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Abstract

We determine under which conditions the induced representation of the form
01 X 09 X o, where 01, 09 are irreducible essentially square integrable represen-
tations of a general linear group and o is a discrete series representation of
classical p-adic group, contains an irreducible strongly positive subquotient.
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1. Introduction

According to the Moeglin-Tadi¢ classification, which now holds uncondi-
tionally due to recent work of Arthur [1] and Mceglin [14], discrete series of
classical groups over p-adic fields arise in the natural and inductive way from
strongly positive representations. Such representations, which serve as basic
building blocks in construction of square-integrable and tempered representa-
tions, have been introduced in [13], as a class of discrete series corresponding
to the so-called admissible triples of alternated type. An algebraic classifi-
cation of strongly positive discrete series of metaplectic groups, which also
holds in the classical group case, is given in [6]. Some further properties of
strongly positive discrete series have been studied in [7] and [9]. We note
that the class of strongly positive discrete series contains some prominent
parts of the unitary dual, such as the generalized Steinberg representations,
regular discrete series representations and discrete series representations ob-
tained by theta-correspondence from the supercuspidal ones (details can be
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seen in [17] for the symplectic - even orthogonal dual pair and in [7, 8] for
the metaplectic - odd orthogonal dual pair).

In this paper we are interested in determining when the induced repre-
sentation of the form §; x dy x ¢ contains an irreducible strongly positive
subquotient, where 1, 9, denote irreducible essentially square integrable rep-
resentations of the general linear group and o stands for a discrete series
representation of the classical p-adic group. This problem presents an initial
step towards the determination of composition series of the induced repre-
sentation d; X d9 X o, for d1, 63 and o as above, which should have important
applications in the classification of the unitary dual of classical p-adic group.
Also, it can be viewed as an extension of the description of strongly positive
subquotients of generalized principal series, which is implicitly given in [16].

If 6; x 0 x o contains a strongly positive subquotient, then ¢ is also
strongly positive and there is some irreducible subquotient 7 of d; x o (which
is either strongly positive or non-tempered) such that §; x 7 contains a
strongly positive representation. For strongly positive 7, complete composi-
tion series of generalized principal series § X 7™ have been described by Muié
([16]), so our aim is to obtain necessary and sufficient conditions under which
the induced representation §; x L(dy X o) contains an irreducible strongly
positive subquotient, where L(dy x o) stands for the Langlands quotient of
0y X O.

To obtain the necessary conditions, we use the Jacquet modules method
and description of Jacquet modules of strongly positive representations from
[9] (which is also given in Section 7 of [12], using a different approach based
on results of [5]). Also, we use results from [16], which enable us to obtain
deeper knowledge on the structure of Jacquet modules of the non-tempered
representation L(dy X o).

It is worth pointing out that non-supercuspidal discrete series naturally
appear as subquotients of generalized principal series. In majority of cases,
this enables one to realize a discrete series as an irreducible subquotient of
the induced representation of the form d; x (d2 X o), where dy X o is irre-
ducible. Our results also produce interesting examples of strongly positive
discrete series which appear as subquotients of the induced representations
of the form d; x L(dy x o), where d; x o reduces. To prove that an induced
representation of this type contains the strongly positive subquotient o,, we
find an irreducible tempered representation 7 whose Jacquet module with re-
spect to the appropriate standard parabolic subgroup contains an irreducible
subquotient of the form § ® og,. Then we write 7 as a subquotient of the
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larger representation and, by calculating its Jacquet modules, obtain the in-
duced representation of the form d; x (03 X o) containing oy,. Using results
of [16], together with the detailed analysis of Jacquet modules of o, and
d3 X o, we determine the irreducible subquotient 7 of d2 x o such that oy, is
contained in §; X 7.

We will now describe the contents of the paper in more details.

In the following section we set up the notation and terminology. In the
third section we prove some technical results which reduce our investigation
to induced representations of the form §([v%p,v°p]) x L(6([v°p, vp]) % o),
with both a and ¢ positive and a # c. In the same section, we also state our
main results. Section 4 provides a detailed analysis of the case a > % and
c > % Section 5 discusses the case a = %, while Section 6 deals with the
remaining case ¢ = %
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2. Preliminaries

Let F' denote a nonarchimedean local field of characteristic different than
2. The groups we are considering are of the following form: we have a tower
of symplectic or (full) orthogonal groups G,, = G(V,,), which are the groups
of isometries of F-vector spaces V,, endowed with the non-degenerate form
which is skew-symmetric if the tower is symplectic and symmetric otherwise.
Here n stands for the split rank of the group G,,, n > 0.

The set of standard parabolic subgroups will be fixed in a usual way, i.e.,
we fix a minimal F'-parabolic subgroup in G, consisting of upper-triangular
matrices in the usual matrix realization of the classical group. Then the Levi
factors of standard parabolic subgroups have the form M = GL(ny, F) X

- X GL(ng, F) x Gy, where GL(m, F) denotes a general linear group of
rank m over F. If §;,4 = 1,2,...,k, is a representation of GL(n;, F') and
T a representation of (G,,, then we denote by d; X --- X & X 7 the normal-
ized parabolically induced representation of the group G,,, induced from the
representation d; ® - - - ® dp ® 7 of the standard parabolic subgroup with the
Levi subgroup equal to GL(ny, F') X -+ x GL(ng, F') x G,,. Here n equals
ny+ng+---+ng+m.



Let R,, denote the Grothendieck group of admissible representations of
finite length of GL(n, F') and define R = @,>0R,,. Similarly, let S,, stand for
the Grothendieck group of admissible representations of finite length of G,
and define S = ®,,50.5,.

We will denote by v a composition of the determinant mapping with the
normalized absolute value on F. Let p denote an irreducible cuspidal unitary
representation of GL(k, F'). By a segment of cuspidal representations, which
will be denoted by [p, v p|, we mean the set {p,vp,...,v"p}. To each such
segment we attach an irreducible essentially square-integrable representation
d([p,v"p]) of GL(m -k, F'), which is the unique irreducible subrepresentation
of vp x -+ X vp X p (here we use a well known notation for the normalized
parabolic induction for the general linear groups with the usual choice of the
standard parabolic subgroups). For integers x,y, © <y, we set [z,y] = {z €
Z:x<z<uy}.

Let d;,7 = 1,2,...,k be square-integrable representations of GL(n;, F),
7 an irreducible tempered representation of the group G,,, and s1, s, ..., S
real numbers such that s; > s9 > --- > s, > 0. Then the induced represen-
tation v°1d; X - - - X V*#§;, X 7 has a unique irreducible quotient, which is called
the Langlands quotient and will be denoted by L(v°'dy X -+ X v, X T).

For representation o of G, and 1 < k < n we denote by rqy(o) the
normalized Jacquet module of o with respect to the parabolic subgroup Py,
having Levi subgroup equal to GL(k, F') x Gy,—. We identify 7 (o) with its
semisimplification in Ry ® S,_;, and consider

po)=1®0+ Zr(k)(a) €ER®S.
k=1

We take a moment to state the crucial structural formula for our calcula-
tions of Jacquet modules ([18]), which is a version of the Geometrical lemma
by Bernstein and Zelevinsky ([2]).

Lemma 2.1. Let p be an irreducible cuspidal representation of GL(m, F')
and k,l € R be such that k 41 € Z>y. Let o be an admissible representation
of finite length of G, Write u*(o) =%, 7®a’. Then the following holds:

WO o) 2 o) = 3 DTSSR ) X 8 ) x 70

i=—k—1 j=i 7,0/

® 0([v"p, 17 p]) 3 o'



We omit ([v"p,v¥p]) if x > y.

An irreducible representation o € S is called strongly positive if for every
embedding
0 = VP X Upy X oo X VR PR X Ocysp,

where p;, € R, 1 =1,2,...,k, are irreducible cuspidal unitary representations
and o.,s, € S is an irreducible cuspidal representation, we have s; > 0 for
1=1,2,...,k.

Obviously, every strongly positive representation is square-integrable. Ir-
reducible strongly positive representations are called strongly positive dis-
crete series.

In this paper we will be concerned only with the non-supercuspidal strongly
positive representations. Let us briefly recall an inductive description of non-
supercuspidal strongly positive discrete series, which has been obtained in [6].

Proposition 2.2. Suppose that o € S, is an irreducible strongly positive rep-
resentation and let p € R,, denote an irreducible cuspidal unitary representa-
tion such that some twist of p appears in the cuspidal support of o. We denote
by Ocusp the partial cuspidal support of o. Then there exist unique a,b € R
such that a > 0,b >0, b —a € Z>, and the unique irreducible strongly posi-
tive representation o’ without v®p in the cuspidal support, with the property
that o is the unique irreducible subrepresentation of §([v°p,°p]) x o’. Fur-
thermore, there is a non-negative integer l such that a+1 = s, for s > 0 such
that v°p X Ocysp reduces. If I = 0, there are no twists of p appearing in the
cuspidal support of o' and if | > 0 there exist unique b’ > b and the unique
strongly positive discrete series o”, which contains neither v%p nor v**p in
its cuspidal support, such that o' can be written as the unique irreducible
subrepresentation of 0([v°+p, V¥ p]) x o”.

If v*p appears in the cuspidal support of o, then the results of ([14, 15])
imply 2z € Z and p =2 p, where p stands for the contragredient of p.

By the Moeeglin-Tadi¢ classification of discrete series representations for
classical groups ([13, 15]), strongly positive discrete series o corresponds to
the admissible triple of alternated type. Admissible triple corresponding
to discrete series o is an ordered triple of the form (Jord, o.ysp,€), where
Ocusp 1S the partial cuspidal support of o, Jord (the set Jordan blocks) is
the finite set of pairs (¢, p), where ¢ is an integer of the appropriate parity,
and p € R is an irreducible cuspidal selfcontragredient representation, while



¢ is the function defined on the subset of Jord x Jord U Jord into {1,—1}.
For irreducible cuspidal selfcontragredient representation p € R, we define
Jord, = {c : (¢,p) € Jord} and for ¢ € Jord, we write c_ for maximum of
the set {¢ € Jord, : ¢ < ¢}, if this set is non-empty. An admissible triple
(Jord, ocyusp, €) is called a triple of alternated type if for every (¢, p) € Jord
such that c_ is defined, we have €((c_, p), (¢,p)) = —1. By the definition of
such triples, a strongly positive discrete series is completely determined by
its partial cuspidal support and the set of Jordan blocks. Since all strongly
positive discrete series which we study in this paper share a common partial
cuspidal support, it suffices to define only the set of Jordan blocks when
introducing these strongly positive discrete series. Similar procedure has
also been summarized in Proposition 1.2 of [16]. For more details regarding
the e-function we refer the reader to [15] and [19].

Throughout the paper we denote by Jord(c) the set of Jordan blocks
corresponding to discrete series 0. Also, we define Jord,(c) = {c : (¢,p) €
Jord(o)}.

Previously given description shows that a non-supercuspidal strongly pos-
itive representation can always be obtained as an irreducible subrepresenta-
tion of the representation induced from the maximal parabolic subgroup hav-
ing strongly positive discrete series on the classical group part. One can see
directly from Proposition 2.2 that the induced representation having tem-
pered but non-strongly positive representation on the classical group part
does not contain a strongly positive subquotient. It remains to see what
can be said about strongly positive subquotients of induced representations
having non-tempered representation on the classical group part.

Let 0 denote an irreducible essentially square integrable representation of
GL(m, F') and let o denote a discrete series representation of G,,. An induced
representation of the form § x o is then called the generalized principal series.

In this paper we discuss when an induced representation of the form §; x
09 X, where d1, 05 are irreducible essentially square integrable representations
of a general linear group and ¢ a discrete series representation of the classical
group, contains a strongly positive subquotient. By [20], 6; and dy correspond
to segments, and we write §; = §([v%py, ¥0p1]) and Jo = 0([°pa, v¥ps]). Also,
we denote the partial cuspidal support of o by oeysp.

Also, it is a direct consequence of the Moeeglin-Tadi¢ classification that
if the induced representation of the form §([v%py, v°p1]) x 8([vCpa, v¥p2]) X o
contains a discrete series subquotient, then 2a+1—z € Z and 2c+1—y € Z
for € Jord,,(¢) and y € Jord,,(c). In the sequel we assume that these
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conditions are satisfied.

Set of Jordan blocks of discrete series subquotient of d; x d5 ¥ o can be di-
rectly reconstructed from the cuspidal support of this induced representation
(see, for instance, Subsection 4.2 of [3]).

Furthermore, since in the appropriate Grothendieck group holds 7 x o =
T X o we may assume a +b >0 and ¢+ d > 0.

3. Main results

Suppose that the induced representation d; x dy x ¢ contains a strongly
positive subquotient og,. Using property of cuspidal support of strongly
positive discrete series given in Lemma 3.3 of [7], and an embedding of the
non-strongly positive discrete series given in Theorem 3.5 of the same paper,
we conclude that the representation o must also be strongly positive. From
a+b>0and c+d >0, using Lemma 3.3 of [7] one more time, we deduce
a>0and c> 0.

Furthermore, there is some irreducible subquotient 7 of d, X ¢ such that
osp is an irreducible subquotient of §; x w. Obviously, 7 is either a strongly
positive or a non-tempered representation. The case of strongly positive 7
follows directly from [16], and is summarized in the following proposition.

Proposition 3.1. Induced representation §([v°p1, 1P p1]) X §([vpa, vepa]) X &
contains a strongly positive irreducible subquotient, which is a subquotient of
01 X7 for strongly positive subquotient w of 6o X o, if and only if o is strongly
positive and one of the following holds:

(i) a>3, c>3, 2c—1¢€ Jord, (o), [2¢+1,2d + 1] N Jord,, (o) = 0 and
2a — 1 € Jord, (7), [2a + 1,20 + 1] N Jord,, (7) = 0, for the unique
irreducible strongly positive subquotient w of §([V°pa, vips]) X o.

(it) a=1, ¢> 1, 2c—1€ Jord, (o), [2c+1,2d + 1] N Jord,, (o) =0, vp,
does not appear in the cuspidal support of 6([V¢py, vepa]) ¥ o and either
b <z for x such that 2z +1 = min(Jord,,(r)) or Jord,,(r) =0, for the
unique irreducible strongly positive subquotient T of §([V°pa, v¥ps]) X 0.

(i1i) a > %, c = %, V%pQ does not appear in the cuspidal support of o,

2a—1 € Jord,, (7), [2a+ 1,20+ 1] N Jord,, (1) = 0 and either d < x for
x such that 2x + 1 = min(Jord,, (o)) or Jord,, (o) = 0, for the unique
irreducible strongly positive subquotient m of §([V°pa, vips]) X 0.



(iv) a = %, c= %, p1 % pa, V%pg does not appear in the cuspidal support of o,
u%pl does not appear in the cuspidal support of 6([V°pa, vips]) X o, either
d < x for x such that 2z + 1 = min(Jord,,(c)) or Jord,,(c) = 0 and
either b < y fory such that 2y+1 = min(Jord,, (w)) or Jord,, (1), for the
unique irreducible strongly positive subquotient ™ of 5([V°pa, v¥ps]) X 0.

If the reducibility of v%p; X 05, Occurs at o = i%, for some i € {1, 2},

then the fact that vz p; does not appear in the cuspidal support of o is
equivalent to Jord,, (o) = 0.

If Jord,,(c) # 0, then the fact that V%pi, 1 = 1,2, does not appear in the
cuspidal support of ¢ is equivalent to e,(min(Jord,, (o)), p;) = —1, where €,
denotes the e-function corresponding to strongly positive discrete series o.

It remains to determine when the induced representation of the form
01 ¥ m, where 9, is an irreducible essentially square integrable representation
of a general linear group and 7 the Langlands quotient of generalized principal
series, contains a strongly positive discrete series. Abusing the notation, we
again write 6, = §([v%p1, %p1]) and m = L(6([v°pa, v%ps]) X o), where o is a
strongly positive discrete series.

The following result can be deduced from Proposition 7.4 and Definition
7.6 of [4], enhanced by Theorem 9.3 (7) of the same paper. For the sake of
completeness, we provide another proof.

Lemma 3.2. If the induced representation of the form &([v%py,v°p1]) x
L(§([v°pa, vips]) X ) contains an irreducible strongly positive subquotient,
then p1 = ps.

Proof. Suppose that there is some strongly positive irreducible subquotient
osp of 8([12p1,vp1]) 3 L(6([°p2, v¥ps]) x o) with p; % pp. By Theorem 4.6
from [9], there is an irreducible constituent § ® o7, of u*(0,,) such that § is
an irreducible representation whose cuspidal support contains only twists of
p1, while o¢, is a strongly positive discrete series having no twists of p; in the
cuspidal support. It can be easily seen that there has to be some irreducible
constituent &' ® o7, of p*(L(d([v°pa, v?ps]) x 7)), such that &' x §([v*py, v p1])
contains d. Again, only twists of p; appear in the cuspidal support of ¢’
Since p; and p, are non-isomorphic, from the structural formula for
w*(0([°pa, vipa]) x o) we deduce that there is an irreducible constituent
&' ®al, of u*(0), with o, strongly positive, such that §([vps, v%ps]) X 0¥, con-

P
tains o7,. It follows from Proposition 3.1 (i) and Theorem 5.1 (i) of [16] that
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then also the induced representation §([v°py, v%py]) X o contains a strongly
positive subquotient, which we denote by ).

Since Jacquet modules of strongly positive representations are of multi-
plicity one (by Theorem 4.6 from [9]) and strongly positive representations
appear in generalized principal series with multiplicity one (by Proposition
3.1(i) and Theorem 5.1 (i) of [16]), it can be deduced that ¢’ ® o7, appears
with multiplicity one in both p*(§([v°pa, v%pa]) x o) and p*(my,). Thus,

1 (L(8([v°p2, v¥pa]) x o)) does not contain &' ® o7, a contradiction. O

To simplify the notation, in the rest of the paper we write p instead

of p; and py. The proof of the following lemma follows directly from the
description of strongly positive discrete series given in Proposition 2.2.

Lemma 3.3. If the induced representation §([v%p, v°p]) x L(6([vp, v¥p]) x o)
contains an irreducible strongly positive subquotient then a # c.

In the following theorem we state the main results of this paper.

Theorem 3.4. Assume that a # ¢ and that o is a strongly positive discrete
series.

(i) If a > % and ¢ > 1, then the induced representation 6([v"p,v°p])
L(§([v°p, vip]) x o) contains an irreducible strongly positive subquotient
if and only if one of the following holds:

(a) a<c,c=b+1,2a—1¢€ Jord,(o), 2d+1 & Jord,(o) and if there
is an x such that in Jord,(o) holds (2z+1)-=2a—1 then d < .
The trreducible strongly positive subquotient o, is characterized by

Jord(og,) = Jord(o) \ {(2a — 1,p)} U{(2d +1,p)}.

(b) c <a,a=d+1,2c—1¢€ Jord,(c), 2b+1 & Jord,(0), there
is an x such that in Jord,(o) holds (2x +1)_ = 2c¢ — 1 and [2a —
1,20+ 1] N Jord,(0) = {2z + 1}. The irreducible strongly positive
subquotient oy, is characterized by Jord(os,) = Jord(o) \ {(2¢ —

Lppu{(2b+1,p)}

(it) If a = 5, then the induced representation &([1*p, v°p]) x L(6([v°p, v?p]) x
o) contains an irreducible strongly positive subquotient if and only if one

of the following holds:



(a) Jord,(c) # 0, u%p does mot appear in the cuspidal support of
S([vep,vipl)xo, ¢ = b+1 and for x such that 2z+1 = min(Jord,(o))
we have d < x.

(b) Jord,(0) =0 and c =b+ 1.

In both cases, the irreducible strongly positive subquotient oy, is char-
acterized by Jord(cs,) = Jord(c) U{(2d + 1,p)}.

(iti) If c = 3, then the induced representation §([v°p, v p]) x L(6([v°p, vip]) x
o) contains an irreducible strongly positive subquotient if and only if I/%p
does not appear in the cuspidal support of 5([v°p,v°p]) o, Jord,(o) # )
and one of the following holds:

(a) 2a—1 ¢ Jord,(c),20+1 & Jord,(o), d = a—1 and for x such that
2241 = min(Jord,(0)) we have [2a+1,2b+1]NJord,(c) = {22+1}.

(b) 2a — 1 = min(Jord,(0)),2b+ 1 & Jord,(c), d = a — 1 and if there
is 2z 4+ 1 € Jord,(o) such that (2x +1)_=2a — 1 then b < x.

In both cases, the irreducible strongly positive subquotient o, is char-
acterized by Jord(os,) = Jord(o) U{(20+1,p)}.

Several possibilities which appear in the previous theorem will be dis-
cussed in separate sections.

4. Casea>%andc>%

In this section we assume a > % and ¢ > %

We have divided the proof of Theorem 3.4 (i) in a sequence of lemmas.
We start with two technical lemmas which reduce our analysis to the case
when the union of segments [v%p, v°p] and [v°p, v9p] is again a segment.

Lemma 4.1. Ifa < ¢ and ¢ # b+1, the induced representation 6([v*p, °p]) x
L(5([vep, v¥p]) x o) does not contain an irreducible strongly positive subquo-
tient.

Proof. Suppose, on the contrary, a < ¢, ¢ # b+ 1 and that there is an
irreducible strongly positive subquotient oy, of d; x L(d2 X o). Since a < ¢
and ¢ # b+ 1, using a cuspidal support argument analogous to the one from
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Subsection 4.2 of [3], we obtain 2a — 1,2¢ — 1 € Jord,(0), 20+ 1,2d + 1 ¢
Jord,(c) and b # d. Furthermore, we have

Jord(og,) = Jord(o) \ {(2a — 1,p), (2c — 1,p)} U{(2b+ 1,p), (2d + 1, p)}.

Let us define x by 22 + 1 = min{2y + 1 € Jord,(os,) : ¥ > a}. Obviously,
x < b and (by Theorem 4.6 of [9]) there is a strongly positive discrete series
o, such that u*(og,) > §([v*p,v"p]) ® o,. This implies p* (6, X L(dy @ 0)) >
§([p, v7p]) @ o, and p* (61 X 0y @ 0) > 6([v?p, v p]) ® oy, We will analyze
the last inequality using Lemma 2.1.

There are a — 1 <41 < j; < b, c—1 < iy < jy < d and an irreducible
constituent 6 ® m of u*(o) such that

§([v*p,v"p]) <6([v " p, v %)) x 8(["* ' p,1p]) X
3([v==p, v p]) x 6([v"2 " p,v%p]) x &

and
gy SO([Vp, v p]) X 6([ 2 p, 172 p]) M.

We see at once i1 = a—1 and i, = ¢— 1. Two possibilities will be considered
separately:

e v =0b. Since b # d and 20+ 1 ¢ Jord,(o), using Proposition 2.1 from
[15] we deduce that j; < b. Furthermore, a < ¢ and 2a — 1 € Jord, (o),
together with Theorem 4.6 from [9], imply j; = a — 1. Now it can
be easily seen that if p*(d1 x L(dy x 0)) > §([v*p,1°p]) ® o, then

L(62 x 0) = o7, which is impossible.

e © < b. This implies j; = b. Since a < ¢, it follows that ¢ is of the
form 6([v*p, vYp]) for some y > a, contradicting 2a — 1 € Jord,(o) by
Theorem 4.6 from [9].

This proves the lemma. O

Lemma 4.2. [fc < a and a # d+1, the induced representation &([v%p, V" p])
L(5([vep, v¥p]) x o) does not contain an irreducible strongly positive subquo-
tient.
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Proof. We again suppose, on the contrary, ¢ < a, a # d+ 1 and that there is
an irreducible strongly positive subquotient oy, of 6 X L(d3 x o). In the same
way as in the proof of the previous lemma we obtain 2a—1,2c—1 € Jord, (o),
20 +1,2d+1 ¢ Jord,(0), b # d and

Jord(os,) = Jord(o) \ {(2a — 1, p), (2c — 1, p) y U{(20+ 1,p), (2d + 1,p)}.

We define = by 2z + 1 = min{2y + 1 € Jord,(oy,) : ¥y > ¢}. Obviously, z < d
and z < b.

We must have p*(0.,) > §([v°p,v7p]) ® o, for some strongly positive
discrete series o7,. Using the structural formula for p*(6, 3 L(d2 x o)) we
deduce that there are a — 1 < ¢ < 7 < b and an irreducible constituent 6 ® 7
of u*(L(d2 x o)) such that

S([vep,vopl) <o([v="p,vp]) x 6(["*p, 1%p]) x &
and
gy <OV, 17 p]) X

Since 0 < ¢ and ¢ < a, it follows that ¢ is of the form o([v°p, vYp]), where y
equals either x or j (note that z < b).

Consequently, if 1 X L(dy X o) contains o, then p*(L(d3 X o)) contains
an irreducible constituent of the form §([v°p, 1Yp|) ® o', where y < d. Such
irreducible constituent also appears in p*(dy x o). Thus, there are ¢ — 1 <
i’ < j" < d and an irreducible constituent ¢’ ® 7" of p*(o) such that

3([v°p, v¥p]) <6([v~" p,v=p]) x (7 p, vp]) x &
and
o' <6([v"p, 7 p]) 1 ',

Condition 2¢ — 1 € Jord,(c) implies j;* = ¢ — 1 and from y < d we obtain
that y = x = d. Also, it follows that ¢’ is isomorphic to o.

Thus, d; @ o is the only irreducible constituent of the form §([v°p, 1¥p|) ®
o', with y < d, appearing in p*(d2 X o) and appears there with multiplicity
one. Furthermore, it follows that d x ¢ has a unique irreducible subrep-
resentation, which we denote by 7. Obviously, p*(7) > dy ® 0. We have
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2c — 1 € Jord,(c) and 2d + 1 ¢ Jord,(o), so Proposition 3.1 (i) of [16]
shows that d, X o is representation of length two and in the appropriate
Grothendieck group holds dy X 0 = L(d2 % ) 4+ m, for m 2 L(d2 X o).
Therefore, *(L(dy X o)) does not contain dy ® o. So, d; X L(dy x o) does
not contain an irreducible strongly positive subquotient. O]

The next lemma finishes the proof of the first part of Theorem 3.4 (i).

Lemma 4.3. Ifa < ¢ and ¢ = b+1, the induced representation §([vp, v°p]) x
L(§([vep, vip]) xa) contains an irreducible strongly positive subquotient if and
only if 2a — 1 € Jord,(c), 2d+1 & Jord,(o) and if there is an x such that in
Jord,(o) holds (2x +1)_=2a — 1 then d < =.

Proof. 1f there is an strongly positive discrete series subquotient of d; x
L(d2 x o), then from the cuspidal support of this representation we obtain
2a — 1 € Jord,(o), 2d + 1 & Jord,(o). Suppose that there is an = such that
in Jord,(o) holds (2z + 1)_ = 2a — 1. Condition 2d + 1 ¢ Jord,(o) implies
d # x. To obtain a contradiction, suppose d > x and that there is a strongly
positive discrete series subquotient o, of §; X L(d2 X 0). Using the description
of Jordan blocks in terms of the cuspidal support, we obtain

Jord(og,) = Jord(o) \ {(2a — 1,p)} U{(2d + 1,p)}.

Theorem 4.6 of [9] shows u*(04,) > d([v?p, vp]) ® o7, for strongly positive
discrete series o7, such that Jord(c?,) = Jord(o.,)\{(22+1, p) }U{(2a—1, p)}.
It follows that p*(6; % L(02 @ o)) > 0([v*p, v7p]) ® o7, and p*(6; X 6y x o) >
o([v*p,v7p]) @ o, Using the structural formula for u* we obtain that there
area—1<1 <751 <b c—1<1iy, <jy <dand an irreducible constituent
6 ® oy, of u*(o) such that

S([v°p, v pl) <6([v" p, v pl) x 6([" p, 10p]) x
5([=p,p]) % ([ p, p]) x 8

and

gy SO p, v p]) X 6([H p, w72 p]) X o,

Since a > 0, x < d and 2a — 1 € Jord,(o), we get i1 = a—1, iy = ¢ — 1,
j1 =a—1and j, = d. It follows that § = 6([*"p,v"p]) and, in the same
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way as in the proof of Lemma 4.1, we deduce that x > b since otherwise we
would have L(dy x o) = o ,. Furthermore, we have Jord(oy,) = Jord(c) \
{(2z+1,p)} U{(2b+1,p)} and

"

c d
ol < O([p,v%p]) X o,

Proposition 3.1 (i) of [16] implies [2¢ + 1,2d + 1] N Jord,(07,) = 0, i.e., [2¢ +
1,2d + 1] N Jord, (o) = {2z + 1}.

Previous analysis also implies that if 6; x L(dy X o) contains oy, then
1 (L(6y x ) > 0(["p,v7p]) ® ol,. Tt can be easily seen that such irre-
ducible constituent appears in p*(ds x o) with multiplicity one.

Applying Proposition 3.1 (i) of [16] one more time we deduce that in the
appropriate Grothendieck group we have

0y X 0 = L(0y x o) + L(6([v°p,v"p]) x al,).

As [2c—1,2z+1]NJord,(07,) = 0, the induced representation J([v°p, " p]) %
oy, is irreducible and isomorphic to its Langlands quotient. Frobenius reci-
procity now gives p*(L(6([v°p,v"p]) % 0l,)) > 0([V""p,v"p]) @ ol,. Thus,
1*(L(63 x 0)) does not contain §(["+!p, v"p]) ® 0%, and there are no strongly
positive discrete series subquotients of d; x L(ds % o), a contradiction.

Conversely, let us assume 2a — 1 € Jord,(o), 2d + 1 ¢ Jord,(o) and if
there is an « such that in Jord,(o) holds (2z + 1) = 2a — 1 then d < =.
By Theorem 3.4 of [6], induced representation §([v%p, v%p]) x ¢ has a unique
irreducible subrepresentation, which is strongly positive (by Theorem 4.6 of
[6]) and will be denoted by og,. We have the following embeddings and
intertwining operator:

asp =0([Vp,vp]) 7 = 5([vop, v 7p]) X 8([V7p,v°p]) X &
—=d([v°p, v p)) x 8([v°p, vp]) x 0.
Since [2¢ — 1,2d + 1] N Jord, (o) = @ holds, by Proposition 3.1 (i) of [16]
§([v°p, v¥p])xo is irreducible and we have L(5([v¢p, v¥p])xa) = §([v°p, vip])

o. Therefore, oy, is an irreducible subquotient of d; X L(d2 x o). This com-
pletes the proof. O

The following two lemmas complete the proof of Theorem 3.4 (i).

Lemma 4.4. Ifc < a, a = d+1 and the induced representation &([vp, v°p])
L(5([vep, vip]) x o) contains an irreducible strongly positive subquotient then
2c—1 € Jordy(0), 2b + 1 & Jord, (o), there is an x such that in Jord,(o)
holds (2x +1)_=2c —1 and [2a — 1,20+ 1] N Jord,(o) = {2z + 1}.
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Proof. If there is a strongly positive discrete series subquotient oy, of d; x
L(05 x o), then in the same way as before we deduce that 2c — 1 € Jord, (o),
2b+1 ¢ Jord, (o). Directly from the cuspidal support of this induced repre-
sentation, we get

Jord(oy,) = Jord(o) \ {(2¢ —1,p)} U{(2b+ 1, p)}.

Let us first assume that there is no « such that in Jord,(o) holds (2 +
1)-.=2c—1,1ie., 2c—1 is the maximum of Jord,(o). It follows that ;*(os,)
contains §([v°p, 1P p])@0c. Thus, u* (51 x L(d xa)) also contains §([v°p, v°p]) @
o and, by Lemma 2.1, there are a — 1 < ¢ < j < b and an irreducible
constituent 6 ® o’ of u*(L(dy x o)) such that

o([vp, v"pl) <6([v " p,v=p]) x 6([v/p,v"p]) x &
and
o <6([vp,17p]) x o

Using ¢ < a, a = d+1, 2c — 1 € Jord,(c) and the fact that 2c — 1 is the
maximum of Jord,(c), we directly get i = a — 1, j = a, § = §([v°p, v%p])
and o = ¢'. It follows that u*(L(d2 x o)) contains §([v°p, v4p]) ® o. It is not
hard to see that such irreducible constituent appears with multiplicity one
in u*(0y x o). By Proposition 3.1 (i) of [16], d2 x ¢ is a length two repre-
sentation whose irreducible subrepresentation is a strongly positive discrete
series which contains 6([v°p, v%p]) ® o in its Jacquet module with respect to
the appropriate standard parabolic subgroup. Thus, u*(L(dy % ¢)) does not
contain §([v°p, v%p]) @ o, a contradiction.

We will now consider the remaining case. Suppose that there is an x such
that in Jord,(o) holds (22+41)_ = 2c¢—1. Condition 2b+1 ¢ Jord, (o) implies
b+ x. If b < z, then again p*(o,,) contains 6([°p, v°p]) ® o and we obtain a
contradiction in the same way as in the previous case. Thus, we can assume
b > z. Now both p*(0y,) and p*(61 x L(dz x o)) contain 6([vp, v"p]) ® o7,
for strongly positive discrete series o, such that Jord(oy,) = Jord(o)\{(27+
L,p)}Uu{(2b+1,p)}. Lemma 2.1 implies that there are a — 1 <1y < j; <b,
c—1 <1y < jo < dand an irreducible constituent § ® o7, of p*(c0) such that

S([vop,v*p]) <O([v="p, v p]) x O([v"** p,v°p]) x
([0, =p]) x ([ p, vp]) x 8
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and
ory SO([Vp, v pl) X 8([V= T p, v72p]) X o,

It follows immediately that iy = a —1, 51 = b, 15 =c—1, jo = c— 1 and
§ = §([v™ 1, v7p]). Also, this gives d < z. Furthermore, we see that z # d
shows that of, is a strongly positive discrete series such that Jord(oy,) =
Jord(o) \ {(2z +1,p)} U{(2d + 1,p)}, while x = d implies o7, = 0.

Since the induced representation 8([v%p,’p]) x 0¥ has to contain the
strongly positive subquotient o7, from Proposition 3.1 (i) of [16] we get [2a+

1,2b+1]NJord,(07,) = 0, i.e., [2a—1,2b+1]NJord,(0) = {22+ 1} and the
lemma is proved. O

Lemma 4.5. Suppose that c < a and a = d+1. If2c—1 € Jord,(o), 2b+1 ¢
Jord,(o) and there is an x such that in Jord,(o) holds (2z + 1) = 2c — 1
and [2a — 1,2b+ 1] N Jord,(c) = {2x + 1}, then the induced representation
5([vep, v°p]) x L(§([v°p,vep]) x o) contains an irreducible strongly positive
subquotient.

Proof. First we consider the case = d. Let us denote by o, the strongly
positive discrete series such that Jord(o,,) = Jord(o) \ {(2¢ —1,p)} U{(20+
1,p)}. We have the following embeddings and intertwining operator:

asp = 6([°p,v7p]) % 0,

= 0([v°p, v7p]) x 6([V°p,Vp]) M @

= 6([v"p, v p]) x 8([v°p,v7p]) x 0,
where of, stands for the strongly positive discrete series with the property
Jord(oy,) = Jord(op) \ {(2d+1,p)} U{(2¢—1,p)}. Since 2d +1 € Jord,(o),
it follows from Proposition 3.1 (i) of [16] that §([v°p, v¥p]) x o is irreducible,
hence L(S([vep,vip]) x 0) = §([vp,v%p]) x o. Tt then follows that oy, <
§([vep, v°p]) x L(6([vp,v¥p]) x o), as needed.

We will now consider the case z > d, ie., 2d + 1 ¢ Jord,(c). Two

possibilities will be studied separately:

® I —=ada.

Let us denote by ¢ a strongly positive discrete series such that Jord(o’) =
Jord(o) \ {(2x +1,p)} U{(2b+ 1, p)}. It follows from [15], Lemma 4.6, that
the induced representation

5([v="p,v"p]) % o’
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contains two irreducible subquotients, which are non-isomorphic tempered
subrepresentations. It can be obtained directly from Lemma 2.1 and Propo-
sition 3.1 (i) of [16] that u*(6([v=%p,v%p]) x ') > (v p,vp]) @ o,
where oy, is strongly positive discrete series such that Jord(os,) = Jord(c’) \
{(2c = 1,p)} U{(2a + 1,p)}. We denote by 7 an irreducible subrepresen-
tation of 0([v%p,v%p]) x ¢’ such that u*(7) contains §([v=“"p,v%p]) @ o).
Furthermore, we denote by agp a strongly positive discrete series such that
Jord(e?,) = Jord(o) \ {(22 + 1, p)} U{(2d + 1, p)}. Then ([v%p,vp]) x o’
is a subrepresentation of

([ p, v p]) x 8([v"p, V")) X 0.
This implies the following embeddings and intertwining operator:

T =6([v 9, vp)) 3 0’ = §([vp, %)) x 8([v7p,v°p]) X 7L,

—=d([v°p,vp]) x 8([v™"p, v%p]) X 0y,

Consequently, u*(8([v*p, v°p]) xd([v="p,v*p]) x10,,) contains §([v = p, v*p])®
0sp- Using the structural formula for p* we obtain that there are a — 1 <
11 <71 <b —a—1<1i3 <j<aand an irreducible constituent § ® O';/p of
w*(oy,) such that

S([v=*p,vep]) <6([v " p, v %)) X B[ p, 10p]) %
([ p,vp]) x ([ p,v%p]) x &

and

0up B0, ) x 81 p, 1)) o,
Since —c¢+1 < 0 and ¢ < a we get iy = a — 1. Furthermore, since 7; +1 > 0
and, by Theorem 4.6 of [9], in § appear no twists of p with negative exponents,
we deduce that either —is = —c+1 or jo+1 = —c+ 1. It follows that j; = b
and oy, = o7 . This implies

Osp S 5([Vap7 pr]) X 5([ch7 Vaﬂ]) X U;p

(note that in the appropriate Grothendieck group we have m X mg X 07 =
T X Tg X 071).
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There is an irreducible subquotient oy of §([v°p, v*p]) ¥ 07, such that o, <
§([v2p,v°p]) x oy. Furthermore, by the description of Jord(oy,), there is some
irreducible representation oy such that p*(os,) > d([v°p, v*p])@02. Analyzing
w*(0([v%p, v°p]) @ 01) it can be deduced that p*(o1) contains §([v°p, v9p]) @3
for some irreducible representation o3. Since 2c—1 is an element of Jord,(o7,),
one can see, using the same argument as before, that only irreducible con-
stituent of the form 0([v°p, v%p]) ® o3 appearing in u*(6([v°p, vp]) x 0y,) is
6([vep,v*p]) ® of, which appears there with multiplicity one.

By Proposition 3.1 (i) of [16], since a = z, in the appropriate Grothendieck
group we have

([vp, v pl) ol = L(6([v°p,v*p]) % 0l,) + L(3([vp, vp]) x o)

and L(6([v°p, v%p]) x o) is an irreducible subrepresentation of §([v¢p, v%p])
o, Using Frobenius reciprocity we conclude that L(d([vp,v%p]) X 0) is the
only irreducible subquotient of d([v°p, v%p]) x o, having &([v°p, v?p]) ® o,
in its Jacquet module with respect to the appropriate parabolic subgroup.
In consequence, oy, is contained in §([v%p, %)) x L(6([v°p, v7p]) % o).

e r>a.

Let us denote by ¢’ a strongly positive discrete series such that Jord(c’) =
Jord(o) \ {(2z + 1,p)} U {(2d + 1,p)}. Furthermore, we denote by o4 a
discrete series which is a subrepresentation of both induced representations
5([v=p,v%p]) x o and §([v~=%p, v*p]) x o’. This uniquely determines o4, ([10,
15]). By Proposition 4.5 of [10], the induced representation §([v%p, v°p]) X 044
contains two discrete series subquotients, and exactly one of them contains
S([v=p,v%p]) ® oy, in its Jacquet module with respect to the appropriate
standard parabolic subgroup, where o, stands for the strongly positive dis-
crete series such that Jord(oy,) = Jord(o) \ {(2¢ — 1,p)} U{(2b+1,p)}. We
will denote such discrete series subquotient of §([v%p, v°p]) x 045 by o7,

Since o/, is obviously an irreducible subquotient of the induced represen-
tation 0([%p, %p]) x 8([v=%p, v*p]) x o, we deduce

([ p,vop)) @ o < p* ([0, v7p)) X 6([v ™0, v%p]) X 7).
The structural formula for p* implies that there are a — 1 < 1; < 77 < b,

—d —1 < iy < j, < a and an irreducible constituent 0 ® o” of p*(o) such
that

(v p, o)) <6([v " p,v%p]) x O([VHp, 0p]) %
8([r="p, 1]  8([1* p, v7p]) x &
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and

s SOV p, 17 p]) X ([ p, 172 p]) X 0.

Il ~

It follows that iy = a—1, j; = b, 0” = ¢ and (ia, j2) equals either (—d—1, —c)
or (c—1,d). In any case, oy, is an irreducible subquotient of §([v%p, *p]) x
([vep, vip]) x 0.

There is an irreducible subquotient o1 of §([v°p, v?p]) x o such that oy, is
an irreducible constituent of §([v%p, v°p]) x o1. Also, since u*(og,) contains
an irreducible quotient of the form d([v°p, v*p|) ® o9, using ¢ < a, z < b and
the structural formula we deduce that p*(oq) also contains some irreducible
constituent of the form o([v°p, v*p]) ® o3. Proposition 3.1 (i) of [16] implies
that in the appropriate Grothendieck group we have

5([p, %)) % 0 = LO([p, 7)) % 0) + o,
where o7, is strongly positive discrete series such that Jord(og,) = Jord(o) \
{2c—1,p)}u{(2d+1,p)}. But d < x and Theorem 4.6 of [9] show that
w*(o,) does not contain irreducible constituent of the form 6([v°p, v*p]) @03.
This clearly implies o7 2 L(6([v°p, v?p]) x o) and the induced representation
§([v%p, v°p]) x L(6([vp, vep]) x ) contains the strongly positive discrete series
0sp, Which is the desired conclusion. O

5. Case a =

W=

In this section we assume a = % Description of strongly positive discrete
series, given in Proposition 2.2, implies that if d; x L(d2 X ) contains an
irreducible strongly positive subquotient then Ve p does not appear in the
cuspidal support of o.

We will first discuss the case Jord,(o) # (0. In this case, necessary and
sufficient conditions under which the induced representation d; x L(dy X o)
contains a strongly positive irreducible subquotient are given by the following
proposition.

Proposition 5.1. Suppose Jord,(c) # O and define x by 2x+1 = min(Jord,(c)).
Then the induced representation 8([v2p, v p]) x L(6([vp, v%p]) x &) contains
an irreducible strongly positive subquotient if and only if V%p does not appear
in the cuspidal support of 6([vep,vep]) x o, c=b+1 and d < .
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Proof. Let us first assume that there is some irreducible strongly positive
subquotient oy, of 6; x L(dy x o). We have already observed that then vip
does not appear in the cuspidal support of o. If ¢ # b+ 1, it can be deduced
in the same way as in the proof of Lemma 4.1 that d; x L(d2 X o) does not
contain an irreducible strongly positive subquotient.

Thus, it remains to consider the case ¢ = b+ 1. In this case, 2d + 1 ¢
Jord, (o) and we have Jord(oy,) = Jord(o) U{(2d + 1,p)}. If x < d then
1 (o) > 0([vzp,vop)) ® o, for strongly positive discrete series o7, such
that Jord(e),) = Jord(osp) \ {(22 + 1,p)} and we have b < z. If b = z,
using the same argument as in the previous case we deduce that there are
no irreducible strongly positive subquotients of 6; X L(d2 x o). Let us now
assume b < x and x < d. Since oy, is also a subquotient of d; X 0o X o, it
follows that p*(6, x &, X o) contains &([v2p, v%p]) ® o, We shall analyze
(01 X 09 x o) using the structural formula from Lemma 2.1.

There are —% <11 <731 <b,c—1< 14y < j < dand an irreducible
constituent 6 ® 7 of p*(o) such that

3([v2p.v7p]) <8(Iw "o, 2pl) x 317 p. 0] x
([, v~p]) x 811 p, v%p]) x 8
and
04 SO([ v p]) X O([v T p, 17 p]) 1o
—%, 19 = ¢ — 1 and
J2 = d. Furthermore, since I/%p does not appear in the cuspidal support of o,
we have j; = —3 and § = 6([v"*!p,v7p]). Tt follows from Theorem 4.6 of [9]
that 7 is the strongly positive discrete series such that Jord(w) = Jord(o) \
{(2z+1,p)}U{(2b+1, p)}. Since the induced representation §([v°p, v9p]) x
contains the strongly positive discrete series o7, Proposition 3.1 (i) of [16]
implies [2¢+1,2d+1]NJord,(7) = 0, i.e., [2¢+1,2d+1]NJord,(0) = {2z +1}.
Also, we conclude that if §; x L(d2 % o) contains o, then p*(L(dy % 0))
contains §(["+!p, v7p]) ® ol,. Proposition 3.1 (i) of [16] implies that in the
appropriate Grothendieck group we have

Since ¢ > 0, z > 0 and x < d, we directly get iy =

0y X 0 = L(0y x o) + L(6([v°p, " p]) x al,).

Using Proposition 3.1 (ii) of [16], we deduce that the induced representa-
tion o([v°p, 1% p]) x 0y, is irreducible, thus it is isomorphic to L(d([v°p, v p]) x
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oy,) and Frobenius reciprocity implies p*(6([v°p, v"p]) x05,) > 6([v°p, v"p]) @
0., It can be easily seen that §([v°p, v"p|) @07, appears with multiplicity one
in p*(dy X o) so it does not appear in p*(L(dy x 0)). Consequently, if x < d
the induced representation d; X L(ds x o) does not contain an irreducible
strongly positive subquotient.

In this way we have proved that if §; x L(dy X o) contains an irreducible
strongly positive subquotient then 1/%,0 does not appear in the cuspidal sup-
port of o, c=b+1and d < z.

Conversely, let us now assume that Ve p does not appear in the cuspidal
support of o, ¢ = b+ 1 and d < x. Again, we denote by oy, a strongly
positive discrete series such that Jord(oy,) = Jord(c) U{(2d + 1, p)}. Using
Proposition 3.1 (ii) of [16], in the same way as in the last part of the proof
of Lemma 4.3, we obtain that d; X L(d2 x o) contains oy,. This finishes the
proof. ]

Now we assume Jord,(o) = (. Then V%p X Oeysp Teduces and there are no
twists of p appearing in the cuspidal support of o. The following proposition
can be proved in the same way as Lemmas 4.2 and 4.3, details being left to
the reader.

Proposition 5.2. Suppose Jord,(c) = (0. Then the induced representation

§([v2p,vPp]) x L(6([v°p,vp]) % o) contains an irreducible strongly positive
subquotient if and only if c = b+ 1.

6. Case c =

N =

This section is devoted to the analysis of the remaining case ¢ = % Again,
if 61 x L(dy x o) contains an irreducible strongly positive subquotient then
V%p does not appear in the cuspidal support of 0. We start with the following
result:

Lemma 6.1. If Jord,(c) = 0, the induced representation &([v*p,v’p])

L(8([v2p, vip]) x &) does not contain an irreducible strongly positive subquo-
tient.

Proof. From Jord,(o) = 0 we conclude that v2 P XN Oeysp reduces and there are
no twists of p appearing in the cuspidal support of . Suppose, contrary to
our assumption, that there is some strongly positive irreducible subquotient
osp Of 01 X L(03 x ). By Theorem 5.1 of [16], induced representation d x o
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contains a strongly positive discrete series which will be denoted by 7g,. We

note that m, is also the unique irreducible subrepresentation of dy x 0.
Using the description of Jacquet modules of strongly positive represen-

tations we deduce that u*(og,) contains an irreducible constituent of the

form &([v2p, v¥p]) @ o

sp?

1* (8, 3 L(8; x 7)) also contains 6([v2p, 1¥p]) @ Tope

for some strongly positive discrete series o7 ,. Thus,

Using Lemma 2.1 we obtain that p*(L(d; x o)) contains 6([v2p, v%p]) @

o,,, which is impossible since such irreducible constituent is contained with

multiplicity one in both p*(dy @ 0) and p*(7s,). This completes the proof. [J

In the rest of this section we assume Jord, (o) # ). In the next couple of
lemmas we will finish the proof of Theorem 3.4 (iii).

Lemma 6.2. Suppose 2a — 1 ¢ Jord,(0). If the induced representation
5([°p,v°p)) % L(6([vzp, vip]) x o) contains an irreducible strongly positive
subquotient then I/%p does not appear in the cuspidal support of o, 2b+ 1 &
Jord,(c), d = a — 1 and for x such that 2x + 1 = min(Jord,(0)) we have
2a +1,2b+ 1] N Jord,(0) = {2z + 1}.

Proof. It follows directly from the cuspidal support of §; x L(dy X o) that
if such induced representation contains a discrete series subquotient then
2b+1 ¢ Jord,(0) and d = a—1. Furthermore, if o, is an irreducible strongly
positive subquotient of §; X L(d2 X o) then Jord(oy,) = Jord(o)U{(2b+1, p)}.
Let us define y by 2y +1 = min(Jord,(osp,)). Obviously, y < b. If y = b, then
2d + 1 is less than min(Jord, (o)) and, by Theorem 5.1 of [16], the induced
representation d, X o contains a strongly positive discrete series. Now, in the
same way as in the proof of Lemma 6.1, we deduce that §; x L(ds x o) does
not contain an irreducible strongly positive subquotient.

Consequently, y < b. This also gives 2y + 1 = min(Jord,(c)). Using the
description of Jacquet modules of strongly positive representations, we de-
duce that ;1*(0,) contains an irreducible constituent of the form §([v2 p, 1¥p])®
o,,, for some strongly positive discrete series o7,. Using Lemma 2.1 together
with Theorem 4.6 of [9], we deduce that o7, is an irreducible subquotient of
the induced representation of the form §([*p,v°p]) x 0¥, where 0¥ is the
strongly positive discrete series such that Jord(oy,) = Jord(o)\{(2y+1, p) }U
{(2a — 1,p)}. Proposition 3.1 (i) of [16] gives [2a + 1,2b+ 1] N Jord, (o) =
{2y + 1} and the lemma is proved. O
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The following lemma completes the proof of the first part of Theorem
3.4 (iii).

Lemma 6.3. Suppose that I/%p does not appear in the cuspidal support of o,
2a—1,2b4+1 & Jord,(0), d = a—1 and for x such that 2x+1 = min(Jord, (o))
we have [2a+1,2b+1]NJord,(0) = {2x+1}. Then the induced representation
5([v°p, vPp]) x L(6([vzp, vp]) x o) contains an irreducible strongly positive
subquotient.

Proof. Two possibilities will be considered separately:
e r=a.

Let us denote by oy, strongly positive discrete series such that Jord(cs,) =
Jord(o)\{(2z+1,p)}U{(20+1, p)}. Furthermore, let us denote by 7 a tem-
pered subrepresentation of the induced representation 6([v=%p,v%p|) X o
such that p*(1) > 6([vzp,v%p]) x 0([v2p,1°p]) @ 0gp. The induced repre-
sentation d([v~%p, v*p|) X 0y, contains two tempered subrepresentations and
such a subrepresentation 7 is unique by Corollary 4.5 of [19]. Transitivity
of Jacquet modules shows that the Jacquet module of 7 with respect to the
appropriate parabolic subgroup contains §([v2p, v%p]) @ §([v2p, v%p]) @ 0p.
Consequently, there is some irreducible constituent d([v2p, v%p]) @ 7 of p*(7)
such that p*(7) > 6([v2p,vp]) @ 0sp- Using the structural formula for
1*(8([v="p, v*p]) X 0sp) We get that 7 is subquotient of (2 p, 1% p]) X0y, since
Ve p does not appear in the cuspidal support of o,,. It now follows directly

that 7 has to be the unique irreducible subrepresentation of §([v2p, v%p]) x
0sp, which is also strongly positive by Theorem 4.6 of [6].
We have an embedding
Gy = ([, 1)) %

sp?

where o7, is the unique strongly positive discrete series such that Jord(c},) =
Jord(os,) \ {(20+ 1,p)} U{(2d + 1, p)}. Now 7 is contained in

3([vp, v°p]) x 6([v~p,v"p]) X 0.
This implies 11" (3([v%p, v°p]) x 3([v="p,v%p]) % 04,) > 8([v2p,v7p]) ® 7 and

using Lemma 2.1 two times we obtain 6([1%p, v2p]) x 6([v2p, v7p]) x oL, > .

23



By Theorem 5.1 (i) of [16], in the appropriate Grothendieck group we
have . .
o([v2p,v*p) x of, = L(d([v2p,v"p]) x 0y) + L(d2 % 0),

and, in the same way as in the proof of Lemma 4.5, we obtain that d; x
L(d3 x o) contains the strongly positive discrete series 7.

e T > a.

Let us denote by ¢ a strongly positive discrete series such that Jord(c’) =
Jord(o) \ {(2x + 1,p)} U {(2d + 1,p)}. Furthermore, we denote by 045 the
unique discrete series representation which is a subrepresentation of both
induced representations

(v =p,vp)) x 0.

and
S([vp, v"p]) x o’

Proposition 4.5 of [10] shows that the generalized principal series o([v%p,
VPp]) % 045 contains two discrete series subquotients. We denote by o/, a
discrete series subquotient of §([v%p, v°p]) x 04, With the property that there
is some irreducible representation 7 such that p*(c’,) > 0([vzp, v%p]) @ .
It follows from Proposition 3.4 of [11] that 7 is the unique strongly positive
discrete series subrepresentation of the induced representation &([v2 p, v7p]) x
osp, for strongly positive discrete series oy, such that Jord(c,,) = Jord(o) \
{2x+1,p)}U{(2b+1,p)}. Since o/, is an irreducible subquotient of

0([v*p, v p]) x 8([v="p,v"p]) % o,

it follows that p*(6([%p, v%p]) x 6([v=%p, v7p]) x &) contains 6([v2 p, v7p]) @ .
Since a > 0 and Jord,(0) N{2d +1,2a + 1} = (), using Lemma 2.1 two times
we get

© < 8([v"p, v pl) x 8([v2p, vp]) % 0.

In the appropriate Grothendieck group we have (by Theorem 5.1 (i) of [16])
3([v2p,v'pl) x o = L(6([v2 p,v"p]) % 0) + 7o,

for strongly positive discrete series 7y, such that Jord(ms,) = Jord(o)U{(2d+
1,p)}. Following the same lines as in the proof of Lemma 4.5 we deduce that
01 X L(09 x o) contains the strongly positive discrete series w. This completes
the proof. O
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To complete the proof of Theorem 3.4 (iii), we prove

Lemma 6.4. Suppose 2a — 1 € Jord,(c). Then the induced representation
5([v°p, vPp]) x L(6([vzp, vp]) X o) contains an irreducible strongly positive
subquotient if and only if V%p does not appear in the cuspidal support of
o, 2a — 1 = min(Jord,(0)), 20 + 1 & Jord,(c), d = a — 1 and if there is
2z 41 € Jord,(o) such that (2z +1)-=2a —1 then b < x.

Proof. Using the cuspidal support argument as before, we deduce that if
2b +1 € Jord,(o) then there are no discrete series subquotients of d; x
L(62 x o). Thus, we may assume 2b+ 1 ¢ Jord,(o). If we again denote
by o, irreducible strongly positive subquotient of d; x L(d2 % o), it follows
directly that Jord(oy,) = Jord(o) \ {(2a — 1,p)} U{(2d + 1, p), (20 + 1, p)}.
Since v2 p appears in the cuspidal support of o,, for some strongly pos-

itive discrete series o7, we have p*(oy,) > 6 ([v2p, v pl) @ o, | where Zpin

sp?
is defined by 22y, + 1 = min(Jord,(op)). Since y%p does not appear in the
cuspidal support of o, using Lemma 2.1 we get that if u*(d; X d9 X o) contains
some irreducible constituent of the form §([v2p, ¥p]) @7, then y > d. Thus,
it follows that z, equals d, since we have 2d 4+ 1 € Jord, (o).

Consequently, o7, is an irreducible subquotient of §([*p, 1%p]) x 0. Since
a > 3, by Proposition 3.1 (i) of [16] we have [2a + 1,2b+ 1] N Jord,(c) = 0.
Therefore, if there is 2o + 1 € Jord,(o) such that (2o + 1)_ = 2a — 1 then
b< .

Also, we have u*(5([v°p, vp]) x L(3([v7 p, vp]) x0)) > 8([v7 p, vp]) @0,
Again, using a > § we deduce that 1*(L(8([v2 p, v%p]) x o)) contains an irre-
ducible constituent of the form d([v2 p, v%p])@m. It can be easily seen that the
only irreducible constituent of such form which appears in *(8([v2 p, v%p]) x
o) is §([v2p, v%p]) @0, which appears there with multiplicity one. Now Frobe-
nius reciprocity and Theorem 5.1 (i) of [16] imply that L(5([v2p, v%p]) x o)
has to be the unique irreducible subrepresentation of § ([V%p, vep]) x o, which
is then irreducible and applying the same theorem one more time we deduce
that 2d + 1 € Jord, (o).

Since 2d+ 1 € Jord,(c) N Jord, (o), from the description of Jord(o,) in
terms of Jord(o) and description of the cuspidal support of strongly pos-
itive discrete series we obtain that d = a — 1. Furthermore, 2d + 1 =
min(Jord,(os,)) now also implies 2d + 1 = min(Jord, (o)), ie., 2a — 1 =
min(Jord,(o)).
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Conversely, let us assume that % p does not appear in the cuspidal sup-
port of 0, 2a — 1 = min(Jord,(c)),2b + 1 & Jord,(c), d = a — 1 and if there
is 2x +1 € Jord, (o) such that (2z+1)_ = 2a — 1 then b < x. It follows from
Theorem 3.4 of [6] that the induced representation

3([v2 p, vep]) x 8([v°p,v"p)) X 0.

contains a unique irreducible subrepresentation, which is strongly positive
(by Theorem 4.6 of [6]) and we will denote it by oy,. Since, by Theorem
5.1 of [16], the induced representation 8([v2p, %)) x o is irreducible, in
the same way as before we deduce that o), is an irreducible subquotient of
§([v°p, vPp]) x L(5([vzp,vp]) % ¢), and the lemma is proved. O
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