Levi subgroups of p-adic Spin(2n+1)

Ivan Matié

Abstract
We explicitly describe Levi subgroups of odd spin groups over algebraic clo-

sure of a p-adic field.

1 Introduction

Let F' be an algebraic closure of a p-adic field. For n € N, let Spin(2n +
1, F) be the split simply-connected algebraic group of type B,,. Spin(2n+
1, F') is a double covering, as algebraic groups, of the odd special orthog-
onal group SO(2n + 1, F'). In the representation theory, it is very im-
portant to know what the Levi subgroups in considered group look like.
In some other classical groups, such as already mentioned SO(n, F'), the
Levi subgroups are isomorphic to a product of some general linear groups
and another SO(m, F'), where m < n, i.e. product of some general linear
groups and classical group of a smaller rank and of a same type. But,
this is not the case for spin groups, which implies that some different
techniques for investigating these groups have to be used. Examples of
Levi subgroups of Spin(5, F') can be found in [2], so we assume n > 2.
Here is an outline of the paper. Section 2 presents some preliminaries,
mainly from [3] and [6]. In the third section, we have case-by-case con-
sideration of Levi subgroups. The same method was used by Asgari in [1]
to determine the Levi subgroups of a simply-connected group of type Fj.
The author wishes to express his thanks to Prof. Goran Mui¢ and Prof.
Marcela Hanzer for their active interest in the publication of this paper.
The author would also like to thank M. Asgari for useful discussions about

G Spin groups.

2 Preliminaries

Fix a maximal torus T of Spin(2n + 1, F') and a Borel subgroup B con-
taining 7. The based root system associated to (Spin(2n + 1, F), B, T),



(X, %, XV, 3V), is given by

X:Z‘el@Z@@'“@Z@nl@Zw

XY =1Z(e] —ey) ®Lley —e3) -+ B L(e,y —e,) & L2e,

Let ¥ = {ai,as,...,a,} be a system of simple roots, where ay =
€1 — €y, Qg = €3 — €3, ..., Qp_1 = €,_1 — €,, O, = €,. We denote
the associated coroots by ¥V = {a),ay,...,a’}, where af = e — e,
ay =ey —ey,...,q | =e_,—e. a =2e (observe that ey,..., e,

are chosen in the standard way, such that (e;, e) = d;;).

Every standard Levi subgroup corresponds to some subset 6 of 3.
Subgroup corresponding to 6 will be denoted by My. Each My is an
almost direct product of a connected component of its center and its
derived group. Connected component of the center of My will be denoted
by Ay, while derived group of M, will be denoted by Mj. In other words,
_ Ag x My

M_—
° T Ayn M|

Since Spin(2n + 1, F') is a simply-connected group, the derived group
of each My is also simply-connected, so it can be obtained directly from

0, i.e. from its root system. It is well - known that
Ap = (m ker3)°
Beod

so Ay can also be obtained from the set of simple roots 6. After obtaining
Ay and M} (which will be considered case-by-case, depending on the type
of 6), we can construct their almost direct product to finally obtain Mj.

The maximal torus of Spin(2n + 1, F') will be denoted by 7. We have
the next proposition ([1], Proposition 3.1.2 or [4], page 108), which holds

for simply-connected groups:

Proposition 2.1 Facht € T can be written uniquely as
t=]]a/(t:).t; € F*
i=1

Kernels of simple roots in ¥ can now be described as follows:



Proposition 2.2 Lett € kera;. Then

This implies:
o ifi=1, then t3 =ty
o if2<i<n-—2 thent? =1t 1t;\,
o ifi=n—1, then t7 = t; 117,
o ifi=mn, then t? =t;, 4

Let z = a)(—1). From [1], Corollary 3.1.3, follows that the center
of Spin(2n + 1, F) equals {1,z} ~ Z,. From now on, z stands for the
non-trivial element of the center of Spin(2n + 1, F'), for some n > 1.
We introduce the notion of the general spin groups, following Asgari [1].

These groups are defined in the following way:
GL(1,F) x Spin(2n + 1, F)

GSpin(2n+1,F) = (L,1),(—1,2)} ’

n>1,

GSpin(1,F) = GL(1, F).
The derived group of a general spin group is a spin group.
Advantage of general spin groups is that their Levi subgroups are iso-
morphic to a product of general linear groups and a general spin group of
a smaller rank. This was proved in [1], using root datum of general spin

groups. Another proof can be found in this manuscript.

3 LEVI SUBGROUPS

Let us fix some notation. Let # C X, 6 # (). Here and subsequently, we

will write 6 as a union of connected components of its Dyinkin diagram,

where 0; N 60; = ) for i # j. We choose 6y, ..., 0 in such a way that for
a;, € 0;, and a5, € 0;,, where j; < jg, then i3 < iy. For 1 <1 <k, let



n; = |0;|. For shorten notation, we write /; instead of »_,_,;n;. Now
it follows that, if min; is the minimal index such that c,:,, € 6;, then
0; = {Qmin;s ¥mini+1, - - - s ¥ming4n,—1 3. Also, if oy, € 6, and oy, € 6,
where j; < jo, then 1o — 27 > 1.

We write (i for the k—th primitive root of identity in F™* and I, for
n X n identity matrix.

Now we begin case-by-case consideration:

(1) Suppose a1 € 0, a,_1,a, ¢ 0. Obviously, a; € 01, min; = 1 and
ming +n, — 1 <n—1.

We obtain M} using [4], Chapter 5., Theorem 1.33, Lemma 1.35 and
Example 1.36 (pages 109-111), where derived group of My is described.
In this case, M} is isomorphic to SL(ny + 1, F) x SL(ng + 1, F) x --- X
SL(ng + 1, F).

Let A\; = t;. From Proposition 2.2. we get to = A2, t3 =\, ... t,, =
Nt = AP Next, put Ao = thao, A3 = gy - s Amingn;, =
tining- I ming = ny1+2, then let pu; = /\71““; let p11 = Aming—n,—1 Otherwise.

From Proposition 2.2. again, we obtain
bing+1 = tgnmgt;;m—l = )‘gnmgfnlﬂfla
tmins+2 = Uiing +1tming = Mming—m 1 Mming—ny = Ning—m 1 s

_ 42 —1 __\4 -3
tmm2+3 - tmin2+2tmin2+1 - )‘mingfnl Ky s

_ \n2 —na2+1

tmin2+n2—1 - /\minz—nllul )
_ yn2+1 —n2
tmin2+n2 - )‘mingfnl My

This equations cover kernels of all the roots in 6s, so for each root be-

tween 92 and 93 we put )\mingfnlJrl = tmin2+n2+la )\mingfn1+2 = tmin2+n2+27

— \r2tl —n2.

oy Aming—ly = tming- 1 ming = ming+ne+1, then let po ming—n M1

let p19 = Aping—1,—1 Ootherwise. Repeating the procedure similar to that in
the previous paragraph, we get

42 -1 _\2 -1
tmm3+1 - tmingtming,—l - )‘min3—l21u’2 )

— \3 —nz+1
tmin3+n3—l - /\ming—lgl‘LZ )
) _ yn3tl —ng
Eming+ns = Aping—i 12

We continue by repeating this process for all the remaining subsets



O4,...,0, of 6. At the end we get tmingtn—1 = A M;"Hl and

ming — lk 1
) _ \npt+l —Ny
tmlnk+nk - mink—lk_luk—l
Since in this case ming + n, < n, we also have to put A\yin,—1,_,+1 =
tmink+nk+1a SRR /\n—lk = lp.

Finally, we have:

Ap {0‘1 ()\1)042 <)‘2) n1+1(>\n1+1)an1+2()\2) O‘Xan()‘minrm) :

amznngl()\?anng nllul ) mm2+2()‘§mn2 n1:u’1 )

\Y na+1 2 \Y
aminngng ()\mzng —nq :ul )amin2+n2+1 (Amingfnl +1) o aming (Amin3*12> :
\Y% 2 - \Y% n3+1 —n3
amin3+1 (Amzn3 lo Ho ) e amin3+n3 ()\mzn3 lo Ho )
% ng+1 —ng\ .V \ .
amink+nk< ming—l,_ 1:ulc 1 )aminkJrnkJrl ()\mi”k*lk71+1) ey ()‘n*lk) .

)\17 e 7>\an;9 S F*} =~ (F*)nilk

After identifying Ay with GL(1, F)" % ~ (F*)""* we fix (as in [4],
Example 1.36) an identification of My with SL(n;+1, F')x SL(ne+1, F) X
- x SL(ng + 1, F) under which the element oy (Ar)ay(A3)---ay (M)
goes to the diagonal element diag(Ai, A1, ..., A\, A\]™) of SL(ny + 1, F),

\Y, \% 2 -1 vV no
A ing ()\mm2—n1)aming%»l()\mingfnlﬂl ) T amin2+n271(>\mzn2 —ni

diag(Nming—nys - -+ s Aming—ny s Apis ) of SL(ng+1, F) and proceed in the

ming—mni

”QH) to

same way for all connected components 0, ..., 6 (similar identifications
are used in all cases). Using this identifications, we conclude that in
Ay (N M}, we have:

AN =1 =N ==y =1,
na+1 _ _ _ _ _
)‘mzrmz ni ]-7 )\ming—nl—i—l - Aminz—nl—i—Z == U2 = 17
n3+1 _ _ ng+1 _
)\mzng lo — 17 sy Me-1 = 17 Amink—lk_l - 17
Amink—lk_l—&-l == An—lk = 17
therefore
/! \Y, Viy2 ni
Agn My = {af (M)ag (A]) -+ ap (AT iy (Aming—na ) -+
\Y n2 \% ng .
amin2+n2 l(Aman nl) e amink+nk( mink:_lk:—l) N
ni1+1 no+1 _ nk-i-l o
Al =LA =1, )\mink_lk—l =1}
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<(n1+1> X <Cn2+1> X X <an+1>



It follows immediately that

(F*)""% x SL(ny +1,F) x -+ x SL(n + 1, F)
<Cn1+1> X X <an+1>

F*x SL(n;+ 1, F) F*x SL(np + 1, F)

X oeee X
<Cn1+1> <an+1>
~ GL(’n,l + 1,F> X oo X GL(nk + 17F) « GL(l’F)nflkfk

M@E

% (F*)N—lk—k

because the mapping F* x SL(n,F) — GL(n, F), (z,S) — zI, - S, is

a surjective homomorphism whose kernel is isomorphic to ((,).

(2) Suppose aq, a1, @, ¢ 0. Of course, ming +np —1 <n—1. My is
again isomorphic to SL(ny + 1, F) x SL(na+ 1, F) x --- x SL(ny + 1, F).

We start with A\ = t1, Ao = to, ..., Mniny = timin,. 1t follows t,n, 41 =
2 -1 _ —n1+1 _ ynitly—mq
)\minl/\minl—D‘ . ;tminﬁ»nlfl - )\minl )‘minl—l and tmin1+n1 - )\minl )\minl—l'

We can now proceed analogously to the case (1):

A9 = {041/()\1) U a;/u'nl ()\minl)a7\£zin1+l()\12nin1>\;1%n1—l) U
ar\;inﬁnl ()‘Z@lz:;f ;1?51—1) T Oéym'nk (Aming—tp_1)
ar\;ink—‘rnk( Zfz‘:;—lkflulsz)&ynmk—i—nk—i—l()\mink*lk—1+1> T
Oé;/()\nfzk) P, A, € FT)
~ (F*)n*lk
In Ay N My we have:

A== A = LA =1

)\min1+1 == Amz’ng—nl—l = M1 = ]-7 )\:%2147221_”1 = 17

Aming_1—le—sy = " * = Nming—ly_1-1 = Pk—1 = 1,

)‘:fi:;_lk71 = 17 )\minkflk,lJrl == )\nflk =1.

Therefore, Ag N M) =~ ((ny+1) X (Cgr1) X -+ X (Cus1) and, again,

My~ GL(n; +1,F) x -+ x GL(ny + 1, F) x GL(1, )"~

(3) Suppose a1, a1, a, € 0. Obviously, min; = 1 and ming + ny =
n—+ 1.

My is isomorphic to SL(ny + 1, F) x SL(ng+ 1, F) x -+ x SL(ng_1 +
1, F) x Spin(2n, + 1, F).



On the set 0\ 0, = 0, Uby U --- U6, we apply the same analysis as
in the case (1) and get

_ ni+l __ _
A =1t1,. AT =t g1, Ao = T4,

)\minkflflkfg = tmink,l Y

Lo o /\nk—l —ng_1+1
ming—1+nk—1—1 — Nming_q—l,_oHk—2 )
Lo _ \Nk-1t1 —ng—1
ming_1+ng—1 — “ming_1—lp_oMk—2

Next, put Anin,_,—i1,_,+1 = tn. From Proposition 2.2 applied to the set

Or we obtain: t, 1 =t, 9= =t, , = N\ We have two

ming_1—lg_o+1"

possibilities which are considered separately:

® MiNg_1 + Np—1 =N — Ny,

It follows directly that ming_y — ly_o = n — [ and )\n’“‘ﬁlu;f’g‘l =

n—Iy
2
)\n—lk—i—l :

So, Ag =~ (F*) v,
In Ag N My we have:

ni+1
)‘11 :17)\2:>\3:"':ﬂ1:1a

no+1 o _ _ _ _
)\minz—nl - 17 )\mingfnlJrl - Amin27n1+2 == U2 = 1)

ng—1+1
)\nk—l; =1= A%—zkﬂ-
that lmphes AemMé = <Cn1+1> X <Cn2+1> XX <an_2+1> X <C2(nk,1+1)>
(this 2(ng—1 + 1)-th root of identity comes from the last equation).

This gives,

My ~ GL(ny +1,F)x -+ x GL(np_o+1,F) x GL(1, F)" "% x
GL(1,F) x SL(ng_1 + 1, F) x Spin(2n; + 1, F)
B ;
where B = {(¢,¢% I, 11, 171) « (2m—1+1) = 1}, Observe that
the set {¢™-1F1 : (2(w—1+1) = 1} can be identified with {1, 2z}, the
center of Spin(2ng + 1, F).

® MiNg_1 + Np_1 <N — Ny

We pllt )\mink,lflk,ngZ = tmink,1+nk,1+1 ) )\mink,lflk,2+3 = tmink,1+nk,1+27

) )\n—lk = tn—nk—l-



Again, Ay ~ (F*)" % while in Ag N M} we have

ni1+1
A11 :17>\2:A3:"':/4L1:17

ng_1+1 o o

ming_1—lg_o ]" /’Lk}—Q - 17

2 . . . o . .
)‘mink_l—lk_2+1 =1, Mping_—1j_p+2 = - -+ = Ay, = 1, that implies

AO N Mé = <Cn1+1> X <Cn2+1> X X <€7’Lk—1+1> X <C2>
Observe that ((o) ~ {(1,1), (=1, 2)}. We thus get,

Mg ~ GL(?”Ll + 1,F) X oove X GL(nk,1 + 1,F) % GL(l,F)nflkfk «
GL(1, F) x Spin(2ny + 1, F)

(G2)
GL(ni+1,F) x -+ x GL(ng_1 + 1, F) x GL(1, F)" " x

GSpin(2ng + 1, F)
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(4) Suppose aj,a, € 0,a,1 ¢ 0. Clearly, min; = 1, 0 = {a,}
and ny = 1. M)} is isomorphic to SL(ny + 1, F) x SL(ny + 1, F) x --- X
SL(ng_1+1, F)x Spin(3, F'). This case can be handled in much the same

way as the case (3), so we only state final results.
e if ming_1 +ni_1 =n—1, then

My ~ GL(ny +1,F) x - x GL(nj—y + 1, F) x GL(1, F)"""7F x
GL(1,F) x SL(ng_1 + 1, F) x Spin(3, F)
B
where B = {(G,C? Ly 1, C"-1*1) : (Xt = 1)

o if ming_1 +nip_1 <n—1, then
My ~ GL(ni+1,F)x - x GL(nj_2+ 1, F) x GL(1, F)" "% x
GSpin(3, F)

(5) Suppose ay ¢ 0,1, , € 0. Obviously, min; > 1 and ming +
ng =n+ 1. My is isomorphic to SL(ny + 1, F) x SL(ng + 1, F) X -+ %
SL(ng_1+ 1, F) x Spin(2n, + 1, F).

Let Ay = t,. From Proposition 2.2 we conclude that ¢, = --- =
tming, = tming—1 = A5 Next, let Ag = tonin, 2 - -+ s Mning —ming_y -y +1

tmink_l—&—nk_l—l .



If ming_y + nx_1 = ming — 1 then put u; = A\? otherwise put

1 = Aming—ming_,—n,_,- Using standard calculations, easily follows:
_ )2 -1

tmink,1+nk,172 - )‘mink—mink_1—nk_1+llu1 ’
— )3 -2

tmink_1+nk_1—3 - /\mink—mink,l—nk,l—l-l:ul )

_ nk71+1 —MNg
tmink,l—l - )\minkfmink,lfnk,ﬁrl:ul

In the next Step, let )\mink—mink,l—nk,1+2 - tmink,l—% /\mink—mink,l—nk,l—l—?;
- tm'mk,lf&- ) )\minkfmink,gfnk,lfnk,frl = tmink,2+nk,271-

ng—1+1 —n
mink—mink_l—nk_l—i-llul

The rest of this construction

If ming_o+ng_o = ming_1 — 1 then put pus = A k

otherwise put o = Ming—ming_s—ng_1—ng_s-

runs as before:

— )2 -1
tmink—2+”k—2*2 - )\minkfmink,zfnk,lfnk,2+1/’62 )

_ \ng—2+l1 —Ng_1
tmink_z—l - )\mink—mink_g—nk_l—nk_g—i-l/'LQ )
) _ yni+1 —n1
tml”l*1 - )\mink—min1—lk_1+luk—1'
Also, we have to add Aping,—mini—ix_1+2 = tmini—25 - - - s Aming—lp_1—1 = L1.

From ming + nxy = n + 1 we easily get that ming — lp_1 — 1 =n — .

A9 - {O{}/()\n—lk)a;/<>\n—lk—1) T aynin172(Amink—minl—lk71+2> ’
Oé1\7/1in171()‘nmli:i—min1—lk+nk+1ulzfi) e 'O‘Xnnkfl()‘%) o ’Oéxo\l) :
Ay Ay € FFp o (FH)"
In Ag N My we have:
A% =1 =" = Mping—ming_1-ny_, = 11 = 17A?rfi;2t1nink,1fnk,1+l =1,
Hi—1 = ]‘7 )\Eizlifmirqflk,ﬁrl = 17 Amink—minl—lk_1+2 = = An—lk = ]-)

that implies
A9 N My ~ <Cn1+1> X <Cn2+1> X X <§nk—2+1> X <<2>



Finally,

My = GL(n +1,F) X -+ x GL(ngs + 1, F) X GL(1, F)" 7 x
GL(1,F) x Spin(2n; + 1, F)

(C)
GL(ny+1,F) x -+ x GL(ng—2 + 1, F) x GL(1, F)" %% x

GSpin(2n, + 1, F)
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Observe that, for 0 =X\ {ay} we have 0 =6, k=1, ny =n —1 and
ME\{al} ~ My = GSpm(Z(n — 1) +1, F)

which implies that GSpin(2n — 1, F) is the maximal Levi subgroup of
Spin(2n+ 1, F).

(6) Suppose ag,a, 1 ¢ 0,a, € 0. Of course, min; > 1 and ny = 1.
My is isomorphic to SL(ny + 1, F) x SL(ng + 1, F) x --- x SL(ng_1 +
1, F) x Spin(3, F). Analysis similar to that in the case (5) shows that:

My ~ GL(ng+1,F)x - x GL(nj_o + 1, F) x GL(1, F)" %% x
GL(1,F) x Spin(3, F)

{1,2}
~ GL(n +1,F) x -+ x GL(nj—y + 1, F) x GL(1, F)" "% x

GSpin(3, F)

(7) Suppose a1, a, 1 € 0,, ¢ 0. Clearly, min; = 1 and miny + ny =
n. M} is isomorphic to SL(ny+1, F) x SL(ny+1, F)x---x SL(ng+1, F).

Proceeding analogously to the case (1) we obtain:

3 _\m _ ymtl
)\1 —_— tl, t2 )\1, t3 )\1, e ey nl —_— )\1 3 tn1+1 —_— )\1 9
)\2 - tn1+27 )\3 - ’n1+37 BRI /\ming—nl = t’mznzu
— )2 -1 __ ynatl —n2
tﬂ”ﬂ'ﬂ2+1 - )\mzng Y I tmin2+n2 )\mmg .

ng —ng+1 nk+1 -n
tmink+nk71 )\mznk —lp— 1/'1']€ 1 t2 = t?ﬂlnk""nk = Wf'"lk lj— 1/’Lk k
Suppose = ¥\ {a,}. Then k =1, ny =n—1, My = SL(n, F) and

2=\ =1t

If n is even, say n = 2m, then

10



Ag = {aY(M)ay (D) - - o (AT el (AT) = Ay € F*} o= F.
Observe that ¢ could not be equal —A]" in Ay, because Ay is a connected
component of the center. In AgN M, we have A\ = 1, so AgN My ~ (¢™),

therefore
GL(1,F) x SL(n, F)

{¢m)

Mgz

If n is odd, then My ~ GL(n, F'), as Shahidi asserts in [5], Remark 2.2,

/\nk+1 —T

If 0 has more then one component, then 2 = N

Since ni + 1 and —ny, are of different parities, if ny is even or pi_; isn’t
equal to \™ for some A € F* and m even, we can proceed in the same

way as above and get
~GL(ny +1,F) x -~ x GL(n, + 1, F) x GL(1, F)" "k

Now we have to consider the situation when ny is odd and pp_1 = A",
ng—1+1 N1
mink,lflk,g k—2
ng—2+1 —Ng—2
ming_o—l_3Mk—3 : We

1" ngisodd, up =

for A € F* and m even. If this is the case, then p;_; = A
Again, this implies that ny_; is odd and pp_o = A
)\ng—i—l

ming—ni :ul

continue in this fashion to obtain uy = At
and n is odd. We conclude that ny is odd and p,_1 = A, for A € F* and
m even, only if n; is odd for each 1 < ¢ < k and min; +n; = min; 1 — 1
for each 1 <17 < k—1. Observe that this implies ming —Il,_1 = k = n—1.

If this is the case, then

Ap = {of (A)ag(A]) -+~ N, (N2) -

mzng—&—l()‘%:ul_l) m’LTL2+2()\§M1_2) e
et1
OZ?\’/nink()\n—lk) : (AZ’“ LM nkH) (An Qlk 1) :

)\1’... ’)\n_lk c F* ”u :,uki”lc} ~ (F*)n g
In Ap N My we have:
nk+1
)‘n1+1 = >‘n2+1 == )‘Zk 11Jr1 = A2 L, — M1 = M2 = = Hg—1 = 1, we
eaSﬂy get that )\nk+1 =1, so A@ N M0 - <Cn1+1> X <Cn2+1> X X <an+1>

and

~GL(n1+1,F)x---xGL(np + 1, F)

(8) Suppose oy, & 0,0, € 0. Clearly, ming > 1, 6 # X\ {a,}
and ming +ng = n. M) is isomorphic to SL(n; +1, F) x SL(ny+ 1, F) X

11



-+ x SL(ng + 1, F). By the same method as in the case (7), we obtain

My~ GL(ny 4+ 1,F) x --- x GL(ng + 1, F) x GL(1, F)" ",

From given cases we deduce the following corollary:

Corollary 3.1 The Levi subgroups of the general spin group GSpin(2n+
1, F') are isomorphic to GL(ny, F)XGL(ng, F)x- - -xGL(n, F)x GSpin(2m+
1L,F), m<n.

Remark: Observe that %LE"F) is not isomorphic to GL(n, F') over

p-adic field F' which is not algebraically closed.

Let F} be a p-adic field. We denote algebraic closure of F} by F;.We
have the next exact sequence:

1 — {£1} < Spin(2n + 1, F,) -5 SO(2n +1,F,) — 1,
where f is a central isogeny. Fj—rational points of Spin(2n + 1) may be
obtained by using the following exact sequence:

1 — {£1} < Spin(2n + 1, F)) - SO@2n + 1, F) -2 FrJ(Fy)?

(homomorphism ¢ is called the spinor norm)

References

[1] M. ASGARI, On the holomorphy of local langlands L-functions, PhD
thesis, Purdue University, August, (2000).

[2] ——, Local L-functions for split spinor groups, Canad. J. Math., 54
(2002), pp. 673-693.

[3] A. BOREL, Linear algebraic groups, vol. 126 of Graduate Texts in
Mathematics, Springer-Verlag, New York, second ed., 1991.

[4] J. W. CocpELL, H. H. Kim, AND M. R. MURTY, Lectures on auto-
morphic L-functions, vol. 20 of Fields Institute Monographs, American
Mathematical Society, Providence, RI, 2004.

12



[5] F. SHAHIDI, On non-vanishing of twisted symmetric and ezterior
square L-functions for GL(n), Pacific J. Math., (1997), pp. 311-322.

Olga Taussky-Todd: in memoriam.

[6] T. A. SPRINGER, Reductive groups, in Automorphic forms, represen-
tations and L-functions (Proc. Sympos. Pure Math., Oregon State
Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math.,
XXXIII, Amer. Math. Soc., Providence, R.I., 1979, pp. 3-27.

13



