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PRECONDITIONED GRADIENT ITERATIONS FOR THE EIGENPROBLEM OF
DEFINITE MATRIX PAIRS

MARIJA MILOLOZA PANDUR'

Abstract. Preconditioned gradient iterations for a large and sparse Hermitian generalized eigenvalue problem
Az = ABax with positive definite B, are efficient methods for computing a few extremal eigenpairs. In this paper
we give a unifying framework of preconditioned gradient iterations for a definite generalized eigenvalue problem
with indefinite B. More precisely, these iterations compute a few eigenvalues closest to the definiteness interval
(which can be in the middle of the spectrum) and the corresponding eigenvectors of definite matrix pairs (A, B),
that is, pairs having a positive definite linear combination. Sharp convergence theorems for the simplest variants are
given. This framework includes an indefinite locally optimal block preconditioned conjugate gradient (LOBPCG)
algorithm derived by Kressner, MiloloZa Pandur, and Shao [Numer. Algorithms, 66 (2014), pp. 681-703]. We
also give a generic algorithm for constructing new “indefinite extensions” of standard (with positive definite B)
eigensolvers. Numerical experiments demonstrate the use of our algorithm for solving a product and a hyperbolic
quadratic eigenvalue problem. With excellent preconditioners, the indefinite variant of LOBPCG is the most efficient
method. Finally, we derive some ideas how to use our indefinite eigensolver to compute a few eigenvalues around any
spectral gap and the corresponding eigenvectors of definite matrix pairs.

Key words. eigenpair, definite matrix pair, definitizing shift, definiteness interval, spectral gap, preconditioned
steepest descent/ascent iteration, indefinite LOBPCG

AMS subject classifications. 65F15, 65F08, 65F50

1. Introduction. The generalized eigenvalue problem (GEP) for given matrices A, B €
C™*™ is to find scalars A and nonzero vectors « € C™ such that

(1.1) Ax = A\Bux.

The pair (), z) is called an eigenpair, where \ is an eigenvalue and « is a corresponding
eigenvector. The GEP (1.1), where A and B are both Hermitian or real symmetric, occurs
in many applications of mathematics. A very important case is when B (and A) is positive
definite which appears, for example, in the finite element discretization of self-adjoint and
elliptic PDE-eigenvalue problems [20]. Another very important case is when B (and A) is
indefinite, but the matrix pair (A, B) is definite, meaning that there exist real scalars «, 8 such
that the matrix A + (8B is positive definite which appears, for example, in mechanics [57]
and computational quantum chemistry [5]. Many theoretical properties (such as variational
principles, perturbation theory, etc.) and eigenvalue solvers for a Hermitian matrix have been
extended to definite matrix pairs [48, 54, 57].

Suppose A and B are both Hermitian and the pair (A, B) is definite; this excludes
singular pairs, meaning that «A + SB is a singular matrix for each choice of the scalars
«, . In this paper, we are interested in solving the partial definite GEP (1.1), where B
(and A) is indefinite. In general, when (A, B) is a definite pair, both matrices A and B
can be singular, but since a definite pair is a regular pair (i.e., it is not a singular pair),
the intersection of the nullspaces of such A and B must be trivial [54, Example VI.1.3].
Some of the existing eigenvalue solvers, which operate with the indefinite inner product
induced by B are indefinite Jacobi algorithms [25, 56], the Rayleigh quotient method [40], and
indefinite Lanczos methods [4, 40]. Specifically, in this paper, we are interested in an iterative
algorithm that computes a small number of eigenvalues closest to the definiteness interval
(see Definition 3.4) and the corresponding eigenvectors. These eigenvalues are themselves

t1.J. Strossmayer University of Osijek, Department of Mathematics, Trg Ljudevita Gaja 6, 31000 Osijek, Croatia.
(mmiloloz@mathos.hr).
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2 M. MILOLOZA PANDUR

relevant in some applications such as computational quantum chemistry [5, 52]. Moreover,
as we shall see, every spectral gap can be viewed as the definiteness interval of a related
matrix pair. In this way, we devise an algorithm to compute the eigenvalues in an arbitrary
interval of the spectrum. The class of algorithms we deal with are preconditioned gradient-
type iterations, in a single vector and a block form, suitable for large and sparse matrices,
previously studied for the case in which A and/or B are known to be positive definite; for a
survey of preconditioned iterations we refer to [4, 32]. An indefinite variant of the locally
optimal block preconditioned conjugate gradient method (the LOBPCG method proposed by
Knyazev in [33]) is suggested by Kressner, MiloloZa Pandur, and Shao in [38]. In this paper,
we propose some new preconditioned eigensolvers suitable for a definite matrix pair with
indefinite matrices that can be interpreted as a truncated and extended version of the indefinite
LOBPCG [38]. For the truncated version of the indefinite locally optimal preconditioned
conjugate gradient (LOPCG) method (this method is LOBPCG with block size one, that is,
a single vector version), which we call the indefinite preconditioned steepest descent/ascent
(PSD/A), we derive sharp convergence estimates.

This paper is organized as follows. In Section 2, we give a short review of two important

preconditioned gradient iterations for a GEP Az = Bz with A positive definite. In Section 3,
we give a unifying framework of preconditioned gradient iterations for a definite GEP (1.1)
with indefinite B called an indefinite variant of the (m)-scheme. Section 4 contains sharp
convergence estimates for the simplest variants from the indefinite variant of the (m)-scheme.
In Section 5, we devise some possibilities of using our algorithm to compute a modest number
of eigenvalues around any spectral gap of a definite matrix pair. Numerical examples are
given in Section 6. Section 7 contains some concluding remarks.
Notation. I,, (or simply I when the dimension is clear from the context) denotes the n x n
identity matrix. A > 0 (A = 0) means that A is a Hermitian positive (semi)definite matrix.
A<0(A=0if-A>0(—A > 0). Foragiven A > 0, || - || 4 denotes a matrix norm
induced by the vector norm ||z|| 4 = V2 Az. In(B) denotes the inertia of a Hermitian matrix
B, that is, it is defined as the triple containing the number of positive, negative, and zero
eigenvalues of B. A sub- and superscript +, — of some scalar, vector or an iteration name
refer to the corresponding B-positive and B-negative property, respectively.

2. Preliminaries. Let E, B € C"*" be Hermitian and let A be positive definite. We
briefly review two known preconditioned gradient iterations for finding the smallest eigenvalue
and the corresponding eigenvector of the GEP

2.1 Az = \Bx.
Let
_ Az
= B
pla) = —gp, = Be#0,

denote the Rayleigh quotient associated with the matrix pair (ﬁ, B). When B is indefinite, it is
convenient [33, 45] to consider the dual GEP Bx = ﬁgx with 1 = 1/p and to find the largest
eigenvalue and the corresponding eigenvector. Let 2(*) denote the current approximation of the
eigenvector corresponding to the smallest eigenvalue of (2.1). For a given Hermitian matrix
T € C™ ", called the preconditioner (usually, T = A= or T ~ A~1), the preconditioned
steepest descent (PSD) [21, 29, 30] iteration takes the following form

(2.2) 20D = 20 — 2O (Az®) — 5Bz ™),
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PCG ITERATIONS FOR DEFINITE MATRIX PAIRS 3

where the scalar iteration parameter 7(*) is chosen such that p(x(*1)) is minimized. The
LOPCG iteration [31] takes the following form

(2.3) 2D = 20 — (D501 _ 2O Az — 52D Bz®),

where the scalar iteration parameters () and 7(*) are chosen such that 5(z(*+1)) is minimized.
The preconditioned residual w(® := Tr® where r(®) := Az® — 5(2()Bz(® is obtained by
solving the linear system 7~ 'w(®) = () In the finite element discretization of a self-adjoint
and elliptic partial differential operator, a symmetric positive definite geometric or algebraic
multigrid V-cycle preconditioner is commonly used. According to Neymeyr, “typically,
symmetric positive definite multigrid preconditioners can be realized with only linearly
increasing computational costs (optimal complexity) and, at best, convergence rates can be
guaranteed which do not depend on the mesh size” [44, p. 4]. Also; see [35].

PSD and LOPCG iterations are preconditioned gradient iterations since for the given
preconditioner T they use the 7" -gradient of p. The T-gradient reads

Vrplx) :=TVp(z), where Vp(z)= W

The current residual Az — j(z) Bz is collinear with the gradient Vj(z), which explains the
term “gradient” in a gradient iteration. Therefore, the PSD iteration computes a sequence
of iterates with decreasing Rayleigh quotients by successive corrections in the negative 7'-
gradient direction of the current iterate. LOPCG additionally contains the optimal direction of
the previous iterate.

The connection between a three-term recurrence of the LOPCG iteration (2.3) and a three-
term recurrence of the standard linear preconditioned conjugate gradient method (PCG) [49],
is pointed out in [33, p. 523]. Numerical experiments in [33, Section 7] demonstrate a similar
behaviour of the two mentioned methods when the preconditioners and initial approximations
are the same in both methods.

REMARK 2.1. The best possible scalar iteration parameters 7(*) and 7(?) in PSD itera-
tion (2.2) and LOPCG iteration (2.3) are not found by using some optimization method. They
are given only implicitly. If z is an eigenvector, then so is ax, « # 0; so what we really want
to find is a direction of the next iterate. From (2.2) and (2.3) we see that the next iterate 2(“+1)
is in the subspace span[z(?), w(®] and span[z(?), 2(~1) (], respectively. Therefore, the
best approximations for eigenpairs from the subspace are given through the Rayleigh-Ritz
procedure [48]. Therefore, (21, p(z(+1)) is a Ritz pair of the matrix pair (A, B) with
respect to the given subspace. As PSD (LOPCG) aims at minimizing of the Rayleigh quotient,
p(x(+1)) is a smaller (the smallest) Ritz value and z(*+1) is the associated Ritz vector.

If we want to find several smallest eigenpairs of GEP (2.1), then we can use the block
(or subspace) versions of iterations (2.2) and (2.3): block preconditioned steepest descent
(BPSD) and LOBPCG [32, 33], respectively. Standard preconditioned gradient iterations, such
as BPSD and LOBPCG, operate with an inner product induced by a positive definite matrix
and aim to compute the smallest or the largest eigenvalues (the extremal eigenvalues) and the
corresponding eigenvectors. These iterations can be modified in a natural way to compute the
eigenvalues around the definiteness interval (which can be in the middle of the spectrum) and
the corresponding eigenvectors of a definite matrix pair with indefinite matrices. Therefore,
they operate with an indefinite inner product. Indefinite variants of LOBPCG are suggested
in [38]. Here we propose the whole class of indefinite variants of preconditioned gradient
iterations in Section 3, which includes indefinite LOBPCG methods [38, Algorithms 1 and 2].
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4 M. MILOLOZA PANDUR

3. An indefinite variant of the (m)-scheme of preconditioned gradient iterations.
In this section, we propose a new class of preconditioned gradient iterations for definite matrix
pairs (A, B) with indefinite B. Therefore, we use the indefinite inner product induced by B.
A vector x € C™ is called B-positive, B-negative, and B-neutral if 22 Bz > 0,28 Bx <0,
and 2" Bx = 0, respectively. A vector x is B-normalized if |2 Bz| = 1. We call vectors z;
and x; B-orthogonal if I Bx; = 0 and B-orthonormal if |z Bx ;| = §,;, where §;; is the
Kronecker delta symbol.

DEFINITION 3.1. Let A, B € C"*". A matrix pair (A, B) is called a Hermitian matrix
pair if both A and B are Hermitian. A Hermitian matrix pair (A, B) is called positive
(negative) definite if there exists a real Ay such that A — Ao B is positive (negative) definite.

REMARK 3.2. Recall that a Hermitian matrix pair (A, B) is definite (e.g., [40]) if there
exist real constants «, 3 such that €A + 5B is a positive definite matrix. In this case, if o # 0,
then (A, B) is a positive or negative definite pair with A\g = —g; if « =0, then 8 # 0, and B
is either a positive or negative definite matrix. If the pair (A, B) is positive definite, then the
pair (—A, B) is negative definite, so from now on we deal only with positive definite matrix
pairs.

A definite matrix pair can be diagonalized by a congruence transformation. The following
theorem reveals the natural structure of a positive definite matrix pair.

THEOREM 3.3. [39, 42] Let (A, B) be a positive definite matrix pair of order n such
that B has inertia In(B) = (ny,n_,ng).

i) There exists a nonsingular W such that

Al I,
WHAW = —A_ ., WHBW = —I,
I’no Ono

where Ay := diag(A\], ..., \f ), A = diag(A], ..., A, ) with

3.1) Al S SAT A S SN

mn_—

ii) (A, B) has only real finite eigenvalues and the number of finite eigenvalues is
rank(B) = ny + n_. Each eigenvalue /\j', A; has an eigenvector x that satis-
fies £ Bx = 1 and ™ Bx = —1, respectively.

iii) A — \oB is positive definite for every \g € (A\] , \|") and nowhere else.

Note that the definiteness of the pair (A, B) precludes defective eigenvalues. Therefore,
since every eigenvalue )\j‘ has a B-positive eigenvector, )\j is called a B-positive eigenvalue.
Similar holds for A;". Any eigenvector z belonging to a finite eigenvalue of (A, B) cannot be
B-neutral, so we can always B-normalize x. Eigenvectors belonging to different eigenvalues
are B-orthogonal. Theorem 3.3 justifies the following definition.

DEFINITION 3.4. Let A — \oB be positive definite, where (A, B) is a given Hermitian
pair. The set of all such \g is an open interval called the definiteness interval [57], and every
such \g is called a definitizing shift.

The following lemma guarantees a basic property of our algorithm.

LEMMA 3.5. [38, Section 2] Let B € C™"*"™ be Hermitian, and consider a partitioned
matrix U = [X, Y] € C"*P, Moreover, let n(X"T BX) =: (ky,k_, ko) and In(U” BU) =:
(p+,p—,po)- Then

kv <py, ko <p_.

Now we briefly give the theoretical background for our algorithm [38, Section 2]. Let
A, B € C™*™ be Hermitian such that B has inertia In(B) = (ny,n_,no) and let (A, B) be
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a positive definite matrix pair with finite eigenvalues (3.1) and infinite eigenvalues
(3.2) A =00 for i=1,...,n0.

Now, the definiteness interval equals (A}, A\]"). Let U € C™*? have full column rank.
Then the projected matrix pair (U AU, UH BU) is also positive definite [38, Theorem 2.3];
hence its finite eigenvalues are real and can be ordered as follows:

— - _ ot +
O, <. <O <Of <. <0,

with In(U# BU) = (py,p_,po). The eigenvalue interlacing properties [38, Theorem 2.3]
hold

(3.3a) AS<OF <A, for i=1,...py,
(3.3b) A =z07 >N, , for j=1.....p,
where we formally set ;" = oo fori > n, and A; = —ooforj>mn_.Let

= [Ik+ I, }

for some integers k., k_ satisfying (k4, k_,0) < In(B), where the inequality is understood
elementwise. Now assume (k4 , k_,0) < In(U¥ BU). Then applying the trace minimization
principle [37, 42] to (A, B) and (UH AU,U" BU), and using the eigenvalue interlacing
properties (3.3) we have

Iy k_
(3.4a) min trace (X" AX) = AF - AT
X e Cnxk ; ; J

XHBX = Jy

kg k_
@ S

i=1 =1

(3.4¢) = min trace (YH (UHAU)Y) ,

Y c Cpxk

YH(UHPBU)Y = J

with equality if and only if U is spanned by the eigenvectors of the pair (A, B) belonging to
/\T, e, )\,:r+ and A7, ..., A\, . These eigenvectors are columns in the minimizing matrix
Xmin of the function in (3.4a).

For small given integers k., our aim is to determine the minimum and the minimizing
matrix X i, of the function given in (3.4a), that is, to find the k. smallest B-positive eigenval-
ues A\, ..., /\L, the k_ largest B-negative eigenvalues \|, ..., A, , and the corresponding
eigenvectors of the positive definite pair (A4, B). Considering (3.4), we find approximations
of the wanted eigenpairs from the chosen subspace U = span U by using the Rayleigh—Ritz
procedure. We compute all eigenpairs of the small projected pair (U AU, U¥ BU) and
extract only those around its definiteness interval 0?[, j=1,...,ky and the corresponding

eigenvectors yf, j=1,...,ky. These eigenvectors are assumed to be normalized such that
H(rrH - -
YZ(U“BU)Y =J,, where Y:[y,::,...,yf,yl,...,yki].

The Ritz pairs of the matrix pair (A, B) with respect to the subspace U are then given by
(jS, iji), j = 1,...,ky. Therefore, the matrix X := UY of the Ritz vectors has B-
orthonormal columns.
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Algorithm 3.1 An indefinite variant of the (m)-scheme with one preconditioner, m > 2

Input: A, B € C"*™: coefficients of a positive definite pair (A, B) with indefinite B;
T € C™*™: Hermitian positive definite preconditioner;
X©) e C™**: initial guess such that (k;,k_,0) < In[(X©)#BX©)].
Output: 7, < k, smallest B-positive eigenpairs and /_ < k_ largest B-negative eigenpairs.

I: B-orthonormalize X (%),

2: Apply the Rayleigh—Ritz procedure to (A, B) with respect to the subspace span X (9),
and let ©(°) be the diagonal matrix containing the wanted Ritz values.

3: Initialization: If m > 3, then compute an initial sequence of m — 2 matrices

XM X(m=2) by executing single steps of the (j)-scheme with the initial sequence
X0 XU forj=2...,m—1.
4: Tteration:
5: fori=m-—-2,m—1,m,... do
6:  Compute preconditioned residual W) « T(AX() — BX(®H@W),
7. if all desired eigenvalues are converged then
8: Exit loop.
9: endif
10 Set the subspace UV «— span U = span[X @, WO x (-1 x=m+2)]
11:  B-orthonormalize U(").
12: Apply the Rayleigh—Ritz procedure to (A, B) with respect to the subspace /(") and let
X (i+1) pe the matrix of the Ritz vectors corresponding to k. smallest B-positive and
k_ largest B-negative Ritz values and let ©“*1) be the diagonal matrix containing the
wanted Ritz values.
13: end for

Now we need to specify a subspace U/, which can be chosen in many ways. An indefinite
variant of the (m)-scheme with one preconditioner is presented in Algorithm 3.1, similarly
to a unifying framework suggested in [43, 44] for a class of preconditioned gradient type
eigensolvers for computing the smallest eigenpair of a GEP with real symmetric positive
definite matrices. Let

XO L xm=D ek =k, +k_,

be an initial sequence of matrices of approximations of the wanted eigenvectors with m > 2 a
small fixed integer. In the ith (¢ > m — 2) iteration of Algorithm 3.1 we consider the subspace

(35  UY =spanUY :=span[ XD, WO x (=D x (=2 x(-m+2)]
(a matrix X (=7 is an empty matrix) with the preconditioned residual matrix
w@® .—7.RO = T. (Ax(i) — BX(i)@(i))
for some Hermitian positive definite matrix 7' € C™*" and
e .— ((X(i))HBX(i))*I(X(i))HAX(i).

Notice that the dimension of the subspace ¢/(*) is not larger than mk for all i = 0,1,2, .. ..
Every new subspace /() in Algorithm 3.1 contains column vectors of the current iteration
matrix X (V) containing Ritz vectors. Therefore, the eigenvalue interlacing properties guarantee



151

152

153

154

155

156

PCG ITERATIONS FOR DEFINITE MATRIX PAIRS 7

H;F(Hl) < H;F(z), j=1,..., k4, thatis, the B-positive Ritz values are monotonically decreas-
ing, and 9]._(2) < 0;(1“), j=1,...,k_, thatis, the B-negative Ritz values are monotonically
increasing for any preconditioner, not necessarily positive definite. Therefore, our iteration
method is trace-reducing and robust with respect to the choice of the preconditioner.

An indefinite LOBPCG method with one preconditioner [38, Algorithm 1] coincides with
Algorithm 3.1 with m = 3.

We now give some remarks on the use and implementation of Algorithm 3.1, similarly
to [38, Section 3.1]. The user chooses m > 2, which determines the dimension of the search
subspace.

Initial guess. The user needs to give an initial guess X (%) such that

In(XO)HBXO) = (ky, k_, ko) > (£4,-,0)

holds (the inequality is understood elementwise), where ¢, (¢_) denotes the number of
the wanted smallest B-positive (largest B-negative) eigenpairs. The inequality k+ < pL
for In (UW)? BU®) = (p,p_, po) holds for all iterations; follows by induction from
Lemma 3.5. Notice that p; and p_ may vary during the iterative process. Hence we need
precise information about the number of eigenvalues for both types in the projected problem
in order to extract the desired Ritz values. This is quite different compared to the standard
LOBPCG algorithm, in which the desired Ritz values are always the smallest ones. Fortunately,
we have knowledge about p, and p_ since the inertia of (U ) BU() is available as a
byproduct of the B-orthogonalization procedure; see below.

When B has a particular structure, as in many applications, choosing such an initial guess is
straightforward; see Examples 6.1-6.3.

We allow X (*) to have more than ¢, B-positive and more than /_ B-negative columns, which
can be useful when we have a cluster of eigenvalues. In this way, the dimension of the search
subspace is bigger, which can lead to faster convergence.

Initialization. The current subspace /(") depends on the span of m — 2 matrices of the
previous Ritz vectors. Therefore, if m > 3, we need to compute these matrices before
proceeding with the iteration. For example, if m = 4, we need to compute an initial sequence
of two matrices X (1), X (?) by executing single steps of the indefinite variant of the (j)-scheme
with the initial sequence X (%), X(7=2) for j = 2, 3. This means that we execute only the first
iteration step (i = 0) of the (2)-scheme to get X V) from span[X (9, 7W(9)]. Then, we execute
only the first iteration step (i = 1) of the (3)-scheme to get X ) from span[X ), W) X (0)],
Finally, we can proceed with the iteration in the (4)-scheme, where in the first iteration step
(4 = 2) we have span[X ), W) x 1) x©)],

Choosing the basis. The natural basis [X ), W () X =] for /(") in the indefinite LOBPCG
method (as in the standard LOBPCG method) is ill-conditioned. To improve numerical stability
a new basis is chosen [33, 38]: the matrix X “~1) is replaced by the matrix P(*). The columns
of the matrix P() are given as an implicit difference of the corresponding columns of the
matrices X () and X *~1). More precisely, let the 3k x k matrix Y (“+1) containing the desired
eigenvectors of the projected pair ((U")# AU (U))H BU()) be partitioned as

}/1(i+1)

i+1
Y = YQ("“)

_ Yl(i+1) € Chxk, Y2(i+1) € C2kxk,

)

Update (P(©) «+ )

pl+1) [W(i)’X(iq)]YQ(Hl)’ x G+ X(i)Yl(iJrl) 4+ pl+D)
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Since PU+D = X+ — X@Oy "™ then in the indefinite variant of the (m)-scheme
we use the new basis [X ) W& p@) pt-1 pli=m+3)] instead of the natural basis
[X(z)7 W(Z), X(ifl)’ )((1’72)7 o 7X(ifm+2)}.

B-orthonormality. The Ritz pairs extracted from the subspace /(") do not depend on the
choice of the basis. For the standard LOBPCG method it has been observed that choosing an
orthonormal basis leads to improved numerical stability [18, 26]. In [38], the authors made a
similar observation when choosing a B-orthonormal basis in the indefinite LOBPCG method.
We prefer B-orthonormalization rather than standard orthonormalization (in the Euclidean
inner product) in our algorithm for the following reasons. The first reason is the natural
structure of the GEP we are interested in: since the eigenvectors corresponding to different
eigenvalues of a definite matrix pair are B-orthogonal, we would like the approximations
of the wanted eigenvectors (in our algorithm, these are Ritz vectors) to be B-orthogonal as
well. Furthermore, we want to solve the trace minimization problem (3.4), where we have the
B-orthonormality property X BX = diag(41). Once the basis has been constructed, we
form the projected pair (U AU (U®)H BU®), where, in general, (U®)7 AU is
a full matrix, and in theory (U")H BU() = diag(+1). Therefore, we can apply the .J-Jacobi
method of Veseli¢ [56] to the small projected pair.

The B-orthonormalization process [38, Section 3.1] needs to be implemented carefully
to avoid numerical instability. Notice that this process in not always possible due to the
existence of B-neutral vectors. Further, for a vector close to a B-neutral vector, forcing
B-normalization will lead to a large growth factor. To avoid that, we can use a preprocessing
step [38, Section 3.1] and drop the problematic vectors from the basis; see also the discussion
in [18, Section 4.1] for the standard LOBPCG. By Lemma 3.5, when orthogonalizing U(*)

from (3.5) with (X(")?BX () = diag(£1), the output Uéfgp can be chosen of the form
[X(®), Z®)] (consequently, we have rank(X (")) < rank(Uérigp) < rank(U®)), which is
enough for a search subspace as long as Z(*) contains some columns to keep the algorithm
working. If too many columns must be dropped, the basis can be padded with randomly
generated B-orthogonalized columns.

Deflation. A Ritz pair is deflated after it has converged to the desired accuracy. In our
algorithm, we use a “deflate from the middle” strategy: a Ritz value GJ"-—L (here we drop the

superscript () for clarity) is deflatable if and only if all Ritz values Gii, withl <:i<j—1,
are deflatable and”

(3.6) [ ll2 = ([ Az} — 67 Bz ||2 < tol - 67 | B2l |2,

where x]i =U yjjE is the corresponding Ritz vector and tol is a tolerance specified by the
user. Deflated Ritz vectors, as in the standard LOBPCG method [34], do not participate in
the computation of W or PU), j =i —m + 3,...,4, but they still need to participate in
the B-orthonormalization process to avoid repeated convergence to the same eigenvalue. The
bound (3.6) is used in a backward error analysis of approximate eigenpairs [38, Section 3.4].
For large sparse matrices an estimate of the 2-norm is used. We refer to [18, Section 4] for
this issue. The 1-norm of the matrix can also be used; see, e.g., [41] for a hyperbolic quadratic
eigenvalue problem.

Plfconditioner. The preconditioned residuals (here we drop the superscript (i) for clarity)

wy = Trj»t are obtained by solving linear systems T‘le[ = rji forj=1,...,kt. Usually,

these systems are solved only approximately by some iterative method such as the linear

*Although we use a superscript 4+ (—) in a residual rj' (rj_ ), this does not imply that 7";' (rj_) is B-positive

(B-negative). Similar holds for a preconditioned residual w;t.
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conjugate gradient method (CG) [17] with a low drop tolerance. Ideally, one application of a
preconditioner to a residual vector has the same costs as one matrix-vector product. We use
a Hermitian positive definite preconditioner 1" for three reasons. Since we want to compute
the interior eigenvalues around the definiteness interval, we use a definitizing shift A\ for
which the matrix A — A\gB is positive definite, and therefore we use a Hermitian positive
definite preconditioner 7' = (A — X\gB) ™! or T' &~ (A — X\¢B)~!. The second reason is the
efficiency of a positive definite preconditioner such as a symmetric positive definite multigrid
preconditioner used in the discretization of an elliptic PDE-eigenproblem. The third reason
lies in the fact that the convergence analysis (see Section 4.1) is given only for a symmetric
positive definite preconditioner. Since our Algorithm 3.1 is robust with the choice of the
preconditioner, we can even choose the shift Ay outside of the definiteness interval, which
results in an indefinite preconditioner [33], [38, Example 5.2].

TABLE 3.1
An indefinite variant of the (m)-scheme for m = 2 and m = 3.

m  k_ ki Eigensolver \ m k_ ki Eigensolver

2 1 0 PSA™ 2 0 1 PSD*

2 >1 0 BPSA™ 20 >1 BPSD+

3 1 0 LOPCG™ 3 0 1 LOPCG*

3 >1 0 LOBPCG™ 3 0 >1 LOBPCG™T

2 1 1 indefinite PSD/A 3 1 1 indefinite LOPCG
2 >1 >1 indefinite BPSD/A | 3 >1 >1 indefinite LOBPCG

In Table 3.1, we appoint an eigensolver for m = 2 and m = 3 from our algorithm. The
names of our methods point to a strong relationship with existing methods for the partial GEP
for a matrix pair (A, B) with positive definite B. The abbreviation BPSA stands for the block
(or subspace) preconditioned steepest ascent iteration. In our methods, superscripts + and —
mean that iterations operate not on the whole Euclidean space, but only on the B-positive and
B-negative subsets, respectively.

During the past few years several variants of extended (B)PSD/A and LO(B)PCG type
methods were proposed for nonlinear Hermitian eigenvalue problems with variational charac-
terizations [9, 41, 55]. The mentioned eigenvalue problems include definite matrix pairs. A
so-called interval of definite type: positive” or negative [55, Definition 2.1, Proposition 2.4]
is chosen. Then, in a single vector version, the algorithms in [9, 41, 55] compute the small-
est (or the largest) eigenvalue in that interval and the corresponding eigenvector. In block
versions, the algorithms compute a few smallest (or largest) eigenvalues in that interval and
the corresponding eigenvectors. Our Algorithm 3.1 with k1 > 1 simultaneously computes
the eigenvalues on both sides of the definiteness interval and the corresponding eigenvectors
of a positive definite matrix pair. Algorithm 3.1 withm =23 and k; > 1 and k_ =0, or
ky = 0and k_ > 1, coincides with the corresponding algorithms in [9, 55]. For example, our
LOPCGT with k4 = 1 coincides with [9, Algorithm 2.1, LOCG(1,2), with a fixed precondi-
tioner and F'(\) = AB — A]. The mentioned extended variants of (B)PSD/A and LO(B)PCG
type methods in [9, 41], as discusEed in [22, 50, 51], mean that, for example in PSD (2.2),
the search subspace span[z(?), T(A — p(x?)B)2("] is replaced with the m,th order Krylov
subspace (usually with a small 7. ; here p(*) := p(z(9)))

e (T(g - ﬁ(i)B); m(i)) := span [m(i), T(ﬁ — ﬁ(i)B)m(i), ooy (T(A -

=

i)B))me—lx(i)] ]

TFor example, (Ao, 00) is an interval of positive type of a positive definite matrix pair, where g is a definitizing
shift.
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The global convergence of the method using K™« (T'(A — 59 B); 2(?)) as a search subspace
with 7' = I to some eigenvalue of a definite matrix pair (A, B) with B = 0 is proven in [22,
Theorem 1]. The global convergence of the LOPCG type method to the extremal eigenpair,
for a general Hermitian matrix polynomial with variational characterizations, without any
assumption on a preconditioner (including variable preconditioners), is proven in [9, Theorem
2.1]. In particular, an asymptotic estimate for our indefinite LOPCG™ method with a fixed
positive definite preconditioner is given in [9, Theorem 3.1, LOCG(1,2)].

It is natural to expect (as confirmed by our convergence analysis from Section 4.1) that
the eigenvalues closest to the definitizing shift Ay converge first. Since we want to compute the
eigenvalues around the definiteness interval, to be more efficient, we can use two definitizing
shifts, i.e., \J close to A} and A\; close to A} . Therefore, we can use two preconditioners
T, ~(A-X{B)"'and T_ ~ (A — \j B)~}, exactly as in [38, Algorithm 2], and get an
indefinite variant of the (m)-scheme with two preconditioners. To preserve the dimension of
the search subspace, we use

U = span[X(i),TJr . RS:),T_ . R@,X(i_l), e ,X(i_m+2)]

as a new subspace, where we split the residual matrix R() into two parts Rfﬁ) and R@
associated with B-positive Ritz values and B-negative Ritz values, respectively.

4. The simplest variants: PSD™ and PSA ™. In this section, we consider the simplest
variants in Algorithm 3.1, namely PSD™ and PSA~. When B is positive definite, then the PSD
(PSA) iteration aims to compute the smallest (the largest) eigenvalue and the corresponding
eigenvector of a matrix pair (A4, B). If B = 0, then PSD = PSD™; if B < 0, then PSA =
PSA~. Therefore, when B is indefinite, as in our case, the PSDT (PSA ™) iteration aims to
compute the smallest (the largest) B-positive (B-negative) eigenvalue and the corresponding
eigenvector. To give convergence theorems for our methods PSD* and PSA™, we use the
convergence theorem [45] derived for the PSD iteration that is proven only for real symmetric
matrices. Therefore, only in this section we assume that A and B are real and symmetric.

Let

xT Az

_ T
=gy © Brrl

p(x)
denote the Rayleigh quotient associated with a positive definite matrix pair (A4, B). The single
vector iteration PSD™ (replacing X, W, and X (*1 by z,, w,, and 2/, respectively)
uses the subspace () = span[z,,w.] in the ith iteration step’. A Ritz pair of (A, B) with
respect to the subspace U ¥ is (z/, , p(z'.)), where p(z’, ) is the smaller B-positive Ritz value.
Similar holds for the PSA™ iteration.

REMARK 4.1. The indefinite PSD/A iteration combines the PSD* and the PSA™ it-
erations into one iteration method by using the subspace U = span[X ), W], where
X0 = [+, z_] contains the current approximations of the wanted eigenvectors correspond-
ing to A" and \]. The subspace ¢/(?) in Algorithm 3.1 with m = 3 and k+ = 1, that is, the
indefinite LOPCG iteration, additionally contains the column space of the previous iterate.
Therefore, the indefinite PSD/A iteration can be interpreted as a truncated version of the
indefinite LOPCG iteration. Similarly, higher order schemes in Algorithm 3.1 with m > 3 and
k4 = 1, can be interpreted as an extended version of the indefinite LOPCG method. Similar
holds for the block versions.

*If 24 and w are linearly dependent, then the iteration terminates in the current iterate 2 .
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4.1. Convergence theorems for PSD™ and PSA~. A sharp convergence theorem for
the standard PSD iteration applied to a real symmetric matrix pair (A, B), where A is positive
definite, is given in [45], using the dual matrix pair (B, A). To give corresponding convergence
theorems for eigenvalues around the definiteness interval of a positive definite matrix pair
(A, B) with indefinite B computed by PSD™ and PSA™, we need to present them as the
extremal eigenvalues of some auxiliary matrix pair.

Consider a positive definite matrix pair (A, B) with eigenvalues (3.1), (3.2). Let \g be a
given definitizing shift and let

A=A—XB=0, A=X—X\ #0.
Hence for the eigenproblem
.1 Bz = jiAx
the eigenvalues {1} are given by
fi= 1A= 1/(A - )

and arranged in the order:

YA, < - < 1AL < 0=1/A% = =132 < /A, < < 1/
I I I .
iy < < fn. < 0=pP=-=ha% 0 < fmy < < uf
Let
T
z! Bx 1
(4.2) ) = —=— = ER, z#0,
2TAz  p(x) — o

denote the Rayleigh quotient associated with the matrix pair (B, Z) from (4.1). Therefore, the
goal of the PSD iteration is equivalent to compute the largest eigenvalue 7i] by maximizing
f(x) from (4.2), and the corresponding eigenvector. Similar holds for the PSA™ iteration.
Since we want to compute extremal eigenvalues fi; and /i, we can use the PSDj (4.3)
iteration and then apply [45, Theorem 2.2] to the matrix pair (B, A) and (=B, A) from (4.1),
respectively. The transformation of the PSD iteration (2.2) (after multiplication by zi(z) =
1/p(z), replacing (1, 2() and 7() by 2/, z, and 7o, respectively) is

(4.3a) (PSD;)  fu(x)x’ = fi(x)x 4 TopT(Bx — Ji(x) Az)
with the optimal step length

(4.3b) Topt 1= arg mgﬁcﬁ(ﬁ(x)x + 7T (Bz — ﬁ(m)gm))

For a symmetric positive definite matrix 7', a preconditioner, which approximates the
inverse of the positive definite A one assumes [45, Section 1.1]

(4.4) II-TA|; <~ ~elo1).

Neymeyr gives a convergence estimate of the poorest possible convergence of the PSD
iteration (2.2) in [45, Theorem 1.2]; the proof of that theorem takes 12 pages. That estimate is
sharp in the sense that an initial guess and a preconditioner 7" satisfying the inequality (4.4)
can be chosen such that the bound is attained. [45, Theorem 1.2] guarantees the monotone
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convergence of a sequence of the Ritz values to some eigenvalue; to the smallest eigenvalue
only if the Ritz values have reached the final interval [A1, A2), but, due to roundoff, in practice
that sequence almost surely converge to the smallest eigenvalue. A similar convergence
theorem for the PSD™ and PSA ™ iteration is as follows:

THEOREM 4.2. Let x, € R"™ and ' be the PSD™ iterate. The preconditioner T is
assumed to satisfy (4.4). If \} < p(zy) < A, i=1,...,n4 — 1, then p(z/,) < p(z)
and either p(z',) < A\ or

ph) =N o pley) =N

4.5) <o
Nw — o)~ TN — ple)
i 2 — Ky A= Xo) (A7 — S
with Oi+ = i+ +’Y( HZ’+) and Kiy 1= ( 7 0)( 1 z-‘rl)

(2 = Ki4) +7Ri+ N = AT = A5

The estimate is sharp and can be attained for p(x) — X\ in the three-dimensional invariant
subspace associated with the eigenvalues )\f, )‘j+1’ and A7 .

Proof. The proof follows from [45, Theorem 2.2] applied to the matrix pair (B, ,Z)
from (4.1) with associated substitutions o — o; 4+, pu(z) = w(zy) = 1/(p(xs) — Xo),
(s M1 iy pi1) = (A7 By s Fig 5 J17 )s g = Fi; = 1/(A7 = Xo), and K — K 4.

THEOREM 4.3. Let v_ € R"™ and ' be the PSA~ iterate. The preconditioner T is
assumed to satisfy (4.4). If Ay < plx—) <A ,i=1,...,n_ —1,then p(z") > p(x_)
and either p(z’_) > A\ or

Npll) o A pla)
plal) =Ny~ T p(ro) = Ay
Ki,— + (2 — ki —) and ke — A7 = 2)(A — )‘;-5-1).
(2= ri-) + ki - T A =)

(4.6)

with o; _ =

The estimate is sharp and can be attained for p(x_) — A in the three-dimensional invariant
subspace associated with the eigenvalues N}, A7, and \{ .

Proof. The proof follows from [45, Theorem 2.2] applied to the matrix pair (—B, /~1)
from (4.1) with associated substitutions ¢ — o; _, p(x) = —p(z_) = —1/(p(x_) — Xo),
(s i1, iy 1) — (_ﬁfv —Hiy1> —Hi s —fiy ), pj = _ﬁ;t = _1/()‘;‘t — Xo), and
K — Ki_. a

For x from [45, Theorem 2.2] holds x € (0, 1), which implies x; + € (0,1). Since
0i+ = 0,4 (7, K;,+) is a monotone increasing function in both variables, choosing smaller
(meaning a preconditioner 7" approaches to the exact inverse of ﬁ) and/or smaller x; 1 will
lead to a faster convergence of the PSD™ iteration. Similar holds for the PSA~ iteration.

We now give an asymptotic estimate for (4.5). Provided that )\f <plzg) < )\3' and (4.4)
holds, asymptotically, as p(z1) — A{, we have (A — p(z,))/(AF — p(z4+)) — 1 and
therefore

p(aly) — AT < 2
plas) = A~ i
(AF = M)(AT = A9)
(A3 = A)(Af = AD)

. Ky +v9(2—k
with oy =014 = W and K4 i=Ki4 =

Therefore, our PSD™ iteration converges at least linearly with the asymptotic convergence
factor a_%_ that depends on the gap between A\ and A relative to the gap between AJ and Ao,
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and of course on : the quality measure of the preconditioner 7. If A\J ~ A\, then x4 ~ 1
leads to a slower convergence of the PSD™ iteration. Asymptotically, when \g — A, then
k+ — 0 and therefore o — . Similar conclusions hold for (4.6).

Corresponding convergence theorems for the block iterations BPSD™ and BPSA™ can be
derived from [47]. For practically important (indefinite) LO(B)PCG type methods there are still
no sharp convergence estimates. Convergence theorems proven for the preconditioned inverse
iteration (PINVIT) [36], PSD/A [45, 46, 47], our convergence theorems (for an indefinite
case) can serve only as upper (non-sharp) estimates. Namely, the eigenvalue interlacing
property implies that the Ritz value 6] (6; ) computed in Algorithm 3.1 with m = 3 and
ky =1,k =0 (ky = 0,k_ = 1)is at least as close to A (\]) as the Ritz value p(z’))
(p(x"_)) computed by PSD™ (PSA™) since the subspace of PSD™ and/or PSA™ is contained
in the subspace of Algorithm 3.1 with m = 3. Therefore, Algorithm 3.1 with m = 3 and
ky =1,k =0(ky =0,k_ = 1) converges at least linearly with the asymptotic convergence
factor o3 (02).

5. Arbitrary spectral gaps. Algorithm 3.1 (and its extension derived at the end of
Section 3) simultaneously computes a few eigenvalues around the definiteness interval and the
corresponding eigenvectors of a given positive definite matrix pair. However, the definiteness
interval is just one special spectral gap. In this section, we derive some ideas how to use the
trace-reducing Algorithm 3.1 to compute a few eigenvalues around any spectral gap and the
corresponding eigenvectors of a definite pair (A, B).

Let Anin denote the smallest and Aj,.x the largest finite eigenvalue of some positive
definite matrix pair (A, B) with finite eigenvalues (3.1) and let Z; denote its definiteness
interval®. For the given arbitrary shift A\, € (Amin, Amax) \ Zo that is not an eigenvalue of
(A, B), let Z,, be the spectral gap around \,, that is, A\, € Z, and either Z, = (/\j', )\;:_1), for
somei € {1,...,ny —1}orZ, = (A\;,A;), forsome j € {1,...,n_ — 1}. The spectral
gap around )\, is defined analogously for a negative definite matrix pair.

We want to simultaneously compute a small number of eigenvalues around the given shift
Aq, more precisely, the first j;, eigenvalues that are bigger than A, the first j, eigenvalues that
are smaller than )\, and the corresponding eigenvectors of a definite pair (A, B). We transform
the pair (A4, B) into some auxiliary positive definite matrix pair with the definiteness interval
around zero and then use Algorithm 3.1 to compute j; + js eigenvalues around zero and the
corresponding eigenvectors of that auxiliary pair, and consequently, the wanted eigenvalues
around A, and the corresponding eigenvectors of the pair (A, B). We propose two ways to
transform the given definite pair to some auxiliary one¥.

Suppose first that B is positive definite and )\, is from any desired spectral gap Z,. Now
the matrix pair (A — A\, B, B) has the desired spectral gap Z := Z,, — A, around zero and its
eigenpair (p, ) corresponds to the eigenpair (p+ A, ) of the pair (A, B). As is immediately
verified, 7 is the definiteness interval of the positive definite pair

3.1 (B~ (A= X,B)™h,

which has the same eigenvalues as the pair (A — \, B, B), the eigenvectors are just multiplied
by B, and Algorithm 3.1 applies with ¢, = 73, /_ = js. Here, the preconditioned residual is
obtained by a matrix vector product since 7' = B. This case can be extended to any definite
pair with indefinite matrices and with the known definiteness interval, or, at least part of it. Let
Ao be a definitizing shift of a positive definite pair (A, B) with indefinite A and B. Let A, be

81f B < 0, then Zo = (Amax, 00). If B = 0, then Zo = (—00, Amin)-
9The author is indebted to Professor Kreiimir Veseli¢ for suggesting some of the ideas in the following, in
particular for using (5.1) and providing Theorem 5.1 below.
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from any desired spectral gap Z, of (A, B). We assume that Ao and ), are not relatively close.
Then A — )\ B is positive definite and the eigenpair (A, x) of the pair (A, B) corresponds
to the eigenpair (A — Ao, ) of the pair (A — A\gB, B). Now we can apply the previous case
to the matrix pair (B, A — Ao B) in which the eigenpair (1/(\ — Ag), x) corresponds to the
eigenpair (A, z) of the pair (A, B). First, move the spectrum of (B, A — \yB) to the left by
1/(Aa — Ao) , and then use the inverses. Therefore, Z := 1/(Z, — A\g) — 1/(Aa — Ao) is the
definiteness interval around zero of the positive definite pair

(52) ((A=20B)7% (B = (= Xo) (A= 20B) ),

in which the eigenpair (y=5- — 5152, (A — Ao B)x) corresponds to the eigenpair (X, z) of
the pair (A, B). Here, the preconditioned residual is obtained by a matrix vector product since
T = A — )\pB. After running Algorithm 3.1 with £, = j,,{_ = j; (notice the change of the
roles of js and j with this spectral transformation) on the pair (5.2), the computed eigenpair
(1, y) of the pair (5.2) corresponds to the eigenpair

1
—— 1+ X, (A= XB) ! )
G oo T (A= 2By
of the positive definite matrix pair (A, B) with indefinite A and B. A shortcoming of this way
is that we must know the inverses or at least be able to solve easily linear systems of the type

Bx=c and (A—-A,B)z=c

for matrices in (5.1); and similarly for (5.2). There is another way, i.e., by using corresponding
decompositions of the matrices appearing in (5.1) and (5.2). We assume first for simplicity
B = I. Now make the indefinite decomposition |

(5.3) A—NJI=GJGH,
where A, is taken from any spectral gap 7, of A and J is Hermitian nonsingular, that is,
(5.4) JE =gt =7

and G is a nonsingular lower block-triangular matrix with diagonal blocks of order 1 or 2. If
J=1TorJ=—1I,then A\, < Amin and A\, > Apax, respectively, that is, A\, is not from any
spectral gap. In this case, we can proceed, and at the end, compute the extremal eigenvalues,
i.€., Amin O Amax and the ones closest to them. However, we are really interested in an
indefinite J = diag(+1).

Consider the auxiliary matrix pair (GG, J). Due to (5.4), this pair has the same
eigenvalues as the matrix A — A, I and it possesses a set of J-orthonormal eigenvectors. More
precisely, we have the following theorem.

THEOREM 5.1. Let A € C™*™ be the given Hermitian matrix and let U € C"*P, p < n,
have orthonormal columns spanning a spectral subspace of A, := A — A1, that is,

(5.5) AU =UA,,

Il An indefinite decomposition of a Hermitian matrix H is a decomposition of the form PHPH = LDLH,
where L is a unit lower triangular matrix, D = D™ is a block-diagonal matrix with diagonal blocks of order
1 or 2, and P is a permutation matrix. This decomposition is obtained by the variants of the Bunch—Parlett
decomposition [3, 11, 12, 13, 14, 16]. An additional diagonalization of the diagonal blocks in D and an appropriate
scaling of the columns of L results in a new decomposition PHPH = GJGH, where G is a nonsingular lower
block-triangular matrix with diagonal blocks of order 1 or 2, and J is a diagonal matrix of signs of the eigenvalues of
D (or, equivalently, of H) on its diagonal. We must pay attention to which pivoting strategy to use when performing
an indefinite decomposition; for a banded matrix a pivoting strategy needs to preserve the bandwidth during the
process [13, 15, 28].
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where A == A — A\ I, A € RP*P is a diagonal matrix containing some of the eigenvalues of
A. Set

F = G7U|A|Y? or;, equivalently, U = GF|A,|~'/?
with G, J from (5.3). Then
(5.6) FHJF =7,
with J := sign(A,) and
(5.7) GHGF = JFA,,

that is, F spans the corresponding spectral subspace of the pair (GH G, .J). Conversely, (5.7)
and (5.6) imply (5.5) and the fact that U has orthonormal columns.

Proof. Premultiply A,U = UA, by A-! and postmultiply by A to obtain
(5.8) UA' = AU

Now,
FEJF = |A |V 2PURGH G U |A, M2

= [Ag|Y2UH ATIU | Ay |2
(5.9) = |AL Y PUHUA A,

= [Ad|"PA M A2 = 7,
with J = sign(Ay). (5.9) follows from (5.8). Further, premultiply (5.3) by JG~* to obtain
(5.10) GH = JG 1 A,.
Now,

GHGF = G"GGT'U|A.V? = GHU|AL|?

(5.11) = JGT T ALU|AG|Y? = JGTIU A, |AG|Y?
= JGTU|AG M2 Ao 7Y 2 Mg Ay |2
= JFA,.

(5.11) follows from (5.10) and (5.5).
Conversely, using (5.3), (5.7) and J? = I we have

AU = GIGHGF|A,|7Y/?

= GJIFA,|Aq| 712

= GF|Aa| ™2 A|"? Ag|Aa| /2

= UA,.
Now,

URU = |A, |V 2FEGHGF|A,|7Y/?

(5.12) = |A|VPFHTF AL A7V
(5.13) = |Aq| "/ sign(Aa)Ag|Ag| M2 = T,
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(5.12) follows from (5.7) and (5.13) follows from (5.6). O

Moreover, Z := Z, — ), is the definiteness interval around zero of the positive definite pair
(GH @G, J) and Algorithm 3.1 with ¢, = j,, /_ = j, applies. After running Algorithm 3.1,
A = A, + \.I, contains the wanted eigenvalues around )\, and U = GF|A,|~/? contains
the corresponding eigenvectors of the Hermitian matrix A. Instead of multiplying G by
G, we modify Algorithm 3.1 to work with factor G in a way that GH Gz is implemented
by G (Gx) and a preconditioned residual w = Tr with T = (GH G)~1 is implemented by
solving two linear systems Gz = r and Gw = 2. The first matrix (U®)7GHGU in a
projected pair can be implemented by (S")7 S where S := GU®.

If we have a pair (A, B) with B positive definite, then by making the Cholesky decompo-
sition B = LLY the matrix G in the preceding theorem has to be replaced by L~'G. More
precisely, we have the following proposition.

PROPOSITION 5.2. Let (A, B) be the given Hermitian matrix pair with B € C"**"
positive definite. Consider the indefinite decomposition

(5.14) A—-X\B=CJCH,

where \, is taken from any spectral gap T, of the pair (A, B); J is as in (5.4) and the
Cholesky decomposition B = LLY . Let V € C"*P, p < n, be B-orthonormal: VIBV = I,,
spanning a spectral subspace of the pair (A — A\, B, B), that is,

(5.15) (A= X\,B)V = BVA,,
where
(5.16) Ay = A=Ay,

A is a diagonal matrix containing some of the eigenvalues of the pair (A, B). Set
F = C 'LLAV|A,|"? or, equivalently, V = L~ 2 L71CF|A,|~Y/2.
Then
(5.17) FlJF =7,
with J = sign(A,) and
(5.18) (L'O)YH(L7'C)F = JFA,,
that is, F spans the corresponding spectral subspace of the pair (L~'C)H (L~1C), J).
Conversely, (5.18) and (5.17) imply (5.15) and the fact that V' is B-orthonormal.
Proof. Set Ay = L™'AL=H U = LHV and G = L~'C. Premultiply (5.14) by L~!
and postmultiply by L= use G = L~'C to obtain
Ap = NI = GJGH.
Premultiply (5.15) by L=! and use U = L*V to obtain
(A1 = N\)U =UA,.

Now, UHU = VHILALYV = VABV =1, set F = G~'U|A,|'/? and apply Theorem 5.1
with A, from (5.16) and substituting A — A;. 0
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Moreover, Z := T, — ), is the definiteness interval around zero of the positive defi-
nite pair ((L~*C)?(L=1C), J) and Algorithm 3.1 with £, = j;, £_ = j, applies. After
running Algorithm 3.1, A = A, + A1, contains the wanted eigenvalues around A, and
V = L~HL=1CF|A,|~'/? contains the corresponding eigenvectors of the matrix pair (A, B)
with B positive definite. Here we modify Algorithm 3.1 to work with factors L and C' in a
way that t = (L~1C)H (L~1C)z is implemented by

y=Cx matrix-vector multiplication,
Lz=y solving a linear system,
LHv =z solving a linear system,
CHy =t  matrix-vector multiplication;

and similarly for a preconditioned residual with the preconditioner 7' = ((L~'C)# (L~1C)) "~ "

REMARK 5.3. If we have a matrix pair (A, B) with B negative definite, then an analogous
proposition holds; consider the auxiliary pair (4 — A\, B, —B).

Finally, we give the proposition for a definite matrix pair (A, B) with indefinite B and )\,
from any spectral gap.

PROPOSITION 5.4. Let (A, B) be the given positive definite matrix pair with B € C™**"
indefinite. Let A\ be an arbitrary definitizing shift and set A=A — Ao B, which is positive
definite. Consider the indefinite decomposition B — (A, — \g)"*A = CJCH, where )\,
is taken from any spectral gap T, of the pair (A, B); J is as in (5.4) and the Cholesky
decomposition A= LLY. LetV e Cn», p < n, be A-orthonormal: VHZAV =

spanning a spectral subspace of the pair (B — (A, — Xg) ' A, A), that is,
(5.19) (B — (Mg — Xo) YAV = AV Ag,,
where
= (A= 20Lp) ™" = (A = Xo) 'y,
A € RP*? is a diagonal matrix containing some of the eigenvalues of the pair (A, B). Set
F = CLLAV|Aoa|'/? or; equivalently, V = L~HL71CF|Ao,|~'/2.
Then
(5.20) FYIF =7,
with J = sign(Ag,) and
(5.21) (L'C)YH(L™'C)F = JF Agq,

that is, F spans the corresponding spectral subspace of the pair (L~'C)H (L~1C), J).
Conversely, (5.21) and (5.20) imply (5.19) and the fact that V is A-orthonormal.

Proof. The proof follows immediately from Theorem 5.2 by substituting A— A\, B — B —
()\ —>\0) 1A B—>AandA —)Aoa 0

Moreover, Z := 1/(Z, — Xg) — 1/(Aa — Ao) is the definiteness interval around zero of
the positive definite pair ((L~*C)#(L~1C), J) and Algorithm 3.1 with £, = j,,{_ = j,
applies; notice the change of the indices + compared to the previous cases. After running
Algorithm 3.1, A = (Agq + (A — o) "' 1)~ + Aol,, contains the wanted eigenvalues
around \, and V = L~"L='CF|Ao,|~"/? contains the corresponding eigenvectors of
the positive definite matrix pair (A, B) with indefinite B. Although V# AV = I, after
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premultiplication (5.19) by VI we get VEBV = Ag, + (Ay — Xo) ~*I,. Therefore, V is
B-orthogonal and after normalization it becomes B-orthonormal.

REMARK 5.5. If a matrix pair (A, B) is negative definite with B indefinite, then an
analogous proposition holds; consider the auxiliary pair (B — (A, — Ao)*lﬁ, ,Z)

REMARK 5.6. When applying Algorithm 3.1 to the corresponding pair from (5.7)
or (5.21), an initial guess X (?) needs to have at least k. J-positive columns and k_ J-
negative columns. This is easily achieved by choosing appropriate columns of the identity
matrix. However, when using inverses, the initial guess needs to have at least k. B _1—positive
columns and k_ B ~l_negative columns. For the corresponding pair (5.1), B=A—\,B,and
for (5.2), B = B—(Aa—Ao) " L(A—AoB). Assume Y JY = Jj, for some matrix Y € C"*,
where J, = diag(£1) and k = k4 + k_. Then for X := CY we have XHB-1xX = Jr,
where B = CJCH . Therefore, CX(© can be used as an initial guess for our algorithm
applied to the corresponding pair (5.1) or (5.2).

6. Numerical experiments. In this section, we consider some numerical experiments
illustrating the performance of Algorithm 3.1 for different k1 = /. (a number of the wanted
eigenpairs) and different m; the dimension of the search subspace is (k4 + k_)m. In some
experiments we compare different preconditioners for the same initial guess, k4, and m. In
all experiments we use tol = 10~7 in the convergence criterion (3.6); unless otherwise stated.
Sometimes our algorithm fails to converge within the allowed number of iterations; we mark
this failure as oo in our results. We have two sets of our experiments. In the first set we apply
Algorithm 3.1 to the original matrix pair to compute eigenpairs around the definiteness interval.
In the second set we apply Algorithm 3.1 to the transformed matrix pair to compute eigenpairs
around some arbitrary spectral gap. All experiments have been performed in MATLAB R2014a
on Intel Core i3-4150 CPU 3.50GHz, 6 GB RAM, with the exception of Example 6.2, which
has been performed in MATLAB R2014a on Intel i5 760 @ 2.80GHz, 8 GB RAM.

6.1. The definiteness interval. In this subsection, we consider one product eigenvalue
problem and two hyperbolic quadratic eigenvalue problems. We apply Algorithm 3.1 to the
corresponding definite matrix pair. A comparison is made between Algorithm 3.1 for several
values of m and the corresponding algorithm that uses all previous iteration matrices X /),
that is, P\ for all 7 < i denoted by “w.h.” in the results; meaning the whole history.

EXAMPLE 6.1. Consider the product eigenvalue problem

(6.1) MKz =Xz, KMy=MNy, 0#ax,yecC"

where M, K € C"*" are Hermitian positive semidefinite and one of them is positive definite.
This problem appears in computational quantum chemistry [5], where it is of interest to find
a few smallest eigenvalues and the corresponding eigenvectors. Bai and Li developed the
corresponding theory (Cauchy-like interlacing inequalities, the trace minimization principle)
for this problem in [5]. The BPSD-like method for the product eigenvalue problem is proposed
in [52] and LOBPCG-like methods in [6, 7, 8]. It is well known that (6.1) is equivalent to the
GEP for the pair (A, B), where

K 0 0 I
62 T R )

Therefore, A2 is an eigenvalue of M K if and only if +)\ are the eigenvalues of (A, B), the
corresponding eigenvectors of (A, B) are given by

HEE
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where z,y are from (6.1). If both K and M are positive definite, then the pair (4, B)
from (6.2) is trivially positive definite, and finding the smallest eigenvalues of the product
eigenvalue problem (6.1) is equivalent to finding the eigenvalues around the definiteness
interval of the pair (A4, B). The direct application of our Algorithm 3.1 to the pair (A, B)
would imply working with matrices of double order. Therefore, a specialized LOBPCG-
type algorithm has been proposed in [38, Algorithm 3]. This algorithm is mathematically
equivalent to [6, Algorithm 4.1] and the experiment [38, Example 5.1] demonstrates that these
two algorithms have a similar convergence behavior. Here we want to compare the behavior
of the specialized Algorithm 3.1 for different values of m. This specialized algorithm reduces
memory requirements, computational cost, and CPU time, and preserves the symmetry of the
computed eigenpairs, compared with the direct application of Algorithm 3.1 to the product
eigenvalue problem. For brevity, we will not write down this algorithm, but just point out that
for m = 3 this specialized algorithm is [38, Algorithm 3]. As a concrete example from the
linear response analysis of the density matrix in electronic structure calculations, we use the
same matrices as in [8], [38, Example 5.1]. Therefore, the matrices K, M are real, symmetric
positive definite of order 5660. We refer to [8, Section 5] for more information about these
matrices and the natural preconditioner for this concrete example.

TABLE 6.1
Product eigenvalue problem from Example 6.1 with a zero shift using exact and CG preconditioners.

m_ | 2 3 4 5 w.h.

k=1
exact # iter 107 41 35 35 35
# iter 108 41 38 37 35
CG # in.iter 725,737 355,353 327,325 319,319 302,298
av.# in.iter 6.78,6.89 8.88,8.23 8.84,8.78 8.86, 8.86 8.88,8.76

ky =2
exact # iter 97,116 38,47 34, 39 34,34 33,33
# iter 98,119 38,48 35,40 34,34 32,33
CG # in.iter 1411,1440 741,728 642,625 578,561 550, 538
av.# in.iter 6.56,6.7 8.82,8.67 8.79,8.56 8.76,8.50 8.73,8.54

ki =3
exact # iter 96,103,107 37,38,47 34, 36,40 33,34, 36 30, 32,33
# iter 96,103,120 37,39,49 35, 36,42 34,35,37 29,31, 34
CG # in.iter 2042, 1990 1063, 1039 972,959 912,904 794,782
av.# in.iter 6.46,6.3 8.71,8.52 8.84,8.72 8.85,8.78 8.73,8.59

ke =4
exact # iter 95,96,104,227  36,37,39,70 33,34,35,69 32,33,33,67 29,29,30,36
# iter 98,98,102,222  35,38,40,67 34,35,35,71  33,33,34,65 29,30, 30,36
CG # in.iter 3355, 3306 1549, 1506 1518, 1479 1424, 1406 1029, 1018
av.# in.iter 6.50,6.41 8.80, 8.56 8.88,8.65 8.84,8.73 8.50,8.41

The four smallest positive eigenvalues are given by

AT~ 0.541812517132466,
A3 ~ 0.541812517132498,

Ay ~ 0.541812517132473,
At~ 0.615143209274579.

A comparison is made between the specialized Algorithm 3.1 with m = 2,3,4,5, and the
corresponding algorithm in which the whole history is included. Results are reported in
Table 6.1. The rows in this table correspond to one value of k. for ky = 1,2,3,4, and the
columns correspond to one value of m. Here we use zero as a definitizing shift and two different
ways for computing preconditioned residuals, i.e., the MATLAB backslash operator, and



401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

20 M. MILOLOZA PANDUR

the linear conjugate gradient method with stopping tolerance 10~2 and a maximum of 20
iterations; the rows in the table starting with “exact” and “CG”, respectively. Since we use
a zero shift, the preconditioner 7" equals A~! for A from (6.2), so we apply the CG method
twice: once for K and once for M. The total number of CG iterations is denoted by “# in.iter”
in Table 6.1; the first number corresponds to the total number for K and the second for M.
We also put the average number of CG iterations per iteration of the specialized Algorithm 3.1
denoted by “av.# in.iter”, first for K and then for M. The total number of required iterations
of the specialized Algorithm 3.1 until all £, desired eigenvalues have converged is denoted
by “# iter”. For example, we explain the field by m = 2 and k4 = 3 from Table 6.1: All
three wanted eigenvalues converge after 107 iterations of Algorithm 3.1 when using the exact
preconditioner, and after 120 iterations when using CG-based preconditioners. The first
smallest positive eigenvalue converges after 96 iterations, and the second smallest positive
converges after 103 iterations. The total number of inner CG iterations for K and M is
2042 and 1990, respectively. The average number of inner CG iterations per iteration of the
specialized Algorithm 3.1 for K and M is 6.46 and 6.3, respectively.

The findings of Table 6.1 are as follows. The total number of required iterations of the
specialized Algorithm 3.1, and also the total number of inner CG iterations, is reduced by
increasing the dimension of the search subspace. The most important difference is between
m = 2 and m = 3; specialized indefinite BPSD/A and specialized indefinite LOBPCG,
respectively. The total number of required iterations of the specialized variant of Algorithm 3.1
for m = 3,4, 5, and when using the whole history is very similar, the largest difference is
for the fourth Ritz value. The first three positive eigenvalues are clustered, therefore the
convergence for the first three Ritz pairs is much faster than for the fourth one. Moreover,
by enlarging the block size k; we can get a faster convergence to the smallest eigenpair, but
with more numerical cost per iteration of the specialized Algorithm 3.1. It is very important
to note that the results for CG-based preconditioners with very crude approximations of the
preconditioned residuals are very similar, in some cases the same, to the results for exact
preconditioned residuals. The maximum number of inner CG iterations per iteration of the
specialized Algorithm 3.1 is 10 for all values of k£ and m including the case in which the whole
history is included. We have repeated the experiment with CG-based preconditioners with
stopping tolerance 10~! and 10~3; the total number of required iterations of the specialized
Algorithm 3.1 is quite similar to the presented case.

TABLE 6.2
Product eigenvalue problem from Example 6.1 with a nonzero shift using CG preconditioners.
ky =1 ky =2 ky =3
m 2 3,4,5,wh. 2 3,4,5,wh. 2 3,4,5,wh.
#iter 6 6 6,6 6,6 | 6,6,6 6,6,6
# in.iter 158 161 310 311 471 476
av.# in.iter 31.6 32.2 31.0 31.1 31.4 31.73
ky =4
m 2 3 4 5 w.h.
# iter 6,6,6,46 6,6,6,18 6,6,6,18 6,6,6,18 6,6,6,17
# in.iter 1,251 908 908 911 881
av.# in.iter 20.85 28.38 28.38 28.47 28.42

Now we choose a relatively close definitizing shift Ay = 0.54 so we make use of the
preconditioners Ty = (A F A\oB)~!. We apply the linear CG method with stopping tolerance
1072 and a maximum of 50 iterations. Table 6.2 gives the total number of required iterations
of the specialized Algorithm 3.1 until all £ = 1,2, 3,4 desired eigenpairs have converged,
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including the total and the average number of CG iterations for m = 2, 3, 4, 5, and when using
the whole history. For example, the total number of inner CG iterations for ky = 1 is 158 for
m = 2 and in all other cases it is 161. The average number of inner CG iterations per iteration
of the specialized Algorithm 3.1 for k4 = 1is 31.6 for m = 2 and it is 32.2 in all other cases.
The maximum number of inner CG iterations per iteration of the specialized Algorithm 3.1 is
reached in some cases. When an excellent shift is used, there is no significant difference in the
convergence of the fourth Ritz value by enlarging the dimension of the search subspace.
EXAMPLE 6.2. Consider a quadratic eigenvalue problem (QEP)

(6.3) (MM +AD+K)x=0, 0#x¢cC"

where M, D, K € C™*" are Hermitian and M is positive definite. A Hermitian linearization
of (6.3) yields the Hermitian pair (A, B) with

M 0 0 M
o8 PO R ()

The positive definiteness of this matrix pair is equivalent to the hyperbolicity of the original
QEP [27, 56].
Here we consider a simple scalable example as in [38, Example 5.2]:

2 -1

(6.5) K=@m+12 |7t ., M=1I, D=2K.

This QEP is hyperbolic; its eigenvalues are given by

+ 2 9.9 JW
A =—a; £ Vaj —a;, where a;=4(n+1)"sin Wt 1)’
for j = 1,...,n. As n increases, the definiteness interval of (A, B) converges to around

(—19.2258, —0.5134). Considering that || D||s = 2||K||2 = O(n?), while ||M|]s = 1, we
propose to rescale the pair (A, B) as follows:

Ca R L]

We aim at computing the eigenvalues /\ji for j = 1,2, 3, that is, k1 = 3 in Algorithm 3.1
and the variant of Algorithm 3.1 with two preconditioners; see the end of Section 3. A
comparison is made between Algorithm 3.1 with m = 2,3,4,5, and the corresponding
algorithm in which the whole history is included. The number of total iterations for B-positive
and B-negative eigenpairs for n = 2000, 4000, 6000, 8000 is reported in Table 6.3. Notice
that the order of the linearized pair (A, B) is doubled, so n = 8000 means that we work with
matrices A, B of order 16, 000. The maximum number of allowed iterations of Algorithm 3.1
is 300 for one shift and 100 for two shifts. The CPU time is given in brackets in Table 6.3.
An algebraic multigrid (AMG) V-cycle preconditioner can be used as a black box for solving
linear systems for the preconditioned residuals in this example since we consider the scalable
pair (A, B). Therefore, we use the implementation HSL_MI20 [2] with the default settings.
Since D in (6.5) is positive definite, for fixed n and B given in (6.4), the initial B-positive
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TABLE 6.3
QEP from Example 6.2 with AMG preconditioners.
m 2 3 4 5 w.h.
n one shift, without deflation

2000 oo (7.36) 221 (7.18) 153 (7.79) 172
4000 | oo (12.73) oo (18.55) 245 (25.65) 192
6000 | oo (19.09) 240 (21.32) 206 (29.81) 132
8000 | oo (24.78) 234 (26.77) 196 (36.72) 63

n two shifts, without deflation

11.25) 214 (6020)
23.23) 16 (4.06)
22.17)  17(7.91)
12.89) 12 (3.57)

o~ —~ —

2000 81 (1.69) 21 (0.55) 21 (0.94) 19 (1.07) 14 (1.86)

4000 68 (2.70) 22 (1.15) 23 (1.60) 23 (2.35) 24 (14.1)

6000 53 (3.16) 26 (2.29) 20 (2.28) 18 (2.20) 14 (4.83)

8000 37 (3.12) 18 (2.09) 20 (2.65) 21 (3.64) 61 (335)
n two shifts, with deflation

2000 oo (1.69) oo (1.41) 24 (0.58) 17 (0.63) 18 (1.63)

4000 o0 (2.83) 19 (0.70) o0 (3.25) 22 (1.11) 16 (2.21)

6000 | oo (3.43) 25 (1.27) 27 (1.53) 21 (1.55) 15 (2.77)
8000 | oo (4.63) 20 (1.44) 20 (1.87) 21(2.10)  17(6.37)

and B-negative vectors are chosen as corresponding columns from [0; I] and [M ~!1D; —1,
respectively. We use the same initial guess for fixed n and fixed shifts.

The findings of Table 6.3 are as follows. Enlarging the dimension of the search subspace
significantly reduces, in almost all cases, the number of total iterations of Algorithm 3.1
when the shift is not good (in this case, \y = —5), but when using two excellent shifts (here,
A = —0.514and \; = —19.22), there is no such significant reduction in the number of total
iterations in the indefinite (1m)-scheme when m is increased. Although in almost all cases the
use of all previous iteration matrices gives the smallest number of total iterations, there is an
increase in the numerical cost and memory requirements per iteration. When the dimension
of the search subspace is fixed, like in Algorithm 3.1, there is a fixed numerical cost and
memory requirements per iteration. When two excellent shifts are used, we see that enlarging
the dimension of the search subspace increases CPU time. Again, the indefinite (m)-scheme
with m = 3, i.e., indefinite LOBPCG, is more efficient than the indefinite (m)-scheme with
m = 2, i.e., indefinite BPSD/A. We notice that the number of total iterations of Algorithm 3.1
with two shifts for fixed m is very similar for different values of n.

EXAMPLE 6.3. Consider another hyperbolic quadratic eigenvalue problem with matrices

15 -5
(6.6) K=|7 " . M=1, D=2K.
-5 15

These matrices can be produced by the command nlevp (' spring’,n,1,10,5,10,5)
from a collection of NLEVP [10] and the eigenvalues are given by

)\;tz—ozji\/a?—aj, where aj:5(3—2(;os il ),
n

+1

for j = 1,...,n. As n increases, the definiteness interval of the linearized pair (A, B)
from (6.4) converges to around (—9.4721, —0.52786). Moreover, the gaps between eigenval-
ues become arbitrarily small as n — oo. The illustration for n = 1000 is given in Fig. 6.1.
The inefficiency of Algorithm 3.1 with m = 3 (since it uses only one preconditioner)
is illustrated in [38, Example 5.3] caused by a decrease in the eigenvalue gaps; illustration
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FIG. 6.1. Eigenvalues of Example 6.3 for n = 1000. The definiteness interval of the pair (A, B),
when n increases, is around (—9.4721, —0.52786). 1000 B-negative eigenvalues are in the interval around
(—49.4948, —9.4721) and 1000 B-positive eigenvalues are in the interval around (—0.52786, —0.5051).

was made using the exact preconditioner with shift Ay = —5, nearly in the middle of the
definiteness interval. However, exact tailored preconditioners 7. perform very well. Here we
want to compare Algorithm 3.1 with two shifts and with m = 2, 3, 4, 5, 10, and when using
the whole history. Here we use A\; = —9.47 and A = —0.528 as definitizing shifts and two
different ways for computing preconditioned residuals: the MATLAB backslash operator
and the linear CG method with stopping tolerance 10~2 and a maximum of 50 iterations.
The obtained results for exact preconditioners and CG-based preconditioners are reported in
Table 6.4 and Table 6.5, respectively. We aim at computing the eigenvalues )\?E forj =1,2,3,

TABLE 6.4
QEP from Example 6.3 with two shifts and exact inverse preconditioners.

m 2 3 4 5 10 w.h.

n = 1000
# iter B-pos 227 37 30 28 23 20
# iter B-neg 19 10 10 9 9 9
CPU time (1.74)  (0.35) (0.36) (0.39) (0.48) (0.84)

n = 2000
# iter B-pos 720 73 62 61 49 36
# iter B-neg 54 17 16 15 14 14
CPU time (11.9) (1.30) (1.63) (1.76) (2.62) (7.35)

that is, k4 = 3 in the variant of Algorithm 3.1 with two preconditioners. We list the number of
required iterations for B-positive and B-negative eigenpairs to converge separately, denoted
by “# iter B-pos” and “# iter B-neg”, respectively, in Tables 6.4 and 6.5 for n = 1000 and
n = 2000; note that the order of the pair (A4, B) is doubled. The CPU time is also given
in both tables. The total number of inner CG-iterations is given in Table 6.5, separately for
preconditioned residuals corresponding to B-positive and B-negative Ritz vectors, denoted by
“# in.iter B-pos” and “# in.iter B-neg”, respectively.

The findings of Tables 6.4 and 6.5 are as follows. The total number of required iterations
of Algorithm 3.1 with two shifts, and also the total number of inner CG iterations, are reduced
by increasing the dimension of the search subspace. The most important difference is again
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TABLE 6.5
QEP from Example 6.3 with two shifts and CG-based preconditioners.
m 2 3 4 5 10 w.h.
n = 1000
# iter B-pos 239 51 47 42 37 35
# iter B-neg 288 79 79 79 80 T

#in.iter B-pos | 23,942 6950 6400 6000 5300 5100
#in.iter B-neg | 34,350 11,550 11,500 11,500 11,600 11,350

CPU time (8.06)  (1.22)  (1.54)  (1.70)  (2.55)  (7.38)
n = 2000

#iter B-pos 716 89 86 77 72 67

#iter B-neg 941 151 151 151 151 113

#initer B-pos | 71,696 12,750 11,800 11,200 10,500 9900
#in.iter B-neg | 90,050 24,450 22,450 22,450 22,400 16,800
CPU time (26.56)  (5.93)  (8.39)  (8.70) (14.38) (271.9)

between m = 2 and m = 3. Significant savings in CPU time are achieved by switching from
m = 2 to m = 3. Algorithm 3.1 needs more CPU time by a further increase in the dimension
of the search subspace, especially when using the whole history. The effectiveness of the
tailored preconditioners (A — )\S—LB )~! deteriorates as n increases, due to the decrease in the
eigenvalue gaps. In this example, in contrast to Example 6.1, the exact preconditioners (note
that matrices A, B are sparse) have outperformed the CG-based preconditioners.

Finally, we demonstrate that using a shift \J" that is very close to the eigenvalue A}
accelerates the convergence of Algorithm 3.1, as observed in Section 4.1. We list the required
number of iterations for all six eigenpairs separately in Table 6.6.

TABLE 6.6
QEP from Example 6.3 with two exact inverse preconditioners with shifts Ay = —9.47 and )\8' = —0.528,
(A§ = —0.5279) for n = 1000.
m | A5 Ay AT AF AF Aj | CPUtime

2 | 19 13 11 133(41) 157 (49) 227 (71) | 1.74 (0.66)
3110 9 8 35(19) 36(21) 37(24) | 0.35(0.27)
10| 9 8 8 22(14) 22(15) 23(15) | 0.48(0.37)

6.2. The arbitrary gaps. In this subsection, we consider ordinary eigenvalue problems
with indefinite and positive definite matrices, as well as a definite generalized eigenvalue
problem with both matrices indefinite. A comparison is made between Algorithm 3.1 applied
to the corresponding pair (5.1) or (5.2), and to the corresponding pair from (5.7) or (5.21).
In our results, the former is denoted by “using (an) inverse(s)” and the latter by “using (a)
decomposition(s)” . An indefinite decomposition of a particular matrix is obtained by [53, pp.
1-2]. A maximum number of allowed iterations is 100 in all experiments. All our results are
reported in tables, where for a fixed k4 :

(i) the first column corresponds to the total number of iterations of Algorithm 3.1,
(ii) the second column corresponds to the 2-norm of the absolute error AV — BVA,
where A is a diagonal matrix of approximations of the wanted eigenvalues, and V is
a matrix of approximations of the corresponding eigenvectors,
(iii) the third column corresponds to CPU time; the execution time of Algorithm 3.1
applied to the transformed matrix pair.
Although the initial guesses when using inverses and decompositions are connected (see
Remark 5.6), due to roundoff, we can expect a different total number of iterations of our
algorithm when using inverses and decompositions. Notice that 7" = I, when applying our
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algorithm to the pair (I, (A — A\,I)™1), while T = (G G)~!, when applying our algorithm
to the pair (GH G, J).

EXAMPLE 6.4. We first consider two sparse ordinary eigenvalue problems with real sym-
metric indefinite matrices coming from Platzman’s oceanographic models. These problems are
part of the Harwell-Boeing collection [19]. We obtain them from the Matrix Market [1]. All
eigenvalues occur in pairs, with the exception of an isolated singleton at zero. The eigenvalues
of interest are interior eigenvalues, located in the interval (0.0001, 0.024). Numerical experi-
ments with these matrices can be found, for example, in [23, Section 5.1] and [50, Example
4.4.2].

TABLE 6.7
The Atlantic Ocean model from Example 6.4 with the convergence criterion (3.6) and tol = 10~7.
m ke =2 | ki =6 | ky=0k_ =6

using an inverse

3 |25 10713 (0.30) | 28 1072 (0.78) | 34 107'2  (0.61)
5 | 15 10713  (0.22) | 21 107'2 (0.96) | 31 107'2 (0.76)
10 | 15 107!2 (0.30) | 21 107! (2.88) | 21 10712 (1.15)
using a decomposition
3 115 10719 (0.14) | 22 107% (0.40) | 58  107% (0.62)
5 |13 10710 (0.15) | co 107! (3.30) | o0 1072  (2.08)
10| 11 107% (0.17) | oo 1072 (7.10) | co 1072  (3.50)

TABLE 6.8
The Atlantic Ocean model from Example 6.4 with m = 10 and the convergence criterion (6.7).
tol ki =6 | ky=0k_=6

using an inverse

1077 | 14 1070 (1.51) | 16 10710 (0.32)
1078 | 16 107! (1.62) | 19 10”1l  (0.40)
using a decomposition

10°7 | 8 107% (0.22) | 10 107® (0.14)
1078 | 11 107° (0.34) | 11 1076 (0.16)

First, we consider a finite-difference model for the shallow wave equations for the Atlantic
Ocean. The corresponding matrix A is of order 362 with A, ~ —3.55 - 10712 and A\pax ~
0.77. Here we want to compute the eigenpairs around the shift A\, = 0.024. Therefore,
we apply Algorithm 3.1 to the pair (I, (A — A\,I)™!) and to the pair (GH#G,J), where
A — \,I = GJGH . In our implementation we have ||(A — A\, 1) — GJGH||53 ~ 10715, The
results are reported in Table 6.7. For example, Algorithm 3.1 with m = 10 applied to the
matrix pair (I,(A — \,I)~!) needs 21 iterations to compute approximations for the first
6 eigenpairs on both sides of \,. The corresponding absolute error is of order 10~*! and
Algorithm 3.1 runs 2.88 seconds. However, Algorithm 3.1 applied to the decomposition of
A — X\, I does not converge within the allowed number of iterations. A possible way to avoid
such a non-convergence is to use another convergence criterion (see the discussion in [18,
Section 4]), such as

(6.7) 75 ll2 < tol - (|1 All2 + 1651 [|Bll2) |25 |1 2-

For large sparse matrices estimates of the 2-norms are used; in this example B = I. The results
with m = 10 and the new convergence criterion are reported in Table 6.8. The convergence
is now achieved in all cases when using a decomposition. When applying Algorithm 3.1
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to the pair (I, (A — X\,I)~1), the algorithm takes fewer iterations by using the convergence
criterion (6.7) than by using (3.6), but with larger absolute error. By decreasing the tolerance
tol (for example, from 107 to 10~®) we can achieve a smaller absolute error.

TABLE 6.9
The Atlantic and Indian Ocean model from Example 6.4. For every fixed m, the first row refers to the convergence
criterion (3.6) and the second row to the convergence criterion (6.7).

m ky =2 | ky =6 | k+ =20
using an inverse
3 [ 33 1072 (091) | 41 10712 (2.23) | 43 1071 (10.89)
20 1070 (0.55) | 25  107%  (1.31) | 36  107°  (9.06)
5 [ 24 1071 (0.79) | 25 107! (2.58) | 41 107! (31.16)
18 1071 (049 | 18 107° (1.53) | 31 10=° (23.51)
10 | 21 1071 (L06) | 21 10713 (4.88) | 38 10712 (133.7)
14 10710 (0.49) | 14 10710 (2.31) | 27 107%  (88.49)
using a decomposition

3 |21 1077 (1.36) | co 1072 (8.70) | co 10!  (30.36)
9 1073 (0.59) | 12 107% (0.98) | 25 1074 (7.15)
5 [0 1072 (7.53) | o 1072 (13.91) | oo 107! (60.41)
8 1073 (047) | 9 107*  (1.01) | oo 1071  (60.21)
1021 1072 (144) | oo 1072 (26.60) | co 1072 (184.7)
8§ 1073 (0.47) | 8 1074 (0.95) | 11 104  (10.04)

Next, we consider a finite-difference model for the shallow wave equations for the Atlantic
and Indian Ocean. The corresponding matrix A is of order 1919 with Ay, =~ —3.40 - 10~16
and A\p.x ~ 2.92. Here we want to compute the eigenpairs around the shift 0.0121 in
the middle of the interval of interest. In our implementation we have ||(A — 0.0121]) —
GJGH ||y = 10714, The results are reported in Table 6.9. For m = 10 and k+ = 2 by using
the convergence criterion (3.6), Algorithm 3.1 applied to the inverse and Algorithm 3.1 applied
to the decomposition terminate after 21 iterations, but the former is faster and more accurate
than the latter. In all cases when our algorithm terminates within the allowed number of
iterations, it takes fewer iterations by using the convergence criterion (6.7) than by using (3.6),
but with larger absolute error. Algorithm 3.1 applied to the decomposition is quite sensitive to
a convergence criterion. In many cases, it does not converge within the allowed number of
iterations when using (3.6).

By observing the results from Tables 6.7-6.9, we can see that Algorithm 3.1 applied to
the inverse is more accurate than Algorithm 3.1 applied to the decomposition regardless of a
convergence criterion.

EXAMPLE 6.5. In this example, we consider a sparse ordinary eigenvalue problem with
a real symmetric positive definite matrix. More precisely, we consider a five-point finite
difference discretization of the Laplace operator on a 115 x 115 uniform mesh of the unit
square without the circle with radius 0.5 centered in the left vertex. The corresponding matrix
Aisof order 10, 279. We want to detect first k1 = 1,5, 10 eigenvalues around the shift A, = 7.
Therefore, we apply Algorithm 3.1 to the pair (I, (A — \,I)~!) and to the pair (GE G, J),
where A — X\, I = GJG*. In our implementation we have |[(A — A\, I) — GJGH ||y ~ 10714
The results are reported in Table 6.10.

As in the previous example, in all cases when our algorithm terminates within the allowed
number of iterations, it takes fewer iterations by using the convergence criterion (6.7) than by
using (3.6), but with larger absolute error. When using the decomposition the absolute error is
satisfactory with (3.6) (in the cases when the algorithm terminated within the allowed number
of iterations), but is very unsatisfactory with (6.7). In the latter case the algorithm terminates
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TABLE 6.10
The Laplacian eigenvalue problem on the 115 X 115 uniform mesh from Example 6.5. For every fixed m, the
first row refers to the convergence criterion (3.6) and the second row to the convergence criterion (6.7).

m ky =1 | ky =5 | k+ =10
using an inverse

3 [ 10 107 (077) | 27 10712 (7.99) | 41 10710 (24.68)
8 107'' (0.51) | 19 107°  (4.51) | 33 107°  (19.26)

5 [ 10 107'% (0.82) | 19 107'2 (9.10) | 41 10710 (118.7)
8 107 (0.63) | 15 10710 (5.55) | 22 107°  (47.72)

10| 10 107 (0.99) | 20 107" (21.24) | 21 10~'" (100.0)
8 107! (053) | 12 107 (10.35) | 15 1070  (49.37)

using a decomposition

3 9 107! (170) | 52 1079 (17.81) | 0o 107!  (64.61)
3 1072 (062) | 6 1072 (1.92) | 7 1072 (3.99)

5 9 107! (1.89) | oo 107! (55.28) | co 107! (114.5)
3 1072 (0.67) | 41 1072 (2041) | 7 1073 (5.28)

wo | 9 w0t (172) oo 1071 (96.29) | co  107' (265.2)
3 1072 (0.56) | 6 1072 (2.30) 7 1073 (5.93)

too quickly with very poor approximations of the wanted eigenpais.

EXAMPLE 6.6. In the last example, we consider a quadratic eigenvalue problem (6.3)
with matrices M, D, K from the spring example (6.6). The positive definiteness of M, D, K
implies both A, B from (6.4) to be indefinite. Therefore, in detecting an arbitrary spectral gap
we need to use the pair (5.2) or Proposition 5.4. First, we apply “perfect shufflling” [57, p.
104] to the matrix pair (A, B), that is, we use auxiliary matrices A; = P# AP, B; = PEBP,
where P is a permutation matrix given by Pesj_1 = ¢;, Peaj = €j4p,j = 1,...,nand ¢;
is the jth column of the identity matrix I5,. This is a trick that transforms both matrices A, B
to five-diagonal matrices Ay, By:

1 0 0 0 1 0
—15 0 5 30 0 —10
1 0 0 0 1 0
—15 0 5 30 0 —10
Al - ) Bl -
sym sym

5 —10
0 1

—15 30

The matrix pair (A, B) is congruent to (A1, B1): the eigenvalues are the same, and the
eigenvectors are multiplied by P. Let Ag be an arbitrary definitizing shift and A, the given shift
from any spectral gap of the positive definite matrix pair (A4, B) from (6.4). Set A, = A; —
AoB1 = 0.

TABLE 6.11
QEP from Example 6.6 using inverses. For every fixed m, the first row refers to the convergence criterion (3.6)
and the second row to the convergence criterion (6.7).

m ker =1 k+ =5 k+ =10

3 |15 107' (0.37) | 24 10710 (0.89) | 28 1070 (1.72)
11 107° (0.36) | 19  10=8% (0.63) | 22 108  (1.30)

5 | 14 1072 (041) | 55 1070 (4.04) | 25 1077 (4.94)
10 1078 (0.31) | 21 1078 (1.33) | 21  107% (3.39)

10 | 14 1072 (0.49) | 31 10710 (7.34) | 30 107! (18.2)
12 107° (0.39) | 19 1078 (3.91) | 17 1078 (8.70)
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Consider the indefinite decomposition B, =B, — (Ma — /\0)_1111 = CJCH obtained
by [53], but with a pivoting strategy given in [13, Algorithm E]. That pivoting strategy is
designed for five-diagonal real symmetric or Hermitian matrices and preserves the five-diagonal
structure during the process. In our implementation we have ||B; — CJCH ||y ~ 10714, Let
L be the Cholesky factor of ﬁl; cf. Theorem 5.4. Set n = 1000 in (6.6) and \g = —5.
We want to detect first k+ = 1,5, 10 eigenvalues around the shift A, = —30; in the middle
of B-negative eigenvalues: see Figure 6.1. Therefore, we apply Algorithm 3.1 to the pair
(A", ByY) and to the pair (C*C,.J). The results are reported in Table 6.11. We omit the
results when using decompositions since, in almost all cases, either the algorithm does not
converge within the allowed number of iterations or the absolute error is O(10~2) or larger.

7. Conclusions. Numerical experiments [35] for a generalized eigenvalue problem with
both symmetric positive definite matrices demonstrate that a (k)-scheme of preconditioned
gradient iterations [43, 44] for k > 4 is of minor importance and that the locally optimal
block preconditioned conjugate gradient (LOBPCG) iteration is an optimal eigensolver within
that (k)-scheme. In our experiments, we noticed that indefinite LOBPCG is much faster
than indefinite block preconditioned steepest descent/ascent (BPSD/A). A further increase
in the dimension of the search subspaces often leads to a decrease in the total number of
iterations of our Algorithm 3.1; it is especially significant when a preconditioner is poor (when
a definitizing shift is not close to the boundaries of the definiteness interval), although it is more
memory- and time-consuming. When excellent preconditioners are used, we can conclude
that indefinite LOBPCG is an optimal eigensolver within our indefinite (m)-scheme, that is,
Algorithm 3.1. In some cases, very crude approximations of the preconditioned residuals can
be used.

There is an important difference between LOBPCG type algorithms designed for a
hyperbolic quadratic eigenvalue problem [9, 41, 55] and our indefinite LOBPCG type algorithm
applied to the matrix pair from the linearization: the former can use any initial guess, the
latter needs to contain at least as many B-positive and B-negative vectors as we want to
compute. Many new indefinite eigensolvers can be proposed using some appropriate search
subspace and applying the Rayleigh—Ritz projection method that extracts interior eigenpairs.
The generic indefinite algorithm (cf. [50, Algorithm 2.1]) is given in Algorithm 7.1. If the
column space of every iteration matrix of the Ritz vectors is included in the subspace 2 (¥),
then choosing a valid initial guess will provide enough B-positive and B-negative vectors
in any basis matrix U of /() for all i = 1, 2, .... Some choices of the subspace /(")
of Algorithm 7.1 can, with a good separation of the desired eigenvalues, lead to the fast
convergence without preconditioning. However, if preconditioning is used, then we propose
to add the column space of the preconditioned residual of the current iteration matrix to the
subspace U/ (). The crucial thing is to know at least one definitizing shift; it is trivial if A is
positive definite. For finding such a shift, we can use the algorithm given in [24]. For some
examples in applications, knowing only one definitizing shift is not enough, two are necessary.
Not just any two definitizing shifts, but those shifts that are close to the boundaries of the
definiteness interval. Finding an algorithm that can give such two definitizing shifts is a matter
of the future work.

Finally, we derived some ideas how to use an indefinite eigensolver (for example, Al-
gorithm 3.1) to compute a few eigenvalues around any spectral gap and the corresponding
eigenvectors of a definite matrix pair. The proposed spectral transformations can be applied
to those definite matrix pairs for which solving the corresponding linear systems is easy or
performing decompositions is not expensive and can be done very accurately. Our experi-
ments demonstrate that the application of Algorithm 3.1 to a transformed pair with inverses is
more efficient than the application to a transformed pair with decompositions. Enlarging the



627

628

629

630

631

632

633

634

635

636

637

638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668

PCG ITERATIONS FOR DEFINITE MATRIX PAIRS 29

Algorithm 7.1 Generic indefinite eigensolver

Input: A, B € C"*™: coefficients of positive definite pair (A, B) with indefinite B;
Output: k. smallest B-positive eigenpairs and k_ largest B-negative eigenpairs.
1: fori=1,2,... do
2:  Construct a subspace U) of dimension m < n such that (k,,k_,0) <
In[(U®)# BU®] holds for any basis matrix U().
3. Apply the Rayleigh-Ritz procedure to (A, B) with respect to the subspace ¢/(*) and
extract k4 smallest B-positive and k_ largest B-negative Ritz pairs.
4: end for

dimension of the search subspaces can reduce the total number of iterations of Algorithm 3.1,
but often increases CPU time. Therefore, we can recommend to use m = 3 in our indefinite
m-scheme, that is, to use the indefinite LOBPCG iteration.
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