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Abstract

Let Gy, denote either the group Sp(n, F) or SO(2n + 1, F) over
a local non-archimedean field F'. We explicitly determine the Aubert
duals of strongly positive discrete series representations of the group
G,,. This enables us to construct a large class of unitarizable repre-
sentations of this group.

1 Introduction

Let F' denote a local non-archimedean field and let GG,, stand for either the
group Sp(n, F') or SO(2n + 1, F) over F. A crucial role in the classification
of the unitary dual of GG, is played by the determination of unitarizable non-
tempered irreducible representations in terms of the Langlands classification
and tempered representations. There are very few methods known for ob-
taining the unitarizabile non-tempered representations, and in this paper we
will construct a class of such representations using the Aubert involution.

This involution has been introduced for general reductive p-adic groups
in [2] and presents a certain generalization of involutions on Grothendieck
groups of smooth finite length representations of p-adic groups, studied by
Zelevinsky, Schneider-Stuhler and many others.

Particulary interesting conjecture regarding the Aubert involution states
that it preserves unitarity. This conjecture is still largely unsolved, but there
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are some important case that have been established. In particular, it has
been proved by Hanzer in [4] that the Aubert dual of a strongly positive
discrete series is unitarizable. We note that strongly positive representations
present a special class of irreducible square-integrable representations and
serve as a cornerstone in constructions of discrete series ([9]). An algebraic
classification of strongly positive discrete series, which holds in a classical
group case, is also given in [5].

Methods used in ([4]) are based on the precise analysis of the ends of the
complementary series and calculation of the signature of involved hermitian
forms, and no attempt to obtain an explicit description of the structure of
studied Aubert duals has been made. Thus, the first purpose of this paper
is to obtain such a description.

An algorithm for the determination of the Aubert duals of representa-
tions of GL(n, F') is given in [10], and that algorithm might also have an
application in determination of the Aubert duals of strongly positive discrete
series. However, we have rather chosen an approach which is completely
based on basic properties of the Aubert involution and the description of
Jacquet modules of strongly positive discrete series, obtained in [6] and [7,
Section 7).

The work of Hanzer and our description enable us to provide a construc-
tion of a rather large class of non-tempered unitarizable representations of
Gp.

We emphasize that our construction also gives the characterization of all
irreducible representations 7 of G,, such that for every embedding

T = V"py X oo X VP X Teysp,

where v = |det |r, p; is an irreducible cuspidal unitary representation of
GL(n;, F) fori=1,...,k, and 7, is an irreducible cuspidal representation
of GG,, we have a; < 0 for each i.

Let us now describe the contents of the paper in more details. In the
following section we introduce some notation which will be used throughout
the paper. In the third section we provide an explicit description of the
Aubert duals of strongly positive discrete series, while in the fourth section
we show how our description can be used to construct a class of non-tempered
unitarizable representations.

This work has been supported in part by Croatian Science Foundation
under the project 9364.



2 Preliminaries

Throughout the paper, F' will denote a non-archimedean local field of char-
acteristic different than two.

Let us first recall a definition of Aubert involution and its basic properties.

For a connected reductive p-adic group G defined over F, let ¥ denote
the set of roots of G with respect to fixed minimal parabolic subgroup and
let A stand for a basis of ¥. For © C A, we let Pg be the standard parabolic
subgroup of G corresponding to © and Mg be the standard Levi subgroup
of G corresponding to ©.

For a parabolic subgroup P of G with the Levi factor M and a repre-
sentation o of M, we denote by iy(c) a normalized parabolically induced
representation of GG, induced from o. For an admissible finite length repre-
sentation o of GG, the normalized Jacquet module of ¢ with respect to the
standard parabolic subgroup having Levi factor equal to M will be denoted
by rar(0). We recall the following definition and results from [2, 3]:

Theorem 2.1. Define the operator on the Grothendieck group of admissible
representations of finite length of G by

DG = Z(—l)F@liM@ O TMg-
0CA

Operator D¢g has the following properties:
1. D¢ is an involution.
2. D¢ takes irreducible representations to irreducible ones.
3. If o is irreducible cuspidal representation, then Dg(o) = (—1)2lo.

4. For the standard Levi subgroup M = Mg, we have
T'pn © DG = Ad(w) o Dw—l(M) o wal(M)a
where w is the longest element of the set {w € W : w™(0) > 0}.

We will now describe groups that we consider.

Let J, = (0int1-j)1<ij<n denote an n X n matrix, where 0; 41—, stands
for the Kronecker symbol. For a square matrix g, we denote by ¢* (resp., g7)
the transposed matrix of g (resp., the transposed matrix of g with respect
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to the second diagonal). In what follows, we shall fix one of the series of
classical groups

0 _Jn 0 —Jn _
SﬂmF):{gEGL(Qn,F):(J 0 )gt(J ; >=g1},

SO2n+1,F) = {gGGL(Zn—i—l,F) :gT:gl}

and denote by G,, a rank n group belonging to the series which we fixed.

If o is an irreducible representation of GG,,, we denote by ¢ the represen-
tation £Dg,, (o), taking the sign + or — such that & is a positive element in
the Grothendieck group of admissible representations of finite length of G,,.
We call & the Aubert dual of o.

The set of standard parabolic subgroups will be fixed in a usual way, i.e.,
we fix a minimal F-parabolic subgroup in G,, consisting of upper-triangular
matrices in the usual matrix realization of the classical group. Then the Levi
factors of standard parabolic subgroups have the form M = GL(n, F) X

- X GL(ng, F) x Gy, where GL(m, F) denotes a general linear group of
rank m over F. If §;,4 = 1,2,... k is a representation of GL(n;, F') and if
T a representation of G,,, then by §; X --+ x J;, ¥ 7 we denote a normalized
parabolically induced representation of the group G,,, induced from the rep-
resentation by §; ® - - - ® §x ® 7 of the standard parabolic subgroup with the
Levi subgroup equal to GL(ny, F') X --- x GL(ng, F') x Gp,. Here n equals
ny+ng+---+ng+m.

The set of all irreducible admissible representations of GL(n, F') will be
denoted by Irr(GL(n, F')), and the set of all irreducible admissible represen-
tations of G,, will be denoted by Irr(G,,).

We will denote by v a composition of the determinant mapping with
the normalized absolute value on F'. Let p denote an irreducible cuspidal
representation of GL(k, F'). By a segment of cuspidal representations, which
will be denoted by [p, v p|, we mean the set {p,vp,...,v"p}. To each such
segment we attach an irreducible essentially square-integrable representation
d([p,v™p]) of GL(m - k, F'), which is a unique irreducible subrepresentation
of v"p x -+ X vp X p (here we use a well known notation for the normalized
parabolic induction for the general linear groups with the usual choice of the
standard parabolic subgroups). For integers z,y, x <y, we set [z,y] = {z €
Z :x < z < y}. For irreducible essentially square-integrable representation



§, there is the unique e(6) € R such that »~¢)§ is unitarizable. Note that
e(8([v2p, vbp])) = 2t for irreducible cuspidal representation p.

In order to keep our results uniform, we put 6([v%p,%p]) = 1 (the one-
dimensional representation of the trivial group) if y = 2—1 and §([v%p, °p]) =
Oify<ax—1.

Throughout the paper we prefer to use the subrepresentation version
of the Langlands classification and write the non-tempered representation
7 € Irr(G,,) as the unique irreducible (Langlands) subrepresentation of the
induced representation of the form §; x -+ x §; X 7, where 7 € Irr(G,/) is
a tempered representation and 4y, ..., are irreducible essentially square-
integrable representations such that e(d;) < --- < e(d) < 0. In this case, we
write m = L(0; X -+ X 0 X T).

An irreducible representation ¢ of G, is called strongly positive or a
strongly positive discrete series, if for every embedding

o= Vpr X X VP X Ocysp,

where p; € Irr(GL(n;, F)), i =1,..., k, are cuspidal unitary representations
and ey € Irr(G,y) is an irreducible cuspidal representation, we have a; > 0
for each 1.

If o is a strongly positive discrete series, it has been proved in [4] that &
is unitarizable.

We have shown in [5] that every strongly positive discrete series repre-
sentation can be realized in a unique way (up to a certain permutation) as a
unique irreducible subrepresentation of the induced representation

m  k; )
(TTTIo( " p, Vo )pi])) X O eusp

i=1 j=1
where pq, ..., p, are mutually non-isomorphic irreducible self-contragredient
cuspidal representations of GL(n, F), ..., GL(ny, F'), 0eusp is an irreducible

cuspidal representation of Sp(n'), a; > 0 such that v p; x 0., reduces, k; =
[c;], where [a;] denotes the smallest integer which is not smaller than o,
and, for i =1,...,m, we have —1 < a&i) < ag) << a,(fi) and ay) —o; € Z,
for j=1,... k.

We emphasize that if v*p appears in the cuspidal support of ¢ then p is
selfcontragredient and 2z € Z, by [1] and [8, Théoreme 3.1.1].

Directly from Theorem 2.1 we obtain the following results, which will be

frequently used in the paper.



Lemma 2.2. Let o € Irr(G,,) and suppose that the Jacquet module of ¢ with
respect to the appropriate standard parabolic subgroup contains an irreducible
representation v°ipy @ - -+ @ VI Py, @ Ocysp, Where pi, ..., Pm, Ocysp aTE WTTE-
ducible cuspidal representations. Then the Jacquet module of & with respect to
the appropriate standard parabolic subgroup contains V"1 p1 @ Qv "™ p, &
Ocusp- I particular, if o € Irr(G,,) is a strongly positive discrete series and
the Jacquet module of ¢ with respect to the appropriate parabolic subgroup
contains v p1 @ -+ @ V™ Py @ Oeysp, for irreducible cuspidal representations
P1s- -y Pm, Ocusps then x; <0 fori=1,... ,m.

The following proposition presents the first step in the determination of
Aubert duals of strongly positive representations.

Proposition 2.3. Let o € Irr(G,,) denote a strongly positive discrete series
and let 0.ysp denote a partial cuspidal support of 0. Then & = L(61 X+ - - X0y, X
Tcusp), for irreducible essentially square integrable representations 0y, ..., 0m
of general linear groups, such that e(d;) < e(d;41) <0 fori=1,...,m— 1.

Proof. By the Langlands classification, 6 = L(d; X -+ X 0,y X Ocysp), for
irreducible essentially square integrable representations 9y, ..., d,, of general
linear groups, such that e(d;) < e(d;11) < O0fori=1,...,m—1, and tempered
representation 7 € Irr(G,,) for some n’ < n.

If 7 is not isomorphic to o.ysp, then there is an > 0 and a cuspidal rep-
resentation p € Irr(GL(ny, F')) such that 7 is a subrepresentation of v*p x 7/,
for some 7’ € Irr(G,,»). Using Frobenius reciprocity, together with transi-
tivity of Jacquet modules, we get a contradiction with the previous lemma.
This ends the proof. m

We say that a representation o € Irr(G,,) belongs to the set D(py, ..., px;
Oeusp) if every element of the cuspidal support of o belongs to the set {v7py, . . .,
V' Pk, Ocusp - © € R}, where py, . .., pi are mutually non-isomorphic irreducible
cuspidal representations of general linear groups and o), is a cuspidal rep-
resentation of G, for some n’ < n.

3 Aubert duals of strongly positive represen-
tations

In this section we determine Aubert duals of strongly positive discrete se-
ries. We will first consider the case of strongly positive representations con-
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tained in D(p;ocusp). Obviously, we can assume that p is an irreducible
self-contragredient representation. Also, if p X 0. reduces then oy, is
the only strongly positive representation contained in D(p; 0usp), SO we will
assume that v%p X 0,5, reduces for o > 0. We note that such « is unique
by the results of [11].

Let k = [a]. By [5, Section 5], the set of strongly positive discrete series

in D(p; 0cusp) is in bijection with the set of all ordered k-tuples (aq, ..., ax)
such that a; —a € Z, for 1 = 1,...,k, and —1 < a1 < as < ... < ay.
Strongly positive discrete series corresponding to such k-tuple (aq,...,ax)

will be denoted by o(a,,....a,)-

If 0(a,,...a,) 18 a cuspidal representation, we have ay = a+1, a;41 = a; +1
fori=1,...,k—1, and amk) = O(ay,....a)» SO in the rest of this section
we will assume a;, > . Let us define m = min{i : ¢; > o — k + 1} and
Il =k —m+1. Then o, q) is a unique irreducible subrepresentation of
the induced representation

([ p, vt pl) x G([p TR p w2 pl) X B([1V%p, v pl) X Ousp

By Proposition 2.3, Aubert dual of the representation o(,,,.. q4,) is of the
form L(d1 X -+ X 05 X 0pysp) for irreducible essentially square-integrable rep-
resentations dy,...,0s such that d; < d;;; < 0 forv =1,...,s — 1. For
i=1,...,s we can write §; = ([ "ip,v ¥ p|) for z; > 0 and y; > 0 such
that r; — a € Z.

Obviously, the Jacquet module of (4, ... ,) With respect to the appropriate
parabolic subgroup contains the irreducible representation

— —y1—1 —x — —Zs
VP @urT T pR QT p QU p @ QU P @ Oeugp-

Let i € {1,...,s} be arbitrary but fixed. Using transitivity of Jacquet
modules and Lemma 2.2, we deduce that there is an irreducible representation
o1 € D(p; 0cusp) such that the Jacquet module of O(ay,...a) With respect to
the appropriate parabolic subgroup contains an irreducible representation

Vy1p®yyl+1p®~'-®Vx1p®l/y2p®~~®I/mi*1p®al.

It follows from [6, Lemma 3.4] that oy is strongly positive discrete series
and we write 01 = 0, p,)- It can be deduced from [6, Theorem 4.6] that
bj <aj;for j =1,...,k. Also, the Jacquet module of oy with respect to the
appropriate parabolic subgroup contains

Vyip®yyi+1p®...®V$ip®yyi+lp®...®V:c5p®acusp_



Lemma 3.1. There isj € {k—1+1,....k—x;+y;} such that y;+r = b,4,
forr=0,1,...,z; — y;. Furthermore, if j > 2 then b; > b;_1 + 2.

Proof. By [6, Theorem 4.6], there is a j € {k — 1+ 1, k} such that y; = b;
and b; > b;_1 +2if j > 2. Also, the Jacquet module of o, . 5, | bi—1,b:01,...50)
with respect to the appropriate parabolic subgroup contains the irreducible
representation

Vyi+1p®"'®inp®Vyi+lp®"'®Vmsp®dcusp.
Since bjiy > b; + ' for I’ > 1, we obtain y; + 1 = b;1; and bj1; = b; + L.

Repeating the same arguments, we obtain y;+r = by, forr =0,1,...,z,—y;
and j < k — z; + y;. This ends the proof. m
Lemma 3.2. Fort=1,...,5s —1 we have x; > x4,1.

Proof. Suppose that, contrary to our assumption, that thereist € {1,...,s—
1} such that x; < x;41. We denote x; —y; by z; for j = 1,...,s. Similarly
as before, let 0y € D(p; 0.usp) denote a strongly positive discrete series such
that the Jacquet module of (4, ... a,) With respect to the appropriate parabolic
subgroup contains

l/ylp®l/y1+1p®"‘®I/xlp®l/y2,0®"'®th_1p®(7t,

and write oy = o, . p,). By previous lemma, thereis j; € {k—I+1,..., k—2}
such that y, +r = bj, 4, forr =0,1,..., 2.

Also, we denote by 0,11 € D(p; 0cusp) @ strongly positive discrete series
such that the Jacquet module of o, . 5,) With respect to the appropriate
parabolic subgroup contains

Wop@W T p@ - @1 p® oy
Applying [6, Theorem 4.6] several times, we deduce

Ot41 = O(bi,bjy 1,0y = Lbjy 41— Lyeensbiy 2y = Lbjy 4241000508

We note that the Jacquet module of oy, with respect to the appropriate
parabolic subgroup contains

1
Vyt‘”p R Pyt PR R ,ﬂt+1p ® Tyi0,

for some irreducible representation o9 € D(p; Oeusp)-

Since bj 42,41 — 1 > bj 42, — 1 and 2, < 2444, using Lemma 3.1 again,
we obtain 41 > bj,4,,41. Consequently, yiy1 > z; and e(d;) > e(de41), a
contradiction. O



Lemma 3.3. Fort=1,...,s—1 we have v4,1 = x;— 1 and y11 < y;. Also,
T = Q.

Proof. Similarly as in the proof of previous lemma, for t =1, ..., s we denote
by o; a strongly positive discrete series such that the Jacquet module of
O(ay,....a,) With respect to the appropriate parabolic subgroup contains

I/ylp®l/y1+1p®"'®Vxlp®l/y2,0®"'®I/xt_1p®0t,

and write oy = o ) Obviously, btV

GRS fi
Since the Jacquet module of o; with respect to the appropriate parabolic
subgroup contains an irreducible representation of the form

=aqajforj=1,... k.

Vytp®Vyt+1p®"'®thp®O'£,

and x; > x4 for t = 1,...,s — 1, it follows from the cuspidal support of

T CION that z, = b,(f). In particular, 1 = a;. We also note that it can be
k

easlil;f“,seen Ts = Q.

Fort=1,...,s, we define j, = 1if b\, = b — 1 forall j =2,...,k and
Ji = max{j : bg?l < bgt) — 1} otherwise. Lemma 3.1 gives y; = bg-?. Using |6,
Theorem 4.6, we obtain that

t+1 t+1 t t t t
G oy = e e 1 - 1) (1)

holds for t =1,...,s — 1. This implies x;y; =x; — 1 fort=1,...,s — 1.

From the definition of j; and (1), we deduce j; > jyyq fort =1,...,s—1.
Consequently, bgill) < bg) —land y1 <y fort =1,...,5s— 1. This ends
the proof. O

We also note a direct consequence of the proof of previous lemma.

Corollary 3.4. Forie {k—1+1,....k}, lett =min{j : z; —y; + 1 > i}.
Then a; = x¢y — 1+ 1.

From previous sequence of lemmas, we obtain a description of the Aubert
dual of strongly positive representation o, .. q4,). We note that for i such
that [ +1 <17 < k we have a_;11 = ap_; + 1 and —ag_;11 > —ap_; — 2.



Theorem 3.5. The Aubert dual of the strongly positive representation o,
18 a unique 1rreducible subrepresentat@'on of the induced representation

17"'7ak)

—Qk—i—

H H 5[ p, 1 p])) X s,

i=1 j=—ag—it1
where ag = o — [a]| — 1.

We will now describe our results in the general case. Let o € Irr(G,,)
denote a strongly positive discrete series and suppose that o is contained in
D(p1, ..., pm;Tcusp), With m minimal. Then each p; is a self-contragredient
representation and, for i = 1,...,m, we denote by a; a unique non-negative
real number such that v%p; X 0.5, reduces. We note that minimality of m
implies «; > 0. Also, let k; = [a;] and a(()i) =o; — [ag] — L

(i) (1)

By [5, Section 5], for i = 1,...,m there exist a;”, ..., a; such that —1 <
agi) < e < a,(fi) and ay) —«; € Z for j = 1,...,k;, such that ¢ is a unique
irreducible subrepresentation of the induced representation

m  k;
(TTTT o000 o)) % Gy
i=1 j=1

Since for non-isomorphic irreducible cuspidal representations p and p’ of
general linear groups and x1, SL’Q, Y1, Y2 such that xl Y1 € Z and To— 1Yo € 7L
we have o([v™1p, V¥ p]) x d([v™2p, v¥2p']) = o([v™2p, v¥2p']) X S ([v™2 p, V¥ p]), we
can repeat the same arguments as in D(p; acusp) case to obtain a description
of the Aubert dual of o.

Theorem 3.6. The Aubert dual of the strongly positive representation o is
a unique irreducible subrepresentation of the induced representation

fing T ) o

=1 l= 1 (1)
—I+1

4 A class of unitarizable representations

We will now use a description obtained in the previous section and results
of Hanzer ([4]) to construct a large class of non-tempered unitarizable repre-
sentations of the group G,,.
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Theorem 4.1. Suppose that o..s, € Irr(G),) is a cuspidal representation
and let s be a positive integer. Let p, € Irr(GL(ng, F)), t = 1,...,s, be
mutually non-isomorphic cuspidal self-contragredient representations. For

t=1,...,s, let oy > 0 be such that the induced representation vt p; X Oeysp
reduces. Fort =1,...,s, let my denote a non-negative integer and suppose
that (bﬁt), e ,bg@)t) 1s an ordered my-tuple of real numbers such that —oy —

my+ 1< bgt) < - <b£,i)t <0 andbgt) —op €Z fori=1,...,my. Then the
induced representation

b
H H S([ ™ pry V7)) X Teusp (2)

t=1 Z——mt-f—l
has a unique irreducible subrepresentation, which is unitarizable.

Proof. 1t is a direct consequence of the subrepresentation version of the Lang-
lands classification that the induced representation (2) has a unique irre-

ducible subrepresentation, which will be denoted by o. For 7 =1,...,s, let
= [au].
Fort =1,...,s, we will define agt), e 701(3 such that —1 < agt) < e <
a,(c? and at—agt) eZfori=1,... k.
Let us write [; = bS?t + ay + 1. For 7 such that 1 < ¢ < k; — [, set

Et) = oy — k; +i— 1. For ¢ such that kt—lt+1 < i < ki, we define
gt)—mm{je{ my+1,—my+2,...,0}: bmfﬂ+at—j2kt—i}, and set
Et)—at—x — ky 4 1.

By [5, Theorem 5.3], the induced representation

s ki
(TTTT o0 % prs v ) % Teusp

t=1 i=1
has a unique irreducible subrepresentation, which is strongly positive and
will be denoted by o,. It is not hard to see, using Lemma 3.3 and Corollary
3.4, that we have 0 = 7, and ([4]) implies that o is unitarizable. This ends
the proof. O
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