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Abstract

We determine under which conditions is the Langlands quotient of
an induced representation of the form § x o, where § is an irreducible
essentially square-integrable representation of a general linear group
and o is a discrete series representation of the classical p-adic group,
isomorphic to its Aubert dual.

1 Introduction

Let F' denote a non-archimedean local field and let G,, stand for the sym-
plectic or (full) orthogonal group having split rank n. The involution on the
Grothendieck group of the smooth finite-length representations of a reductive
group has been intensively studied by many authors, and we use an involution
defined for general reductive p-adic groups in [2] and [18]. This involution
is known as the Aubert involution and the image of a representation under
this involution is called the Aubert dual of a representation. In this paper
we regard the Aubert dual of an admissible finite length representation as a
genuine representation, taking the + or — sign in such way that we obtain
the positive element in the appropriate Grothendieck group.
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The Aubert involution has a number of prominent applications in the
representation theory of classical p-adic groups, and one would also like to
gain a deeper knowledge on the explicit structure of the Aubert duals of
irreducible representations.

In our previous work ([11, 12]), we obtained an explicit description of the
Aubert duals of certain classes of discrete series representations of GG,, and in
this paper we use developed methods to identify certain classes of irreducible
representations which are fixed by the Aubert involution, i.e., which are iso-
morphic to their Aubert duals. We tackle this problem for the Langlands
quotients of the generalized principal series of the group G,,. We note that
the generalized principal series is an induced representation of the form d x o,
obtained by the parabolic induction with respect to the maximal parabolic
subgroup, where the inducing representation d ® ¢ has an irreducible essen-
tially square-integrable representation on the general linear group part and
an irreducible square-integrable representation of the classical group part. If
V"0 is unitarizable for z < 0, where v = | det |, then the generalized prin-
cipal series 0 X ¢ has a unique irreducible (Langlands) quotient, which is
also isomorphic to the unique irreducible subrepresentation of 5 x 0. Such
irreducible non-tempered representations can be observed as the first step in
the Langlands classification of the non-unitary dual of G,,.

To obtain the necessary conditions under which the Langlands quotient
of the generalized principal series is isomorphic to its Aubert dual, we use the
Jacquet modules method and some elementary properties of the Aubert invo-
lution, together with descriptions of the Jacquet modules of certain discrete
series representations, obtained in [7, 10].

Afterwards, we explicitly determine the Aubert duals of Langlands quo-
tients satisfying the obtained necessary conditions, using methods introduced
in [11], and further developed in [12]. Perhaps a bit surprisingly, an important
role in such a procedure is, in the considered case, played by the composition
factors of the generalized principal series § x o with a strongly positive o,
obtained in [17] and [9, Proposition 3.2]. Such a description of the compo-
sition factors enables us to control the Jacquet modules of the investigated
non-tempered representations, similarly as in [§].

We summarize our main results in the following theorem.

Theorem 1.1. The Langlands quotient of the generalized principal series
S([vop,v¥p]) x o, x+y > 0, is isomorphic to its Aubert dual if and only if
one of the following holds:



(1) The discrete series representation o is cuspidal, © =y, and v*p X o is
wrreducible.

(2) The discrete series representation o is cuspidal, t =0, y =1, and p X o
reduces.

(8) The cuspidal representation p is self-contragredient, the induced repre-
sentation vp X Oeysp reduces for oo > 0 (here oeysp stands for the partial
cuspidal support of o), y = a+ 1, and one of the following holds:

(i) = is a half-integer, % < x < a, and o is the unique irreducible

subrepresentation of the induced representation

vep X I/x—Hp X o X VP X Ocysp,s
(i1) x is a positive integer, x < «, and o is the unique irreducible

subrepresentation of the induced representation

pr % Vm+1

P X X VP XN Ocysp,
(1) © = 0 and o is the unique irreducible subrepresentation of the in-
duced representation

VP X VPP X o X VYD X Oy

We will now describe the contents of the paper in more details. In the
following section we set up the notation and terminology, and prove some
technical results which will be helpful in our investigation. In the third sec-
tion we state and prove our main results, using a case-by-case consideration.

The author would like to thank the referee for helping to improve the
presentation style and for the help with Proposition 3.2.

This work has been supported by Croatian Science Foundation under the
project 9364.

2 Notation and preliminaries

Let F denote a non-archimedean local field of the characteristic different
from two.



Let us first recall the definition of the Aubert involution and its basic
properties.

For a connected reductive p-adic group G defined over F', let ¥ denote
the set of roots of G with respect to a fixed minimal parabolic subgroup and
let A stand for a basis of . For © C A, we let Pg be the standard parabolic
subgroup of G corresponding to © and let Mg be the standard Levi factor
of G corresponding to ©.

For a parabolic subgroup P of G with the Levi factor M and a repre-
sentation o of M, we denote by iy(0) a normalized parabolically induced
representation of G,, induced from o. For an admissible finite length repre-
sentation o of GG, the normalized Jacquet module of ¢ with respect to the
standard parabolic subgroup having Levi factor equal to M will be denoted
by rar(0). We recall the following definition and results from [2, 3]:

Theorem 2.1. Define the operator on the Grothendieck group of admissible
representations of finite length of G by

Do = (=1)®iyg ora.
OCA

Operator D¢g has the following properties:

(1) D¢ is an involution.

(2) D¢ takes irreducible representations to irreducible ones.

(3) If o is an irreducible cuspidal representation, then Dg(o) = (—1)2lg.
(4) For a standard Levi subgroup M = Mg, we have

DGoiM:iMoDM.

(5) For a standard Levi subgroup M = Mg, we have
T'an © DG = Ad(w) o Dw—l(M) O Tw=1(M)»
where w is the longest element of the set {w € W : w=(0) > 0}.

Let us now describe the groups that we consider. We look at the usual
towers of orthogonal or symplectic groups G,, = G(V},) that are the groups



of isometries of F-spaces (Vp,(, )), n > 0, where the form ( , ) is non-
degenerate and it is skew-symmetric if the tower is symplectic and symmetric
otherwise. The set of standard parabolic subgroups will be fixed in a usual
way. Then the Levi factors of standard parabolic subgroups have the form
M = GL(ny, F)x GL(ng, F) X+ - - X GL(ng, F) x G,. If §; is a representation
of GL(n;, F), for i = 1,2,... k, and 7 a representation of G, the induced
representation iy (d1 ® 92 ®- - - @0, ®7) will be denoted by 1 X da X - - - X 0 X T.
We use a similar notation to denote a parabolically induced representation
of GL(m, F).

If 7 is an irreducible representation of GG,,, we denote by 7 the represen-
tation +Dg, (7), taking the sign + or — such that 7 is a positive element
in the Grothendieck group of finite-length admissible representations of G,,.
We call 7 the Aubert dual of 7.

By Irr(G,,) we denote the set of all irreducible admissible representations
of G,. Furthermore, let R(G,,) denote the Grothendieck group of admissi-
ble representations of finite length of G, and define R(G) = @&,>0R(G,).
Similarly, let Irr(GL(n, F')) denote the set of all irreducible admissible rep-
resentations of GL(n, F'), let R(GL(n, F')) denote the Grothendieck group of
admissible representations of finite length of GL(n, F') and define R(GL) =
®n>oR(GL(n, F)).

The generalized principal series are the induced representations of the
form § x o, where § € R(GL) is an irreducible essentially square-integrable
representation and o € R(G) is a discrete series representation.

There is a unique e(§) € R such that v=?§ is unitarizable, where
v =|det|p. If e(d) > 0, the generalized principal series § x o has a unique
irreducible (Langlands) quotient, which is also the unique irreducible sub-
representation of 5 x o, where 5 denotes the contragredient of 4.

By the results of [23], such representation ¢ is attached to the segment and
we write d = 0([v%p, vp]), where a,b € R are such that b—a is a nonnegative
integer and p € Irr(GL(n, F)) is an unitary cuspidal representation. We
recall that §([v%p,vbp]) is the unique irreducible subrepresentation of the
induced representation vp x v*"tp x - x V7.

For our Jacquet module considerations is more covenient to use the sub-
representation version of the Langlands classification and write a non-tempered
irreducible representation 7 of GG, as the unique irreducible (Langlands) sub-
representation of the induced representation of the form d; X dg X - -+ X 0 %
7, where 7 € Irr(G,,) is a tempered representation, ¢; € Irr(GL(n;, F))



is an essentially square-integrable representation attached to the segment
[vip;, vbip] for i =1,2,... k,and a1 + by < ag+by <+ <a,+b, <0. In
this case, we write m = L(d7 X dg X «++ X 0 X T).

For 0 € Irr(Gy) and 1 < k < n we denote by r¢y(c) the normalized
Jacquet module of o with respect to the parabolic subgroup having Levi fac-
tor equal to GL(k, F') x G, We identify r)(o) with its semisimplification
in R(GL(k, F')) ® R(Gp—x) and consider

po) =100+ rwlo) € R(GL) ® R(G).

k=1

The following result, derived in [21], presents the crucial structural for-
mula for our calculations of Jacquet modules.

Theorem 2.2. Let p be an irreducible cuspidal representation of GL(m, F)
and k,l € R such that k41 € Z>o. Let o be an admissible representation of
finite length of G,,. Write p*(c) =3_,,, 7 ®o’. Then we have

WS o tp) o) = S0 ST ST (v B ) x (1 p]) x 7

i=—k—1 j=t 71,0’

® ([ p, 17 p]) 1o,
We omit 6([v"p,v¥p]) if > y.

We note the following direct consequence of the previous theorem and of
the Casselman square-integrability criterion.

Corollary 2.3. Let p denote an irreducible self-contragedient cuspidal rep-
resentation of GL(m, F') and k,l € R such that k +1 € Z>o and k > 0. If
o € Irr(G,) is a discrete series representation, then u*(6([v="p,v'p]) x o)
contains an irreducible constituent of the form v"p' @, where r <0 and p’ is
cuspidal, if and only if | < 0. Furthermore, if | <0 and p*(6([v="p, v'p]) x o)
contains an irreducible constituent of the form v"p' @ w, where r < 0 and p
is cuspidal, then r =1 and p' = p.

The following technical result will be used several times in the paper.

Lemma 2.4. Suppose that 7 € Irr(G,) is a subrepresentation of an in-
duced representation of the form v p; X v%2py X -+ X v pr X 71, where
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pi € Irr(GL(m;, F)) is a unitary cuspidal self-contragredient representation
fori =1,2,...,k, and m is an admissible representation of finite length.
Then the Jacquet module of T with respect to an appropriate parabolic sub-
group contains an irreducible representation of the form v="'p; @ v %2ps @
QU @ T,

Proof. Frobenius reciprocity and transitivity of Jacquet modules imply that
there is an irreducible cuspidal representation 7’ such that the Jacquet mod-
ule of m with respect to an appropriate parabolic subgroup contains the
irreducible cuspidal representation v p; ® v®2ps ® -+ @ V% pp @ 7', Using
Theorem 2.1, we obtain the claim of the lemma. O

We note that one can also deduce that the representation w5 appearing
in the statement of the previous lemma is in fact isomorphic to 7;. However,
we will not use this in the sequel.

We will now recall the Maeglin-Tadié classification of discrete series for
groups that we consider. Every discrete series representation of G, is uniquely
determined by three invariants: the partial cuspidal support, the Jordan
block and the e-function.

The partial cuspidal support of a discrete series 0 € Irr(G,,) is an ir-
reducible cuspidal representation o, of some G,, such that there is an
irreducible admissible representation m of GL(n — m, F') such that o is a
subrepresentation of 7 x O cusp-

The Jordan block of o, denoted by Jord(c), is the set of all pairs (¢, p)
where p is an irreducible cuspidal self-contragredient representation of some
GL(n,, F') and ¢ > 0 is an integer such that the following two conditions are
satisfied:

(1) ciseven if and only if L(s, p,r) has a pole at s = 0. The local L-function
L(s, p,r) is the one defined by Shahidi (see for instance [19], [20]), where
r = /\2 C" is the exterior-square representation of the standard repre-
sentation on C™ of GL(n,,C) if G, is a symplectic or even-orthogonal
group, and r = Sym?C™ is the symmetric-square representation of the
standard representation on C" of GL(n,,C) if G,, is an odd-orthogonal

group.
(2) The induced representation §([r=(¢=1/2p 1(c=D/2p]) % o is irreducible.

To explain the notion of the e-function, we will first define Jordan triples.
This are triples of the form (Jord, o', €) where
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e ¢’ is an irreducible cuspidal representation of some G,,.

e Jord is the finite set (possibly empty) of ordered pairs (c, p), where
p € Irr(GL(n,, F)) is a self-contragredient cuspidal representation, and
c is a positive integer which is even if and only if L(s, p,r) has a pole
at s = 0 (for the local L-function as above). For an irreducible self-
contragredient cuspidal representation p of GL(n,, F) we write Jord, =
{c: (¢,p) € Jord}. If Jord, # () and ¢ € Jord,, we put c. = max{d €
Jord, : d < ¢}, if it exists.

e ¢ is the function defined on a subset of Jord U(Jord x Jord) and attains
the values 1 and -1. If (¢, p) € Jord, then €(c, p) is not defined if and
only if ¢ is odd and (¢, p) € Jord(o’) for some positive integer ¢’. Next,
¢ is defined on a pair ((c, p), (¢, p')) € Jord x Jord if and only if p = p’
and ¢ # .

Suppose that, for the Jordan triple (Jord,o’,€), there is a (¢, p) € Jord
such that €((c_, p), (¢c,p)) = 1. If we put Jord" = Jord \{(c,, p), (¢c,p)} and
consider the restriction € of € to Jord' U(Jord’ x Jord'), we obtain a new
Jordan triple (Jord', ¢, ¢’), and we say that such Jordan triple is subordinated
to (Jord, o', €).

We say that the Jordan triple (Jord, ¢’,¢€) is a triple of alternated type
if €((c-, p), (¢,p)) = —1 whenever c_ is defined and there is an increasing
bijection ¢, : Jord, — Jord),(0’), where Jord),(¢) equals Jord,(o’) U {0} if a
is even and €(min Jord,, p) = 1, and Jord,(¢") equals Jord,(o’) otherwise.

The Jordan triple (Jord, o’ ¢) dominates the Jordan triple (Jord’,¢’,¢')
if there is a sequence of Jordan triples (Jord;,o’,¢;), 0 < i < k, such that
(Jordy, o’ €0) = (Jord, o’ €), (Jordy, o', ex) = (Jord',o’,€'), and (Jord;, o’, €;)
is subordinated to (Jord;_1,0’,¢;_1) for i € {1,2,...,k}. The Jordan triple
(Jord, o', €) is called admissible if it dominates a triple of alternated type.

Classification given in [14] and [16] states that there is a one-to-one corre-
spondence between the set of all discrete series in Irr(G) and the set of all ad-
missible triples (Jord, o', €) given by 0 = 0(jord,o’,), such that o, = o' and
Jord(o) = Jord. Furthermore, if (¢, p) € Jord is such that e((c_, p), (¢, p)) =
1, we set Jord" = Jord \{(c,, p), (¢, p)} and consider the restriction ¢ of € to
Jord"U(Jord" x Jord'). Then (Jord’,¢’,¢) is an admissible triple and o is a
subrepresentation of §([v=“=/2p, (=V/2p]) X 0 (jorar o e1)-

An irreducible representation o € R(G) is called strongly positive if for



every embedding
0 = VP X UPpy X oo X VR PR X Ocysp,

where p; € R, 7 =1,2,..., k, are irreducible cuspidal unitary representations
and .y € R(G) is an irreducible cuspidal representation, we have s; > 0
fori=1,2,... k.

It has been shown in [14, Proposition 5.3] and [16, Proposition 7.1] that
triples of alternated type correspond to strongly positive discrete series. Let
us recall an inductive description of the non-cuspidal strongly positive dis-
crete series, obtained in [5, Theorem 5.1], which also holds in the classical
group case.

Proposition 2.5. Suppose that s, € R(G) is an irreducible strongly posi-
tive representation and let p € Irr(GL(m, F)) denote an irreducible cuspidal
representation such that some twist of p appears in the cuspidal support of
osp. We denote by 0cysp the partial cuspidal support of os,. Then there exist
unique a,b € R such that a > 0,b > 0, b — a is a non-negative integer, and
a unique trreducible strongly positive representation O'é;l,) without v®p in the
cuspidal support, with the property that og, is a unique irreducible subrepre-
sentation of 6([v°p, l/bp]) X Jg,). Furthermore, there is a non-negative integer
[ such that o :== a +1 > 0 and v*p X 0eysp reduces. If I = 0 there are no
twists of p appearing in the cuspidal support of Ug;), and if | > 0 there ezx-
ist a unique b’ > b and a unique strongly positive discrete series aﬁ,ﬁ), which

contains neither v%p nor v*p in its cuspidal support, such that ag,lg) can be

written as the unique irreducible subrepresentation of 6([v™ ' p, V¥ p]) » o).

We say that a representation o € Irr(G,,) belongs to the set D(p1, ..., pm;
Oeusp) if every element of the cuspidal support of o belongs to the set {v7py, .. .,
VP, Ocusp © © € R}, where py,..., p, are mutually non-isomorphic irre-
ducible cuspidal representations of general linear groups and o, is an irre-
ducible cuspidal representation of G, for some n’ < n.

We note that for a self-contragredient cuspidal p € Irr(GL(m, F')) and
a cuspidal 0.5, € Irr(G,,), there is a unique non-negative « such that the
induced representation v*p X 0., reduces, and it follows from [1] and [15,
Théoreme 3.1.1] that « is a half-integer.

Directly from the previous proposition we obtain



Proposition 2.6. Let o5, € Irr(G,) denote a strongly positive represen-
tation and suppose that s, € D(p;oeusp), for an irreducible cuspidal self-
contragredient representation p. Let o stand for the unique mon-negative
half-integer such that v*p X 0uyusp reduces, and let k = [a], the smallest inte-
ger which is not smaller than . If k =0, then o4, = 0cysp. Otherwise, there
exists a unique k-tuple (ay,as, ..., ax) such that a;—a € Z fori=1,2,... k,
—1<a <ay <...<ag, and oy, is the unique irreducible subrepresentation
of the induced representation

S p v p)) x 6([L*F2p,v%2p]) X - x §([V*p, V™ p]) X CTeusp-

3 Langlands quotients fixed by the Aubert
involution

In this section we describe all Langlands quotients of the generalized principal
series 0 X o which are isomorphic to their Aubert duals, using a case-by-case
considerations. We write 6 = §([v"p, Yp|), for x,y such that z 4+ y > 0. The
induced representation 4 x o then contains a unique irreducible (Langlands)
quotient, which is also the unique irreducible subrepresentation of the in-
duced representation §([vYp, v *p]) x o, and in what follows will be denoted

by 7, i.e., let 1 = L(J % o).
Lemma 3.1. If 7 is isomorphic to 7, then x > 0.

Proof. Since x +y > 0, we obviously have y > 0. Suppose that < 0. From
the embedding 7 < v=%p x §([vYp,v~*"1p]) x o and transtivity of Jacquet
modules, in the same way as in the proof of Lemma 2.4 we obtain that p*(7)
contains an irreducible constituent of the form v*p ® n’. Since y # x, it
follows directly from the structural formula that p*(6([v=Yp, v="p]) x o) does
not contain such an irreducible constituent, so 7 is not isomorphic to m, a
contradiction. O

Let us first consider the case of cuspidal o.

Proposition 3.2. Suppose that o € Irr(G,,) is a cuspidal representation.
Then the representation m is isomorphic to its Aubert dual if and only if one
of the following holds:

(1) x =y >0 and the induced representation v°p x o is irreducible,

10



(2) (z,y) = (0,1) and the induced representation p X o reduces.

Proof. We have already seen that if 7 = 7 then x > 0. In the same way as
in the proof of the previous lemma we deduce that p*(7) > v="p @ 7', for
some irreducible representation 7’. From the structural formula we see that
this is possible only if either z =y or (x,p) = (0, p).

Let us first consider the case x = y. Note that then we have x > 0.
Furthermore, if v"p x o reduces, it follows from [17, Proposition 3.1(i)] that
pu*(m) does not contain an irreducible constituent of the form v=*p ® =’
Consequently, if 7 2 7 and = = y, then v*p x o is irreducible.

Conversely, if the induced representation v*p x ¢ is irreducible then 7 =2
v"p x o and from the part (4) of Theorem 2.1 we have 7 < v%p x 0 = 7, s0
7 is isomorphic to its Aubert dual.

Let us now assume that z = 0 and p = p. Let s denote a unique non-
negative half-integer such that v°p x o reduces. We obviously have y > 0
and there are two possibilities to consider.

First, suppose that y = s and let oy, stand for a unique irreducible sub-
representation of the induced representation vp x v2p x --- X V¥p x 0. It
follows from [5, Theorem 4.6] that oy, is a strongly positive discrete series
and one can see directly from [16, Proposition 2.1] that the induced repre-
sentation p x oy, reduces. By [22, Section 4], there is a unique irreducible
subrepresentation 7 of p x o, such that *(7) does not contain an irreducible
constituent of the form vp®n’. Furthermore, if 1*(7) contains an irreducible
constituent of the form v%p ® «f, then a = 0. Thus, if p*(7) contains an
irreducible constituent of the form v*p ® 7l then a = 0. Since 7 is a subrep-
resentation of px vp X V2p x -+ X VYp x o, using Lemma 2.4 we deduce that 7
is a subrepresentation of px v tpxv2px---x v ¥Ypxo and, in the same way
as in the proof of [11, Lemma 3.4], we deduce that 7 is a subrepresentation
of 6([v~Yp, p]) x 0. Consequently, 7 = 7 and 7 2 7.

Now, suppose that y # s. If y > 2, we have the following embedding and
isomorphism:

m = 6([ T, pl) x vV x g = ¥ x ([ p, p]) 1o

Lemma 2.4 implies that p*(7) contains an irreducible constituent of the form
v~ Yp7’" and it follows directly from the structural formula that 7 2 . Thus,
we can assume that y = 1. If s > 0, then s # y and [17, Theorem 4.1(i)]
imply that §([v!p, p]) X o is irreducible and 7 = 6([p, vp|]) x 0. Consequently,
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if s > 0 then p*(7) contains an irreducible constituent of the form v~ 'p® 7/,
and it follows directly from the structural formula that 7 % 7.
It remains to consider the case s = 0. According to [17, Theorem 2.1}, in

R(G) we have
olo,ve) x o =7+ oy + 0,

1 2 . L .
where a((is) and O’és) are mutually non-isomorphic discrete series subrepresen-

tations of d([p, vp]) x . Frobenius reciprocity implies that both ,u*(ac(l?) and
N*(Uc(z?) contain irreducible constituents of the form vp ® n’. It follows from
the structural formula that only irreducible constituents of the form vp ® =’
appearing in p*(6([p,vp]) x o) are vp ® 1 and vp ® T7_1, where 71 and 7_;
are irreducible mutually non-isomorphic tempered representations such that
in R(G) we have p x 0 = 7 + 7_1. Furthermore, both vp ® 7 and vp ® 7_
appear in p*(6([p, vp]) x o) with multiplicity one. Thus, p*(7) does not con-
tain an irreducible constituent of the form vp ® 7’ and, consequently, p*(7)
does not contain an irreducible constituent of the form v~!p @ n”. Since 7
is a subrepresentation of p X vp X o, using Lemma 2.4 we obtain that 7 is
a subrepresentation of p X v"1p x ¢ and it follows that 7 is a unique irre-
ducible subrepresentation of 6([v~1p, p]) ¥ 0, i.e., =2 7. This completes the
proof. O]

In the rest of this section we assume that ¢ is a non-cuspidal discrete
series representation, and let 0., denote the partial cuspidal support of o.

Lemma 3.3. If m is isomorphic to T, then 0 € D(p; 0cyusp). In particular, p
18 self-contragredient.

Proof. Suppose that 0 € D(p; 0cusp). Then there is an embedding of the form
o — v*p'xo’ such that a > 0, p/ is an irreducible self-contragredient cuspidal
representation which is not isomorphic to p, and ¢’ is irreducible. We have
T 0 xvip xo Zvip x§xo', and Lemma 2.4, together with transitivity
of Jacquet modules, implies that Jacquet module of 7 with respect to an
appropriate parabolic subgroup contains an irreducible representation of the
form v=%p' ® o”. Since o is square-integrable, it follows that p*(J x o) does
not contain an irreducible constituent of the form v=%p’ ® ¢”. Thus, 7 is not
isomorphic to 7, a contradiction. O]

According to the previous lemma, in what follows we can assume that p
is a self-contragredient representation and that o € D(p;0cysp). We denote
by o a unique non-negative half-integer s such that v°p X 0., reduces.
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The following result presents the crucial step towards our description.

Theorem 3.4. If 7 is isomorphic to T, then o is a strongly positive discrete
series. In particular, o > 0.

Proof. Suppose, on the contrary, that ¢ is not a strongly positive repre-
sentation and let (Jord(o), Ocysp, €,) denote the corresponding Jordan triple.
Since we have o € D(p; 0cusp), there is ¢ € Jord, (o) such that c_ is defined
and €,((c-, p), (¢,p)) = 1. Also, o is a subrepresentation of an induced rep-
resentation of the form ¢ ([V’% o, VT pl) x o', for an appropriate discrete
series o’. Using [16, Lemma 3.2], we deduce that ¢ is a subrepresentation
of an induced representation of the form vz p X mq, for some irreducible
m. Since St > 1 and —z < 0, if (¢,z) # (3,0) we obtain an embedding
T v T px§([v¥p,v7p]) x m. Lemma 2.4 implies that u*(7) contains
an irreducible constituent of the form V_%p ® 7, and Corollary 2.3 implies
that © = St

If ¢ > 3, we also have % > —% + 1, which gives the following embed-
dings and isomorphisms:

c—1

w%ﬂw/p, ") x O[T pv T p)) 2o

S([v o, T pl) x v T px v T px 8T p T pl) xo
guépx&Wﬂ@f%VDxf?pxa[J%nuimbxd
=T px v px 8V, v T p)) x O[T p v T pl) o

Since m & 7, Lemma 2.4 and transitivity of Jacquet modules imply that
the Jacquet module of 7w with respect to an approprlate parabohc subgroup
contains an irreducible representation of the form v~ 2 p® v~ =N p R m3.

From 7 < 0([v"¥p, v~ "% p]) % o, using the structural formula recalled in
Theorem 2.2, we obtain that v~ 2 p@ w5 < p*(6([vYp, v~ % p]) x o), which
is impossible.

It remains to consider the case ¢ = 3. This directly implies that c. =1
and z € {0,1}. In other words, o is a subrepresentation of an induced
representation of the form d([p,vp|) x o', where ¢’ is a discrete series such
that 1 and 3 do not appear in Jord,(¢’), and it follows that o’ is a strongly
positive representation, since otherwise we can apply the same arguments as
before to deduce that 7 is not isomorphic to 7.
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Let us first assume that Jord,(¢") # (. Then, as in [5, Section 4] and
[16, Proposition 2.1], we see that there is an a > 2 such that ¢’ is a subrep-
resentation of v*p x ¢”, for an appropriate strongly positive representation
o”.

If a > 2, we have ¢ < v% X 0([p,vp]) x ¢”. Since z € {0,1}, in the
same way as before we deduce that p*(7) > v~ ® 7/, for an irreducible
representation 7/, which is impossible.

If a = 2, the irreducible representation ¢’ is also a subrepresentation of
an induced representation of the form v%p x vp x 0. If = 0, we have the
following embeddings:

= 6([v™p, p]) X 8([p, vpl) X VPp X vp x 0y
s pxvpxVipxd([vVp,v ) X pxvpxo
S pxvpxVipxvipxpxuvpx (v p,v2p]) xoy.

Using Lemma 2.4 and transitivity of Jacquet modules, we obtain that the
Jacquet module of m with respect to an appropriate parabolic subgroup con-
tains an irreducible representation of the form p@ v PR v 2P R VPV p ®
v~lp®@m,. Since o is a discrete series representation, applying the structural
formula several times, we deduce that y > 2 and that vp ® p @ v 1p ® Ty
is contained in the Jacquet module of §([v™¥p,v3p]) x o with respect to
an appropriate parabolic subgroup. This directly implies that the Jacquet
module of o with respect to an appropriate parabolic subgroup contains an
irreducible representation of the form vp ® p @ v=!p @ 75, contradicting the
square-integrability criterion. The case x = 1 can be handled in the same
way.

Let us now assume that Jord,(¢’) = (). This implies that o’ is a cuspidal
representation and p x o’ reduces. As in the proof of Proposition 3.2, in R(G)
we have p x o' = 71 + 7_1 and there is a unique i € {1, —1} such that o is
the unique irreducible subrepresentation of vp x 7; or, equivalently, such that
(o) > vp @ 7. It follows from [12, Theorem 5.1] that ¢ = L(v~'p x 7_),
and if an irreducible constituent of the form v?p ® n" appears in p*(7), then
z=—1.

Again, we comment only the case x = 0, since the case x = 1 can be
handled in the same way.

We have the following embeddings:

T [, p) o —=pxvipx - xv¥pxao (1)
S XV ipx - xUTYpXUpXT;
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Frobenius reciprocity implies that the Jacquet module of m with respect to
an appropriate parabolic subgroup contains the irreducible representation

PRV PR RV YpRUpR T (2)

Since m = 7, applying Theorem 2.1, part (4), to the induced representation
appearing in (1), we deduce that 7 is an irreducible subquotient of

pXv lpx o xv Vpx L pxTy). (3)

Using a repeated application of the structural formula and 7; 2 7_;, one can
show that the irreducible representation (2) is not contained in the Jacquet
module of the induced representation (3) with respect to an appropriate
parabolic subgroup, a contradiction. This completes the proof. O

We denote [«] by k, and let (aq,as,...,a;) denote a unique ordered k-
tuple such that a; —a € Z forv=1,2,... )k, =1 <a; <as <...<a, and
such that o is the unique irreducible subrepresentation of

S([* o, v p)) x ([ 2p, 12 p]) X -+ x S([V¥p, V™ p]) X Teysp-

We note that such a k-tuple exists by Proposition 2.6. Since ¢ is non-cuspidal,
thereisani € {1,2,...,k} such that a; > a—k+i. Let us denote the minimal
such ¢ by 4min.

Lemma 3.5. If 7 is isomorphic to T, then a;, = o —k + imin and for
J = tmin, tmin + 1,...,k — 1 we have aj41 = a; + 1.

Proof. Tt follows from [7, Theorem 4.6], or from [13, Section 8|, that o is
a subrepresentation of an induced representation of the form v%minp X oy,
where oy, is a strongly positive representation. If —x # a,_ . — 1, we have
an embedding m < v%minp X 0([v"Yp,v""p|) X 04, and an application of
Corollary 2.3 and Lemma 2.4 gives = a;_,_ .

If —z = a,,, — 1, since z > 0 and a;,, > 3, it follows that z € {0,1}.
Thus, if —x =a,,,, — 1 then iy, =1 and a;,,, = o — k+ 1.

Let us now assume that —z # a; . — 1 and a; , > o — Kk + i + 1.
It follows that a; . > %, so r = a;,, and —z < a;,, — 1. There is a
strongly positive representation of, such that o is a subrepresentation of
V%imin p X 1/%min "L p 04, 80 we have an embedding 7 < v/%min p X V%imin =1 p X

o([v™¥p,v"p]) x o, Since 7 = 7, it follows that the Jacquet module of
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m with respect to an appropriate parabolic subgroup contains an irreducible
representation of the form v %minp ® v %mn1p @ /. From the structural
formula we directly obtain that then p*(6([r=Yp, v %min"1p]) x o) contains
v %min Tl p @ ') a contradiction. Consequently, a;, . = & — k + ipin.

Now we assume that there is a j € {imin, fmin + 1,...,k — 1} such that
aji1 # a; + 1. It follows from [5, Section 4] that a;4+1 > a; +2 and 7 is a
subrepresentation of an induced representation of the form v%+1p x a;p, for
a strongly positive representation o ,. Since we obviously have that a;,; >
—z+1, there is an embedding m — v%+1p x §([v"¥p,v""p|) x o, This leads
to p*(m) > v=%+1p @« for some irreducible 7/, contradicting Corollary 2.3,
since < a;41. This completes the proof. O

In the following theorem we state our first main result.

Theorem 3.6. Suppose that « is a half-integer. Then 7 is isomorphic to T

if and only if a« >3, a;,, >3, v =a;,,, andy=a+1.

Theorem 3.6 follows from the following two propositions:

Proposition 3.7. Suppose that « is a half-integer and # = 7. Then o > %,
Wi = 2, & = a4, and y = a + 1.

Proof. Let us first show that = a; . . We have an embedding o < v%min p X
0sp, for some strongly positive representation oy,. Since z > 0 and a;_,, > 0,
if (z,a;,,,) # (3,3), we obtain an embedding m < v min p x ([ "Yp, ™" p]) x
0sp, which implies that p*(7) contains an irreducible constituent of the form
v %minp @ 7y, since 7 = 7. This is possible only if x = a;_ . . Thus, in any
case we have z = a;_, .

Let us now prove that a; . > % Assume, on the contrary, that a; . = %
Using Lemma 3.5 and [17, Theorem 5.1], we obtain that v*p x ¢ is irreducible
for 2 ¢ {3, o+ 1}. If y & {3, a + 1}, we have the following embedding and

isomorphism:
= o([v ¥y, I/_%p]) x v ¥pxo=vipx (v v, V_%p]) X 0.

In the same way as before we conclude that p*(7) contains an irreducible
constituent of the form v~Yp ® 71, which is impossible unless y = % Thus,
ye{i a+1}

It follows at once that 7 is a subrepresentation of V_%p xo([v7Yp, V_%p]) X
o, and Lemma 2.4, together with transitivity of Jacquet modules, shows that
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p* () contains an irreducible constituent of the form V%p® 1. We will show
that this is impossible, implying a;,, > 3. Note that €,(p,2) = 1, where
(Jord(c), ocusp, €-) stands for the Jordan triple corresponding to o, so we use
[17, Theorem 5.1(ii)]. Only the case y = a + 1 and a > 2 will be described
in detail, since other cases can be obtained in the same way and the case
(y,a) = (3,1) is also, in the split case, discussed in [4]. The following

equality holds in R(G):

3([v2p, v o)) o =1+ L(G([v" " p,v2p]) 3 o)+

+ L((v w72 p]) % o)) + LO(w " p,v2p]) 1 o),
where agg) is the unique irreducible subrepresentation of Vs p X Vi p X e X
Vo‘p X acusp, Jg,) is the unique irreducible subrepresentation of v2 p X Vs p X

1o x o([v~ 2 l/a+1p]) X crcusp, and oY) is the unique irreducible sub-

a+1

representatlon of Vipx v3p X - Lo x §([v*p, v p]) X Oeusp. We note

that a§,3 is strongly positive, for i = 1, 2,3.

Using the structural formula, we obtain that if l/%p ® 7 is an irreducible
constituent of z*(8([v2p, v*1p]) x o), then m is an irreducible subquotient
of 8([v2p,v*+1p]) x 64, By [17, Theorem 5.1(i)], in R(G) we have:

1 a+1

([0, )0 = L3(1~" .4 pl) o)+ L(([v"p. v Hp]) w0D)

Furthermore, both irreducible constituents v2p® L(6([v=p, v =2 p]) x agj)
and v2p @ L(0([v=p,v"2p]) x agf,)) appear in pw*(6([v2p, v*t1p]) x o) with
multiplicity one, and Frobenius reciprocity implies that both p*(L(§([v= p,
vap]) X ag,))) and p* (L(0([v=p, vz p]) agg))) contain irreducible constituents
of the form V%p@)ﬂl, so u*(m) does not contain such an irreducible constituent.
Since a;_, > %, Lemma 3.5 implies that o > % From y > a; ., using [17,
Proposition 3.1], we obtain that v¥Yp x ¢ is irreducible if y # o+ 1. Suppose
that y # o+ 1. Then we have the following embedding and isomorphism:

T O[T, v p]) x vTp g Zw¥p x S([v TV p, ) Mo

In the same way as before we conclude that p*(7) contains an irreducible con-
stituent of the form v=Yp ® 7y, which is impossible unless x = y. Thus, y =
a;,,,. 1t follows from Lemma 3.5 and [17, Proposition 3.1] that v~ %minp X o =
v%minp X 0, so 7 is an irreducible subrepresentation of v%minp X 1%min p X o).
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Consequently, Lemma 2.4 and transitivity of Jacquet modules imply that
the Jacquet module of m with respect to an appropriate parabolic sub-
group contains an irreducible representation of the form v~ %min p @ v~ %min pQ
7o, and an easy application of Theorem 2.2 implies the Jacquet module of
d([v~Yp, v "p]) x o with respect to an appropriate parabolic subgroup does
not contain such a representation. Thus, ¥ = a + 1, and the proposition is
proved.

U

w

Proposition 3.8. Suppose that « is a half-integer, a > %, Qi . > 5, T =

a;,..., and y = a+ 1. Then 7 is isomorphic to 7.

27

Proof. Let us first prove that if an irreducible constituent of the form v*p&my,
with z > 0, appears in p*(7), then z = a; . . Using the structural formula
and [7, Theorem 4.6], we deduce that if an irreducible constituent of the
form v?p @ my, with z > 0, appears in p*(§([v=>"1p, v %minp|) x o), then
z€{a;,. ,a+1}.

By [17, Proposition 3.1(i)], in R(G) we have

a+1

I([pmin p, v p]) X o =7+ L(§([v%p, v minp|) X 04p),

where o, denotes the unique irreducible subrepresentation of
a; . a; . +1 a—1 «@ a+1
Yiimin g X phimin T p X X VYT X O([V¥p, YT p]) X Oeusp-

We note that oy, is a strongly positive representation. Using [7, Theorem 4.6],
Frobenius reciprocity, and transitivity of Jacquet modules, we obtain that
W (L(6([v%p, v~ %min p|) X 0g,)) contains an irreducible constituent of the form
v p@7’. The induced representation & ([v%minp, v%p|) X o is irreducible (by
[17, Proposition 3.1(ii)]), so the only such irreducible constituent appearing
in p*(§([v%min p, v2Tp]) X o) is 2T p @ §([v%mnp, v¥p]) x o, which appears
there with multiplicity one. Therefore, there is no irreducible constituent of
the form v*™'p ® 7, appearing in p*(7). Furthermore, Lemma 2.4 implies
that if an irreducible constituent of the form v*p ® my, with z < 0, appears
in p*(7), then 2z = —a;_, .

Since  is a subrepresentation of (v~ tp, v~ %minp]) ¥ o and a;,,, > 2,
we have the following embedding and isomorphisms:

a—1
p A O cusp

=~ yaiminlg X oo X yo‘p X y*aiminp X oo X Vﬁap % l/a+1p X Oeusp

T ya‘iminp X o0 X ]/ap X ]/_aiminp X oo X V_ap X v~

a;

& Yliming X -+ X V0 X VT X v %ming X X oo X VTP X Oep-
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Using Lemma 2.4, Theorem 2.1, and [16, Lemma 3.1], we obtain that 7 is a
subrepresentation of the induced representation

v~ %minpg X - -0 X y*aflp X V4minp X+ X VY X T cusp-

It follows from [16, Lemma 3.2] that there is an irreducible subquotient
m of v %minp X .-+ x v 1p such that 7 is a subrepresentation of m; x
XYPminp X -+ X VYD X Opysp. Since p*(7) does not contain an irreducible
constituent of the form v*p ® m; for » < 0 and 2z # —a;,_,, , we deduce that
T 2 ([ p, v %min p]).

By [16, Lemma 3.2], there is an irreducible representation 7’ such that 7 is
a subrepresentation of §([v~* 1p, v~ %m p]) x 7’ and, obviously, the cuspidal
support of 7/ equals {v/%minp, V%o L V%D sy}

Let us first suppose that 7’ is a non-tempered representation and write
' =2 L(6; Xdg X+ - - X O xT), where §; € Irr(GL(n;, F)) is an irreducible essen-
tially square-integrable representation, for i = 1,2, ..., k, e(0;) < e(d;41) <0
fori =1,2,...,k—1, and 7 € Irr(G,/) is a irreducible tempered represen-
tation. Write §; = §([v% p, 1% p]). From a; + b; < 0 and from the description
of the cuspidal support of 7’ follows that b; < —a; ., fori=1,2,... k. It
directly follows that 7’ is a subrepresentation of an induced representation
of the form v*'p x 7" and, since —a < by, we have the following embedding
and isomorphism:

ag

I~

T O™ p, v B pl) x 1P p w2 p X §([v T p, v i p]) 2 T

and it follows that p*(7) contains an irreducible constituent of the form
VP p ® 79, which is impossible unless b; = —a;_. . If this is the case, we have
an embedding

1

T v Yminp X v~ %minp X ([ p, v Ymin " p]) 4 77

and Lemma 2.4 and transitivity of Jacquet modules imply that the Jacquet
module of 7 with respect to an appropriate parabolic subgroup contains
an irreducible representation of the form v%minp @ v%minp @ 9. Using the
structural formula, [7, Theorem 4.6], and the fact that o + 1 > a; ., we
deduce that a representation of the form v%min p& 1 %min p& 7wy does not appear
in the Jacquet module of the induced representation §([v="1p, v~ %min p]) x o
with respect to an appropriate parabolic subgroup, a contradiction.
Consequently, 7’ is a tempered representation and, using the descrip-
tion of its cuspidal support and [6, Theorem 3.5], we conclude that 7’ is
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strongly positive. Since the strongly positive representation is completely
determined by its cuspidal support ([7, Lemma 3.5]), it follows at once
that 7’ is isomorphic to o. Thus, 7 is an irreducible subrepresentation of
§([v=2Lp, v~ %min p]) % 0, leading to T = 7. This completes the proof. O

Now we state our second main result.

Theorem 3.9. Suppose that « is an integer. Then m is isomorphic to T if
and only if y = o+ 1 and either v = a;,,, or (a;,,,,z) = (1,0).

Theorem 3.9 follows from the following two propositions:

Proposition 3.10. Suppose that « is an integer and © = 7. Theny = a+1
and either x = a;, or (a;,. ,x) = (1,0).

Proof. 1f a;_, > 2, in the same way as in the proof of Proposition 3.7, we
deduce that (z,y) = (a; . ,a+1).

Let us now assume that a; ,, = 1. Then o is a subrepresentation of an
induced representation of the form vpx o’ and if x > 0 we have an embedding
T = vpxo([vYp, v "p]) xo'. In the same way as in the proof of Proposition
3.7, we get that z € {0,1}. Note that y > z if z = 0. Let us prove that
y = a + 1. Suppose, contrary to our assumption, that y # « + 1. Since
y > z, it follows from [17, Proposition 3.1] that v¥p x o is irreducible. We
have

T O[T, v ™)) x vV ) Z ([T p, v ™)) x v¥p X o,

and if y # —z + 1 one obtains a contradiction in the same way as in the proof
of Proposition 3.7. Since y > x and = > 0, we see that y = —x + 1 holds
only if (z,y) = (0,1). In that case, we have m < p X vp X vp x ¢’. Using
Lemma 2.4 and transitivity of Jacquet modules we get that ry,(7) contains an
irreducible representation of the form p®@v='p@v~p®o”, where M denotes
the Levi factor of an appropriate parabolic subgroup. But, since o is strongly
positive, ra(d([p, vp]) % o) does not contain an irreducible representation of
the form p®@vtp@v~1p®0’, a contradiction. This completes the proof. [

Proposition 3.11. Suppose that o is an integer. If y = o+ 1 and either
x=a;, or(a, ,z)=(1,0), then w is isomorphic to 7.
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Proof. First we suppose that (z,y) = (a;,,.,«+1). Let us prove that if p*(7)
contains an irreducible constituent of the form v*p®@7’, with z > 0, then z =
a;.... It follows from the structural formula that if *(§([p%min p, v p]) x o)
contains an irreducible constituent of the form v*p ® 7/, with z > 0, then
z € {a;,, ,a+1}. Also, if z = o+ 1, then 7’ is an irreducible subquotient
of 6([v*minp,v¥p|) x . By [17, Proposition 3.1], §([v%min p, v*p]) X o is irre-
ducible and v p@§ ([ min p, v¥p]) X0 is contained in p* (6 ([vmin p, ¥+ p]) X
o) with multiplicity one. Using [17, Proposition 3.1(i)], we deduce that in
R(G) holds §([v*minp, v p]) x 0 = 7 + L(§([v™%p, v %minp|) X 04,), Where
osp denotes the unique irreducible subrepresentation of

]/aiminp X ]jaimin"rlp X oo X ]/Oé—lp X 6([Vap7 Va“l‘lp]) X Ucusp-

We note that oy, is a strongly positive representation. It is now easy to
conclude, using Frobenius reciprocity and irreducibility of v*px v2*1p for x <
a, that p*(L(6([v%p, v~ %min p|) X 04,)) contains an irreducible constituent of
the form 1> p@7’, so u* () does not contain such an irreducible constituent.
Now, in the same way as in the proof of Proposition 3.8, we obtain that 7 is
a subrepresentation of §([v=*"1p, v %minp|) X 0, i.e., T X T.

Now we turn our attention to the case (a; . ,%,y) = (1,0, +1). In this
case, we have the following embedding and isomorphisms:

T pXV ipX - XV lpXxvpx12pX oo X UD X Oeugp
2 oxXupXVPp X XVpX VTP X X VT X VT D X O
%JprpXVZpX---XVapXV_le--~><V_ap><ya+1p>40w5p

a+1

2 pxvpxVPpx XV X VT p X v p X X VT X O

In the same way as before, we obtain that 7 is a subrepresentation of the
induced representation

&7

pxvlpx v px- XU x U _1p><yp><--~><uap><lacusp.

We will show that if p*(7) contains an irreducible constituent of the form
v:p®my, with z > 0, then z = 0. The rest of the proof then follows the same
lines as in the proof of Proposition 3.8.

Note that if an irreducible constituent of the form v*p ® 7y, with z > 0,
appears in p*(6([p, v p]) x o), then z € {0,1,a + 1}. We will comment
only the case a > 2, since the case &« = 1 can be handled in the same way
but more easily, and in the split case it can also be obtained using [4].
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According to [17, Theorem 4.1(iv)], in R(G) we have

3([p, v pl) x o =m + L(S([v™* " p,vp]) @ o))+
+ L[ p, p]) 2 0$)) + L(6([v"p, vp]) x 0l)),

where Ug,) is the unique irreducible subrepresentation of v2p x -+ x v%p x

2) . . . . . _
O cusps agp) is the unique irreducible subrepresentation of vp x --- x v®~1p x

S([v¥p, v p]) X O eusp, and aﬁf) is the unique irreducible subrepresentation
of 2p x -+ x v Lp x §([v¥p, v*T 1 p]) X 0usp. We note that ol is strongly
positive for 7 = 1, 2, 3.

If u*(6([p,v*™p]) x o) contains an irreducible constituent of the form
vp ® 1, then 7y is an irreducible subquotient of §([p, v**p]) x o&). By [17,

Theorem 4.1(ii)], in R(G) we have
8(lp, v pl) @ o) = L(O([v™ " p, pl) @ o)) + L(3([v™p, p]) 31 0)).

Also, vp @ L(6([v=>"1p, p]) x agzl;)) and vp ® L(6([v="p, p]) x 02)) appear
in u*(6([p, v**p]) x o) with multiplicity one and are obviously contained in
1 (L6([v=2"2p,vp)) x 0$))) and in p*(L(5([v=p, vp]) x 0))). Thus, there
are no irreducible constituents of the form vp ® m; appearing in p*().
Similarly, if u*(6([p, v*"'p]) x o) contains an irreducible constituent of

the form v**1p ® 7y, then m; is an irreducible subquotient of §([p, v%p]) % &.
By [17, Theorem 4.1(iii)], in R(G) we have

3([p,v*pl) @ o = L(8([v="p, p]) % 0) + L(3([v=*p,vp]) x o).

Also, v**1p @ L(3([v=°p, p]) x 04) and v+ p @ L(3([v~°p,vp]) » 0fy) ap-
pear in p*(6([p, v*p]) x o) with multiplicity one and obviously appear in
w(L(O([v~p, pl) #05))) and in i (L(3([v~p, vp]) % 03))). Thus, () does
not contain irreducible constituents of the form v**p ® 7. Consequently,
w*(m) does not contain an irreducible constituent of the form v*p ® m; with
z > 0, and the proposition is proved. O
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