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Abstract

Let F' denote a non-archimedean local field of characteristic zero
with odd residual characteristic and let Sp(n) denote the rank n meta-
plectic group over F. If (o) denotes the first occurrence index of

the irreducible genuine representation o of Sp(n) in the theta corre-
spondence for the dual pair (Sp(n), O(V*)), the conservation relation,
conjectured by Kudla and Rallis, states that r*(c) + 77 (0) = 2n. A
purpose of this paper is to prove this conjecture for discrete series
which appear as subquotients of generalized principle series where the
representation on the metaplectic part is strongly positive. Assuming
the basic assumption, we also prove the conservation relation for gen-
eral discrete series of metaplectic groups by explicitly determining the
first occurrence indices.

1 Introduction

This paper is concerned with the determination of the first occurrence indices
for certain classes of irreducible genuine representations of metaplectic groups
in the local theta correspondence. It presents a continuation of our previ-
ous work [10, 9, 11] on the strongly positive representations of metaplectic
groups, which serve as a cornerstone in the known constructions of discrete
series. Our approach was motivated by the paper of Muié¢ ([16]), who used
an inductive procedure to determine the first occurrence indices for discrete
series of symplectic groups, i.e., for the reductive dual pair (Sp(n), O(V*)).



His work is based on the classification of discrete series for classical p-adic
groups given by the work of Mceglin and Tadi¢ ([12, 13]).

Although very elegant, the Mceglin-Tadi¢ classification relies on a certain
conjecture, called the basic assumption, which will be recalled in Section 6.
It is important to note that Arthur has recently announced a proof of his
conjectures about the stable transfer coming from the twisted endoscopy,
which should imply the basic assumption. We have recently classified the
strongly positive discrete series of metaplectic groups in a purely algebraic
way and this classification, given in [9], is also valid in a classical group case.
For that reason we start our inspection of the first occurrence indices building
inductively from the strongly positive discrete series.

To a fixed quadratic character y of F'*, where F' denotes a non-archimedean
local field, one can attach two odd orthogonal towers, obtained by adding
hyperbolic planes to an anisotropic quadratic space V; over F' of odd dimen-
sion. These towers are commonly denoted by -+—tower (if the space Vj is
1-dimensional) and —tower (if the space V; is 3-dimensional), while the cor-
responding orthogonal groups of the spaces obtained by adding r hyperbolic
planes to the space V; are denoted by O(V,*) and O(V,7).

The first occurrence index 7+ (o) is the smallest non-negative integer r for

which the irreducible genuine representation o of the metaplectic group Sp(n)

occurs in the local theta correspondence for the dual pair (Sp(n), O(VF)).
In their paper [8], Kudla and Rallis posed a very interesting conjecture
which states that the equality r™ (o) + 77 (o) = 2n holds for an irreducible

—_——

admissible genuine representation of Sp(n). They proved this conjecture,
known as the conservation relation, in a good deal of cases, in particular,
for supercuspidal representations. We prove their conjecture for many other
representations of metaplectic groups over non-archimedean local fields of
characteristic zero with odd residual characteristic, explicitly determining
the first occurrence indices.

Recently, B. Sun and C.B. Zhu have announced a proof of the conservation
relation in full generality [20]. Their approach uses entirely different methods.

The first purpose of this paper is to sharpen the results from [11], where
the lower first occurrence indices of strongly positive discrete series have been
determined in an essentially combinatorial way. Using the inductive method
introduced by Mui¢, we obtain explicit expressions for the first occurrence
indices of strongly positive representations in terms of those of their partial



cuspidal supports. The conservation relation for strongly positive discrete
series is then a direct consequence of the results of Kudla and Rallis.

Secondly, we study the first occurrence indices of irreducible subquotients
of the induced representation of the form

S([V*xvups Xvpr'pl) X o)

where the representation oy, is strongly positive (the notation is explained in
more detail in Section 2). Non-strongly positive discrete series subquotients
of the aforementioned representation are of special importance because they
present the first inductive step in the construction of general discrete series
representations. Composition series of induced representations of this type
have been described in [15], but since we, actually, only need appropriate
embeddings of irreducible subquotients, we obtain such embeddings inde-
pendently. For certain classes of representations this can be achieved using
the arguments based on the Jacquet modules method ([21]) and Bernstein-
Zelevinsky theory ([2, 23]), which have been extended to the metaplectic case
in [4].

However, this techniques happen to be insufficient in many cases of dis-
crete series. Appropriate embeddings of such representations have been con-
structed in the classical group case in [12] and rely on the theory of L-
functions, which we do not have at the disposal in its full generality. Instead
of extending this theory to the metaplectic case, we use recent results of Gan
and Savin ([3]) which provide a correspondence between discrete series of
metaplectic groups and those of the orthogonal ones, given by the theta cor-
respondence. This puts us in position to use ideas from [12] to first obtain the
appropriate embeddings on the classical group side and then transfer them
to the metaplectic group side using simple inductive arguments. Combining
the embeddings of discrete series of metaplectic groups obtained in that way
with the description of theta lifts of strongly positive discrete series, we de-
termine the first occurrence indices using case-by-case consideration together
with the same inductive method as for the strongly positive representations.

The full strength of this approach is presented in the determination of the
first occurrence indices of the general discrete series of metaplectic groups,
under the natural hypotheses. We start with the Moeglin-Tadié¢ classification
for the orthogonal groups and again use the correspondence proved by Gan
and Savin to get appropriate embeddings of discrete series of metaplectic
groups. This reduces the determination of the first occurrence indices of



general discrete series to rather easy inductive argument which relates them
to the already obtained first occurrence indices of discrete series subquotients
of generalized principle series. Examining several possibilities we directly
verify the conservation relation for discrete series. We choose to start our
inductive determination of the first occurrence indices from discrete series
subquotients of generalized principle series rather then from the strongly
positive discrete series because the first case consists of several subcases and
each of them has to be treated in a different way. On the other hand, after
such inductive bases has been settled the inductive step can be handled in a
fairly uniform way.

Since we do not use the Mceglin-Tadi¢ classification in its full generality,
the precise definition of Jordan triples is not recalled in the paper. We rather
state only the main properties of embeddings of discrete series given in this
classification, that turns out to be more convenient for our purposes.

However, our method of determining the first occurrence indices does not
work for all irreducible subquotients of generalized principle series, since in
some cases we are not able to use our basic principle for pushing down the
lifts, given by Lemma 3.4.

Now we briefly describe the contents of the paper. The next section re-
views notation and some background results. In the third section we recall
some of the standard facts on the theta correspondence and state main tech-
niques for determining the first occurrence indices. Section 4 studies the
first occurrence indices of strongly positive discrete series, while the more
difficult case of discrete series which are not strongly positive and appear
as subquotients of the generalized discrete series (where the representation
on the metaplectic part is strongly positive) is discussed in Section 5. The
purpose of the sixth section is to prove the conservation relation for general
discrete series, starting from the Moeeglin-Tadi¢ classification and following
the ideas introduced in the previous two sections.

The author wishes to express his thanks to Goran Mui¢ for drawing the
author’s attention to the results of Gan and Savin ([3]) and to the recent
work of Arthur ([1]). The author’s thanks also go to Marko Tadi¢ for useful
discussions on the discrete series of the odd-orthogonal groups. The author
would also like to thank the referee for helping to greatly improve the style
of the presentation. The author lectured on results of the present paper in
the workshop ” Automorphic forms: Arithmetic and Geometry” held at the
Erwin Schrodinger Institute in Vienna in January and February of 2012. The



author is thankful to the Institute and J. Schwermer for their hospitality.

2 Preliminaries

Through this paper F' denotes a non-archimedean local field of characteristic
zero with odd residual characteristic.
First we discuss the groups that are the object of our study.

Let Sp(n) be the metaplectic group of rank n, the unique non-trivial
two-fold central extension of symplectic group Sp(n, F'). In other words, the
following holds:

—_—

1 — ps — Sp(n) — Sp(n, F) — 1,

where ps = {1,—1}. The multiplication in Sp(n) is given by the Rao’s
cocycle ([18]). The more thorough description of the structural theory of
metaplectic groups can be found in [4], [7] and [18].

In this paper we are interested only in genuine representations of Sp(n)

(i.e., those which do not factor through ). So, let Irr(Sp(n)) stand for the
set of isomorphism classes of irreducible admissible genuine representations

of group Sp(n). Further, let S(Sp(n, F')) denote the Grothendieck group of

the category of all admissible genuine representations of finite length of Sp(n)
(i.e., a free abelian group over the set of all irreducible genuine representations

of Sp(n)) and define S = @, -, S(Sp(n, F)).

Let V be an anisotropic quadratic space over F' of odd dimension. Then
its dimension can only be 1 or 3. For more details about the invariants of this
space, such as the quadratic character xy; related to the quadratic form on
Vo, we refer the reader to [6] and [8]. In each step we add a hyperbolic plane
and obtain an enlarged quadratic space, a tower of quadratic spaces and a
tower of corresponding orthogonal groups. In the case when r hyperbolic
planes are added to the anisotropic space, enlarged quadratic space will be
denoted by V,., while a corresponding orthogonal group will be denoted by
O(V,). Set m, = 3dimV,;.

To a fixed quadratic character yy, one can attach two odd orthogonal
towers, one with dimVy = 1 (+—tower) and the other with dimVy = 3 (—
tower), as in Chapter V of [7]. In that case, for corresponding orthogonal
groups of the spaces obtained by adding r hyperbolic planes we write O(V,F)
and O(V,7).




Similarly as before, let Irr(O(V;)) denote the set of isomorphism classes
of irreducible admissible representations of the orthogonal group O(V}.).

The pair (Sp(n), O(V,)) is a reductive dual pair in Sp(n - dimV;). Since
the dimension of the space V, is odd, the group Sp(n) does not split in

Sp(n - dimV}.), so the theta correspondence relates the representations of the

metaplectic group Sp(n) and those of the orthogonal group O(V;). For ab-
breviation, we write n; instead of n - dimV,. We fix a non-trivial additive
character ¢ of F' and let w, , stand for the pull-back of the Weil representa-

tion wy, 4 of the group Sp(n,), restricted to the dual pair Sp(n) x O(V;) (as
in [7], Chapter II).

Let GL(n, F') denote a double cover of GL(n, F'), where the multiplication
is given by (g1, €1)(92, €2) = (9192, €1€2(detgy, detgs)r). Here €; € pg, i = 1,2
and (-,-)r denotes the Hilbert symbol of field F'.

We fix a character yv,, of GL(n, F) given by xv,4(g, €) = xv(detg)ey(detg, 31) "
Here 7 denotes the Weil index ([7], p. 13), while xy is a character related to
the orthogonal tower. We write o = X%/,w and observe that « is a quadratic
character on GL(n, F).

Let us define R9" = &, R(GL(n, F))gen, where R(GL(n, F'))g4en denotes
the Grothendieck group of the category of all admissible genuine representa-

tions of finite length of GL(n, F).
From now on, v stands for the character of GL(n, F') defined by |det|p.

If p is an irreducible cuspidal representation of GL(n,, F) (this defines n,),

or such genuine representation of GL(n,,, F), we call the set A = {v%p,v* p, ...,
vt p) a segment, where a € R and k € Zs(. In the sequel, we abbreviate
{vap, v*+p, . vk p) to [, v p]. We denote by §(A) the unique irre-
ducible subrepresentation of v ¥ px ¥k~ px ... x 1%, §(A) is an essentially
square-integrable representation attached to the segment A. If p is a genuine
representation, then so is 6(A) (by [4], Proposition 4.2).

To simplify notation, we write v* (respectively, v*xy.,) instead of v*1px
(respectively, v*xv,y1px), where 1px stands for the trivial representation of
the group F'*.

For an ordered partition s = (ny,ng,...,n;) of some m < n, we denote
by Ps a standard parabolic subgroup of Sp(n, F') (consisting of block upper-
triangular matrices), whose Levi subgroup equals GL(ny, F') X GL(ns, F') X
.+ x GL(n;, F) x Sp(n —m, F). Then the standard parabolic subgroup P,
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of Sp(n) is the preimage of Ps in Sp(n). There is an analogous notation for
the Levi subgroups of metaplectic groups, described in more detail in [4],

Section 2.2. The representation of Sp(n) that is parabolically induced from
the representation m ® m ® - -+ ® m; ® ¢ of the Levi subgroup of ]53 will be
denoted by m X my X -+ X m; ¥ 0. The standard parabolic subgroups (those
containing the upper triangular Borel subgroup) of O(V}) have an analogous
description as the standard parabolic subgroups of Sp(n, F). If s = (k), for
some 0 < k < n, we denote P, (resp., ﬁs) briefly by Py (resp., ﬁk) The
normalized Jacquet module of a smooth representation o of S/’];?n/) (resp., of
O(V}.)) with respect to the standard parabolic subgroup /va(resp., P,) will be
denoted by R (o) (resp., Rp,(0)). For an irreducible cuspidal representation

p of GL(n,, F) (resp., GL(n,, F)), we write R _(0)(p) (vesp., Rp, ()(p))
for the maximal p-isotypic quotient of Rz (o) (resp., of Rp, (0)).

When dealing with the Jacquet modules of the representation w,, ,, we
write R (wn,r) (resp., Rp, (wn,y)) for R, o,y (Wnr) (resp., R%XH (Wnr)),s
following the notation introduced in [5].

An irreducible representation o € S is called strongly positive if for every
embedding
0 = VP X UPpy X oo X VR PR X Ocysp,

where p; € R9", i = 1,2, ... k, are irreducible cuspidal unitary representa-
tions and 0., € S is an irreducible cuspidal representation, we have s; > 0
for each 1.

Irreducible strongly positive representations are called strongly positive
discrete series. Strongly positive discrete series of classical groups are defined
in the completely analogous way. Note that every supercuspidal representa-
tion is strongly positive.

Non-supercuspidal strongly positive discrete series of metaplectic groups
have been classified in [9]. In the following theorem we recall an inductive
description of such representations. We remark that an analogous description
holds in the classical group case.

Theorem 2.1. Let o € Irr(Sp(n)) denote a non-supercuspidal strongly pos-

itive discrete series and let p € Irr(Gl(n,, F)) be a cuspidal representation
such that some twist of p appears in the cuspidal support of o. Also, let ocysp
denote a partial cuspidal support of o and let s > 0 denote the point of rank



one reducibility. Then there exist unique a,b € R, a > 0,b >0, b—a € Z>,
and a unique strongly positive discrete series T such that o can be character-
ized as the unique irreducible subrepresentation of 6([v%p,v°p]) x 7. Also, a
and b are both strictly smaller with respect to those used to construct T and
there is a non-negative integer k such that a +k = s. If k > 0, then there
exist a unique b’ > b and a unique strongly positive discrete series 7' such
that T is the unique irreducible subrepresentation of §([v®+'p,v¥ p|) x 7', If
k = 0 then there are no twists of representation p appearing in the cuspidal
support of T.

Moreover, if Ty is an irreducible representation such that §([v%p,v°p]) ®
71 18 contained in the Jacquet module of o with respect to the appropriate
parabolic subgroup, then 71 = 7. The representation 6([v%p,1°p]) ® T ap-
pears with the multiplicity one in the Jacquet module of o with respect to the
appropriate parabolic subgroup.

In the rest of this section we recall some results related to calculations
with Jacquet modules. Let o denote an irreducible genuine representation

of Sp(n). Then Rp (o), for 0 < k < n, can be interpreted as a genuine

—_~——

representation of GL(k, F') X Sp(n — k), i.e., is an element of R9" ® S. For
such o we can introduce p*(o) € R9" @ S by

n

w(o) = ss.(Rp (o))

k=0

(s.s. denotes the semisimplification) and extend p* linearly to the whole of S.
In the same way p* can be defined for irreducible representations of classical
groups.

The basic result of the paper [4] is the following metaplectic version of
structure formula due to Tadi¢ in the classical group case ([21]).

Lemma 2.2. Let p € RI" be an irreducible cuspidal representation and
a,b € R such that a+b € Z>. Let o be an admissible genuine representation
of finite length of Sp(n). Write p*(o) = >, m @ d'. Then the following
holds:

WO ) o) = ST S0 allavtad]) % 6 g, iel) x 7

i=—a—1 j=i w0’

® o[ p,vp]) 3o,
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We omit d([v"p,v¥p]) if x > y.

3 Some preliminary results on theta corre-
spondence

In this section we summarize the relevant material on the theta correspon-
dence which will be used afterwards in the paper.

—~——

Let o denote an irreducible genuine smooth representation of Sp(n), and
let ©(o, ) be a smooth representation of O(V;.) given as the full lift of o to
the r-th level of the orthogonal tower, i.e., the biggest quotient of w, , on

which Sp(n) acts as a multiple of 0. We write O (o, r) and ©~ (o, r) when
emphasizing the tower.
Similarly, if 7 is an irreducible smooth representation of O(V;}), then one

has its full lift ©(7,n), which is a smooth genuine representation of Sp(n).

In the following theorem we summarize some basic results about the theta
correspondence, which can be found in [7] and [14]. Note that we assume
that the residual characteristic of the field F is different than 2.

Theorem 3.1. Let o denote an irreducible genuine smooth representation

of Sp(n). Then there ezists a non-negative integer r such that ©(o,r) # 0.
The smallest such r is called the first occurrence index of o in the orthogonal
tower, we denote it by r(c). Also, (o) < 2n and ©(o,1") # 0 for ' > r(o).

The representation ©(c,r) is either zero or it has a unique irreducible
quotient. Following [16], we write o(r) for this unique irreducible quotient.

If o is an irreducible cuspidal representation of Sp(n) then o(r(c)) is an
irreducible cuspidal representation of O(Vy(s)).

The analogous statements hold for ©(r,n) if T is an irreducible smooth
representation of O(V,.).

In the sequel we write 7™ (o) (resp., 7~ (o)) for the first occurrence index

of irreducible genuine smooth representation o of Sp(n) in the orthogonal
+—tower (resp., orthogonal —tower). Also, we write ot (r) (resp., o~ (r)) for
the unique irreducible quotient of the representation (o, ) in the orthogonal
+-tower (resp., orthogonal —tower).

The first occurrence indices are related by the following theorem of Kudla

and Rallis ([8]):



Theorem 3.2. Ifo is an irreducible genuine smooth representation of Sp(n),
then the inequality
rT (o) +r (o) > 2n (1)

holds. Further, if o is a supercuspidal representation then the equality holds

in (1).

They also conjectured equality in (1) and this equality is known as the
conservation relation.

Let p denote an irreducible self-contragredient cuspidal representation of

—_~—

GL(m, F) and o denote an irreducible cuspidal representation of Sp(n). It is
well-known that there exists a unique non-negative real number s; such that
v¥1p x o(r(o)) reduces ([19]). It is proved in [5], and also independently in
3], that there is a unique non-negative real number s, such that v°2xy ,p X o
reduces. If p is not a trivial representation of F'* then s; = s5. Otherwise,
51 = |n — my(e)| and sy = |Mmy) —n — 1.

Now we state the results of Gan and Savin which play a central role in
our determination of the first occurrence indices (Section 6 and Theorem 8.1

of [3]).

Theorem 3.3. Let F be a non-archimedean local field of characteristic 0
with odd residual characteristic. For each non-trivial additive character i of
F', there is an injection

Oy : Irr(Sp(n)) — Irr(O(V,F)) U Irr(O(V,_4))

given by the theta correspondence (with respect to ). Suppose that o €

Irr(Sp(n)) and 7 € Irr(O(V)) correspond under ©y. Then o is a discrete
series representation if and only if T is a discrete series representation.

By abuse of notation, we write

f 0, if e=+
L if e=—.

The following lemma, which is proved in Section 5 of [11] and completely
relies on Kudla’s filtration given in [6], presents a fundamental criterion for
pushing down the lifts of irreducible representations of metaplectic groups.
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Lemma 3.4. Suppose that o is an irreducible genuine representation of
Sp(n).
(i) Then ©(c,r) # 0 implies Rp, (0(o,r + 1)) (v~ (mr+177=1) £ 0,

(i) Further, z'ijDvl(0)(V_(mr+1_”_1))<v,¢) =0, then ©(o,r) # 0 if and only
if Rp,(O(o,r+1)) (v~ (mr+1=n=1) £ 0. In that case, o(r+1) «— v~ (Mr17n=1

o(r).

The following proposition is well-known:

Proposition 3.5. Let o denote an irreducible genuine cuspidal representa-

tion of Sp(n). If k > r(o), then o(k) is an irreducible subrepresentation of
the induced representation

n—myg+1 n—mi+2 n—My(g)

v X v X oo XV X o(r(o)).

Similarly as in [3], one obtains the following metaplectic version of The-
orem 6.1 from [17]:

Proposition 3.6. Let o € Irr(Sp(n)) denote a discrete series representation
and let € denote an arbitrary element of {+, —}. Let k = n—t. if r*(o) < n—t,
and k = (o) otherwise. If | satisfies | > k then o¢(l) is an irreducible
subrepresentation of the induced representation

n—m;+1 n—mj+2

v X v X oo X VT o (k).

Now we state, without proof, two propositions which present a core of the
inductive approach that we use for determining the first occurrence indices.
These propositions can be proved in completely analogous way as Remark

5.2. and Lemma 5.2. of [16].

Proposition 3.7. Suppose that the representation o € Irr(Sp(n)) may be
written as an irreducible subrepresentation of the induced representation of
the form 6([v*xv.yp, VoXxvep]) X o', where p is an irreducible cuspidal repre-

sentation, o' € Irr(Sp(n’)) and b —a > 0. Let O(o,1) # 0. Then one of the
following holds:

e There is an irreducible representation T of some O(V,.) such that o(r)
is a subrepresentation of §([v%p,v°p]) x 7.

11



e There is an irreducible representation T of some O(V,) such that o(r)
is a subrepresentation of 6([v*p, vPp]) x T.

The latter situation is impossible unless (a, p) = (m, —n, 1px).

—_—

Suppose that §([v*xv.ep, Voxvup]) is a representation of GL(I, F) and
(a,p) # (my —n,1px). Also, suppose that if u*(o) contains the represen-
tation §([Vxv.yp, VXvyp)) @ 0" for some irreducible genuine representation

a’ of Sp(n —1), then 0" = o¢'. Then o(r) is a subrepresentation of

([vp,v’p]) x o' (r —1).

Proposition 3.8. Suppose that the representation 7 € Irr(O(V,)) may be
written as an irreducible subrepresentation of the induced representation of
the form 6([v%p, v°p]) x 7/, where p is an irreducible cuspidal representation,
7€ Irr(O(V,)) and b—a > 0. Let O(r,n) # 0. Then one of the following
hold:

o There is an irreducible representation o of some Sp(n') such that 7(n)
is a subrepresentation of §([Vxv.up, VP Xvyp]) X 0.

e There is an irreducible representation o of some Sp(n') such that T(n)
is a subrepresentation of 6([V* T xv.yp, VP XVp]) X 0.

The latter situation is impossible unless (a,p) = (n —m, + 1, 1px).

Suppose that §([v°p,°p]) is a representation of GL(I,F) and (a,p) #
(n —m, + 1,1px). Further, suppose that if p*(7) > 6([v%p, vbp]) @ 7", for
some irreducible genuine representation ™ of O(V,_;), then " = 7'. Then
T(n) is a subrepresentation of

S([V" Xvip V' xvp]) % 7' (0 — 1)

We take a moment to state the explicit description of the cuspidal support
of theta lifts, given in Section 2 of the paper [6], which appears to be very
useful for obtaining precise information about the lifts of discrete series.
Following [6], we denote the cuspidal support of representation o by [o].

Theorem 3.9. Let 7 denote an irreducible representation of O(V,) and sup-
pose [T] = [p1, P2, - -+, Pk Teusp), With Teusp being an irreducible cuspidal rep-
resentation of O(V,r). Let Ocysp = Teusp(n') be the first non-zero lift of the
representation T,s,. Let o denote an irreducible subquotient of ©(1,n). We
have the following possibilities:
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o Ifn>n'4+r—r', then o] = [xvel™ ™, Xvel™ " o XV V™ T T XV, XvaeP2, - - -

Ucusp] ’

e [fn<n'+r—1', sett =r—r"—n+n'. Then there exist iy, is, ..., 0; €
{1,2,...,k} such that p;, = v™ " for j = 1,2,...,t and [0] =

i
—_—

[XV,wpl; cee 7@17 e XV Pigs - oo s XV Pk Ucusp]; where X/V,w\pl means
that we omiat Xy.up;.

Similarly, let o denote an irreducible genuine representation of Sp(n)
and suppose [0] = [Xv.pP1s XVipP2s - - - ,Xvﬂz,pk%], with Oeusp being an ir-
reducible genuine cuspidal representation of Sp(n'). Let Teysp = Ocusp(r’) be

the first non-zero lift of the representation ocysp. Let T denote an irreducible
subquotient of ©(o,r). We have the following possibilities:

o Ifr > r'4n—n/, then[r] = [yt w2 e o0 po L s
Tcusp];

o [fr<r'4+n—n', sett =r"—n'+n—r. Then there exist iy, s, ...,i; €
{1,2,...,k} such that p;, = v™ "t~ for j = 1,2,...,t and [1] =
(P15 oy Pirs s Pins - -+ Pk Teuspl, where p; means that we omit p;.

4 The conservation relation for strongly pos-
itive representations

This section is devoted to the proof of the conservation relation for strongly
positive discrete series.

Let o denote an irreducible genuine representation of Sp(n) and let oeys, €

—_~—

Irr(Sp(n')) denote the partial cuspidal support of o.
Several cases, depending on the structure of the cuspidal support of the
representation o, shall be considered separately.

Let us first assume that the representation v*xy,,, does not appear in the
cuspidal support of o, for x € R.

The following theorem, together with Theorem 3.2, establishes the con-
servation relation in this case.

Theorem 4.1. If there are no twists of the representation xv.,1px appearing
in the cuspidal support of o, then (o) =n —n' 4+ r(oeusp) for € € {+,—}.
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Further, the first non-zero lift of o is strongly positive representation whose
cuspidal support contains no twists of the trivial representation 1px.

Proof. Theorem obviously holds if ¢ is a cuspidal representation, i.e., if
0 = 0cusp- We prove the theorem for non-cuspidal strongly positive rep-
resentation ¢ using induction over the number of segments needed to obtain
the representation o starting from its partial cuspidal support.

According to Theorem 2.1, ¢ can be written as a unique irreducible sub-

representation of the induced representation of the form §([v*xv.4p, Vo xvyp]) X

o1, where o1 € Irr(Sp(l)) is a strongly positive discrete series. Also, if

e~
[

(o) = S([Vxvpp, Vo Xxvyep]) @ o for some o’ € Irr(Sp(l)), then o/ = 0.
We assume that theorem holds for o and prove it for o.
Since p # 1px, Proposition 3.7 implies

o(r) = o([v'p,vp)) @ a1 (r —n + 1),

for r such that r —n +1 > r(oy).

There exists some r such that ©(c,r) # 0. If r —n +1 > r(01), since
R (01) (¥ xv,y) = 0 for all z, Lemma 3.4 (ii) provides an embedding o (r —
n+1l) — vmreniiot o (r —n 41— 1),

This gives

o(r) = i([vp, l/bp]) x PITrentio1 g o(r—m+1-1)

o plmmeenii=t s 5 ([, VPp]) Moy (r —n+ 1 —1).
Since | — my ;-1 =n —m,_1, Lemma 3.4 (ii) yields o(r — 1) # 0.
We continue in this fashion to obtain r(c) < n —n' + r(oesp). Also,
Proposition 3.7 shows

o(n =1+ 1(0usp)) = 8([v"p,0"p]) X o1(l =0 +7(0cusp))-  (2)

Since by the inductive assumption r(o1) = [ — n’ + r(0eusp) and there are
no twists of 1px appearing in the cuspidal support of o1(l —n' + 7(0cusp))s
Lemma 3.4 (i) shows r(o0) =n —n' + 1r(0cusp)-

Clearly, there are no twists of 1px appearing in the cuspidal support of
o(r(o)), while the strong positivity of o(r(0)) follows directly from (2) and
the description of strongly positive representations given in [9].

]
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If we denote by €; an element of {4+, —} such that 7 (0.4s,) < n'—t¢, by €
an element of {+, —} different than €; and suppose that v°xy.y X 0cysp reduces
for s > 0, then the previous result can be rewritten as ' (o) = n—s+ % — e,
and r2(0) =n+ s+ 3 — te,.

In the rest of this section we suppose that there is some representation
of the form v*xy,, appearing in the cuspidal support of o. Let a; denote
minimal x > 0 such that v"xy,, appears in [o]. By Theorem 2.1 there is a
non—negative integer k£ such that V“1+kxw, X Ocysp Teduces. It follows from
Section 4 of [5] that a; + k is half integral. Consequently, a; is also half
integral.

Thus, ¢ can be written as the unique irreducible subrepresentation of
the induced representation of the form §([v* v, V"' xvy]) X 01, where o; €

P

Irr(Sp(l)) is a strongly positive representation and v xy,, does not appear
in the cuspidal support of ;. Further, if u*(0) > 6([™ xv.y, V"' xv]) @ 09

for some oy € Irr(Sp(l)), then o9 = 0.

Theorem 6.1 from [10] shows Ry (o) (v*xv,y) = 0 for = < by.

It is a direct consequence of Theorem 3.2 that there is exactly one € €
{+, =} such that r(oes) < n’ —t.. In the rest of this section we denote
such € by € and let €5 denote an element of {+, —} different than ;.

There are two possibilities to consider:

e a > 1.
The first occurrence indices are given by the following theorem:

Theorem 4.2. If a; > 1 then (o) = n—t, — a1 + 3 and r2(0) =
n—te, +ay — 3. Both representations 0 (r'(0)) and o (r(0)) are strongly
positive. Also, if we denote by x; the minimal x > 0 such that v appears in

(0% (r€i(0))], for i = 1,2, then x1 = a1 — 1 and x5 = a; + 1.

Proof. Let k denote a non—negative integer such that a; + k = s where s is a
positive real number such that v°xy, X 0cysp reduces. We prove the theorem
using induction on k.

First we assume k£ = 0. We begin by determining the first occurrence
index in ey—tower.

It is shown in Theorem 4.1 that (1) = I —n' 47 (0cysp). Since a3 > 0,
it is a direct consequence of Proposition 3.7 that (o) > n —t,,.

15



For r >n —1+4+r?(o1) =n —n' 4+ r?(oesp) we have

o2 (r) — 6(v™, V")) x o2 (r —n +1)
— ([, )) x v 0P (r —n 1 — 1)

> =t S VM) x o (r —n 41— 1)

(note that we are in the first case of the Proposition 3.7).

Repeating this procedure and using Lemma 3.4 (ii) we get r2(c) < n —
n' 4+ 1 (Oeusp)-

We denote by T(;(g?sp the first non-zero lift of oy, in the eo—tower. Note
that mye(o,,,,) —n = a; + 1 (this also gives 7 (0eusp) = a1 + % +n' —t,)

Ocusp
and v* X ngp reduces for ' = ay + 1.

By Theorem 4.1, the first non—zero lift of the representation oy is the
strongly positive representation and it can be written as an irreducible sub-
representation of the induced representation of the form 7w x réﬁip, where 7
is a product of essentially square-integrable representations attached to the
segments not containing representation of the form v*1px, z € R.

We have the following embeddings and isomorphisms:

02(n —n' + 12 (0csyp)) — S([™, V]) x T x nggp
— (5([1/‘““, ubl]) X VM X T X Téﬁlp
>~ §([v T U0]) x 1 ox v X Tc(glp
> ([t M) x T ox v X Tc(igp

> 9 x §([pm T V) x T ox rgﬁgp.
Since 1 — My_p/yres (goysy)—1 = —a1, Using Lemma 3.4 (ii) we get r(0) <
n—n'+1r2(0qsp) —1l=n+a — % —tey-

It is a direct consequence of Theorem 3.9 that the representation v** does
not appear in the cuspidal support of O (o, n+a; — % —te,). So, Proposition
3.7 shows that %2 (n + a; — % — te,) is a subrepresentation of the induced
representation of the form §([v® 1, 1%]) x 7, where 7 has the same cuspidal

su t 2)
pport as m X Teusp.

We will show that 7 is a discrete series representation. Suppose on
the contrary that 7 is not square-integrable. According to Lemma 3.4 of
[11], there is an embedding 7 — d&([v%p, %p]) x 7/, where a +b < 0, p €
Irr(GL(n,, F)) and 7" is an irreducible representation of some O(V;?). In
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that case, 0(n + a; — 1 — t.,) is a subrepresentation of §([v™ !, ")) x
§([v%p, v°p]) x 7" and applying Proposition 3.8 it is a simple matter to obtain
a contradiction with the strong positivity of o.

Since 7 is square-integrable, Lemma 3.6 from [10] implies that it is strongly
positive. It follows that 0 (n 4 a; — 3 —t,) is an irreducible subrepresenta-
tion of §([v* 1, v"]) x 7 and Theorem 5.3 from [9] shows that it is strongly
positive. Thus, by Lemma 3.4 (i), 72(0) = n +a; — 3 — te,.

Now we determine the first occurrence index in the e;—tower.

We have already proved r(o1) =1 — n/ + 7 (0cusp). We will denote by

Tc(qu the first non-zero lift of 0., in the ¢;—tower. Note that in this case

v X Téilp reduces for s = a; — 1. Further, 7 (0eysp) =0 —ay —te, + %, thus
(o) =1l —a; —te, + 3.
Since (o) > n — t.,, Theorem 3.3 shows that 7' (c) < n —t,,.
Starting from the n —t.,—th level of the e;—tower, for r > n—I1+7(oy) +

l=n—a; —t, + %, in each step we have

ol (r) — 6(v™,v"]) x o (r —n +1)

s VT S ([0 V)) x o (r — 41— 1),

Observe that for r as above we have n — m,_; < a; — 1 and a; > m, —n so
we are in the first case of Proposition 3.7.
Lemma 3.4 (i) gives r(0) < n —a; — t, + 3. Since t., +t, = 1, from
(1) and and already determined r°(o) we obtain 7! (0) =n — a; — te, + 2.
Further, we have the following embeddings and intertwining operator:

04 (r1(9)) = 8([1,1M]) 01 (14 (0r) + 1)
— ([, V) x vt X o (1 (o))

— i S([v™, I/bl]) X o1t (rt(oy)).

Part (ii) of Lemma 3.4 shows that o (r“!(0)) is contained in the kernel of the
last intertwining operator, and this kernel is isomorphic to §([r® =1, v%1]) x
o1 (r(o1)). We have already shown that o' (7' (q)) is the strongly positive
representation and it is a direct consequence of the classification of strongly
positive discrete series that 6([v® =1, v%]) x o' (r(01)) has the unique irre-
ducible subrepresentation which is also strongly positive.

Suppose that £ > 1 and that the claim holds for all non—negative numbers
less than k. We prove it for k.
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In this case, o is subrepresentation of the induced representation of the

—~—

form 6([™ Xy, ¥ Xv.y]) X 01, where oy € Irr(Sp(l)) is strongly positive and
minimal z > 0 such that v*xy,, appears in [01] equals a; + 1.

First we determine the first occurrence index in the es,-tower.

The inductive assumption implies 72(01) = [ + a1 + 3 — te,. Also, the
first non-zero lift of o; in the e;—tower is the strongly positive representation
that can be written as the unique irreducible subrepresentation of 7 Tc(i)gp,
where 7 is a product of representations attached to the segments which do
not contain v* for x < a; + 1 and Tc(glp is the first non-zero lift of oy, in
eo—tower.

In completely analogous way as before we obtain 72 (0) < n+a; + % — ey

Also,

1
o2 (n—i—al—l—é—tez) — §([pr ™, Vb1]>><Val ><7T><17'c(3£p > ([, Vbl])XWNTC(flp

since v X Téﬁlp is irreducible. Lemma 3.4 (i) gives 72(0) < n+aj — § — te,.

Proposition 3.7 now leads to an embedding o(n + a1 — 5 — te,) —
§([va+t vh1]) x 7, for some irreducible representation 7. Our next claim is
that 7 is a discrete series representation.

Suppose, contrary to our claim, that 7 is not the discrete series represen-
tation. Then there exists an embedding of the form 7 < d§([v%p, %p]) x 7/,
where 7’ is irreducible, a + b < 0 and p is an irreducible cuspidal representa-
tion of some GL(n,, F).

Consequently, o°(n+ a; — % —te,) can be written as a subrepresentation
of §([v1 ™t v81]) x §([v%p, vPp]) x 7. If p is not isomorphic to 1gx, we get

1
00+ a1 — 5 — t) = ([, V) x (M)
while in the other case we have

1 /
o?(n+a; — 5 te,) — 6(v*, V")) x 17,
where b’ > b, and 7" is an irreducible representation of some O(V};?). Since
a # —ay + 1, because v~ does not appear in the cuspidal support of 7,
using Proposition 3.8 we get a contradiction with the strong positivity of o.
Therefore, 7 is a discrete series representation, and by [10], Lemma 3.6,

it is strongly positive. It is easy to conclude that o®(n + a; — % —t.,) is also
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a strongly positive discrete series and minimal x > 0 such that v* appears
in its cuspidal support equals a; + 1. Theorem 6.1 from [10] and Lemma
3.4 (i) imply that n 4+ a; — 3 — t, is the first occurrence index of o in the
eo—orthogonal tower.

Let us now determine the first occurrence index in the other tower. Simi-
larly as before, we start from r' (o) < n—t.,. Using the inductive assumption
(o) =l—a; —t,, +% and following the same lines as in the previous cases,
we obtain 7'(0) < n —a; —t,, + 3. Already determined r(o) and the
inequality (1) provide the equality 7!(0) =n —a; — t., + 3.

Further, we have

o (r (o)) = o([v™, v ]) %0t (r (o1)+1) < 3([v*, V") x v T 1o (r (04))

and in the same way as before we see that o (r! (o)) is the strongly positive
subrepresentation of §([v® 1, 1)) x o7 (r' (1)) and the proof is complete.

[]

® (1 — %
The following theorem, together with Theorem 4.1 and Theorem 4.2,
establishes the conservation relation for the strongly positive discrete series

of metaplectic groups.

Theorem 4.3. If ay = 3, then r'(0) = n —t,, + 1 and r2(0) = n —t,,.
The representation o®*(r® (o)) is strongly positive, while the representation
o (r (o)) is a non-strongly positive discrete series.

Proof. The representation o is a subrepresentation of § ([1/% Xva, VX V) X

o1, where o1 € Irr(Sp(l)) is the strongly positive representation such that
either there are no twists of xy,,, appearing in [o1] or the minimal z > 0 such
that v*xv,, appears in [o1] equals % In any case, (o) < [+ 1 —t, for
€ € {+,—}, by Theorems 4.1 and 4.2.

Since o is strongly positive and m, —n > % for r > n+1—t., we may use
an inductive procedure based on Lemma 3.4 and Proposition 3.7 to obtain
r(o) <n+1-—t.,foree {+,—-}.

Let us denote by 7., a cuspidal representation o2, (7 (0cusp)). Note

that the representation V3 X Teusp 18 irreducible.
Using Theorems 4.1 and 4.2 we see that o?(n + 1 — t,) can be written
as an irreducible subrepresentation of the induced representation of the form
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) ([V%, VP1]) X T X Teusp, Where 7 is a representation induced from representa-
tions attached to the segments not containing v2. It is now easy to obtain
an embedding

3
2

o?(n+1—t) v 2 x§(vz, ")) xm x Teusps
and Lemma 3.4 (ii) yields (o) < n —t,,.

Inequality (1) shows (o) =n —t, + 1 and r*(0) =n —t,,.

Let us now prove that o2 (r®(0)) is the strongly positive representation.
Otherwise, by Lemma 3.4 and Theorem 3.5 from [11], there are a,b € R,
a < 0, a cuspidal representation p € GL(n,, F') and an irreducible repre-
sentation 7 of the corresponding orthogonal group such that o (r2(0)) is a
subrepresentation of §([v%p,’p]) x 7. Using Proposition 3.8 we get a con-
tradiction with the strong positivity of o. Since a strongly positive discrete
series representation is completely determined by its cuspidal support, it is
not hard to see that c°2(r°2(0)) can be characterized as the unique irreducible
subrepresentation of §([v2,1%]) x o2 (12 (7).

On the other hand, 6 (n —t,, +1) is a subrepresentation of §([v2,1"]) x
1
AR

o' (r*(o1) + 1). Since of'(r“*(o1) + 1) is a subrepresentation of v~z

o1’ (r'(o1)), using Lemma 3.4 (ii) we deduce
ol(n—t,+1)— 5([1/_%, VP)) X o (r (o).

Obviously, ¢ (n — t., + 1) is not strongly positive. We have already shown
that of'(r“' (1)) is a strongly positive representation and it is easy to check
that Rp, (07" (1 (01)))(v*) = 0 holds for x < b;. The fact that o' (n—t,, +1)
is square—integrable is an integral part of the Moeglin-Tadi¢ classification of
discrete series. This proves the theorem. O

We also note the following corollary, which is a generalization of Propo-
sition 3.5 for the strongly positive discrete series:
Corollary 4.4. Let o € Irr(Sp(n)) denote a strongly positive representation.
If k > r(o), then o(k) is an irreducible subrepresentation of the induced
representation

n—myg+1 n—mpg+2 N—"my(5)

v X v X oo XV X o(r(o)).

The following theorem supplements the results of Gan and Savin [3].
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Theorem 4.5. Suppose that o € Irr(Sp(n)) and 7 € Irr(O(V)) correspond
under ©,. Then o is a strongly positive discrete series if and only if T is a
strongly positive discrete series.

Proof. First we assumes that o is strongly positive. If the representation
% Xv,» appears in [o], previous theorem shows that 7 is also strongly positive.
Otherwise, Theorem 3.9 shows that if there is some twist of the representation
p appearing in [7] then there exists at most one 0 < z < 1 such that v*p
appears in [7]. We already know that 7 is a discrete series representation,
and Theorem 3.5 of [11] implies that it is strongly positive.

Conversely, suppose that o is not strongly positive. Lemma 3.4 and
Theorem 3.5 of [11] show that then o can be written as a subrepresentation
of the induced representation of the form 6[v%xy.yp, Voxvyp] X o', where a < 0
and ¢’ is an irreducible representation. Applying Proposition 3.7 we obtain
that 7 is not strongly positive. Hence, the strong positivity of 7 implies
strong positivity of . This proves the theorem.

[]

5 The conservation relation for discrete se-
ries subquotients

The objective of this section is to prove the conservation relation for discrete
series which appear as irreducible subquotients of generalized principal series,
where the representation on the metaﬂe\c_ﬁc part is strongly positive.

Let o denote such discrete series of Sp(n), i.e., 0 < ([ xvpp', VY XvpP']) X
01, where the representation oy is strongly positive. Throughout this section
we assume that o is not strongly positive.

According to Theorem 3.5 from [11], there exists an embedding of the
form

o — SV xvpp1, V" Xvpp1]) X - X O[T v VX VePE]) X O,
where a; > 0, a; + b; > 0 and p; is an irreducible cuspidal representation of
GL(n;, F) (this defines n;) for i = 1,2,..., k, while o, is a strongly positive

discrete series of Sp(m) for some m. The assumption on ¢ obviously yields
k > 1. Inspecting the cuspidal support of ¢ more closely, similarly as in
Section 6 of [11], we deduce k = 1.
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Thus, o can be written as a subrepresentation of an induced representa-

tion of the form

([ xvup: VXv0P)) X T,
where a > 0, b —a > 0 and p is an irreducible cuspidal representation of
GL(n,, F') (this defines n,).

It is well-known that p has to be self-contragredient (details can be found
in [22]). Let 0.4, denote the partial cuspidal support of o and let s(p) denote
a non-negative real number such that the induced representation (") yy,,,p
Ocusp Teduces. In order to apply the inductive procedure for determining the
first occurrence indices of o, we shall consider several possibilities.

Let us first assume 2s(p) ¢ Z.

Observe that either a — s(p) € Z or a + s(p) € Z, since otherwise the
induced representation &([v=*xv.yp, ¥ Xvep]) X 0s could not contain any
discrete series subquotients (this also follows from [22]). In this case, the
crucial requirement is given by the following lemma.

Lemma 5.1. If §([v™xvyp, VXvyp]) @ o' appears in p*(a) for some irre-
ducible genuine representation o', then o’ = og,. Moreover, such representa-
tion is contained in Jacquet module of o with the multiplicity one.

Proof. 1t is the consequence of Lemma 2.2 that there exists some irreducible
constituent 7 ® o” of p*(0,,) and real numbers ¢, j satisfying the properties
1+a€l,j—1€l, —a—1<1<7<b, such that

(v xvup, Vxvp]) < 8([v xvup, v xviep]) X ([ xvpp, VoXxvep)) X T

"

and o’ < 0([V" xvpp, 1V xvep]) X 0.

We determine all such ¢ and j comparing the cuspidal supports. Since
a > 0 and 2a ¢ 7Z, it follows that b — a is not an integer. Consequently,
vXv.4p does not appear in the cuspidal support of §([v=%v.4p, Y’ Xv.yp]) S0
1 =—a—1.

The representation o, is strongly positive and by Theorem 6.1 of [10]
v~ "vp does not appear in the cuspidal support of 7. This leads to j = ¢ =
—a — 1. Thus, 0’ = 0" = 0, and the lemma is proved. ]

Suppose that oy, is a representation of Sp(n’). Combining Proposition
3.7 with the previous lemma, it is not hard to see that ©¢(o,r) # 0 if and
only if ©(os,, r —n+n') # 0, for € € {+, —}. Moreover, if ©(o,r) # 0, then

o (r) = 0([v ™" xvwp, V' Xxvpl) ¥ 04, (r = n+n).
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So, r'(0) =1(0sp) +n—n' and r (o) +1r (o) = 1" (0s) +17 (05) +2n— 20/
Since oy, is strongly positive, using the results of the previous section we get
rt(o) +r~ (o) = 2n.

In the rest of this section we assume 2s(p) € Z. First we will describe
appropriate embeddings of the representation o.

Let €; € {+, —} such that ©(o,n —t.,) # 0. Theorem 3.3 implies that
o (n —te,) is a discrete series and Theorem 4.5 shows that it is not strongly
positive. The work of Moeglin and Tadi¢ [12, 13], together with Theorem 3.9,
enables us to obtain an embedding

0 (1 — t) = ([ p, v pl) -+ x 3([0 " p, v pl) X g,

such that ¢; > 0 and ¢; +d; > 0 for 7 = 1,2,...,1, 75, is a strongly positive
discrete series,

Rp (6([v=p, vp]) x -+ x 8([v ™ p, v p]) X 74p) (V7p) = O,

for ¢;.1 <o <di_yandi=2,3,...,[, and Rp, (7s)(v*p) =0 for ¢, <z < d.
Using Theorem 3.9 again, we obtain [ < 2 and [ = 1 if p is not isomorphic
to 1px.

Let us first observe that [ equals 1. Suppose, contrary to our claim, [ = 2.
This gives p = 1px. Using results of [13] again, we write 0% (n —t,,) as a
subrepresentation of § ([, %)) x 7/, where 7’ is a discrete series representa-
tion, the subrepresentation of §([v =2, v%2]) x 7,,. Obviously, Rp, (7/)(v*) =0
for g < x < dj.

The following lemma can be proved in the same way as Theorem 2.3 in
[16] and uses the classical group version of Lemma 2.2.

Lemma 5.2. If 6([v=,v%]) @ 7y appears in p*(o(n —t.,)), for some irre-
ducible representation 11, then 7 = 7.

It can be concluded in the same way that if u*(7/) > d([v=2,v%]) @ 7"
for some irreducible representation 7”, then 7 = 7,,. Applying Proposition
3.8 two times, first for the representation o (n — t,) and then for the rep-
resentation 7/, we conclude that there is some irreducible representation o’

such that o is a subrepresentation of the induced representation

S Xvyp, v xvi)) X ([ 2 xv, v xv0]) 3 0,

which is impossible since the representation % Xv. appears at most three
times in the cuspidal support of o.
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Thus, [ = 1. In this way we have shown that ¢“'(n — t.,) can be written
as an irreducible subrepresentation of the induced representation of the form

§([v=p,vp]) X Top,

where ¢ > 0, —c+d > 0 and Rp, (7s,)(v*p) =0 for ¢ <z < d.

Suppose that §([v=¢p, v%p]) is a representation of GL(l;, F). In this no-
tation, using Proposition 3.8 and calculations with Jacquet modules similar
to those in Lemma 5.2, we obtain an embedding

o — §([V " xvpp, VXvpp]) X Tep(n — 7).

Observe that 7,,(n — l1) is also a strongly positive discrete series. For sim-
plicity of notation we denote it by o .

Description of the theta lifts of strongly positive discrete series given in
the previous section shows that if there is some x such that Rp, (75,)(v*p) =0
and R (0g,)(v"Xvep) # 0 then z < c. We thus get R (0y,)(v"xvypp) = 0
fore <z <d.

Using the same calculations with Jacquet modules as before, we are in
position to conclude that if there is some irreducible genuine representation
o’ such that §([v™xvup, v xv.up]) ® o’ appears in p*(c), then o' = o .

We have thus proved the following proposition:

Proposition 5.3. The representation o can be written as a subrepresentation
of the induced representation of the form §([v=Cxv.yp, VIXvyp]) X Osp, where

c,d >0 and oz, € Irr(Sp(n')) is a strongly positive representation such that

R (05p) (V" xvip) = 0 for ¢ <@ < d. If p*(0) = 0([v™ xvipp, viXvpp]) ® 0
for some irreducible genuine representation o', then o' = oy,.

To each embedding o < ([ xvyp, V2 Xvup]) X 04 as in the previous
proposition we attach a non-negative real number a; in the following way:

e If there are no twists of xy,1px appearing in [o,,], set a; = 0.

e If some twist of the representation xy,,1px appears in [oy,], let a; de-
note the minimal z such that oy, is a subrepresentation of ([ X vy, V" xvy]) X
/

;. L : :
0,y Where o[ is strongly positive discrete series.

Among all such embeddings of ¢ we fix one with the minimal a; with
respect to other embeddings and denote it by o — 6([v™ xv.pp, Vixv0p]) X 0og)
again.
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In the following proposition we describe the first occurrence indices of
discrete series o.

Proposition 5.4. Suppose that o5, € Irr(Sp(n’)) and let ¢, € {+,—} such
that r* (osp) < n' —te, and e3 € {+, —} different than ;. Then the following
holds:

1. Suppose that v2 Xv does not appear in [og,] and V¥xv.y X Oyusp Teduces
for s > 0.

e Suppose that ay = 0. If (¢, p) = (s,1px) and Ry (0) (v xvy) = 0
then v (o) = n—s—%—tq and r (o) = n+s+%—t€2. Otherwise
r (o) =n—s+ 35—ty andr?(0) =n+s+ 5 —t,

e Suppose that a; > 0. If (c,p) (ay — 1,1px) and a; > %, or

(¢,p) = (a1 — 1,1px) = (3,1px) and Rﬁ(a)(uéxuw) = 0, then
ri(o) =n—a1 —ty + 3 and r2(0) = n+ay — te, + 5. Otherwise
(o) =n—ar—tq + 3 and r2(c) =n+a; — te, — 3.

2. Suppose that V%XW}, appears in [og]. If (¢, p) = (2, lpx) and Ry (U)(V%X‘w) =
0 then (o) = n —ty — 1 and r2(0) = n — t, + 2. Otherwise
rUo) =n—ty and r2(c) =n —t, + 1.

Particularly, the conservation relation holds for o.

The rest of this section will be devoted to the proof of Proposition 5.4.

First, if p is not equal 1z, using the same reasoning as in the case of non-
half integral reducibility, we obtain ©%(a,r) # 0 if and only if ©*(c o
n’ 4+ n) # 0 and consequently 7¢(0) = r(0s,) — n’ + n. Thus, in the rest of
this section we may assume p = 1px.

This is the most difficult case. Observe that it is a consequence of Propo-
sition 3.7 that ©“ (o,n —t.,) # 0. Obviously, 0 (n — t,,) is a discrete series
representation which is not strongly positive.

In what follows the prominent role will be played by the following lemma:

Lemma 5.5. Suppose that o is a discrete series representation of Sp(n),
given as a subrepresentation of §([v""Xv.yp, VXvyp]) X o1, where a > 0,
p 1S a self-contragredient cuspidal representation and oy is an irreducible
representation. Also, assume that if u*(o) contains §([v™"xv.yp, VXvyp]) @
09, for some irreducible genuine representation oo, then oo = oq. Further, let
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(p,a) # (1px,n—1r— % —t.), ©(o,r) # 0 and RE(O')(V_(T_%+t5_n)XV7¢) =0,
for somer >0 and e € {+,—}. If (p,a) # (1px,r —n— 2 +1.) and (p,b) #
(Lpx,n —r — 3 —t.) then ©(o1,7 —a — b—2) # 0 implies O(o,r — 1) # 0.
If (p,a) = (Lpx,r —n — 2 +t.), then ©(o1,7 —a — b —2) # 0 implies that
either O°(o,r — 1) #0 or ©(o1,7 —a —b—3) =0 holds.

Proof. We consider only the case (p,a) = (1px,r —n—2+t.), the other case
can be proved in the same way. Applying Proposition 3.7, we obtain

o (r) = s(v V") xof(r—a—>b—1).

Since ©°(01,7 —a — b —2) # 0, Lemma 3.4 (ii) provides an embedding

o’(r) = o( V) x v P xoS(r—a—b—2).
The intertwining operator

(V) xv ot — v (v V),

provides the following maps

o (r) = (V") x vt xoi(r—a—b—2)

— v xS ) xoS(r—a—b—2).

If o¢(r) is not contained in the kernel of previous intertwining operator, then
Lemma 3.4 (ii) yields ©¢(o,r—1) # 0. Otherwise, c¢(r) is a subrepresentation
of §([v=¢ "L V8 xoS(r —a—b—2).

Suppose that ©°(oy,r —a — b — 3) # 0. Then, applying Lemma 3.4 (ii)
again, we get the embedding o{(r —a —b—2) — v *xof{(r —a —b— 3).
This clearly forces

o(r) = v x ([ V] xoS(r —a—b—3).

Thus, there is some irreducible representation 7 such that o¢(r) — v=% x 71
and using Proposition 3.8 we obtain R (0)(v~*xv,y) # 0, which contradicts
the square integrability of o. This proves the lemma. O

We turn back to the investigation of the first occurrence indices. We shall
consider several subcases because in each of them we have to use different
methods. Also, the proof of Proposition 5.4 will be divided in the sequence
of lemmas.
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1. Suppose that the representation % appears three times in the cuspidal
support of o°'(n — t.,).

Proposition 3.7 gives

0t (n —te) = 6([v™, V) xof(n' —to)
and results obtained in the previous section show that V%)(Mw does not
appear in [0, and v° v,y X Ousp reduces for s > %

We will denote the partial cuspidal support of o (n — t,) by Teusp-

First, suppose a; = 0. Then ogl(n' — t,) can be written as a unique

irreducible subrepresentation of the induced representation of the form

=
(MY

VE X U2 X X VT X T, (3)

where v°~1 x Teusp Teduces and there are no twists of the trivial rep-
resentation 1px appearing in the cuspidal support of strongly positive
discrete series 7y,,. Using Proposition 2.1 from [13] we deduce ¢ > s.
Obviously, d > s + 1.

Since ¢ > s, 0* (1) is a subrepresentation of §([v=¢, v¥]) x o, (m—n-+n')
form >n—s+ % —t.,. Using Lemma 3.4, enhanced with the results
of the previous section, we obtain 7 (o) < n —n' +r(0y,).

For m > n—t.,, 0 (m) is a subrepresentation of (v, v%]) x o (m —
n+n') if ©2(os,, m —n +n') # 0. Starting from some k such that
©%(0, k) # 0, using Lemma 5.5 and the same inductive procedure as
before, we get r?(c) <n —n' +1r2(oy,) + 1.

If ¢ # s, Lemma 5.5 also leads to r*(0) < n—n/+7r(0y,), and since we
have already shown 7 (0,,) + 17 (0,,) = 2n/, the inequality (1) implies
r(o) =n —n'+r(og) for e € {+,—}.

If ¢ = s, we have r'(0) < n —n' +r%(0s) and r?(0) < n —n' +
r(0sp) + 1. To shorten notation, write ry for n —n’ +r(og,). It is a
simple matter to see that o (r;) is a subrepresentation of 6([v =%, v%]) x
Tspr- Note that the representation v=° X 7,4, is irreducible and 7,
can be written as a subrepresentation of m X 7.5y, Where 7 is induced
from the essentially square integrable representations attached to the
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segments not containing twists of 1px. Therefore, we have the following
embeddings and isomorphisms:

o (r1) = 0([v =, v]) X 7,
— S V) X v X T X Teusp
> §([v* V) X T X VT X Teus
> 05 x S 1) X T X Teusp,
showing Rp, (0 (r1))(v*) # 0.

If R (0)(v°xv,y) = 0, Lemma 3.4 (ii) implies 7' (o) < r; — 1. Again,
the inequality (1) gives the first occurrence indices.

If R (0)(v°xv,p) # 0, then there exists some irreducible genuine repre-

sentation o’ of Sp(n — 1) such that o — v*xy, x0’. Since the represen-
tation o is square integrable, it is not hard to see that ¢’ has to be tem-
pered. If ¢’ is not square integrable, then it has to be a subrepresenta-
tion of the induced representation of the form &([v =5 yy.p, v°* 1 xvy]) ¥
oy, Where o( is the strongly positive representation given as the unique
irreducible subrepresentation of &([V*xv.y, ¥?Xvy]) X 0sp. On the other
hand, if ¢’ is a discrete series representation, then it has to be a sub-
representation of ([ yy.4, v4xvy4]) X 0sp. In both cases, using the
structure formula, we see at once that if ©*(o) contains v*xy,, ® o”, for
some irreducible genuine representation ¢”, then ¢” = ¢’. The analo-
gous properties hold for listed embeddings of ¢’. Applying Proposition
3.7 and the same inductive procedure as before, we obtain that one of
the following holds:

02 (n—n'+71%(0y) + 1)) = v* x §([v= v ) < 8([v7, v7]) X oG (2 (o) + 1),

o?(n—n' +1r2(0y,) + 1)) — v* x §([v =, %) x o2(r?(og) + 1).

Lemma 3.4 (ii) shows that o2 (r®(o,,) + 1) is a subrepresentation of
v X 03 (r2(0,p)), and this clearly forces Rp, (0 (n —n/+1%(04,) +
1))(r—"1) # 0. Applying Lemma 3.4 (ii) one more time, we get
r2(0) < n —n' +r?(os) and the inequality (1) yields the desired

first occurrence indices.

Let us now assume a; > 0. Then the results obtained in the previous
section (as well as those in the sixth section of the paper [11]) show that
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og(n’ —te,) is the unique irreducible subrepresentation of the induced
representation of the form

k

x e v ([T (o™ v9])) % g, (4)

Jj=1

D=

14

where a; < b; for j = 1,2,...,k, aj_1 = a; — 1, bj_1 < bj for j =
2,3,...,k and 7, is a strongly positive discrete series having no twists
of 1px in the cuspidal support. Proposition 2.1 from [13] gives ¢ >
ap—1,b; #cand b; #d for j =1,2,... k.

Also, in this case, the strongly positive representation o, is the unique
irreducible subrepresentation of

k
(T 0(1v xvaw V¥ xviw))) % Oapy

j=1

and there are no twists of xy.,1px appearing in the cuspidal support
of strongly positive discrete series o, .

Lemma 5.6. Assume that (a,c) # (3,3). If c # a1 — 1, then r' (o) =
n—n'+1r o) and r(c) = n —n' +r?(oy,). Otherwise, (o) =
n—n'+1r(os) — 1 and r(c) =n —n' +1r2(0y,) + 1.

Proof. We comment only the case ¢ = a; — 1, the other case can be
proved in the same way, but more easily. Note that in this case b; > d.
In Theorem 4.2 and discussion preceding it, we have proved r!(o,,) =
n' —a; —tg —i—% and 72 (0g,) =n' + a1 — % —tey-
For n—a; —t., +2 < m < n—t,,, Proposition 3.7 shows that o (m) is
a subrepresentation of 6([v~***, ) x o5} (m —n+n'). Using Lemma
3.4 (ii) we obtain

S([p= ) x M) s 6 (m— ! — 1)

y e Hta) s St V) x o (m - +nd — 1),

[

ot (m)

I

where the last isomorphism holds since 0 < —(m—n—1+t,) < a;—1 <

d. Using Lemma 3.4 (i) again, we conclude r(0) <n —aj —t., + 3.
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Using completely analogous arguments, we conclude that ©%(o,n +
al—l—%—teQ);éOand

1 1
0+ a5 — t) = BV X 0 0B+ o — h),
To obtain the first occurrence indices we use a slight variation of the
method used in [16], Section 10.

Let Jord,,, = {3,3,...,a1 — 2,a1 — 1,d,by, by, ..., by}. Further, let
Jord, . = {(z,y) : v € Jordy,,,y € Jordy,, ,x < y}. Forx €
Jordy,, , v > %, we denote by x_ an element of Jord; , with the
property that {z € Jord,,, x_ <z <ax}NJord,  =9.
Since o°'(n — t,) is the discrete series representation on whose non-
strongly positive part appear only twists of the trivial representation
lpx, we attach to o' (n —t,) a function € : Jord, , U Jord;  —
{1, —1} defined in the following way (analogously as in the Mceglin -
Tadi¢ classification):

o Define ¢(1) = 1if Rp (v7)(0(n — t,)) # 0, and (1) = —1

2
otherwise.

e For z € Jord,,, x > %, let e(x_,z) = 1 if there is some irre-
ducible representation 7y such that o' (n —t.,) is the subrepresen-
tation of the induced representation of the form 6 ([v*= T, v%]) x 7.
Further, let e(z) = e(z_) - e(x_, z), for x > 1.

e For x,y € Jord,_, such that x < y and z # y_, let e(z,y) =

e(x) - (y)-

Actually, in the definition given in [12, 13] the e—function takes values
on the elements of the form 2z + 1 or of the form (22 + 1,2y + 1), for
z,y € Jord,_,, x #y, but we find this modification more appropriate
to our situation.

It is proved in [12] that e(x,y) = e(x, 2)e(z,y) holds for all x,y,z €
Jordy,, , v <z<y.

Obviously, €(a; — 1,d) = 1. Suppose that €(a; — 2,a; — 1) = 1. Then,
in the same way as in Lemma 5.1 of [13], we get

0% (n —te,) = o[ v ) 7
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where 7' is discrete series. Inspecting the cuspidal support of 7 we de-
duce that it is the strongly positive representation which can be written
as the unique irreducible subrepresentation of the induced representa-
tion

k
x o v (2 ) s ([T (v vP]) % T

j=1

Observe that Rp, (7')(v") = 0 for —a; +2 < x < a; — 1. Using Propo-
sition 3.8 we obtain an embedding o < ([ xyy, v Ix1y]) X
7'(n — 2a; + 2). Results obtained in the previous section show that
7'(n — 2a; + 2) is a strongly positive discrete series that can be writ-
ten as a subrepresentation of the induced representation of the form
S([r Iy, vixve)) X o, for some strongly positive discrete series o,
contradicting the minimality of a;. Consequently, e(a;—2,a;—1) = —1.
This gives €(a; — 2,d) = —1.

It follows from [12], Sections 5 and 6, that €(a; —2,b;) = —1. Therefore,
€(d,by) = 1. It is now easy to obtain an embedding

[NIES

v

ol (n —ty) — 5([V’d, Vbl]) x 7"

where 7”7 is a strongly positive discrete series given as the unique irre-
ducible subrepresentation of the induced representation

NI

14

k
o v (T 7)) % 7

j=2

Theorem 6.1 from [10] leads to Rp, (7")(v*) = 0 for d < x < b;. Using
Proposition 3.8 and results obtained in the previous section, we deduce
that o can be written as a subrepresentation of §([v =% xv., V" xv.y]) X

e~

Tspy, Where oy, € Irr(Sp(n)) is the strongly positive subrepresenta-
tion of

k
(T 0(lv xva V¥ xviu))) % Oapy-

Jj=2

Since as = a; + 1, it follows that r2(c) equals n+ a; + 3 — t.,, because
otherwise there will be an embedding

1 1
oc?(n+a; — 5 te,) — 6([v™% o) 02)2(71” +ay — 5 tey),
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which is impossible since 72(0,,) = n” + a1 + 3 — t, by Theorem 4.2.
On the other hand, from Lemma 2.2 and [10], Theorem 6.1, we conclude
R (o) (v xvy) = 0.

If £ =1, then 7”7 is a subrepresentation of the representation of the
form (3). Therefore k > 2. Further,

3 3
oc(n—ty —ay+ 5) — (v~ v]) 0;102(71” —ty —ay + 5)

But 7 (04p,) = n" — te, — a1 + 3, so, by Corollary 4.4, 0%, (0" — t., —
a1+ %) is a subrepresentation of v*~! x 0&, (n” —t., —a; +3). Further,
§([v=%, vh1])xvm 1 isisomorphic to vt x§([v=¢, *1]), since a;—1 < d.
It follows that Rp, (6 (n — t, — a1 + 3))(v* 1) # 0. Lemma 3.4 (ii)

yields r! (o) < n—t., —a;+3 and inequality (1) completes the proof. [

The following lemma completes the determination of the first occur-
rence indices in this subcase.

Lemma 5.7. Suppose a; = 3 and ¢ = 5. Then either (r (0),r(0)) =

(n—te,n—t,+1) or (r(o),r2(o)) = (n—ty —1,n—t., +2) holds.
The second possibility occurs when RE<U)(V%XMw) =0.

Proof. Tt is not hard to deduce, in the same way as in the proof of the
previous lemma, that O (o,n —t.,) # 0 and ©2(0,n — t, +2) # 0.
We note that oy, can be written as an irreducible subrepresentation of
) ([y% XV, V' Xvp]) X T X Oeusp, Where the representation 7 is induced
from essentially square integrable representations attached to the seg-
ments that do not contain the representation I/%XV#,.

We examine the following embeddings of o (note that the representa-
tion v3 XV X Oeysp 18 irreducible):

_1 3
([ 2 xvis vxvi]) X O([V2 xvw, VP X)) X T X Geusy

1 3 _1
O([v2 xvip vIxvip]) X O([V2 Xvip, VP Xvp]) X T X VT Xy X Teusp
o(]

1 3 1
VZXVay, VdXVﬂ/)]) X 5([V2XV,¢a VleV,lb]) X V2Xyp X T X Ocysp

g —
(SN

1 1 3
— 0([V2xv, VXVw)) X V2Xv X (V2 XV Y X)) X T X Ousp
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If o is contained in the kernel of the last intertwining operator then
it is a subrepresentation of (5([V%XV¢,I/Z’1XV¢]) X oy, for some irre-
ducible genuine representation ;. In the same way as in Section 5
of [12] and Lemma 5.1 of [13], we obtain that there is a discrete series

o4s € Irr(Sp(n”)) such that o is a subrepresentation of the induced
representation of the form d([v=%yy.4, V" xvy]) X 04s. Inspecting the
cuspidal support of o, we deduce that o4, is a strongly positive repre-
sentation and it can be characterized as the unique irreducible subrep-
resentation of ™ X oeysp.

Using Lemma 2.2 we conclude RE(J)(V%XV@) = 0 and, since ! (0g45) =
n"” —t, — 1,

o (n —te) = 6([v™ ")) x vE X oL (0 —tg —1).
Since by > 3, Lemma 3.4 (ii) and the inequality (1) show r (o) =
n—1t, — 1.

Now we suppose that o is not contained in the kernel of the above
1
intertwining operator. In that case Rp (0)(v2xv,s) # 0. Thus, there

is an irreducible genuine representation o9 of Sp(n — 1) such that o —

V%X‘W X 0. We claim that oy is square integrable. Otherwise, there

would be an embedding o9 <— §([V*Xxvup, VYXV.ep]) X 03, Where z+y <

0. Consequently, o would either be a subrepresentation of 6 ([v*xv.p, VY Xv.4p]) X
V2ve X 03 or a subrepresentation of ([ xv.yp, V2 Xvp]) X 03, con-
tradicting the square integrability of o.

Looking at the cuspidal support of ¢ we conclude that oy is strongly
o, . . 1

positive; moreover, it is a subrepresentation of §([V2 xv.4, VX v.y]) X 0.

Further, if p*(o) contains V%X‘w ® o' for some irreducible genuine

representation o’ of Sp(n — 1), then o’ = 5. Since r(03) < n—te, +1,
Proposition 3.7 and Lemma 3.4 (ii) yield

_3
2

0?(n —te, +2) — VI X U2 X o5 (n —t.,)

14

I
Njw

X 12 o5 (n —te,).

Lemma 3.4 (ii) and the inequality (1) now imply r2(c) =n — ., + 1,
and the lemma is proved. O
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2. Suppose that the representation % appears two times in the cuspidal
1
support of o (n—t,, ) and the representation v2 xy,, appears two times
in the cuspidal support of o.

In this case, ¢ is an irreducible subrepresentation of the induced repre-
sentation of the form §([v™xv.y, v¥Xvy]) X 04, Where o, is a strongly
positive representation without any twists of xv,1px in its cuspidal
support.

Similarly, o (n — t.,) is a subrepresentation of the induced represen-
tation of the form §([v=¢ v49]) x 7, where 7, is a strongly positive
discrete series such that there are no twists of the representation 1px
appearing in its cuspidal support. We again denote the partial cus-
pidal support of 0 (n — t.,) by 7. and note that in this case both
representations Vs XV X Ocysp and U3 X Teusp reduce.

There are again several cases to discuss.

The following lemma follows directly from the results of the previous
section, together with Proposition 3.7 and Lemma 5.5, the detailed
verification being left to the reader.

Lemma 5.8. If c # 3, then r'(0) =n —t., and r2(c) =n — t., + 1.

The first exceptional case is discussed in the following lemma.

Lemma 5.9. If ¢ = § and ng;(a)(z/%XV,d,) # 0, then r'(0) = n —t,
and r2(0) =n —t, + 1.

Proof. Using an inductive approach, as before, we obtain O (o,n —
te) # 0 and ©%(0,n — t., +2) # 0. Condition Rz (0)(v2xv,y) # 0

leads to an embedding ¢ — U%X‘W X Ogp,, Where oy, is a strongly

positive representation of Sp(n — 1), which is the unique irreducible
subrepresentation of

1
0([12 Xvaps VX Vi) X O
Proposition 3.7 shows

o?(n—t,+2) — V2 oo, (n—t,, +1).
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The last case discussed in Section 4 gives O%(04p,,n —1te,) # 0. Conse-
quently, Rp, (0@ (n —tc, + 1))(v~2) # 0 and using Lemma 3.4 (i) we
deduce r*(0) < n —t., + 1. The inequality (1) proves the lemma.

Observe that we have also proved Rp, (o (n—1,,))(v2) = 0. Otherwise
it can be seen, similarly as in Proposition 3.7 or as in Remark 5.2 from
[16], that there is an embedding

ol(n —tg) — V2 X o (n—ty — 1),
but in the previous section we have seen that ! (o, ) equals n—t.,. O
Lemma 5.10. If ¢ = % and RE(U)(V%XVﬂp) =0, then r*(o) = n —

2
te, — 1 and r2(o) =n —t., + 2.

Proof. First, in the same way as before we conclude 7' (0) < n — t,
and 72 (o) < n —t., + 2.

By [13], or Theorem 2.1 of [15], the induced representation &([v 2, /%)) x
Tsp has exactly two irreducible subrepresentations, which are both square
integrable. These representations will be denoted by 745, and 74,. By
the Moeglin-Tadi¢ classification of discrete series, there exists exactly

one i € {1,2} such that Rp, (74, )(r2) # 0.

Since the induced representation §([v~2 v Vixvg]) X oy, also has
exactly two irreducible subrepresentations, observation made in the
proof of the previous lemma and injective correspondence proved in [3]
and recalled in Theorem 3.3 imply Rp, (0 (n —t,))(v%) # 0. Lemma
3.4 (ii) now gives r'(0) < n — t,, and inequality (1) completes the
proof. O

. Suppose that the representation I/%Xvﬂp appears three times in the cus-
pidal support of o.

We again denote the partial cuspidal support of o' (n — t.,) by Teysp.

Results from the previous section show that the representation V3 X Teusp
is irreducible.

Under the above assumption, oy, is the unique irreducible subrepre-
sentation of §( [I/% v, VX)) X Oy, Where 0y, is a strongly positive
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representation and V%XW does not appear in the cuspidal support of
Tspr -

Observe that r'(o,,) =n' —t., and r%(0,,) =n' +1—t,,.

We start with the lemma which can be proved by repeated application
of Proposition 3.7 and Lemma 3.4, enhanced by Lemma 5.5:

Lemma 5.11. I[fc# L, thenr(0) =n—t, and r(c) =n+1—t,.

Remaining case is covered by the following lemma:

Lemma 5.12. If ¢ = 1, then either (r“'(0),r%(0)) = (n —te, —1,n —
te, +2) or (r'‘(o),r%(o)) = (n — te,,n —t, + 1) holds. The second
possibility appears when RE(O'>(V%XV,¢) # 0.

Proof. First we recall that r' (o) < n — t.,. Also, in the standard way
one obtains r*(0) < n —t., + 2. Suppose RE(O)(V%XV’¢) # 0. Then
there is some irreducible genuine representation o4, such that o is a
subrepresentation of V%XMw X 04s. As in the proof of Lemma 5.7, we
deduce that o4, is discrete series representation, which is not strongly
positive since it contains V%XW/, two times in its cuspidal support. It is
a simple combinatorial exercise to obtain that o4, is a subrepresentation
of 6([v "% vy, ¥'Xvy]) X 0sp,. Thus, we have

1 _
o — v2xyy X §([V vy, VXve]) X o,

_ 1
= 5[ Xvs VX)) X VXV X O,

Therefore, there is some irreducible genuine representation o, such
that o — §([v™ vy, VXve]) X Tsp,- In the same way as in the Section
5 of [12] we see that o, is square integrable. From its cuspidal support
we see that o, has to be strongly positive and it is a subrepresentation
of

1
V2XVp XN Ogp, - (5)

Note that if u*(o) > §([v"%\ve, ¥xve]) ® o for some irreducible
genuine representation o', then ¢’ = oy,,. In the same manner as
before, using the first occurrence index of o, we see that there is
some irreducible representation 7’ of the orthogonal group such that

o(n — t., + 2) is a subrepresentation of §([v~4, 1°]) x v~ x 7. Since
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d >3 5([v=? ")) x v~ is isomorphic to v~2 x §([v~% 1*]) and Lemma
3.4 (ii) shows r2(0) < n —t., + 1. The inequality (1) yields (o) =
n —te, and r?(o) =n —t., + 1.

Now suppose that Rﬁ(a)(V%XV@) = 0. We note that ogl(n’ — ) can
be written as a subrepresentation of the induced representation of the
form 0([v2, 1)) x 7 % Teusp, Where 7 is a representation induced from es-
sentially square integrable representations attached to the segments not
containing the representation vs. We have the following embeddings
of the representation o (n — t,):

,Vb])) X T X Teysp
X T X 1/_% X Teusp

] (

) x 6( )

) X 5([V%,Vb])) X T X VU X Teusp
) % & )

— 5([1/%,#1]) X V2 X 5([V%,Vb]) X T X Teysp-

If o' (n—t,, ) is contained in the kernel of the last intertwining operator,
then there is some irreducible representation 7’ such that o“'(n — t.,)
is subrepresentation of d([v2,]) x 7. As in [12, 13] we obtain an
embedding

ol (n —t,) = §([v™4 Vb)) x 7,

where 75, is a strongly positive representation. Obviously, we may
apply Proposition 3.8 to obtain

o = ([ Nv, VX)) X Oaps,

where oy, is an irreducible subrepresentation of the representation of
the form (5). But, this implies RE(U)(V%XV#,) # 0, contrary to our
assumption.

Therefore, o (n — t.,) is not contained in the kernel of the observed
intertwining operator and, in consequence, Rp, (6 (n — t.,))(v2) # 0.
Lemma 3.4 (ii) implies (o) < n —t,, — 1 and the inequality (1)
completes the proof. n
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Obtained first occurrence indices, together with the results of the previous
section, complete the proof of Proposition 5.4.

We close this section with the corollary that will be used afterwards in
the paper. We use the same notation as in Proposition 5.4.

Corollary 5.13. Suppose that v (o) = n—n'+7r" (o) —1. Then o (r (o))
is a discrete series subrepresentation of 6([v=, 1)) x o (r (o). Espe-
cially, iof ¢ = % then the first non-zero lift of o in the e -tower is strongly
positive.

Proof. For abbreviation, we denote 7' (o) by 1. Proposition 5.4 shows p =
lpx and ¢ = —(m; 41 —n — 1). Further, R (0)(v*xv,y) = 0 and o (r; +
1) is a subrepresentation of d([v=¢, 1) x 0{(r (0yp)). Lemma 3.4 shows
that o (r; + 1) is a subrepresentation of v x ¢! (r1). Frobenius reciprocity
implies Rp, (6 (ry + 1)) > v° ® 0 (r1) and using the structure formula for
Jacquet modules we obtain that o!(ry) is a subquotient of §([r=" v4]) x
0531 (02p)).

Results obtained in the previous section imply Rp, (o5(r (04)))(v*) = 0
for c —1 <z < d. Let us first assume ¢ > % Then we may apply The-
orem 2.1 of [15] to conclude that 0([v~“", ) x 08 (r (o)) is a repre-
sentation of the length three which has two non-isomorphic discrete series
subrepresentations and a unique irreducible (Langlands) quotient. We de-
note this irreducible quotient by L and note that L is a subrepresentation of
o[~ v ) x 0 (r (o). If we suppose that ¢! (ry) is isomorphic to L,
it follows directly that there is some irreducible representation 7 such that
o (r; + 1) is either a subrepresentation of §([v=¢,v°7!]) x 7 or a subrepre-
sentation of §([v~¢ v¢]) x 7. In both cases, using Proposition 3.8 we get an
embedding which contradicts the square integrability of 0. Thus, o (ry) is
a discrete series subrepresentation of o([v~", 1)) 3 ol (r (o).

On the other hand, if ¢ =  then Theorem 5.1 of [15] shows that 6([v ==, 1)) %
ocL(r(osp)) is a representation of the length two that has a unique irreducible
subrepresentation (which is strongly positive) and a unique irreducible (Lang-
lands) quotient. In the same way as in the previous case we conclude that
o (1) is a discrete series subrepresentation of 8([vz, %)) x oL (r (o)) and
the corollary is proved. O]
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6 The conservation relation for general dis-
crete series

Through this section we assume that the basic assumption holds. We take
a moment to describe this conjecture more precisely. In fact, we will state
the conjectures which are equivalent to the basic assumption by [13], Lemma
12.1, and seem to be more appropriate in our situation. In [13] this assump-
tion has been discussed only for classical groups but results of Hanzer and
Muié ([5]) extend it to the case of metaplectic groups.

Let p be an irreducible self-contragredient cuspidal representation of GL(n,, F)
(this defines n,) and let o denote an irreducible cuspidal representation of
classical (resp., metaplectic) group. Let s; denote a real number such that
the induced representation v*'p x 1 (resp., v*'xy,p % 1) reduces, where 1
denotes the trivial representation of the trivial group. The results of Shahidi
show that s; € %Z. Further, let us denote by s, a real number such that the
induced representation v*2p x o (resp., v*>xyp X o) reduces. The assump-
tion under which we work in this section states that s, —s; € Z and v°p x o
(resp., v¥xvpp X 0) is irreducible for s € R\ {£s2}.

The following theorem presents a metaplectic version of Maeglin-Tadié¢
classification of discrete series.

Theorem 6.1. Let o € Irr(Sp(n)) denote a discrete series representa-
tion. Then there exist a positive integer k and an ordered k—tuple S, =
(01,09,...,0k) of discrete series representations with the following proper-
ties:

—_——

o 0, € Irr(Sp(ny)), n; < mj fori<j;
e 01 1S a strongly positive discrete series and oy = o,

o For every i € {2,3,...,k} there exists a self-contragredient cuspidal
representation p; € Irr(GL(m;, F)) (this defines m;) and half integers
ci,d; such that c¢; > 0 and d; — ¢; is a positive integer, satisfying

o; = [V Xvppi, VdiXV,wPi]) X 01
and Rﬁm.(ai_l)(yl’)(v@pi) =0 forc <z <d;.;
o Ifp, = p;forl <i<j<kthenp; = py forj € {i+1,i4+2,...,5—1};
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hd ]fpl = Pi+1 fO’I"Z. € {2737' . 'ak - 1}7 then Cy < Cit1;
o [f there is some 1 € {2,3,...,k} such that p; = 1px, then py = 1px.

Proof. Theorem obviously holds if ¢ is strongly positive. Thus, in the rest
of the proof we suppose that o is not strongly positive.

We will denote by €; a unique element of the set {+, —} with the property
O (o,n—t.,) # 0. Theorem 3.3 shows that o (n—t, ) is also a discrete series
representation and by Theorem 4.5 it is not strongly positive. By the Mceglin-
Tadi¢ classification of discrete series, there exist a positive integer k and a
k—tuple Sy = (71,79, ...,7) of discrete series representations such that 7; €
Irr(O(Vy1)) is a discrete series, 7y is strongly positive, 7, & 0 (n—t,, ) and for
every i € {2,3,...,k} there is a self-contragredient cuspidal representation
pi € Irr(GL(m;, F')) and half integers ¢;, d; such that ¢; > 0 and d; — ¢; is a
positive integer, satisfying

T, — o([v ™%y, ydipi]) X T

and Rp,, (1i—1)(W"p;) =0 for ¢; < x < d;.

Further properties of Mceglin-Tadi¢ classification, described in detail in
[12, 13], enable us to assume that if p; = p; for i < j then p; = p; for
jedi+1,i+2,...,7—1} and ¢; < ¢4 if p; = pir1. Obviously, if there is
some ¢ € {2,3,...,k} such that p; = 1px, then we may take py = 1px.

Note that 7(n + t.,) # 0. Further, since —¢; < 0, the previously men-
tioned condition on the Jacquet modules of 7; and Proposition 3.8 show that
Ti(ni+t.,) is a subrepresentation of §([v =% xy.ypi, VY Xvppi]) X i1 (i1 +te,)
for i > 2, if 7;(n; + t.,) # 0. Inductively we obtain 7;(n; + t,) # 0 for
i€ {l,2,...,k}. We define 0, = 7;(n; +t,) for i € {1,2,...,k}. By Theo-
rem 4.5, 0y is strongly positive discrete series.

If py is not isomorphic to 1x, using Lemma 2.2 we easily obtain Ry (0im1) (V" xvppi) =
Ofore; <az<d;andie€{1,2,....k—1}. Z

If po & 1px, using results obtained in Section 4 and Proposition 2.1 of
[13], we see that if there is some half integer = such that Rz (01)(v"xv.y) # 0
and Rp, (m1)(¥*) = 0 then z < ¢;. Consequently, R};mi(ai_l)(l/va@pi) =0
for ¢; <y <d;andi € {2,3,...,k} and the theorem is proved.

O

Let o € Irr(Sp(n)) denote a discrete series representation which is not
strongly positive.
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An ordered k—tuple Sy = (01,09, ...,0) that can be attached to o as in
the previous theorem is not unique, and to each such k-tuple we attach a
non-negative real number miny(Sk) in the following way:

o If there are no representations of the form v*xy.41px, * € R, appearing
in the cuspidal support of oy, set min;(Sk) = 0.

o If some representation of the form v*yyv1px, * € R, appears in the
cuspidal support of o1, let min;(Sy) denote the minimal a; such that
01 can be written as a subrepresentation of the induced representation
of the form §([1™ xv.y, V"' xvy]) X 0y, Where oy, is a strongly positive
discrete series.

Let min(o) denote the minimum of all min;(Sy), where Sy runs over
all ordered k—tuples S, as in Theorem 6.1. We fix an ordered k—tuple
Sk = (01,09, ...,0%) satisfying min,(Sx) = min(o) and again write o; —
S([v=Sixvppi, Vixvepi]) ¥ oi_q for i € {2,3,... k}. It is direct consequence
of Proposition 3.7 and the assumption on numbers ¢;, d; that r(oy) < ny —t,
implies 7(0;) < n; —t. for i € {2,3,...,k} (we remind the reader that oy is

an irreducible representation of Sp(ny)).

We denote by k' the largest integer [, 3 < [ < k, such that (¢, p;) =
(cic1+1,1px) and Ry (07)(v“1px) = 0 for i = 3,4,..., . If there is no such
k' set kg = 0, otherwise set ko, = k' — 2.

In the following proposition we determine the first occurrence indices of
discrete series of metaplectic groups. For abbreviation, we denote min (o) by
aj.

Proposition 6.2. Let ¢, denote the unique element of the set {+,—} such
that v (01) < ny — te, and let eo € {+,—} different than ¢;. We denote by
Ocusp the partial cuspidal support of o. Then the following holds:

1. Suppose that V%XVW does not appear in [o1] and V¥xv,p X Ocusp Teduces
for s > 0.

e Suppose that a; = 0. If (cz,p) = (5,1px) and Ry (o) (v xvy) =0
then (o) = n—s— 3 — ko —te, and r2(0) = n+s+3 + ke —te,.
Otherwise ' (0) =n — s+ 1 —t., and r2(0) =n+s+ 1 —t,,.

e Suppose that a; > 0. If (co,p) = (a1 — 1,1px) and ay > %, or

(c2,p) = (a1 — 1,1px) = (3,1px) and RE(J)(V%XMw) = 0, then
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7‘61(0‘) =n—aq _ka"'_tfl +% and T€2(O') = n+a1+kar_t62 +%
Otherwise r' (o) =n —ay; —te, +35 and r2(0) = n+a; —te, — 5.

2. Suppose that I/%Xvﬂp appears in [01]. If (c2,p) = (3, 1px) and RE(U)(V%XW/,) =
0 thenr(0) = n—te —kor—1 and r (o) = n—t., + ke +2. Otherwise
r(o) =n—tg and r*(oc) =n—t., + 1.

In other words, if r(og) = ny — ny + r*(oy) — 1, then r* (o) = n —
ng + 1 (03) — kor and r*(0) = n — ng + r%(02) + kyp, otherwise ré(o) =
n—ny +7r(o1) foree {+,—}.

Proof. We prove this proposition using induction over k. Since ¢ is not
strongly positive, the basis of induction is the case k = 2, which has been
treated in the previous section. Note that in this case k.. = 0. Thus, it
remains to consider the case k > 3.

We also inductively assume that if ' (o;) = n; — ni—y + 7 (0y-1) — 1
then o' (r°'(0;)) is a discrete series subrepresentation of &([v=¢*!, v%]) x
ot (r(oy-1)). For i =2, this is exactly the statement of Corollary 5.13.

Assume that the claim of the proposition holds for all numbers less than
i. We prove it for i. Note that it is enough to prove that 7 (o;) = n; —
n;i_1+7r(o;_1) — 1 and r2(0;) = n; —n;_1 +72(0;_1) + 1 hold if r(0;_;) =
Ni—1 —Ni—o +1(0;-2) — 1, (¢;, p) = (¢;-1+ 1, 1px) and Rﬁ(ai)(l/cixuw) =0,
while r¢(0;) = n; —n;_1 + r°(0;_1) for € € {+, —} holds otherwise.

Let us first assume that 7 (o;_1) > n;_1 — n;_o + r'(o;_2) or (¢;, p) #
(ci1+ 1,1px) holds. If p; = 1px, it is evident that ¢; > i — % holds. Thus,
for n; —n;_; +r(0;_1) <r < n; —t, we have o' (r) — §([v =% p;, V% p;]) X
yrmnittat3) 5 0 (n_y — ny 417 — 1) 22 pnittata) s §([uCip;, vip]) X
ot (ni—1 — n; +r — 1), since either p; # 1px or 0 < —(r —n; +t, +3) <
¢i—1 < d;. This also implies R]g;(Ji)(V*(T*”i+t€1+%)wa) = 0. Starting from
ot (n; —te,) # 0, we inductively obtain 7' (0;) < n; — n;—1 + r(o;_1).

Similarly, using the standard inductive procedure enhanced by Proposi-
tions 3.7 and 5.5, we get r2(0;) < n; — n;—1 + r(o;—1). Note that we are
in the position to use Proposition 5.5 since o;2,(r®(o;_1) + 1) is a subrep-
resentation of v* x 032,(r*(o;_1)) for v < —¢; — 1 and x = —¢; — 1 only
if r1(0y_1) = ni—1 — nj_2 + r'(0;_2) — 1. Consequently, the inequality (1)
implies the claim.

In the rest of the proof we assume r'(o;_1) = n;_1 —n;_o + 7 (0;_2) — 1
and (¢;, p) = (¢;_1 + 1, 1px). The assumption on the first occurrence indices
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of 0;_1, together with the inductive assumption, yields ¢; = ¢j—1 + 1 for
Jj€42,3,...,i—1}. Using the same inductive procedure for pushing down
the lifts of representation o; as before, we obtain ' (0;) < n;—n;_1+r(o;_1)
and 72(0;) < n; —n;_1 + r2(0;_1) + 1. Further, we have the following
embeddings:

ot (ng — oy + 1 (0i-1)) = 6([v™, vH]) x o (1 (0i-1)),

o2 (n; —nj—1 +1%(0i-1) + 1) — §([r™ 7, I/d"]) x 41 o2, (r*(oi-1)).

For simplicity of notation, we let r stand for n; — n;_; + 7 (0;_1).

Assumption on the numbers ¢;, d; shows that Rp (o5 (r(o1)))(ve™1) =
0. In the same way as in the proof of Proposition 3.1 of [15] we deduce
v X ot (r (o)) =2 v x o (r(or)). Since ¢; < ¢; < dj for 2 <j<i—1,
using the inductive assumption on the first non-zero lifts of representations
o; for 2 < j <i—1 (in the ¢-tower), we obtain the following embeddings
and isomorphisms:

o;'(r1) [ v])

o) s (L ) () 0 (17 (o)
[t ph)) x §([per T phiar]) o x S([pmet ]) X v % X o (rt(oq))
S(™ o v%)) x 6([p™ T v%1]) x - x S([rm 2 ™)) x v 3 ol (r (o)

)
) s o[ i) s a([wT T v ™)) o (7 (04).

R w [ [ [

Thus, Rp,(0'(r1))(v*) # 0. Consequently, if Rz (0:)(v“xv,y) = 0 then
Lemma 3.4 (11) yields 7' (o;) < n; — ni—1 + r(0;-1) — 1 and inequality
(1) ends the investigation of the first occurrence indices in this case. It re-
mains to determine the first non-zero lift of o; in the e;-tower. First, since
Rp (c'(r'(0;) + 1)) contains v & o (r(o;)), standard calculation with
Jacquet modules yields that o€ (¢! (0;)) is a subquotient of §([p=%*!, v%]) x
o (r‘*(o;-1)). Using Theorem 2.1 of [15], in the same way as in the proof
of Corollary 5.13 we deduce that ¢ (r°*(0;)) is a discrete series subrepresen-
tation of 6([v=4T, v%]) x ot (r (oy_1)).

It remains to consider the case R (0;)(vxvy) # 0. Since ¢; > 3,
Proposition 3.7 gives Rp, (o;*(n; — t¢,))(v“) # 0. Lemma 5.1 of [13] shows
that there is a discrete series 7 such that o{'(n; — t,) is a subrepresenta-

tion of d([r~=1,v%]) x 7. Further properties of Mceglin-Tadi¢ classification,
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related to the e-function defined on pairs, show that 7 is a subrepresenta-
tion of §([v=%, v4-1]) x 0t y(n;_a — t.,). Thus, oi*(n; —t,) is a subrepre-
sentation of (5([ —cim1 phl) x §([v=% vtie1]) x oty (i — te,). It is a sim-
ple matter to see, using Proposmon 3.8, that o; is a subrepresentation of
S([vci=txvy, V° va,z;]) X 0([v"% xvy, V1 Xvy]) X 0i_2. Going back to lifts of
0; in the ex-tower we get

Y

0'52(71,7; —N;—1 +T62(0i71) 4 1) SN (5([Vﬁci71, Vci]) X 6([ d; de 1]) « V*Cifl 9 7_,

for some irreducible representation 7/. Since d; > ¢; +1 and ¢;_1 = ¢; — 1,
[y l/ci])xd([ di pdi-1])xp=¢~1is isomorphic to v x §([p -1, v<i]) x
§([v=%, vii-1]). Consequently, Rp, (052(n; —ni_1 +1r2(0;_1) + 1)) (v™51) £ 0
and Lemma 3.4 (ii) implies r*(o;) < n; — n;—1 + r*(o;—1). Using inequality
(1) we get the desired conclusion. O

As a direct consequence of Proposition 6.2 and results from the Section
4, we obtain the main result of this paper.

Theorem 6.3. The conservation relation holds for discrete series of meta-
plectic groups.

We also have the following generalization of Corollary 4.4, which is a
direct consequence of Proposition 6.2 and results obtained in the previous
section:

Corollary 6.4. Let o € Irr(Sp(n)) denote a discrete series representation.
If k > r(o), then o(k) is an irreducible subrepresentation of the induced
representation

Pt S nemet2 L T g 0‘(7“(0'))-
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