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Abstract

Let F' denote a non-archimedean local field of characteristic zero
with odd residual characteristic. Using the results of Gan and Savin,
in this paper we determine the first occurrence indices and theta lifts of
strongly positive discrete series representations of metaplectic groups
over F' in terms of our recent classification of this class of representa-
tions. Also, we determine the first occurrence indices of some strongly
positive representations of odd orthogonal groups.

1 Introduction

One of the main issues in the local theta correspondence is a precise deter-
mination of the theta lifts of irreducible representations. This problem is by
now completely solved for cuspidal representations (Théoreme principal in
[14]) and for discrete series for dual pair (Sp(n), O(V)) (Theorems 4.2 and
4.3 in [15]). In that paper, Mui¢ used an inductive procedure to investigate
certain embeddings of theta lifts of discrete series representations in a way
to obtain explicit information about the structure of these lifts and to derive
the first occurrence indices.

Description given there is based on the classification of discrete series of
the classical groups given by Moeglin and Tadi¢ in papers [12, 13|, which
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relies on certain conjectures, called the basic assumption (we emphasize that
Arthur has recently announced a proof of his conjectures about the stable
transfer coming from the twisted endoscopy which should imply the basic
assumption). On the other hand, we have recently classified the strongly
positive discrete series of metaplectic groups and our classification uses no
hypothesis and can be applied much more generally. It is natural to try to
relate this classification to the determination of the lifts of those representa-
tions. Thus, it is the purpose of this paper to determine the first occurrence

indices of the strongly positive discrete series for the dual pair (Sp(n), O(V))
and to obtain as much information about the structure of theta lifts of such
representations as possible.

In his other paper ([17]), Mui¢ has obtained some fundamental results
on the structure of theta lifts of discrete series without using the Meeglin-
Tadi¢ classification. Although very powerful, methods used there could not
provide an explicit description of the first occurrence indices. Nevertheless,
his results have recently been rewritten by Gan and Savin for the dual pair

(Sp(n),O(V)) over a non-archimedean field of characteristic zero with odd
residual characteristic ([4]). Other crucial result of their paper is a natural
correspondence between irreducible representations on the certain level of
metaplectic and odd orthogonal towers, which partially generalizes results of
Waldspurger ([21, 22]).

These results are of much importance for us, because they allow us to start
our investigation of the first occurrence index with the lift that is a discrete
series representation at the quite low level of the tower. The disadvantage of
this approach is that it prevents us from determining the both first occurrence
indices when lifting from the metaplectic tower. So, we determine just the
lower one.

We do not adopt the methods used in [15] and rather choose to describe
theta lifts of strongly positive discrete series directly from their cuspidal sup-
ports. The advantage of using this method lies in the fact that the structure
of the obtained theta lifts can be explicitly described in a purely combinato-
rial way.

Now we describe contents of the paper, section by section.

The next section presents some preliminaries, while in the third section
we summarize without proofs the relevant material on the strongly positive
discrete series. In that section we also obtain some useful embeddings of the
general discrete series representations. Section 4 provides a detailed exposi-



tion of the results about Howe correspondence which will be used through
the paper. The fifth section is a technical heart of the paper, it contains
several results regarding the theta lifts of irreducible representations.

In Section 6 we state and prove our main results about the lifts of strongly
positive irreducible representations of the metaplectic groups using case by
case consideration. In Section 7 we determine the first occurrence indices of
certain strongly positive representations of the odd orthogonal groups. The
observed cases happen to be quite similar in both directions, so the proofs
made in the sixth section help us shorten those in the seventh one.

However, for the sake of completeness and to avoid possible confusion,
we discuss the details of the lifts of representations of the metaplectic groups
and those of the orthogonal ones in separate sections.

The author would like to thank Goran Muié¢ for suggesting the problem.

2 Notations and preliminaries

Let F' be a non-archimedean local field of characteristic zero with odd residual
characteristic.

For a reductive group G, let Irr(G) stand for the set of isomorphism
classes of irreducible admissible (genuine) representations of G.

First we discuss the groups that we consider.

Let V be an anisotropic quadratic space over F' of odd dimension. Then
its dimension can only be 1 or 3. For more details about the invariants of this
space, such as the quadratic character xy;, related to the quadratic form on
Vo, we refer the reader to [7] and [9]. In each step we add a hyperbolic plane
and obtain an enlarged quadratic space, a tower of quadratic spaces and a
tower of corresponding orthogonal groups. In the case when r hyperbolic
planes are added to the anisotropic space, enlarged quadratic space will be
denoted by V,., while a corresponding orthogonal group will be denoted by
O(V,). Set m, = 3dimV,.

To a fixed quadratic character yy, one can attach two odd orthogonal
towers, one with dimVy = 1 (+-tower) and the other with dimVy = 3 (—
tower), as in Chapter V of [8]. In that case, for corresponding orthogonal
groups of the spaces obtained by adding r hyperbolic planes we write O(V,)
and O(V,7).

Let Si(n) be the Grothendieck group of the category of all admissible
representations of finite length of O(V},) (i.e., a free abelian group over the
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set of all irreducible representations of O(V,,)) and define S; = €, S1(n).

—_—

Let Sp(n) be the metaplectic group of rank n, the unique non-trivial
two-fold central extension of symplectic group Sp(n, F). In other words, the
following holds:

1 — py — Sp(n) — Sp(n, F) — 1,

where s = {1,—1}. The multiplication in Sp(n) (which is as a set given
by Sp(n, F) x pg) is given by the Rao’s cocycle ([18]). More details on the
structural theory of metaplectic groups can be found in [5], [8] and [18].

In this paper we are interested only in genuine representations of Sp(n)
(i.e., those which do not factor through us). So, let Sa(n) be the Grothendieck
group of the category of all admissible genuine representations of finite length

of Sp(n) and define Sy = €, - Sa(n).

Let GL(n, F) be a double cover of GL(n, F'), where the multiplication is
given by (g1,€1)(92,€2) = (9192, €1€2(detgy, detge)r). Here €; € po, i = 1,2
and (-, -)r denotes the Hilbert symbol of the field F.

The pair (Sp(n), O(V,)) is a reductive dual pair in Sp(n - dimV}.). Since
the dimension of the space V, is odd, the theta correspondence relates the

representations of the metaplectic group Sp(n) and those of the orthogonal
group O(V,). We use the abbreviation n; = n - dimV,. Let w,, 4 be the

Weil representation of Sp(n;) depending on the non-trivial additive charac-
ter v, and let w,, denote the pull-back of that representation to the pair

(Sp(n), O(V,)).

Here and subsequently, 1 denotes a non-trivial additive character of

F. Further, we fix a character xy, of GL(n,F) given by xv.(g,€) =
xv(detg)ey(detg, 2¢)~!. Here v denotes the Weil invariant, while xy is a
character related to the quadratic form on O(V,). We write o = x3,,, and
observe that « is a quadratic character on GL(n, F).

Let

RIen — @r]zgen(n)7

n>0

where R9¢"(n) denotes the Grothendieck group of smooth genuine represen-



tations of finite length of GL(n, F'). Similarly, define

R =EPR(n),

n>0

where R(n) denotes the Grothendieck group of smooth genuine representa-
tions of finite length of GL(n, F).
To simplify the notation, in the sequel we write

R R, in the orthogonal case
| RY"™, in the metaplectic case,

and
g _ { S1, in the orthogonal case

Ss, in the metaplectic case.

By v we denote the character of GL(n, F') defined by |det|p.

An irreducible representation o € S’ is called strongly positive if for each
representation v°! p; X v py X - - - X Uk pp X Opysp, Where p; € R, i =1,2,... k
are irreducible cuspidal unitary representations, o..s, € S’ an irreducible
cuspidal representation and s; € R, ¢ =1,2,...,k, such that

0 = VP X UPpy X oo X VR PR X Ocysp,

we have s; > 0 for each 1.
Irreducible strongly positive representations are called strongly positive
discrete series.

If p € R'(m) is an irreducible unitary cuspidal representation, we say that
A = {vop, v p, .. v Fp) is a segment, where a € R and k € Z>o. Here
and subsequently, we abbreviate {v%p, v 1p, ..., v**p} as [V, v p]. We
denote by §(A) the unique irreducible subrepresentation of %% p x paT+=1 5 x
-+ X v%. §(A) is an essentially square-integrable representation attached to
the segment A.

For every irreducible cuspidal representation p € R'(m), there exists a
unique e(p) € R such that the representation v~ p is a unitary cuspidal

representation. From now on, let e([v%p, 1%p]) = 222

For an ordered partition s = (ny,ng,...,n;) of some m < n, we denote
by Ps a standard parabolic subgroup of Sp(n, F') (consisting of block upper-
triangular matrices), whose Levi factor equals GL(n;) x GL(ng) X -+ X



GL(n;) x Sp(n — |s|,F),/wilire Is| = m = 37 n E@ the standard

parabolic subgroup P, of Sp(n) is the preimage of P, in Sp(n). We have the
analogous notation for the Levi subgroups of the metaplectic groups, which
are described in more detail in Section 2.2 of [5]. The standard parabolic
subgroups (containing the upper triangular Borel subgroup) of O(V,) have
the analogous description as the standard parabolic subgroups of Sp(n, F'). If

/PVS is a standard parabolic subgroup of Sp(n) described above, or Ps a similar
standard parabolic subgroup of O(V}), the normalized Jacquet module of a

smooth representation o of Sp(n) (resp., O(V,)) with respect to /va(resp., P)
is denoted by R (o) (resp., Rp,(0)). From now on, Rp, (7)(x) (or Rz (m)(x))
stands for the isotypic component of Rp, (1) along the generalized character
X-

Also, when dealing with Jacquet modules of wy, -, we write shortly Rp, (w, )
(vesp., Rp (wn,)) for R%xpl (Wn,r) (resp., Rp o, (@Wny)), following the
notation from [6].

For any irreducible representation m € S’(n) there exist an ordered par-
tition s = (ny,n9,...,n;) of some m < n, cuspidal representations p; €
Irr(R!(n;)) and meusp € S'(n — |s|) such that 7 is an irreducible subquotient
of the induced representation p; X pa X -+ X p; X Teysp. In this situation, we
write [7] = [p1, P2, - - -, Pj; Teusp), following the notation used in [8].

Let o € S'(n) denote an irreducible representation. To simplify notation,

set P, = P; in orthogonal case and P! = P, in the metaplectic one. We
introduce u*(o) € R’ ® S" by

#(0) = 3" 55(Ply(0)),

where s.s. denotes the semisimplification. We extend p* linearly to the whole
of §'.

In the following lemma we recall useful formula for calculations with
Jacquet modules which is valid in both orthogonal and metaplectic case
([20, 5]). Let o/ = «v in the metaplectic case, while in the orthogonal case o
denotes a trivial character.

Lemma 2.1. Let p € R’ be an irreducible cuspidal representation and a,b €
R such that a+b € Z>y. Let 0 € S’ be an admissible representation of finite



length. Write p*(c) =3, ,m®@0o'. Then the following holds:

WO ) x o) = 3 SO S sl p v Bl x (1 pvel) x 7

i=—a—1 j=t w0’

® ([ pp)) xa. (1)
We omit ([vp,v¥p]) if x > y.

We take a moment to recall the formulation of the second Frobenius
isomorphism.
Generally, for some reductive group G’, its parabolic subgroup P’ with the
Levi subgroup M’ and opposite parabolic subgroup P, the second Frobenius
isomorphism is

Home (Ind$;, (), 1) 2 Homy (, Ry (1)),

for some smooth representation 7 (resp., II) of the group M’ (resp., G'). We
denote the space of the representation 7 by V.

Above isomorphism can be explicitly described in the following way:
Let ¥ denote the embedding

UV, — Ry(Ind$ (Vy)),

which corresponds to the open cell P'P" in G’ ([3]). Now, for some T €
Home (Ind$;, (), I1), compose ¥ with the corresponding mapping
T« Rpr(Ind§) (7)) — Rp(T0).

3 Embeddings of discrete series

In this section we recall the classification of strongly positive discrete series
and obtain further embeddings of general discrete series which will be used
afterwards in the paper.

In the following theorem we gather the results obtained in the Section 5 of
the paper [10]. The arguments used there rely on Jacquet module methods,
and build up in an essentially combinatorial way from the cuspidal reducibil-
ity values. Moreover, the underlying combinatorics are essentially the same
for classical groups. Thus, our classification is valid for both metaplectic and
orthogonal groups.



Theorem 3.1. We define a collection of pairs (Jord,d’), where o' is an
irreducible cuspidal representation of some S'(n,:) and Jord has the following

form: Jord = U, Ule{(p“ bg-l))}, where

o {p1,p2,...,pr} is a (possibly empty) set of mutually nonisomorphic ir-
reducible self-dual cuspidal representations of some R'(my),, R'(ms), . ..
R'(my) such that v*ip; x o' reduces for a,, > 0 (this defines a,, ).

o ki = [a,,]|, the smallest integer which is not smaller that a,,.

e For eachi=1,...,k, bgi), e ,b,(fi) 1s a sequence of real numbers such
that a,, — bg-i) is an integer, for j = 1,2,... k; and —1 < bﬁ“ < bg) <
k; *

There exists a bijective correspondence between the set of all irreducible
strongly positive representations in S’ and the set of all pairs (Jord,d’).

We describe this correspondence more precisely. The pair corresponding
to an irreducible strongly positive representation o € S' will be denoted by
(Jord(o),o'(0)).

Suppose that cuspidal support of o is contained in the set {v*p,...,
VP, Ocusp = © € R}, with k minimal (here p; denotes an irreducible cus-
pidal self-dual representation of some R'(n,,)).

Leta, >0,i=1,2,...,k, denote the unique positive s € R such that the

representation v°p; X Oeusp reduces. Set ki = [a,,|. For each i =1,2,... k
there exists a unique increasing sequence of real numbers bﬁ“,bg), e ,b,(é_),
where a,, — by) s an integer, for 3 =1,2,...,k; and bgi) > —1, such that o
1s the unique irreducible subrepresentation of the induced representation
(T TL 60w 5% it pi])) % G
i=1 j=1

Now, Jord(c) = Ule Uf;l{(pz, bgi))} and o' (o) = Teysp-

We note that results of [1] should imply that every a,, in the previous
theorem is half integral.

This classification implies some interesting properties of strongly positive
discrete series, which are listed in the next two lemmas. We note that first
of them is Lemma 3.5 in [11].



Lemma 3.2. Let 0 € S’ be a strongly positive discrete series. The o is
uniquely determined by [o].

Next result is rather straightforward from the mentioned classification:

Lemma 3.3. Let 0 € S’ denote a strongly positive discrete series and suppose
that v*p appears in |o|, where p € R’ is an irreducible unitarizable cuspidal
representation and |x| < 1. Then the representation v*p appears in [o] with
multiplicity one. Also, if vYp appears in o] for some y # x, then |y| > 1.

Proof. 1t is enough to prove the lemma for x > 0, since otherwise the same
conclusion can be drawn for |z|.

We write o as the unique irreducible subrepresentation of the induced rep-
resentation of the form (T]5_, Hf’zl §([vei=kitip,, ek pi])) X Oeusp. Obviously,
p is isomorphic to p; for some [ € {1,2,... k}.

By the assumption of lemma, there is some j € {1,2,...,k} such that
ap, —ki+j <x < b;l). Strong positivity of o implies > 0. Since a,, —k;+j >

Prs ngl)ﬂz]
and v%p does not appear in [y —Fti pl,yby) p], for 7 > 2. Further, using
r—1<0 we obtain z = a, — k + 1.

Consequently, v*p appears in [o] with multiplicity one.

The inequality |y| > 1 for y # x such that v¥Yp appears in [o] is a conse-
quence of the fact that |y| — x is a positive integer and x > 0. O

1 for j > 2, it follows that v*p appears in the segment [v%:—Fi+1

The principal significance of the following lemma is that it allows us to
obtain certain embeddings of general discrete series.

Lemma 3.4. Suppose that m € S'(n) is an irreducible representation, which
s not in the discrete series. Then there exists an embedding of the form

7 §([v2p, V0p]) x 7,
where a+b <0, pe R and ' € S" are irreducible representations.

Proof. We adopt the approach from the Section 3 of [10], which was moti-
vated by [16]. Suppose that

T p1 X Pa X =+ X P X Teysp

is an embedding of the representation 7 contradicting Casselman’s square-
integrability criterium (whose metaplectic version is written in non-published
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manuscript [2]), p; € R’ is an irreducible cuspidal representation for i €
{1,2,...,k}, and 7eysp € S’(n') an irreducible cuspidal representation. Fur-
ther, we consider all possible embeddings of the form

T J(A1) X §(Ag) X -+ X 0(Ay) X Teusp,

contradicting square-integrability criterium, where Ay + Ay + - + A, =
{p1,p2,---,pr}, viewed as the equality of multisets. Clearly, e(A;) < 0 for
some i € {1,2,...,m}. Set of all such embeddings is obviously finite and
non-empty.

Each 0(4A;) is an irreducible representation of some R'(n;) (this defines
n;), for i =1,2,...,m. To every such embedding we attach an n — n’-tuple
e(A1), ... e(A1),e(Ay), ..., e(Ay),...,e(A),...,e(Ay)) € R, where
e(A;) appears n; times.

Denote by

T = 0(A]) X §(AL) X - X 6(AL) X Teusp

minimal such embedding with respect to the lexicographic ordering on R ™.
In the same way as in the proof of Theorem 3.3 from [10], we conclude
e(A]) <e(A})) <--- <e(Al,). This gives e(A]) < 0. Now Lemma 3.2 of
[13] finishes the proof. O

We are ready to describe useful embeddings of general discrete series (this
parallels the result of Lemma 3.1 of [12]).

Theorem 3.5. Let o € S'(n) denote a discrete series representation. Then
there exists an embedding of the form

o — 6([Va1p17 Vblpl]) X 6([Va2p27 VbQPZ]) X X 5([Vakpka kapk’]) AN O sp,

where a; < 0, a; +b; > 0 and p; € R’ is an irreducible representation for

i=1,2,...,k, while o5, € S" is a strongly positive discrete series (we allow
k=0).

Proof. If o is a strongly positive discrete series, then k = 0 and o ~ o).
Thus, we may suppose that ¢ is not strongly positive.
Again, we start we an embedding of the representation ¢ of the form

0 p1 X P2 X 0 X P X Oeusp,
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where each p; € R’ is an irreducible cuspidal representation and o5, € S’ (1)
is a partial cuspidal support of o, and consider all possible embeddings of
the form

0= (A1) X §(Az) X -+ X 0(Ap,) X COeusp,

where Ay + Ay + -+ Ay, = {p1, 2, . .., o1}, viewed as the equality of mul-
tisets. In the same way as in the proof of the previous lemma, to every such
embedding we attach an element of R~ and denote by

o — §(A]) X §(AY) X -+ X 0(AL) X Oeusp (2)

minimal such embedding with respect to the lexicographic ordering on R
Analysis similar to that in the proof of Theorem 3.3 from [10] shows e(A]) <
e(B) < -+ < (D).

Write each element of the multiset {py, pa, ..., } in a form p; = v%p;,,
where p;, is an irreducible unitary cuspidal representation. Define a =
min{a; : 1 <4 < }. The assumption that ¢ is not strongly positive yields
a < 0. Suppose that v%p appears in the segment A}, with ¢ minimal (for
appropriate p). Then A} = [1%p, 1°p], for some b.

If the segment A/ is not connected in the sense of Zelevinsky with any of
the segments A/, ..., Al |, we obtain the embedding

o — §(A]) X §(A]) X -+ X 0(A])) X Oeusp-
Suppose that there is some segment A, 1 < j <i—1, such that the segments
A} and A’ are connected in the sense of Zelevinsky. We choose largest such j
and denote it with j again. Also, we write A} = [v% p, " p]. The intertwining
operator 0(A) x §(A]) — 0(A]) x §(A%) gives the following maps
0 O(A]) X - X §(A]) X (A X -+ X §(AL) X Teusp
— O(A]) X - X §(A]) X 0(AL) X -+ X 6(A]) X Teusp-
Observe that the kernel of previous intertwining operator equals d(A]) X
o x 8([vp, v pl) x S([V p, vPp]) X - - X §(ALL) X Ocusp. Since e(A}) < e(AY),
the inequality a < o' implies e([v%p, ¥ p]) < e(A). Thus, minimality of
the embedding (2) shows that o is not contained in the kernel of observed
intertwining operator, which gives

0 = 0(A]) X - X §(A]) X 0(AL) X -+ X §(A])) X Oeusp-
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Repeated application of the above procedure enables us to obtain the
embedding
o — §(A)) x §(A]) X -+ x §(Al) X Teusp-

Lemma 3.2 from [13] implies that there is some irreducible representation
o1 such that o — 6([v%p, 1Pp]) x 01. Square-integrability of o shows a+b > 0.
We claim that o, is a discrete series representation.

Suppose on the contrary that oy is not in the discrete series. Then pre-
vious lemma shows that it can be written as a subrepresentation of the in-
duced representation of the form o([v*p’, vYp']) x o, where 2 +y < 0. Thus,
o — §([v2p, V7p]) x §([v®p', ¥ p']) x 0. Square-integrability of the representa-
tions o shows that the segments [v%p, 1°p] and [v%p, v¥p'] are connected in the
sense of Zelevinsky, and consequently o — &([v%p, 1¥p]) x 6([v*p, v°p']) x 0.

The choice of a shows that a < x, which leads to a +y <z +y < 0,
i.e., e([v*p, Yp]) <0, contradicting square-integrability of o. In this way we
have proved that o; is also a discrete series representation.

We continue in this fashion to obtain that either oy is strongly positive
or it can be written as a subrepresentation of the induced representation of
the form 6(v* p', v p']) x 09, where @’ < 0 and oy € S’ is a discrete series
representations. Repeating this procedure, after a finite number of steps we
obtain the claim of the theorem.

O

4 Howe’s correspondence and results of Gan
& Savin and of Kudla

In this section we review some results about Howe correspondence.
For an irreducible genuine smooth representation o € Sy(n), let O(o, )
be a smooth representation of O(V}.), given as the full lift of o to the r-level

of the orthogonal tower, i.e., the biggest quotient of w,, on which Sp(n)

acts as a multiple of 0. As a representation of Sp(n) x O(V,) it has a form
o ® O(a,r). We write O (o, 7) (resp., © (o,7)) for the lift on the +-tower
(resp., —tower), when emphasizing the tower.

Similarly, if 7 is an irreducible representation of O(V;.), then one has its

e~

full lift ©(7,n), which is a smooth representation of Sp(n).
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In the following theorem we summarize some basic results about the theta
correspondence, which can be found in [8] and [14].

Theorem 4.1. Let o denote an irreducible genuine representation of Sp(n).
Then there ezists an integer r > such that O(o,r) # 0. The smallest such
r 1s called the first occurrence index of o in the orthogonal tower. Also,
O(a,1") #0 forr >r.

The representation ©(o,r) is either zero or it has finite length. If residual
characteristic of field F is different than 2, then ©(o, 1) is either zero or it has
a unique irreducible quotient. Following [15], we write o(r) for this unique
irreducible quotient.

The analogous statements hold for ©(r,n) if T is an irreducible represen-

tation of O(V,.).

Now we state the results of Gan and Savin which serve as a cornerstone
for our determination of lifts of the strongly positive discrete series (Section
6 and Theorem 8.1 of [4]).

Theorem 4.2. Let F be a non-archimedean local field of characteristic 0
with odd residual characteristic. For each non-trivial additive character i of
F, there 1s an injection

Oy : Irr(Sp(n)) — Irr(O(V,F)) U Irr(O(V,_,))

given by the theta correspondence (with respect to ). Suppose that o €

Irr(Sp(n)) and 7 € Irr(O(V)) correspond under ©y. Then o is a discrete
series representation if and only if T is a discrete series representation.

Let 0cysp denote an irreducible cuspidal genuine representation of Sp(n').
We write ©(o,r) for the smooth isotypic component of ¢ in w,,. Since
Ocusp 18 cuspidal, for the smallest 7’ such that ©(o.usp, ") # 0 we have that
O(0cusp, ') 1s an irreducible cuspidal representation of O(V,/); we denote it
by Teusp-

Let p € R be an irreducible cuspidal selfcontragredient representation.
Results of Silberger (in the orthogonal case, [19]) and those of Hanzer and
Muié (in the metaplectic case, [6]) show that there exist unique non-negative
real numbers s; and s, such that the induced representations v°! p X 7., and
V32 Xy N Ocusp Teduce. If p is not a trivial character of F'*, then s; = ss.
Otherwise, the representation v°! X 7., reduces for s; = |n’ — m,.|, while
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the representation v*?xy.y X 0eusp reduces for sy = |m, —n’ — 1|, where

myr = %dim‘/;/.
We take a moment to state the results from the Section 2 of the paper

[7], which happen to be crucial for our investigation.

Theorem 4.3. Let 7 € Si(r) denote an irreducible representation and sup-
pose [T] = [p1, P2, - - - s Pk Teuspl, With Teusp € S1(17) being an irreducible cuspi-
dal representation. Let 0.5, = T(n') be the first non-zero lift of the represen-
tation Teysp, observe that oeysy, € Sa(n') is an irreducible cuspidal representa-
tion. Let o denote an irreducible quotient of ©(r,n). We have the following
possibilities:

o Ifn> n’_|_r—r/7 then [O’] = [XV,mer_n, Xvﬂpymr—n—l—lj o ,XV,meT'_n/_l,
XVpP1 XVpP25 - - 5 XV Pk; Ucusp];

o Ifn<n+r—r, sett=r—r'"—n+n'. Then there exist iy, is,...,1; €
{1,2,...,k} such that p;; = v"™ "7 for j = 1,2,...,t and [0] =
[XVﬂZ)pb s XV Pigs ooy XVapPigs + -+ 5 XVap P 0611,817]7 where XvuypPi Means

that we omiat Xv,ypi-

Similarly, let o € So(n) denote an irreducible representation and suppose
(0] = [XvwP1s XVipP2s - - s XVip PR Tcuspls With Oeusp € Sa(n') being an irre-
ducible cuspidal representation. Let Tpys, = o(r') be the first non-zero lift of
the representation o.,sp, observe that Tus, € S1(r') is an irreducible cuspidal
representation. Let T denote an irreducible quotient of ©(c,r). We have the
following possibilities:

o Ifr >r'4n—n/, then[r] = ™"t w2y o0 pol il s
Tcusp];

o [fr<r'4+n—n', sett =r"—n'+n—r. Then there exist iy, is,...,i; €
{1,2,...,k} such that p;; = et for 5 = 1,2t and [1] =
[P1s oy Pirs vy Pins -+ Pk Teusp), where p; means that we omit p;.

The next theorem that we need is Kudla’s filtration of Jacquet modules
of the oscillatory representation ([7, Theorem 2.8]):

Theorem 4.4. Let w,, denote the oscillatory representation of the group

Sp(n) x O(V,) corresponding to the non-trivial additive character 1. The
following holds:

14



o Let P; denote the standard mazimal parabolic subgroup of O(V,). Then

Jacquet module Rp,(wn,,) has Sp(n) x Mj-invariant filtration given by
Ly, 0 < k < j, where
Sp(n)x M;

/
! ijXﬁkXO(VT_j)(,yjk ® 2 ® wn—km—j).

Here, Pj, is a standard parabolic subgroup of GL(j, F') which corre-
sponds to the partition (j — k, k), v is a character of GL(j — k, F') x

—_——

GL(k, F) given by

j—k+1

Vik(g1, 92) = v = (g)xve(9),
and Xy, is a twist of the standard representation of GL(k, F') x GL(k, F')
on the space of smooth locally constant compactly supported complex
valued functions C2°(GL(k, F)):
B e Ry T G
(91, 92)f(g) = v (mr—g b 55 ) et 5 f(91"992)-

mT n— J+1)

—(mp—n—

Especially, a quotient ;o equals V- ® Wpr—; and a subrepre-

sentation I;; equals [ndeL GF) XP <O(V: )<XV¢ ® X @ Wnjrj)-

e~

Let ]3 denote the standard mazimal parabolic subgroup of Sp(n). Then
Jacquet module R (wnr) has M; x O(V,.)-invariant filtration given by
Jik, 0 <k <y, whe're

M xO(Vy)
P]kkaXSp(n 7)

J]k‘ ~ In (ﬁyk@zl X Wn— —j,r— k’)

e~

Here, ]5; is a standard parabolic subgroup of GL(j, F) which corre-
sponds to the partition (j —k, k), B, is a character of GL(j — k, F') x

—_—

GL(k, F) given by

k—1
r_n_J B}

Bir(g1, 92) = (xvpr™ )(91)xvp(92),

and 3. is a twist of the standard representation of GL(k, F)x GL(k, F)
on the space of smooth locally constant compactly supported complex
valued functions C2°(GL(k, F)):

b Bl | L _
Sh(g1,92) f(g) = v™ T2 vt £(g g ).

15



FEspecially, a quotient Jjo equals Xv,wz/mr_'”r% ® Wp—jr and a subrep-
‘ M;xO(Vy.)
resentation J;; equals In Gé_(ﬁ)xijS;j(?z_—/j)(XVW ® X ® Wnjrj)-

5 Some technical results on lifts

The purpose of this section is to state and prove many technical results which
will be of particular importance in the following sections.

An elementary but useful criterion for pushing down the lifts of irreducible
representations is established by the following two propositions.

Proposition 5.1. Let 7 € Si(r) be an irreducible representation. Then the
following hold:

1. Suppose that ©(t,n) # 0. Then Rz (O(7,n + 1) (xvpr™ ) £ 0.

2. Suppose that Rp, (7)(v™~"+1)) = 0. Then ©(7,n) # 0 if and only if
R (O(1,n 4 1)) (xvpr/™ =) £ 0.

Proof. The proof follows the same lines as that of Theorem 4.5 of [6].
Assume that ©(7,n) # 0. Then there exists an epimorphism w,, —
7 ® O(71,n). Kudla’s filtration gives the epimorphisms

R (wni1r) = Xva?™ " @ wip — xupr™ " @ 7@ O(7,n).

Using Frobenius reciprocity we get a non-trivial intertwining ©(7,n + 1) —
V™ "D 5 ©(7,n). This obviously proves the first statement of the
proposition.

It remains to prove sufficiency in the second statement. The condition
R (O(m,n + 1) (xvpr™ =) £ 0 gives O(7,n + 1) # 0, that gives an
epimorphism wy 41, — 7 ® O(7,n + 1). Applying Jacquet modules, we get
an epimorphism Rp (wni1,) — 7 ® ve?™ "D ® o' for some irreducible
representation o’ € Sy(n). If we suppose that the restriction of this epimor-
phism to a subrepresentation J;; is non-zero, second Frobenius reciprocity
gives a non-zero intertwining map

Xvy @ 2'1 ® wyr—1 — Rp, (?) ® quymr*(n+1) Qo

From this intertwining we deduce 7 < v™~(+1) 5 7/  for some irreducible
representation 7/ € Sy(r — 1), contradicting the assumption of proposition.
Consequently, there exists a non-zero intertwining J;qg — T®XV7¢VmT7(n+1) ®
o', which gives ©(7,n) # 0. O

16



We omit the proof of the next proposition since it is completely analogous
to the proof of the previous one.

Proposition 5.2. Let 0 € Sy(n) be an irreducible representation. Then the
following hold:

1. Suppose that O(a,r) #0. Then Rp, (O(c,r + 1)) (v~ (mrs17n=1)) £ .

2. Suppose that R];I(U)(XM¢V_(WT+1_”_1)) = 0. Then ©(o,r) # 0 if and
only if Rp,(©(c,r + 1)) (v~ (mr+—n=1)) £,

Now we prove an important result regarding the square-integrability of

the lifts of strongly positive discrete series. In particular, this result gives an
alternative and essentially combinatorial proof of a special case of the results
of [17].
Proposition 5.3. Let ¢ € Sy(n) denote a strongly positive discrete se-
ries. Suppose that O(o,r) # 0, for some r such that m, < n + %, and
Rﬁ(a)(xl/’wyf(mk*"”)) =0 fork > r+ 1. Then o(r) is a discrete series
representation.

Proof. We prove this proposition by downwards induction on r, starting with
an r such that m, = n + % Ifm, =n+ %, Theorem 4.2 shows our claim.
Thus, suppose that the claim holds for some r 4 1 such that m,.; < n+ %
We prove it for r.

It may be easily concluded from the proof of Lemma 5.1 (in the same way
as in the proof of Lemma 5.1 from [15]) that there is a non-zero intertwining
o(r) — v=mr=r=b sq g(r — 1).

Note that in our case m, < n + %, which implies —(m, —n — 1) > %
Now, suppose that o(r — 1) is not a discrete series representation. According
to Lemma 3.4, there is an embedding o(r — 1) — &([v%p,v%p]) x o', where
a+ b < 0. Obviously, a < 0.

Since m, —n — 1 < —%, strong positivity of the representation o and
Lemma 3.3 together with Theorem 4.3 imply there is at most one x € R,
0 < |z| < 1 such that v"p appears in [o(r — 1)]. Therefore, b < 0 and
the representation v~ (" ="=1) x 1p is irreducible and isomorphic to v’p x
V—(mr—n—l)'

We thus get the following embeddings and isomorphisms:

o(r) — v D s o(r — 1) — =MD 5[0, b)) X o7
sy by x5 ([vp, P p]) 10!

~ vbp x vl S (v, P p]) o,

17



contradicting square-integrability of o(r). This proves the proposition. [J
In pretty much the same way one can also prove

Corollary 5.4. Let 7 € Si(r) denote a strongly positive discrete series.
Suppose that ©(t,n) # 0, for some n such that m, > n+ 5. Then 7(n) is a
discrete series representation.

The last two propositions of this section contain rather important result
on the transfer of certain embeddings by the theta lifts. We omit the proofs,
since this results can be obtained in completely analogous way as in [15,
Remark 5.2], i.e., by precise examination of the filtration of Jacquet modules
quoted in the Theorem 4.4.

Proposition 5.5. Suppose that the representation o € Irr(Sp(n)) may be
written as an irreducible subrepresentation of the induced representation of
the form §([v%p, vbp]) x o', where p is an irreducible cuspidal genuine repre-

—_——

sentation, o' € Irr(Sp(n’)) and b—a > 0. Let O(o,r) # 0. Then one of the
following hold:

e There is an irreducible representation T of some O(V,,) such that o(r)
is a subrepresentation of 5([V“X‘_/ibp, Vbe_/ipPD X T.

o There is an irreducible representation T of some O(V,/) such that o(r)
is a subrepresentation of (5([#”1)(‘_/;1},0, VbX\_/ipP]) X T.

The latter situation is impossible unless (a, p) = (M, — n, Xv.p)-

Proposition 5.6. Suppose that the representation 7 € Irr(O(V,.)) may be
written as an irreducible subrepresentation of the induced representation of
the form §([v%p, °p]) x T/, where p is an irreducible cuspidal representation,
7€ Irr(O(V,)) and b —a > 0. Let ©(r,n) # 0. Then one of the following
holds:

e There is an irreducible representation o of some Sp(n') such that T(n)
is a subrepresentation of §([Vxv.up, VP Xvyp]) X 0.

o There is an irreducible representation o of some Sp(n') such that T(n)
is a subrepresentation of ([ xv.yp, VOxvep]) X o.

The latter situation is impossible unless (a,p) = (n —m, + 1, 1px).

18



6 Lifts of strongly positive discrete series of
the metaplectic group

In this section we determine the structure of certain lifts of the strongly
positive discrete series of the metaplectic groups. We also obtain precise
information about the first occurrence of strongly positive discrete series in
the orthogonal tower, depending on its cuspidal support.

Let o € Irr(Sp(n)) denote a strongly positive discrete series. Accord-
ing to the classification given in Theorem 3.1, we may write o as a unique
irreducible subrepresentation of the induced representation

ko ki
a —heidi (l)
(LT 800w i xv®™ i) X Gy (3)
i=1 j=1
with &£ minimal and k; minimal for ¢ = 1,2, ..., k, where ousp € Irr(Sp(n'))

is an irreducible cuspidal representation and p; an irreducible cuspidal rep-
resentation of GL(n,,, ) (this defines n,,) for i = 1,2,..., k. We note that
the minimality of k and k; for i = 1,2, ...,k implies that there are no empty
segments in (3).

Theorem 4.2 shows that either ©%(o,n) # 0 or O~ (o,n — 1) # 0.

The following theorem describes the first occurrence indices of the strongly
positive discrete series of metaplectic group.

Theorem 6.1. Let o € Irr(Sp(n)) be a strongly positive discrete series. If
OF(o,n) # 0, let (e,r) = (+,n), otherwise let (e,r) = (—,n —1). Sup-

o~

pose that opsy € Irr(Sp(n')) is a partial cuspidal support of o and Tousp €
Irr(O(VS)) the first non-zero lift of ocysp. Further, set M = {|z| : xvpV”
appears in [c]} and denote by ay, the minimal element of M. If M = (), let
i, = N — %dim 5+ 2.

If Qi = 5 orn' =1' + $(dimV§ — 1), then the first occurrence indezx of
o 1s r. Otherwise, the first occurrence index of o 1S 1 — Qpmin + %

The rest of this section will be devoted to the proof of Theorem 6.1.
The proof will be divided in several cases depending on the structure of the
cuspidal support of ¢ and on the first non-zero lift of o.ysp.

In this section, m, denotes 1dimV,* = n + 1 and o(I) denotes the unique
irreducible quotient of the representation ©¢(o,1).
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Observe that Proposition 5.2 implies that the representation o(l) is not
a discrete series representation for [ > r.

There are two main cases which we consider.

Suppose that the representation XV’QZ,V% does not appear in [o]. Since
m, —n = 3, Theorem 4.3 yields n’ > ' + (dim(Vy) — 1). We have two
possibilities:

o 0/ =71+ 3(dim(Vy) — 1)

In this case both representation xv.4v° X 0cysp and v° X 7, reduce for s =
%. Therefore, by Theorem 3.1, there is no representations of the form y ,v°
appearing in [o]|. Further, Theorem 3.5 of [6] implies that the representation
XvpV°pi X Ocysp Teduces if and only if the representation v°p; X 7., reduces.

One of the main results of the paper [4] states that o(r) is a discrete series
representation. Applying Theorem 2 we obtain the embedding

a(r) = 8([v™ o, " ph]) x ([v2 ph, v p]) x - x S ([v™ pi v pi]) X T

where a; < 0and p} € {p1,pa,...,pr} fori =1,2,... 1, and 75, € Irr(O(V))
a strongly positive discrete series, for some 7.

Since the representation o is strongly positive, Theorem 4.3 and Lemma
3.3 show that for every i € {1,2,...,k} there is at most one representation
of the form v*p; that appears in [o(r)] with 0 < |z| < 1. In the same way as
in the proof of Proposition 5.3 we deduce o(r) ~ 7,, i.e., o(r) is a strongly
positive representation.

It is now easy to see, using Lemma 3.2, that o(r) is unique irreducible
subrepresentation of the induced representation

k ki

s (1)
(TTTT o5 i v pi))) 4 Teusp-

i=1j=1

Suppose that ©(o,7—1) # 0. Then Proposition 5.2 implies Rp, (6(c, 1)) (v2) #
0, which is impossible. Thus, r is the first occurrence index of o.

e ' >7r 4 i(dim(Vy) — 1)
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In this case, the representation xy.,° X 0eysp reduces for s = n' —m, +1,
and the representation v* X 7.4, reduces for s =n' —m,..

Observe that [o(r)] is obtained from [o] by multiplying with Xl—f%ﬁ all rep-
resentations of the form xy " p; appearing in [0], adding the representations

_1 _3 _n . .
vz, vz, .., VT and replacing ocysp With Teusp.

There are two possible cases which we consider:

1. Some representation of the form xy,,v°, s € R, appears in [0]: We may
suppose that p; is a trivial representation. Note that a,, — ki + 1 is
strictly greater than % and a,, equals n' —m, + 1.

For simplicity of notation, let a; stand for a,, —ki+7j, for j = 1,2,... k.
Again, we know that o(r) is a discrete series representation. Inspecting
its cuspidal support more precisely, it is not hard to see that it has to be
strongly positive. Using Lemma 3.2 we get that o(r) can be obtained
as the unique irreducible subrepresentation of

3
2

k1
W
VI X UT X X 2 X Hé([y“j_l,ybjl 1)) x
7j=1

kooki
ot @

(H Hd([y ri kH_jpia Vbj pz])) N Teusp-

i=2 j=1

If a; > 2, Theorem 5.3 from [11] implies Rp, (o(r))(v2) £ 0. If ay = g

the same result shows that Rp (o(r))(v2) = 0 (since bgl) > a; > 1),

Using Proposition 5.2 we conclude that ©(a,r — 1) # 0 if a; > 2 and

©(o,r — 1) = 0 otherwise.

If a1 > 2, combining the square-integrability of o(r—1) (by Proposition

5.3) with the fact that [o(r — 1)] is obtained from [o(r)] by subtracting

V%, we get that o(r — 1) is strongly positive discrete series which can

be realized as a unique irreducible subrepresentation of

k1
€Y
VI X UE X X T X Hé([uai_l,i/bjl 1)) x
7j=1

ki

k
@ —kidi @)
(HH(S([V ri kﬁ_jpiaybj pz])) X Teusp-
1=2
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Proceeding with the same analysis as above, we obtain that ©¢(o,r —
) #0for I =1,2,....,r —a; + 3, and o(r — 1) is a strongly positive
discrete series which can be realized as a unique irreducible subrepre-
sentation of

k1
I T e x M2 H5([V“]’_1,Vb§'1)])><
7j=1

ko k
L Q)
(T i, v% pi])) % Teusy-
i=2 j=1
Further, it is easy to check that the first occurrence index of o equals
3
r—a; + 5-

. There is no representation of the form yv,v°, s € R, appearing in
[0]: As in the previous case we conclude that o(r) is strongly posi-
tive discrete series. An easy computation shows that o(r) is a unique
irreducible subrepresentation of the induced representation

koK
. B

<o s ([T 0 5 01)) % Ty

i=1j=1

N|=
[N

vz Xv

Now Theorem 5.3 from [11] shows that Rp, (o(r))(vz) # 0. Since
RE(U)<XV’¢I/%> = 0, part 2 of Proposition 5.2 implies ©¢(co, 7 — 1) # 0.
Note that [o(r —1)] and [o(r)] differ by v2. Proposition 5.3 now shows
that o(r — 1) is a discrete series representation, and we again conclude

that it must be strongly positive. Thus, o(r — 1) is a unique irreducible
subrepresentation of the induced representation

ko ks
- B

X oo X VT % (HH(S([V““*’“HP@V 7 pil)) X Teusp-

i=1j=1

[
ot

vz XV

Ifn'—m, > %, in the same way as above we deduce ©¢(o,7—2) # 0. We

continue in this fashion obtaining ©¢(o,r —j) #0for j =1,2,... ,n' —

my + %, while o(r — j) is a strongly positive discrete series which can

be characterized as the unique irreducible subrepresentation of
s tE s s (TTTT0400 v5” ) % Teusp:

i=1 j=1
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From Proposition 5.2 we conclude that the first occurrence index of o
equals r —n' +my — 2 =7 — (0 — LdimV$ + 2) + 2.

Second, suppose that the representation Xvﬂbué appears in [o]. There is
no loss of generality in assuming that p; is a trivial representation. We have
to examine the following three possibilities:

o 0/ =7+ (dim(Vy) — 1)

Observe that in this case both representation xy.4v° X 0cysp and v° X Teysp
reduce for s = % Obviously, Theorem 3.1 implies k; = 1.

Observe that [o(r)] is obtained from [o] simply by replacing o.,s, with
Teusp and multiplying all G L-members of [0] with X‘_/ib’ discrete series o(r)
may be realized as the unique irreducible subrepresentation of

ko k;
(O]

([ 7)) x (LT TT o~ pis ™ i) e

i=2 j=1

We just note that for each ¢ € {1,2,...,k} there is at most one =z € R,
0 < |z| < 1, such that v*p; appears in [o(r)], thus 7 has to be strongly
positive.

Obviously, Rp, (o(r))(v2) # 0 if and only if b{" = 1

If bg > 2, using Proposition 5.2 we directly conclude ©%(o,r — 1) = 0.

Suppose that bg ) = % If ©(o,r — 1) # 0, we get that vz does not appear
in [o(r — 1)], contradicting Proposition 5.5 (we are in the first case there).
Thus, r is the first occurrence index of o.

o 0/ <71+ (dim(Vy) — 1)

In this case the representation xv.4v° X 0.y, reduces for s = m,» —n’ —1

and the representation v° X 7., reduces for s = m,» —n'.

According to Theorem 4.3, [o(r)] is obtained from [o] by multlplymg
with X‘_/ib all G L-members of [0], subtracting the representations 1/2 1/2 ,
v ="' =1 and replacing Ocusp With 7Toysp. In the same way as before, we
conclude that o(r) is strongly positive discrete series, which is characterized

as a unique irreducible subrepresentation of

5([Vg Vb<1)]) X (5([1/%,1/1’;”]) X oo O(pme T ybgﬁ])x
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kK

(LTI o0 00" i) 5 T

i=2 j=1

Since vz does not appear in [o(r)], it follows that r is the first occurrence
index of o.

o /> 4 (dim(Vy) — 1)

Now the representation VX o reduces for s =n' —m,.» + 1, and
Vap cusp T ;
the representation v° X 7., reduces for s = n' —m,..

Theorem 4.3 now shows that [o(r)] is obtained from [o] by mult1p1y1ng

with X\_/ib all GL-members of [0], adding the representations v~z v~ 2 ,
v and replacing ocysp With 7eysp.

From Theorem 4.2 we know that the representation o(r) is in the discrete
series. But, v2 appears in [o(r)] with the multiplicity two and consequently
o(r) can’t be a strongly positive representation (by Lemma 3.3).

In the sequel, we use Theorem 3.5 to describe discrete series o(r) as
precise as we can. So, we write o(r) as a subrepresentation of the induced
representation of the form

S([v o, v pr]) x 8([ % ply, w2 p]) X -+ x 8([ %y, VY pl]) X T,

where p; € {p1,p2,...,pr}, a; < 0and a; + 0, > 0 for i =1,2,...,1. Fur-
ther, 7, is an irreducible strongly positive representation such that [Tsp) 1s

contained in [o(r)]. Hence, at least one of the representations 2 and v~z
has to appear in some segment [v%p}, 1% pl], i € {1,2,...,1}. Since a} < 0
and b, > 0, both these representations appear in this segment.

Our next claim is that [ = 1. Suppose, on the contrary, that [ > 1.

We conclude that there is some j € {1,2,...,l}, j # 1, such that
e [V“Q‘p;, Ubg‘p;]. But, the union of the segments [v%, %] and [Va;p;, ng'p;]
is contained in [o(7)], so there is at most one x, 0 < |z| < 1, such that
V¥ p; appears in [y“3' 05, Y% p5]. This contradicts the fact that the ends of the

segment [V“Qp;-, ngp;-} satisfy a’ < 0 and 0} > 0. Thus, [ =1 and p} = 1px.
In this way we obtained the following embedding:

o(r) = (v a Vb/]) X Tep.
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Since @) < 0, using Proposition 5.6 we obtain a contradiction with the
strong positivity of . Therefore, this case is impossible and Theorem 6.1 is
proved.

We point out that the obtained results closely parallel those contained in
the Theorem 4.2 of the manuscript [15] for the dual pair (Sp(n), O(V)).

7 Lifts of strongly positive discrete series of
the orthogonal groups

The purpose of this section is to determine the first occurrence indices of
strongly positive discrete series of the odd orthogonal groups which appear
in the correspondence given by Theorem 4.2 and to provide a description of
the lifts of such representations in the metaplectic tower.

Thus, we let 7 € Irr(O(V,)) denote a strongly positive discrete series such
that ©(r, m, — %) # 0 and realize it as a unique irreducible subrepresentation
of the induced representation of the form

kooks
a,. —k;+1 (.i)
(HH(S([V Pi kH—in’ Vbj pl])) A Teusp)
i=1 j=1
with & minimal and k; minimal for i = 1,2,... k, where 7., € Irr(O(V,/))

is a cuspidal representation and p; an irreducible cuspidal representation of
GL(n,,, F) (this defines n,,) for i =1,2,... k.

Note that Proposition 5.1 yields that the representation 7(l) is not a
discrete series representation for [ > m, — %

In the following theorem we describe the first occurrence indices of certain
strongly positive discrete series of the odd orthogonal groups.

Theorem 7.1. Let 7 € Irr(O(V;)) be a strongly positive discrete series with
a non-zero lift on the (m, — %)fth level of the metaplectic tower. Suppose that

Teusp € 1rr(O(Vy)) is a partial cuspidal support of T and oeysp € Irr(Sp(n'))
the first non-zero lift of Teusp. Let n = m, — 5. Further, define M = {|z| : v*
appears in [T} and denote by apmi, the minimal element of M. If M =0, let
i, = Myr — 1 + 1.

If appin, = % orr' =n' — %(dz’m(Vo) — 1), then the first occurrence index of
T is n. Otherwise, the first occurrence index of T is N — Apin + %
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The remaining part of this section is devoted to the proof this theorem.
Again, we have two main cases to discuss.

First, assume that v2 does not appear in [7]. This implies " > n' —
+(dim(Vp) — 1). This leaves us two possibilities:

o 1/ =n/— (dim(Vp) — 1):

In this case both representation v, 2° X 0cysp and v° X 7., reduce for s =
%. From the classification of strongly positive discrete series, elaborated in
section 2, we deduce that there is no representations of the form v* appearing
in [7].

Applying Theorem 4.2 we obtain that 7(n) is a discrete series represen-
tation and in the same way as before we may conclude that it is strongly

positive. This yields the following embedding:

ko ki

T(n) — (H H(S([Xvﬂl)l/ P krl-in’ XV,t/}VbJ pz])) A Ocusp-
i=1 j=1

Proposition 5.1 implies ©(7,n—1) = 0. So, n is the first occurrence index
of 7.

o v >n' — L(dim(Vp) — 1):

In this case, the representation v° X 7,,,, reduces for s = m,» —n’ and the
representation Xy.,v° X 0eyusp reduces for s = m,, — n — 1.
Theorem 4.3 shows that [7(n)] is obtained from [r] by multiplying with
Xv. all the elements of R appearing in [7], adding the representations Xv,sz%a
3 m, —n'—1

XVapV2, .oy XVl T and replacing T.ysp With ocysp.
There are two main cases to consider:
1. There is no representation of the form v* appearing in [7], for s € R:

As before, we conclude that 7(n) is a strongly positive discrete series
which is a unique irreducible subrepresentation of

XV,MJV% X Xvﬂ/,Vg X+ X X\/,wl/m’"/_n/_lx
L (i
(H H 5([XV,7/)Vapi_ki+]pi7 XV,waj pz])) Do O cusp-
i=1 j=1
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[NIES

Theorem 5.3 from [11] implies Rp, (T(n))(XV,wV%) # 0. Since Rp, (7)(v
0, part 2 of Proposition 5.1 shows ©(c,n — 1) # 0.

)

From Corollary 5.4 we obtain that 7(n — ) is a discrete series repre-
sentation for each [ > 0 such that ©(7,n — 1) # 0. In the same way as
above we see that it must be strongly positive.

Since [T(n — l)] is obtalned from |7 ( )] by subtraction of the represen-

tations XvwW,XvwW o XVapV 5 , for [ € {1,2,. o—n' — —}
it is not hard to see, using Prop081t10n 5.1, that @(T,n — 1) # 0 for
I e {1,2,...,my —n' — 3}. Furthermore, 7(n —[) is a unique irre-

ducible subrepresentation of the induced representation

2+l 243 m, —n'—1
Xvypl 2 XXVA/JV 2 X X Xyl X
k  k;
(HH(S([XV,wV l—wp XV#}V J pz])) Do O cusp
i=1 j=1
forie{1,2,...,my —n'—3}.

Since there is no representation of the form xy,,v* appearing in [7(n —
m, +n' + 1)], Proposition 5.1 shows that the first occurrence index of
T equals n —m, +n' + 3.

. There is some representation of the form v* appearing in [7]: We may
suppose that p; is a trivial representation. Obviously, ap, — ki +11s
strictly greater than and a,, equals m,, —n'.

For abbreviation, let a; stand for a,, —k;+j, for j = 1,2,...,k;. Since
Xv,w’/% appears in [7(n)] with multiplicity one, it follows that 7(n;) is
strongly positive representation for each ny < n such that ©(r,ny) # 0.

Also, 7(n) is the unique irreducible subrepresentation of

3
2

o o (1)
Xvww X XvpV X XV X H5([Xv,w’/ Loxvaer’ 1)) %

: kit (@)
(HH(S([XVﬂbV Pi kl—wpiaXV,waJ Pz])) X O cusp-

i=2 j=1
Arguing in the same way as in the analogous situation in the meta-
plectic case, we deduce that O(r,n —1) # 0 for | € {1,2,...,a; — %}
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and n —ay + % is the first occurrence index of 7. Further, 7(n —1) is a
unique irreducible representation of the induced representation

k1
XV X X X Xy X H(S([XV,W‘”A,Xv,waél)]))X
j=1
k  k; o
(H H 6([Xv,wyapiiki+jpi7 XV,",Z)Vbj pz])) D O cusp
i=2 j=1

forle{l,Q,...,al—% )

It remains to consider the case when the representation Ve appears in
[7]. Without loss of generality we may suppose that p; is a trivial character.
Similarly as in the previous section, we have to examine three possibilities.

o ' =n' — L(dim(Vp) — 1):

The specificity of this case is that both induced representations v* X 7.y
and Yy yV° X Ocyusp reduce for s = % On account of Theorem 3.1, we have
ki =1and a, =1

Furthermore, [7(n)] is obtained from [7] by replacing 7.,s, with o.,s, and
multiplying all other members of [7] by xv.y.

From the equality of cuspidal reducibilities for 7.5, and o¢,sp, it may be
concluded that 7(n) is the strongly positive discrete series which is a unique

irreducible subrepresentation of

ko k;
(1)

1 @ — ki ()
5([XV,¢V27XV,¢JVI)1 ]) X (HH(S([XV,TJJV Pi kl+]pi7XV,waJ pz])) A O cusp-
=2 j=1

Suppose that the lift ©(7,n— 1) is non-zero. Then Proposition 5.1, enhanced

by Theorem 5.3 of [11] , implies ") = 5. From Theorem 4.3 it follows

that there is no representation XV7¢I/% appearing in [r(n — 1)], contrary to
Proposition 5.6.
It follows that n is the first occurrence index of 7.

o ' <n' — L(dim(Vp) — 1):
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The induced representation v* X 7., reduces for s = n’ — m,, and the in-
duced representation xy.,v® X 0cysp reduces for s =n' —m, + 1. According
to Theorem 4.3, [7(n)] is obtained from [7] by replacing 7., With ogysp,, mul-
tiplying G L-members of [7] by xv., and then subtracting the representations
Xvﬂpl/%, XV’,z,V%, ey XV,,ZJVn/_m’“/ .

The strong positivity of the representation 7 and the above discussion
show that for each i € {1,2,...,k} there is at most one z, |z| < 1 such that
XvpV® appears in [7(n)]. Since 7(n) is in the discrete series, from Theorem
3.5 we see that it is strongly positive.

An easy computation shows that 7(n) is a unique irreducible subrepre-
sentation of the induced representation

(1) (1)

: / (1)
S([xvir, X )X 8([xvpv?, xvpr® 1) x 8 (v ™™ oyt

M)

k  k;
kit ()
X(H H(S([XV,TJJV Pi kH—]pia XV,i/)Vb] XVﬂPpi])) A O cusp-
i=2 j=1

That n is the first occurrence index of 7 follows directly from Proposition
5.1.

o ' >n' — L(dim(Vp) — 1):
The induced representation v® X 7., reduces for s = m, — n/, and the
representation yv,,° X 0eusp reduces for s = m,» —n’ —1. The representation
XW,I/% appears in [7(n)] with multiplicity two, since [7(n)] is obtained from
[7] by replacing Teusp With o, multiplying other members of [7] by xv.
and adding XV,W%, XM¢V%, . ,Xvamv“*”lfl

According to Lemma 3.3, 7(n) is not a strongly positive discrete series,
but the results of the paper [4] show that it is a discrete series representation.

Applying Theorem 3.5 and analysis similar to that in the last case consid-
ered in the previous section, we write 7(n) as an irreducible subrepresentation
of the induced representation of the form

5([XV,1/1VG’ XV,?/JVbD N Ogp,

where a <0, a4+ b > 0 and oy, € Sy a strongly positive discrete series.
Using Proposition 5.5 we obtain an embedding which contradicts the
strong positivity of 7. Consequently, this case is not possible.
This completes the proof of Theorem 7.1.
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