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Abstract:  Superpositions of Ornstein-Uhlenbeck type (supOU) processes form a
rich class of stationary processes with a flexible dependence structure. The asymptotic
behavior of the integrated and partial sum supOU processes can be, however, unusual.
Their cumulants and moments turn out to have an unexpected rate of growth. We identify
the property of fast growth of moments or cumulants as intermittency.

1 Introduction

Lévy driven Ornstein-Uhlenbeck (OU) processes form a rich class of stationary pro-
cesses with mixing properties. They can have any selfdecomposable distribution as their
marginal distribution. Superpositions of OU type (supOU) processes were introduced
by Barndorff-Nielsen in Barndorff-Nielsen (1997) and Barndorff-Nielsen (2001) using a
construction that was later generalized to obtain Lévy mixing processes (see Barndorff-
Nielsen et al. (2013)). The supOU processes are stationary processes with a flexible
dependence structure. A square integrable stationary process X (), t > 0, is said to
have short-range dependence if its correlation function is integrable and long-range de-
pendence if it is not integrable. It is possible for supOU processes to display not only
short-range dependence but also long-range dependence. SupOU processes have found
many applications, especially in finance where positive supOU processes are used in mod-
els for stochastic volatility; see Barndorff-Nielsen & Shephard (2001), Barndorff-Nielsen
& Stelzer (2013), Barndorft-Nielsen & Veraart (2013), Griffin & Steel (2010), Moser &
Stelzer (2011), Stelzer et al. (2015), Stelzer & Zavisin (2015).

In this paper we discuss the asymptotic properties of two variants of aggregated supOU
process: the integrated process obtained from a continuously observed supOU process and
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the partial sum process obtained from a discretely sampled supOU process. These are
of particular interest in finance where the integrated process represents the integrated
volatility (see e.g. Barndorff-Nielsen & Stelzer (2013)). When there are only finitely many
OU type processes in the superposition, the mixing property remains valid and implies the
convergence of the aggregated process to Brownian motion (see Grahovac et al. (2016)).
Problems arise when one considers an infinite superposition of OU type processes. This
paper provides a closer analysis to the corresponding behavior of moments and cumulants.
Several attempts have been made to associate that behavior to rates in limit theorems but
to no avail, see for example Barndorff-Nielsen & Leonenko (2005a), Leonenko & Taufer
(2005).

Intermittency, which will be defined below, refers to this unusual behavior of moments
and cumulants. Note that our definition of intermittency will be different from the one
used in Barndorff-Nielsen et al. (2014), Barndorff-Nielsen & Schmiegel (2009), Podol-
skij (2015), where intermittency is associated with stochastic volatility. Here, as in the
physics literature, intermittency is associated with the behavior of moments (Carmona &
Molchanov (1994), Zel’dovich et al. (1987)).

In order to study the asymptotic behavior of the aggregated processes, we investigate
how the cumulants and moments evolve in time. The classical limiting scheme for some
type of aggregated process Y = {Y(t), t > 0} has the form

(X504 4 20, g

with convergence in the sense of convergence of all finite dimensional distributions as
n — oo. By Lamperti’s theorem (see, for example, (Embrechts & Maejima 2002, Theorem
2.1.1)), the normalizing sequence is always of the form A, = L(n)nf for some H > 0 and
L slowly varying at infinity. Moreover, the limiting process Z is H-self-similar, that is,
for any ¢ > 0,

{Z(ct)}y £ {1 Z (1)},

where {-} < {-} denotes the equality of finite dimensional distributions. For self-similar
process, the moments evolve as a power function of time E|Z(t)|? = E|Z(1)|7t"9. Hence,
for the process Y satisfying a limit theorem in the form (1), one expects that

E|Y (nt)|?

-  ElZ@f, vi=0. (2)

Therefore, E|Y (t)|? grows roughly as 79 when t — co. Indeed, ignoring the slowly-varying
function L and multiplicative constants, we have

E|Y (nt)|? =~ nf9E|Z(1)|? ~ nf%H1IR| Z(1)| ~ (nt)",

and hence
E|Y ()7 ~ t7? as t — oo (3)

(see Theorem 2.1 below for the precise statement).



We study aggregated processes Y (t) arising from supOU processes with a regularly
varying correlation function and a marginal distribution having exponentially decaying
tails, so that, in particular, all moments are finite. We show that these aggregated pro-
cesses have a specific growth of moments: for a certain range of ¢, namely

E|lY(t)|? = t97 as t — 0. (4)

Relation (4) contradicts (3). Here a is the parameter related to the dependence structure
of the underlying supOU process (see Theorems 4.2 and 4.4 below).

We show that in our context the growth of the cumulants and moments is such that the
relation between (1) and (2) falls apart. We refer to this property as intermittency. The
term is usually used to describe models exhibiting a high degree of variability and appears
in different contexts across the literature; see e.g. Carmona & Molchanov (1994), Chen
& Dalang (2015), Frisch (1995), Gértner et al. (2007), Khoshnevisan (2014), Zel’dovich
et al. (1987). Inspired by these approaches, we define intermittency as a property arising
from a particular growth of moments. A precise definition is given in Section 2. In that
section, we show that for intermittent processes a limit theorem as in (1) and convergence
of moments (2) do not work together (see Theorem 2.1 below).

Section 3 provides an overview of facts relevant for the definition and properties of
supOU processes. The expressions for cumulants are established for aggregated processes.
In Section 4, the growth of cumulants is analyzed and we show in Theorems 4.2 and 4.4
respectively that the integrated process and the partial sum of supOU processes can be
intermittent.

2 Intermittency

Intermittency is a property used to describe models exhibiting sharp fluctuations in time
and a high degree of variability. Terms such as multifractality, separation of scales, dy-
namo effect are often used together with intermittency. The term has a precise definition
in the theory of stochastic partial differential equations (SPDE), where it is character-
ized by the Lyapunov exponents (see e.g. Carmona & Molchanov (1994), Chen & Dalang
(2015), Khoshnevisan (2014), Zel'dovich et al. (1987)). The k-th moment Lyapunov ex-
ponent of a non-negative random field {¢(¢,x),t > 0,z € R} stationary in x is defined
by .

(k) = lim logE(Qi(t,x)) 7 %)

t—o00

assuming the limit exists and is finite. A random field {(¢,x)} is then said to be inter-
mittent if the sequence v(k)/k, k € N is strictly increasing, that is
1(2) (k)
< =2 <<t <,
(1) <= ’

This property can be shown to imply under some assumptions that the random field
has large peaks at different values of the space coordinate (see Khoshnevisan (2014),
Molchanov (1991) for details).



We define intermittency as a property which indicates that the moments of the stochas-
tic process do not have a typical limiting behavior. Our focus will be on the behavior of
the moments of the process in time as characterized by the scaling function defined below.
The Lyapunov exponents are suitable for measuring the growth rate of random fields that
have moments that grow exponentially in time. On the other hand, the scaling function
is tailored for cumulative processes, e.g. partial sum process, whose limiting behavior is
investigated.

For a process Y = {Y (), t > 0}, let (0,g(Y")) denote the range of finite moments,
that is

q(Y) =sup{q > 0: E|Y(t)|? < o0 Vt}.

Definition 2.1. The scaling function at point ¢ € (0,g(Y")) of the process Y is

o log EY ()]
7v(g) = lim g1

(6)
assuming the limit exists and is finite.

Note the difference between (5) and (6). In our context, it is the scaling function
(6) which is relevant. It can be shown that 7y is always convex and ¢ — 7y (q)/q is
non-decreasing (Grahovac et al. (2016)). Using the scaling function we characterize inter-
mittency as a strict increase in the mapping g — 7v(q)/q.

Definition 2.2. A stochastic process Y = {Y(t), t > 0} is intermittent if there exist
p,7 € (0,g(Y)) such that
TY(p) < TY<T). (7>
P r
If Y is a H-self-similar process, then 1v(q) = Hgq, and 7v(q)/q is constant, therefore
the process is not intermittent. The following theorem shows that when the process Y is
not self-similar but has a typical limit behavior as described in the theorem (in particular,
convergence to a self-similar process after suitable normalization) and if the corresponding
moments converge, then its scaling function 7y turns out to be the same as for the self-
similar process, namely 7y (¢) = Hq for some H > 0.

Theorem 2.1. Let Y = {Y(t),t > 0} and Z ={Z(t), t > 0} be two processes such that
Z(t) is nondegenerate for every t > 0 and suppose that for a sequence (A,), A, > 0,
lim,, .., A, = 00, one has

{ Y (nt)

A8 2. ®)

with convergence in (8) in the sense of convergence of all finite dimensional distributions
as n — 0o. Then there exists a constant H > 0 such that for every q > 0 satisfying

E|Y (nt)]®
# — E|Z()]?, Vt>0, (9)
the scaling function (6) of Y at q is
Tv(q) = Hg. (10)



Proof. By Lamperti’s theorem (see, for example, (Embrechts & Maejima 2002, Theorem
2.1.1)), (8) implies the process Z is H-self-similar with H > 0 and A,, is of the form

A, =n"L(n)
for some function L slowly varying at infinity. It follows from (9) that

E|Y (nt)|?
logﬂ = 1ogE|Y(nt)!q—log(nHL(”))q

Al
~ len log E|Y (nt)|?lognt  log (n"L(n))
- log nt logn logn

— logE|Z(t)|* as n — oc.

Thus the factor in the parentheses that multiplies logn in the above equation must
tend to zero as n — oo. Since lognt/logn — 1 as n — oo, by (Bingham et al. 1989,
Proposition 1.3.6(i))

log E|Y (nt)|? log (n"'L log L
i JOBEY ()" log (0TL) o dos L)

n—o0 log nt n—00 10g n n—o00 log n
Hence 1y (q) = Hgq. =

Remark 2.1. Assumption (8) is the typical form in which limit theorems appear with
Y being a partial sum process or an integrated process. The limiting process is always
self-similar, and the normalizing sequence is regularly varying. If in addition to (8) conver-
gence of moments holds, then Y has a linear scaling function (10) and is not intermittent.
Therefore, in the intermittent case either (8) or (9) or both must fail to hold.

Remark 2.2. Notice that the scaling function involves only the one-dimensional marginal
distributions of the process. Moreover, the conclusion of Theorem 2.1 holds if we assume
that convergence in (8) holds only for one-dimensional marginals. Indeed, from the proof
of Lamperti’s theorem (Embrechts & Maejima 2002, Theorem 2.1.1)) this is enough to
imply that A, = nfL(n), and the same argument as in the proof of Theorem 2.1 applies.

Remark 2.3. The relation between (8) and (9) is a well known problem. In one direction,
for a sequence of random variables convergence of moments implies weak convergence if
the limiting distribution is uniquely determined by its moments. The question whether
this is true is known as the moment problem (see e.g. (Stoyanov 1997, Section 11.) and
references therein). On the other hand, for a sequence of random variables convergence
of moments is implied by the weak convergence if the appropriately transformed sequence
is uniformly integrable.

Depending on the problem considered, it may be easier to establish intermittency by
considering cumulants instead of moments. For m € N and t > 0, let /f(ym) (t) denote the
m-th order cumulant of Y(¢). The corresponding cumulant variant of the scaling function
can be defined as

log | (1)

O'Y(m) :tligoloT’ mGN, (11)

>



assuming mgfn ) (t) # 0 and the limit exists and is finite. When the form of oy is established,
the relation between moments and cumulants can be used to obtain the expression for 7y .
Note, however, that both (6) and (11) involve absolute values.

In the next section, we review basic facts about the supOU processes. These provide
great flexibility in modeling of stationary phenomena. This is becuse a supOU process
can be chosen to have any selfdecomposable distribution as its marginal distribution
and a variety of correlation structures. Some particular choices will lead to intermittent
cumulative processes.

3 SupOU processes

In order to define superpositions of OU type processes we introduce some notation and
review basic facts about random measures and OU type processes.

3.1 Preliminaries

Let _

Ry () = C{(1Y} =logEe”
denote the cumulant (generating) function of a random variable Y and, assuming it exists,
n§}” ) for m € N will denote the m-th cumulant of Y, that is

m am A
lig/ ) — (—Z) %’iy(g)‘é‘io'

If Ky (+) is analytic around the origin, then

w(Q = 3 B, (12)

For a stochastic process Y = {Y(t)} we write xy((,t) = ry((), and by suppressing ¢
we mean

Ky (C) = Ky (¢, 1),

that is, the cumulant function of the random variable Y'(1). Similarly, for the cumulants of

Y (t), we use the notation £\ (t) and £\ for x7”(1). Recall that the cumulant function
of an infinitely divisible random variable Y has the Lévy-Khintchine representation

b .
CLCHYY=iag— 3¢+ [ (€9 = 1= iC1(e)) nlde), (R

R

where a € R, b > 0, and the Lévy measure p is a deterministic Radon measure on R\{0}
such that 1 ({0}) = 0 and [, min {1, 2°} pu(dx) < oo. The triplet

(a, b, 1)



is referred to as the characteristic triplet. A stochastic process {L(t), ¢ > 0} with sta-
tionary, independent increments and continuous in probability (L(t) —F 0 as t — 0)
has a cadlag modification which we refer to as a Lévy process. For any infinitely divis-
ible random variable Y, there is a corresponding Lévy process {L(t), t > 0} such that
Y =4 L(1).

An infinitely divisible random variable X is selfdecomposable if its characteristic func-
tion ¢(f) = Ee’™, § € R, has the property that for every ¢ € (0,1) there exists a
characteristic function ¢. such that

¢(0) = d(ct)oc(0)

for all & € R. This means that that X has the same distribution as ¢X + Z., where X
and Z. and independent, and Z. has the characteristic function ¢.. In this case, X can
be represented as

X = /OO e *dL(s), (13)

where L = {L(t), t > 0} is a Lévy process whose law is determined uniquely by that of
X. The process L is called the background driving Lévy process (BDLP) corresponding
to the infinitely divisible random variable X. The cumulant functions of X and L(1) are
related by

kx(C) = /000 kr(e7°C)ds. (14)

From (Jurek 2001, Corollary 1) xkyx is differentiable for ¢ # 0, (kv ({) > 0as0#{( — 0
and

kL (C) = Crx (C)- (15)
The BDLP L can be extended to a two-sided Lévy process by putting for ¢ < 0, L(t) =
—L(—t—) where {L(t), t > 0} is an independent copy of the process { L(t), t > 0} modified
to be cadlag.
The Ornstein-Uhlenbeck type (OU) process is a process {X(t), t € R} defined by

X(t) = e / N dL(\s) = / e (M — s)dL(s), (16)

—00 R

where A > 0. It can be shown that {X(¢), t € R} is strictly stationary with the stationary
distribution equal to the selfdecomposable law of X corresponding to the BDLP L. When
X (t) has a finite second moment, the correlation function is (see Barndorff-Nielsen (2001))

r(r)=e, 17>0.

Alternatively, starting with a Lévy process L satisfying Elog (1 4 |L(1)|) < oo, one can
define an OU type process as a stationary solution of the stochastic differential equation

dX (t) = —AX (£)dt + dL(\).

We now turn to supOU processes. To define them, we need some basic facts about
infinitely divisible independently scattered random measures (i.d.i.s.r.m.). Let S be a Borel

7



subset of R? and let S be a o-ring of S (i.e. countable unions of sets in S belong to S and
if A and B are sets in S with A C B, then B\A € S). A collection of random variables
A ={A(A), A € S} defined on a probability space (2, F, P) is said to be an independently
scattered random measure if for every sequence {A,} of disjoint sets in S, the random
variables A(A,,), n = 1,2, ... are independent and if

A ([j An> = iA(An) a.s.

whenever | J 7, A, € §. We will be interested in the case when A is infinitely divisible,
that is, for each A € S, A(A) is an infinitely divisible random variable whose cumulant

function can be written as
2

CLCEAAY = iGmof(A) = Sm(A) + [ (€90 =1 = i1 1)) QA do).

where my is a signed measure, m; is a positive measure and for every A € S, Q(A, dx) is a
measure on B(R) without atom at 0 such that [; min{1,2°} Q(A, dx) < co. In this case
we say that A has the Lévy characteristics (mg,mq, Q) and @ is called the generalized
(deterministic) Lévy measure. An important object in characterizing the class of non-
random functions that are integrable with respect to A is the control measure m defined
as

m(A) = |mo| (A) +mi(A) + /Rmin {1,2%} Q(A, dx).

The conditions for integrability of functions with respect to A can be found in Barndorff-
Nielsen (2001) and Rajput & Rosinski (1989). If function f on R, x R is integrable with
respect to the random measure A, then the cumulant function of the random variable

J4 fdA is
C{Ci / fdA} — [ malcstwatiau) (17)

where k, is the cumulant function associated with the Lévy basis A. More details on
integration can be found in Rajput & Rosinski (1989).

In defining the stationary supOU processes we will be interested in the homogeneous
case where the characteristic triplet is of the form

mo =aM, m; =bM and Q(dw,dzr)= M(dw)ur(dx),

where a € R, b > 0, pp is a Lévy measure and M is a measure on S. Note that M and
pr, are deterministic. Then the cumulant function of the random variable A(A) is

C{CEA(A)} = M(A)rL(C) (18)
where £y, is the cumulant function associated with the triplet (a,b, up), i.e.
2
kr(C) = iCa — %b + / (e =1 —iC1l_yy(2)) pr(da). (19)
R

For more details see also Barndorff-Nielsen et al. (2013), Barndorff-Nielsen & Stelzer
(2011, 2013), Fasen & Kliippelberg (2007) where such measures are also referred to as
Lévy bases.



3.2 SupOU processes

Although OU type processes provide a rich class of stationary models, their correlation
structure is rather limited from the modeling perspective. On the other hand, super-
positions of OU type processes introduced in Barndorff-Nielsen (2001) provide far more
flexibility and can exhibit long-range dependence. They are obtained by randomizing the
parameter A in (16), using a probability measure 7 with support in Ry. The probabil-
ity measure 7 will affect the dependence structure. We present basic facts about these
processes following Barndorff-Nielsen (2001) and Fasen & Kliippelberg (2007) (see also
Barndorff-Nielsen et al. (2013)).

Suppose A is a homogenous infinitely divisible independently scattered random mea-
sures on S = R, x R such that (18) holds with M = 7 x Leb being the product of a
probability measure m on R, and the Lebesgue measure on R. We say that

((I, b> KL, 7T)

is the generating quadruple (Fasen & Kliippelberg (2007)) and the corresponding inde-
pendently scattered random measure A will be referred to as the Lévy basis.

The following result gives the existence of a superposition Ornstein-Uhlenbeck process;
see (Barndorff-Nielsen 2001, Theorem 3.1). We denote the points in Ry x R as w = (¢, s)
and A(dw) = A(d€, ds).

Theorem 3.1. Let kx be the cumulant function of some selfdecomposable law, (a,b, ur)
be the characteristic triplet of the associated BDLP with cumulant function kp and let
7w be a probability measure on R,. Define the Lévy basis A on Ry x R with generating
quadruple (a,b, pur, ) and set

&t
X(t) = /R e ® /_ e’A(d€,ds) = /R /R e S5 1 00y (6L — 5)A(dE, ds). (20)

Then X = {X(t),t € R} is a well-defined, infinitely divisible and strictly stationary
process.
Moreover, fort, < --- < tn, the joint cumulant function of (X (t1), -, X (tn) is

C{Claacmi(X(t1)77X(tm))}

:/R /RK,L (Z 10,00y (£t — S)Cje_gtﬁs) dsm(dE). (21)

j=1

In particular, since X = {X(t), t € R} is stationary,

C{CT X ()} = rx(C),

and assuming that X (t) has finite second moment, its correlation function is given by
r(7) :/ e Tr(d€), T>0. (22)
Ry

9



Definition 3.1. The process X = {X(¢), t € R} defined by (20) in Theorem 3.1 is called
a superposition Ornstein-Uhlenbeck (supOU) process.

Relation (22) is obtained by setting m = 2 in (21), taking derivatives with respect to
¢; and ¢, and letting them tend to 0. By comparing the definition of superposition (20)
with the standard OU type process (16), one can see the supOU process is obtained by
randomizing the parameter A in (16) according to the probability measure 7. A choice
of m will play an important role. Taking 7 as in (24) below will make X long-range
dependent.

Remark 3.1. Here is a summary of the measures involved. The supOU process X (t) in
(20) is defined through an integral involving the random measure A(d¢, ds). For a fixed
t, the corresponding cumulant function is

kx(Q) = CLCEX (1)) = /R /R i (L) (€1 — )Ce™ 84 ds m(dg)

where rk given in (19) is associated with the Lévy basis A and involves the Lévy measure
ftr.. The cumulant function kx thus involves the corresponding deterministic measure

Q(dw,dx) = M(dw)pr(dx) = m(d€)Leb(ds)pur (dx),

where w = (&, s).
Remark 3.2. In Fasen & Kliippelberg (2007), a supOU process is defined as

X(t) = /R /R e~ g ) (t — 5)A(dE, ds), (23)

where A has generating quadruple (5,5, i, ) such that p := fR+ £ (d€) < oo. However,

the two approaches are equivalent. Taking a = pa, b = pb, u;, = ppr and w(d§) =
p 1717 (dE) in Theorem 3.1, we obtain a process which has the same law as the process
X defined in (23) (see (Fasen & Kliippelberg 2007, Proposition 2.1)).

Example 3.1. If the measure 7 in (21) is degenerate such that 7 ({\}) = 1 for some
A > 0, then it follows from (21) that the finite dimensional distributions of X are the
same as for the standard OU type process (16), that is

¢ {gl’ T ’Cm i (X(tl)a Tt ’X(tm»} = /]RRL <Z 1[0,00)(/\tj - S)Cje_)\tj+s> ds.

Example 3.2. Suppose 7 in (21) is a discrete probability measure such that 7 ({\x}) =
pr, kK € N and A\ > 0. Then we have that

C {Cla ey Cm i (X(tl), Ce ,X(tm))} = Z /RkaL (Z 1[0’00)()\]{15] _ S)Cje—)\ktj+s> ds.
k=1 j=1

10



Thus in this case X has the same distribution as the infinite discrete type superposition

{iX(’“)(t), te R} ,

k=1

where {X®)(¢), t € R}, k € N are independent standard OU type processes corresponding
to parameter )\, and BDLP with cumulant function pyxr, & € N. In the case of finite
second moment, such discrete type superposition is well defined in the sense of L? and
a.s. convergence (see Grahovac et al. (2016)), and from (22) the correlation function is

r(r) = Z e M, T >0.
k=1

By appropriate choices of probability measure 7 one can achieve different correlation
structures of the supOU processes. We will use the notation f ~ g if f(x)/g(z) — 1 as
r — 0 or x — oo. It follows from (22) that the correlation function can be considered as
the Laplace transform of w. Using Karamata’s Tauberian theorem (Bingham et al. 1989,

Theorem 1.7.1") one can easily obtain the following result (Fasen & Kliippelberg (2007)).

Proposition 3.1. Suppose X is a square integrable supOU process with correlation func-
tion r, L is a slowly varying function at infinity and o > 0. Then

7((0,2]) ~ L(z ™2, asz—0 (24)

if and only if
r(r) ~T(1+a)L(T)77%,  asT — oc. (25)

The bigger the mass of 7 is near the origin, the slower is the decay of the correlation
function at infinity. Hence, in view of (25), if @ € (0,1) the correlation function is not
integrable, and supOU process exhibits long-range dependence. We will denote

a=2H=2(1-H)

with H as the long-range dependence parameter. Hence o € (0,1) corresponds to H €
(1/2,1). More details on the dependence structure in specific examples can be found in
Barndorff-Nielsen & Leonenko (2005b).

Example 3.3. Suppose X is a supOU process such that 7 is Gamma distribution with

density
1 a—1_-zx
f@) = =27 e Lo.00) (@),

where o« > 0. Then

r((0,2]) = 20D oo,
Q@
where v(a, ) = fom u“te~“du is the incomplete Gamma function. From the asymptotic
expansion of v ((Abramowitz & Stegun 1964, Eq. 6.5.4 and Eq. 6.5.29)) we have that

1 a
W((O,IL‘]) ~ F(a——i_l)l' s as z — 0.

11



By Lemma 3.1 the correlation function has the property
r(r) ~77%  as T — oo.
In this case, we can explicitly compute from (22) that

oo B 1 L B 1 /oo L B
r(rt) = e e tdr = (14+7) %"= e tder = (14 71)7%
A=) D ) ), e

Note that for o € (0, 1] the correlation function exhibits long-range dependence, while for
a > 1 short-range dependence.

Example 3.4. If 7 is the Mittag-Lefller distribution, then the correlation function of the
supOU process is
r(r)=1+7"" 0<a<?2.

The supOU process obtained in this way is long-range dependent for o € (0, 1] and short-
range dependent for a € (1,2).

Example 3.5. Another long-range dependent example can be obtained with
r(1) = E.(—=77), ~v€(0,1), a €(0,1),
where

o0 k
zZ
E ZE—
o) 2 T(ak+1) 2€C,

is the Mittag-Lefller function. In this case

7—77
(1) ~ ——— as T — 00.
See (Barndorff-Nielsen & Leonenko 20056, Example 4) for details.
In our study of intermittency we will be concerned with the cumulant properties of
integrated and partial sum process of supOU process. Tractable expressions for cumulant
functions in both cases are established in the following subsections.

3.3 Integrated process

Suppose X is a supOU process defined in (20) and let X* = {X*(¢), t > 0} be the
integrated process

P@zAX@@ (26)

For a,b € R, let

e(a,b) = % (1—e)

and recall that ky+((,t) and f-ag?i)(t) denote the cumulant function and the m-th order
cumulant of X*(¢), respectively.

12



Proposition 3.2 (Theorem 4.1 in Barndorff-Nielsen (2001)). The cumulant function kx-
of X*(t) satisfies

kx«((,t) = Q/ / Ky (& ¢)dsm(d§), (27)
where kx(C) is the cumulant function of X (1

Proposition 3.3 (Theorem 4.2 in Barndorff-Nielsen (2001)). Assume that kx is analytic
in a neighborhood of the origin. The cumulants of X*(t) are then given by

R () = B M, (t) (28)

)

where the I{g;n are the cumulants of X (1),

bt = [ (am_1+t5+ S (" %5> £ (29)
with

Ut = mzl(—n’f(mk_ 1)% (30)

k=1

The analyticity of the kx in Proposition 3.3 ensures the existence of all the cumulants
of the marginal distribution of the underlying supOU process X. Note also that analyticity
does not depend on the measure 7 since the choice of 7 does not affect the one-dimensional
marginal distribution of X. The following is a useful criterion (Lukacs 1970, Theorem
7.2.1) for checking analyticity of the cumulant function.

Lemma 3.1. The characteristic and cumulant functions are analytic in a neighborhood
of the origin if and only if there is a constant C' such that the corresponding distribution
function F' satisfies

1—F(z)+ F(—z)=0(""), asz— o0,
forall0 <u< C.

It follows from Lemma 3.1 that the cumulant function of X(¢) is analytic in the
neighborhood of the origin if there exists a > 0 such that

EeX®l « oo,

This implies in particular that all the moments and cumulants of X (¢) exist. This condi-
tion is satisfied for many selfdecomposable distributions.

Example 3.6. The inverse Gaussian distribution

IG(6,7), v>0, 6 >0,

13



with density

1) 1
fraeqy(z) = \/—_e‘svx_?’ﬂ exp {—5 (62" + 7290)} 1(0,00)()

21

is selfdecomposable and hence, for any choice of probability measure 7, there exists a
supOU process X with IG(0,) stationary distribution. Since exponential moments are
finite, the cumulant generating function is analytic in a neighborhood of the origin and

has the form
rx(C) =10 (7 -V - 2iC) :
Example 3.7. The normal inverse Gaussian distribution
NIG(a, 8,0,1), a>|8], >0, peR

is another example of selfdecomposable distribution. The density of NIG(a, 3,0, ) dis-
tribution satisfies (see Barndorff-Nielsen (1997))

IniG,Bo,m)(T) ~ C|x|’3/2e’a‘x|+5x, as r — +o0o.

Hence, there is a > 0 such that Ee?X®| < oo, the cumulant generating function is analytic
in a neighborhood of the origin and has the form

kx(C) = ip¢ + 0 (M— Va2 = (8 +z'<>2) :

Other examples of supOU processes satisfying conditions of Proposition 3.3 can be
obtained by taking the marginal distribution to be gamma, variance gamma, tempered
stable, Eulers gamma, or z-distribution. See Barndorff-Nielsen & Leonenko (2005b) and
Grahovac et al. (2016) for more details. On the other hand, the Student’s ¢-distribution

T(v,0,u), v>0,0>0 pelR

whose density is

BEVCOR AN
fT(V757u)(x)—m<1+< ; )) , rT€eR,

provides an example of a self-decomposable distribution for which the cumulant function
is not analytic around the origin since E|X|? = co for ¢ > v (see e.g. Heyde & Leonenko
(2005)).

It is worth noting that one can obtain expressions for cumulants without assuming
analyticity. In fact, taking derivatives with respect to ¢ in (27) and letting ¢ — 0, one re-
covers the formula (28). This approach can be used to investigate cumulants and moments
when they exists only up to some finite order, as in the case of Student’s distribution. In
this paper we assume analyticity in order not to complicate the exposition.

14



3.4 Partial sum process

In addition to the integrated process, we also consider partial sums of a discretely sampled

supOU process. Let |
|t

= X(i) (31)
=1
and define
()= et (32
R0 = 1—e?

The following two propositions establish the cumulant function and cumulants for the
partial sum process.

Proposition 3.4. The cumulant function kx+ of X (t) satisfies

Lt)

(¢t = [ (Z <fiX (50 (1, €) €) — rox (0 (5,) <)) i (1), c)) r(de).

k=1
(33)
where kx(C) is the cumulant function of X (1).

Proof. From (20)

Z /R / T Lo 0oy (D) A(E, ds)
/R / (w ws) e ) 1 /R /Osm(
- [oemwonwar [ [ 5

tJ
5i+5) A(d¢, ds)

i=[s/€]+1

@'+S) A(dE, ds).

=[s/¢]+1
Using (17) and then (14) we get
liXJr(C,t)
£l LtJ
K;L(en t],€) >ds7rd§ e ¢ | ds w(de)
/ / / / i= s/EJ-‘rl
[¢] Lt
KL <e n([t],€)¢ )dsw dg) €KL e e | dun(de)
L o el 2
00 9) [t] t)
_ /O o (n(u j,g)g)ﬂdg) + /0 /0 e [ S et | dun(a). (34)

i=|u]+1

15



Note that all integrals in (34) are finite because the cumulant function xy is absolutely
integrable with respect to the control measure, see (Rajput & Rosinski 1989, Proposition
2.6). For the second integral on the right, by computing the partial sum of the geometric
sequence we have

t L]
/ / Uf*’w eS| dum(de)
i= |_uJ+1
o -1 k41 t] '
- / > / S ¢ | dun(de)
= k+1

/ £ ¥ 1/k+1 KL (ef(k“)n(LtJ —k,f)C>dU7r(df)-

The change of variables s = k —u + 1 and (15) yield
2]

/ / §kL Z e Siteuc dum(d§)

i=|u]+1
[t]—1

:/0052/ o (s (LtJ—kzé)C)dM(d&)

lt]-1

:/Oogz/ =D (1t) — k, €)¢Rly (e 8 —kﬁ)c)dm(dﬁ)

:/OOOUJ 1(/@(( (1t) — k,¢€) )—ﬁx<n [t] — k,€) ))W(do
I ” (ix (006616 — (061 ) wta)

Combining this with (34) yields (33). O

Proposition 3.5. Assume that the cumulant function kx of X (t) is analytic in a neigh-
borhood of the origin. The cumulants of Xt (t) are then given by

KO (t) = K T (1)

)

where the Iig:-n are the cumulants of X (1) and

. m EPRT(TTRY:
Jm_l(t)z/o ((1— e ([t — 1)+ (1—e™) Z( ) Y _]éﬁ
+ (1 _ e—LtK)m)ﬁﬂ'(d@.
(35)
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Proof. Using (12) and (33), expand the cumulant function of X to get

Rx+ (ga t)

3 (5 e B ey ) 57 i B

m!
k=1 m=1 m=1

00 t]

=2 gk /OOO D (k&)™ (€ = 1) +([t],€)" | m(dg)

and by identifying the coefficients in the expansion, we get /fg?? (t) = /iX ™ 1(t), where

t)

Jm_l(t):/ooo > (k)™ (e = 1) +n([t],§)™ | w(dE).

k=1

Use (32) to get

Jm—l(t)
oo (U 1 _ k)™ 1 — oLt
:/O ; §<(1 65))m (™ —1) +e ((1_ 5)21 (d€)
00 1t)-1
_/o <1_i—g)m (L=e7) D (=) + (1= ) m(dg) (36)
00 -1 m
_ e m Joike L1)¢ L
[{amema TR () e 4oy ) gt
> " im _ =il
[ (e e

4 Intermittency of integrated and partial sum pro-
cess
In this section we establish asymptotic properties of cumulants and moments of the in-

tegrated supOU process X* defined in (26) and the partial sum process X defined in
(31). The underlying supOU process will be assumed to have a power law decay of the

17



correlation function, which can be achieved with the appropriate choice of the probability
measure 7, as given by Proposition 3.1. In the case of long-range dependence, we will
show that both variants of cumulative processes can be intermittent. Before doing that,
we provide examples where asymptotic normality easily follows.

Example 4.1. Consider a supOU process from Example 3.2 such that 7 is a discrete
probability measure with finite support

{)\kkzl,K} and W({/\k}):pk

In this case, supOU process has the same distribution as the finite superposition X =
{X(t), t € R} defined by

X(0) =3 X9 ),

where {X®)(t),t € R}, k =1,..., K are independent standard OU type processes corre-
sponding to parameter Ay and BDLP with cumulant function pyxr, k = 1,..., K. Suppose
E[X(1)]*" < oo for some § > 0 and let {S(¢), t > 0} denote the centered partial sum

process
[t]
S(t) =) (X(i) —EX(3)).
i=1
Each OU type process {X®)(¢), t € R}, k = 1,..., K satisfies the strong mixing property
with an exponentially decaying rate of mixing coefficients (Masuda (2004)), and so does
a sequence X (i), i« € N as a finite sum of these processes. Application of the invariance

principle for strong mixing sequences (Davydov (1968); see also Oodaira & Yoshihara

(1972)) shows that
S(nt)
o\/n
as n — oo, where {B(t), t € [0,1]} is a Brownian motion, o positive constant and the

convergence is weak convergence in Skorokhod space D0, 1]. In particular, (8) holds with
Y being the partial sum process and for every t € [0, 1]

= B(t), te][0,1],

S(nt)
o\vn
as n — oo. If ¢ > 2 is such that E|X (1)|? < oo, then by the result of Yokoyama (1980),

the ¢g-th absolute moment of S(nt)/(c+/n) converges to that of N'(0,¢). Then by Theorem
2.1 the scaling function of the partial sum process S(t) is

2 N(0, 1),

7s(q) = q/2,

and there is no intermittency.
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Example 4.2. Let {X(¢), t > 0} be a Gaussian supOU process, that is a supOU process
with the generating quadruple
(07 0-27 07 7T>7

where 02 > (0 and 7 is a probability measure. One can check from (21) that X is indeed a
Gaussian process with zero mean. Suppose further that 7 satisfies (24) for some a > 0 so
that the correlation function satisfies (25). Let X*(t) = ZZLt:Jl X (7) be the corresponding
partial sum process.

When «a < 1, long-range dependence is present, and from (Taqqu 1975, Lemma 5.1),
the normalized partial sum process

b
nt\/L(n)

with H = 1 — «/2, converges in Skorokhod space DJ0, 1] to a process that is fractional
Brownian motion with Hurst parameter H up to a multiplicative constant. The par-
tial sum X7 (¢) is a mean zero Gaussian random variable with the variance satisfying
E (Xt (t)* ~ Ct]*  L(|t]) (see the proof of (Taqqu 1975, Lemma 5.1)). Since the ¢-
th absolute moment of a Gaussian distribution is proportional to the g-th power of the
standard deviation, it follows that

Xt (nt)

TX+ (q) = Hg?

and there is no intermittency.
If o > 1, then the variance of X*(t) is of the order ¢'/2, and the finite-dimensional
distributions of

1

converge to those of the Brownian motion, see (Ivanov & Leonenko 1989, Theorem 2.3.1).
In the case o = 1, the limit is also Gaussian with an extra factor of a slowly varying
function in the variance and in the normalizing sequence of the partial sum, see (Ivanov
& Leonenko 1989, Theorem 2.3.2). The same argument as in the case a < 1 shows that
the scaling function is

x+(q) = q/2,
and there is no intermittency.

To show that the integrated supOU process X*(t) = fOtX(s)ds can be intermittent,
we first establish the form of the cumulant based scaling function o x+(m) defined in (11).

Recall that mg?) denotes the m-th cumulant of X (¢). In particular, /ig%) =EX(t).

Theorem 4.1. Suppose that the stationary supOU process X defined in (20) satisfies the
conditions of Proposition 5.1 and satisfies (24) with some « > 0. Further, suppose that
kx 18 analytic in a neighborhood of the origin and let ox+ be the cumulant based scaling
function (11) of the integrated process {X*(t), t > 0}. If the mean ng) # 0, then

O'X*(l) = 17
and for every m > o+ 1 such that /fg;”) # 0, we have

ox+(m) =m — a.

19



Proof. By Proposition 3.3 we have that

log ‘KJ(@ (t)‘ log ‘/-@(m)m.fm_l(t)) loo |1
ox+(m) = lim T im a = lim M. (37)
t—00 logt t—00 logt t—00 logt

From the expression (29) for I,,_1(t) we obtain the following form

Ln_1(t) = /OOO (am—1 +t€ +

1

_ /O h /O ) <1+§(—1>k(m;1)e-kw) dwg " (dS),

m—1

S (") %5> (e (39

1

Hence

L (t) = /O N /0 ) (1—e )" dwe " m(dE)
= /Ooo (1—e )™ Oof_mw(dg)dw.

w/t

First, if m = 1 then (38) implies Iy(t) = [, tm(d§) = t since 7 is a probability measure.
Hence (37) yields ox«(1) = 1.

Now suppose m > 2. Since 7 ((0,z]) ~ L(z~!)z* as z — 0, by putting 7 = 7 o g with
g(§) = 1/€ we obtain a probability measure that is regularly varying at infinity, more
precisely

7 ((u,00)) ~ L(u)u™, as u — oo.

A variant of Karamata’s theorem for Lebesgue-Stieltjes integrals (Feller 1971, Theorem
VIIL.9.2.) gives

t
o
" (du) ~ L(t)tm« t .
/Ou 7(du) — (t) , ast— oo (39)

This result can be understood heuristically by supposing that 7 has a density 7 (du) ~
L(u)au™*"'du as u — oco. Since the integral fg u™T(du) is regularly varying function at
infinity in ¢, it can be written in the form

/0 t W (du) = —S Ly (£, (40)

m—«

with L slowly varying at infinity such that L,(t) ~ L(t) as t — co. Now by the change
of variables u = 1/¢

e} t/w o

20



and so

-[m—l(t) = m(i atm_a/ Ll(t/w) (1 — €_w)m_1 w* " dw
0
(0 & 1\ m—1
- e [ Lt (1 _ —;) m-a=2g. A1
e [ (1) e (41)

To show that the integral on the right varies slowly in ¢, we split it into two parts and
use (Bingham et al. 1989, Proposition 4.1.2). The function (1 — e™/*) ~ 27! as 2 — oo
and hence

f(z)= (1 - ei)m_l Zmme2

is regularly varying at infinity with index —a— 1 and regularly varying at zero with index
m — a — 2. Due to the assumption m > a+ 1, we can choose 0 < § < m —«a — 1 such that

/01 270 f(2)dz < 0. (42)

From (40) we have that

m—«

t
La(t) = o / W (du) <
0

e,

« «

since 7 is a probability measure. Hence t°L;(#) is locally bounded on [0, 00). By applying
(Bingham et al. 1989, Proposition 4.1.2(a)) it follows that

/1 Li(tz) f(z)dz ~ Lq(t) /1 f(z)dz, ast— .
0 0
On the other hand, for 0 < ) < «
/00 2 f(2)dz < 0o
1
and by application of (Bingham et al. 1989, Proposition 4.1.2(b)) we obtain

/100 Ly(tz)f(2)dz ~ Ly (t) /100 f(2)dz, ast— co.

Going back to (41), we have

m—«

Q m—a > -1 m-1 m—a—2
Lo 1 (t) ~ " Ll(t)/ (1—e )" ot
0

and from (37) we get

1 log |]m—1(t>| _
ox+(m) = tllglo st m— « (43)
since due to slow variation of Ly, log L;(t)/logt — 0 as t — 0. O
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Using the relation between cumulants and moments we can now obtain the corre-
sponding asymptotic behavior of the moments. This will yield intermittency as defined
in (7). In central limit type theorems with finite variance one supposes that the mean is
zero. We shall do this here as well and thus set the first cumulant /-eg? = 0.

Theorem 4.2. Suppose that for the non-Gaussian supOU process X the assumptions of
Theorem 4.1 hold with o > 0, /@';) =0 and nﬁ? # 0. If Tx« is the scaling function (6) of
X* ={X*(t), t > 0}, then for every q > q*
Tx+(q) = q—
where q* is the smallest even integer greater than 2a.. In particular, for ¢* < p <r
re(p) _ e (r)
P r

and hence X* is intermittent.

Proof. The marginal distribution of X is selfdecomposable and hence infinitely divisible.
Since it is not Gaussian, the Lévy measure is non-null and by (Gupta et al. 2009, Remark

3.4.) we have that for every even m, mg’(ﬂ) # 0. Using the expression for moment in terms
of cumulants (see e.g. (Peccati & Taqqu 2011, Proposition 3.3.1)), for an even integer m
we have

EIX (0" = B(X*(0))" = 3 Bug (520, x50 0). (44)
k=1

where B, is the partial Bell polynomial given by (see (Peccati & Taqqu 2011, Definition
2.4.1))

Bm,k(xlu s 7xm—k+1)

| o] Tm—k+1
ril e ! V1! (m—Fk+1)!

Tl sTm—k+1

and the sum is over all nonnegative integers ry, ..., 7,1 satisfying
Tt Tk =k (46)
and
Iry+2r+--+(m—k+ 1)rp_gr1 = m. (47)

For [ > a + 1 such that /ﬁg? # 0, we have from the proof of Theorem 4.1 that

/ig?* (t) ~ Li(t)t=* as t — oo with L; slowly varying at infinity. On the other hand, if

/sg? = 0, then also /fg?* (t) = 0 by (28). Since by the assumption /ig}) (t) = 0, the nonzero
terms of the sum in the expression for B,, (mﬁ? t),..., ng?fkﬂ)(t)) are obtained when
r = 0.

Case a < 1. Assume for the moment that a < 1 so that the previous discussion
applies for any [ > 2. Now we can write

By (K2(0), k550 0)
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~ Z LT’Q s P — k41 (t)t(Qia)TQ N t(m*k+1*a)rm7k+1

T2 Tm—k+1

25 Tm—k+1

= Z Lr2,.~.,/rm7k;+1 (t>tmiak7 (48)

T2y s Tm—k+1

where L,, +1(t) are slowly varying functions coming from the product of powers of
(3)

Ly,...,Ly_gs1. If one of the cumulants ki (1), ..., /ig?i_kﬂ)(t) is zero, say /fg?*(t), then
(48) should be understood in the sense that the term in the sum is zero unless r; = 0. Since
I{g?l) # 0, the sum (48) for k = 1 contains at least one term of the form L,, ., (t)t" .
Finally then from (44) we have that for some slowly varying function L

EIX* ()" ~ L(t)t" (49)

and so Tyx+(m) = m — « for any even integer m > 2.

Case a > 1, a ¢ N. Now suppose @ > 1 and m is an even integer greater than 2a.
Again, the term for £ = 1 in the sum (44) would contain L,, . (t)t""®. It remains to
show that the terms involving cumulants of order j € {2,...,|a + 1]} will not dominate
the "~ term. Indeed, for j € {2,..., |+ 1]} we have that [~ &7 Tr(d) < oo and
from (28) and (38) it follows that

‘%%1(75)’ = ‘ﬁg? J /Ow/ot (1— e %) dse 71 (de)
< )i [ enag = (50)
0

Considering the terms appearing in the sum (45) and using Theorem 4.1 and (50), one
can see that, up to slowly varying function, each term can be bounded by the following

power of ¢
172 .. g Lt (tta+1j+1—a)”a+1l+1 e (tm—k+1—a)"mfk+1

with nonnegative integers r1, . .., 7,41 satisfying (46) and (47). One will get the highest
power of ¢ by setting all the 7’s to zero but one, so that r; <m/jfor j € {2,..., [a+1]}.
Since j € {2,...,|a + 1]}, the highest value is achieved when j = 2, corresponding to
the exponent m/2. Hence, the dominant term as t — oo coming from cumulants of order

. m/2
Jj€{2,..., e+ 1]} would be </<§)(t)> < Ct™2. If m/2 < m — «a, then the term

containing L, . (t)t"~® would dominate the term bounded by t™2. But this holds,
since m —a > m/2 < m > 2a and hence we proved (49) for any even integer greater
than 2a.

Case a = 1,2,---. The argument will go along the same lines as the case a > 1,
a ¢ N, however, it may need to be adapted when considering j = [ + 1] = a+ 1. If
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J7 €7 m(d€) < oo, then the argument applies unchanged. Suppose that [;° & 'r(d€) =

oo. For /ig?jl)(t), (39) holds. Given € > 0 we can take ¢ large enough so that

ETV(1)] < Ot < Ot

By the same argument as in the proof of case o > 1, we would have that if we take ¢
small enough, then the term containing L,, ., (¢)t™~* dominates the term bounded by
t(1+2)m/2 Hence, (49) holds when a € N for every even integer m > 2a.

We have now showed that the theorem holds for any even integer m greater than 2a.
To remove the restriction that m is an even integer we use convexity. We can do so since
the scaling function is always convex ((Grahovac et al. 2016, Proposition 2.1(ii))). Thus,
by applying the following lemma, we conclude that 7x+(q¢) = ¢ — « for any ¢ > ¢* where
q* is the smallest even integer greater than 2a. O

The proof uses the following lemma.

Lemma 4.1. Suppose that o« > 0 and f is a convex function such that f(q) = q — « for
three values of q, namely q € {z,y,z}, x <y < z. Then the function f must be a straight
line segment, i.e. f(q) = q— a for any q in the interval [z, z].

Proof. Trivially, f(¢q) < ¢ — « for any ¢ € [z, z]. If ¢ € (x,y), then by convexity

flq) + ijﬂz) > f(y).

=Y
Z—q

27y

Dividing both sides by 0 0 and rearranging yields

f) 2 S I = = f() = = y—a) = T (c-a)=q-a
For g € (y, z) convexity implies
@ ) 2 f()

and by analogous steps we can deduce f(q) > g — a. ]

We can now apply Proposition 3.5 to establish the following result for the partial
sum supOU process. The result is similar to that for the integrated process X*. In fact,
the moments and cumulants of X*(¢) and X*(¢) have the same asymptotic behavior as
t — oo, and therefore ox+(m) = ox-(m).

Theorem 4.3. Suppose that the supOU process satisfies the conditions of Proposition 3.1
and satisfies (24) with some a > 0, kx is analytic in a neighborhood of the origin and let
ox+ be the cumulant based scaling function (11) of the partial sum process { X (t), t > 0}.

If /-@g? # 0, then
Jx+(1) =1.

Ifm>a+1 andmg?l)#o, then

ox+(m)=m— a.
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Proof. As in the proof of Theorem 4.1, from Proposition 3.5 we have that

. log |1 (t
ox+(m) = tliglo %.

(51)

If m = 1, then it follows from (35) that
- 1 — (11— 1
- _ ¢ S Y A Tt 3 R S _e e -
Jo(t)_/o ((1 S () I (R P >1_6_§7r(d§)
o0 6—5 _ e_l_tjg 1 i e_l_tJS
— 11—
[ (-1 e e e ) wag

=AwMM%rqm

since 7 is a probability measure. Now from (51) we get ox+(1) = 1. We now assume
m > 2. From (36), we can write J,,_1(t) = JT(;)_l(t) + Jr(,f)_l(t) where

1t]—1

S N ) (1,k)
N e R L CED
JP (¢t :/ — (1 —e e dg).
m—l( ) 0 (1 . 675) ( ) ( f)
We start with the second part Jg)_l(t)

me1(t) = /000 W (1— e 8™ r(de)

00 [t]
- a0 o)

Changing the variables w = v€ and the order of integration yields

x 1tle »
= m/o W/o e (1—e™)" dwn(dg)
—m /0 e (1— e )™ /w N mw(df) dw. (52)

Next, using (24) of ? and setting ™ = mog with g(£) = 1/£ we obtain a probability measure
7 that is regularly varying at infinity. More precisely, the tail distribution function

F(u) =7 ((u,00)) (53)

satisfies



Now by the change of variables u = 1/¢

> 1 [t] fu ] B el B
/w/m mﬂ(d@ - ‘/0 mdﬂw = —/0 Ry(u)dF(u), (54)

1

We now show that (54) is regularly varying in ¢ as ¢ — oo. Since (1 — e /%) ~ u~! as
u — 00, it follows that R, is regularly varying at infinity with index m, and we can write
it in the form Ry(u) = Lo(u)u™ with Ly slowly varying at infinity. Integration by parts
gives

where

R2 (U) =

- / Ro(u)dF (u) = —Ry(t)F(t) + Ro(z)F(x) + / RS (u)F (u)du.

We now let © — 0. The integral on the right converges as x — 0 since m —a —1 > 0.
Since F' is the tail distribution function, F'(z) — 1 as x — 0, and Re(z) — 1l as x — 0
from its definition (55). Thus it follows

— [} Ro(w)dF(u) ) L, Jo () F(u)du tRy (1)

(56)

Ry(t)F (1) Ro()F(t)  tRYOF(t) Rolt)

One can easily show that R} is regularly varying at infinity with index m — 1 and so

u +— Ry(u)F(u) is regularly varying with index m — o — 1. By Karamata’s theorem
(Bingham et al. 1989, Theorem 1.5.11) we have that

" —
RL(uw)F(u)d 1
fo 2,(u) _(u) ¢ — , as t — oo.
LR, (2) F(t) m—o
Furthermore,
tR,(t)
—m, ast— o0
Ry(t)
and

Ry(t)F(t) ~t™ *L(t)Lo(t) — 00, ast — oo.

Setting this in (56) we get

t
—/ﬁRﬂ@d?@)N—RﬂwF@y+1+RﬂwF@) o
0 m—«
which can be written in the form
t B o ~
—/0 Ry(u)dF(u) = p— aLg(t)tm_o‘, (57)
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where Ly (t) is slowly varying at infinity such that Lo(t) ~ L(t)Ls(t) as t — co. Hence,
using (52), (54) and (57) we obtain

JD () = mo_‘ —[¢)m /0 A ([t)/w)e™ (1 — )" w ™ duw

T /OOO Ly ([t)z)e = (1 - e—i>m1 a2y

m— o
a relation similar to that in (41) in the proof of Theorem 4.1. The function

1

f(z) = 67% (1 — ez)m_l ym—a—2

is regularly varying at infinity with index —a — 1 and decays exponentially to zero as
z — 0. Therefore, for any § > 0, (42) will hold and the rest of the arguments apply
equally as in the proof of Theorem 4.1 to show that

i o |t] MO, ([t]) /000 e+ (1 — ei)m_l Zma2

Thus lim;_, log ngl(t)/logt = m — «. Since J,(fll(t) is non-negative as is Jf,llll(t), it
now suffices to show that J',(¢) does not grow faster than J* (¢) as t — co. This
would complete the proof.

The argument proceeds as in the previous part of the proof. First we obtain

e 1 —(fmé em

m— > 1— —mé
—m/ (1—e) ! %ﬂ(dﬁ)dw

= m/ (1—e )" (— /Ok/w Rl(u)dF(u)> duw

where F is defined in (53) and R; denotes the function

m

l—e"w
()

One can check by definition that R; is regularly varying at infinity with index m — 1
and therefore can be written in the form R;(u) = L;(u)u™ ! with L; slowly varying at
infinity. In the same way we obtain the analog of (56)

R1 (U) =

— Jo Ru(w)dF(u) 1 [y Ry (uw)F(u)du tR} (1)
Ra(t)F(t) '
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It can be shown that R is regularly varying at infinity with index m — 2 and so u —
R' (u)F(u) is regularly varying with index m —a — 2. Since m —a —2 > —1, Karamata’s
theorem (Bingham et al. 1989, Theorem 1.5.11) gives

f(f R} (U)F_(u)du . 1 |
tRL(t)F(t) m—a—1

as t — oo.

Since .
1(t) m—1, ast— oo,
Ry (1)
and 1
——— — 0, ast— oo,
Ry(t)F(t)

it follows that

(8% ~
—L t tmfafl
m—a—1 1) ’

_ /0 ' Ry(u)dF(u) =

where Ly(t) is slowly varying at infinity such that Li(t) ~ L(t)L1(t) as t — co. Finally,
then

«

km—a—l/ zl (k:/w) oW (1 o 6—w)m—1 wa—m—l—ldw
0

m—o«

(0% © . 1 1\ m—1
= km_“_l/ Ly(kz)e = (1 - e_?> 2"y
0

m— «

and the same argument as in the first part of the proof can be used to show that

~ o0 1 1\ m—1
JOR & gm—amiT (k) / e s (1—6—2) a3y,
0

m—«

Since L, is slowly varying, for any & > 0 there is ko such that Zl(kz) < k% for k > ky. By
using Euler-Maclaurin formula ((Abramowitz & Stegun 1964, Eq. 23.1.30)), we have that
as t — o0

Lt -1 ko1 1)1
CICED IR ED I
k=1 k=ko
m—l
=0(1) +Cy Y kmortH

k=ko
[t]-1
= O(l) + 02 </ xm—oé—l-i-tsdm + l (('_tJ o 1)mfa71+5 + ]{?gl_a_l_'_é)
ko 2
+ O (tm—a—2—6) )
=0 (tm—a+§) )
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Since 0 was arbitrary, we conclude that

<m-—a,
t—00 logt

which completes the proof. n

Set « = 2(1 — H) with H € (1/2,1) so that o € (0,1). A special case of Theorem
4.3 was proved in Grahovac et al. (2016) for the specific situation of the Example 3.2.
In the notation of Example 3.2, the case considered there corresponds to a discrete type
superposition X (t) = Y2, X¥)(¢) obtained by choosing

Me=MNk, A>0 and pp = CC(1+2(1 — H))/k 200 ¢ >0,

where ( is the Riemann zeta function. In addition, it is assumed that the cumulants of
the standard OU type processes {X*)(¢)} scale in a specific way. Under these conditions,
the cumulants of the centered partial sum process S(t) = ZZU:JI (X (i) — EX(i)) are shown
to have the form

kg (Nt) = Cp L(N)| Nt]™ 2071 (1 4 0(1)),

as N — oo, where (), is a positive constant and L a slowly varying function.
Using the same argument as in the proof of Theorem 4.2, we obtain the following
result on intermittency of the partial sum process.

Theorem 4.4. Suppose that for the non-Gaussian supOU process X the assumptions of
Theorem 4.1 hold with o > 0, /-;g? =0 and mg?) # 0. If Tx+ is the scaling function (6) of
X+t ={X*(t), t >0}, then for every q > ¢*

Tx+(q) = ¢ —a.
where q* is the smallest even integer greater than 2. Thus X is intermittent.

Remark 4.1. In Example 4.1 (finite superpositions case) and Example 4.2 (Gaussian case),
we have shown that there is no intermittency. Note that these two cases are clearly not
covered in Theorems 4.2 and 4.4 where we suppose a non-Gaussian process and regular
variation (24) of measure 7.

On the other hand, particular examples of supOU processes satisfying conditions of
Theorems 4.2 and 4.4 can be obtained by choosing for the marginal distribution any
selfdecomposable distribution with zero mean and analytic cumulant function (e.g. dis-
tributions from Examples 3.6 and 3.7) and by taking the measure 7 that satisfies (24)
(e.g. measures given in Examples 3.3, 3.4 and 3.5). For any such combination we obtain
an intermittent supOU process. Under these conditions, both the integrated and the
partial sum process are intermittent. This implies that (8) and (9) cannot both hold.
The study of limit theorems for integrated supOU processes and how they relate to the
intermittency property will appear in future work.
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