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Complex Friedrichs systems and applications

Abstract

Recently, there has been a significant development of the abstract theory of Friedri-
chs systems in Hilbert spaces (Ern, Guermond & Caplain, 2007; Antoni¢ & Burazin,
2010), and its applications to specific problems in mathematical physics. However, these
applications were essentially restricted to real systems. We check that the already devel-
oped theory of abstract Friedrichs systems can be adjusted to the complex setting, with
some necessary modifications, which allows for applications to partial differential equa-
tions with complex coefficients. We also provide examples where the involved Hilbert
space is not the space of square integrable functions, as it was the case in previous
works, but rather its closed subspace or the space H*(R?; C"), for real s. This setting
appears to be suitable for particular systems of partial differential equations, such as
the Dirac system, the Dirac-Klein-Gordon system, the Dirac-Maxwell system, and the
time-harmonic Maxwell system, which are all addressed in the paper. Moreover, for the
time-harmonic Maxwell system we also applied a suitable version of the two-field theory
with partial coercivity assumption which is developed in the paper.
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Complex Friedrichs systems and applications

1. Introduction

Brief overview

The notion of positive symmetric systems or Friedrichs systems dates from Kurt Otto Friedri-
chs [29], who showed that this class of problems encompasses a variety of initial and boundary
value problems for various linear partial differential equations of different types. The classical
theory was developed further by a number of authors (see [36, 37] and references therein), but its
rebirth begins with the development [27] of the theory of abstract Friedrichs systems in Hilbert
spaces, which has been extensively studied during the last decade. Among number of its important
properties, theretofore shortcomings in having only the existence of weak solutions to Friedrichs
systems and the uniqueness of strong ones have been overcome in the abstract theory (see Theorem
1 below).

This renewed interest in Friedrichs systems was initiated by numerical community, resulting
in a number of recent numerical results for Friedrichs systems, mostly based on discontinuous
Galerkin methods and their variants [24, 25, 26]. From these references we understand that
approximating partial differential equations in the form of Friedrichs systems presents certain
general advantages: some numerical algorithms based on mixed finite element methods are gen-
erally more suitable for first order systems than for higher order equations or systems, which
makes the framework of Friedrichs systems more convenient setting for numerical treatment of
higher order equations. Secondly, it provides a more accurate reconstruction of the fluxes (the
gradient of the primal variable for diffusion-like problems and the stress tensor for linear elasticity
problems), as fluxes are naturally integrated within the corresponding Friedrichs system. Finally,
it provides a single constructive procedure in devising numerical schemes for different (including
elliptic, parabolic and hyperbolic type) partial differential equations. There is also a number of
specific benefits of this approach that are related to a chosen particular numerical approach (for
example, see [15, 10, 8)]).

Alongside the well-posedness result for the stationary theory [27], important recent results
include the equivalence of different representations of boundary conditions [2, 11, 27], its rela-
tionship with the classical theory [3, 4, 5], the existence and uniqueness results for non-stationary
(semi-linear) systems [13], development of the homogenisation theory [14], development of dif-
ferent numerical schemes [9, 10, 16, 24, 25, 26] (see also [20, 23, 31]), as well as applications to
various (initial-) boundary value problems of elliptic, hyperbolic and parabolic type [3, 4, 6, 9,
13, 16, 19, 24-27, 33].

As these applications and developments have essentially been restricted to real systems, in
the literature one can mostly find the definition of abstract Friedrichs systems on real Hilbert
spaces. With intention to provide a concise and self-contained description on complex spaces
as well, as it was the case with the classical theory [30], in this paper we study the theory of
abstract Friedrichs systems in complex Hilbert spaces, and apply the derived results to a number of
particular linear and semi-linear equations with complex coefficients of interest in mathematical
physics. In contrast to the real case, where in applications to partial differential equations of
interest the usual pivot space is L2(£; R"), in the complex case we also consider certain closed
subspaces of L2(2; C"), as well as H*(R%; C"), for real s. Since a good well-posedness theorem is
desirable for the convergence analysis of a numerical scheme, we hope that our paper will open
the way for new numerical results in context of complex equations.

The paper is organised as follows: in the second section we introduce abstract Friedrichs
operators in the setting of complex Hilbert spaces. The results are mostly analogous to the real
case, thus we only pinpoint the differences and omit most of the proofs. After the well-posedness
result, as an example of abstract Friedrichs operators we consider the classical Friedrichs operator
in two different settings mentioned above, and we prove the well-posedness result for two-field
theory with partial coercivity assumption. We proceed by discussing different representations of
boundary conditions, and conclude the section with corresponding results in the non-stationary
case. In the third section we apply these results to the initial-value problem for linear Dirac
system in H*(R?; C*), the semi-linear Dirac system with quadratic nonlinearity in H?(R?; C*),
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Complex Friedrichs systems and applications

the Dirac-Klein-Gordon system in H?(R3;CY) and the Maxwell-Dirac system in H?(R?; C?4).
The last example we consider is a boundary-value problem for the stationary (time-harmonic)
Maxwell system.

We finish this introductory part with a brief overview of basic notions known from the classical
theory in complex attire.

The classical setting on complex spaces

Let d,7 € N and let Q € R? be an open and bounded set with Lipschitz boundary I'. The
(classical) Friedrichs operator is a first-order differential operator £ : L2(£; C") — D'(Q;C")
defined by Lu := Zgzl Ok (Axu) + Du, where complex matrix functions Ay € WH(Q; M,.(C)),
k€ 1..d, and D € L*(Q; M, (C)) satisfy:

(F1) A} is hermitian: Ay, = A},
d
(F2) (3po>0) D+D*+> A, >2ul  (ae onQ).
k=1

Since the left-hand side of (F2) is hermitian we use the usual order on hermitian matrices: A > B
if A§-&>BE € £ Cl
There are three known equivalent ways of assigning boundary (or initial) conditions [29, 30,
36] associated to the Friedrichs system Lu = f. First we need to define A, := Zizl v Ay, where
v = (v1,10,...,v4) is the outward unit normal on I". Let us now present all three possibilities.
A complex matrix field M : I' — M,.(C) is called an admissible boundary condition if (for
a.e. x € I') it holds:

(FM1) M(x)+M(x)* >0
and
(FM2) Cr = ker(A,,(x) - M(x)) + ker(Al,(x) + M(x)) .

The boundary value problem thus reads: for given f € L2(£2; C") find u € L2(£2; C") such that

=f
{(AV—M)U|F:0 '

Some further refinements of the decomposition (FM2) in the real case and for symmetric M can
be found in [33].

A second approach uses a family N = {N(x) : x € I'} of subspaces of C" which is said to
define the maximal boundary condition if (for a.e. x € I'") N(x) is maximal nonnegative with
respect to A, i.e. if it holds:

(FX1) (VEEN(x)) Ap(x)€-£>0
and
(FX2) there is no subspace which is larger than N (x) and satisfies (FX1).

Now the boundary value problem takes the form

Lu=f
{u(X)EN(x), xel ’
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The third approach is just an alternative to (FX1)—(FX2): it is required that N(x) and
N(x) := (AL (x)N(x))* (for a.e. x € T) satisfy

(FV1) (VEEN() Avg-£20,
(VEEN(x) ALE-£<0
and
(FV2) N(x) = (A,(x)N(x))* and N(x):= (A, (x)N(x))".

We have three sets of boundary conditions for the Friedrichs system, and we are going to define
three more as their counterparts in the abstract setting below. In order to simplify the notation,
when referring to e.g. (FM1)—(FM2) we shall simply write only (FM) in the sequel. However, in
order to keep a clear distinction from other conditions, like (F1)—(F2), such abbreviations will be
reserved only for various forms of boundary conditions. It can be shown [11, 31] that classical

conditions (FM), (FV) and (FX) are mutually equivalent, with N(x) = ker (A,,(x) — M(x))
We can see that, in contrast to the real case, all spaces involved are subsets of C” (and not
of R"), and in (FM1) we require that only the hermitian part (or equivalently the real part) of

M(x) is nonnegative. We shall see that the same correspondence between real and complex cases
is carried over to the abstract theory.

Remark 1. One might bypass the use of complex spaces by separating the system into its
real and complex part. Indeed, instead of Lu = Zi:l Ok(Aku) + Du one can consider

d
Ch = Z@k(Akﬂ) + Dii
k=1

where
A ._ |ReAr —ImA; . [ReD —ImD
F =1 lmA; ReA; |’ "~ |ImD ReD

Hence, Aj, € W (Q; My, (R)), k € 1..d, and D € L°°(Q; My, (R)).

It is straightforward to verify that u satisfies Lu = f if and only if 0 := [Reu Imu
solution of £i = f, where f := [Ref Imf]T.

This allows for application of the real theory of Friedrichs systems on L. However, since

T is a

d d
D+ D"+ 0cAk > 20l <= D+DT+) Ay > 2L,
k=1 =1

we have that £ is a complex Friedrichs operator (i.e. satisfies (F1)~(F2)) if and only if £ is a
real Friedrichs operator. Moreover, the description of boundary conditions is also equivalent. For
example, if N(x) satisfies (FV), then N(x) := {[¢ n]" : £ +in € N(x)} satisfies (FV) for real
spaces, and vice versa.

Nevertheless, some insight into the structure of a complex system might be lost by this

approach. .

2. Abstract setting in complex spaces

Abstract complex Hilbert space formalism

The abstract Hilbert space formalism for Friedrichs systems was developed in [27], and the
definition for real spaces was addressed. In order to make the application of the abstract Friedrichs
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systems to partial differential equations with complex coefficients (e.g. the Dirac system) more
transparent, here we present a detailed description of the theory for complex spaces. While
recalling the known abstract real Hilbert space formalism we shall emphasise the places where
it differs form the complex theory, which in many cases will be just the corresponding complex
conjugation. Therefore, we shall present the proofs only where there will be some subtle or
important difference to the corresponding proof in the real case.

By L we denote a complex Hilbert space, identified with its antidual (the space of antilinear
functionals on L) L', and by (- | - ), the corresponding complex scalar product which we take to
be linear in the first and antilinear in the second argument. Let D C L be its dense subspace,
and T, T : D — L (unbounded) linear operators satisfying

(T1) Ve, €D) (To|v)p={p|TY)L

(T2) Fe>0)(VeeD) (T+Delr <cloll.

Both properties (T1) and (T2) are the same as in the real case, although we need to be aware
that in (T1) we have a complex scalar product.

By Wy we denote the completion of the unitary space (D, (- | -)r), with the graph inner
product (- | <)y = (- | -)p +(T- | T-)r (the corresponding norm || - || is usually called the
graph norm, which is equivalent to || - |7 due to (T2)), hence we can extend both 7' and T [27,
2], first by density to Wy, and then via adjoint operators, having in mind the Gel’fand triple
Wy — L=L — W{, to T,T € L(L; W(). Therefore, for any u € L and ¢ € W, we have

wi(Tu, 0wy = (u | T and (T, )w, = (u | Te)L

and (T1)—(T2) holds for ¢,7 € Wy. In particular, since the proof of [27, Lemma 2.2] fits in the
complex setting, we have T+T € £(L; L) and (T+T)* = T+T, while (T2) holds even for ¢ € L.
By
W:={ueL:TuecL}y={ueclL:TuelL}

we denote the graph space which, equipped with the graph norm, is a complex Hilbert space (see
the proof of [27, Lemma 2.1]).

As it is well known from the real theory, and it will be elaborated in the complex case below,
the crucial problem is to find sufficient conditions on a subspace V' C W, such that the operator
T P V — L is an isomorphism. In the case of a partial differential operator, the subspace V
contains information on boundary conditions.

In order to find such sufficient conditions, we first introduce a boundary operator D €&
L(W;W') defined by

wi Du, vy = (Tu|v)y — (u| Tv)p, u,v e W,
and with proper placement of complex conjugation in the proof of [27, Lemma 2.3 and 2.4] we

get the following generalisation.

Lemma 1. Under assumptions (T1)—(T2), the operator D satisfies
(Vu,v S W) W’< DU,U>W = W’( D’U,U>W,

ker D = Wy and imD = W{,

where © stands for the annihilator. In particular, im D = D(W) is closed in W'. .

Remark 2. An immediate consequence of Lemma 1 and the discussion above is that for any
u € L and v € W we have that both ((T + T)u | u)z, and y+«(Dv, v)w are real numbers. In

addition, from Im ((T +T)v | v)r =0 we have Im (Tv | v)y = Im (v | Tv)y. .
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We are now ready to describe the subspace V: let V' and V be two subspaces of W satisfying
VueV) w Du,u)w =0,
(Vo eV) wr{ Dv,v)w <0,
(V2) V=DV)", V=DV,

(V1)

where (as before) © stands for the annihilator. We shall refer to both (V1) and (V2) as (V). Since

the annihilator is a closed subspace of W, we have that V' and V' are closed. Moreover, by Lemma
1 and (V2) we have that ker D =Wy CV NV.

Remark 3. For a closed subspace V in W such that Wy C V we have V = D(D(V)?)°. Indeed,
one can prove this by the same arguments as in the proof of [2, Theorem 2(b)]. Let us just remark
that this statement in terms of indefinite inner product used in [2] reads V = VI,

Therefore if we choose V' to be a closed subspace of W containing Wy, then (V2) is satisfied

if and only if V = D(V)°.

In order to get the well-posedness result one additional assumption that ensures the coercivity
of T and T is needed:

(T3) Juo>0)(Ve eD) (T+T)e| @) > 2ullell} -

It is easy to see that the above inequality extends to ¢ € L. The operator 7', satisfying (T1)-(T3)
for some T', we shall call the abstract Friedrichs operator. The proof of the well-posedness result
uses the following lemma.

Lemma 2. Under assumptions (T1)~(T3) and (V1), the operators T and T are L—coercive on
V and V', respectively. Moreover, we have:

(VueV)  Re(Tulu)r > polull},
(VoeV)  Re(Tv|v) > pollvl}-

Dem. For u € V we have
(Tu|u)y = %((T—I—T)u )z, + %W«Du,mw +ilm (u | Tu)p
so by Remark 2 it follows that
Re (T | ) = 3 (T + Thu | u)r + gl Du, iy
Analogously, for u € V we have
Re (T | ) = 5 ( (T + Thu | u) — gl Do,y

Therefore, the above estimates follow by taking into account (T3) and (V1).
The L—coercivity property now follows from simple inequalities |(Tu | w)r| > Re (Tu | u)r
and [(Tu | u)p| > Re(Tu|u)r.
Q.E.D.

Let us take u € V. By Lemma 2 we have
ITullzllulle = K Tu | u)Ll > pollul? .

-1
which gives us that ol TullL 2 [lullL, and therefore ||Tull, > (1 + i) ||u|lw. This, together

with the complex version of Banach-Necas-Babuska theorem (see Theorem 2 below), enables us
to repeat the steps in the proof of [27, Theorem 3.1] and get the well-posedness result.
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Theorem 1. If (T1)-(T3) and (V) hold, then the restrictions of operators T’V :V — L and
T = V — L are isomorphisms, where V' and V are equipped with the graph norm. .
v
In the literature it is more common to find the Banach-Necas-Babuska theorem on real spaces
[23, Theorem 2.6], but the proof in the complex case goes along the same lines, so we skip it.

Theorem 2. (Banach-Necas-Babuska) For two (complex) Banach spaces V and L the
following statements are equivalent:

i) T € L(V; L) is bijective.

ii) One has

v, T
Fa>0)(YuelV) sup v Tu)r]

>
oo ol 2 el

and
(Yue L) ((vueV) L/<v,Tu>L:0) — 0=0.

Theorem 1 gives sufficient conditions on subspaces V' and V that ensure well-posedness of

the following problems:

1) for given f € L find uw € V such that Tu = f;

2) for given f € L find v € V such that Tv = f.
Its importance arises from the relative simplicity of geometric conditions (V) which, in the case
when T is a partial differential operator, do not involve the notion of traces (and all the intricacies
this brings into the analysis) for functions in the graph space of T. However, for numerical
computations it is more appropriate to write the problem above in terms of a suitable bilinear
form [24, Theorem 2.8]. The existence (and a classification) of such pairs of subspaces (V,V)
satisfying conditions (V) is studied in [7].

Although the abstract theory for Friedrichs systems is developed in arbitrary Hilbert spaces,
in all its applications to partial differential equations that we are aware of in the literature, we
have L = L?. Here we shall present some examples with a different situation: the first example
deals with the case L = H?, while for the second one we take L to be a particular closed subspace
of L2. To the best of our knowledge, these examples are not known even in the context of real
Friedrichs systems, and both cases shall be used in the next section, where we shall apply the
theory presented above to particular examples of interest in mathematical physics.

Example 1. (Classical complex Friedrichs operator on H® spaces) For s € R we
consider

HY(RY C7) = {u e S'(R%: Q) - (€)% € L2(RY cr)} ,

where &'(R%; C") is the space of (C" valued) tempered distributions, (¢) := /1 + [27€|2, and
(&) = [gae ?™€*u(x)dx denotes the Fourier transform. Equipped with the inner product
(ulv)usma,cry = ({&)°0 | (§)V)12ma.cr), H*(R%; C") becomes a (complex) Hilbert space with
C®(R% C") as a dense subspace [38, Chapter 15].

Let L = H*(R% C"), for s € R, and D = C(R% C"). Furthermore, assume that constant
matrices D, Ay, k € 1..d, satisfy (F1) and (F2), i.e. all matrices Aj, are hermitian, while D 4+ D*
is a positive definite matrix.

We shall show that operators £,£ : L — D' given by Lu = >.¢_, 8x(Au) + Du and
Lu:=— Zgzl Ok(Agu) + D*u, where 9 represents the distributional derivative, are indeed the
(extensions of) abstract Friedrichs operators.

To this end we define operators 7,7 : D —» L given by the same expressions as £ and L,
but with the distributional derivatives replaced by the classical derivatives. The first step is to
check that these operators satisfy (T1)—(T3).
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For u,v € D, by the properties of the Fourier transform, we obtain

(Tu |V acny—(u | TV )ps@acr) = / ()% Tu-vdg— [ (&> ﬁdﬁ
R4 Rd
d d
= / <£>2s ((QWZkaAkCI + Dﬂ) v —10- (—Qﬂ'i kaAk\A/ + D*\7>> d€
R k=1 k=1

d d
2s . PN . PN A PN
2mi > & AR -0 — 270y A6 9+ Di-9—Di-v | d
/Rd<£> <7” kALl -V e ARG -Vv+Dia-v 1] v) ¢
k=1 k=1
0,

which proves (T1). Moreover, for every u € D we have (here |D| denotes the Frobenius norm of
matrix D)

1T+ T)UHHS(Rd;CT) = [|(D + D*)ul[gsracry < 1D+ D|||ullgs (ra;cr) -

hence (T2) is valid. Finally, for every u € D, by (F2) we get

(T4 Dy | wheescn = [ (©(D+Da-adg

Rd

g / (€)**2p100 - 0 d€ = 2p10]|u]| e (ra,cr)
R

which proves (T3). Therefore, we can extend operators 7" and T to H* (R%; C"), while it still
remains to be checked whether these extensions coincide with (classical) operators £ and L.
Since D is dense and continuously embedded in W, we have that W{ is continuously embedded
in D' = D'(R% C"), implying that T,T € L£(L;D'). Finally, these operators coincide with £, £
since they coincide on a dense subset D = C°(R? C"), as the classical derivative of a smooth
function is equal to its distributional derivative.

The graph space in this case is given by

W= {u e H*(R% C") : Tu € H¥ (R C’“)} ,

and since the above calculation for verifying (T1) on D is also valid for any u,v € W, we
can conclude that the boundary operator D is trivial, hence ker D = W = Wy,. Thus, for
V =V = W the condition (V) is trivially satisfied. Moreover, a trivial boundary operator
implies that D = C°(R%; C") is dense in the graph space W, which is a well-known fact in the

case s = 0. .

Example 2. (Classical complex Friedrichs operator on a closed subspace of L.?) For
Q C R? open and bounded, let us denote by D a closed subspace of C2°(£2; C"), while its closure
in the L? norm by L. Thus, equipped with the L? scalar product, L is a complex Hilbert space.
One can think of D to be C2%;,—o(€:C") := {p € CZ(;C") : divp = 0}, while for L we then
get L?hv:o,o(Q; C"), which can be characterised as the space of square integrable functions whose
divergence and normal trace are equal to zero. Note that the trace is well defined for 2 with a
Lipschitz boundary.
Moreover, for u € D we define

d
Tu:=Pj, (Z Ok(Aku) + Du) ,
k=1

d d
Tu ::PL(— ; Or(Aju) + (D* + ; 6kA};)u> ,
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where Pp, : L2(Q; C") — L is the orthogonal projection on L, while d) stands for the classical
derivative, D € L®°(Q;M,(C)) and Ay € WH(Q;M,(C)), k € 1.d, are hermitian matrix
functions (i.e. they satisfy (F1)). Hence T,7 : D — L are (in general) unbounded linear
operators, if we use the norm of L on D. Since the scalar product on L coincides with the L?
scalar product, it is straightforward to verify that the above assumptions imply that T and T
satisfy (T1)—(T2). Indeed, for u,v € D C L we have

(Tulv)L= <PL(§: Or(Axu) + Du> | V>L2(Q-CT)
k=1 ’
- < 1

d d
= (= Do)+ (0 o) = (01T,

k=1

Ok (Agu) +Du | v

M=

>L2(Q;CT)

i

while
d

I+ Tl < [[(D+ D"+ Awy
k=1
where C' depends on the L® norms of D and 0pAy.

Therefore, we can extend T and T to elements in L(L; W{) by the procedure presented at
the beginning of this section. Next we characterise these extensions.

First, let us remark that the restriction operator R taking a distribution (i.e. an element in
D'(2;C")) and reducing it to a functional on D, is continuous from D’(Q; C") to D', but it is
not injective since D is not dense in D’'(Q; C"). For example, on L2(2; C"), R coincides with the
orthogonal projection Pr, to L, since L is embedded in D’. By using this restriction R we define
operators £, L : L —s D' by

L2(;C") < Ollufleeicry = Cllullz.

Lu:= (Z@k Aju) +Du>

k=1
d
Lu ::R(— ; Ok(ALu) + (D* + ; 8kA,’g)u> ,

where 8y, is now the distributional derivative. Since R is continuous, we have that £ and £ are
continuous as well. Let us show that extensions of T' and T coincide with £ and L.

As D is continuously and densely embedded in Wy, we have that W is continuously embedded
in D/, implying that T,T € L(L;D’). As derivatives of smooth functions are equal to their
distributional derivatives and R coincides with P, on L?(€; C"), we have that operators T, T
coincide with £, £ on the dense subspace D, thus by the continuity on the whole L as well.

The corresponding graph space is given by

W= {u cL: R(zd:ak(Aku) +Du) € L}.
k=1

If in addition we have that D and Ay, k € 1..d, satisfy (F2), then the condition (T3) follows
directly. Indeed, for u € D we have

(T +T)u|u)z :<PL<(D +D* 4 zd:é?kAk)u) lu >L
k=1

:< (D+D*+i8kAk)u \ u>

k=1

2 _ 2
L2(0;C7) 2 2p0|ulltz @,cry = 200]lullz
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where in the second equality we have used that u € D C L. Therefore, with a suitable choice of
subspaces V and V, by Theorem 1 we get that T’V :V — L and T, = V' — L (or equivalently
14

£|V :V — L and £~’~ .V — L) are isomorphisms.
%4

Before concluding this discussion, let us mention another equivalent way of defining operators
L and £. On D’ we can define derivatives by transposition, analogously to the definition of usual
distributional derivatives on D'(€2; C"). Namely, for S € D' and ¢ € D we define 0;S by

(0;S,90) = —(5,0;9),

which is well defined since 0j¢ € D by the closedness of D in C°(€2; C") (as the derivative is a
continuous operator in the topology of C°(Q2;C")). Hence, 9;5 is a well defined object in D'

The immediate consequence is that for S € D'(Q; C") we have R(9;S) = 9;(RS), where 9; is the
usual distributional derivative. Therefore, we have

d d
Lu=>"d, (R(Aku)> +R(MDu) = Y 9, Pr(Agu) + PL(Du),
k=1 k=1

and similarly for £.

Two-field theory

Unfortunately, for some systems of partial differential equations describing problems in math-
ematical physics the condition (T3) is violated (e.g. for the time-harmonic Maxwell system pre-
sented by the end of the paper). However, if T' and T are of the special two-field structure [25,
26], we can weaken (T3), while still preserving the result of Theorem 1 [26, Theorem 3.1]. This
special structure assumes that r equations partially decouple into the first r1, where the second
set of ro unknowns enters with constant coefficients in front of the derivatives, and the remaining
ro equations, where the first 1 unknowns enter in the same way, as we shall made precise below.
Here we present the description of such systems and give the generalisation of [26, Theorem 3.1]
to the complex setting, as well as to the case where L is a (suitable) subspace of L2

Let d and » = 11 + r9 be in N and let Q C R® be an open and bounded set with Lipschitz
boundary. Let D; be a closed subspace of C2°(§2; C™) (in its standard topology of strict inductive
limit) and Dy := C°(Q; C"2), let Ly = L2(2; C™) and let L; be the closure of Dy in L2(Q; C™).
Therefore, L := L; x Lo is a closed subspace of L?(Q;C™) x L2(Q;C"™) = L2(Q;C"), and
D := Dy x Dy is its dense subset.

Let D € L°(;M,.(C)) and Ay € WH*°(Q; M,.(C)), k € 1..d, be of the form

Dll 0 A11 A12

where we have used that for r x r matrix M, MY is its r; x r; submatrix, 7, j € 1..2. Moreover,
let these matrices in addition satisfy

(F1) A} is hermitian: A?' = (A}?)* and A}l = (A}H)*,
d 0 0
F2A Juo>0) D+D*+ OpAr = 2u0 a.e. on (1),
0 I
k=1 "2
F2B A2 (and thus A2?! as well) are constant matrices on €.
k k
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Let us now consider differential operators T, T : D —» L given by

Tu :=Pp, <Zd: Ok(Agu) + Du) =
=1

Pr, (S0, O(AR ! + Af2u?) 4+ DUt
ZZ:I A%lakul + ]322U2

d
Tu -:PL( kz L(ALu) + (D* + ZakAz)u)

[P (- oAl + A + <<D”>*+zz’_16kAil>u1)]
~ i AP O + (D)

where u = [u' u?]" and P = [Pr, Pr,] denotes the orthogonal projection on the space L, with
Pr, being the orthogonal projection on the space L; in L2(Q;C™), while Py, is the identity
operator on L2(€;C"?). In Example 2 we have shown that these operators extend to operators

(denoted by the same symbol) T, T : L —s D' = D} x D}, given by

Tu := (i@k Aju) +Du> =

=1

d d
Tu:= ( 3 On(Afu) + *+kzlakA;)u)

k=1
_[Ra(- S oAl + A2+ (DM + S acAL)
_Zgzl Ailakul + (D22)*u2

Ri (ZZ:1 Ok(Attu! + AJ2u?) + Dllul)
S A2t 4+ D222 ’

where 0y, denotes the distributional derivative and Ry : D'(Q;C™) — D] is the restriction
operator, as above.

Similarly as it has already been shown in Example 2, by (F2A) we get that for any u € L we
have

((T+T)u|u)r > 2u0llu?(3,,

which is a weaker condition than (T3). However, this is still sufficient to obtain La-coercivity of

both T" and T on suitable subspaces. In particular, let V and 1% satisfy (V), then for u € V' we
have

Re (T | u)e = 2 ((T+Thu [ u) + s Du,w)w > ol
while for u € V we get
Re (T | u)e = S (T + Thu | u)r — sl Du,w)w > pollo?3,
However, in order to control the norm of the first component we need one more condition. First,

let V and V be two subspaces satisfying (V). Then we assume that there exists a constant C' > 0
such that

(T34) (VueV) |lu'z, < C(VRe(Tulu)p + A u']L,),
(VueV) [u'lle, < C(yRe(Tulu)p + 4% |L,),
where A%l .= Zzzl A219;.. The above inequalities are nontrivial since for u € V we have
1A% L, = [(Tu)? = D*u?|| L, < || Tull + Cul|u?|z, < o0,
where C := ”D22||LOO(Q;MT2(C)), and similarly for u € V.
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Applying the above inequality to (T3A), for u € V we get

1
Glut e, <VITullefule + 1 Tulle + Crllu?|l.,

C 1

<5||Tu||L+*uu||L+uTuuL+01||u2||L2

<(14 ) ITulle + (Ot o )P, + sl s,
2C 20 !

where in the second line we have used the Young inequality. Hence,

e, <20(1+ S )ITull +20(C+ 50 ) s

<Cs(ITully + 6?2,

with C3 := 2Cmax{l + 5 ¢+ 20} It is easy to see that the above estimate remains valid on

1% (with the same constant Cs3) if we replace T by T.

It remains to be seen that the above assertion implies that T is L-coercive on V', while T is
L-coercive on V. Since the inequalities involved are the same for both T and T, we shall present
this final computation only for T'. Hence, for u € V we have

pollu?[|Z, <Re(Tu|u)r
<[ TullL(lutllz, + [lu?]lz,)
<(1+ Cs)l|Tul llv?] , + Csl|TulE

) (1+Cy)?
B, + (2

3+ Cs)ITull

where in the last line we have again applied the Young inequality. Thus, |[u?| 1, < C4||Tul|; with
Cy = % + % Therefore,
lullz < llutflz, + lu?llz, < 1+ Cs)llu?|lz, + Csl|TullL < (1+ C3)Ca + C3)|[ Tyl

and finally
1

(14+C3)Ci+C5+1

1 Tullz > lullv-

After obtaining the above estimate we have got all the ingredients needed to repeat the steps
of the proof of [27, Theorem 3.1}, i.e. to fulfill both conditions of Theorem 2(ii). Therefore, we
just state the conclusion.

Theorem 3. Let Q@ C R be an open and bounded set with Lipschitz boundary, and let
D € L>®°(;M,.(C)) and A}, € WH*(Q; M,.(C)), k € 1..d, satisfy (F0), (F1), (F2A), (F2B). For
D = D x Dy, where Dy := C°(2; C™) and D; is a closed subspace in C°(§2; C™) (r =r1 +132),
and L := Cly2(q.crD we define T,T : L — D' by

d d d
Tu :’R(Z@k(Aku)—i—Du) and  Tu :R<—Z€9k( Ru) + (D*+Z@kA}Z)u) .
k=1 k=1 =

Let V and V satisfy (V). If in addition (T3A) is fulfilled, then operators T’V : V. — L and

T|~ :V — L are isomorphisms. .
v
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Different representations of boundary conditions

Let us assume that operators 7' and T satisfy (T1)-(T3), as above. We have already seen
how to assign boundary conditions via conditions (V) which are the abstract counterparts of
conditions (FV). Next we shall present the other two options, being appropriate analogues of
(FX) and (FM).

A subspace V of graph space W is called maximal nonnegative if

(Xl) (V’U,EV) W/<Du,u)w >0
and
(X2) there is no subspace which is larger than V' and satisfies (X1).

These conditions can be expressed using an indefinite scalar product which then can be fitted
in the theory of Krein spaces that proved to be the right tool for establishing the equivalence
between (V) and (X) in the real case [2]. Since the theory of Krein spaces is also valid in complex
spaces, the proof of [2, Theorem 2| completely fits into that framework as well. Therefore, the
equivalence of (V) and (X), i.e. the statement of [2, Theorem 2] is valid also in the complex
setting.

The conditions corresponding to (FM) read: let M € L(W;W') be an operator satisfying

(Ml) (Vu S W) W’< (M + M*)u,u}w >0
and
(M2) W =ker(D — M) + ker(D + M),

where for any u,v € W we have y«( M*u,v)w = wi{ Mv,u)w. It is straightforward to see that
in (M1) we could have equivalently considered Re yy( Mu,u)w > 0 or even Re yy( M*u, u )w > 0.
Similarly, as in the classical theory, the only explicit difference in comparison to the real
case is the condition (M1), while the remaining differences are incorporated via corresponding
complex spaces and antilinear functionals.
The difference in condition (M1) resulted in some changes in the part of the proof of [27,
Lemma 4.1] which, for the sake of completeness, we present here.

Lemma 3. If M satisfies (M), then
ker D =ker M =ker M*, and
imD=imM =imM"*.

Dem. Let us prove only ker M = ker M*, while the rest of the proof goes along the same lines
as in [27, Lemma 4.1].
Take u € ker M; then for every v € W and A € R we have

0 < wi{(M+ M )(v+ Mu),v+ Au)w = wl{ (M + M*)v,v)w + 2ARe y( M u, v ),

which implies Re y/( M*u,v )y = 0. Indeed, if this were not the case, we could choose A such
that the inequality above is disrupted. Similarly, from

0 < wi( (M~ M) (v+ilu),v+ i u)yw = w( (M + M )v,v)w — 2Xmyp{ M u,v)w

we get Im y( M*u,v )y = 0, and therefore y( M*u,v )y = 0. From the arbitrariness of v € W
we finally have u € ker M*, hence ker M C ker M*.
The opposite inclusion can be established in the same manner.
Q.E.D.
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Since ker M = ker D = W), it is a common practice to call M the boundary operator as
well. Moreover, by the last lemma and standard arguments of operator theory, we can show that,
under (M1), the condition (M2) is equivalent to the one where M is replaced by M* (see [27,
Lemma 4.2]). Therefore, M and M* play symmetric roles.

If (M) is satisfied, then, as in the real case [27, Theorem 4.2], one can prove the existence of
V and V satisfying (V).

Lemma 4. Let (T1)—(T3) hold and let M € L(W;W') satisfies (M). Then the subspaces
Vi=ker(D—M) and V :=ker(D+ M*)

satisty (V).

Dem. For an arbitrary v € V we have
W/(DU,U>W = ReW/<Dv,v>W = ReW/(Mv,v>W > O,

and analogously for V, which implies (V1).
The proof of (V2) is the same as the proof in [27, Theorem 4.2].
Q.E.D.

In the (standard) real setting, the opposite implication happens to be more tedious, since most
of the proofs are based on the explicit construction of an operator M satisfying (M), which appears
to be difficult without any additional condition. One approach is presented in [27, Theorem 4.3],
and the other one in [2, Theorem 8]. Since the statements of both theorems are quite technical and
involve certain projectors, while the proof of both statements naturally extends to the complex
setting, we shall omit them here. The final conclusion is that the statements of Theorem 4.3,
Lemma 4.4 and Corollary 4.1 in [27] are valid also in the complex setting, as well as [2, Theorem
8], with the remark that all scalar and dual products in the statements should be consider to be
linear in the first and antilinear in the second argument.

Nevertheless, the equivalence between (M) and (V) has been shown in [2, Corollary 3|, where
the conclusion followed by the application of some abstract results from the theory of Krein
spaces. As we have already mentioned, the theory of Krein spaces is developed for complex
spaces as well, thus the result of [2, Corollary 3] follows in the same manner also in the complex
setting, providing that in the complex case the equivalence between (V) and (M) is preserved.
However, this is an abstract result, thus the explicit formula for M is known only in the situations
mentioned in the previous paragraph.

Non-stationary complex Friedrichs systems

In [13] non-stationary theory for Friedrichs systems was developed via semigroup theory.
Since the semigroup theory can be applied on arbitrary complex Hilbert spaces, the results from
[13] naturally extend to the complex space. More precisely, let us consider the abstract Cauchy
problem:

®) { u'(t) + Tu(t) = f

u(0) =ug ’

where u : [0,7) — L, for 7 > 0, is the unknown function, while the right-hand side f : (0,7) — L
(or f:(0,7) x L — L in the semi-linear case), the initial data ug € L and the abstract operator
T, not depending on the time variable ¢, are given.

In the context of this non-stationary theory, we can slightly relax the definition of the abstract
Friedrichs operator. Namely, if 7" satisfies (T1)—(T2) and a weaker positivity assumption

(T3) (VeeD) ((T+T)ple)r=0,
we still call T' the abstract Friedrichs operator.
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Remark 4. If the condition (T3') is disrupted, but ( (T +T)¢ | ¢ )1, is still uniformly bounded
from below, by substituting v := e~*u, for some suitable A > 0, we can get that T+ I (where I is
the identity operator) satisfies (T3) (and then also (T3")) as presented in [13]. Therefore, without

loss of generality, in all examples we shall assume that a weaker condition (T3') is satisfied. .

Similarly as in [13, Theorem 2|, we can show that —T7 is the infinitesimal generator of a
contraction Cy-semigroup on L, where 1" is an abstract Friedrichs operator in the above sense,
which implies the solvability of (P). We summarise the existence and uniqueness results in the
following theorem [17, 34].

Theorem 4. Let T be an operator that satisfies (T1)—(T2) and (T3'), and V' a subspace of its
graph space satistying (V).
a) If f € LY((0,7); L), then for every ug € L the problem (P) has the unique mild solution
u € C([0,7]; L) given by

u(t):S(t)uo—i—/OtS(t—s)f(s)ds, telo,7],

where (S(t))i>0 Is a contraction Cy-semigroup generated by _T’V'

b) If additionally ug € V and f € WH1((0,7); L)U (C([O, 7]; L)NLY((0, 7); V)), with V' equipped
by the graph norm, then the above weak solution is the classical solution of (P) on [0, 7).

c) Iff : [0,7] x L — L is continuous and locally Lipschitz in the last variable, with Lipschitz
constant not depending on the first variable, then for every ug € L there exists Tpmqz, Such

that the semi-linear problem (P) has unique mild solution u € C([0, Tyaz]; L). .

Remark 5. Under an additional assumption on f (see eg. [34, Ch. 6] for more details) we shall
have existence and uniqueness of strong or even classical solution of the semi-linear problem. For

some estimates on time 7,4, of existence of solution see [12]. .

3. Applications of complex Friedrichs systems

Dirac system

Let us consider a system of equations
(DS) ay 0 + 7' 019 + ¥200tp + 7 031p + Byp =,

where 1) : [0,7) x R? — C* is the unknown function, while the right hand side f : (0, 7) — C*
bl 0 : 53

0 bQI],WIthbl,bz.R —

C and I denotes 2 x 2 unit matrix, are given. Moreover, v° and v%, k € 1..3, are constant 4 x 4

matrices of the form:
o [T 0 v [ 0 oF
Y= 0 —-I|° v= _o.k 0 )

are Pauli matrices:

y o1 2 [0 —i s [1 0
gl HE R H B Y

Remark 6. Iff=0,b61 =by = me and a = %, where h represents the Planck constant divided

(or f : (0,7) x C* — C* in the semi-linear case), a > 0 and B = [

where o*

by 27 and c is the speed of light, then @ = (¢, x) is the wave function for electron of the rest

mass m, while system (DS) is then the well known (linear) free Dirac equation [28]. .
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The system above can be written in the form

o +Tp=F,

3 3
1 1
where F = 14f, while T4 = Y~ ~4°7*0pp + =7"Bep = >~ Ayt + Dep with
k=1 a a k=1
1[0 ok
Ag = a {ak 0

1
] and D= -~"B.
a

Operator T fits in our framework of complex non-stationary Friedrichs systems. Indeed, the
condition (F1) is trivially satisfied, while the positivity condition (F2), if not valid, can be obtained
by the substitution v = e~ 1), as remarked above (see Remark 4).

By Example 1, we can take L to be H*(R?; C*) for some s € R, and D = C(R3; C*), while
the graph space is given by

3
W= {u € HY(R3; CY) . ;Akﬁku € H¥(R?; 04)}.

Furthermore, again relying on the mentioned example, the boundary operator D is trivial,
hence for V.=V = W we have that (V) is satisfied, fulfilling all assumptions of Theorem 4.
Therefore, we get the result of existence and uniqueness of the solution to (DS). For example, in
the case of a linear equation and classical solutions, we have the following result.

Theorem 5. Fors € R, let f € WHL((0, 7); H*(R?; C4))U<C([O, 7]; HS(R3; C*))NLL((0, 7); W))
and 9o € W, where W is given as above. Then the abstract initial-value problem

ay'P' + 4101 + 7 00tp + 73 031p + Bep = f
P(0) = g

has the unique classical solution 1 € C((0,7); H*(R3;C%)) n C([0, 7]; H*(R?; C*)) such that
P(t)e W for0<t<r.

Remark 7. In the case of the free Dirac equation we have f = 0, and thus one only needs to

ensure ¥y € W for the existence and uniqueness of the classical solution. .

If we consider a semilinear equation, with a quadratic nonlinear term f(¢,1) = Q) - ¢ in
(DS), for some constant complex 4 x 4 matrix Q, by the following lemma and Theorem 4(c), for
s = 2 we can get the existence and uniqueness of the mild solution of the semilinear abstract
Cauchy problem (DS).

Lemma 5. For d < 3, quadratic form q(u) = Qu - u, where Q is any complex r X r matrix, is a
locally Lipschitz function from H?(R%; C") to H2(R%; C).

Dem. Since d < 3 the following two inequalities are valid:
(3C > 0)(Yu € HX (R4 CT))  ullpe < Oluflge
1 1
(3D > 0)(Vu € H*R%CT))  lullwrs < Dljullf<lull g2 »

where, as well as in the rest of the proof, for simplicity we omit to write down the domain and
codomain of corresponding spaces in the notation for norms. The first one is due to the Sobolev

embedding theorem and the second one arises from interpolation inequalities. All constants in
the proof below will be marked with the same letter C.
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For u,v € H>(R%; C") let us estimate the L? norm of Qu - v, its first and second derivatives.
With

T T
1Qu-vliz = || 3 au®|| , < 3 lasllelle vz < ClQUullu= vl < Cllullue v]e
ij=1 ij=1

we have provided the estimate for the function, while by

Jou(@Qu- b = 3 s (O +0557)

1.2
1,j=1
<101 Y (100 el + |04 12
ij=1
T
<IQ1 Y- (Il livlies + lulles vl )
ij=1

<Cl|ullp2 (vl ,

where k£ € 1..d, we have bounded its first derivatives. Similarly, for the second derivatives we
have

1919 (Qu - v)||;.2 = H 3" is (0o + () (97) + (D) (O47) + ' (A1) HL

ij=1

<IQIY" (IlulelVlios + 10k o 102 s + 1065 s + Nulose vlne )

ij=1
<C (Nl Ivlies + 2llullwns Ivilwns + Julliee Ve )
~ 1 1 1 1

<C (Ilulliz Ivlios + 2l 2w ull e IV e VI + ulloe IVl )

<Clull[vlne
where k,[ € 1..d. Finally, for u,v € H>(R%; C") we get

1Qu -V < Cllulse vl

By the previous estimate the boundedness of ¢ is immediate, so it remains to prove the local
Lipschitz property. Using the above estimate again, we get

[Qu-u— Qv il </IQu- (u =)l + Q=) V]
<C(Ilullzlu = vl + lu = vilgellvline )
<C (Jullge + V=) llu = Vil

which concludes the proof.
Q.E.D.

Dirac-Klein-Gordon system

In this example we consider the coupled Dirac-Klein-Gordon system of equations [21]
—iv° 0 — i Oiap — iy Datp — Y D3ep + Map =g
0j¢ — Ap+m?o =5y

where unknown functions are ¢ = ¥(t,z) : R"*3 — C* and ¢ = ¢(t,z) : R — R,
M,m € R(J{ are given, while matrices v*, k € 0..3, are the same as in the previous example. As
one can see, the Dirac-Klein-Gordon system is a semilinear system of equations.
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Remark 8. In writing the Dirac-Klein-Gordon system as a Friedrichs system we are going to
write the Dirac part and the wave part of the system as Friedrichs systems separately, and then
use the block diagonal structure in order to get the required form. More precisely, it is easy to
see that if

Owur +Thup =1

and
atUQ + T2L|2 = fQ

are two Friedrichs systems, where T and T5 are classical Friedrichs operators, then

8tU+TU:f,

_ | 0 _
forT—[0 T2:|,U—

Friedrichs operator.

{El} and f = [:1] is also a Friedrichs system and T is a classical
2 2

The first set of equations in the above Dirac-Klein-Gordon system is the Dirac system and,
like in the preceding example, we can write it as a Friedrichs system

oy +Tip =fy,
L L 0 ok iMT 0
where Titp = > 0pArtp + Ditp, with Ay = ok o | @ beforeand Dy = [T 0

k=1
while f; = i¢y%p. The last equation in the Dirac-Klein-Gordon system is the wave equation, for
which we introduce the following substitution

U1 ¢
V= |02 | = 8t¢ )
V3 —V(;5

in order to get a non-stationary Friedrichs system

Ov +Tov = fa |
3
where Thov = Z O ALy + Dov with
k=1
00000 00000 00000
00100 00010 000 01
Aj=]/01 00 0|, A,=|0 0 0 0 0|, A3=1|0 0 0 0 0},
00000 010 00 00000
00000 00000 010 0 0
and
0 -1 0 0 0
m> 0 0 0 0
Do=|0 0 00 0],
0 0 000
0 0 000

while f; = [0 ¥*y% 0 0 O]T. Now, by using the block diagonal structure, we can write
the Dirac-Klein-Gordon system as an evolution Friedrichs system

Opu+Tu="1,
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where u = [¢ v]—r and the operator T' is a classical Friedrichs operator with Ay = [%’“ £ ] ,
k
keld D= I?)l I[)) and f = [f; fy]'. All matrices in the system are hermitian and
2

constant so condition (F1) is trivially satisfied. Condition (F2) can be obtained by substituting
v = e Mu, for A large enough, if needed. For L = H*(R?; C?), we have

W = {¢ e HX(R®; CY) : Tyep € HA(R, C4)} « HY(R?) x H3(R?) x HZ, (R®; C?) |

where H3, (R?;C3) = {u € H}(R3; C?) : divu € H?(R3; C)}. Function f is given by

LUSUL
iU5UQ
—iU5U3
—1U5U4
0
Jur|* + |uzl? — fus|* — |ual?
0
0
L 0 J

and it is a locally Lipshitz function on H2(R?; C?), by Lemma 5. Therefore, by Theorem 4(c) we
have the existence and uniqueness result.

Maxwell-Dirac system

Let us now consider a coupled Maxwell-Dirac system of equations [22]

. 3
~ 5= (0 7O+ 02 + 0+ mBY =Y Ay
k=0

(=02 + M)Ay =—~Fp -4y, kc0.3,

where 4% = I and %, k € 1..3 as before. The unknown functions are 9 : R'*2 — C* and

A=Ay A Ay A3]", whilem >0and 8= g _OI . We can use an analogous procedure
to the one in the previous example to get the evolution Friedrichs system
owu+Tu=F,
where we introduce vector functions
P 0
Vo Ay, Y -
u=|vy| , Vg= Op Ay, , fr= 0 , ke0.3,
Vo —V.Ak 0
V3 0
and
3 T
F= [ZAW% fo fi fo f3] .
k=0
. . . . D 0 - [2mim 0
Operator T is a classical Friedrichs operator with D = [ 0 0} € My (C),D = [ 0 —27rim]
and -
Ay 0 0 0 0
0 Ay 0 0 0
Ak = 0 0 Ak 70 0 s kel.3 s
0 0 0 Ay O
0 0 0 0 Ay
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with A and Ay as in the previous example. All matrices in the system are hermitian and
constant so (F1) is trivially satisfied, and (F2) can be obtained by substitution w = e=*u, for A
large enough. The spaces involved are

L = H*(R* C*)
and
W= {1/; € H2(R3) : A1911p + Agdarp + Asdyth € HQ(R3)} x [HA(R?) x H3(R?) x HZ,_(R)]*.

Moreover, boundary operator D is trivial, F is a Lipschitz function due to Lemma 5 and as a
consequence of Theorem 4(c) we have the existence and uniqueness result.

Time-harmonic Maxwell system

Let © C R3 be an open and convex bounded set. In [32, Section 1.3.3] (see also [18], and [18,
Section 5.2.5] for a simplified version) the stationary or the time-harmonic Maxwell equations on
Q) are given as the following system

—iwpH + rot E =f
(MS) o b
(—iwe + 0)E — rotH =f,
where p,e,w € R and 0 € Rt are constants. Functions fi,f : 2 — C3 are given and E,H :
Q) — C3 are the unknown functions.

Remark 9. The above system can be derived from the (standard) Maxwell equations by
assuming that all fields are periodic in time with the same frequency w. Then f; = 0 and
u,€,0 represent the magnetic susceptibility, the electric permeability and the conductivity of
the medium, while the applied current density, the magnetic and electric fields are given by the
inverse Fourier transform of fy,H and E.

Here we shall consider a slightly more general situation where the first equation is not nec-

essarily homogeneous. .

We want to write the above system as a (stationary) complex Friedrichs system.
Let us introduce u = [uy us] := [H E]T, and define

| —wpd 0 | 0 Bg
D := 0 (—iwe —I-O')I:| , Ay = |:B;— 0 , kel.d,

where By, are 3 x 3 constant matrices associated to the differential operator rot [27, 13]. If we
denote by e1, ez, e3 the standard basis in C?, and define twice the antisymmetric part of tensor
product of two vectors by A (i.e. uAv:=u®v —v®u), we have that B = ez Aey, By = ez Ae
and B = ey Aey.

For u € C°(9Q; C%) we define

3
Tu:= Z 8k(AkU) + Du,
k=1

so the system above reads Tu = f, with f = [f; fo] "
Since constant matrices Ay are hermitian (in fact, real and symmetric), the condition (F1)
is clearly satisfied, but the positivity assumption (F2) is not, as

« 10 0
D+ D" = [ 0 QUI] |
Therefore, we shall use the two-field theory introduced in the second section.
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Let us check the assumptions of Theorem 3. The conditions (F0), (F1), (F2A) and (F2B)
are trivially satisfied. In order to analyse the remaining condition (T3A) we first need to fix the
function spaces, and then to identify the graph space W and the boundary operator D.

As it will be clear later, the space L2(Q; CY) is, unfortunately, not suitable, since for condition
(T3A) to be satisfied we need a higher regularity in the first component. Therefore, for the space
of test functions we take D = Dy x Dy := C‘C’f’divzo(Q; C3) x C°(Q; C3), where the space of smooth
compactly supported divergence free functions we denote by

Fio( CY) = {u € CX(2:C%) s divu =0},

and it is clearly a closed subspace of C2°(2; C3). If we denote by Lﬁiv:O’O(Q; C3) the closure of
Cottiv=o (£ C3) in the space L2(Q; C?), we have that L = Ly x Lo := Lﬁivzop(Q; C3) x L2(Q; C?)
is a closed subspace of L2(Q; C%), thus a complex Hilbert space when equipped with the standard
L? scalar product, with D as a dense subset. B

In this setting, by Example 2, we have that T,7T : L — D’ are given by

| Ri(—iwpuy + rotug) - | Ri(iwpuy — rotus)

Tu:= . and Tu:=|,.
(—iwe + o)ug — rotuy (iwe + o)ug + rotuy

where D' = D) xDj, is the antidual of D. Here R denotes the restriction operator from (standard)
distributions to D}, as it is explained in Example 2.

Let us now compute the graph space, i.e. find sufficient and necessary conditions on u € L to
have Tu € L. For the second component we have that (—iwe + o)us — rotu; € L, which implies
that rotu; € Ly = L2(Q; C3), therefore u; € L2, (£;C?) N L?jiv:o,o(Q% C3), where L2,(Q;C3) =
{v e L2(£;C3) : rotv € L2(92; C?)}. The first component gives R (—iwpuy + rotus) € Ly or in
other words —iwpuu; + Ri(rotug) € Ly, which is equivalent to Ry (rotuz) € Li. Thus the graph
space is given by

W = (L2442 C*) N L _00( C) x {v € L2 C%) i Ru(rotv) € L% CY) |
= W1 X W2 .

By [35, Lemma 3] we have Wi C H!(Q; C?), while for rotv € L2(£2; C?) we have Ry(rotv) =
Pp,(rotv) € Ly (see Example 2), thus L2 (€; C3) C Wa. The last inclusion appears to be strict,
but we do not study that question since it is irrelevant for the final conclusion in this example.

Moreover, the graph norm || - |7 is equivalent to
Jull? = lullZ g0 + lrot ur s g.cn) + (R (rot us) 22 g0

2 .(Q; CY). However, one should be aware that
in the case where wy = 0 (and hence [Jui[[r2(o;cs) is not present in the graph norm), in order
to reach the same conclusion, one has to use the fact that on Wi, by [35, Theorem 5], we have
uillrz(o;c3) < Cllrotuillr2(q;csy for some constant C' > 0.

Thus, the closure of D in the graph norm is equal to

which is weaker than the standard norm [1] on L2

WO = H(Qiiv:(),O(Q; Cg) X L?ot,O(Q; CS) )

where HﬁiV:O’O(Q; C3) = {v € H}(;C?) : divv = 0} and L?ot,O(Q; C3) is the space of functions
from L2, (Q; C3) whose tangential trace vanishes. Here we have used that on D the norm || - ||, is
equal to the norm of the space L2 (€2; C%), i.e. we can remove the restriction operator R;. This
is in accordance with the fact that rot L?ot,O(Q; C3) = L?iiv:O,O(Q; C3) (see [35]).

Although the second component of the graph space is a slightly unusual space, for checking

the condition (T3A) the first component is sufficient. Indeed, let V.,V C W satisfy (V). Then
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u € VUV implies u; € L2, (€; C?) ﬁthv:O,O(Q; C3), thus by the convexity of 2 and [35, Theorem

rot

5] there exists C' > 0 (independent of u;) such that

fuillz, = ”U1”L2(Q;c3) < Cfrot UIHLQ(Q;C3)7

which implies (T3A).
Therefore, for suitable V' and V' we can apply Theorem 3 to these operators T and T.
To this end, let us present one possible choice of V' and V. Namely, let

V=V =W x L o(2:C%),

which is clearly contained in the graph space. Let us show that V' (and then also ‘7) is closed in
W. The crucial fact is that on V' the norm || - ||, is equal to the norm of the space L2 (£2; C°), as
it has already been commented. The statement follows since Lfow(Q; C3) is closed in L2 (©; C?).

rot
For u,v € W7 x C(R3?; C?) we have

wA Du,v)w = (Tu|v)r — (u| TV>L

= (Trotuz, Tivi >H% + (Trotva, Trut )

TH2 H™2 H2
where Tpp1 : HY(Q; C3) — H%(F; C3) is the trace operator and Tro; : L2, (Q; C3) — H_%(I‘; C3)
is the tangential trace operator (see [1], [11]). Since CX(R3;C?) is dense in L2, (©2; C?) and
the topology of Wy x L2, (Q; C3) is stronger than the topology of the graph space W, we can
extend the above identity for D to Wy x L2, (€; C?). It is straightforward then to see that for
any u,v € V we have y{ Du,v )y = 0, implying that (V1) is satisfied, and that V' C D(V)".
Let us prove that D(V)? C D(D(V)?)%. Since D(V)? C W and V is closed in W, there exists
an orthogonal projection Py in W on V. Moreover, it is obvious that for any v € W the first

component of v — Pyv is equal to zero, implying that for any u,v € W we have
(T(u— Pyu) |v—Pyv)p = (u—Pyu|T(v—Pyv)), =0.
Hence, for u,v € D(V)?, by symmetry of D and by using Pyu, Pyv € V C D(V)?, we have

0=(T(u—Pyu)|v—Pyv)y — (u—Pyu|T(v—Pyv))L
=w/{D(u— Pyu),v— Pyv)w
=w( Du,v)w — w Du, Pyv)w — w(DPyu,v)w + w(DPyu, Pyv)w
=w{ Du,v)w,

resulting in D(V)? € D(D(V)?)°. Since V is closed in W and Wy C V by Remark 3 we have
that V = D(D(V)?)?, obtaining V = D(V)?, hence (V2) is satisfied.
Therefore, by Theorem 3, for any f; € L?iiv:o,o(Q5C3) and fy € L2(Q; C3) there exists a
unique pair of fields H € L2, (£2; C3) N Lgiv:O,O(Q; C3) and E € L?OmO(Q; C3) such that
Ri(—iwpH + rot E) =f;
{ (—iwe +0)E —rotH =fy

Moreover, as —twuH + rotE € L?iiv:oo(Q? C3), we can remove R1, obtaining that H and E are
indeed the unique solution of the starting system (MS).

Remark 10. The choice of space Lﬁiv:O,O(Q; C3) for the first component of our system may look
strange at first glance. However, if we have in mind the physical motivation for this example in
which f; = 0, than from the first equation we can easily conclude that H belongs to Lfﬁvzo (82 C?)

if E belongs to L?ot,O(Q; C3), which justifies this choice. .
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Remark 11. The above result can easily be generalised (with the same existence and uniqueness
result) for ¢,0 € L*°(£2; C) such that wime + Reo > o for some op > 0. These assumptions
encompass some cases which, to the best of our knowledge, are not treated in the classical
literature (see [32, pp. 188-192] for a typical setting for the time-harmonic Maxwell system).
However, relaxing assumptions on p is more challenging since it is desirable to have pu; € Ly,

which is violated for non-constant . .

4. Concluding remarks

We have shown that the already developed theory of abstract Friedrichs systems can be
adjusted to the complex Hilbert space setting, by proving a number of results, including a well-
posedness result for the stationary theory, for the non-stationary (semi-linear) theory and for the
two-field theory with partial coercivity in which the pivot space is some closed subspace of the
space of square integrable functions. We also proved equivalence of different representations of
boundary conditions and applied the derived results to a number of particular linear and semi-
linear equations with complex coefficients. We particularly emphasise situations in which the
pivot space is the space H® (Rd; C"), for real s, or some specific closed subspace of the space of
square integrable functions.

We hope that these extensions will broaden the applicability of the theory of Friedrichs
systems to various complex equations of mathematical physics, e.g. their numerical analysis by
some well developed numerical schemes for Friedrichs systems.

References

[1] NENAD ANTONIC, KRESIMIR BURAZIN: Graph spaces of first-order linear partial differential opera-
tors, Math. Commun. 14(1) (2009) 135-155.

[2] NENAD ANTONIC, KRESIMIR BURAZIN: Intrinsic boundary conditions for Friedrichs systems, Com-
mun. Partial Differ. Equ. 35 (2010) 1690-1715.

[3] NENAD ANTONIC, KRESIMIR BURAZIN: Boundary operator from matrix field formulation of boundary
conditions for Friedrichs systems, J. Differ. Equ. 250 (2011) 3630-3651.

[4] NENAD ANTONIC, KRESIMIR BURAZIN, MARKO VRDOLJAK: Second-order equations as Friedrichs
systems, Nonlinear Anal. RWA 15 (2014) 290-305.

[6) NENAD ANTONIC, KRESIMIR BURAZIN, MARKO VRDOLJAK: Connecting classical and abstract the-
ory of Friedrichs systems via trace operator, ISRN Mathematical Analysis Volume 2011, Article ID
469795, 14 pages, 2011, doi: 10.5402/2011/469795

[6] NENAD ANTONIC, KRESIMIR BURAZIN, MARKO VRDOLJAK: Heat equation as a Friedrichs system,
J. Math. Anal. Appl. 404 (2013) 537-553.

[7] NENAD ANTONIC, MARKO ERCEG, ALESSANDRO MICHELANGELI: Friedrichs systems in a Hilbert
space framework: solvability and multiplicity, to appear in J. Differ. Equ., 31 pages,
doi: 10.1016/j.jde.2017.08.051

[8] FERNANDO BETANCOURT, CHRISTIAN ROHDE: Finite-volumes schemes for Friedrichs systems with
involutions Appl. Math. Comput. 272 (2016) 420-439.

[9] TAN BUI-THANH, LESZEK DEMKOWICZ, OMAR GHATTAS: A unified discontinuous Petrov-Galerkin
method and its analysis for Friedrichs’ systems, SIAM J. Numer. Anal. 51 (2013) 1933-1958.

[10] TAN Bul-THANH: From Godunov to a unified hybridized discontinuous Galerkin framework for partial
differential equations, J. Comput. Phys. 295 (2015) 114-146.

[11] KRESIMIR BURAZIN: Contributions to the theory of Friedrichs’ and hyperbolic systems (in Croatian),
Ph.D. thesis, University of Zagreb, 2008, http://www.mathos.hr/~kburazin/papers/teza.pdf

[12] KRESIMIR BURAZIN, MARKO ERCEG: Estimates on the weak solution of abstract semilinear Cauchy
problems, Electron. J. Differ. Equ. 2014(194) (2014) 1-10.

[13] KRESIMIR BURAZIN, MARKO ERCEG: Non-Stationary abstract Friedrichs systems, Mediterr. J. Math.
13 (2016) 3777-3796.

[14] KRESIMIR BURAZIN, MARKO VRDOLJAK: Homogenisation theory for Friedrichs systems, Com-
mun. Pure Appl. Anal. 13(3) (2014) 1017-1044.

[15] ERIK BURMAN, ALEXANDRE ERN: A continuous finite element method with face penalty to approx-
imate Friedrichs’ systems, ESAIM Math. Model. Numer. Anal. 41(1) (2007) 55-76.

Nenad Antonié, KreSimir Burazin, Ivana Crnjac & Marko Erceg 22



Complex Friedrichs systems and applications

ErRIK BURMAN, ALEXANDRE ERN, MIGUEL A. FERNANDEZ: Explicit Runge-Kutta schemes and
finite elements with symmetric stabilization for first-order linear PDE systems, SIAM J. Nu-
mer. Anal. 48 (2010) 2019-2042.

THIERRY CAZENAVE, ALAIN HARAUX: An introduction to semilinear evolution equations, Oxford
University Press, 1998.

| MICHEL CESSENAT: Mathematical methods in electromagnetism, World Scientific, 1996.
| BRUNO DESPRES, FREDERIC LAGOUTIERE, NICOLAS SEGUIN: Weak solutions to Friedrichs systems

with convex constraints, Nonlinearity 24 (2011) 3055-3081.

DANIELE ANTONIO DI PIETRO, ALEXANDRE ERN: Mathematical aspects of discontinuous Galerkin
methods, Springer, 2012.

P1ERO D’ ANCONA, DAMIANO FOSCHI, SIGMUND SELBERG: Null structure and almost optimal local
regularity for the Dirac-Klein-Gordon system, J. Eur. Math. Soc. 9 (2007) 877-899.

P1ErRO D’ ANCONA, DAMIANO FOSCHI, SIGMUND SELBERG: Low regularity solutions of the Maxwell
— Dirac system, Proceedings of Symposia in Applied Mathematics 67.1 (2009) 243-252.

ALEXANDRE ERN, JEAN-LUC GUERMOND: Theory and practice of finite elements, Springer, 2004.
ALEXANDRE ERN, JEAN-LUC GUERMOND: Discontinuous Galerkin methods for Friedrichs’ systems.
L General theory, SIAM J. Numer. Anal. 44 (2006) 753-778.

ALEXANDRE ERN, JEAN-LUC GUERMOND: Discontinuous Galerkin methods for Friedrichs’ systems.
II. Second-order elliptic PDEs, SIAM J. Numer. Anal. 44 (2006) 2363-2388.

ALEXANDRE ERN, JEAN-LUC GUERMOND: Discontinuous Galerkin methods for Friedrichs’ systems.
III. Multifield theories with partial coercivity, STAM J. Numer. Anal. 46 (2008) 776-804.
ALEXANDRE ERN, JEAN-LUC GUERMOND, GILBERT CAPLAIN: An intrinsic criterion for the bijec-
tivity of Hilbert operators related to Friedrichs’ systems, Commun. Partial Differ. Equ. 32 (2007)
317-341.

MARIA J. ESTEBAN, ERIC SERE: An overview on linear and nonlinear Dirac equations, Discrete
Contin. Dyn. Sys. 8 (2002) 381-397.

Kurr O. FRIEDRICHS: Symmetric positive linear differential equations, Commun. Pure Appl. Math.
11 (1958) 333-418.

Kurr O. FRrRIEDRICHS, PETER D. LAX: Boundary value problems for first order operators, Com-
mun. Pure Appl. Math. 18 (1965) 355-388.

Max JENSEN: Discontinuous Galerkin methods for Friedrichs systems with irreqular solutions,
Ph.D. thesis, University of Oxford, 2004, http://sro.sussex.ac.uk/45497/1/thesisjensen.pdf
ANDREAS KIRSCH, FRANK HETTLICH: The mathematical theory of time-harmonic Mazwell’s equa-
tions, Springer, 2015.

CLEMENT MIFSUD, BRUNO DESPRES, NICOLAS SEGUIN: Dissipative formulation of initial boundary
value problems for Friedrichs’ systems, Commun. Partial Differ. Equ. 41 (2016) 51-78.

AMNON Pazy: Semigroups of linear operators and applications to partial differential equations,
Springer, 1983.

Dirk PAuLy: On Constants in Maxwell inequalities for bounded and convex domains, J. Math. Sci.
210 (2015) 787-792.

RaLPH S. PHILLIPS, LEONARD SARASON: Singular symmetric positive first order differential opera-
tors, J. Math. Mech. 15 (1966) 235-271.

JEFFREY RAUCH: Boundary value problems with nonuniformly characteristic boundary, J. Math.
Pures Appl. 73 (1994) 347-353.

Luc TARTAR: An introduction to Sobolev spaces and interpolation spaces, Springer, 2007.

Nenad Antonié, KreSimir Burazin, Ivana Crnjac & Marko Erceg 23



