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Abstract

In this paper, we obtain a classification of irreducible strongly positive square-
integrable genuine representations of metaplectic groups over p-adic fields,
using a purely algebraic approach. Our results parallel those of Moeglin and
Tadic¢ for classical groups, but their work relies on certain conjectures. On the
other hand, our results are complete and there are no additional conditions
or hypothesis. The important point to note here is that our results and
techniques can be used in the case of classical p-adic groups in a completely
analogous manner.
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1. Introduction

Admissible representations of metaplectic groups over p-adic fields have
recently been intensively studied by many authors and many results, mostly
similar to those related to the representation theory of classical groups (|3,
4, 7]), have been achieved. It is of particular interest to obtain knowledge
about the square-integrable representations of metaplectic groups, especially
about the irreducible ones, the so-called discrete series. In the papers [11, 12],
Moeeglin and Tadi¢ have classified discrete series of classical groups over p-
adic fields, assuming certain conjectures. It is of interest to know whether
there is an analogous classification for metaplectic groups and whether their
assumptions may be removed. The aim of this paper is to address these prob-
lems for an important type of square-integrable representation, namely the
strongly positive ones, which can be viewed as basic building blocks for all the
square-integrable representations. Important examples of strongly positive
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square-integrable representations are generalized Steinberg representations
and regular discrete series, which have been classified by Tadi¢ in [19]. In
the Moeeglin-Tadi¢ classification, strongly positive discrete series correspond
to so-called alternating triples.

The main difficulty in carrying out their construction for the case of meta-
plectic groups is that the work of Mceglin ([11]) relies on the theory of L-
functions, which we do not have at our disposal in its full generality. Instead
of extending this theory to the metaplectic case, or using the very powerful
methods of theta-correspondence, we classify strongly positive discrete series
in completely algebraic way. The starting point of our approach is the anal-
ysis of certain useful embeddings of irreducible representations, which were
introduced first in [15] and further developed in [6]. We use mostly basic
techniques and our classification involves no hypotheses. This approach pro-
vides a rather combinatorial algorithm for constructing the classifying data,
which should be useful in other contexts, such as calculations with Jacquet
modules. The results of this paper may be straightforwardly extended to the
case of classical groups. Further, such a classification allows one to study
composition series of some generalized principal series of metaplectic groups,
as has been done in [14] in the case of classical groups.

Now we describe the contents of the paper, section by section.

In the next section we set up notation and terminology, while the third
section is devoted to the study of some embeddings of strongly positive rep-
resentations, which are crucial for our classification. These embeddings allow
us to realize a strongly positive representation as a (unique irreducible) sub-
representation of a parabolically induced representation of a special type. In
this section, we also prove some results concerning the intertwining operators.

In Section 4, we classify irreducible strongly positive representations whose
cuspidal support on a two-fold cover of the general linear group-side consists
only of the twists of one irreducible self-dual cuspidal representation. This
is done by further analysis of the embeddings introduced in the previous
section, which enables us to describe them in a more appropriate way. Im-
portant properties which are obtained by this analysis allow us to show the
uniqueness of such embeddings. In the fifth section, using the same ideas
as in the fourth section, we obtain our classification for general irreducible
strongly positive representations.

For the convenience of the reader, we cite the main classifications here.
We write v for the character of GL(n, F') defined by |det|r, where F' is



a local non-Archimedean field of a characteristic different than two. We de-
note by GL(n, F') a two-fold cover of the general linear group GL(n, F’). Let

o denote an irreducible representation of metaplectic group Sp(n), which
is as a set equal to Sp(n, F') X pg, where ps = {1,—1}. We assume that
o is genuine, i.e., does not factor through us. A representation o is said
to be strongly positive discrete series if for each embedding of the form

o = Vlpy X oo X VTP X Ocysp, Where py, ..., pp, are irreducible genuine
cuspidal representations of GL(ny, F),...,GL(ny,, F) and 0, is an irre-

ducible genuine cuspidal representation of metaplectic group, we have s; > 0
fori=1,...,m.

For an irreducible genuine unitary representation p of some GL(n, F)
and real numbers a and b such that b — a is a non-negative integer, we call
the set A = {v%, v 1p, ..., v’p} a genuine segment. We denote by 6(A)
the essentially square-integrable representation attached to the segment A
(as in [20]). Set e(A) = %2, The following theorem describes important
embeddings of strongly positive discrete series.

Theorem 1.1. Let o be a strongly positive genuine discrete series of some

( ). Then there exists a sequence of genuine segments Al, .o, A such
that e(A1) = -+ = e(A;) < e(Qj41) = =e(Qy,) <+ <e(Qj41) =
e(Ak) and an irreducible genwine cuspidal representatzon Ocusp Of some

Sp(nocusp), such that o is the unique rreducible subrepresentation of the in-
duced representation §(Aq1) X -+ X 6(Ag) X Ocyusp. (Here we allow k = 0.)
Also, if o can be obtained as an ir’reducible subrepresentation of some induced

representation §(A}) X -+ X 0(A}) % 07, where A}, ... A} is a sequence
of genuine segments such that e(A]) = -+ = €<A;i) < e(A’,H) = =
e(A;é) - < e(A; 1) = = e(A)) and o), is an irreducible genuine
cuspidal representation of some Sp(naéusp), then k =1, s = ¢, j; = j. for
i €{1,..., 8}, Ocusp = Oy, and, fori € {1,...,s} and jo11 = k, the sequence
Ajiyts -y Ajyy -1 is a permutation of the sequence A) 4y, ... A% .

Detailed analysis of the embeddings considered in the previous theorem
provides additional information about the strongly positive discrete series.
The following theorem completes our classification.

Theorem 1.2. We define a collection of pairs (Jord,c'), where o' is an

irreducible genuine cuspidal representation of some Sp(n,:) and Jord has
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the following form: Jord = J5_, Uf;l{(pz, bgi))}, where

o {p1,p2,...,pr} is a (possibly empty) set of mutually nonisomorphic ir-

—_—

reducible self-dual cuspidal genuine representations of some GL(my, F),

—_—~—

.., GL(my,, F) such that v%ip; x o' reduces for a, > 0 (this defines
a ).
pi

o ki = [a),|, the smallest integer which is not smaller that a), .

e For eachi1=1,...k, bgi), e ,b,(c? is a sequence of real numbers such
that a;i — bg-i) 1s an integer, for j = 1,2,... k; and —1 < b(li) < b(zi) <
e < b(i)

ki °

There exists a bijective correspondence between the set of all genuine
strongly positive representations and the set of all pairs (Jord,c').

We describe this correspondence more precisely. The pair corresponding
to a strongly positive genuine representation o will be denoted by (Jord(c),o'(c)).

Suppose that cuspidal support of o is contained in the set {v*p,...,
V' Pk, Ocusp = & € R}, with k minimal (here p; denotes an irreducible cus-

pidal self-dual genuine representation of some GL(n,,, F)).
Leta), >0,i=1,2,...,k, denote the unique positive s € R such that the

representation v°p; X Ouysp reduces. Set k; = (a;i] For each v =1,2,...,k
there exists a unique increasing sequence of real numbers bgi),bg), e 7bl(<:?7
where a;i — bgi) 1s an integer, for 3 =1,2,...,k; and b§") > —1, such that o

s the unique irreducible subrepresentation of the induced representation

ko k;

a —ki4i O]
(T T ¥ it p1)) % Gy

i=1 j=1
Now, Jord(e) = U, Uj= {(p:,07)} and 0'(0) = Geusy

The author would like to thank Goran Mui¢ for suggesting the problem
and to Marcela Hanzer for several helpful comments. The author would also
like to thank the referee for reading the paper very carefully and helping to
improve the style of the presentation.



2. Preliminaries

Let Sp(n) be the metaplectic group of rank n, the unique non-trivial
two-fold central extension of symplectic group Sp(n, F'), where F' is a non-
Archimedean local field of characteristic different from two. In other words,
the following holds:

1 — pg — Sp(n) = Sp(n, F) — 1,
where py = {1,—1}. The multiplication in % (which is as a set given
by Sp(n, F') x uy) is given by Rao’s cocycle ([17]). The topology of the
metaplectic groups is explained in detail in [8], Section 3.3.

—_—

In this paper we are interested only in genuine representations of Sp(n)
(i.e., those which do not factor through ps). So, let R(n) be the Grothendieck
group of the category of all admissible genuine representations of finite length

of Sp(n) (i.e., a free abelian group over the set of all irreducible genuine

representations of Sp(n)) and define R = €, ., R(n).

Further, for an ordered partition s = (ni,ns,...,n;) of some m < n,
we denote by Ps a standard parabolic subgroup of Sp(n, F') (consisting of
block upper-triangular matrices), whose Levi factor equals GL(nq, F') X - - - X
GL(ng, F)x Sp(n—|s|, F), where |s| = 3-F_, n;. Then the standard parabolic

e~

subgroup P, of Sp(n) is the preimage of P, in Sp(n). For the sake of com-
pleteness, we explicitly describe Levi factors of metaplectic groups. Let us
denote by M the Levi factor of the parabolic subgroup P;. There is natural
epimorphism

¢:GL(ny, F) x -+ X GL(ny, F) XSP("Z_|5|)_>]T/[;
given by

([g17€1]7 SR [Qk;Ek]; [hvE]) = [(91; R 7gk7h)761 o 'EkEB]a

with g = Hi<j(detgi,detgj)F(Hle(detgi,x(h))p), where x(h) is defined in
[17], Lemma 5.1, while (-,-)r denotes the Hilbert symbol of the field F.

—_— —_—

The Levi factor M, differs from the product GL(ny, F) x -+ x GL(ng, F) x

—_—

Sp(n — |s|) by a finite subgroup, which enables us to write every irreducible
genuine representation of M in the form m ® --- ® 7, ® o, where the rep-

resentations my,...,m, o are all genuine. The representation of Sp(n) that
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is parabolically induced from the representation 7 ® -+ ® m, ® o will be
denoted by m X -+ X m X 0.

Let GL(n, F) be a double cover of GL(n, F'), where the multiplication is
given by (g1, €1)(92, €2) = (9192, €1€2(detgy, detga)r). Here € € pa, i = 1,2,
Here and subsequently, a denotes the character of GL(n, F) given by a(g) =
(detg, detg)r = (detg, —1)r. For a deeper discussion of the properties of the
character «, which is a quadratic character that factors through GL(n, F),
we refer the reader to Section 3 of [8] and the references given there.

By v we mean the character of GL(k, F') defined by |det|p. Let py, ..., ppn

denote irreducible cuspidal representations of some GL(my, F), ..., GL(m,, F)

and o.,s, an irreducible cuspidal representation of some Sp(k). We say that
the representation o belongs to the set D(py, ..., pn;Ocusp) if the cuspidal
support of ¢ is contained in the set {v"py, ..., V" pn, Ocusp : © € R}.

An irreducible representation o € R is called strongly positive if for each
representation v°'p; X v%2py X « - X V% pp X O¢ysp, Where p;, 1 = 1,2, ...k are
irreducible cuspidal unitary genuine representations, o.,s, € I2 an irreducible
cuspidal representation and s; € R, ¢+ = 1,2,...,k, such that

0 = VP X Upg X oo X VR PR X Ocysp,

we have s; > 0 for each 1.
Irreducible strongly positive representations are often called strongly pos-
itive discrete series.

If p is an irreducible genuine unitary cuspidal representation of some

GL(m, F), we say that A = {v%, v p, ... v7%*p} is a genuine segment,
where a € R and k € Z>(. Here and subsequently, we abbreviate {v%p, v*"p,
vkl as [V, v p]. If a > 0, we call the genuine segment A strongly
posmve. We denote by 6(A) the unique irreducible subrepresentation of
R x vty oo x 8. §(A) is also a genuine, essentially square-
integrable representation attached to A. Further let A = [v=a=kp v=ap].

Then A is also a genuine segment and we have 6 (A) — §(A), which follows
from [20], Proposition 3.3 and Chapter 4.1 of [§].

For every irreducible genuine cuspidal representation p of some G L(m, F'),
there exists a unique e(p) € R such that the representation v=¢")p is a unitary
cuspidal representation. From now on, let e([v%p, 1?p]) = “£2.

We take a moment to recall a metaplectic version of Tadi¢’s structure
formula (Proposition 4.5 from [8]), which enables us to calculate Jacquet
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modules of an induced representation. Let

RI" = @, R(GL(n, F))gen,

e~

where R(GL(n, F'))gen denotes the Grothendieck group of smooth genuine

representations of finite length of GL(n, F'). We denote by m the linear ex-
tension to R9°" @ RI°" of parabolic induction from a maximal parabolic sub-

P

group. Let o denote an irreducible genuine representation of Sp(n). Then
rk)(0) (the normalized Jacquet module of o with respect to the standard

maximal parabolic subgroup ﬁ(k)) can be interpreted as a genuine represen-

tation of GL(k, F') x Sp(n — k), i.e., is an element of R9" ® R. For such o
we can introduce p*(o) € R ® R by

n

w(0) =3 s5.(r ()

k=0

(s.s. denotes the semisimplification) and extend p* linearly to the whole of
R. For o € R(n) we sometimes write rgz (o) for 7, (o).
Using Jacquet modules with respect to the maximal parabolic subgroups

e~

of GL(n, F), we can also define m*(m) = Y ;_;s.s.(ry(m)) € R ®@ R9",

—~——

for an irreducible genuine representation m of GL(n,F'), and then extend
m* linearly to the whole of R9". Here r(m) denotes Jacquet module of
the representation 7w with respect to parabolic subgroup whose Levi factor

is GL/(E,/F) X GL(m, F). We define x : R9" @ R9" — RI" @ RI" by
k(z ®y) =y ® x and extend contragredient ~ to an automorphism of RI"
in the natural way. Let M* : R9" — R9°" be defined by

M= (m®id)o{a®@m*)orom?,

where "« means taking contragredient of the representation and then multi-
plying by the character a.

The following theorem is fundamental for our calculations with Jacquet
modules:

Theorem 2.1. For m € RY" and o € R, the following structure formula
holds
pi(mx o) = M*(m) x p* (o).



Using the previous theorem, we obtain:

—_—~—

Lemma 2.2. Let p be a cuspidal genuine representation of GL(n, F') and
a,b € R such that a+b € Z>(. Let o be an admissible genuine representation

—_——

of finite length of Sp(m). Write p*(o) = -, m® c'. Then the following
hold:

i=—a—

M p ) = YD Y8l ap v ap)xa( o @b (v . v,

POy o) = Y Yy s tap,vtap]) x 6([v p, 1 o)) x w

i=—a—1 j=i w0’

® o[V p,v7p]) 1o
We omit 6([v"p,v¥p]) if x > y.

The following fact, which follows directly from [8], will be used frequently:
for an irreducible genuine representation 7w of GL(k, F') and an irreducible

—_—

genuine representation o of Sp(n) in R we have
TXO=amXo. (1)

This important relation can also be obtained through the use of Mui¢’s ge-
ometric construction of intertwining operators ([16]), which is valid in more
general cases.

We also use the following equation:

w3, ) = S S(1v o, vP0)) @ 8([v*p, v ).

i=a—1

Note that multiplicativity of m* implies

m (Lo o) = TIC S 607 pyovpy])  8(0 05 7p,)) (2)

Let us briefly recall the Langlands classification for two-fold covers of
general linear groups. As in [9], we favor the subrepresentation version of
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this classification over the quotient one. This version can be obtained using
Lemma 3.1 (¢) of this paper and part 3 of Proposition 4.2 from [8].
First, for every irreducible essentially square-integrable representation ¢ of

G L(n, F), there exists an e(§) € R such that the representation v=¢)§ is uni-
tarizable. Suppose 61/,\52; .., 0 are irreducible, /es\sgltially square-integrable
representations of GL(ny, F'), GL(ng, F),...,GL(ng, F') with e(d;) < e(d2) <
... < e(dg). Then the induced representation d; X dg X - -+ X d; has a unique
irreducible subrepresentation, which we denote by L(d1,da,...,0). This ir-
reducible subrepresentation is called the Langlands subrepresentation, and it
appears with the ln\@iplicity one in 91 X 9y X - - - X . Every irreducible repre-

sentation m of GL(n, F') is isomorphic to some L(d1, g, ..., 0x). Given 7, the
representations 91, ds, . . ., 0 are unique up to a permutation. If i1, 4o, ..., 7 is
a permutation of 1,2, ...,k such that the representations d;, X d;, X - -+ X ;,
and d§; X 09 X --- X 0) are isomorphic, we also write L(d;,,di,,...,0d;, ) for

L(51,62, ..., 65).

3. Embeddings of strongly positive representations and intertwin-
ing operators

In this section we investigate certain embeddings of strongly positive dis-
crete series, which represent the basis of our classification. The main re-
sults of this section enable us to study strongly positive discrete series using
parabolically induced representations of a special type. We apply ideas and
adapt some proofs from Sections 3 and 7 of [6] to our situation and the
metaplectic case, and give them here.

We first briefly discuss some intertwining operators. The following lemma
is analogous to Theorem 2.6 in [6].

Lemma 3.1. Assume that 7, ..., are irreducible genuine representations
of GL(mq, F),...,GL(my, F) and o an irreducible genuine representation of

Sp(n). Let m =my+---+my and | = m+n. Then the following hold:
(i) Every irreducible quotient of w1 X mg X -+ X 7y is an irreducible subrepre-

sentation of g X Mp_1 X + -+ X 1. In particular, HomGL/(;;F)(m X Ty X +»+ X

Ty T X M1 X = +» X 1) # 0.
(i1) Every irreducible quotient of m X mg X -+ X T X 0 is an irreducible sub-

representation of am; X amy X - -+ X am, X 0. In particular, Homsfd})(m X
p K

Ty X +++ X T X 0, Q] X Qg X + -+ X a7 X 0) # 0.
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Proof. Claim (i) follows from [8], by repeated application of Propositions
4.1 and 4.3 of that paper. Let us comment on the proof of (i7). Let 7 be
an irreducible quotient of the representation 7 X my X -+ X m, X 0. Then

—_—~—

T < M XTe X -+ X7 x0. It is well known that the group GSp(l) acts on Sp(l)
[13, I1.1(3)]. As in Section 4 of [5], we choose an element ' = (1,1) € GSp(l),
where n € GSp(l') is an element with similitude equal to —1. The action

of such an element of the group GSp(l) on Sp(l) extends to the action on
irreducible representations, which is (by [13, page 92]) equivalent to taking
contragredients. Thus, we obtain the inclusion

FT s O X Qg X+ - X g, X 0.
Since 07 ~ o, we have
T Qm X Qg X - -+ X QT X 0.
This completes the proof. n

Now we turn our attention to embeddings of strongly positive discrete
series. The following lemma ([8], Proposition 4.4) ensures the existence of
embeddings of irreducible genuine representations:

Lemma 3.2. For an irreducible representation o € R, there exists an irre-
ducible genuine cuspidal representation py @ ps @ -+ @ pr & Ocysp 0f some

M, where s = (nq,na,...,ng), p; is a genuwine irreducible cuspidal represen-
—_ —

tation of GL(n;, F), i = 1,2,....k and osp € R is an irreducible cuspidal
representation such that

O = pP1 X P2 X+ X P X Ocysp-

The following theorem provides very useful embeddings of strongly posi-
tive discrete series and gives their classifying data.

Theorem 3.3. Let o € R(n) denote a strongly positive discrete series. Then
there exists a sequence of strongly positive genuine segments Ay, Ao, ..., Ay
satisfying 0 < e(Ay) < e(Ag) < -+ < e(Ag) (we allow k = 0 here) and an
irreducible cuspidal representation o..s, € R such that we have the following
embedding

0= 0(A1) X §(Ag) X -+ X 6(Ak) X Teusp-
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Proof. Using the previous lemma, we get the embedding o < p; X py X - -+ X
P1 X Teysp; SUPPOSE Opysp € R(1'). We consider all possible embeddings of the
form

0= (A1) X §(Az) X -+ X 0(Ap) X COeusp,
where A +Ao+- - +A,, = {p1,p2, ..., o}, viewed as an equality of multisets.

Each 0(4;) is an irreducible genuine representation of some GL(n;, F')
(this defines n;), for i = 1,2,...,m. To every such embedding we attach
an n—n/-tuple (e(A1),...,e(A1),e(As), ..., e(As),....e(An),...,e(Ay)) €
R™ " where e(A;) appears n; times.

Denote by

o = §(A]) X §(AY) X -+ x 6(AL) X Teusp (3)

a minimal such embedding with respect to the lexicographic ordering on
R™™ (finiteness of the set of such embeddings gives the existence of a
minimal one). Obviously, e(A}) > 0, for i = 1,2,...,m’. In the follow-
ing, we show e(A}) < e(A}) < --- < e(A!,). To do this, suppose that
e(A}) > e(A%,,) for some 1 < j <m'— 1.
Lemma 3.1 provides an intertwining operator §(A%) x§(A, ;) — 6(A%, )X
6(A%), which gives the following maps
o = O0(A}) x - X 5(A;) X 6(A;+1) X oo X O(ALL) X Oeusp
= O(A]) X - x 0(A] ) X 6(A)) x -+ X 0(A],) X Teusp-

The minimality of the embedding (3) implies that ¢ is in the kernel of previ-
ous intertwining operator. The existence of a non-zero kernel, together with
Propositions 4.2. and 4.3. from [8], yields that the segments A’ and A7,
are connected in the sense of Zelevinsky. So, we can write A} = [v%p, vbip),
A%y = [9tip, b+ pl, where 0 < ajy1 < aj < bjpq < by, and p =~ p; for some
1 <4 < [. Now, using [20], we obtain that the kernel of previous intertwining
operator is isomorphic to

O(AY) X+ x 8([p™ p, " p]) X B([* 1 p, v pl) X - X B(AL)) X Oeusp- (4)

Since e([v% p, VP+1p]) < e(A;), the minimality of the embedding (3) implies
that o is not a subrepresentation of the representation (4). This contradicts
our assumption and proves the theorem.

]
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We proceed by investigating further properties of the obtained embed-
dings.

Theorem 3.4. Let Ay, As, ..., Ay denote a sequence of strongly positive
genuine segments satisfying 0 < e(Ay) < e(Ay) < -+ < e(Ay) (we allow k =
0 here). Let oousp be an irreducible cuspidal genuine representation of Sp(n).
Then the induced representation 6(A1) X 0(Ag) X -+ X 6(Ag) X Oeysp has a
unique irreducible subrepresentation, which we denote by 6(Aq, ..., Ag; Ocusp)-

Also, 0(Aq, ..., Ak Ocusp) = 0(A1) ¥ 0(Ag, ..., Ak; Ocusp) -

Proof. We assume that k£ > 0 (otherwise all claims are trivially true) and
write A; = [v%p;,vbp], i = 1,2,..., k. Clearly, the strong positivity of
these segments implies 0 < a; < b;. Further, let us introduce positive integers
J1<J2<...<Jshy

(D) = - =e(dy) <e(By) = =e(ly,) <
< < e(Byan) == e(A).

It follows immediately that the representation
S(A1) X -+ X 8Dy @ 3(Dgyat) X -+ X 0(Dg) B+ DOy (5)

is irreducible, and we show that it appears with multiplicity one in the

Jacquet module of §(A;) x 6(Ag) X -+ X §(Ag) X Oeyusp With respect to the

appropriate parabolic subgroup. This immediately proves the theorem. We

prove this claim using induction over k. We start with the case k = 1.
From Lemma 2.2 we get

b1 b1
W) X o) = S S8 e, v a]) x 8(17 o v ) @

i=a1—1 j=i

(5([Vi+1P17 Vjpl]) D Ucusp-

Therefore, there exist ¢ and j, a; —1 <1 < j < by, such that 6(A1) ® oeusp <
S([v~lapr, v apy]) x §([P 1 pr, v p1]) @ ([ p1, 19 p1]) X Ousp (recall that
Ocusp 18 @ cuspidal representation). Of course, we obtain ¢ = j, while the
strong positivity of the segment A; implies —¢ > —aq, i.e., i = a; — 1. So,
d(A1) ® 0cusp appears with multiplicity one in p*(0(A1) X Oeusp)-

Now, suppose that claim holds for all numbers less than k. We prove it

for k.
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Exactness and transitivity of Jacquet modules imply that for every irre-
ducible subquotient of the form (5) of the Jacquet module of the represen-
tation §(A1) X 0(Ag) X -+ X §(Ag) X 0pusp With respect to the appropriate
parabolic subgroup, there is some irreducible representation 7 such that

(0(A1) X 0(Ag) X -+ X 0(Ay) X Oeusp) = 0(A1) X -+ X 6(A;) @7, (6)

where the Jacquet module of m with respect to the appropriate parabolic
subgroup contains the representation 0(Aj, 1) X« -+ X0(Ay,)®- - @F(A, 1) X
e X 0(Ag) ® Oeusp-

Now we take a closer look at the inequality (6). Applying Lemma 2.2,
we see that there are a; — 1 < x; < y; < b;, @ = 1,2,...,k, such that the
following inequality holds:

TG e v apl) x 60" b)) = [[ 6w ol (7)

=1 =1

Because of the irreducibility of the right-hand side, we may assume a; <
as < ... < a;,. Hence, the equality e(A;) = e(Aq) = ... = e(4;,) yields
by > by > ... > bj,. Comparing the cuspidal supports of both sides of the
inequality (7), we obtain the following equality of multisets:

k Ji
> (v ap, v ap) + [ ) = [ e, v il (8)

i=1 =1

The positivity of observed segments forces a; > 0 for every [. We thus get
x; = a; — 1 for every i = 1,2,...,k, so each segment [v iap;, v %ap;],
1=1,2,...,k, is empty.

Since the representation v p; appears on the right-hand side of (8), it
must appear on the left-hand side. Since a; is the lowest exponent on the
right-hand side, we obtain that there is some 1 < ¢ < k such that y; +1 = a4
and p; ~ p;. Observe that this implies a; < a;. From this it may be
concluded that segment [v* p;, % p;] appears on the left-hand side of (8),
so it has to appear on the right-hand side. Since b, is the largest exponent
there, we get b; < b;. We claim that b; = b;.

On the contrary, suppose that b; < b;. Then we must have e(A;) =
kb artbht — ¢(A,), which contradicts the assumption of the theorem.

In this way we get that the first non-empty segment on the left-hand
side of (8) equals the first segment on the right-hand side. After canceling
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this segments on both sides, we continue in the same fashion to obtain z; =
a; — 1 and y; = b;, for i > j;. Thus, 0(A;) X -+ x 6(A,,) ® 7 appears in
(A1) x 6(Ag) X -+ X §(Ag) X 0pusp) only as an irreducible subquotient
of the representation §(Ay) x -+ X §(A},) ® 0(Aj,11) X -+ X 6(Ak) X Oeusp-

By an argument similar to that in the proof of Lemma 7.4 from [6], we
conclude that the multiplicity of 6(Aq) x- - - x (A, ) @7 in p*(§(A1) x0(Ag) X
- X 0(Ag) X Opusp) equals the multiplicity of 7 in 6(A,41) X (A, 42) X -+ X
(S(Ak) X Ocusp-

Combining (6) with (7), we get m < HfZﬁH S([v% pi, VY pi]) X O sy, 1€, T
is a subquotient of the representation 6(A;,+1) X d(Aj,12) X - - - X(Ak) X Teusp,
which contains the representation §(Aj,41) X -+ X 0(A},) @+ - @ I(Aj,41) X
- X 0(Ag) ® Ocysp n its Jacquet module. By the inductive assumption, such
a representation m appears in 0(Aj, 1) X 3(Aj,42) X -+ X 6(Ay) X Ocysp With
multiplicity one. This proves our claim, which completes the proof of the
theorem. ]

Theorems 3.3 and 3.4 may be summarized by saying that each genuine
strongly positive discrete series is isomorphic to some (A1, ..., Ag; Ocusp)s
the unique irreducible subrepresentation of the parabolically induced repre-
sentation 0(Ay) X -+ X 0(Ag) X Oeusp, Where e(Ay) < ... < e(Ay). Further
examination of these induced representations results in the classification of
strongly positive discrete series, which is given in the following two sections.

4. Classification of strongly positive discrete series: D(p;0cusp)
case

In this section, we give a precise classification of a special case of the
strongly positive discrete series, those belonging to the set D(p; 0cusp), Where

p is an irreducible genuine cuspidal representation of GL(n,, F'), while o,y

is an irreducible cuspidal genuine representation of Sp(n,,,,,) (this defines n,
and n,,,,). The partial cuspidal support of every representation belonging
to the set D(p;0cyusp) is the representation o.,s,, while the rest of cuspidal
support consists of twists of the representation p. We also assume that p is
self-dual, which yields ap ~ p. The results of [7] imply that there is a unique
a > 0 such that v%p X 0.5, reduces. We fix this non-negative real number
a through this section. Let k, denote [a], the smallest integer which is not
smaller that a. Observe that k, > 0.
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We obtain the classification by using the embeddings of strongly posi-
tive representations, which have been described in the previous section. We
suppose that o € D(p; 0.usp) is an irreducible strongly positive genuine rep-
resentation in the whole section.

First, we prove some technical results related to representations of double-
covers of general linear groups, which will be needed in the analysis of embed-
dings of strongly positive representations. Some of these results are closely
related to those in Section 1.3 of [9)].

Lemma 4.1. Let Ay and Ay denote strongly positive genuine segments, Ay =
[va=tp vbipl, Ay = [v%p,*2p], where by < by. Then the representation

vy x L(6(A1),0(Ay)) is irreducible and isomorphic to the representation
L1, 6(Ar), 5(As)).

Proof. Let us denote by 7 the representation v*~1p x L(6(Ay),5(As)). Ob-
viously, m < v 1p x (A1) x 6(Ay).

From [9], Lemma 1.3.1 (or [10], Lemma 3.3), it follows that the only
possible irreducible subquotients of 7 are

mo= LM, 0 p, ™)), 8([v™ p, v™2p))),
m = L™ p, 5[ p, v p)), 6([v p, 1™ pl)),
my o= L p, ")), 0([v™ o, v ).

The Langlands classification shows that m; appears with multiplicity one in
7. Therefore, it remains to show that m, m3 do not appear. First we address
the case by > a4.

Observe that m = d([v™~1p, v*2p]) x L(v®~1p, 6([v4p, % p])) and 73 =
o[, v p]) x o([v™ ' p,v7p]).

The inclusion 7y < 6([v®~1p, vP2p]) x v ~1p x §([v¥ p, " p]) enables us
to conclude that m*(m) contains v~ 1p @ §([v¥~1p, 122p]) x §([v¥ p, v p)).

Suppose that 7y appears in 7. Then m*(7) also contains the above rep-
resentation. In the appropriate Grothendieck group we have

o[ p, v pl) x o[ p, v pl) = L(S([v™ " p, v pl), 6([v™ p, v p))) +
([~ p, "2 p]) x ([ p, v p]).
Analyzing m*(5([v~1p,vb1p]) x §([v¥p,v*2p])) using formula (2), we

conclude that the only term of the form v* 1p ® 6 in m*(7) is v p ®

L(6(A1),6(Az)). On the other hand, the only term of this form in m*(ms)
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is the irreducible representation v ~1p @ 6([v™~1p,v*2p]) x §([v™ p, v p)).
Since by # bs, these representations are not the same, so m, cannot appear
as a subquotient of 7.

Further, observe that m*(m3) > 6([v*p, 1% p]) x 6([v¥p, v*2p]) @ v~ 1p x
v¥ =1y Suppose that 73 is a subquotient of 7. Then the multiplicativity of m*
implies that m*(L(6([v™~1p, 1" pl), 5([v* p, v*2p]))) contains &([v* p, VP p]) X
S([vp, v p]) @ v p,

Analyzing m*(6([v™~1p, V% p]) x §([v¥p,*2p])) again, we conclude that
the representation §([v® p, % p]) x §([v* p, v*2p]) ® v ~1p appears there with
multiplicity one. Since it obviously appears in m*(§([v* ! p, v2p]) x §([v* p,
V"1pl])), we get a contradiction, so 73 is not subquotient of 7.

This gives m = m; and proves the lemma in this case.

If by = a; — 1, then m = m3 = v p x §([v* tp,v*2p]). In the same
manner as before we can see that m = 71, and the lemma follows.

O
Lemma 4.2. Let Ay, Ao, ..., Ay denote genuine segments, such that e(Ay) <
e(Ag) < --- <e(Ag). Then the contragredient of the representation

L(5(A1),6(As), ..., 8(Ay)) is isomorphic to L(6(Ag),8(Dp_1), ..., 5(A1)).
Proof. Taking contragredients of the inclusion
L(G(A1), 8(As), - 8(A0)) = (A1) x 8(Ag) x -+ x (A,

we get that the contragredient of the representation L(6(A1),0(Az), ..., d(Ag))
is an irreducible quotient of the representation 6(A1) x d(Ag) X -+ x 6(Ag).
Applying Lemma 3.1 (i), we get that the contragredient of L(6(Ay), 5(As), .. .,

d(Ag)) can be realized as a subrepresentation of the representation 0(Ay) X

4] (Z,:/_l) X oo X0 (Kl) Since the latter representation contains the unique
irreducible subrepresentation L(§(Ag),0(Ag-1),...,d(A1)), the lemma fol-
lows. O

Proposition 4.3. Let Ay, A, ..., A, denote genuine segments, such that
e(A)) < e(Ay) < - < e(Ar). Further, let A; = [vati=1p vbip]  for
1= 1,2,... 0k, and by < by < --- < bg. Then the representation v* p X
L(6(A1),0(As),...,0(Ag)) is irreducible.

Proof. Let us define m = L(v™p, §(A1),6(As),...,0(Ag)). Since e(v*p) <
e(Ay), we obtain that 7 is the unique irreducible subrepresentation of 1% p x
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L(6(A1),0(As),...,0(Ag)). Taking contragredients, we get that 7 is the
unique 1rredu01ble quotient of v~ p x L(6(Ak) 5(&:1), L O(AY).

Since (5(Ak) s X (5(A3) X L((S(Ag) §(Ay)) is a subrepresentation of
) (Ak) X (Ak 1) X+ %X0 (Kl), inducing in stages gives the following inclusion:

—~

v LIO(AR), -, 0(A1)) = v x (Ag) x -+ x L(6(As), 6(A1)). (9)

Contragredience and the assumptions on the ends of the segments Ay, ..., Ay,
imply v~ p x (5(A ) ~ (5(A ) x v~ p, for i > 3. Thus, we conclude that the
representation on the right-hand side of (9) is isomorphic to § (Ak) X e X
I(As) x v p x L(6(Ag),0(Ay)). -

Since the representation v~ p x L(d(Ag),0(A;)) is isomorphic to the
contragredient of the representation v*'p x L(6(A1),d(Az)), Lemma 4.1 tells
us that we can commute representations v~ p and L(5(A2) 5(A1)). Here,
we have applied [2], Corollary 2.1.13, which holds in greater generality and
states that an admissible representation is irreducible if and only if its con-
tragredient is. Combining this with (9), we deduce following inclusions:

v ) LO(Ar), .., 0(A1)) = 6(Ag) x -+ x L(6(As),6(A1)) x v 5
< S(AR) X - x 8(Ag) X §(A) X v

On the other hand, according to Lemma 4.2,

T = L(O(A), 0(85 1), ., 6(AL), v~ 7),

which implies that 7 is the unique irreducible subrepresentation of v~ p x
L(6(Ag),...,0(A1)). Now we are in position to conclude that 7 is both
the unique irreducible quotient and the unique irreducible subrepresentation
of v p x L(6(Ak),...,6(A1)). Since it appears with multiplicity one, we
deduce that v="5 x L(8(Ag), . ..,5(A1)) is irreducible.

Taking the contragredient ﬁnlshes the proof. O

Now we are ready to give a precise description of important embeddings
of strongly positive genuine discrete series.

Theorem 4.4. Let 0 € D(p, 0cusp) denote an irreducible strongly positive
genuine representation. Let Ay, Ao, ..., Ay denote the sequence of strongly
positive genuine segments, where 0 < e(A;1) < e(Ag) < -+ < e(Ay), such
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that o s the unique irreducible subrepresention of the induced representation
(A1) X 0(Ag) X -+ X 0(Ag) X Oeusp (1-€., 0 =0(A1, Do, ..., Ay;0)). Write
A; = [v%p,vipl. Then, a; = a—k+1i and b; < bi,1. Also, k < [a].

Proof. Let us consider first the possibility a = 0. The inclusion o —
S([v™p, P p]) X -+« x §([V% p, VP p]) X Oeysp gives

oV p X X VX X VD X X UMD X O sy

By the definition of the segment Ay, the representation v%p X o) is irre-
ducible (we have supposed @ = 0), so (1) leads to v* p X Oeysp = V™ p X Opysp-
Strong positivity for o now shows that & = 0. We conclude that if p X oy, re-
duces, then the only irreducible strongly positive representation in D(p; ocysp)
iS Ocysp- In what follows we assume that the representation v%p X o, reduces
for a > 0.

The proof is by induction on k. The case k = 0 is clear.
Assume k = 1. Then

o = 5[V p, V" p]) X Teusp > VP p X VP T p X X UM X G-

If a; # a, then (1) implies v*p X Opusp = V™" p X Opysp. In this way, we
obtain the embedding

b1—1

o= pxv PX e X VTP X Opysp,

which contradicts the strong positivity of o. This implies a; = a.

We also comment on the case k = 2. Now we have o — §([v%p, v p]) x
§([v2p, "2 p]) X Oeusp. As in the previous case, we conclude ay = a. Since
§(Ag; O eusp) is a subrepresentation of 6([v%p, %2 p]) X O eusp, induction in stages
gives

S([™ p, v p)) 3 5([v™p, 72 p); O eusp) = ([ p, V" p]) X S([%p, v p]) X O csp-

Since o is the unique irreducible subrepresentation of §([v% p,*1p]) x
S([v2p, v72p]) X Oensp, we deduce o — [V p, 1?1 p]) x §([V2p, V72 p); Tcusp)-
This gives us the following embedding:

o <= §([™ v pl) x v p 3 8([vp, V™2 p; Teusp)-

The strong positivity of the representation o and (1) imply that the rep-
resentation v p x 6([v%p, V?2pl; Oeusp) Teduces. Since a; > 0, part (i) of
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Proposition 13.1 from [18] forces a; € {a — 1,by + 1}. Namely, the argu-
ments used there rely on the Jacquet module methods which are applicable

for the group Sp(n). Observe that representation §(Asg; 0ysp) coincides with
the generalized Steinberg representation that was studied there.

The assumption a; = by + 1 implies e(A;) > e(Ay), which contradicts
the assumptions of the theorem. So, a1 = a — 1. It remains to show b; < bs.
If not, the segments [v2~1p, " p] and [v%p, 1*2p] would not be linked, which
gives the embedding o < §([v%p, 1*2p]) x §([v*p, V"' p]) X 0rysp- We obtain
that this is impossible in the same way as in the case k = 1.

Suppose that the claim holds for all numbers less than &, where k& > 3.
We prove it for k.

Since o < §([v*p, " p]) x §([L°2p, %], ..., [V p, V% p|; Oeusp), strong
positivity for o implies that the representation d([v%2p, v%2p], ..., [v%p, V% p];
Oeusp) 18 also strongly positive. Since §([v*2p, v%2p], ..., [V p, V% pl; Oeusp)
is a subrepresentation of §([1%2p,*2p]) X« x §([V%p, V% p]) X Oeysp and
e([v@2p,vb2p]) < ... < e([v*™p, % p]), the inductive assumption implies a; =
a—k+i,fori=2 ...k and by < -+ < by.

We next determine a;. There are several possibilities:

(i) 0 < a1 < a — k+ 1: We shall now use repeatedly the fact that v p x
([v™2p, "3 pl) for my, ma, my € R is irreducible if m; < mg — 1 < my,
to obtain the following embeddings and isomorphisms:

o = 0 Valpu Vblﬂ]) X 5<[Va_k+2pu VbQIOD X X 6([Vap7 kap]) X Ocusp

(l
= ([, v p]) x v p x SV T, P p]) X x
3([v"p, v p]) X Teusp
=~ O([p v pl) x ([T Ep, %2 p]) X v p X - x
3([vp, v p) X Ocusp

12

([ p, % pl) X ([ 2 p, w2 ) x - < 8([v7p, v p]) X
Valp N Ocusp
5[ p, v p]) X S 2, 2 p]) x - x B[ p, 1)) X

—ay
v X Oeysp

12

s o x X VP x v X Ocusp

which contradicts the strong positivity of o.
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(ii) a1 = a — k + 2: Since L(J Ag) ,0(Ag)) is the unique irreducible
subrepresentatlon of 6(Ag) x - 5 (Ak) inducing in stages gives

L(6(A2), ..., 6(AL)) X Teusp = 0(Ag) X -+ X 6(Ak) X Teusp
and
I(A)XL(0(A2), ..., 0(Ak))X0eusp = 0(A1) X (Ag) X+ - X (Ag) X eysp-
Now, o = 8(A1, A, ..., Ap; Oosy) vields
o= 0(A1) X L(0(Ag),...,0(Ak)) X Ocusp-

It follows that o is subrepresentation of §([v*~*+3p vb1p]) x va7k+2)p x
L(o([v**2p,v%p]), ..., 0([1°p, V7 p]) X Ocusy-

According to Proposition 4.3, this representation is isomorphic to the
representation §([v2F+3p, 91 p])x L(§ ([ 2p, vP2p]), ..., 6([v2p, V1% p])
xR 25 % acusp, which is further, because a — k42 < a, isomorphic to
8([" 43, 41 p]) x L8[+ p, P2 p]), .. ([, P pl) X -2
O cusp-

Since k—a—2 < 0, we obtain a contradiction with the strong positivity
of the representation o.

(iii) a — k 4+ 2 < ay: The assumption e(A;) < e(As) gives by < by. Thus,
the segments A; and A, are not linked and the representations §(A;) x
I(Ag) X -+ X 0(Ag) X Ocysp and (Ag) X §(A1) X -+ - X §(Ag) X Opysp are
isomorphic. Since (A1) < e(Aj), in the same way as before we get

g “— 5(A2) X 5(A1,A3, .. 'aAk’;O—CUSp)'

By the inductive assumption, the representation 6(Ay, Ag, ..., Ag; Ocusp)
is not strongly positive. It follows that o is not strongly positive, which
is impossible.

Finally, we get ay =a —k + 1.

The assumption b; > by leads to a contradiction in the same way as in
the case a — k + 2 < a; (because now the segment [v2~ %1y vb1p] contains
the segment [v*2p 1%2p]). Thus, by must be less than bs.

Suppose that the remaining claim of the theorem is false, i.e., suppose
k > [a]. We have two possibilities:
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(i) a; = a—k+1i, for i = 1,2,... k. This gives a; < 0. Since o is a
subrepresentation of §(A;) x 0(Ag) X -+ X 6(Ag) X Teyusp, We have

0<—>Vb1p><-~~><Va1p><1/b2p><~~~><V“p><lacusp,

contradicting the strong positivity of o.

(ii) There is some ¢ € {1,2,...,k} such that a; # a — k + . Let = denote
the largest such i. Obviously, o is a subrepresentation of the induced
representation 6(Aq) X -+ X 6(Ay_1) X I Ay, Apia, ooy Ags Ocusp) (We
omit §(A,_1) if z equals 1). From what has already been proved, we
conclude that §(Ay, Azi1, ..., Ag; ousp) 1S not strongly positive, con-
tradicting strong positivity of o.

This completes the proof.
Note that we have actually proved e(A;) < e(Aq) < -+ < e(Ag). O

Using the above description of the observed embedding, we prove its
uniqueness:

Theorem 4.5. For an irreducible strongly positive genuine representation
0 € D(p; Ocusp), there exist a unique sequence of strongly positive genuine seg-
ments Ay, Ao, ..., A, with 0 < e(Ay) < e(Aq) < --- < e(Ag), and a unique
irreducible cuspidal representation o’ € R such that o ~ §(Ay, Ao, ..., Ag;0’).

Proof. The uniqueness of the partial cuspidal support implies 0’ >~ gy
Further, suppose that there are two sequences of strongly positive genuine
segments, Ay, Ao, ..., Ay and Al AL Lo A] where e(A;) < e(Ay) <--- <
e(Ay) and e(A}) < e(Af) <--- <e(A]), such that

0= 0(A1) X §(Az) X -+ X 0(Ag) X Oeusp (10)
and
o = §(A]) X §(AY) X -+ X 0(A]) X Tcusp, (11)

where ¢ is the unique irreducible subrepresentation of the above induced
representations. Using Theorem 4.4, we show that £k = [ and A; = A, for

1=1,2,...,k. Observe that the previous theorem implies that we can write
A = [v* " p, v¥p] and A = [p* 7, VY p], where b; < b;y; and v, <0y

First we prove that right-hand sides in (10) and (11) contain an equal
number of segments. Suppose on the contrary, k # [. There is no loss of
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generality in assuming k < [, which gives a — k+1 > a — 1+ 1. From
(11) we deduce that the Jacquet module of ¢ with respect to the appropri-
ate parabolic subgroup has to contain the irreducible representation 0(A}) ®
(AL ®- - ®(A]) @ Oeusp- Now, transitivity and exactness of Jacquet mod-
ules, applied to (10), imply that there is some irreducible member 6(A}) ® 7
of p*(0(A1) x 6(Az) X -+ X §(Ag) X 0Ocysp) such that the representation
(AL @ -+ ®0(A]) ® 0eusp 1s contained in the Jacquet module of 7.
Lemma 2.2 shows that there are a — k +1i — 1 < z; < y; < b; such that

LT p, v 0]y x S([w¥ % p))) > (" p, % ).

i=1

Looking at cuspidal supports on both sides of the previous inequality we get a
contradiction, because the representation v~'*1p appears on the right-hand
side, but the index a — [+ 1 is less then each positive index appearing on the
left-hand side. This proves k = [.

Further, since the Jacquet module of o contains the representation d(A;)®
0(Ag) @ -+ ® 6(Ak) @ Ocysp, there is an irreducible member 6(A;) ® 7 of
E(O(A1) X 0(Ag) X -+ x 0(Ag) X Oeysp) such that the Jacquet module of 7
with respect to the appropriate parabolic subgroup contains §(As) ® - -+ ®
I(Ar) @ Oeusp- Using Theorem 4.4, it can be proved in a similar way as in
the proof of Theorem 3.4 that 71 < §(Ag) X -+ X 0(Ag) X Ocysp, the detailed
verification being left to the reader.

In the same way, we conclude that in pg*(§(A]) X 5(AS) X - - X I(A}) X Teusp)
there appears an irreducible representation 6(A;) ® 71 such that Jacquet
module of 7| with respect to the appropriate parabolic subgroup contains
(A2) @+ @ 6(Ag) ® Oeysp. Applying Lemma 2.2 to the right-hand side of
(11), we get that there are a — k + i — 1 < a} <y} < b such that

k

LLG o v 0]y x ([ p, v pl)) = ("™, " ).

Looking at cuspidal supports on both sides of previous inequality, we deduce
that 2, =a—k+4i—1. Since y; +1 > a—k+ 1 for ¢ > 1, it follows that
Yy = a — k. This gives b} > b;. Reversing roles, one gets b; > b|. It follows
that Al = All

Also, this yields 77 < §(A}) X -+ X §(A}) X Ocysp and v1 < (Ag) X - -+ X
(S(Ak) X Ocysp-
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Proceeding in the same way, we see that there is an irreducible represen-
tation 0(Ay) ® 74 appearing in p*(7y), such that Jacquet module of 73 with
respect to the appropriate parabolic subgroup contains the representation
I(A3) @+ @ (Ak) ® Oeysp. Since p* (1) < p*(0(AL) X -+ X 0(A}) X Ceusp)s
applying Lemma 2.2 again we get b, < by. Going back to subquotients of
Jacquet modules of the representation on the right-hand side of (10), we de-
duce that in p*(v}) there appears an irreducible representation §(A}) ® v}
such that Jacquet module of 75 contains 0(A5)®- - - @J(A)) @0 cysp- A further
application of Lemma 2.2 gives by < ). This implies Ay = Al.

We continue in the same fashion to obtain A; = Al for i = 1,2,... k.
This completes the proof.

]

Theorems 4.4 and 4.5 may be summarized by saying that to each strongly
positive genuine discrete series o € D(p; 00usp) We have attached an increasing
sequence of real numbers by, by, ..., b;,, where by > —1 and b; — a is an
integer for every i € {1,2,...,k,}, such that o is the unique irreducible
subrepresentation of the induced representation

([ Rt p, v pl) < S([* 2 p P2 pl) - x B([v7 e p]) X Ocusp- (12)

Observe that some segments in (12) may be empty, i.e., we allow the situation
b; <a—k,+iforsome i€ {1,2,...,k,}. The above listed properties of the
numbers b; imply that b; < a—k,+1 is equivalent to b; = a—k,+i—1. In that
case, the representation d([v? % *ip vbip]) may be excluded from (12). It is
used just to write our classification in a more uniform way. Also, b, > a—k,+1
forces b; > a — k, 4 j for 7 > 4, while b; < a — k, + ¢ forces b; < a —k, +j
for 5 <.

We denote by SP(p;0cusp) the set of all strongly positive genuine dis-
crete series in D(p; 0cysp). Also, let Jord, stand for the set of all increasing
sequences by, ba, ..., by,, where b; € R, b; —a € Z, fori = 1,2,...,k,, and
—1<b<by<...<ly,

The previous discussion and Theorem 4.5 imply that we have obtained a
mapping from SP(p; 0cyusp) to Jord,. The injectivity of this mapping follows
from Theorem 4.4.

In what follows, we prove the surjectivity of this mapping in pretty much
the same way as in Chapter 7 of [12].
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Let b, b, ..., b}, denote an increasing sequence appearing in Jord,. The-
orem 3.4 implies that the induced representation

([ p, 1 pl) ¢ B([ 2, 1)) - x B(10p, 1o pl) 2 Gy (13)

has a unique irreducible subrepresentation, which we denote by ow, . w ).
P
The desired surjectivity is a direct consequence of the following theorem.

Theorem 4.6. The representation oW, b, ) U strongly positive.
P

Proof. We prove this theorem using a two-fold inductive procedure - the
first induction is over the number of non-empty segments appearing in the
induced representation (13) and the second induction is over the number of
elements of the first non-empty segment (the one with the smallest exponent
in the twist of p).

If there are no non-empty segments in (13), then (b)) = Ocusp and
the claim follows. Suppose that the claim holds for less then n non-empty
segments appearing in (13). We prove it for n non-empty segments.

First we deal with the case b;p_n +1 = a—n+ 1. The representation
§([v* " 2p, yb;“p*"“p]) X -+ X 0([vp, l/b;c/ap]) X Oeusp cONtains a unique irre-
ducible subrepresentation, which we for simplicity denote by ¢’. By the in-

ductive assumption, o’ is strongly positive. Clearly, o, ) v oo’
P

This implies
rap (0., ) < T+ v ) g (). (14)

We again proceed inductively, by the number of elements in the segment

e t2p, oz,

Ifa—n+2= bi;p—n+27 then T(bh....0},) is a subrepresentation of v¢"*1p x
V2 % (b3, l/b;“r””’p]) X -+ X 0([vp, Vb;*f’p]) X Ocysp- The repre-
sentation 8([2 " 3p, Ve mt3p]) x - x §([V7p, e p]) X Ocusp Nas a unique

irreducible subrepresentation, which is strongly positive by the inductive as-

sumption, and will be denoted by ¢”. Part (i) of Lemma 7.2. from [12] im-

plies that o, ) is the unique irreducible subrepresentation of vty x
P

a=n+25 3 ¢”. We emphasize that the proof of mentioned lemma in [12] relies
completely on Jacquet module methods and uses no conjectures, so can be

v
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applied in our case. This gives oy p ) <> L(p* " p,v* " 2p) x0”. Thus,
P
we obtain

7"55(‘7(b’1,...7b;€p)) < (L(Va_"+1p, PO ) ol et =2,

L(V_a+n_2p, V—a+n—1p)) % T@f<0-//>‘

Combining the previous inequality with (14), we get 757 (0,5 ) < pantly
P
xrgz(0’), which implies that T(..4,) is strongly positive.

Suppose by, _,,» > a—n+2 and that the unique irreducible subrepresen-
tation of 14"+ p x §([*"2p, 1 p]) x - - - x &([v2p, V7% p]) x Ocusp 1S strongly
positive for a —n +3 <b <b _,.,. We prove this for b’ =0 _, ..

We have

O,y ) > VT p X pPhomizp o ([ 2, e ]y e x
P
/
5([v°p, v p]) X Geusy

a—n+1 a—n+2

~ oty Xy px (v P, ybzp—n“_lp]) X +ee X

([vp, e pl) X Ceusp-

The previous inductive assumption and part (i7) of Lemma 7.2. from [12]

"

for some irreducible strongly positive rep-

. b
imply (b)) vk t2p X o

"

resentation ¢”. This gives

rar(Owg ) < Wherzp 4 v ) s rgg (o), (15)

Since by, _,, ., > a—n+1, from (14) and (15) is easy to conclude that T(y....15,)
is strongly positive.

Up to now, we have proved our claim in the case when the observed

[y tip, I/b;“P_”“,O] contains only one representation. Suppose that

segment
the claim holds if the segment [v* " 1p, l/bkﬂ_”“p] contains less than m rep-
resentations, ie., if a —n+1+m > b ... We prove it for b} _,., =

a—n-+1-+m. In that case, O, ) can be written as a subrepresentation of
P

B[4, ) ([ ) [, )

o §([v7p, v pl) X Ocusp- Part (i7) of Lemma 7.2. from [12] shows that this

representation has a unique irreducible subrepresentation. Now, the induc-

tive assumption implies Ty b)) §([prmrtmp, pamntitmply s o where
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o is an irreducible strongly positive representation. Looking at Jacquet

modules of the representation §([v*~" "™ p, o~ " 1+7pl) we may conclude in
the same way as before that oy, ) is strongly positive. This completes
the proof.

O

5. Classification of strongly positive discrete series: general case

We use the results of the previous section to obtain the classification of
general genuine strongly positive discrete series. Proofs of the cases covered
in the fourth section help us shorten those in this one.

In this section, 0 € R(n) denotes the strongly positive discrete series.

Suppose 0 € D(p1, pa, - - -, Pm} Ocusp), Where p; is a self-dual, irreducible, gen-
uine cuspidal representation of GL(n;, F'), for i = 1,...,m, oesp € R(1)

an irreducible genuine cuspidal representation and m minimal. Let a,, > 0
denote the unique non-negative real number such that the representation
Vi p; X Oeysp Teduces.

The results obtained in the third section show that there exist strongly
positive genuine segments Ay, Ao, ..., A; such that 0 < e(A;) < e(Ay) <
- < e(A)) and 0 ~ 0(Ay, Ag, ..., Al Ocusp)- In the following theorem we
describe these segments more precisely.

Theorem 5.1. Let A1, Ao, ..., A; be as in the previous discussion. Then the
representation §(Ay) X - -+ X §(A;) X Opusp 15 isomorphic to the representation

m k;

(H H 5([Vapi—/’cri-jpi7 ng_i)pi])) X Gy (16)

i=1 j=1

where k; € Zxo, ki < [a,,], bg.i) > 0 such that by) — ay,

1,....m,7=1,... k;. Also, béi)<b§21f0r1§j§ki—1.

- ZZ()’ fO’f’i =

Proof. Let d € {1,...,m} be an arbitrary, but fixed integer. Since the
representation §([v"p, v¥1p|) x 6([v*2p/, v¥2p']) is irreducible if p and p’ are
non-isomorphic, the representation §(A;) X -+ X §(A;) X Opysp is isomorphic
to the representation

5(AJ1) Ko X 5(Ajsl) X 5(A11) X X 5(A252) X Ocusp;
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where {ji,...,Jo} U{i, - is) = {1,..., 0}, e(Ay) < - < e(Ay,,), the
segments A;, ..., A;  consist of twists of pg, while there are no twists of pg
in the segments Aj ,...,A; . This yields that o is the unique irreducible
subrepresentation of the representation

5<Aj1) X oo X (5(Aj31) bl 6<Ai17‘ . '7Ai52;acusp)-

The strong positivity of o implies that 6(A;,, ..., Ay, ; 0cusp) also has to be
strongly positive. Using Theorem 4.4 we get the desired conclusion.
O

It is now easy to see that minimality of m implies a,, > 0, for i =
1,2,...,m.

Using Theorem 5.1, we can prove the following theorem in the same way
as Theorem 4.5, the detailed verification being left to the reader.

Theorem 5.2. Suppose that the representation o is isomorphic to both repre-
sentations 6(Aq, Do, ..., Ay Ousp) and S(AL, AL, o Al ol,.), where Ay, ..,

cusp

Ay is a sequence of genuine segments such that e(Ay) = --- = e(Aj,) <
e(Ajp1) =-=e(A},) < - <e(Aj 1) =-=e(A)) and ocysp € R an ir-
reducible genuine cuspidal representation. Further, suppose that AY, ... A},
is also a sequence of genuine segments, such that e(A}) = --- = e(A;i) <
6<A;{+1> == e(A;é) < < e(A;;/H) =---=e(Ay) and o7, € R an
irreducible genuine cuspidal representation. Then | = 1', s = &', j; = j!
fori € {1,...,8}, Ocusp = 0L, and, for i € {1,...,s} and joq = I,
the sequence (Aj, 41, Njqa, .-, Ay, —1) is a permutation of sequence (A |,
Al gy AL ).

Let us denote by SP the set of all strongly positive discrete series in
R. Write LJ for the collection of all pairs (Jord,o'), where o/ € R is an
irreducible cuspidal representation and Jord has the following form:

Jord = Uiy U {(pi b))}, where

o {p1,p2,...,pn} C RI" is a (possibly empty) set of mutually noniso-
morphic irreducible self-dual cuspidal unitary representations such that
Vi p; x o' reduces for a), > 0 (this defines a/, ),

o k= [am,
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e Foreachi=1,2,...,n, bgi), bgi), e ,bgﬁ? is a sequence of real numbers
such that o/, b\ € Z, for j = 1,2,... b, and —1 < b)) <0f) <. <
b,

Let (Jord, o) denote an element of LJ, where Jord = |J;", Uf;l{(,oi, bgl))}
Then the induced representation

n ki

a —kidd (_i) /
QT T o+ 0% o)) @ 0

i=1 j=1
has a unique irreducible subrepresentation. In this way, to each element
(Jord,o") € LJ we attach an irreducible genuine representation in R.

According to Theorem 5.1, representation o € SP may be realized as
the unique irreducible subrepresentation of a representation of the form (16).
Observe that we may suppose k; = [a,, | because we are allowed to freely add

some empty segments by putting b;i) = a,, —k;+7j—1if necessary. In this way,
to a strongly positive discrete series o we attach a pair (Jord, oeusp) € LJ,

where Jord = U;il U?izl{(pi, by))}

We are ready to state and prove the main result of this paper.

Theorem 5.3. The maps described above give a bijective correspondence
between the sets SP and LJ.

Proof. Theorems 5.1 and 5.2 imply that we have obtained an injective map-
ping from SP to LJ. Now we prove its surjectivity. "

Let (Jord,o') € LJ, where Jord = {J_, U;Z,{(pi,b;")}. Theorem 3.4
implies that the induced representation

n ki

a —kidi (_i) ’
(T T s+ 0% o)) @ 0

i=1 j=1

contains a unique irreducible subrepresentation, which we denote by . Sup-
pose that o is not strongly positive. Then there exists some embedding

O Vp, X X VTP X X Uy, X!

where s, < 0. Frobenius reciprocity implies that the representation o con-
tains v p;, @ - VT, ® - @V, ® o’ in its Jacquet module.
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Clearly, p;. € {p1,...,pn}. There is no loss of generality in assuming
pi, = pn. Exactness and transitivity of Jacquet modules, combined with the
fact that ¢ is an irreducible subrepresentation of the induced representation

n—1 k;

r L () r (n) ’ (n)
(T TT 0w pi, v pil)) 1 8([won =5 o 17 ), [0 g, %0 ] ),
i=1 j=1

/ n / (n)
imply that §([v%» Ty, oM )pn], o, [V%n pp, V%0 p,]; 07 contains a repre-

sentation of the form v*1p, @ - @ V" p, @ --- @ ys;,pn ® ¢’ in its Jacquet
module. Now, using Lemma 26 from [1], which can be applied in our situation

(this is explained in full detail in the proof of Lemma 3.1 in [7]), and Frobe-

. . . / (n) / (n)
nius reciprocity, we deduce that §([p%n et 01 p 1 L [V %n py, V00 py];
') is a subrepresentation of v*1p, X --- X V% p, X --- x V¥ p, x ¢'. This
contradicts Theorem 4.6 and shows that each element of LJ is attached to
some strongly positive discrete series.

The maps described above are obviously inverse to each other. O
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