(V%p, Teusp) < l/%p X V%p X Oeusp = V%p X l/_%p X Ocusp-

Theorem [B4] implies that the multiplicity of ve p X ve P ® Ocysp in each of

11 1 1 1 1
rer(0([V "2 p, v2p]) X Ocusp), TaL (V2 pX0(V2p, Ocusp)) and Tar (V2 pX V2 p X Ocusp)
is one and that the multiplicity of 6([™ 2 p, V% p]) @0 cusp in each of ra (6([v~2 p, 2 p))
XOcusp) and rar, (1/% p X v~ P X Ocusp) is two and one respectively. This implies that
rar(0([v™2 p,v2 pl) X Ocusp) + 1L (V2 pX (V2 p, Ocusp)) £ TGL(VEPX VT E PN Ocusp)
1 1 1 1

and rqr(6([v"2p,v2p]) X Ocusp) £ TaL(VZp X V7 2p X Ocysp). Now we conclude

the reducibility from Remark 3.2 of [31]. This completes the proof of Sublemma
£8 O

Remark 5.9. Since raz(6([v2p, 2 p]) X Oeusp) = 20([V72 p, v p]) @ Oensp + 12 p X
I/%p ® Ocusp, Frobenius reciprocity implies that the irreducible subrepresentations,
say 71 and 7o, satisfy rqp(m) = 5([1/_%;), V%p]) ® Tcusp + V%p X V%p ® Ocusp and
TGL(TQ) = 6([1/_%@ V%p]) @ Tcusp-

Sublemma 5.10. Let p, 0cysp, 71 and 72 be as in Sublemma (.8 and Remark[5.9l In
the Grothendieck group, we have I/%p X 5(1/%;), Ocusp) = 5(1/%;), 5(1/%;), Ocusp)) + T1.
In particular, 7; is the unique irreducible subrepresentation of vt pXO (V% Py Tcusp)
(Here, 5(1/%;), 5(1/%;), Ocusp)) Tepresents the unique irreducible quotient, i.e., Lang-
lands quotient of V%p X 5(V%p, Ocusp))-

Proof. Stepl. 11 < V%p X 5(1/%;),05“5,,).

We consider V*%p X 5(1/%;), Ocusp)- We have V*%p X 5(1/%;), Ocusp) V*%p X
l/%p X Ocysp- Suppose that V_%p X (5(V%p, Ocusp) < 5(1/_%p7 l/%p) X Ocysp- However,
if we consider the following two Jacquet modules, this is not the case:

1 1 1 1 1 1
(5.10) rerL(v"ZpxI(W2p,0cusp)) =V IPXVIPQR Ocusp + V2P X V2P Q Ocusp

and

(5.11) ’I“GL(E(Viép, V%p) X Ocysp) = (25(V7%p, V%p) + l/iép X Vﬁép) ® Tcusp-
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This implies that there exists an irreducible subquotient 7 < v PXE (V% Py Tcusp)
such that 7 < 5(1/*%;), V%p) X Ocusp = T1 B T2.

Suppose that 71 £ I/_%p X 5(1/%;), Ocusp)- This implies that the intersection of
V*%p X 5(1/%;), Ocusp) and 5(1/’%;), V%p) X Ocusp 18 T2 and V*%p X 5(1/%;), Ocusp) —
79 < §(V72p, 12 ) X Oeusp which is a contradiction because of (5.10) and (5.1
Therefore, we conclude that 71 < V_%p X 5(V%p, Ocusp)-

Step2. The length of V%p X 5(1/%;), Ocusp) 18 two.

We consider TGL(V%p X 5(V%p, Ocusp)) = VTIpx l/%p@()’cusp +vIpx l/%p@()'cusp.
From this, we know that the length of V%p X 5(1/%;),05“517) is at most 3. Since
rerL(n) = 5([’/7%/% V%p]) & Ocusp T V%p X V%P ® Ocusp < TGL(V%p X 5(1’%/77 Teusp))
and 7ar (V2 p X (V2 p, Oeusp)) — rarn (1) = s([V72p, v2 p]) @ Opusp is irreducible, the
length is exactly 2.

Finally, since 5(1/%;), 5(1/%;), Ocusp)) is the unique irreducible quotient of I/%p X
5(V%p, Ocusp), T1 is the unique irreducible subrepresentation of l/%p X 5(V%p, Ocusp)-

Il

Proof of Lemma [5.7 The embedding V%p X 5(1/%;), Ocusp) < I/%p X V%p X Ocusp
implies the following embedding;:

0'( 1

1) < V%p X 5(1/%;),05“5,,).

[

)

[

Sublemma B I0implies that 021 11y =N which is a subrepresentation of §([v 2 p,
27272
I/%p]) X Ocusp Dy Sublemma Therefore, we have the following embedding;:

N 11 1 _1
O(1,1:1) — 6([v72p,v2p]) X Oousp > V2P XV 2p X Ocysp-

This implies that o is not strongly positive. |

(3:333)

=
=
NI

)

Lemma 5.11. The induced representation 6([v2p, % p]) x 6([v% p,v*2p]) X -+ x
§([vep, v pl) X vZpx - - X vZpx Ocusp has a unique irreducible subrepresentation.

Proof. Since §([v2 p, " p]) x 8([v2 p, ¥2p]) x - - - x 8([2 p, P pl) @uEpX -+ X VIp®
Ocusp 18 irreducible, it is enough to show that §([vep, V¥ p)) x 8([v2 p, P2 p]) X - - X
5([1/%;), Pk o) ® I/%p X e X V%p@) Ocusp @ppears with multiplicity one in the Jacquet
module of 5([V%p, Vb pl) xé([V%p, V2 pl)x - xé([ugp, vk pl) x vz px- - -xyépxacusp.
Exactness and transitivity of Jacquet modules imply that there exists an irreducible
representation 7 such that p*(5([v'2 p, % p]) x 6([v2 p, VP2 p]) X - - - x 8([v'2 p, V% p]) x
VEPX e X VB X Taysp) > 6([v5 p, ¥ p]) x B([12 p, vap]) x - x S([vE p, P p)) @,
where rqp(m) > I/%p X oo X I/%p ® Ocusp- Theorem B4 implies that there exist

% < af <yl < b} and f% <x; <y < % for ¢ = 1,...,k such that the inequal-
k k

. a3 ’ ' s 1 : 1

ity [0 p, v 2 p]) x 5w+ p, %) [T 6w " p, v 2 p]) x S([v¥ w2 p]) >
i=1 i=1

k
Hé([ug p,%p]) holds. The positivity of segments in the right hand side im-
i=1

plies that a} = % and z; = 7% for every ¢ = 1,...,k so that [V’z;p, V*%p] and

[v="ip, V’%p] are empty. Since V%p does not appear in the right hand side, y; = %
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for every i = 1,...,k so that [p¥itip, V%p] is empty. Comparing the supercusp-
idal support l/%p in both sides, we also get y; = % for every ¢ = 1,...,k. Thus
5([v2p,v lp]) x8([vip,v l2p]) X (5([V%p Vb;fp])®ﬂ' appears with multiplicity one
in g (8([4 . 1% p]) x 8([1E . 50]) X B([ ] X B X X V2 X Ty
Also, Theorem 34 1mphes that © < 1/2p X oo X 1/2p X Ocusp- Theorem [B.]] im-
plies that 1/2p X ooee X 1/2p X Ocusp has a unique subrepresentation which con-
tains u%p X oo X u%p ® Ocusp i an appropriate Jacquet module. Since rgr(m) >
l/%p X +ee X l/%p ® Ocusp and u%p X oo X u%p ® Ocusp appears with multiplicity one
in the Jacquet module of Ve pX e X ve P X Ocusp, ™ appears with multiplicity one

in the Jacquet module of v2Zp x -+ X vZp X Ocusp and m = S(wip, - ,vip; Ocusp)-
Finally, we get
8([v2 p, v pl) x 8([3 p, v%2p]) X -+ X 6([w 3 p, P p)) @ 3P X e X V3P © Teusp
= 3([v p, 14 p]) <3 (v p, ). xé([u%p, VP p)@rar(3dp, -+ VA 0i Oeusy))
= 5([vEp, vt p]) x 8([vEp, v¥2p]) x - x 6([vEp,v¥p]) @ rep(7)
which appears with multiplicity one in the Jacquet module of 5([V%p, i p]) X
5([V%p7 Vbép]) X X 5([V%p, Vb;cp]) X V%p X X V%P X Ocusp- U

Theorem 5.12. The representation o is not strongly positive when k > 2.

(0 nbfid)

Proof. Suppose that O‘(b, bl is strongly positive. Since each representation
vvvvv k12

v3p x 8([v p, ¥ p)) is irreducible for all i = 1,..., k, we have the following embed-
ding:
Uz};' bl 7 5([1’%/7 Vb/lp]) X 5([1’%%77 b;P]) = ([l/2p I/b;cp]) X Ocysp
6([u% A 6<[v%p, ) X sy
= o[ p, 1 p]) x 8([1Ep, 1Php]) X 1 p -+ x ([ p, P4 p)) Gy

[t

0w p, v p) X O(([w2 p, v p]) oo+ < 3([2 p, 1Y pl) X 2 p X Oy
3([v2p, vt pl) x 8([v3p,v%2p]) x vEp x - x 8([v p, 1Pk pl) X VEp X Oeusp

5(5([V%p, '1p])><(5([1/%p P2 pl) x X(S([l/%p Vb;vp])xyépx xyépxacuw
Since o 1 is the unique subrepresentatlon of VEpXVIpX Ocusp, Lemma [5.17]

implies the followmg embedding:

aZ‘b/ bk (—>5([1/%p,1/b11p]) ><1/2p><10777

21272

which implies that 02* 1 is strongly positive. This is a contradiction by Lemma

b7 O

5.3. Classification of strongly positive representations. Let p; be an essen-
tially self-dual irreducible supercuspidal representation of GL,, ( Yfori=1,...,k
and ocyusp € R(n') is an irreducible supercuspidal representatlon of Gy, ., (F). Let
D(p1,p2,. .., pr;0cusp) be the set of strongly positive representations whose super-
cuspidal supports are the representation o.ysp and twists of the representations p;
by positive valued characters for i+ = 1,...,k. Let a,, > 0 be the unique non-
negative real number such that v p; X o¢ysp reduces for each i = 1,..., &k ([29]).

w\»—A
w\»—A
N
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Furthermore, we assume that this reducibility point a,, is in 1Z (see (HI) of [20],
page 771).

Theorem 5.13. Let o be strongly positive representation in D(p1, p2,. .., Pk; Ocusp)-
Then o can be considered as the unique irreducible subrepresentation of the following
induced representation:

k ks

(5.12) (LTI 6+ pisv™” pi])) 3t sy

i=1j=1

where ki € Z>o, ki < fapi],by) > 0 such that b;i) —ap, € Lxo, fori=1,...,k
G=10.o ki Also, b <0l for1 <j <k —1.

Proof. Theorem and Theorem [B.I] implies that there exist strongly positive
segments Ay, Ag,..., Ay such that 0 < e(A;) < e(Ag) < --- < e(4y) and o =
(A1, A2, ..., Ay;0cusp). We describe these segments more precisely. Let I; :=
{n1,...,nk,} € {1,...,q}, for i = 1,...,k, be the index such that {A; | j €
I} C {A1,...,A,} is the set of segments whose partial supercuspidal supports are
twists of p; and e(0(Ap,)) < -+ < e(6(An,,)). Since 6(Ay,) x 6(Ay) is irreducible
for m ¢ I, and n € I;, the representation §(A1) x §(Az) X -+ X §(Ay) X Ocusp
is isomorphic to the representation (H 6(Aj)) X 0(Apy) X -+ X (A, ) X Ocusp-

J¢L
Since (A, - -, Anki ; Ocusp) 18 subrepresentation of §(Ay, ) X - - X 5(Anki) X Ocusps
o is the unique irreducible subrepresentation of the representation H 5(A;) x
J¢1;
§(Any,- ., Ay, i 0cusp). The strong positivity of o implies the strong positivity of
ki
§(Any,- ., Anys Ocusp)- When a,, # %, Theorem [B.4] implies that H 0(An;) =
j=1

ki

, 0)
H&([V“pﬁkiﬂpi’ybj pi]) which is of the form (EIZ). When a, = 3, we have
j=1

k‘i kq,

@
H 6(Ap,) = H 5([v%i pi, v’ p;]) which can be of the form (TI2) only if k; = 1.
j=1 j=1
Since o is strongly positive, Theorem (.12 implies that k; = 1 when a,, = % Since
i can be an arbitrary integer in {1,...,k}, the theorem follows. O

In the following theorem, we show the uniqueness of strongly positive segments
in the above theorem (.12]) as in the special case (Theorem [50]) in Section

Theorem 5.14. Suppose that the representation o can be considered as the unique
ko ki
b(”

irreducible subrepresentations of both representations (H H S([pei=kitd po b5 pi])) @
i=1j=1
L ' i @)
Ocusp and (H H S([™ TR v o)) Oeusp) as in Theorem I3 Then k =

i=1j=1
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k;
) (4
k' Ocuspy = 0 and S([pei =Rt p; VY5 p)|i = 1,...,k} is a permutation o
g cusp
j=1
—ki+j () .
{H5 Yol v P =1,.. .k}

Proof. We sketch the proof without repeating the whole arguments. The uniqueness
of the partial supercuspidal support implies that awép = Ocusp- We have the
following two embeddings:

k‘l k k‘l
. (1) ) (i)
(5.13) o = [ (o491, 05” pa]) s (LT TT 80~ i, 5" pi])) % sy
i=1 =2 75=1
kll (1) il k’ (4)
K+ 1 —K+
(5:14) o o> T80~ gy (LT L1607 5 1)
j=1 =2 j=1

In the same way as in the proof of Theorem m Theorem B4l implies that there

RO )
area,, —k;+j—1< :U < < b(z such that H H R T I D P

i=1j=1
() () &
S pi 1% pi])) > ([ ki 1 e p]). There exists i such that p; 2 pf.

Without loss of generality, we assume i = 1. Since p; 2 p} for I = 2,...,k, we have

k1
_.m _ . e € k41 (1)
LTG5 prv ot p]) (¥ o1, 0% i) > 6([" 1V ).
j=1
Now we are in the same situation as in Theorem Therefore, we conclude
that first segments in (BI3) and (I14) are same. Proceeding in the same way,

k1
‘ € "4 1) )

we conclude that H S([paer =Rty Wb p]) H 5(] klﬂp'l, v pl]). Since

j=1

(1) (i)
o= H5 i oy 2 HH5 ki v pl))) Opusps 0 the
i#l j=1

same Way as above, we conclude the theorem. (Il

Theorem and Theorem [B.14] imply that there exists an injective mapping
from D(p1, p2,-- ., Pk;Tcusp) into the set of induced representations of the form
(EI12). Since any strongly positive representation in R can be considered as the
elements in D(p}, ph, ..., p; Orysp) for some pi and or,,,. We can extend this
mapping to any strongly positive representation in R. Let SP be the set of all
strongly positive representations in R. To see this mapping explicitly, let us collect

the data from induced representation of the form (5I2). Let LJ be the set of

ko ks
(Jord,o') where Jord = U LJ{(pi7 by))} and ¢’ be an irreducible supercuspidal
i=15=1
representation in R such that
(i) {p1,p2,--.,px} C RI®" is a (possibly empty) set of mutually non-isomorphic
irreducible essentially self-dual supercuspidal unitary representations such that
v%ip; x o' reduces for aj,. > 0 (this defines aj, ),
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(ii) ki = [a,],
(iii) for each i = 1,2,... k, b(li), b(;), ceey b,i? is a sequence of real numbers such
that a),, — b € Z, for j =1,2,...,k;, and —1 < b{" <b3) <... < b,
Now, it remains to show that this mapping is surjective.

Theorem 5.15. The maps described above give a bijective correspondence between
the sets SP and LJ.

ko ki
Proof. Let (Jord, o) denote an element of L.J, where Jord = U U {(pi, bgl))}. Let
i=1j=1
ko ki , 0
o be the unique irreducible subrepresentation of (H H S([v R p 1% pg]))
i=1j=1
o'. Suppose that ¢ is not strongly positive. Then, there exists an embedding
o = Vip; X oo X VTp, X oo X USmp; w1 o’ such that s;, < 0. Without loss
of generality, we assume that i, = 1 since p;, € {p1,...,pn}. Frobenius reciprocity
implies that o contains v°'p; ® --- @ V¥ip; @ --- ® v*"p,;  ©® ¢ in its Jacquet
ko ks
P ki )
module. Since p, 2 p, for p # ¢ and o — (HH(S([Z/GP% it i 1% pg))) X

i=2 j=1
r (1) ’ D ) .
5[ Mty wh o1, [V p1, vk pr]; o), v py appears in the Jacqeut mod-
o (1) ’ bt .
ule of 8([p%r Ry W0 pi] - [ pr, v pi]; o). However, Theorem [5.6] im-
a

. r (1) ’ ) . .. .
plies that 6([v%e bt by 1], [P pr, s p1]; 0') is strongly positive which
is a contradiction. O

6. EMBEDDINGS OF DISCRETE SERIES AND ITS APPLICATIONS

The strongly positive representations can be considered as basic building blocks
for all discrete series representations (Theorem [6.2]). We apply ideas and adapt
some proofs from [I8, Chapter 3] to our situation and the GSpin case. Theorem
gives partial result of the first step in the filtration of admissible representation
(TI) and it has an interesting application on the proof of the equality of L-functions
through local Langlands correspondence ([16]).

Lemma 6.1. Suppose that o is an irreducible representation of Gy (F) which is not
a discrete series representation. Then there exists an embedding of the form o —
§([vp,vbp]) x o where a+b <0, p € RI*™ is an irreducible unitary supercuspidal
representation and o’ € R is an irreducible representation.

Proof. Suppose that o is an irreducible representation of G, (F) which is not a
discrete series representation. In the same way as in the proof of Theorem [(5.3], we
conclude that there exist a sequence of segments Aq, -, Ay satisfying e(A;) <
.-+ < e(Ag) and an irreducible supercuspidal representation oeusp € R such that
we have 0 — §(A1) X -+ X 6(Ag) X Ocusp- A slight variation of Casselman’s square
integrable criterion for GSpin groups ([I4, Proposition 3.8 and 3.9]) implies that
e(A1) <0. Now Lemma 3.2 of [20] finishes the proof. O

Theorem 6.2. Let o denote a discrete series representation of Gy (F). Then there
exists an embedding of the form

o = 6([v™ p1, V" pi]) X 6([V°2 pa, P2 pa]) X - X S([W T pr, VP pr]) M Oy
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where a; < 0,a; +b; > 0 and p; € RI" is an irreducible unitary supercuspidal
representation for i =1,...,r, where 05, € R is a strongly positive representation
(we allow k= 10).

Proof. We briefly explain the main ideas of the proof. Let o be a discrete series
representation of G,,(F). If o is strongly positive, the theorem follows with & =0
and o = o0,p. Suppose that o is not strongly positive. In the same way as in
the proof of Theorem (3] we conclude that there exist a sequence of segments
Ay, Ay satisfying e(Ay) < --- < e(Ag) and an irreducible supercuspidal rep-
resentation oeysp € R such that we have 0 < 0(A1) X -+ X 0(Ag) X Ocysp. Write
A; = [v%ipy, vbi pi], where p; € R9°" is an irreducible unitary supercuspidal repre-
sentation for i = 1,...,k. Let a := min{a; | 1 <i < k}. Since we assume that o is
not strongly positive, a < 0. Let j := min{i € {1,...,k} | a;, = a}. We have b; < b;
forl=1,...,j—1since e(A;) < e(A;) fori=1,...,57—1. This implies that A; and
A; are not connected in the sense of Zelevinsky for { = 1,...,j — 1. Therefore, we
obtain o < §(A;) X 6(A1) X §(Ag) X -+ X §(Aj_1) X §(Aj11) X -+ X 6(Ag) X Ocusp-
Lemma 3.2 of [20] implies that there exists an irreducible representation o1 € R
such that o < 6(A;) x o1. We show that oy is discrete series. Suppose that
o1 is not discrete series representation. Lemma [6.1] implies that there exists an
embedding of the form o1 < d([v* p,v?' p]) % o', where a/ + b < 0. Therefore,
o < §([v¥pj, % pj]) x §([v¥ p,v¥ p]) x o’. Since a; is the minimum of unitary
exponents, a; < a’. The inequality a’ + b < 0 < a; + b; implies that [v% p;, % p;]
and [ p, ¥ p] are not connected in the sense of Zelevinsky. Therefore, we have
o &([v" p, v p]) x 8([v% p, V¥ p]) x o/ which is a contradiction since o is discrete
series. We conclude that o; is also discrete series representation. If o is strongly
positive, the theorem follows with k = 1 and ocysp = 01. If not, in the same way as
above, o1 can be embedded into the representation d([v%’ p;r, 1%’ p;r]) X o2, where
ajr <0, aj + by > 0 and oy is discrete series. We repeat this argument until we
get strongly positive. Then, theorem follows. (I

APPENDIX A. STRONGLY POSITIVE REPRESENTATIONS IN AN EXCEPTIONAL
RANK-ONE REDUCIBILITY CASE

BY IvAN MATIC

The purpose of this appendix is to provide a proper treatment of an exceptional
case which appears in the investigation of strongly positive discrete series in [17].
As in [I7], we choose to work with metaplectic groups, but the same arguments can
be used in the classical or GSpin group case.

Let 0 € D(p,0cusp) denote a strongly positive discrete series of a metaplectic
group over a non-archimedean local field F' of a characteristic different than two,
0 # Ocusp- Also, we suppose that p is a self-dual irreducible genuine cuspidal rep-

—_~—

resentation of GL(I, F'), a two-fold cover of the general linear group. Further, let
0 =0(A1,A9,...,Ak; 0cusp), 1.€., we realize o as a unique irreducible subrepresen-
tation of the induced representation of the form

(A1) X 6(Az) X -+ X §(Ak) X Ocusp,
where A1, Ao, ..., Ay is a sequence of strongly positive genuine segments satisfying
0 < e(Ar) < e(Ay) < -+ < e(Ar). Let us write A; = [v%p,vbip], i =1,2,... k.
The following result complements Theorem 4.4 of [I7].
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Theorem A.1l. Suppose that v°p X Ocysp reduces for s = % Then k = 1 and

1
(l1:§.

Proof. Strong positivity of ¢ and assumption of the theorem immediately give ay =
1

’ Observe that o is a subrepresentation of §(Aq)x- - X 0(Ag—2)X0(Ak—1, Ak; Ocusp)-
Thus, it is enough to prove that 6(Ag_1, Ag; Ocusp) is n0t strongly positive, i.e., to
prove k # 2.

Suppose, on the contrary, k = 2. Then we have an embedding o < §([v% p, 1" p]) x
5([v2 p, v p)) X Oeusp. If ag > 1 we get by < by and in the same way as in the proof
of Theorem 4.4 from [I7] we obtain a contradiction with the strong positivity of o.

It remains to consider the case a1 = %

We will first show that there are no strongly positive irreducible subquotients of
vzp % 6([vzp, P2 p); Ocusp), using induction over by — 1.

First, it can be seen in the same way as in discussion preceding Proposition 3.12
of [9] that the representation % p X §(12 p; G eusp) does not have a strongly positive
irreducible subquotient (it contains two irreducible subquotients, the Langlands
quotient and a tempered representation).

Further, the representation m = V%p X (5([V%p, V%p]; Ocusp) does not have a
strongly positive irreducible subquotient since we have:

1 103 _1 13

TGL(F) =VvipX (5([Z/2p, V2p]) & Ocusp TV 2p X 5([V2p71/2p]) ® Ocusp

1 L3 1 L3
T(l)(ﬂ-) =vIipQ® (5([1/2p, V2P]§ Ucusp) +v 2p® (5([1/2p, V2p]; Ucusp)+
I/%p QvE x 5(1/%;); Tcusp)-
If ¢’ is some strongly positive irreducible subquotient of 7, then obviously rg (o) >
1 L3 . , . . ;

vipx §([v2p,v2p]) ® Ocusp, but this implies that r;)(o”) contains some irreducible
subquotient of V%p ®vt 5(1/%;); Ocusp), contradicting strong positivity of o’.

Let us now suppose that the representation I/%p X 5([1/%;), V™ pl; Ocusp) does not
have a strongly positive irreducible subquotient for m < bg. We study the in-
duced representation T = v2px § ([l/% ps V% pl; Oeusp)- Similarly as in the previously
considered case we have:

1 1 _1 1
TGL(T") =vzpX 5([V2p7 kap]) Q Ocusp TV 2pX 5([V2p7 kap]) & Ocusp
1 1 1 1
ray(m) = v2p@8([v2 p, v pl; Oeusp) + v 2 p @ 6([VZ p, V7 pl; Geusp)+
1 1 _
VP p @ vE 3 8([v2 p, v T pli Ocusy)-

Using the inductive assumption, in completely same way as in the case by = % we
deduce that 7 does not contain a strongly positive irreducible subquotient.

Now, suppose that strongly positive discrete series o is a subrepresentation of
§([vzp, " p)) » 8([vz p, P2 pl; Ocusp), Where by < by. We have

o= 5([V%p, Vblp]) x V%P X 5([V%97 Vb?P]QUcusp)-

There is some irreducible representation 7 such that o < §([v%p, % p]) x 7.
Since o is strongly positive, 7w also has to be strongly positive. Also, Frobenius
reciprocity gives p*(o) > 5([V%p7 v*1p]) ® 7. Using the structural formula for u*,
we get T < vIp X (5([V%p, V2 p]) X 12 p X Ocusp- Since 7 is strongly positive, looking
at Jacquet modules with respect to Siegel parabolic subgroup first we obtain m <
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V2 px8([v2 p, 72 p]) X6 (12 p; Oeusp). Since 8([12 p, 1P pl; O eusp) is the only irreducible
subquotient of 8([v'2 p, v?2p]) x 6(v2 p; Ocusp) Whose Jacquet module with respect to
Siegel parabolic subgroup contains only representations of the form ' ® o¢ysp With
no v*p, x < 0, appearing in the cuspidal support of #’, it follows that 7 is a
subquotient of 12 p x 5([V%p, VP2 pl; 0eusp), a contradiction.

Therefore, £k = 1 and the proof is complete. O
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