The unitary dual of p-adic SO(5)

Ivan Matié

Abstract

Let F be a p-adic field of characteristic zero. We investigate the composition
series of the parabolically induced representations of SO(5,F) and determine the

non-cuspidal part of the unitary dual of SO(5, F).

1 Introduction

Let F' be a p-adic field of characteristic zero. We investigate the com-
position series of the parabolically induced representations of the split
connected group SO(5, F') and determine the set of equivalence classes of
irreducible unitarizable representations of SO(5, F'), i.e., we determine the
unitary dual of SO(5, F') modulo cuspidal representations. The problem
of determining the unitary dual of a reductive group is one of the most
important problems in representation theory, with numerous applications
in harmonic analysis and the theory of automorphic forms. Similar exam-
ples of unitary duals of some other low - rank groups can be found in [11]
(for the groups Sp(4) and GSp(4)) or [8] for the simply connected split
group of the type Gs.

Here is an outline of the paper. First we introduce some notation
related to classical groups which is used through this paper and recall
the basic results of the representation theory of these groups. In the
third section we determine the unitary dual supported in the minimal
parabolic subgroup. The method that we use is that of Jacquet modules
([4], [11], [15]) enhanced by intertwining operator methods ([8], [10], [12]).
In the last section, which is included for the sake of completeness, we have
an analysis of representations with cuspidal support in the other two
parabolic subgroups. It follows completely from the results of Shahidi
[12].

The author wishes to express his gratitude to Prof. Goran Mui¢ and
Prof. Marcela Hanzer for suggesting the problem and for many stim-
ulating conversations. The author would also like to thank the referee
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for reading the paper very carefully and helping to improve the style of
presentation.

2 Preliminaries

Let F be a p-adic field of characteristic zero and G the F-points of a
reductive group defined over F'. We denote by R(G) the Grothendieck
group of the category of all admissible representations of finite length of
G. If o is an admissible representation of finite length of GG, then we write
s.s.(o) for its semi-simplification in R(G), but in computations we just
write o instead of s.s.(o).

Let GL(n, F) be the general linear group of type n x n with entries in
F., and I, the identity matrix in GL(n, F'). For some g € GL(n, I'), the
transposed matrix of ¢ is denoted by ‘g and the transposed matrix with
respect to the second diagonal is denoted by "g. The group SO(2n+1, F')
is the group of all (2n + 1) x (2n + 1) matrices over F' with determinant
equal 1, and which satisfy "gg = Io,+1. Let R(S) = @, R(SO(2n +
1, F)). )

The modulus of F' is denoted by | |[r. We denote by v the pos-
itive valued character g — |det(g)|r of GL(n,F). Define R as R =
D,-0 R(GL(n, F)). If 7 is a representation of GL(n, F') and 0 < k < n,
the normalized J acquet module of m with respect to the standard parabolic
subgroup whose Levi factor is GL(k, F') x GL(n — k, F') is denoted by
Ty (m). If w1 is an admissible representation of GL(k, F') and m, an ad-
missible representation of GL(n — k, F'), we write m X my for the repre-
sentation of GL(n, F') that is parabolically induced from m; ® 7.

We fix a minimal parabolic subgroup P,,;, of SO(2n + 1, F) consist-
ing of all upper triangular matrices in the group. A standard parabolic
subgroup P of SO(2n + 1, F) is a parabolic subgroup containing P,,;,.
Recall that an ordered partition of m € N is a tuple of the form a =
(ny,n9,...,ng) with ny,ng, ... ,nx € Nand ny +ns + -+ -+ np = m. The
set of all proper standard parabolic subgroups of SO(2n+ 1, F') is in one-
to-one correspondence with the set of ordered partitions of all m with

0 < m < n. We describe this correspondence. If a« = (ny,ng,...,ng)
is an ordered partition of such an m, then (ni,no,...,ng, 2(n —m) +
1,ng, ..., n2,nq) is an ordered partition of 2n + 1. Define my; = ny, my =



Mg, Mk = Ny M1 = 2(n — M) + 1, Mo = Ny M3 = Np—1, -+, Mag1 =
ni. Now (mq,ma, ..., moks1) is an ordered partition of n. Let P, be a
parabolic subgroup of all block - upper triangular matrices p in group
SO(2n+ 1, F) such that p = (p;)1<i j<ok+1, Dij 1S an m; X m; matrix and
pi; 1s a zero matrix if ¢ > j. P, admits a Levi decomposition P, = M,N,,
where M, = {diag(gs,..., 96,07 g5 .., 97") © gi € GL(m;, F),h €
SO2(n—m)+1,F)} and Ny, ={p € Py : psi = Iy, }

Let 7; be a representation of GL(n;, F'), 1 < i < k, and o a representa-
tion of SO(2(n—m)+ 1, F'). Then we consider m; ® - - - @ 7, ® 0 as a rep-
resentation of M,: m ® - ®@m @ o(diag(gy, -, gk, BT g - g1 1Y) =
m(g1) ®- - @m(gx) @ o(h) and extend it trivially across N, to the repre-
sentation of P, which we denote by the same letter. Normalized induction
is written as m; X -+ X M, X 0 = [ndgf("’F)(m ® - @M ®0). In this
way we get a group homomorphism R(M,) — R(SO(2n+ 1, F)).

If o is a representation of SO(2n+ 1, F'), the normalized Jacquet mod-
ule of ¢ with respect to P, is denoted by s,(c). In this way we get a
group homomorphism R(SO(2n + 1, F')) — R(M,).

It is worth pointing out that the representations m x ¢ and 7™ x ¢
have the same composition factors and TXNO~TNG (where ™ denotes
contragredient).

For each irreducible essentially square integrable representation ¢ of
GL(n, F) there is an e(§) € R such that § = v*®§% where §* is unita-
rizable. We use the letter D to denote the set of equivalence classes of
all irreducible essentially square integrable representations of GL(n, F),
n>1. Let Dy = {6 € D :e(0) > 0}. Further, let 6y,...,0; € D, such
that e(d1) > e(d2) > -+ > e(dx) and o an irreducible tempered represen-
tation of SO(2n+1, F'), n € N. Then the representation d; Xy X+ - - X I X
has a unique irreducible quotient, which we denote by L(d1, s, ..., 0, 0).
Every irreducible representation m of SO(2n+1, F'), n € N, is isomorphic
to some L(d1,09,...,0k,0).

Let 7 be an admissible irreducible representation of SO(2n+ 1, F') and
let P, be any standard parabolic subgroup minimal with respect to the
property that s,(m) # 0. Write a = (nq,...,ng), where « is partition of
m < n. Let ¢ be any irreducible subquotient of s, (7). Then we write
C=p1 0P & p&p.



If all of the following inequalities

nie(pr) > 0,
nie(p1) + nae(p2) > 0,

nie(pr) + nae(p2) + - +nge(pr) > 0

hold for every oo and o as above, then 7 is a square integrable represen-
tation. Also, if 7 is a square integrable representation, then all of given
inequalities hold for any « and o as above. The criterion for tempered
representations is given by replacing every inequality above with >.

Since SO(2n + 1, F') is a connected reductive group, let f : Spin(2n +
1,F) — SO(2n+1, F) be the central isogeny, where Spin(2n+1, F) is the
simply - connected double covering of SO(2n + 1, F') as algebraic groups
(for details see [13]). In the exact sequence

1 — {£1} = Spin(2n + 1, F) -1 SO(2n + 1, F) - F*/(F*)?

the homomorphism ¢ is called spinor norm. Let 7" be the maximal
torus of SO(2n + 1,F), T ~ {(x1,...,2,) : x1,...,2, € F*} and
Slp(ze, ... mn) = (w1 2,)(F*)% This implies that |7 is an epimor-
phism and gives its description on T'. For n = 1, f gives the isomorphism
SO(3,F) ~ PGL(2,F). The spinor norm ¢ implies that every charac-
ter of F*/(F*)? (i.e., every quadratic character) can also be viewed as a
character of SO(2n+ 1, F'). So, for instance, if ¢ is a quadratic character
and ap, a0 € R, vM(¢ X v*2( x 1 >~ ((v™ x v* % 1).

Here and subsequently, Sts and 14 denote the Steinberg and the trivial
representation of some reductive group G.

Proposition 2.1 ([5], Proposition 3.1) Let x, x1, x2 and ¢ be characters
of F*, where (* = 1px (i.e., where  is a quadratic character).

The representation x1 X X2 of GL(2, F) reduces if and only if x1 =
vy, We have: V%X X y_%x = XStare) + xlare)-

The representation x x 1 of SO(3, F) reduces if and only if x* = v+l
We have: V%C x1= CStSO(3) + C150(3)-

Remark From now on, (ﬁ) stands for the set of unitary characters,
while (F*) stands for the set of not necessarily unitary characters.



3 REPRESENTATIONS WITH SUPPORT IN MIN-
IMAL PARABOLIC SUBGROUP

3.1 Non - unitary dual

First we have to see when representations induced from minimal parabolic
subgroup reduce. It is well known that unitary principal series for SO(2n+
1, F') are irreducible [6], so we investigate non-unitary principal series.

The following proposition can be proved in the same way as in section 7
of [15].

Proposition 3.1 Let x1,x2 € (}/*:X) The non-unitary principal series
X1 X X2 X 1 is reducible if and only if at least one of the following holds:
(1) xi' =v*xe

(2) xi = v¥2C, for some i, where (2 = 1px.

In the next two propositions, we determine the admissible dual sup-
ported in the minimal parabolic subgroup.

Proposition 3.2 Let x € (ﬁ), seR, s>0 Ce€ (F/’\X) such that
¢? = 1px. The representations vixStare) X 1 and v°xlarpe x 1 are
irreducible unless (s,x) = (1,¢1) or (s,x) = (0,¢1), where (2 = 1px. In
R(S) we have I/SJ’%X X VS_%X X1 =1vxStarey @ 1+v°xlare) x 1. Also, if
(s,x) # (1,61) and (s, x) # (0,G1), then v*xStare x1 = L(v*xStare), 1)
and v*xlare) ¥ 1 is the Langlands quotient of VS+%X X ys_%x X1, e,

L(VS+%X7 VE_SX_lu 1) ZfS < %7
Vxlare @ 1=4q L(vx,x x 1) if s =3,
L2y, "2y, 1) if s> 1.

The representations v°x X (Stsos) and v°x X (lgos) are irreducible
unless (s, x) = (£,¢) or (s,x) = (3,(2), where (3 = 1px. In R(S) we have
VY Xv3( K1 = 15y X (StsoE) + v x X (lsoem). Also, if (s,x) # (2,¢) and
(5,X) # (3,C2), then v°x x (Stsos) N L(v°x,CStso)) and v°x x (lso)
is the Langlands quotient of v°x X v2( x 1, i.e.,

L(v:¢,xx1) ifs=0,
vx % Clsow = 4 L, vy, 1) if0<s <3,
L(v*x,v2¢, 1) if s> 4.



Proposition 3.3 Let (,(1, ¢ € (FX) such that (2 = (2 = (2 = 1p«
(C1 # (2). The representations (larey X 1, (Stare) % 1, I/%C X (lso)
and I/%C X (Stso) are reducible and V%C X IJ%C X 1 is a representation of
length 4. The representations (Stgre) X 1 and I/%C X (Lgog) (respectively,
I/%C X (Stso)) have exactly one irreducible subquotient in common. That
subquotient is tempered, and is denoted by T (respectively, 15). In R(S)
we have:

Clan@ ¥ 1= L(v2¢,v2¢, 1) + L(vz¢, (Stsow),

(Stare) X 1 =1 + 7,

va¢ % Clsoe = L(v2¢,vic, 1) + 1,

va( % (Stso) = L(v2(, (Stsowm) + -

The representations I/%C X (1s0(3), 1/2(’ X (Stso@m), vClarne) X 1 and
v(Stare) ¥ 1 are reducible and V%C X m( x1isa representatzon of length
4. In R(S) we have:

V3¢ x Clso@) = (lsos) + L(v(Stare), 1),
V2¢ % CStso) = CStsow) + Lv2¢, CStsow),
vClare * 1 = Clsos) + L3¢, CStsow),
VgStGL(Q x 1= §5t50(5 + L(VgStGL(Q )

The representations 1/2(’2 X Cilgoe) 1/2(2 X (15tso3), I/%Cl X Colsos)
and V2C1 X (25tso(3) are reducible and 1/2C1 X u§g2 X 1 s a representation
of length 4. The representations V%Q X (2Stsos) and I/%@ X (15tso(s)
have exactly one irreducible subquotient in common. That subquotient is
square-integrable, we denote it by o. In R(S) we have:

V3G % Glso = L(ve, GStsog) + L(u%cl, v2y, 1),
V2C2 X (1StsoE) = (V2427C15t50(3))

V2C1 X Golsom) = L(v2¢y, (1550 @) + L(V2C1> V2, 1),
V3¢ X G2Stso@) = L(v3(, G2Stso)) + 0.

This proposition is proved by Jacquet module methods, following the
approach of Sally - Tadi¢ [11] and using some results of Jantzen [5] and
Mui¢ [9]. In particular, the induced representations v*xlgr2) 1 and
v¥x X 1go(3) are decomposed in [5].

3.2 Unitary dual

We write 7 for the complex conjugate representation of a representation
7. An irreducible smooth representation 7 is called Hermitian if 7 = 7.



In the same way as in [15], we get:
L((61,...,0n,0))~ = L((1,...,0,,0)) and
L((01,...,00,0))" = L((01,...,0,,0))

The proof of the next proposition is straightforward.

Proposition 3.4 Let x,(, (1,6 € (FX) such that (> = (2 = 1px,i=1,2
(C1 # C2). Let oy, 9 > 0. The following families of the representations
are Hermitian and they exhaust all irreducible Hermitian representations
of SO(5, F') which are supported in the minimal parabolic subgroup.

(1) irreducible tempered representations supported in the minimal parabolic

subgroup,
(2) L{vox,vox 1) X* # 1px,
(3) L(v¢,x % 1), X* # 1px,
(4) L(v alCI v*2(y, 1), L(v™(,v*2(, 1),
(5) L(v*Ci, G @ 1), L(v*(, ¢ x 1),
(6) L(v Cl,C25tso ), L(v°¢, CStso)),
(7) L(v*(Stare),1).

We take a moment to recall some well-known complementary series.
For GL(2, F), the complementary series is v*x X v~%x, x € (ZE\X), 0<
a < 3. For SO(3, F), the complementary series is v*¢ 11, ¢ € (ﬁ) with
C=1p, 0<a<s.

Theorem 3.5 Let x,(, (1, € (F/’\X) such that ¢ = (¢ = 1px, i = 1,2
(1 # (o). The following families of representations are unitary and they
exhaust all irreducible unitary representations of SO(5, F') which are sup-
ported in the minimal parabolic subgroup.

(1) irreducible tempered representations supported in the minimal parabolic
subgroup,

(2) L(rx,v*x 1), 0 <a < g x> # Lpx,

(3) LA x % 1), 0<a <,

(4) L(v™ G, v°2(G, 1), L(v™ (v, 1), as < o, ag < 4,

(5) L(v*C1, G2Stsoe)), L(v*¢,¢Stsowm), a < 3,

(6) L (uzc,u%c,n = (Lso).
Proof: The representations in groups (1) and (6) are obviously unitariz-
able.

The unitarizability of the representations in (2) and (3) follows since
the representations in these two families are unitarily induced from either



representations in the complementary series or representations in the ends
of the complementary series (noting that representations which occur in
ends of complementary series are unitarizable by the results of Milici¢ [7],
see also [14]):

Since v¥y x v~ %y x 1 and y x v*( x 1 are irreducible for 0 < o < %, we
have L(v*x,v*x ™1, 1) @ vy x v x 1,0 < a < £ and L(v*(, x x 1) ~
XXXl 0<a< % For o > % the representations vy x vy ~! x
1 are v*( x x % 1 are irreducible and never unitarizable because their
matrix coefficients, which can also be estimated from Jacquet modules, are
unbounded for o > % For a = %, we get unitarizability of all irreducible
subquotients since the corresponding representations are in the ends of
complementary series, and those are L(V%X, yéx‘l, 1) = xlgre) x 1 and
L(vz¢,x »x 1) = x % (lsog).

Now we turn our attention to cases (4) and (5). We investigate the two
pieces separately and consider only the parts where a; > o (if g >
then we can switch them).

(i) Let C1 # Co.

For a; # % and g #
reducible. For a; = a»

% the representation v*'(; x v*(y x 1 is ir-
= (0 we have the unitarizable representation
(1 X (o ¥ 1. Now we see, in a standard way, what happens in a neighbor-
hood of zero.

Let w € W be the longest element of the Weyl group of SO(5, F'). We
denote by A(aq, s, (1, (o, w) the standard long intertwining operator,
Alaq, ag, (1, G, w) : v X 20 x 1 — v x v7*2( x 1. The image
of A is isomorphic to L(v*'(y,v*2(s,1) and L(v*'(y,v**(s, 1) is hermi-
tian. Next, we realize the 2-parameter family of hermitian representations
KXot as = V¥ X V¥ X 1, ag > g > 0 on the same space X, compact
image of induced representations. From this, we get a continuous family
of hermitian forms:

<f> g>a17a2 = / ©) A(Oél, g, C1> C2> w)fa17a2(k)ga17a2(k)dk; f> g € X
505 o]

where f,, ., and ga, a4, are the sections of f and g while o is the ring of the
integers in F' (SO5(0) can be replaced with any good compact subgroup
of SO5(F)). All forms (-, )4, .0, are Xo, ap-invariant and non-degenerate
on L(v* (3 x v*2(s x 1). Fix ay,ay and form the 1-parameter family of
hermitian representations X; = Xiq, ta,, t = 0; then choose a polynomial



P(t) with real coefficients such that A(t) = P(t)A(ta, tas, (i, (o, w) is
holomorphic and non-zero for ¢ > 0. In this way we get continuous family
of hermitian forms

b= [ AOAWE g € X
SOs5(0)

We may, and we do, assume that X is positive definite. This implies that
the form (-, -); is positive definite in some neighborhood of t = 0, until X,
becomes reducible.

We conclude:

e for oy < %, the representation v*'(; x v*2(y x 1 is irreducible and
unitarizable, v (; x v*2(y x 1 = L(v*' (1, v*2(s, 1)

e for ay > % and ap # %, the representation v*'(; x v*2(y x 1 is

irreducible and never unitarizable

e for a; = %, all irreducible subquotients are unitarizable, v*1(; X
V2 (ox1 = 12X StsoE) + U2 X lso@), ie., L(v ¢, (1Stsos))

and L(v2(;,v%(s, 1) are unitarizable for o < 3

e for ay > % and ag = %, the representations v*1(; X (2Stso3) =
L(v*1 (1, (2Stsoes)) and v*1 ¢ ¥ Glgos) = L(v™ ¢, I/%Cg, 1) are irre-
ducible and never unitarizable.

&,

12

12 o

Figure 1

(ii) Let ¢ = G2 = (.

The representation v*'( xv*2( x1 reduces for oy = %, Qg = %, a1—Qg =
1, Oég—Oq:l, a1+a2:1.

We investigate the unitarizability of representations belonging to areas
on Figure 2. Unitarizability of representations which belong to I follows
in the same way as in (7). The point 7'(2, 1) corresponds to Vi xva( N1,

. .. . 3 1
which we know is isomorphic to ((r2z x vz x 1).



vE(xvEC a1 = (Stso +L(v3(, (Stsow) +(lsom + L/ Starw), 1),

v(Star@ X 1 = (Stsos) + L(v(Starw), 1),

vClar@ ¥ 1= Clsos) + L(v2¢, (Stsog)-

The results of Casselman [3] imply that exactly one of the irreducible
subquotients of the representation v(Stgr) % 1 (resp., v(lgrz) x 1) is
unitarizable. More precisely: (Stsoes) and (lgo(s) are unitarizable, while
L(v(Star2),1) and L(V%C, (Stso(s)) are non-unitarizable. Because there
are some non-unitarizable irreducible subquotients of V%C X V%C x 1, it
follows that there are no unitarizable representations in II, ITI, IV and V
(the point T is contained in closures of all of this regions). Applying the
same argument, we get that there are no unitarizable representations on
the line ap = %, from a; = % to ap = %

For the final part, we take a look at representations on the line oy —an =
1, from the point (1,0) to the point 7. At the point (1,0) we have the
representation v( x ¢ X 1 so Proposition 3.2 implies that we have two
continuous families of irreducible representations: r*(Stgre) % 1 and
v*(lare) % 1, % < «a < 1. If there is some % < (B < 1 such that the
representation v°¢ Star2) ¥ 1 is unitarizable, then all the representations
v*(Stgr) * 1 are unitarizable, for all % < a < 1. If all these repre-
sentations were unitarizable, then also all the irreducible subquotients of
v(Star(2) ¥ 1 would have to be unitarizable, but that contradicts the non-
unitarizability of the representation L(v(Stqr(2),1). This implies that all
the representations v*(Stgr2) ¥ 1 are non-unitarizable for % <a<l In
the same way we also conclude that all the representations v*Clgr2) % 1
are non-unitarizable for % < a < 1. Now we directly get that the irre-
ducible subquotients of ¥( x ( x 1 are non - unitarizable and there are no

unitarizable representations in VI. (see Figure 2) |

(XZ
32 1

I
]
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I

» v
112 1 312 &

Figure 2
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4 REPRESENTATIONS WITH SUPPORT IN OTHER
PARABOLIC SUBGROUPS

First we consider the case of the representations which have cuspidal sup-
port in Pp). The representations listed in the next proposition exhaust all
the irreducible unitary representations of SO(5, F') which are supported
in P(Q).

Proposition 4.1 Let p be an irreducible unitarizable supercuspidal rep-
resentation of GL(2, F). There is at most one s > 0 such that v°p x 1
reduces.

(i) If p # p then p x 1 is irreducible and unitarizable. Also, the repre-
sentations v°p x 1, s > 0 are irreducible and never unitarizable.

(it) If p = p and p x 1 reduces (that is the case when w, = 1, where
w, denotes the central character of p ), all of the representations v°p x 1,
s > 0 are non - unitarizable.

(1it) If p = p and p x 1 is irreducible (that is the case when w, # 1),
then the unique s > 0 such that the representation v°p X 1 reduces equals
%. For0 < s < % the representation v°p x 1 ~ L(v°p, 1) is unitarizable,
while it 1s never unitarizable for s > % All irreducible subquotients of
Vi p X 1 are unitarizable.

The unique s > 0 such that representation v°p x 1 reduces is obtained
by determining the poles of the Plancherel measure, which in this case
coincide with the poles of

L(1 = 2s,p, Sym®py) L(1 + 25, p, Sym?p,)
L(2s, p, Sym?py) L(—2s, p, Sym?ps)

(this quotient is equal to the Plancherel measure p(s, p) up to a monomial
in ¢°%).

Now we consider the case of the representations which have cuspidal
support in Fy). The representations listed in the next proposition ex-
haust all the irreducible unitary representations of SO(5, F') which are
supported in Fy).

Proposition 4.2 Let y € (ﬁ) and let o be an irreducible unitarizable
supercuspidal representation of SO(3, F) ~ PGL(2, F) (observe that o is

generic). There is at most one s > 0 such that v¥x X o reduces.

11



(1) If x # X1, x X o is irreducible and unitarizable, while v*x X o is
irreducible and non - unitarizable for s > 0.

(it) If x = X', then v°x x o reduces only for s = 1. For0 < s < 3
the representation vx X o ~ L(v®x, o) is unitarizable, while it is never
unitarizable for s > % All irreducible subquotients of V%X X o are unita-

rizable.
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