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A word from the Editorial Board

The world of teaching and learning mathematics is changing very rapidly, and
technology presents a major factor that influences the direction of change. The
development of technology is challenging the traditional views of the curriculum,
teaching, learning, and assessment. In this situation, various questions arise as to
what forms of curriculum, teaching, learning, and assessment are most appropriate
or how teachers can keep up with developments and cope with their excessive
teacher workload.

The question of integrating technology into mathematics education is not an
easy one. This integration must certainly be wisely designed and implemented.
On the one hand, technology is welcome to help us visualize mathematics, but
sometimes it presents a hindrance to the teaching process. Issues connected with
technology, online and other forms of distance learning, are frequently discussed
among researchers, not only in mathematics education, but also in all domains that
tackle education. There is concern that despite good potential of new technology,
its improper use would result in education becoming even more unsatisfactory than
it is now (Clements, Keitel, Bishop, Kilpatrick, Leung, 2013).

Mathematics teachers always stream toward better students’ achievements.
Textbooks are often the most influential curriculum materials, and as such, they
have the potential to impact the way we teach and learn mathematics. Analysis
of curriculum materials, like textbooks, provides insight into the opportunities to
learn mathematics; what is accessible to students, when, how and to what extent.
But such analysis alone is not enough to explain students’ achievements. Re-
searchers have identified multiple factors that have an impact on student learning:
student-level factors (e.g., students’ home background, their socioeconomic status,
and gender differences), teacher- or classroom-level factors (e.g., peer influence,
teacher quality, and teachers’ instructional approaches), and contextual or school-
level factors (e.g., the location of the school, the number of desks) (Son & Diletti,
2017).

As mathematics educators and researchers, we can and should have influence
on one of those factors, namely teachers. Research has identified teachers as
one of the most critical targets in various education reforms. Moreover, teachers’
continuing professional development and learning are the best ways to improve
education (Desimone, 2009). The effective teacher should use multiple methods
of assessment to engage students in the learning process, monitor learner progress,
and guide his/her and learner decision. The effective teachers should know how to
implement active learning methods and redesign tasks to obtain more useful tasks
for their students and intended learning outcomes.

A way to ensure teacher lifelong development and learning is through con-
tinuous professional development. But we must be careful when offering teacher
training events labelled as professional development. Traditional workshops and
professional conferences are ineffective routes for sustained growth (Ball & Cohen,



1999). Quality professional development must include teachers’ active learning,
collaboration with other teachers, coherence and duration, and it must be content-
focused (Desimone, 2009).

Hence, teachers’ professional development, if effective, can influence stu-

dents’ achievements in the long run. From a national perspective, it is important
to have mathematically competent citizens. A vast body of research exemplifies
that strong economies have a mathematically competent citizenry. By improving
teachers, we improve students, and consequently we improve our nations.
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Preface

The content of the papers in the Monograph is related to teaching and learning
mathematics, which can enrich knowledge and experience of students, teachers and
prospective teachers. The Monograph consists of five chapters.

In the first chapter of the Monograph, the authors studied the importance
of visual research in education. The first paper discusses the possibilities of
using drawings in mathematics education research and it is focused on participant-
produced drawings as a window into students’ perceptions of geometry classroom
learning milieu from a cognitive, social, and emotional perspective. The second
paper presents the results of one project whose main objective is to develop a new
visual system for mathematics education, i.e., the Poly-Universe Methodology.
Poly-Universe lies in the “scale-shifting” symmetry inherent to its geometric forms
and a colour combination system, which can be used universally, especially in the
teaching of geometry and combinatorics. In the third paper in this chapter, the
author studies the use of mental geometry in the development of the geometric con-
cept of rotation and emphasizes that mental geometry helps students solve many
geometric problems. In the fifth paper, the authors emphasize the calculation in
mind and the forms of its emergence through the history of teaching mathematics
in schools in the territory of today’s Republic of Croatia, by analyzing the textbook
and methodological literature.

In the second chapter, the authors discuss presentation group theory in a ge-
ometric language, points out that this visualization has many benefits, e.g., for
attractive geometric problems. In the paper about the adoption of the concept re-
lated to measurement, the authors emphasize, as a result of the conducted research,
that special attention in teaching mathematics should be paid to this concept which
contributes to better understanding and linking of geometry and real life. In the
third paper, the authors investigate teachers’ opinions on geometric contents in
the curriculum for the first five grades of primary school education as well as the
quality of mathematics textbooks for the first five grades regarding the geometric
contents. The aim of the last paper is to examine whether the elements of different
geometric thinking levels according to van Hiele can be identified in pupils in the
lower grades of primary school in the conducted research.

The third chapter contains papers which are thematically related to the use
of textbooks and teacher resources in mathematics education. The role of teacher
guides in teacher’s classroom practice and their influence on the textbook use is
studied in the first paper. A horizontal asymptote is a prominent feature of an expo-
nential function graph. The second paper gives a comprehensive study within the
Anthropological Theory of the Didactic on asymptotes and asymptotic behaviour
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in the context of upper secondary mathematics education in Croatia. The investi-
gation of two strands, i.e., adaptive reasoning and strategic competence in Croatian
mathematics education regarding quadratic functions, is presented in the third paper
in this chapter. In the next paper, the authors compare the treatment of initial mul-
tiplication learning, including the multiplications table, in textbooks from Croatia
and Singapore. The last paper reports a study on the type of mathematical tasks
and their overall representation in mathematics textbooks.

The fourth chapter covers papers devoted to some approaches to teaching math-
ematics. In the first paper, the authors examine the novices’ and experts’ approach
an open problem. The readiness of a pre-service teacher to be an active participant
in the changing of the educational process is discussed in the second paper in this
chapter. The basic mathematical knowledge, ways of thinking and strategies used
for solving unconventional problems are discussed in the third paper. The aim
of the fourth paper is to examine students’ success in solving logical problems in
relation to the level of mathematical education (elementary and secondary school
classes). In the last paper in this chapter, the authors explore the educational effects
of one of the educational methods, i.e., problem learning.

The fifth chapter of this Monograph gives papers referring to the use of ICT.
In the first paper, the author discusses the mutual influence of the teacher’s un-
derstanding of educational technology, pedagogical and content knowledge for the
purpose of effective application of educational technology in teaching. The second
paper gives an acceptable classification model used for distinguishing between stu-
dents sharing the opinion that pupils should be acquainted with basic programming
concepts during lower grades of primary education, and those students who do not
share this opinion. The aim of the third paper is to review the research on the
use of online applications for teaching and learning mathematics. The results of
the review imply a basis for choosing a framework for evaluation and informing
teaching decisions about the use of applications to enhance students’ conceptual un-
derstanding. The fourth paper points out the differences between paper-and-pencil
and computer-based assessments. It highlights the advantages and disadvantages
of using computer-based assessments in mathematics at the higher education level.
In the last paper in this chapter, the author presents how parents and preschool
teachers perceive technology use in early childhood, i.e., children up to seven years
of age.

Zdenka Kolar-Begovic¢
RuZica Kolar-Super

Ljerka Juki¢ Mati¢
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What can we learn
from students’ drawings?
Visual research in mathematics education

Ana Kuzle

Department of Primary Mathematics Education, University of Potsdam, Potsdam, Germany

Abstract. Over the last twenty years, visual research methods
became somewhat mainstream across social science research. Visual
research methods incorporate some kind of imagery (e.g., drawings,
photographs, videos) into the research process, which then constitute
data used to communicate the research results. The roots of visual
research stem from social sciences with a focus on the psychological
stance of describing children’s drawings in terms of developmental
sequences. Recently, however, the focus shifted onto using drawings
as expressions of meaning, understanding, and affect in (mathematics)
education. Especially, participant-produced drawings allow a construc-
tive process of thinking in action, rather than seeing drawings as simple
representations of the participant’s world. In this paper, I discuss
the possibilities of using drawings in mathematics education research.
Concretely, I focus on participant-produced drawings as a window into
students’ perceptions of geometry classroom learning milieu from a
cognitive, social, and emotional perspective.

Keywords: drawings, fundamental ideas, classroom social cli-
mate, emotional atmosphere, visual research

1. Introduction

To date, various methods have been employed to research different mathematical
phenomena, such as interviews, observations, and questionnaires. However, recent
research has shown that creative methods, such as storytelling, drama, and draw-
ings can help young participants describe their individual lived experiences, and
give meanings to them more significantly than questionnaires and interviews (e.g.,
Einarsdottir, 2007; Veale, 2005). With respect to visual research, drawings, videos,
and photographs have been recognized as one of the crucial methods (Einarsdéttir,
2007). According to Thomson (2008), and Weber and Mitchell (1996), with visual
methods things can be expressed that cannot be easily verbalized, as they require
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little or no language mediation, which is an important aspect when working with
young children. Similarly, this was emphasized by Hannula (2007), who stated
that it is not easy to get verbally rich answers to questions from young children
since they tend to give monosyllabic answers to questions they do not consider
relevant to them. In addition, they may have difficulties with reading surveys
and expressing themselves clearly in writing or within interview contexts due to
talking with an often relatively unknown researcher. As such, these methods have
shown not to be always reliable due to participants’ young age (e.g., Einarsdottir,
2007; Pehkonen, Ahtee, & Laine, 2016). Visual methods are not only effective
because of the richness of produced data, but also because of the quality of the
data providing insights into children’s everyday lives (e.g., Einarsdéttir, 2007).
Drawings as a visual research method are understood as “visual data that can give
insight into how children view things” (Einarsdéttir, 2007, p. 201), which pro-
vide many benefits, such as a non-verbal focus for expression, familiarity with the
method, and flexibility of the method (Malchiodi, 1998). However, “children’s
drawing is under-valued, under-researched and misunderstood within the domains
of childhood studies and early childhood education (Anning & Ring, 2004, p. xi).

In this paper, I first discuss visual research from a theoretical perspective.
In the second part, attention is given to drawings as a visual research method in
mathematics education. In the third part, I outline three studies that focused on
the analysis of students’ perceptions of geometry classroom learning milieu from
a cognitive, social, and emotional perspective by using participant-produced draw-
ings. In the last section, I draw conclusions on using drawings in mathematics
education research with regard to their theoretical and practical implications.

2. Visual research: theoretical foundation

This section is divided into two parts. I first present the construct of mental images.
Developmental stages in drawing are then discussed.

2.1. Mental images

In cognitive science, a mental image is defined as a representation of the physical
world (e.g., an object, an event, a situation) in a person’s mind (Eysenck, 2012)
whose features are spatially and temporarily organized (Kosslyn, 1988). The for-
mation of a mental image is based on direct experience with its referent, but occurs
when the relevant object, event or situation is not present (Eysenck, 2012). From
the perspective of the theory of imagery, mental images are short-term memory rep-
resentations generated from long-term memory representations that may be stored
in a depictive (pictorial) or propositional (symbolic, language-like) format, regard-
less of the content (e.g., Kosslyn, 1980; Person & Kosslyn, 2015). As such, images
are not present all the time, but only occur in specific circumstances. Tulving
(1972) suggested that there are two parallel and partially overlapping information
processing systems. Episodic memory entails a conscious experience of a unique
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kind having an autobiographical nature (storage of specific experience and events
which occurred at a particular time in place). Semantic memory, on the other
hand, refers to general knowledge not attributable to specific learning episodes that
an individual has accumulated through life. Thus, one can distinguish between
different types of image representations (e.g., De Beni & Pazzaglia, 1995), such
as general, specific and episodic, which have different implications for neurolog-
ical structure and psychological functioning (Kosslyn, 1994). An image may be
general referring to a concept without any reference to a particular example or to
specific characteristics of the item (e.g., cube). On the other hand, one can have
a specific image of a cube, such as Rubik’s cube. Thus, a specific image refers
to a single, well-defined example of the concept without reference to a specific
episode. Lastly, an episodic-autobiographical image refers to the occurrence of a
single episode at a particular time and place in the subject’s life connected to the
concept (e.g., building a cube using polydron material). In this paper, the term
“image” refers to mental representations of a cognitive structure associated with a
particular concept built up over the years through various experiences, which can be
stored in both depictive and propositional format, and possess different functional
characteristics (Kuzle & Glasnovi¢ Gracin, under review-b).

2.2. Developmental aspects of children’s drawings

Developmental-stage theory based on the works from Rousseau to Frobel assumes
that the stages occur in sequential order. Lucquet (1913, 1923, in Anning & Ring,
2004) classified five stages of drawing development in children:

(1) scribbling stage (ages 2 to 4 years): scribbles are random and purposeless with
children exploring art materials in a playful way. In addition, scribbles move
from uncontrolled to progressively more controlled, and children discover
meaning in their scribbles.

(2) pre-schematic stage (ages 4 to 7 years): drawings become more complex with
representative symbols for objects in the environment, such as circles, squares,
and lines. The child has not yet developed a “schema”. In addition, there is no
awareness of the object organization, rather objects in drawings float in space.

(3) schematic stage (ages 7 to 9 years): drawings are characterized by a schema,
meaning adhering to the same symbol to represent a specific object (e.g., a
child draws houses the same way every time). The term schema, thus, refers
to the habitually repeated symbol for an object. In addition, drawings become
more proportional and detailed.

(4) visually unrealistic stage (ages 9 to 11 years): drawings are characterized by
far more details (e.g., gender, clothing differences) and spatial perspective is
evident. The child is still unable to create a realistic picture, but rather it
contains visual contradictions.

(5) visual realism stage (ages 11 to 13 years): drawings reflect an artwork in the
manner of adult artists portraying the child’s understanding of life. In other
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words, the child has control with respect to medium, content, and organiza-
tion. Self-critical and self-conscious aspect is an important characteristic of
this stage.

These developmental stages are “a foundation for understanding children’s
drawings in general” (Malchiodi, 1998, p. 98). Moreover, the developmental-stage
theory provides a lens for research designs and for creating effective interventions
(Anning & Ring, 2004; Malchiodi, 1998).

3. Visual research in mathematics education using drawings

When a young child draws they are offering us a window into their own
developing understanding of the world and their relationships to significant
people, things and places around them. Drawings provide rich insights into
young children’s thinking and developing sense of self, including their gen-
der roles. Drawings also provide children with a tool for telling themselves
and us elaborate stories. (Anning & Ring, 2004, p. x)

Drawings as a visual method have been recognized as an alternative form of
expression for (young) children. For instance, Barlow, Jolley, and Hallam (2011)
reported that freehand drawings tend to facilitate the recalling of events that are
unique, and interesting to students. Additionally, they can help students better re-
call and express more details about the events they depicted. For children, drawing
is much more than a simple representation of what they see before them; rather it
can be understood as one way in which they are making sense of their experiences
(Anning & Ring, 2004). Lodge (2007), for instance, explored children’s drawings
of learning in the primary grade classroom (6 to 7-year-olds). The results showed
that even very young children have developed a wide range of ways to represent
learning in the classroom, such as drawing the common perceptions of learning in
classrooms (dependence on the teacher, individual and separate learning activities),
and social relationships with their teacher. In that manner, drawings open a holistic
way into children’s lived experiences, and their conceptions of mathematics and
teaching (e.g., Einarsdottir, 2007). Additionally, Kearney and Hyle (2004) found
that using participant-produced drawings is more likely to accurately represent par-
ticipants’ experiences and emotions. The participatory approach is characterized
by establishing a rapport between the researcher and the participant as well as
by a shift in power (im)balance in the researcher-participant relationship, with a
less researcher-imposed structure. In other words, drawings function as a catalyst,
helping participants to articulate their feelings, emotions, and lived experiences.
In that manner, participant approach allows for depth of discussion, participant’s
own shaping of agenda, and encourages collaborative meaning-making as well as
reliable and trustworthy data (Kearney & Hyle, 2004).

In the last two decades, drawings have been successfully used to access stu-
dents’ beliefs about mathematics and mathematicians (e.g., Halverscheid & Rolka,
2006; Picker & Berry, 2000; Rolka & Halverscheid, 2006, 2011), students’ attitudes
towards mathematics (e.g., Dahlgren Johansson & Sumpter, 2011), the emotional
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atmosphere in mathematics lessons (e.g., Laine & Ahtee, 2017; Laine, Niveri, Ah-
tee, Hannula, & Pehkonen, 2013; Laine et al., 2015; Tuohilampi, Laine, Hannula,
& Varas, 2016), and students’ conceptions of mathematics lessons (e.g., Ahtee
et al., 2016; Kuzle & Glasnovi¢ Gracin, accepted; Pehkonen, Ahtee, Tikkanen,
& Laine, 2011; Pehkonen et al., 2016; Walls, 2007). Only a few studies (Glas-
novi¢ Gracin & Kuzle, 2018; Kuzle & Glasnovié¢ Gracin, under review-b; Kuzle,
Glasnovi¢ Gracin, & Klunter, 2018; Pitta, 1998) focused on students’ images of
mathematical content, and mathematics teaching and learning. In the following
sections, I outline some of the studies, and their main results with a special attention
given to possibilities that drawings offered.

3.1. Beliefs and attitudes toward mathematics and mathematicians

Halverscheid und Rolka (2006), and Rolka and Halverscheid (2006, 2011) devel-
oped a design, in which drawings — supported by written data — were used as a
means for investigating students’ (grade 5, 9, and 11) beliefs about mathematics.
The students were asked to express their views on mathematics on a sheet of paper,
which were then analyzed using Ernest’s (1989, 1991) framework (instrumentalist,
Platonist, and problem-solving world view). The results showed that the students
had mixed world views (Rolka & Halverscheid, 2011), however, an instrumentalist
world view dominated. Rolka and Halverscheid (2011) also investigated the relia-
bility of the method when determining Ernest’s categories on the basis of drawings
and texts. The inter-rater design showed a good degree of reliability, which led to a
more detailed description of the characteristic features, and a classification scheme
for assigning one of Ernest’s categories to students’ drawings.

Dahlgren Johansson and Sumpter (2010) investigated young students’ (grade 2
and 5) conceptions about mathematics and mathematics education by using a com-
bination of three methods, namely survey with Likert-scale, open-ended questions,
and drawings. They reported that while grade 2 students had a positive attitude
toward mathematics, grade 5 students mostly reported having a negative attitude
toward mathematics. Interestingly, the drawings offered insight into the social
aspects of a mathematics classroom. For instance, mathematics was illustrated as
an individual activity, which with time was narrowed down to pure calculation.
Similarly, Picker and Berry (2000) investigated lower secondary students’ images
of mathematicians in different cultural contexts (i.e., USA, UK, Finland, Sweden,
Romania) by using drawings and a survey. The drawings have shown to be a
valuable additional research tool to the survey, as they provided a rich insight into
students’ experiences in mathematics classes. In addition, Picker and Berry (2000)
argued that student-produced drawings may foster a dialogue between the teachers
and the students, especially with respect to challenging students’ negative views
about mathematics, and their stereotypes of mathematicians.

3.2. Emotional and social atmosphere in mathematics classroom

In their work, Laine et al. (2013), Laine et al. (2015), Laine and Ahtee (2017), and
Tuohilampi et al. (2016) focused on the collective emotional atmosphere in grade
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3 and grade 5 mathematics classroom, respectively. Both benefits and drawbacks
of using drawings were reported in the studies. With respect to the former, the
authors advocated for using drawings as a good and versatile method to collect data
about the collective emotional atmosphere in mathematics lessons. In addition,
they argued for using drawings as a teaching tool, which may allow teachers with
a possibility to obtain and evaluate information on how their students experience
mathematics and mathematics lessons. Nevertheless, some drawbacks occurred
in the studies, especially with regard to the interpretation of students’ drawings.
Furthermore, the quality of drawings varied a lot taken that they worked with young
students, and hence, their drawing skills varied. They concluded that it is necessary
to investigate how the drawing skill level as well as improvement in drawing skills
affect the results.

Pehkonen et al. (2011) and Ahtee et al. (2016) focused on the social aspect
of the mathematics classroom. In the former study, the authors specifically looked
at communication in the third-graders’ drawings. They reported that typical com-
munication in class seemed to be built mainly around three themes: mathematics
is nice/easy, mathematics is dull/difficult, and students can do mathematics. In
the latter study, the authors developed two inventories on the basis of the draw-
ings’ analysis. Two inventories contained teachers’ and students’ activities during
a mathematics lesson as seen in the students’ drawings. The first inventory con-
tained 14 separate items organized into six groups that included diverse teacher
activities (e.g., giving information on mathematics, giving feedback, asking ques-
tions), whereas students’ activities were organized into five groups that included
altogether 22 items (e.g., activities of a single student, student-student discussion
on mathematics, student-teacher discussion on mathematics). In that manner, both
inventories opened a window into students’ perceptions of both their teacher’s and
their classmates’ activities in mathematics lessons. From both research and practi-
cal perspective, the inventories gave an opportunity to provide insights into what is
happening in classrooms, and how different aspects change over a period of time
(Ahtee et al., 2016). Although drawings were a versatile way of collecting data in
both studies, Ahtee et al. (2016) concluded that the students need to be as clear as
possible told what they should draw in order to prevent a large variability among
the drawings.

To summarize, drawings as a research method have made an alternative
and complementary contribution to conventional research methods providing re-
searchers with a less invasive method when working with young children (e.g.,
Einarsddttir, 2007; Veale, 2005). They opened a nonverbal channel to children’s
images of mathematics, mathematics teaching and learning, and the mathematics
classroom (e.g., teachers, peers, activities) (e.g., Ahtee et al., 2016; Dahlgren Jo-
hansson & Sumpter, 2011; Halverscheid & Rolka, 2006; Laine & Ahtee, 2017,
Laine et al., 2013, 2015; Pehkonen et al., 2011, 2016; Rolka & Halverscheid, 2006,
2011; Tuohilampi et al., 2016). Thus, drawings contained in-depth and rich infor-
mation from which one can select an aspect of interest, depending on its purpose.
However, studies focusing on specific mathematical content, such as arithmetic and
geometry, using drawings are limited. In the next section, I focus on my current
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work focusing on the primary grade students’ perceptions of geometry classroom
learning milieu from a cognitive, social, and emotional perspective.

4. Drawings as external representations of children’s mathematical
fundamental ideas and socio-emotional atmosphere in
mathematics lessons

According to mathematics standards (e.g., KMK, 2005; MZOS, 2006) one of the
aims of teaching mathematics is to create a learning environment having an open,
encouraging and positive atmosphere. The goal of the DrawMeEmma project
(“Drawings as external representations of children’s mathematical fundamental
ideas and socio-emotional atmosphere in mathematics lessons”) is to provide
meaningful and in-depth insights into primary grade students’ (grades 1-6) per-
ceptions of mathematics classroom learning milieu from a cognitive, social, and
emotional perspective. The underlying idea of the project is to develop a deeper
understanding of the factors that may shape and influence students’ understanding
of mathematics, and their attitudes towards different mathematics areas (i.e., arith-
metic, geometry), and argue for it as a socio-cultural construct embedded in and
shaped by the students’ learning environment in different cultures. By comparing
how these constructs are lived in different contexts (i.e., different mathematics
lessons) and cultures (i.e., Croatia, Germany,1 Finlandz), the goal is to identify not
only the similarities and differences within and between cultures, but also to help
deepen our understanding of what is meant by affective domain in mathematics edu-
cation. These insights may also allow practical contributions by providing teachers
with ideas for modifying their teaching practices reflecting a more open, encour-
aging atmosphere in different mathematics lessons. Methodologically, we employ
a relatively new method of collecting young students’ data, namely drawings, as
an alternative form of expression, which is more appropriate for children (e.g.,
Hannula, 2007; Veale, 2005). Thus, students’ drawings are taken as a research
object with the goal of assessing the objectivity and the reliability of the method
in the context of primary grade students’ perceptions of mathematics classroom
learning milieu from a cognitive, social, and emotional perspective.

For the purpose of the project, two instruments were developed. The first
instrument is an adaptation of the instrument from the work of Halverscheid and
Rolka (2006), and Rolka and Halverscheid (2006, 2011), which involved drawing
an individual image of geometry. Here, each student was given a blank piece of
A4-paper with the following assignment: “Imagine you are an artist. A good friend
asks you what geometry is. Draw a picture in which you explain to him/her what
geometry is for you. Be creative in your ideas.” In addition, the students answered
three questions, which were on the reverse side of the sheet:

e In what way is geometry present in your drawing?

! The PI in Croatia is colleague Dubravka Glasnovi¢ Gracin from the University of Zagreb.
2 The PI in Finland is colleague Anu Laine from the University of Helsinki.



14 Ana Kuzle

e Why did you choose these elements in your drawing? Why did you choose this
kind of representation?

o s there anything you did not draw, but still want to say about geometry?

The second instrument is an adaptation of the instrument from the work of
Ahtee et al. (2016), Laine et al. (2013, 2015), and Pehkonen et al. (2016). Each
student was given a blank piece of A4-paper with an assignment given by a fictional
12-years old bright girl by the name of Anna: “Dear , I am Anna and
new to your class. I would like to get to know your class better. Draw two pictures
of your mathematics lessons. The first drawing should show what your arithmetic
lessons are like and how you view them. The second drawing should show what
your geometry lessons are like and how you view them. Include in each drawing
your teaching group, the teacher, and the pupils. Use speech bubbles and thought
bubbles to describe conversation and thinking. Mark the pupil that represents you
in the drawing by writing “ME”. Thank you and see you soon! Your Anna.”

In the project, the drawings were used as an entry to a semi-structured inter-
view. Each child was asked to describe what he or she had drawn. This procedure
gave each child the opportunity to frame their own experiences and interpret their
drawing. This procedure also served as a guide for further questions. Multiple
data sources were used to assess the consistency of the results, and to increase the
validity of the instruments as was suggested by Einarsdéttir (2007).

This section is divided into four parts. The first part focuses on the evaluation
of the distribution of fundamental ideas of primary grade students (grades 3-6)
in the context of school geometry (Kuzle & Glasnovi¢ Gracin, under review-b;
Kuzle, Glasnovi¢ Gracin, & Klunter, 2018). The second part focuses on grade 5
students’ perceptions of geometry classroom social learning milieu (Kuzle & Glas-
novi¢ Gracin, accepted). The third part focuses on a case study, which explored
students’ perceptions of the emotional atmosphere in geometry lessons on an indi-
vidual level (Glasnovi¢ Gracin & Kuzle, 2018). In the last part, I focus on future
work within the DrawMeEmma project using participant-produced drawings.

4.1. Drawings as external representations of children’s mathematical fundamental
ideas in the context of school geometry

One of the trends counteracting the decrease in geometry in school mathematics
focuses on the idea of structuring geometry curricula around fundamental ideas as a
means of curriculum development (e.g., Mammana & Villani, 1998; Van de Walle
& Lovin, 2006; Wittmann, 1999). This term can be interpreted in many different
ways (e.g., Rezat, Hattermann, & Peter-Koop, 2014). For instance, Winter (1976)
defined fundamental ideas as ideas that have strong references to reality and can be
used to create different aspects and approaches to mathematics. In addition, funda-
mental ideas are characterized by a high degree of inner richness of relationships,
and by gradual and continuous development in every grade (e.g., Rezat et al., 2014;
Van de Walle & Lovin, 2006).

For school geometry, diverse models of fundamental ideas exist. For instance,
Mammana and Villani (1998) suggested that school geometry be organized around
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the following fundamental ideas: the idea of measurement, mapping, projection
and topology, the idea of geometric figures, simple motions, and transformations,
and the idea of connections to arithmetic. Principles and Standards for School
Mathematics, on the other hand, provided a content framework for geometry or-
ganized around shapes and properties, transformation, location, and visualization
(Van de Walle & Lovin, 2006). Similarly, Wittmann (1999) proposed that school
geometry be organized around the following seven fundamental ideas: (1) geomet-
ric forms and their construction, (2) operations with forms, (3) coordinates, (4)
measurement, (5) patterns, (6) forms in the environment, and (7) geometrization
(see Table 1).

Table 1. Wittmann’s fundamental ideas of geometry.

Fundamental idea Description

The structural framework of elementary geometric forms is
three-dimensional space, which is populated by forms of dif-
Geometric forms and ferent dimensions: O-dimensional points, 1-dimensional lines,
their construction 2-dimensional shapes, and 3-dimensional solids. Geometric
forms can be constructed or produced in a variety of ways
(e.g., using drawing tools or manipulatives) through which
their properties are imprinted.

Geometric forms can be operated on; they can be shifted (e.g.,
translation, rotation, mirroring), reduced/increased, projected
onto a plane, shear, compressed/extended in a certain direc-
Operations with forms tion, distorted, split into parts, combined with other figures and
shapes to form more complex figures, and superimposed. In
doing so, it is necessary to investigate spatial relationships and
properties changed by each manipulation.

. Coordinate systems can be introduced on lines, surfaces and in
Coordinates space to describe the location of geometric forms with the help
of coordinates.

Each geometric form can be qualitatively and quantitatively
described. Given units of measure, length, (surface) area or
volume of geometric forms as well as angles can be mea-
sured. In addition, angle calculation, formulae for perimeter,
area and volume, and trigonometric formulas also deal with
measurement.

Measurement

In geometry, there are many possibilities to relate points,
Patterns lines, shapes, solids and their dimensions in such a way that
geometric patterns emerge (e.g., frieze patterns).

Real-world objects, operations on and with them as well as
Forms in the environment | relations between them can be described with the help of
geometric forms.

Plane and spatial geometric facts, properties and problems,
but also a plethora of relationships and abstract relationships
between numbers (e.g., triangular numbers) can be translated
Geometrization into the language of geometry and described geometrically,
and then translated again into practical solutions. Here, graph
theory and descriptive geometry (central perspective, parallel
projection) play an important role.
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For the study focused on children’s mathematical fundamental ideas in the
context of school geometry (Kuzle & Glasnovi¢ Gracin, under review-b; Kuzle,
Glasnovi¢ Gracin, & Klunter, 2018), an explorative qualitative research design
with 114 primary grade students (grades 3-6) from the federal state of Branden-
burg (Germany) was conducted. This age group was optimal for the purposes of
the study as this is an important period for the development of geometric thinking
(Mammana & Villani, 1998). The division was the following: 25 3™ grade, 33
4 grade, 28 5™ grade, and 28 6™ grade students. The main goal of the inquiry
was (1) to develop an inventory that would provide insight into students’ images
of geometry from the perspective of fundamental ideas of geometry, and (2) to
obtain an instantaneous picture of actual educational classroom practices in geom-
etry teaching by using participant-produced drawings on the basis of the developed
inventory (1).

Figure 1 illustrates the coding: F1 refers to the fundamental idea of geometric
forms and their construction, while F6 refers to the fundamental idea of forms in
the environment. With respect to the latter (F6), each real-world object was coded
as a whole, whilst each 1- and 2-dimensional figure with respect to the former
(F1). The number in brackets gives the absolute frequency of the category and the
subcategory (Kuzle & Glasnovi¢ Gracin, under review-b).

T "% The child drew three real-world objects,
namely a house, a snowman, and a tree,
consisting of different geometric forms.

Coding:
Fla: point
F1b: curved line segment,
straight line segment
Flc: circle, square, rectangle, triangle
F6: snowman, house, tree

Summary of the coding:
F1(7): Fla(1), F1b(2), Flc(4)
F6(3)

Figure 1. Grade 3 student’s image of geometry with codes.

Table 2 illustrates the distribution of fundamental ideas of primary grade stu-
dents on the basis of participant-produced drawings. From the table, it is evident
that the fundamental idea of geometric forms and their construction (F1) was the
most frequently coded fundamental idea of geometry (73.8 %), which was inde-
pendent of the grade level. Nevertheless, the drawings varied, and there were some
patterns in the students’ answers pertaining to different aspects of this fundamental
idea. In all grades, different plane surfaces dominated in the drawings, ranging
from 41 % in both grades 5 and 6, to 59.1 % and 55.8 % in grades 4 and 3, respec-
tively (see Figures 2a and 2b). This aspect was mentioned by the most children:
89 out of 114 children gave answers pertaining to 2-dimensional figures.
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Table 2. Absolute and relative frequencies of students’ fundamental ideas of geometry.

Grad Absolute and relative frequencies of fundamental ideas
rade
F1 F2 F3 F4 F5 Feé F7
110 13 12 2 2 11 0
3 (733%) | 87%) | 8%) | (13%) | (13%) | (73%) | (0%)
224 13 3 13 2 31 2
4 (778 %) | (45%) | (1.0%) | (45%) | (0.7%) | (10.8%) | (0.7 %)
174 16 2 10 2 31 1
5 (677%) | (82%) | (1.0%) | (51%) | (1.0%) | (164%) | (0.5%)
181 9 2 29 1 15 7
6 (742 %) | 3.7%) | (0.8%) | (11.9%) | (0.4%) | (6.2%) | (2.9 %)
647 51 19 54 7 89 10
Total | (738¢%) | (54%) | 22%) | (62%) | (08%) | (102%) | (1.1 %)

The second most often depicted aspect were solids, which were mentioned by
almost every second child (see Figures 2a and 2b). This aspect was most often seen
in grade 4 students’ drawings. In all other grades, the range was between 15.9 %
(grade 5) and 26.4 % (grade 3). Various drawing tools (e.g., drawing stencil, ruler,
protractor, compass) were the third most frequently coded aspect ranging from
6.4 % in grade 3 to 17.1 % in grade 6 (see Figure 2b). This aspect was mentioned
by almost every second child. Most notably students differed with respect to the
properties of geometric forms mentioned. This aspect was only seen in grade 4-6
students’ drawings, where every fifth, fourth, and third child, respectively, men-
tioned this aspect. From another perspective, this aspect was coded in 3.1 % (grade
4) and in grade 5 in 24.5 % of cases. Thus, properties of geometric forms gain in
importance as primary grade students progress into higher grades. Starting with
grade 4, the angle concept was present in the drawings in a figurative manner.
While grade 4 and 5 students drew a right angle, grade 6 students mostly drew
an arbitrary angle. The aspects pertaining to O-dimensional objects and composite
figures were mentioned by the fewest children.

g
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Figure 2a. Grade 4 student’s drawing with Figure 2b. Grade 6 student’s drawing with
2- and 3-dimensional figures (3D solids: 2- and 3-dimensional figures, drawing
sphere, cone, cube, cylinder; 2D shapes: tools, and of two rectangular prisms.

square, rectangle, circle, triangle).
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The fundamental idea of forms in the environment (F6) was the second most
frequently coded fundamental idea of geometry (10.2 %). The students’ drawings
pertaining to this fundamental idea showed an increase from grade 3 to grade 5
(from 7.3 % to 16.4 %), but a decrease in grade 6 (6.2 %). Something pertaining
to F6 was drawn by every fourth grade 3 student, every second grade 5 student, and
every fifth grade 6 student. The children were very creative, drawing motifs, such
as snowman, tree, house, robot, car, disco ball, tower, and tent (see Figures 1 and
3b).

(Meln Geometrie-Bild 5 % Mein Geometrie-Bild %

) 5P"£’j¢(whj t
- _J A
Figure 3a. Grade 4 student’s drawing of Figure 3b. Grade 3 student’s drawing of
figures with rotational (“Drehung”) a robot head and a seed of life pattern.

and line symmetry (“Spiegelung”),
and segment length.

The fundamental idea of measurement (F4) was the third most frequently
coded fundamental idea of geometry (6.2 %). The students’ drawings showed an
understanding of qualitative and quantitative attributes assigned to geometric forms
at a progressive rate (i.e., 1.3 % in the lower grades to 11.9 % in the higher grades).
In grade 3 only the length of segments was addressed, and by two children only.
In grade 4, the length of segments (77 %) (see Figure 3a), and angle measurement
were illustrated. In grade 5, in addition to length (50 %), two measures, namely
perimeter (10 %) and area were illustrated. Lastly, grade 6 students’ drawings
depicted all five different measurement aspects, namely length, perimeter, surface
area, volume, and angle measurement. The latter was mentioned by most children
and was dominant in the drawings with 44 %. Different measuring tools were
also present in the students’ drawings. For instance, in earlier grades a ruler and
a protractor were mentioned as tools for measuring lengths. In grade 6, how-
ever, the protractor was assigned another role, namely as a tool to measure angles.
The perimeter was the least coded aspect. The aspects pertaining to estimation,
conversion of measuring units, and scaling were not present in any drawing.

The fundamental idea of operations with forms (F2) was the fourth most fre-
quently coded fundamental idea of geometry (5.4 %). The students’ drawings did
not reflect a linear increase from grades 3-6, as this fundamental idea was most
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frequently coded in grade 3 and least coded in grade 6 students’ drawings. Inter-
estingly, about 24 % of the grade 3 and 4 students, compared to 39 % in grade 5
and only 25 % in grade 6, drew an aspect attributed to this fundamental idea. For
instance, the fundamental idea of folding and unfolding was mentioned by almost
every seventh child, while line symmetry was mentioned by almost every 11th
child (see Figure 3a). Line symmetry was especially dominant in grade 3 drawings
(69.2 %). Furthermore, this was the only operation that was mentioned in all of the
grades. Operations, such as translation, dilation, and (de)composition were only
present in grade 4, point reflection in grade 5, and tessellation in grade 5 drawings
only.

The fundamental ideas of coordinates, (F3), geometrization (F7), and patterns
(F5) were the three least coded fundamental ideas with 2.2 %, 1.1 %, and 0.8 %,
respectively. With respect to the fundamental idea of coordinates (F3), a rapid
decrease from the lower (8 % in grade 3) to the higher grades was observable
(0.8 % in grade 6). Additionally, the drawings qualitatively differed. Lower grade
students used prepositions (e.g., right, left, below) to describe the position of ge-
ometric forms, while upper grade students used a coordinate system for it. With
respect to the fundamental idea of geometrization (F7), a small number of instances
pertaining to this fundamental idea was illustrated by the students, which may be
due to the abstract nature of this fundamental idea. However, an increase from the
lower to higher grades was evident, reaching a maximum of 2.9 % in grade 6 as
well as the versatility of this fundamental idea’s aspects. For instance, the drawings
of grade 6 students showed three different aspects: geometrical facts (i.e., the sum
of interior angles of a triangle, Euler’s line, triangle congruence theorems), parallel
projection of a cube and a rectangular prism (see Figure 2b), and geometrical prob-
lems (concerning angle measurements). With respect to the fundamental idea of
patterns (F5), the students’ drawings made it evident, that very few students think
of geometric patterns when thinking about geometry. Apart from grade 5, where
two students’ drawings illustrated some patterns, only one student per grade level
depicted this aspect of geometry. In these instances, different patterns were drawn,
such as simple patterns using basic geometric forms, frieze patterns, and the seed
of life pattern (see Figure 3b).

To summarize, independent of the grade level, the fundamental idea of ge-
ometric forms and their construction (F1) dominated in the students’ drawings.
Moreover, there was no observable increase in knowledge from grade 3 to grade 6,
even though one might expect a more comprehensive picture from grade 6 students
than appeared in the data. Interestingly, students associated geometry more with
forms in the environment (F6), than with measurement (F4) (see Table 2), which
dominates throughout the curriculum (RLP, 2015). The fundamental idea of coor-
dinates (F3) was not frequently found in the student’s drawings, even though this
topic and its different aspects are relevant from early grades on (RLP, 2015). With
respect to the fundamental idea of measurement (F4), an increase at every grade
level was observable, with grade 6 students’ drawing portraying its diverse aspects.
The low results with respect to the fundamental idea of patterns (F5) suggest that
this content is either rarely discussed (Backe-Neuwald, 2000) or does not seem to
be directly linked to geometry lessons, but rather to algebra lessons. Additionally,
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the results with respect to the fundamental idea of geometrization were extremely
low. With respect to versatility of different fundamental ideas, the majority of the
students drew aspects pertaining to either one or two fundamental ideas. Only
rarely did students’ drawings and interviews present an image containing three or
four fundamental ideas of geometry, mostly evident in the drawings of grade 5
and 6 students. Taking also into account that the fundamental idea of geometric
forms and their construction was the most frequently depicted fundamental idea in
the students’ drawings independent of the grade level, one could conclude that the
study participants had a rather narrow view of geometry.

4.2. Drawings as external representations of children’s perceptions of classroom
social climate in the context of school geometry

Classroom is a social context for learning, which with time develops a distinct
social climate as it is a function of its different factors, such as norms and rules,
student task-related interaction, styles of leadership, and composition of the group
members (e.g., Moos & Moos, 1978; Trickett & Moos, 1973). The classroom
social climate refers to shared subjective representation of important characteris-
tics of the classroom as a learning environment involving the physical environment
of the classroom, the social relations between teachers and students or students
among each other, expectations with regard to performance and behavior, the way
in which teaching and learning processes take place, and the specific norms and
values in the classroom (Eder, 2002). According to Biilter and Meyer (2015)
and Gruehn (2000), the climate-creating determinants help the teacher to create
a working alliance with the students, and thus, to achieve positive effects with
regard to each student’s self-confidence, social behavior, performance, and attitude
toward school. In contrast, a negative classroom climate may lead to social and
emotional behavioral disturbances, and thus, have a negative impact on students’
performance (Evans, Harvey, Buckley, & Yan, 2009). Thus, classroom climate
influences students’ growth, and their academic, social and emotional development
(Evans et al., 2009). Kuzle and Glasnovi¢ Gracin (accepted) propose a possible
further development of existing classroom social climate models (e.g., Eder, 2002;
Evans et al., 2009; Fraser, 1989, 1998; Trickett & Moos, 1973) to better understand
structure, functions, and processes in a mathematics classroom. In their model,
classroom social climate is conceptualized as a function of three conceptual cate-
gories, namely Interpersonal Relationship, Personal Growth, and Order; that are
described on the basis of its dimensions, subdimensions, and scales:

e Interpersonal Relationship refers to nature, the intensity of personal rela-
tionships, and the mutual influences of the teacher and the students within
the classroom, including social, pedagogical and mathematical aspects. The
Verbal and non-verbal communication of the teacher (i.e., teacher’s position
in the classroom, support by the teacher), Verbal and non-verbal communi-
cation of the students (i.e., students’ position in the classroom, participation,
affiliation) and Organization (i.e., working method, classroom seating ar-
rangement) are conceptualized as relationship dimensions.
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e Personal Growth refers to the goal orientation and clarity of the lesson objec-
tive. On the one side, a lesson goal can be clearly represented by mathematical
content or an assignment on the backboard, the teacher identifying the goal
of the lesson or students working on their assignment. On the other side, the
lesson objective can be pursued by using different teaching materials specific
to geometry (e.g., geometric forms, models, tools), which can be utilized by
class protagonists (teacher, students).

e Order refers to the social norms and maintenance of order in the classroom.
Since social norms are shared principles of behavior that are considered ac-
ceptable in a group, not only the teacher, but also the students are responsible
for proper conduct, keeping order, and behaving properly.

For the study focused on children’s perceptions of the classroom social cli-
mate in the context of school geometry (Kuzle & Glasnovi¢ Gracin, accepted), an
explorative qualitative research design with 114 students (grades 3-6) from several
urban schools in the federal state of Brandenburg (Germany) was conducted. The
main goal of the inquiry was (1) to develop an inventory that would provide insight
into students’ perceptions of the classroom social climate and (2) to obtain an
instantaneous picture of classroom social climate in the context of school geometry
by using participant-produced drawings on the basis of the developed inventory
(1). Here, I report on the results of 30 grade 5 students’ drawing of geometry
classroom (Kuzle & Glasnovié Gracin, accepted). This age group was optimal for
the purposes of the study as the quality of drawings was high.
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Figure 4. Grade 5 student’s drawing of a geometry classroom.

Table 3 illustrates the coding with accompanying codes (e.g., D = dimension,
letters A to C = subdimensions, ordinal numbers = subscales, T = teacher, S =
student) of Figure 4. The number in brackets gives the number of drawn persons
who fall into this category.
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Table 3. An example of coding of one grade 5 student’s drawing of a geometry classroom.

Coding

Explanation

1. Category “Interpersonal Relationship”

Seating arrangement

]lgols?t.igr{din the classroom | The teacher is standing in front of the blackboard.

DIA.11.L The teacher makes a mathematical statement: “Geometry is always
Support by the teacher | done with a ruler”.

D1B.2.S(8

Position gn)the classroom | The students sit at the table.

]lgalrltalclléai((?rg The students listen to the teacher explain something.

D1B.29.S S . .

Affiliation The affiliation is not identifiable.

DIC.1 The teacher stands in front of the class and explains something. The
Working method lesson is taught frontally.

DI1C.7

The tables are frontal, arranged in four rows and two columns.

2. Category “Personal Growth”

Teaching material

D2.A1 There is mathematical content on the blackboard (shapes, bodies
Orientation and net of a cube).

D2.B1 ID-f . el trianel h

Teaching material D-forms are represented (i.e., circle, triangle, square, rhombus).
”ll?ezailgh%ng material 3D-forms are represented (i.e., a cylinder).

D2.B3 2D-models are displayed. The representation on the right of the

blackboard indicates a cube net, which unfolds.

3. Category “Order”

D3A.3
Keeping order

The teacher and the students do not show any behavioral demands.

The analysis of the students’ perceptions of geometry classroom learning
milieu showed that all conceptual categories and respective dimensions of the
classroom social climate model of Kuzle and Glasnovi¢ Gracin (accepted) were
present in the students’ drawings, with mainly positive indicators of classroom so-
cial climate drawn. Thus, their model of classroom social climate was theoretically
coherent, and consistent with the data generated in the context of grade 5 geometry.
In Table 4, the distribution of classroom social climate aspects as illustrated in
grade 5 students’ drawings is presented.
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Table 4. Absolute and relative frequencies of students’ perceptions of classroom social
climate in the context of grade 5 geometry.

Subdimensions
Category Dimension Scales Absolute | Relative
frequency | frequency
Teacher’s position in the classroom

rersenal | ol [In front of the bl ackboard 21 70 %
(C)?Itl}llléutléggﬁgr(m Among students 3 10 %
At the desk 4 133 %

Somewhere in the classroom 0 0 %

Unidentifiable 0 0%

Unavailable 2 6.7 %

Support by the teacher

Assistance 5 16.7 %

Positive feedback 0 0 %

Negative feedback 0 0%
Mathematics related question 5 16.7 %
Mathematics related statement 8 26.7 %

Observation 0 0 %
Non-mathematical comment 1 33 %

Passive 0 0 %
Unidentifiable/Unavailable 15 50 %

Students’ position in the classroom
Verbal abr.lc% Only one or two students shown

2831_1\1,1?1anacation (at the blackboard / at the table) 6 20 %
of the students | A the table 17 56.7 %
Next to the teacher 1 3.3 %

In front of the blackboard 2 6.7 %

Amongst other students 0 0 %

Somewhere in the classroom 2 6.7 %

Unidentifiable 3 10 %

Unavailable 3 10 %

Participation

?}Yé)rt];‘:ﬁg on assignments at 3 26.7 %
R e I L

Listening 3 10 %

Responding 2 6.7 %

Questioning 0 0%

Asking for assistance 0 0%

Review 2 6.7 %

Discussion 2 6.7 %

Positive expression 3 10 %
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Negative expression 0 0 %
Non-mathematical comment 9 30 %
Passive 1 33%
Unidentifiable 4 13.3 %
Unavailable 6 20 %
Affiliation
No communication with other students
(while working on the assignments) 7 1233%
Student-student communication 2 6.7 %
Student-student encouragement 0 0 %
Student-student help request 0 0 %
Student-student support 1 33%
Negative comments toward other students | 2 6.7 %
Unidentifiable/Unavailable 18 | 60 %
Organization Working method
Teacher-centered instruction 15 50 %
Individual work 4 13.3 %
Group work 1 33%
Working with a partner 0 0 %
i\rY(;rl((}{ gcllllfs-c)l(l;frsé?él while sitting ) 6.7 %
Unidentifiable/Unavailable 8 | 26.7%
Classroom seating arrangement
Traditional classroom arrangement 13 | 433 %
U-shaped arrangement 1 33%
Mixed arrangement 3 10 %
(Half-)circle arrangements 1 33%
Group tables 3 10 %
Unidentifiable 6 20 %
Unavailable 3 10 %
Personal | Goal orientation | Lesson goal 28 | 933 %
growth Mathematical content 2 6.7 %
Teacher shows mathematical content 10 | 333 %
et ol eon £ N
Teaching material | 2D-shapes 20 | 66.7 %
3D-shapes 8 | 26.6%
2D-models 2 6.7 %
3D-models 5 16.7 %
Poster 1 33%
Geometric tools (teacher) 3 10 %
Geometric tools (students) 1 33%
Unavailable 2 6.7 %
Order Keeping order Led by the students 3 10 %
Led by the teacher 2 6.7 %
Unavailable 26 | 86.7 %




What can we learn from students’ drawings? 25

As can be seen in Table 4, the students’ drawings revealed that overall organiza-
tion of the assignments and the classroom reflects a rather traditional mathematics
classroom with domination of frontal teaching (50 %) and traditional classroom
seating arrangement (43.3 %). The teacher stood in front of the classroom in 70 %
of the drawings, whereas the students sat at their tables in 56.7 % of the drawings.
Additionally, the drawings revealed a broad spectrum of Participation in geometry
lessons; while 43.4 % of the students worked on the assignment at the table or
blackboard and 6.7 % of the students participated in the discussion of the tasks,
almost a third of the students (30 %) did not follow any mathematical thoughts.
These divergent results do not allow any conclusive statements as none of the scales
from the Participation subdimension clearly dominated.

In 93.3 % of the drawings, the goal of the lesson was clearly identified from
the students’ perspective (e.g., mathematical assignments were illustrated on the
blackboard). Moreover, the lesson goal and student activity were aligned in 43.3 %
of the drawings. To reach the lesson goal(s), different Teaching materials were
drawn, such as 2D-shapes (66.7 %), 3D-solids (26.6 %), and 3D-models (16.7 %).
Also, in 10 % of the drawings the teachers were illustrated working with geometric
tools. These elements indicate that in geometry lessons a specific teaching goal
is being pursued, which may guide the students in the direction of increased per-
formance, and the formation of interest in the subject (Evans et al., 2009; Gruehn,
2000).

In 86.7 % of the drawings, the behavioral demands on the part of the students
and teachers (86.7 %) in the category Order were not illustrated. Only a small per-
centage (16.7 %) of behavioral demands on the part of both teachers and students
were illustrated by the students. A higher percentage of such cues would be an in-
dication that social behavior or discipline is insufficient, and thus, would represent
a negative teaching climate (Evans et al., 2009). This indicates that the geometry
lessons are well-designed with good teaching discipline and social behavior of the
students (Biilter & Meyer, 2015).

As illustrated in Table 4, the absolute frequencies of “unavailable” and “uniden-
tifiable” codes of some scales were high. This may indicate that some students
had difficulties drawing or some aspects were difficult to draw, and the necessity
to improve the semi-structured interview guide. Especially the latter is of im-
portance with respect to gaining an in-depth insight into students’ perceptions of
psychosocial classroom learning milieu in the context of school geometry.

4.3. Drawings as external representations of children’s perceptions of emotional
atmosphere in the context of school geometry

In the last few decades, there has been an increasing interest in research on affect,
such as the role of affect in learning and in the social context of the classroom,
and the role of emotions in mathematical thinking (e.g., Hannula, 2011; Philipp,
2007). On the basis of a lengthy review of theories and findings in the area of
affect, Hannula (2007) suggested a new framework, which can be interpreted as a
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metatheoretical foundation for research in mathematics-related affect. The frame-
work is described as a function of three dimensions: (1) cognitive, motivational and
emotional aspects of the affect, (2) rapidly changing affective states vs. relatively
stable affective traits, and (3) the social, the psychological and the physiological
nature of affect (Hannula, 2007, p. 43). (1) The cognitive aspect of the affect refers
to “knowledge, beliefs and memories” (Hannula, 2007, p. 43). The emotional
aspect of the affect refers to “emotions belong joy, pride, sadness, frustration, anx-
iety and other feelings, moods and emotional reactions” (Hannula, 2007, p. 43).
The motivational aspect of the affect refers to “personal preferences and explains
choices” (Hannula, 2007, p. 43). From here on, I focus only on the emotional
aspect of the affect with respect to (2) and (3).

Philipp (2007) defined emotions as “feelings or states of consciousness, distin-
guished from cognition. Emotions change more rapidly and are felt more intensely
than attitudes and beliefs” (p. 259). They may be either positive (e.g., feeling of
joy) or negative (e.g., feeling of panic). According to Hannula (2011), emotional
atmosphere in the classroom can be regarded from a psychological and social point
of view (see Table 5). The psychological dimension refers to the level of an individ-
ual and involves affective conditions (emotions, thoughts, meanings, and goals),
and affective properties (attitudes, beliefs, values, and motivational orientations).
The social dimension refers to the classroom community. Its affective conditions
refer to social interaction, communication and the atmosphere in a classroom,
while affective properties refer to norms, social structures and the atmosphere in
the classroom. With respect to both dimensions, one can distinguish between two
temporal aspects of affect, namely state and traits. State (affective condition) refers
to the emotional atmosphere at a specific moment in the classroom, such as differ-
ent emotions and emotional reactions (e.g., fear and joy), thoughts (e.g., “This is
difficult.”), meanings (e.g., “I could do it.”), and aims (e.g., “I want to solve this
task.”) (Laine et al., 2013). Trait (affective property) refers to more stable con-
ditions or properties, such as attitudes (e.g., “I like maths.”), beliefs (e.g., “Maths
is difficult.”’), values (e.g., “Maths is important.””), and motivational orientations
(e.g., “I want to understand.”) (Laine et al., 2013, 2015).

Table 5. Dimensions of the emotional atmosphere in a classroom.

Psychological dimension or the Social dimension or the level of
level of the individual the community (classroom)
Affective condition | Emotions and emotional reactions | Social interaction
(state) Thoughts Communication
Meanings Atmosphere in the classroom
Goals (momentarily)
Affective property | Attitudes Norms
(trait) Beliefs Social structures
Values Atmosphere in the classroom
Motivational orientations

For the study focused on children’s perceptions of the emotional atmosphere
in the context of school geometry (Glasnovi¢ Gracin & Kuzle, 2018), a multiple
case study with four high-achieving students from grades 2 to 5 from the Zagreb
area (Croatia) was conducted. The main goal of the inquiry was to describe what
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kind of emotional atmosphere in geometry lessons can be seen in primary grade
students’ drawings.

The drawings were analyzed with respect to facial features, body language,
and thought features as suggested by Zambo (2006) (see Table 6). Afterward,
the holistic evaluation of the emotional atmosphere in a classroom was based on
five categories: positive (i.e., persons smile, think or behave positively, although
some of the expressions can be neutral), ambivalent (i.e., there are both positive
and negative facial /body language expressions or thoughts in the drawing), neg-
ative (i.e., persons are sad or angry or think/behave negatively, although some of
the expressions can be neutral), neutral (i.e., all facial /body language expressions
or other thoughts are neutral), and unidentifiable (i.e., no facial/ body language
expressions or thoughts are present in the drawing) (Laine et al., 2013, 2015).

Table 6. Coding features for the evaluation of the emotional atmosphere in a classroom.

Feature and thoughts ‘ Nature ‘ Clues

Physical face features

eyes positive | Wide open

Upward slant, open with interest,

eyebrows positive have a sparkle to them

mouth positive | Full smile

eyes neutral Typical with no expression
eyebrows neutral No slant

mouth neutral Drawn as a straight line

eyes negative | Downward slant

eyebrows negative | Closed, slanted down

mouth negative Portrays a frown, open in a scream,

drawn as a jagged line

Symbols drawn on face | negative | Tears, tongue stuck out, teeth in a growl

Physical body features
arms positive | Arms in the air, open arms
arms neutral Arms on the table
arms negative | Crossed arms
Thoughts

Symbols, signs, words,
emotional words

Hearts, peace signs, thumbs up,

ositive | . £ .
P ‘easy”, “fun”, “I like”

Symbols, signs, words | neutral No expression

Dark scribbles, sad, “bla, bla”,
“hate”, “too hard”

Symbols, signs, words,

. negative
emotional words g

Figure 5 illustrates one student’s drawing of the geometry classroom. The
teacher has a smiling facial expression. The drawer (“JA”) has a smiling facial
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expression as he has solved the task given by the teacher and goes on to solving
the homework. Furthermore, the open arms give the impression of positive body
language. The girl next to him is angry, as her construction of a rectangle is not
precise. The student on the right-hand side smiles, as he knew how to solve the task
(“I finally solved it all.”). The student in the bottom has a negative thought “Oh
no” (“Joj”) because he does not how to solve the task. In addition, the position of
the arms, which are hanging, indicates negative body language.

Slitica 2: Tvoj razred za vrijeme nastave matematike — Geometrijska tijela i likovi

Figure 5. Grade 4 student’s drawing of an ambivalent emotional atmosphere in a
geometry lesson.

gka 2: Tvoj razred za vrijeme nastave matematike — Geometrijska tijela i likovi géica 2: Tvoj razred za vrijeme nastave matematike — Geometrijska tijela i likovi
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Figure 6a. Grade 3 student’s drawing Figure 6b. Grade 5 student’s drawing
of a positive emotional atmosphere in a of an unidentifiable emotional atmosphere
geometry lesson. in a geometry lesson.

Since a multiple case study was conducted, Glasnovi¢ Gracin and Kuzle (2018)
could not portray a comprehensive picture of the emotional atmosphere in geometry
classrooms, but rather case-based results. To summarize, on the basis of the four
cases, the analysis of the emotional atmosphere in geometry lessons on the level
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of the individual could be described as positive (see Figure 6a), unidentifiable (see
Figure 6b) or ambivalent (see Figure 5), but in no case dominantly negative. These
findings are in line with the results presented in Laine et al. (2013, 2015). In two
cases, facial expressions and speech bubbles helped interpret the student drawings,
which were confirmed in the semi-structured interview.

In the presented study (Glasnovi¢ Gracin & Kuzle, 2018), a small sample with
four above-average students was used, so the results are neither representative of
a large population, nor are they generalizable. This limitation suggests a possible
next step in the research: to conduct a study with a much larger sample with stu-
dents of different levels of mathematical performance in order to obtain a broader
picture of students’ perceptions of the emotional atmosphere in geometry lessons.
In addition, this would allow further development of an inventory for the analysis
of students’ perceptions of the emotional atmosphere in mathematics lessons.

4.4, Future work

The DrawMeEmma project is embedded in a mix-method paradigm focusing on
children’s perceptions of mathematics classroom learning milieu from a cognitive,
social and emotional perspective in different countries as shown below (see Figure
7). The vertical design allows researching intra-individual relationships of primary
grade students’ fundamental idea and socio-emotional aspects in the mathematics
classroom with respect to teachers’ activities within each country. Hence, this al-
lows looking at the consistency within each country. The horizontal design allows
researching inter-cultural differences between primary grade students’ fundamen-
tal idea and socio-emotional aspects in the mathematics classroom and teachers’
activities between both countries (i.e., dialogue between countries with respect
to both teachers’ actions on the one side, and children’s fundamental idea and
socio-emotional aspects on the other side).

Teachers' activities Teachers' activities
in the classroom in the classroom

A A

cultural comparison
between Croatia and Germany

A A

Students' fundamental ideas Students' fundamental ideas

and socio-emotional aspects and socio-emotional aspects
in the mathematics classroom in the mathematics classroom

Consistency within Croatia
Consistency within Germany

A
A

Figure 7. Comparative design between Croatia and Germany.

As such, the project focuses on the cultural comparison on the level of teach-
ers, consistency between the level of teachers and primary grade students, cultural
comparison on the level of primary grade students, and lastly on interrelations
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between variables shaping the results. The results should, therefore, contribute
to the intercultural validity of affective domain factors (i.e., cognition, emotional
atmosphere, social dimension), and model of individual educational processes and
their cultural-societal influenced determinants for both countries.

5. Conclusions

In mathematics education research, drawings and the processes by which they are
made opened a new way of gaining insight into students’ beliefs about mathe-
matics and mathematicians (e.g., Halverscheid & Rolka, 2006; Picker & Berry,
2000; Rolka & Halverscheid, 2006, 2011), attitudes towards mathematics (e.g.,
Dahlgren Johansson & Sumpter, 2011), the emotional atmosphere in mathematics
lessons (e.g., Glasnovi¢ Gracin & Kuzle, 2018; Laine & Ahtee, 2017; Laine et
al., 2013, 2015; Tuohilampi et al., 2016), students’ conceptions of mathematics
lessons with respect to social and communicative aspects (e.g., Ahtee et al., 2016;
Glasnovi¢ Gracin & Kuzle, 2018; Kuzle & Glasnovi¢ Gracin, accepted; Pehkonen
etal., 2011, 2016), and images of mathematical content, and mathematics teaching
and learning (Glasnovi¢ Gracin & Kuzle, 2018; Kuzle & Glasnovi¢ Gracin, under
review-b; Kuzle, Glasnovi¢ Gracin, & Klunter, 2018; Pitta, 1998).

On the basis of the data from participant-produced drawings within the
DrawMeEmma project (Glasnovi¢ Gracin & Kuzle, 2018; Kuzle & Glasnovié Gra-
cin, accepted, under review-b; Kuzle, Glasnovi¢ Gracin, & Klunter, 2018), three
inventories were developed. These were then used as a window into students’
perceptions of geometry classroom learning milieu from a cognitive, social, and
emotional perspective. In that manner, we were able to obtain a first glimpse of
actual educational classroom practices in geometry lessons. Naturally, as every re-
search method, using drawing has shown drawbacks: some children had difficulties
drawing, some did not like to draw, some drew objects which they found easy to
illustrate, and some aspects could be expressed by drawing in a limited way (e.g.,
Kuzle & Glasnovi¢ Gracin, accepted, under review-b; Kuzle, Glasnovi¢ Gracin,
& Klunter, 2018). In such cases, additional data sources (e.g., written questions,
a semi-structured interview) are necessary (e.g., Dahlgren Johansson & Sumpter,
2011; Kuzle, Glasnovi¢ Gracin, & Klunter, 2018; Rolka & Halverscheid, 2006,
2011). In addition, interpretation of students’ drawings has proven to be a chal-
lenging task. As Blumer (1969) noted, the analysis of drawings is understood as
interpreting the meanings that the students had given to the situations and objects
they had presented. Thus, in order to avoid the coder’s own interpretation, not
only analyst triangulation is needed, but also methodologies, such as participant-
produced drawings (Kearney & Hyle, 2004), allowing each child to interpret his
or her own drawing, which consequently allows an in-depth understanding of what
the child had drawn.

In 1997, Anning suggested that drawing is underused and could be better
developed in schools. Not only researchers can benefit from drawings as an alter-
native research method when working with (young) children, but also practitioners
have the possibility of gaining insight into students’ perceptions of mathematics
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learning environment from diverse perspectives. Children’s drawings and their in-
terpretations of drawings are productive ways of promoting dialogue about teaching
and learning between students and their teachers (Anning, 1997). Speaking for
everyone involved in the DrawMeEmma project, we hope that with the help of the
developed inventories a window into classroom’s different aspects will be opened
as well as many productive dialogues between teachers and their students.
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Zusammenfassung. In den letzten zwanzig Jahren haben sich
Methoden der visuellen Forschung in den Sozialwissenschaften
durchgesetzt. In der visuellen Forschung gibt es verschiedene
Moglichkeiten zum Erfassen mentaler Vorstellungen. Dazu zihlen
zum Beispiel Fotografien, Videoaufnahmen oder Zeichnungen. Die
Wurzeln der visuellen Forschung liegen im Schwerpunkt auf der
psychologischen Haltung. In letzter Zeit verlagerte sich in Mathe-
matikdidaktik der Fokus jedoch auf die Verwendung von Zeichnungen
als Ausdruck von u.a. Schiilervorstellungen zum Mathematikunterricht

und kognitiven (Annahmen und Uberzeugungen), affektiven (Gefiihle
und Emotionen) und behavioralen (Verhaltensweisen) Einstellungen
der Schiilerxinnen. Insbesondere ‘“participant-produced drawings”
ermdglichen einen ko-konstruktiven Prozess des Denkens in Aktion,
anstatt Zeichnungen als einfache Darstellungen der Teilnehmerwirk-
lichkeit zu betrachten. In diesem Paper diskutiere ich die zahlreichen
Verwendungsmoglichkeiten von Zeichnungen in mathematikdidaktis-
cher Forschung. Insbesondere fokussiere ich Schiilerzeichnungen um
einen non-verbalen Einblick in die Wahrnehmungen der Schiilersinnen
iiber das geometrische Lernklima aus kognitiver, sozialer und emo-
tionaler Perspektive zu erlangen.

Schlagworter: Zeichnungen, fundamentale Ideen, Unterricht-
sklima, emotionales Klima, visuelle Forschung
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TOWARDS NEW PERSPECTIVES ON MATHEMATICS EDUCATION

Relationship between the Poly-Universe
Game and mathematics education

Eleondra Stettner

Methodological Institut, Kaposvar University, Hungary

Abstract. The main objective of Erasmus+ Poly-Universe in
School Education (PUSE) project is to develop a new visual system
for mathematics education: the Poly-Universe Methodology. The
project is based on the Poly-Universe game, which is a geometric
skill development game by Janos Szdsz SAXON fine artist. The
novelty of Poly-Universe lies in the ‘scale-shifting’ symmetry inherent
to its geometric forms and a color combination system, which can be
used universally and impact the educational system, particularly in the
education of geometry and combinatorics. The complexity emerging
out of Poly-Universe’s simplicity makes it more than a game, more
than art, more than mathematics: these elements come all together —
creating synergy in education.

Teachers from four countries take part in the project (Finland,
Spain, Slovakia and Hungary). They discover Poly-Universe Game-
based tasks, compile a collection of tasks, develop an educational
methodology and try them out in school education. Itis very interesting
to see how the different educational practices of different countries are
reflected in the tasks and methods of the teachers from each country.

In the paper I present the experiences and results of the project so
far and present some interesting tasks.

Keywords: Poly-Universe, manipulatives, combinatorics, geome-
try, GeoGebra

1. Introducing the Inventor of the Poly-Universe Game

Janos Szasz SAXON was born in 1964, in Tarpa, and he is a freelance Hungarian
creative artist, inventor, editor, art organizer and museum founder, www.saxon-
szasz.hu. His masters were Tibor Csiky, sculptor, Janos Fajd, painter (Budapest)
and Carmelo Arden Quin, MADI artist (Paris). At the beginning of his career
it was Kazimir Malevich, Russian suprematist painter, the creator of ‘world as
objectlessness’, who had the greatest spiritual influence on him. In the 80s the
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artist created abstract-geometric, constructivist art works. Since the early 90s he
has been participating in the international movement MADI, and with his wife,
Zsuzsa Dardai he set up the Mobil MADI Museum, the world’s largest MADI
collection: www.mobilemadimuseum.hu.

In the 90s he developed his unique system of poly-dimensional planar paint-
ing, and after that the related skill development devices called Poly-Universe:
WWW.poly-universe.com.

The project Erasmus+ PUSE (Poly-Universe in School Education) gave
him the opportunity to develop a new, visual, experience-centred mathematics ed-
ucation methodology. The project is based on Poly-Universe, the geometric skill
development game invented by him. The novelty of the device is in the scale-shift
symmetry of the basic shapes and the related color combination system. The in-
ventor developed his device from the symbiosis of ‘geometric form language’, the
‘polydimensional’ artistic vision and the ‘free/open forms’ proclaimed by MADI,
during a scholarship in South France, where he had the opportunity to join the
activity of the pedagogical workshop.

According to the inventor of Poly-Universe:

‘Poly-Universe can be used widely in different age groups. It may have an
impact on mathematics education, and it can be especially useful in the fields of
geometry, logic, graphs and combinatorics. Due to the complexity of the set’s
simplicity it is more than a game, more than art or mathematics, because it is all of
these: synergy in education ...’

In the project, this opinion was confronted with the ideas and experience of
practicing mathematics teachers from the four countries.

2. A description of the elements of Poly-Universe

The Poly-Universe set is made up of three basic shapes: triangle, square, and (al-
most) circle. The colors are: red, yellow, green, and blue. The shapes are colored
in every possible way using these four colors. The sides of the triangle and the
square, and the diameter of the ‘circle’ is 9 cm, their thickness is 0.5 cm, having the
same color on both sides. At the vertices of the triangle element, the sides of the
smaller colored triangles are half, fourth, eighth of the side of the original triangle.
The square element is similar. Here, there is a square-shaped hole’ at the fourth
vertex, whose side length is 1/16 of the original square side, so that we can also
color the square element with the above mentioned four colors. There are three
semicircles attached to the boundary of the circle in directions making 120°angles
with one another, the largest has a radius that is half of the original circle, for the
medium it is one fourth, and for the smallest it is one eighth. The diameters of the
three semicircles cut off three segments from the original circle so the basic form is
not exactly a circle. (So this shape is bordered by 3 arcs and 3 line segments, so they
can stand on their line segment parts in a stable way, as kids tried it.) The forms
having the same shape and colored in all possible ways are packed in a box, Figure
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1. It can also provide a combinatorial task to calculate the number of elements in
one box or the number of ways the given quantity can be placed in the box.

Figure 1. The 3 basic forms.

3. About the project in general

Project goal: To develop and test PUSE, a mathematical educational methodology
for EU schools in cooperation with participant teachers and students. The project
lasts for 21 months, it will finish on 31 June, 2019.

The participants of the project were teachers and their student groups from 4
countries:

Budapest Fazekas Mihdly Practicing Primary School and Grammar School,
Budapest, Hungary, Nafarroako Ikastolen Elkartea, Pamplona, Comunidad Foral
de Navarra, Spain,

Zakladna skola Gergelya Czuczora s vyucovacim jazykom madarskym, Nové
Zamky, Slovakia, and 2 Finnish schools coordinated by the Experience Workshop,
Jyvaskyla, Keski-Suomi, Finland.

In addition, our partner was NetCoGame GamefulLiving Research Center
Nonprofit Ltd, Budapest, who made the measurements.

Measurements were made in three age groups, on two occasions, before and
after using the device. Besides, measurements were performed in each country,
simultaneously, in control groups. Students used the game 5-6 times, for 1-2
hours. Tests were made in the following fields: attention, visual perception, short
time memory, mental rotation, attitude for their school and mathematics. The
five-month developing period demonstrated that the PUSE activity had a positive
influence on visual perception, and strongly supported the emergence of positive
attitude towards mathematics. It certainly does not mean that the other examined
fiends were not positively influenced by Poly-Universe, but that the five-month
period was probably too short to achieve detectable improvement.

The most important activity of the project was the development of a method-
ological book, which, in its final version, consists of teacher and student worksheets.
In addition, a website is going to be created, from where the book can be down-
loaded, and where anybody can upload their own tasks inspired by Poly-Universe.
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In the participating schools, on average 3-5 teachers took part in the development of
the tasks, which they immediately tried out with their students. Then, in their own
school, everybody held a short training for their colleagues, who in turn tested the
tasks with their own student groups, and with these feedbacks the task collection
was improved and shaped. The effectiveness of the work was enhanced by 4 project
meetings held in the participating schools of the four different countries, where we
could share our ideas and experiences in person. Finally, in June 2019, we would
like to share the experiences and results of the project with the wider public, and
in each country, teachers from the participating schools are going to hold lectures
and workshops for teachers and educational experts from other schools.

4. PUSE chapters

The use of manipulatives in the course of mathematics learning and education looks
back on a history of several millennia. Mathematical abstraction was already con-
nected to manipulation with different objects (sticks, stones) in ancient Chinese,
Sumer, Egyptian or Greek cultures (Wintsche, Emese 2018).

The use of manipulatives in order to improve mathematics education has many
opportunities. It is however insufficient to put manipulatives into children’s hands
without incorporating them in a well thought out way into the learning process,
through applying the suitable methodology (Swan, Marshall, 2010). The present
compilation intends to be a guide exactly for this purpose.

The methodological part of the PUSE book is divided into five chapters. Each
chapter is made up of methodology sheets meant for teachers, paired with student
worksheets. They are numbered according to the chapters listed below. The num-
bering of teacher sheets is identical with those of the student sheets, only their
colour differs.

1 Geometry and measurement

2 Combinatorics and probability calculations
3 Sets and logic

4 Graphs and Algorithms

5 Complex

At the beginning of the PUSE book you can find a glossary. This is a practi-
cal tool enabling teachers who work in different countries and teach different age
groups, to use the same unified terminology.

When we first get in touch with the Poly-Universe set and start to think about
which chapter of mathematics we could use it for best, then combinatorics, proba-
bility calculations come first to mind, and geometry comes second. That’s why we,
the editors of this book were somewhat surprised to see that in the end, most of the
exercises in almost all age groups belong to the geometry chapter, while additional,
partly geometry-related exercises are included in the complex chapter as well.
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Among the student worksheets there are those suitable for classroom use,
which specifically relate to concrete parts of the curriculum, and help to acquire
knowledge in a direct and playful way. Some of the exercises of the selection
suit after-school sessions better, others require longer project work spanning sev-
eral days, while some others involve intense thinking and reach the complexity of
maths competition exercises. Similar suggestions to the possible uses are included
in the teacher methodological sheets’ recommendation section.

In the headings of each exercise sheet we indicated the type of equipment
needed, the topics and sub-topics the given worksheet belongs to, the level of dif-
ficulty and the age group. The Poly-Universe methodology differentiates between
three levels according to age groups:

1. Worksheets A are for 6-10 year olds
2. Worksheets B are for 10-14 year olds
3. Worksheets C are for age 14-18

One might of course even further differentiate within a given age group, for ex-
ample within A there are exercises for 8-10 or within B for 12-14 year olds, always
depending on the curriculum of the grade which the methodology can be attached
to. Age groups often overlap, for example, there are AB and BC worksheets as
well. Categories indicating levels of difficulty and age can be used flexibly, if not
entirely freely, since there are talented children everywhere, and tasks for smaller
ones can also be exciting for older children - this is up to the teachers’ decision.

It was very interesting to observe the differences in exercises from differ-
ent countries. Hungarian teachers’ exercises focused on pure mathematics, while
Spanish colleagues put artistic creation to the forefront (traceable in the selection
of beautiful pieces in the exercise book as well).

Our main goal was to explore the mathematical possibilities of the Poly-
Universe tool and to transform these findings into a methodology. Therefore, most
of our exercises are in direct relationship with the tool, and the solution of a problem
requires creating shapes, involvement in play and experiments. There are tasks in
the C age group however, which use the tool as a starting point, a source of ideas
only, and take us to really complicated complex problems and generalizations.

It’s impossible to ignore the fact that children nowadays live a part of their lives
in the digital space. With the help of GeoGebra, we have developed interactive
programs for the design and further consideration (such as the three-dimensional
extension) of the spatial-geometric elements reflecting on the artistic backgrounds
of Poly-Universe. But we can as well use GoogleDraw for example for free play, or
for the digital modelling of exercise solutions which involve more Poly-Universe
sets, or even for creating projects inspired by fractal geometry — to broaden chil-
dren’s perspective.

One of Poly-Universe’s and the related exercises’ great advantages is that the
game and the thinking process often take place in a group framework, and encourage
the children to cooperate.
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While compiling the methodological worksheets, we were surprised to see how
wide the spectrum of exercises actually was both in terms of subjects and degree
of difficulty. From the simplest playful exercises for the smallest ones, through
the world of combinatorics, we arrive at exercises involving profound thinking,
suitable even for higher education and maths olympiads.

We are convinced that the present PUSE methodological book is only the be-
ginning. New ideas are constantly coming up, and Poly-Universe contains almost
endless possibilities — so that the related methodology cannot be closed down ei-
ther. We hope that the exercises inspired by the tool will evoke new ideas in both
teachers and students using the collection. We would be pleased to see those ideas
shared on the Poly-Universe website (http://www.poly-universe.com/).

4.1. Geometry and measurement

This chapter has turned out to be the most extensive and the richest among all. It
includes a lot of tasks for all ages, while geometric content is nonetheless part of
the complex chapter, with exercises overarching other areas as well.

Children, especially of high school age, use calculators. Nevertheless, it is
quite important to be able to decide whether the obtained result is at least propor-
tionally acceptable. These experiences are ideally abundantly gained at primary
school lower grades — see age group A geometrics exercises of this book. Some
of the exercises begin with measurements, then continue with area and perimeter
calculations (the former only in the case of the square). Later on, due to scale shift
symmetry, side length can be halved, so that perimeter and area calculations will
be possible to do not only by empirical experience but by drawing conclusions as
well.

By answering the questions posed in the exercises, students can gain experi-
ence of geometrical transformations, types of rectangles, convex, concave shapes,
and learn the concept of vertex and side. They can among other things cover dif-
ferent shapes with squares, triangles and circles, thereby gaining experience about
how to fill the plane without gaps, how to estimate and measure the area.

In age group B, besides conventional counting exercises such as the sum of
polygon angles, perimeter and area calculations, there are simple proofing, con-
struction tasks and even exercises meant for maths talent development as well.

Of course, in age group C, there are all the problems related to usual high
school topics available, such as calculating the sides, angles and area of the sca-
lene by using trigonometric relations. Aspects of the circle are also thoroughly
explored by one of the exercises. In these exercises, the Poly-Universe tool’s real
measurements can be applied, or maybe their easily divisible versions, and also
parametrically. If possible, it’s worth constructing the shapes in GeoGebra for the
sake of control.

Perhaps the most exciting section in this part of the book is a series of 5
worksheets, which sets out from the area calculations of a specific Poly-Universe
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element, then generalizes step-by-step, eventually reaching the level of a not-so-
easy competition exercise.

4.2. Combinatorics and probability calculations

“There are areas of mathematics where Hungarian research belongs to the forefront
of the world. The predecessors and descendants of Pdl Erdés made combinatorics
practically a “Hungarian science”. This discipline was originally based on play-
ful, puzzle-like problems, but with the appearance of the computer, it turned out to
be one of the most important foundations of computer science. This has recently
led to an explosive development.” (Katona, 2006)

Most of the combinatorics exercises cannot be solved mechanically, but they
require critical thinking and strategic planning, which improve mathematical per-
formance and are excellent for both subject-centred and multidisciplinary concen-
tration.

Poly-Universe’s structure, colour, and size varieties are inexhaustible sources
for combinatorics tasks. Indeed, this chapter contains a rich diversity of materials
for all ages in the areas of combinatorics and probability calculations.

In age group A, combinatorics tasks examine the possibilities of combining
two elements only, and offer students the chance to formulate a rule on their own
by free play and experimentation. Probability calculations help to prepare the
understanding of the concept of probability by experimentation.

Many of the B-age group worksheets contain free play as well (see the
Tangram-type exercises), but wherever possible, students are already asked about
the number of combination possibilities. Thus, these tasks already require some
combinatorics experience. Geometry as well is present in these exercises, because
specific symmetries or particularities originating from the elements’ structure have
to be taken into account when solving a problem.

The exercises for age group C are based on the traditional combinatorics
knowledge of secondary schools, such as permutations, combinations, variations,
combinatorial probability. Some of the exercises highlight in how many different
ways Poly-Universe can be combined. The results are often unimaginably high
numbers, worth comparing with very large numbers familiar to students, such as
astronomical distances, the age of the celestial bodies expressed in seconds, the
GDP data of large countries, the population of humanity, etc.

One of the most difficult exercises in combinatorics is to find the mistake
in “seemingly” good solutions, which is why we included false, troubleshooting
exercises as well. It is important to know that the exercises for different age groups
in this chapter are connected, they build upon each other. These connections are
also indicated on the worksheets. It makes sense to solve these exercises one after
another so that the students can grasp how a solution can be traced back to an
exercise already solved.
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We basically rely on the tool set in this age group as well. The solution comes
easier through individual cases. In some cases, we would like to lay down several
possible solutions in order to understand the exercise, although we don’t provide
many sets. Therefore, it is worth to save the cases already laid down in one form
or another. This can be a drawing, a smartphone photo, or an image of digitalized
Poly-Universe elements combined into a new design.

The exercises at the end of this chapter go beyond the framework of tradi-
tional secondary school education, to find their place in mathematics specialization
classes or in higher education. Here the concepts of binomial coefficients, expected
value, total induction, fixed points of permutations and the principle of logical sieve
appear.

An exercise for age group B can be found in Appendix B.

4.3. Sets and logic

The sets and logic chapter contains exercises for age groups A and B. The structure
of the Poly-Universe tool itself offers the possibility of grouping, sorting into sets
individual elements or groups of elements, and of formulating true-false statements.
Thus, these exercises are very suitable for an introduction to elements of mathemat-
ical logic (on different levels depending on the age group). Logical operations such
as negation, conjunction, disjunction, implication and complex operations deriving
from them, and also quantifiers (all, there is and their denials) occur among the
exercises.

Here, free play, observation, acquaintance with elements’ names, observational
skill development, free thinking, finding the often not single right solution of a task,
formulating own rules and open sentences — are important.

An exercise for age group A is in Appendix C

4.4. Graphs and algorithm

In several age groups, we may ask how many Poly-Universe elements are placed
in a box.

One of the obvious ways of systematic organization is the representation with
a tree graph. The basic elements’ structure naturally offers coding by colour ini-
tials and the descending order of different size fields. Teachers in all countries,
independently of each other, integrated this into their exercises.

The stacking of specific Poly-Universe elements in different ways, but also
their different rule governed layouts can be transformed into graph theory exer-
cises. In order to do this, we should imagine what a graph looks like related to a
given exercise, in which each vertex of a graph is a Poly-Universe element; there
are edges between two vertices only in case the two elements can be placed on top
of or next to each other according to the given rule.
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It is possible to create many combinatorics exercises in which the layout of the
chosen shapes is conditional after a few steps and depends on the elements already
used up. It is worth writing an algorithm for these exercises in order to analyse
solvability and the number of solutions. Subject for further research could be the
writing of algorithms and computer programs for exercises presently seeming un-
solvable — in order to determine whether they are really unsolvable or if not, how
many solutions they have.

Such a task that has not yet been resolved:

Using two complete sets (2 x 24 = 48 base elements), put out a large 7 x 7
square shape with a center hole, same color and size connection

There were two solutions in the workshops so far, but the hole was not in the
middle in any of the cases. One solution can be seen in Figure 2.

Bl i i

NLER. JAPNRERES

Figure 2. Large 7 x 7 square shape, same colour and size connection.

4.5. Complex

It was necessary to add the complex chapter for several reasons. On one hand, there
are subject matters not covered by any of the chapters (e.g. A age group fractions,
creation of rule-based series, C age group divisibility, total induction). On the other
hand, there were exercises containing questions with references to multiple topics.
We didn’t break down these exercises, because they form a complex entity and thus
throw a light upon how concentrated mathematics is within the subject.

A nice example of interdisciplinarity is an exercise based on the connec-
tion between mathematics and art, starting out from Platonic solids and inspiring
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excursions into the world of art compositions. It demonstrates the inseparable, om-
nipresent intertwining of science and art, and it can even be linked by Poly-Universe
elements with a strictly mathematical proving.

This chapter includes GeoGebra- and GoogleDraw-based exercises, fractal
structure and 3D pieces, visual games referring back to Poly-Universe’s back-
ground in art.

Here are the introductory, memory-developing exercises, games (domino with
Poly-Universe), open-ended project tasks which require creating collages and eco-
nomic planning, but include geometric- and per cent calculations as well.

Finally, the Tangram-type puzzles, abundant in both A and B age groups are
also included in this chapter. We especially recommend these exercises to further
develop children’s creativity. After having completed one or two exercises, chil-
dren could be motivated to think and collect their own ideas so that the class in the
end provides its own Poly-Uni-tangram database.

Here is a task using GeoGebra in Appendix D.

5. Conclusions

Nowadays, the whole educational system, the teaching profession and teacher
training are facing great challenges. They are looking for new answers to new
questions. Teachers motivated in achieving successful cooperation between teach-
ers and students are looking for helping tools and methods all over the world. The
pedagogical methodological book and workbook developed from the Poly-Universe
skill development tool provide a solution in this process.

The Erasmus +PUSE project was the first step to map how Poly-Universe can
convey its artistic-scientific approach, under classical conditions in mathematics
education. The demand was provided by workshops held in a dozen countries in the
last decade and by participation in international mathematics-artistic conferences
(Bridges, Esma, ExperienceWorkshop, RISD, Symmetry, Synergetics, ULB, etc.).

Stimulating motivation, interaction, creating interest, and experience-centred
education are also important in teaching. Space must be allowed for imagination
and discovery; students should be motivated and given the opportunity to look for
connections between visual, tangible patterns, creative and playful solutions, rather
than wandering in the world of abstract numbers when searching for solutions for
mathematical problems.

Through the international partnership, we learnt how students and teachers
approach the visual, experience-centred task solution in a Scandinavian type of
education, such as the Finnish, in the Central European conservative educational
system, in Western-European environment based on the Pisa method, and in the
special circumstances of minority schools. Each participating school provided
significant added value in developing methods, techniques, and ideas.
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Poly-Universe is not only a simple tangible tool or a well-defined puzzle,
but also an artistic-mathematical system open in all directions. As a result, the
methodological book, PUSE (Poly-Universe in School Education) is not a closed,
didactic task collection, either. The web-based platform open to everyone allows
the continuous development of the PUSE methodology, and the upload of new tasks
and ideas to all creative teachers and students.
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Appendices

Appendix A

QQ‘E,RSE 2y Grade C/ Age: 14-18

S < Operation: geometry, triangle, area, trigonometry
2 .A § Sets: triangle
0’ W ~ Tools more: paper, crayon

OIJV‘)(\° Language: English

Description of the Task:

1. What fraction is the shaded part of the whole?

2. What fraction is the shaded part of the whole? (Watch out! It's not the same as the previous
one.)

1/ Solutions of the Task:

For the sake of simplicity, the sides of the triangle are 8 units long. Then the figure looks like
a?y3
-

this. The area of the triangle with side length ais A =

Agpc = 163
The area of the triangle EFD is determined by subtracting the area of the triangles ADF, DBE
and ECF from the area of the triangle ABC. Since the heights of the triangles are equal to the
height of the regular triangles with the corresponding 4, 2, and 1 sides, so:
6+ 23

— = 6v/3.

Appr =
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7 /3
ABED ZT = 3,5\/?

2
Acgr =——= V3.
S0 Apgr = 16v/3 — 64/3 — 3,5v/3 — /3 = 5,5V3.

. . . A 55
The ratio of the shaded area to the whole is therefore nothing more Z2££ = v _u

Agpc  16V3 32

2/ Solutions of the Task:

For the sake of simplicity, the sides of the triangle are 8 units long. Then the figure looks like

2
this. The area of the triangle with side lengthais A = aT\/E.

Aupc = 16V3

The area of the triangle EFD is determined by subtracting the area of the triangles ADF, DBE
and ECF from the area of the triangle ABC. Since the heights of the triangles are equal to the
height of the regular triangles with the corresponding 4, 2, and 1 sides, so:

7*2\/§_

AADF = 2 7\/§.
4x+3

ABED = 2 = 2\/3_
V3
6 * T

Acer = 2 = 1,5V3.

S0 Apgr = 1673 — 74/3 — 2¢/3 — 1,5v3 = 5,5V3.

. . . 5,5
The ratio of the shaded area to the whole is therefore nothing more 22£F = 555 _ 1
AaBc 16V3 32

Eleonéra Stettner
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ERSE Grade C/ Age: 14-18
-‘-'.;é Q 4’6‘ Operation: geometry, triangle, area, trigonometry
re) . ) ) )
H = o
3. ~i S Sets: triangle
°;‘, s, ,,"" Tools more: paper, crayon, ruler
oflVD“Q Language: English

Description of the Task:

In the previous exercises, we have seen that when the side lengths of an AGF, BHD and CIE triangles
are half, one quarter, eighth of the original ABC triangle, then the EDF and GHI triangles were the

same (both 11/32).
Is the statement true even if the aspect ratios of the triangles are not 1: 2: 4: 8?

That is, the task: A given ABC is a regular triangle in which FG, DH, El are sloping slots parallel to the

opposite sides. Is it true that Tgy; = Tpgr?

Solutions of the Task:
For the sake of simplicity, the length of the sides of the ABC triangle is 1 unit, the triangle

AFG is a, the triangle BHD is b, and the triangle CIE is c.
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The area of the triangles DEF and GHI is determined by subtracting the area of the
corresponding triangles from the area of the triangle ABC.

We can calculate the area of the appropriate triangles in many ways, now we use the A, =

a-b-siny

formula.

1-1-sin60°  a-(1-b)-sin60°  b:(1-c)-sin60°
2 2 2

So Apgr = Aapc — Aapr — Apep — Acre =

c:(1-a)sin60°_sin60° sin60°

2 2 -[a(l—b)+b(1—c)+c(1—a)]=T-(a+b+c—ab—ac—
bc).

1-1:sin60°  a-(1-c)-sin60°  b:(1—a)-sin60°
2 2 2

AGHI = AABC - AAGI _ABHG - ACIH -

c-(1-b)sin60°_sin60° [
2 2

bc).

a(l—c)+b(1—a)+c(1—b)]=Sinzﬁoa-(a+b+c—ab—ac—

So the area of the two triangles is the same.
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Q“,RSE, Grade C/ Age: 14-18
.:§‘ “ &, | Operation: geometry, triangle, area, trigonometry
2 ) ~£ § Sets: triangle
°, --“m“&:\ Tools more: paper, crayon, ruler

Ory>0 Language: English

Description of the Task:

Is the statement true even if the original triangle is not regular?
That is, the task is: A given ABC general triangle, in which FG, DH, El are sloping slopes parallel to the
opposite sides. Is it true that Tgy; = Tpgr?

Solutions of the Task:

Consider the uniform scaling between the AFG, BDH, and CIE triangles as the vertices 4, B,
and C of the triangle ABC, where the ratio of similarity is a, b, and c respectively. We know
that the ratio of the area is quadratic with the proportion of similarity, So the ratio of the area
of the triangle AFG to the area of triangle ABC = a?: 1. If the ratio of the AF section to AC is
the ratio of the BD section to AB b, then the ratio of the AD side to AB is 1-b. Let's try to
determine the ratio of the area of the triangle AFD to ABC. We know that AGF: ABC=a’ and
we also know that the heights of the triangles AGF and ADF triangles are the same, the ratio
of their base to a : 1-b, so the ratio of their areas also varies with the sides. That is, AGF: ADF
=a?: (1-b). SO ADF: ABC = a (1—b). BDE, CEF triangle areas are similar to ABC and b
(1-c) and ¢ (1-a). The area of the triangles DEF and GHI is determined by subtracting the
area of the corresponding triangles from the triangle ABC.

So Apgr = Aapc — Aapr — Apep — Acre = 1—a(1-b)—b(1—-c)—c(l-a)=(1—-a—
b—c+ab+ ac + bc).

Agur = Appc — Ascr — Apne —Acn = 1—a(l—c)—b(1—a)—c(1—-b) =
(1—a—-b—c+ab+ac+bc).

So the area of the two triangles is the same.

In a slightly different way:
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Consider the FGDHEI hexagon. Pull once at the intersection of the points G, I, H with the
corresponding sides or points D, E and F as well. Thus, our hexagon decomposes into 7
triangles, the area of which is in pairs, because the diagonals of the parallelogram divide the
area of the quadrilateral. The middle triangle in the two different figures is coincident
because its sides are evenly long in pairs, since the sides are I[E — GD,DH — IF,FG — EH.
Because the two hexagons are the same, so are their areas: 2t; + 2t, + 2tz +t = 2t, +
2ts + 2tg + ¢, if we remove t from both sides and divide by 2 then

t; +t, +t3 =ty + t5 + tg, then adding t to both sides

Gty +ty+t=ty+ts+ts+E,

Agur = Aper;

With this we proved the claim.
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NERSE » Grade C/ Age: 14-18

:’? (.5 4:!(‘, Operation: geometry

3‘: . ~£ 3 Sets: triangle, square

09’4, B 6"9 Tools more: paper, crayon, ruler
Oryyye® Language: English

Description of the Task:

Is the statement true even if we start out from a triangle instead of a square?

That is, the task is: A given ABCD square in which LE, IF, JG and KH are sloping slots parallel to the
square diagonals. Is it true that Tgpey = TyjkL”?

D

G

K

A

Solutions of the Task:
Let us denote the lengths of the following sections in the following way

AH = AK = a,BE =BL =b,CF =Cl =c,and DG = D] =d.
We can assume that the length of the sides of the square is a unit. So calculate the area of the

EFGH quadrilateral as follows:Agrgy = Aapcp — Aanc — Aen — Acre — Aper;

a(1-d) _ b(1-a) _ c(1-b) _ d(1-c)
2 2 2 2

So AEFGH =1-

Now calculate the area of the IJKL quadrilateral in a similar way.

a(1-b) _ b(1-c) _ c(1-d) _ d(l-a),
2 2 2 2 7

We get the following expression for this: 4;x;, = 1 —
If you expand the parentheses, you can see that the two terms are the same, so the two

quadrilaterals are the same.
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Appendix B
S Grade B / Age: 10-14
SEEEY 3/ Ager 1014
S ¢, | Operation: combinatorics
3. ?;‘ Sets: triangle
[=] ‘ '9
9;‘, -m“&) Tools more: paper, crayon
OJ‘.W')(\ Language: English

Description of the Task:

a) Build the smallest possible regular hexagon, such that the joints are of equal length and the same
colour. How many of these can be built from a triangle set? (They do not have to be built
simultaneously; you can deconstruct them if you do not have enough elements. Two constructions
are different if there is an element that has different neighbours in the constructions)

b) Use the whole set to construct a regular hexagon, such that each joint is of equal length and of the
same colour. How many different constructions are there this time?

Solutions of the Task:

a) Because all joints are of the same colour, we will have a monochromatic hexagon in the middle, and
for every such, there is only one solution, so we have 4 colours * 3 sizes=12 solutions
Some examples:

P AR o4

a) From part a) we can start the building in 12 ways. But after that our hands are tied, since there is
only 1 good element to continue to every place, so there are at most 12 solutions. (2 colours are
defined by the joints, and the other two colours can only be swapped with each other. Since we are
using one set, these can be only the triangle we are joining with and the triangle we are joining to.)
Having 12 solutions can be checked by construction.

Some examples:
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Precognition:

Recommendation:
For us to see all 12 different solutions without getting bored, students should start with different
beginnings and then check each others.




56 Eleondra Stettner

Appendix C
Grade A/ Age: 6-8
SR \Aeees
S £, Operation: sets, logic, labelling, sorting
X T om =
g o | Sets:square
e ‘-J% 2 | Tools more:
A0\ Language: English
Description of the Task:

Sort out the follow items on the picture from the square set!

Solutions of the Task:

Work with less pieces (5-6 items) for 6-7 years old, 8-10 items for the 7-8 years old children.
Watch the squares, and continue the open sentences in many ways!
For example:

There are among them the most of which is yellow/green/red/blue.

There are among them the smallest part of which is yellow/green/red/blue.

There is none among them which contains more than 4 colours.

There is none among them which isn’t square.

There is none among them which has a curved line.

Itis true for all of them that it is square.

Itis true for all of them that it hasn’t a curved line.

Itis true for all of them that it is 4 colours.

Itis true for none of them that it has a curved line.

Itis true for none of them that it is unicoloured.

Itis true for none of them that it is triangle.

Precognition:

Children should get to know and play freely with the PUSE sets (circle, square, triangle). They
should observe the items, talk about their observation. They will get to know the features of
the items this way (name, colour, size).

Recommendation:

Form of work: work individual, with pairs or in group.

Aim: development of observation, concept formation, grasping features, negation, labelling,
statements, verdicts.

We can play it several times. Children often don’t capture the properties of the elements in
the sentences in the negative. For example: There is none among them which is a dog. At the
beginning it is reasonable, but after it lead the children’s attention to the attributes of the
elements.
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Appendix D

@QRS%‘ 2 Grade BC / Age: 10-18

§ &, | Operation: spatial geometry

> =

o} o | Sets:

° Q'A S

°j‘, -E,,,,.,‘,&, Tools more: computer
Or1yyW Language: English

Description of the Task:

Let’s draw a “spatial Poly-Universe” in GeoGebra 3D! Plot a cube, then draw in the vertices
of the cube smaller cubes which make up the half, quarter, eighth, sixteenth of the original’s
sides. In case we draw a “small cube” in each of the vertices by each time halving the edges,
what will be the ratio between the edge of smallest cube and of the original cube? Use
GeoGebra’s “dilate from point” command. Which cube in the line will be “almost invisible”?
Let’s change the ratio of the similarity! In which of the ratios will the two largest “small
cubes” already touch each other?

Colour the cubes! How many different colours do we need in order to colour all the “small
cubes” as well as the base element differently? How many different cubes would it be
possible to colour this way?

Take your space vision glasses and switch on space vision in the GeoGebra3D slideshow

function!

Solutions of the Task:

If the similarity’s ratio is 0.5, then (visibly on the left figure) the 7™ cube is almost invisible.

On the right figure we’ve determined the ratio so, that the two largest “small cubes” are just

1+V5

touching each other. In this case the similarity’s ratio will be ¢ = - F 1,618, i.e. the

golden ratio, because according to one of the golden ratio definitions, one segment is to be
divided into two so that the ratio of the shorter part and the longer part shall be identical with
the ratio of the longer part and the original part. Exactly this has happened here, we’ve
divided the original cube’s edge according to the definition of the golden ratio rule.
Considering the basic element as well, 9 colours will be needed.

This way the result will be 9! = 362 880 different colourings.
https://www.geogebra.org/m/NS2nks69

https:/www.geogebra.org/m/x4hkYxx2

https://www.geogebra.org/m/sVGScaM2

Recommendation:
In GeoGebra, we can create works that can be traced back to the art of Poly-Universe, or

interactive applications for editing and rethinking space-geometric elements, such as three-
dimensional extensions.
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A Poliuniverzum jatékcsalad és
a matematika oktatas kapcsolata
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Stettner Eleonora

Stettner Eleondra, Kaposvari Egyetem, Magyarorszag

Kivonat. A “Poliuniverzum az Iskolai Oktatdsban” (Poly-Universe
in School Education = PUSE) nemzetkzi Erasmus+ projekt célja egy
4j, vizualis matematikai oktatasi médszertan kifejlesztése. A program
a Saxon Szdsz Janos képz&mivész altal feltaldlt Poliuniverzum ge-
ometriai épességfejlesztd jatékon alapszik. Az eszkoz djdonsagértéke
az alapformékban rejl§ ,,1épték-valtdsos szimmetridban” és az ehhez
rendelt szinkombinacids rendszerben van. A Poliuniverzum valtozatos
teriileteken alkalmazhaté az oktatdsban: szerepe lehet példaul a ge-
ometriai és logikai készségek fejlesztésében, vagy a kombinatorikai
problémdk vizudlis megjelenitésében. Az eszkdz egyszerliségébdl
fakadé komplexitdsabdl adodik, hogy tobb mint jaték, tobb mint
miivészet, tobb mint matematika, mert mindezek egyiittvéve — sziner-
gia az oktatdsban.

A projektben négy orszdgbdl (Finnorszédg, Spanyolorszég, Szlova-
kia, Magyarorszag) vesznek részt tandrok, akik egy feladatgydjteményt
allitanak Ossze, oktatdsi mddszertant fejlesztenek ki, és ezeket ki is
probaljak az iskolai oktatdsban. Nagyon érdekes megfigyelni, hogy
a kiilonbozd orszagok eltérS oktatdsi gyakorlata miként tiikr6zddik az
egyes orszagok tandrainak feladataiban, médszereiben.

Az el6addsban a projekt eddigi tapasztalatairdl, eredményeirdl
szamolok be és néhany érdekes feladatot is bemutatok.

Kulcsszavak: poliuniverzum, matematika oktatds, jatékositas,
kombinatorika, szimmetria
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TOWARDS NEW PERSPECTIVES ON MATHEMATICS EDUCATION

The use of mental geometry
in the development of the geometric
concept of rotation

Nikolina Kovacevié¢

Faculty of Mining, Geology and Petroleum Engineering, Department of Mathematics,

Informatics and Descriptive Geometry, University of Zagreb, Croatia

Abstract. One of the most important roles of education is to
improve the ability to solve real-life problems. Since a rigid trans-
formation of rotation is one such example in a number of geological
situations where structural lines and planes have been rotated from
some initial spatial orientation, the notion of rotation takes an important
place in the education of geologists. The paper presents the author’s
teaching experience in developing the concept of rotation as one of the
basic geometry concepts within two undergraduate geometry courses
in the field of technical sciences at the University of Zagreb.

Combining the principles of classical geometrical representation
methods supported by new media, both courses extensively tend to
use mental geometry to help students solve many geometric problems
that arise from field observations. The aim of the paper is twofold.
On the one hand, it presents typical problems that teachers encounter
in the teaching of geometry, along with some concrete examples that
suggest how problems can be successfully solved by following the
latest methodological achievements in modern geometry education
supported by mental geometry. On the other hand, the author intends to
draw attention to difficulties in the teaching simple geometric concepts
that are possibly caused by lack of operational knowledge of geometry
of students in the field of technical sciences in Croatia.

Keywords: teaching geometry, mental geometry, spatial geometry,
rotation, conceptual knowledge

1. Introduction

The teaching and learning of geometry have changed dramatically over the past two
decades under a strong influence of new technology and the social tendency that
promote a closer link between mathematical and real-world situations. Firstly, new
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artefacts and tools have modified the nature of geometry by changing the methods
of construction as well as the use of mathematical concepts. And secondly, they
have profoundly altered the cognitive nature of student work, giving a new meaning
to visualization and hence changing student’s entry into geometry.

The paper presents didactical techniques and principles used by teachers of
descriptive geometry in Croatia developed to enhance the undergraduate and grad-
uate geometry courses at the University of Zagreb (GeomTeh3D, 2012). Teaching
methodology could be described on the basis of two key ideas from the didactics of
mathematics presented in this paper under the headings Geometric Working Spaces
and Mental Geometry (in German: Kopfgeometrie). In this paper, the author
also describes her own teaching experience in relation to the development of one
geometric multifaceted concept dealt with in the mathematics education of future
engineers. The author intends to draw attention to difficulties in fostering geomet-
ric thinking of prospective engineers. This type of thinking plays an important role
in strengthening the perception of mathematics, which is strongly integrated in the
engineering world, whether it refers to an educational setting or a real working
environment.

Progression in geometry requires first the identification of key geometric en-
tities in the curriculum and then the analysis of geometric work associated with
these entities. Key geometric entities are currently still provided through content
and content-related learning outcomes used as an orientation to what is expected
from the mathematics education of engineers and rotation seems to be one of them
(Ragan, 2009; SEFI, 2014). This concept has been chosen for several reasons. It
embraces a notion of angle, which is the central notion in various advanced math-
ematical contexts studied at tertiary level and serves as a basis for the method of
revolution, one of the most commonly used methods in many real-life engineering
situations where the first steps in the study are largely geometrical. Concern for
geometry in relation to rotation in technical engineering education includes the
implementations of various methods of projection for recognizing, describing and
illustrating the form and orientation of various physical structures and connecting
them to mathematical objects, as well as obtaining solutions by using different
dimensional aspects of particular structures through the use of various construction
techniques (Uttal, 2012). This geometry concept also integrates several important
educational geometrical aspects, e.g., angle measurement, orientation, dimension
(planar or spatial transformation), multiple concept representations, invariant trans-
formation elements, etc. The last reason comes from the field of cognitive psychol-
ogy as a geometric transformation of rotation is tightly connected to the ability to
mentally rotate objects in space that has been singled out by cognitive scientists as
a central metric of spatial reasoning (Barabash, 2017; Bruce and Hawes, 2015).

2. Literature review and theoretical background

At tertiary education level, it is often taken for granted that a student has mastered
some basic geometric notions well enough not only to adequately use them and
apply them, but also to be able to understand their occurrence relevant to a specific
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topic or content. This is, of course, often not the case, and in order to further
develop geometrical thinking, teachers are to find and correct erroneously adopted
concepts that have already become part of individually adopted working networks
of cognitive processes of students (Barabash, 2017; Duval, 2006; Skemp, 1986).
This correction process needs to be done on an individual level, and it is a time-
consuming process for teachers. Hence, in order to improve the ability to solve
real-life problems, the linking bridge between an abstract mathematical concept
and a concrete real physical concept should be rebuilt constantly.

One way of rebuilding this bridge is to use spatial geometry and make mathe-
matics more applicable. However, although spatial geometry has been implemented
in teaching mathematics in Croatia since the very beginning of education in terms
of recognizing and naming basic spatial geometric figures on a visual level, some
studies show that, as a branch of mathematics, geometry, especially spatial geome-
try, is represented very little in schools, mostly only in terms of finding the volume
and surface area (Andacié, 2017; Tkalec, 2015; Ursa, 2017). Hence, a discontin-
uous approach to spatial geometry used in the Croatian curriculum might be the
reason why mathematics teachers at tertiary level are facing a long-term absence
of discernment of critical features defining geometric figures and their properties,
not only of spatial figures but also of planar geometric figures, among students
studying at technical universities.

2.1. Theoretical framework of the GWS model

2.1.1. Geometric paradigms

To help both teachers and their educators to understand and implement progres-
sion in the teaching and learning of geometry, back in 1999, Cathereine Houdement
and Alain Kuzniak introduced the notion of three geometric paradigms into the field
of didactics of geometry. The paradigms were named simply as Geometry I (GI —
Natural Geometry), Geometry II (GII — Natural Axiomatic Geometry) and Geom-
etry III (GIII — Formal Axiomatic Geometry), and they were used to distinguish
between two traditionally opposite styles in geometry teaching, i.e., a practical and
a theoretical approach. The paradigms are not hierarchically organized, making
one of them more advanced than the other, but rather their scopes of work differ
and the choice of their problem solving path depends on the purpose of the solver
and the paradigm used by the solver. While GI and GII paradigms differ in the
validity of mathematical properties and statements as well as the nature of figures,
geometry of paradigm GIII breaks any connection to reality and introduces the
system of axioms, which is more concerned with logical problems, thus it is used
only in teacher training and in advanced mathematics (Houdement and Kuzniak,
2003).

2.1.2. Geometric working space (GWS)

In relation to semiotic, instrumental and discursive processes closely interre-
lated into geometrical thinking, three paradigms are further implemented with a
richer geometric structure called Geometric Working Spaces (GWS), whose func-
tion is to allow the development of a rich environment for teachers that would enable
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students to solve geometry problems in an appropriate way depending on whether
the targeted solving paradigm should be GI, GII or GIII. The GWS model also helps
teachers understand the circulation of knowledge within specific geometric work,
focusing mostly on the organization of various geometric activities. Atthe moment,
this model is part of a more general framework of the Mathematical Working Space
(MWS) described by Kuzniak and Richard in (Kuzniak and Richard, 2014).

Following the results of various cognitive researchers, the GWS model is struc-
tured into two metaphoric planes, i.e., the epistemological and the cognitive plane,
and three interacting processes within them called geneses. The epistemological
plane a priori defines expectations of the activity according to the requirements
of the mathematical domain, i.e., geometry, through the following three intercon-
nected components:

i. representamen (space and figures) — a real and local space as material
support, with one set of concrete and tangible objects such as figures or
drawings;

ii. artefacts — a set of artefacts such as drawing instruments or software; and

iii. reference — a theoretical reference system based on definitions and prop-
erties.

Similarly, the cognitive level is focused on cognitive processes involved in
problem solving, which adequately describe corresponding components from the
epistemological plane through the process referred to by Kuzniak as genesis. Hence,
in terms of geometric activity (Duval, 2006), the cognitive plane also consists of
three interconnected activity components:

i. visualization — a process of visualization related to the representation of
both space and material support;

ii. construction — a process of constructing and applying the instruments
(e.g., rulers, compass) and the respective geometrical configuration; and

ii. proving — a discursive process producing arguments and proofs.

The three mentioned geneses (or dimensions) are: the semiotic genesis (a
figural and semiotic genesis that gives the tangible object their status of opera-
tional mathematical objects; sometimes it is also referred to as an intuition), the
instrumental genesis (an instrumental genesis that transforms artefacts into tools
within the construction process, which is crucial in the case of geometry), and
the discursive genesis (a discursive genesis of proof that gives a meaning to the
properties used within mathematical reasoning, i.e., deduction). A general di-
agram of the geometric working spaces is shown in Figure 1. Vertical planes
introduced in relation to the genesis can be further related to different phases of
geometric work implemented in task execution: discovery and exploration in the
[sem-ins| plane, justification and reasoning in the [ins-dis| plane, and presentation
and communication in the [sem-dis] plane.
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Figure 1. GWS diagram.

A geometric work is considered complete from the GWS viewpoint when an
entity is built throughout mutual interaction of all three geneses (semiotic, instru-
mental and discursive) to achieve the set goal.

The GWS approach provides an organization tool for a more complete insight
into the educational processes required in the process of developing multifaceted
geometric concepts. For further details, see (Kuzniak and Nechache, 2015; Kuz-
niak, 2018).

2.2. Mental geometry (in German: Kopfgeometrie')

Mental geometry (or head geometry) was primarily used by German mathematics
didactics as a way of supporting spatial ability in mathematics teaching in sec-
ondary education (Hohmann, 2015; Roth, 2011). It refers to the freedom to solve
geometry tasks in the head, i.e., without any aids, and it can only be used for ideas
and language-based knowledge about geometric objects. Mental geometry tasks
contain predominantly visual operation in the imagination based on semiotic rep-
resentation of concepts. The essential goal of mental geometry is the development
of the geometric ability to think and imagine, that is, to think in terms of one, two
and three dimensions. The didactical approach that it uses basically includes the
following three phases to be run one after another when solving a specific geometry
task:

!German literature distinguishes between two verbally similar didactic approaches used in
mathematics education, i.e., Kopfrechnen & Kopfgeometrie, which are essentially different. The
former aims at improving the algorithmic skills trying to automate appropriate numerical skills
(such as memorizing the multiplication table or the basic derivation rules), whereas the latter is
more focused on the development of the ability to understand rather than to master skills. Since the
former, also known as mental accountingat an international level, is more famous, and the author
did not find any use of the latter outside of the German territory, this paper offers a similar verbal
translation of Kopfgeometrie on the basis of mental geometry, and not based upon a direct English
translation (i.e., head geometry).
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Phase 1: Verbal task setting (engaging mental images in a student’s head).

Phase 2: Mental operation (imagination and mental operation of spatial ob-
jects).

Phase 3: Presentation of results (presentation, discussion and possible revi-
sion of results).

Naturally, not all tasks are applicable to this kind of didactic approach and men-
tal geometry tasks are didactically more oriented towards consolidating recently
introduced mathematical concepts in order to establish a stronger mental connec-
tion between concept image and concept definition. Mental geometry tasks often
aim to break naturally imposed relationships between a concept and concept image
(as a simple drawing object). Pure mental geometry focuses on pure verbal-mental
interaction without an auxiliary tool used (sometimes a teacher could encourage
students to close their eyes in order to foster the imagination process). After that,
there follows a phase of a student’s individual mental operation and then the solu-
tion is verbally reconsidered. It requires the translation of one’s own mental visual
representation into a verbal expression. Tasks like that are quite challenging, both
for students and for a teacher, and they also require a longer period of time for
preparation and performance. Unfortunately, they do not always end up success-
fully. A broader framework for mental geometry is presented in (Hohmann, 2015),
allowing a modification of the so-called pure mental geometry tasks (all supporting
processes are purely verbal) by introducing some help either to the first or to the
third phase. This help could be provided either by teacher’s gestures or by using
some models, solid networks, objects, drawings, computer programs, etc. Similar
aid could be allowed to students in the presentation phase.

Modifications of pure mental geometry tasks could be done to easily fulfill the
goals of the variations of geometric curricula created by different roles of geometry
in different curricula. Furthermore, emphasis placed on verbal encouragement of
the development of mental processes through mental geometry enables us to de-
tect places in the process of education, where lack of clarity leads to confusion or
difficulties in learning and understanding of advanced mathematical ideas. This
constant verbal communication could also be used to encourage groups of students
to interact. For more details on the use of mental geometry, see (Hintze, 2016;
Roth, 2011).

Mental geometry tasks have a long history of use in the teaching and learning
of descriptive geometry, i.e., the subject closely related to mathematics mostly
taught in Croatia at technical faculties and in some secondary technical schools.
Descriptive geometry encompasses analysis of 3D objects by means of graphical
or mathematical methods applied to 2D images, i.e., it is used as the foundation of
engineering graphics by promoting spatial reasoning, training the ability of engi-
neers to express spatial ideas graphically so that they become understandable for
anybody else (Kovacevié, 2017).
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3. Learning example: Transformation of rotation

This section describes the organization of a sequence of activities used as a basis
for the development of the geometric concept of rotation in engineering education,
where the underlying principles of rotation are used as a basis for the successful
application of the method of revolution, i.e., one of the fundamental tools used for
solving problems involving space relations. Supporting geometry activities are not
focused on one or two teaching units, but rather they are periodically upgraded into
two one-term courses (Descriptive Geometry, Descriptive Geometry with Com-
puter Graphics). In the first course, the focus is on solving geometry problems by
using accessories (a ruler and compass) in order to strongly encourage the link-
ing of concept image and concept definition through the corresponding referential
component in the epistemological plane. On the other hand, in the second course,
students deal with more complex problems and their solving is supported by using
professional computer software (in our case, Rhinoceros —a commercial 3D appli-
cation software package). The idea is to focus on the gradual (often long-lasting)
development of an applicable mathematical concept of rotation that should be built
under the influence of different experience by changing the context in which it ap-
pears. Practice has shown that a thorough knowledge of the principles of revolution
is vital to problem solving, but in concrete situations it often remains hidden for
students.

The first starting point from the GWS point of view is to define what kind of
geometric work is at stake, and in this case, it is Geometry II. This is important
because sometimes the same task could be solved by means of multiple paradigms
(e.g., the distance between two points appears often as a task from primary to
tertiary level, changing either the solving methods, the representation form of the
included objects; i.e., the same task is approached differently as changes could
affect all components of the epistemological plane: representation form, artefacts
used and a theoretical frame of reference), so great importance should be placed
on the role of language in solving the task that is specific to each paradigm.

Some of the types of activities used in the sequence have already been pre-
sented in (Kovacevié¢, 2017). When working on a specific spatial problem in
relation to the geometric concept of rotation (e.g., determine the true shape of
the cross-section figure, determine the true inclination of an oblique plane, etc.),
students are offered ready-made models for work at the beginning of lessons (e.g.,
handmade basic solid models, solid intersection models or piercing-point models,
or a 3D computer program offering virtual model operations) to overcome known
didactic problems referring to concepts of planar rotation and angle (Barabash,
2017; Hartmann, 2002; Mitchelmore and White, 2000). Since spatial geometry
is a particularly underdeveloped area of current mathematical curricula, problems
related thereto are not well studied either (Bruce and Hawes, 2015). Therefore,
to cope with further problems related to the development of the geometric concept
of rotation, 3D dynamic transformational geometry is used to encourage students
to think about how shapes move, change, interact in space, and how to move in
relation to shapes and figures. Students are also encouraged, if they want, to build



The use of mental geometry in the development of the geometric concept of rotation 67

their own concrete or virtual models. Some support materials made by teachers
and students are shown in Figure 2.

Although it is not common to use support models at tertiary level of education,
the reason for their use is that the educational experience has shown that many
students in Croatia either do not have enough previous experience with real-life
tangible objects (that need to be mathematized later in the teaching process) or
have simply forgotten the basic spatial concepts and their properties due to long
time intervals between the units dealing with spatial geometry in the mathematics
curriculum in the Republic of Croatia. Hence, a lot of gaps in geometry at tertiary
level are revealed that refer to lack of operational knowledge of geometry which
should be used as a basis for constructive operation with concepts (gaps were also
revealed regarding basic constructions with a ruler and compass in connection with
a square, a triangle and a rectangle).

Figure 2. Support material made by teachers and students.

The main objectives of the sequence are to introduce the (spatial) transfor-
mation of rotation with an axis and angle of rotation, use its properties to solve
various spatial problems (e.g., various measurements: cross-section, surface area,
intersection point, angle, etc.), and relate it to constructions with geometric acces-
sories (obtained either by using the ruler and a compass or by means of computer
software). The idea is to establish a strong connection with the mathematical
transformation of rotation and its use in various spatial problem-solving situations
by using the method of revolution. In Figure 3, geometric rotation is used for
determining a parabola appearing in its true size and shape.

Task. Intersect a rotating cone with
abaseinIly, [S(4,4,0), r =3.5, v = 8]
with a plane Z(00,5.5, ___) so that the
cross-section is a parabola. Determine
its true size and shape and construct a
tangent to it.

Figure 3. The use of geometric rotation in a cross-section problem.
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Although the GWS framework helps us organize the learning process, at this
level of education multifaceted concepts reveal their complexity. Namely, from the
GWS point of view, this means that a triplet associated to the rotation concept in the
epistemological plane [sign: rotation, artefact, property: the method of revolution)
is changed when e.g. an artefact is changed as it changes the complete connec-
tion process defining a geometric work in relation to a specific geometric concept.
Hence, constructions with the ruler and a compass determine one GWS rotation-
triplet [sign: rotation, ruler and compass, property: the method of revolution| and
the construction made by computer software determines the other GWS rotation-
triplet [sign: rotation, computer software, property: the method of revolution].
Furthermore, in relation to drawings and spatial object representations, changes
visible through the visualization process in the cognitive plane (e.g., perspective
and parallel views, orthogonal projection, etc.) also affect the overall geometric
work associated with the aforementioned GWS rotation triplet.

One may naturally argue about the number of specific geometric entities re-
ferring to one concept, depending on the role that the given concept has in the
specified curriculum. However, various entities offered by the GWS view could be
used to clarify the multifaceted nature that many geometric concepts have. Hence,
one may only conclude with the famous Euclidean quote that there is no royal road
to geometry.

Let us observe one specific case of completing the geometric work in connec-
tion to a GWS rotation triplet, when students become acquainted with the use of the
method of revolution in Monge’s orthogonal projection, where a ruler and compass
are chosen as artefacts, i.e., [rotation-Monge, ruler and compass, the method of
revolution]. Hence, the goal is to reach to the cognitive construction process used
in the method of revolution through the epistemological plane avoiding the use of
the Visualization — Construction and Construction — Proving connections in the
cognitive plane. This method of teaching the method of revolution is desirable
because it minimizes the permanent influence of changes on the entire geomet-
ric work through frequent changes in two epistemological components Artefact
and Representamen resulting from the rapid development of modern technology.
Hence, dynamic evolution of the geometric work used during different sessions is
shown in Figure 4.

[Sem-Dis] [Sem-Ins]—Dis [Sem-Dis]—Ins

Figure 4. Dynamic evolution of the associated geometric work.
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Namely, the identification of the starting geometric work is given by the
genesis it implements, which in our case is [Sem-Dis|, meaning that through com-
munication, the interaction of the semiotic and discursive genesis is encouraged.
In descriptive geometry, problem solving is supported with not only semiotic input
into the work but also semiotic output. The use of drawing instruments largely
depends on prior identification of the characteristic input features, i.e., the ability
to “read drawings-figures based on the specific referential frame which in this case
is orthogonal projection”. This ability has been supported through communica-
tion [Sem-Dis| using mental geometry tasks and giving “mathematical sense” to
specific drawings by using specific properties of freehand drawings. The afore-
mentioned approach is in contrast to sometimes typical classroom construction
sessions, where the instrumental genesis is originally given first, and later the dis-
cursive genesis “is inserted” into the whole geometric work. The problem with this
traditional approach is that once “the instrumental genesis seems to work” (from
students’ perspective), there is no need to add any discursive processes, and any
Reference-Artefacts or Construction-Proving linking connection is disabled.

After demonstrating a constructive process of a point rotating about a line
using a compass and a ruler, the construction process is further supported on the
cognitive level through the process of proving, i.e., we have [Sem-Ins] — Dis.
The discursive genesis is supported by the fact that the basic principles of rotation
need to be used to solve a point rotation (e.g., a point rotated about a vertical or
a horizontal axis for an angle 90°). Focusing on the rotation given by the axis
and angle of rotation, selected examples are chosen not to be uniform and specific
in order to break the strong cognitive Visualization-Construction connection. A
specific metric problem (e.g., determining a cross-section surface area) needs to
be used to encourage the establishment of the instrumental genesis through the
connection Referential — Artefacts. The most general case that involves rotation
about an inclined axis for some angle is to be solved only by a computer program.
Hence, after solving and discussing two or three tasks together, each student is
given his/her own problem/task, which, if needed, can be discussed further with
his/her peers or with the teacher. Individual problems and their solutions need
to be presented and verbally proved within the given referential framework. The
goal is to disable the direct Visualization — Construction by fostering a specific
problem-solving situation through [Sem-Dis| — Ins.

4. Conclusion

Spatial geometry has entered all levels of education in various forms in all mathe-
matics curricula over the world and someone might even think that the long-lasting
problem of many mathematics teachers has finally been overcome at global level
(Sinclair and Bruce, 2014), but it is not like that. Problems in terms of the teaching
and learning spatial geometry are still huge for many students, and thus also for
their teachers (Barabash, 2017; Bruce and Hawes, 2015; Jojo, 2016; Hohmann,
2015; Kovacevi¢, 2017). Many of the problems stem from neglecting an important
role visualization and the construction process have in problem-solving situations.
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This problem is especially important in Croatia, where many students see geometry
as one of the most undesirable branches of mathematics (Sutalo, 2016, p. 36). The
reason for that may be the way geometry is taught in Croatia, still purely tradition-
ally, focusing mainly on the planar Euclidean geometry as a basis for deductive
reasoning used further in algebra.

However, the descriptive geometry teaching practice has shown that increas-
ing the number of activities in which students handle geometric concepts through
the construction process could improve students’ understanding and mastering of
geometric concepts. Various graphical representations of geometric concepts and
properties of methods of projection are the topics that are given a major role in
the teaching of descriptive geometry. In addition to being of crucial importance in
this era of technology, they might also be used as a broad basis for the direct use
of mathematical statements and theorems that are in the traditional mathematical
teaching process often either skipped or simply justified only by simple graphic-
geometric way or by an indirect use of the notion of congruence (e.g., congruent
triangles, congruent transformation, etc.). Traditional access to the use of drawings
in a mathematics curriculum often causes significant problems even at lower levels
of education, and at higher levels it may be a missing link for adopting various
advanced mathematical themes. Also, many difficulties and misconceptions in
the usage of multifaceted concepts such as rotation might be avoided, or at least
minimized, should the teacher be aware of the way their students have learned the
concept in their previous studies.

Solving a mathematical spatial problem often requires first the use of mental
rotation skills involving motion of 2D and 3D objects around one or more axes
in the mind’s eye. However, the development of mental rotation skills is still un-
supported by many mathematicians aiming only at mathematical development of
the concept of rotation, where students should be able to algebraically manipulate
the associated function or matrix transformation form. However, when connecting
mathematics to real life, mental rotation plays a crucial role in almost all aspects
of spatial geometry.

As for the education of students in the field of technical sciences, it is tradi-
tionally full of the use of instant constructive methods that need to be constantly
adapted to the use of new artefacts. One way to make their education more effec-
tive could be through the instrumentalisation of mathematical concepts (such as
the geometric concept of rotation) that must be more applicable to problem-solving
situations. That could be done by giving new functions to mathematical concepts
in order to use them as an instrumental tool in problem solving.
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KoriStenje mentalne geometrije u
razvijanju geometrijskog koncepta rotacije

Nikolina Kovacevié

Rudarsko-geolosko-naftni fakultet, Zavod za matematiku, informatiku i nacrtnu geometriju,
Sveuciliste u Zagrebu, Hrvatska

SaZetak. Jedna od najvaznijih uloga obrazovanja je poboljSati
sposobnosti rjeSavanja stvarnih problema. Kako je kruta transformacija
rotacije jedan takav primjer u brojnim geoloskim situacijama gdje se
primarne strukture pravaca i ravnina rotiraju iz nekog inicijalnog pros-
tornog poloZaja, pojam rotacije zauzima istaknuto mjesto u obrazovanju
studenata preddiplomskog studija geoloskog inZenjerstva. Rad pred-
stavlja nastavnicko iskustvo u razvijanju koncepta rotacije, jednog od
temeljnih geometrijskih koncepata, u okviru dva geometrijska kolegija
na preddiplomskoj sveucili$noj razini studija iz podrucja tehnickih
znanosti na Sveucilistu u Zagrebu.

Kombinirajuéi principe klasi¢ne geometrijske metode reprezen-
tacije potpomognute upotrebom novih medija, oba kolegija u velikoj
mjeri koriste mentalnu geometriju kako bi pomogla studentima u
rjeSavanju geometrijskih problema koji proizlaze iz promatranja na
terenu. Namjera ovog rada je dvojaka. S jedne strane, prikazani
su tipiéni problemi s kojima se susre¢u nastavnici pri poucavanju
geometrijskih sadrzaja, kao i neki konkretni primjeri koji upuéuju
na to kako se problemi mogu uspje$no rijesiti slijedeéi najnovija
metodoloska dostignu¢a u suvremenoj metodici nastave matematike
kroz primjenu mentalne geometrije. S druge strane, autor namjerava
skrenuti pozornost na poteskoce u poducavanju nekih jednostavnih
geometrijskih koncepata koje su vjerojatno uzrokovane nedovoljnom
razinom operativnog znanja studenata iz podrucja tehnickih znanosti u
Hrvatskoj.

Kljucne rijeci: pouCavanje geometrije, mentalna geometrija, ge-
ometrija prostora, rotacija, konceptualno znanje



74

TOWARDS NEW PERSPECTIVES ON MATHEMATICS EDUCATION

From “calculation in mind”’ till
“mental calculation”

Maja Cindri¢!, Irena MiSurac Zorica? and Josipa Juri¢?

IDepartment of Teacher and Preschool Teacher Education, University of Zadar, Croatia

2Faculty of Philosophy, University of Split, Croatia

Abstract. Through the history of mathematics teaching in the
territory of Croatia, there have been many changes, one of them being
linked to the approach, attitudes and even the very name of what we
call today mental calculation. Mental calculation bridge of conceptual
and procedural mathematical knowledge and derives from activities at
the very beginning of mathematics learning. Depending on the time
and needs of society and the economy, consequences of certain edu-
cational reforms and quantitative indicators at the regional and global
level attitudes toward mental calculation as part of math teaching have
changed. Attitudes are often equated with the use of algorithms in
written calculations, which is marginalized within mathematics teach-
ing, either because of the over-utilized use of procedural methods of
a written calculation, or because of the emphasis on problem solving
mathematical tasks for the development of conceptual knowledge.

This paper will give a historical overview of the approach to a
mental calculation by analyzing mostly textbooks for teaching mathe-
matics in the territory of today Republic of Croatia as well as the term
used for these purposes.

Keywords: mental calculation, calculation in mind, oral calcula-
tion

1. Introduction

Calculation is an indispensable part of mathematics teaching, but there is often con-
fusion in understanding the need and the purpose of calculating as an element of
mathematical knowledge. Considering the purposefulness and the need for calcu-
lating in the teaching mathematics, we can proceed from the following assumptions
that affect the quality and importance of calculating in teaching mathematics:
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e Traditional teaching mathematics, especially in lower grades of primary
school, emphasizes calculating as the backbone of mathematics as a sub-
ject, whose focus is on the result of the calculation, and less on the processes
leading to that result.

e Availability and widespread use of computer tools enables each person to
quickly and accurately determine the outcome of some calculation, which
reduces the usability of calculating as a daily life requirement.

e Relatively low achievements of Croatian pupils on external evaluations of
mathematical knowledge in the focus of methodical discussions result in
problem solving and their emphasis contrary to calculating. Stressing one
element of teaching, in this case problem solving, in teaching practice can
lead to neglecting another element, in this case calculating.

These assumptions can lead to the wrong interpretation of the requirements
for mathematical education and the negation of the importance of calculating in
teaching mathematics. On the other hand, the recent literature in the Croatian
language and the legal acts that determine the teaching mathematics in primary
schools are insufficiently clear about what calculation assumes, which forms of
calculating lead to quality mathematical knowledge and what steps and to what
extent is it necessary to implement calculating in teaching pupils, and which goals
and requirements to set. In particular, here we want to emphasize the calculation
in mind and the forms of its emergence through the history of teaching mathemat-
ics in schools in the territory of today Republic of Croatia, and by analyzing the
textbook and methodological literature to clarify the potential loss and transforma-
tion of mathematics goals over time as well as the use of different terms for these
purposes.

2. Forms of calculating in teaching mathematics

The basics of calculating are, first and foremost, the factual knowledge of calcula-
tions, which are often referred to as addition tables and multiplication tables, which
imply memorization and placement in long-lasting memory the results of addition
and subtraction numbers up to 20, and multiplying and dividing numbers up to 10
in the same way. We do not neglect the process of acquiring this knowledge at the
required level, from the understanding of the arithmetic calculation concept to the
concept of natural numbers and zero itself, activities in concrete situations and with
concrete materials, to the use of the properties of arithmetic operations and their
interconnection.

Calculation, according to the process of getting the result, can be grouped into
mental calculation, calculating by writing procedures or written calculation and
computer calculation (Musser, 2008; van de Walle, 2008).

Mental calculation is the process of performing an arithmetic calculation with-
out the help of a calculator or any external recording equipment (Reys, 1985).
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The theory of mental calculation assumes the use of many mathematical know-
ledge, conceptual knowledge of numbers and number system, arithmetic calcula-
tion properties, arithmetic calculation correlation, ability to evaluate results, ad-
vanced personal and taught calculating strategies. Mental calculation is a useful
and purposeful part of learning mathematics if the pupil manages to efficiently,
accurately and flexibly link all of the abovementioned elements of mathematical
knowledge (Principles and Standards for School Mathematics, 2000). Then we
speak of the fluency of mental calculation. Achieving fluency in calculating is the
minimum outcome of learning mathematics, as it does not only mean knowledge of
calculation, but integration of different parts of mathematics (Russell, 1999). Un-
derstanding mathematical concepts without the fluency of mental calculation and a
written calculation prevents the process of problem solving, while only practicing
written calculation without understanding mathematical concepts and fluency in
mental calculation leads to frequent errors in the calculation itself, and the pupils
are not able to make a step toward problem solving tasks. Fluency in calculation
during lower grades of primary school is a strong predictor of future successful
learning of mathematics (Gersten, 2005).

3. Forms of calculation in curriculums for teaching mathematics
through history in the Republic of Croatia

Legislation that regulates teaching in general, including teaching mathematics, have
had different names through history, from curriculum, through program structures
for primary schools, catalogs of knowledge and curriculum for primary school
again to the curriculum for mathematics for primary and secondary schools in the
Republic of Croatia. These documents describe, to a lesser or greater extent, what
calculation in teaching mathematics means and at what level pupils need to adopt
it.

Curriculum for primary school in the Republic of Croatia in 1946 points out
that the task of teaching calculation is to introduce pupils to numbers and number
relations in the nature and society. In the first and second grades, addition, adding,
subtraction and factoring the numbers up to 100 are taught, as well as multiplica-
tion, measuring, and division up to 100. In this document it is emphasized that
“all these operations are performed only verbally” and once again at the end of the
second grade it is pointed that “confident verbal solving tasks in all four arithmetic
calculation operations up to 100” is what a pupil has to know at the end of the sec-
ond grade. Further, in the third grade all four arithmetic calculation operationsup
to 1000 are mentioned, first verbally, and then in writing, and finally in the fourth
grade, the same statement for numbers up to 1,000, 000 “first verbally and then in
writing”.

A document titled: “Primary School. Program Structure” of 1958 reduces the
gradation of the arithmetic calculation operationsintroducing procedure and does
not mention addition, adding, factoring and measuring as a way to four calculation
operations, but merely refers to addition, subtraction, multiplication and division,
both oral and written. Another interesting news in this document is a statement
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that requires a teacher to write the oral addition and subtraction. Although it is
not explicitly written what is considered to mean — to write an oral calculation, it
is assumed that this is a practice that is still used today in teaching mathematics,
which is the working out of calculation from left-to-right using the separation of
the second addend, such as 26 + 38 = 26 + 30 + 8 = 56 + 8 = 64.

The document “Our Primary School: Educational Structure” of 1972 starts
reforming the teaching mathematics in schools, based on the effort to “modernize
and intensify learning mathematics and to integrate in it those contents that are the
result of contemporary teaching mathematics development”. The foundation upon
which this reform was based came from New Mathematics reform in the United
States, and its emphasis was on introducing greater demands to pupils which lead
them to mathematical concepts, structure, symbols and terms used in mathematical
science. Since at this point the focus was on mathematics as a scientific discipline,
calculation is not mentioned anywhere in this document, but calculation operations
that need to be worked out with listed operations’ properties in a set of natural
numbers with zero, so that pupils can understand the terms of a group, group and
field (without naming). The methodological approach to calculation, as well as
other elements of teaching mathematics, is omitted in this document.

During the eighties of the 20th century, followed the curriculums of primary
education that continue the writing style of the 1972 document, although they
amortized in content the attempt of 1970s reform to introduce the structure of
mathematics science in teaching from the first grade of primary school. However,
indications of what kind of calculation is expected that the pupils know in each
particular grade, are omitted.

Further, the documents that legally govern the primary school teaching practice
include the contents of individual grades with short descriptions in the introduc-
tory part and highlighting the objectives of teaching mathematics and assignments
for pupils which are general for all grades. This style of writing continues with
the 2006 Nastavni plan i program za osnovnu $kolu [Primary School Curriculum],
where along with the teaching content are introduced the educational achievements,
but it is not clear how the pupils need to calculate, but only stated that pupils need
“to master the addition process (subtraction, multiplication, division ...” in the
first and second grade of primary school, while in the third and fourth grade as a
topic stands out “Written addition and subtraction (multiplication, division)...”, and
in the educational outcome there stands “fo master written addition (subtraction,
multiplication, division) ...”.

And finally, the document that regulates teaching mathematics in the Republic
of Croatia, on the part of content and pupils’ achievements, the Curriculum for
Mathematics for Primary and Secondary Schools in the Republic of Croatia intro-
duces the concept of mentalcalculation. Development of the A.2.3. Pupil adds and
subtracts in a set of natural numbers up to 100 outcome states that a student at the
end of the second grade will mentally add up and subtract in a set of numbers up
to 100. The fact that after a long time in the legal document stands out the form
of calculation that is expected to be performed by pupils in the second grade is
not the news, but just a written teaching practice that has been going on for years,
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even from the time it was called an oral calculation. However, the news provided
by this document, which was not a practice, is in the third grade where the A.3.2.
Pupil adds and subtracts in a set of natural numbers up to 1000 outcome devel-
opment states that a student at the end of the third grade will mentally add up and
subtract numbers up to 1000, but also add up and subtract in writing by applying
the appropriate mathematical written record. It is interesting to note that the same
outcomes development model is not applied to multiplication and division, where
is only stated that a pupilmultiplies and divides within the multiplication tablein the
second grade, and in the third grade, multiplies and divides in written numbers up
to 1000 by one-digit number, so it can be concluded that multiplication and division
in no part of it should done in one’s head, but in writing, not even for multiplication
and division by 10, 100 and 1000.

4. Forms of calculations in textbooks for teaching mathematics
through history in the Republic of Croatia

Although legal regulation is an important guideline and in this case an indicator of
the method of teaching in mathematics, many studies have shown that the influence
of teaching practice is largely in the textbooks but in the legal acts, so we will also
look at the textbook literature which gives us a deeper insight into the development
the forms of calculation through history in the territory of today’s Republic of
Croatia and the development of the concept in which mental calculation developed
and how the name of the term influenced the change of purpose and meaning of
mental calculation.

Mate Zorici¢, author of one of the first books in Croatian language dealing
with calculation — Aritmetika u slavni jezik illliricki [Arithmetic in glorious lan-
guage of Illyrian], states in the introduction that the reason for writing the textbook
in Croatian language, the teaching of calculation for Croatian people, that foreign
merchants could not deceive them anymore and make themselves rich from the
misery and ignorance of Croatian peoples. At about a hundred pages, Zorici¢ grad-
ually explains the basics of calculation operations in Croatian, pointing out what
the reader has to know “by heart, and can always calculate” by thinking of a written
calculation. For our consideration is the significant the use of the term “by heart”.

While Zori¢i¢ aims his lines to everyone, Nikola Hacxich (1854) in his ,,Rac-
sun iz glave “[Calculating in head], addresses a teacher who will teach the pupil how
to calculate, and already at the very beginning emphasizes to the reader “as soon as
pupils start attending classes, they need to start learning how to calculate in their
heads”. Learning mathematics by Hacxich is divided into ten steps through which
he gradually gives instructions to teachers. Following Hacxich ’s steps, it is clear
how much emphasis was put on teaching calculation at that time on mental calcu-
lation, which is entirely clear considering the time when Hacxich lived. Although
the objective of teaching calculations of that times is not explicitly expressed and
we may doubts whether it was closely related to the needs of society to educate
individuals willing to work or their objective is deeper, related to mathematics as a
scientific discipline, Hacxich in each step starts from mathematical bases, so in the
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second step before introducing of addition he says “The basis in each comparing
of numbers is one. So the duty of each teacher is to prove to his/her pupils that
numbers are composed from number one.” There are no many methodological
instructions in the book such as this one, but there are all the calculations that need
to be learned, such as: “2 and I unit make how many units? 3 and 1 unit make
how many units?.. 2 and 2 units make how many units?.. 2 is greater than 1 for
1 unit”. In teaching calculation of that time, there were no signs: plus, minus,
times and division, neither were used terms like addition, subtracting, multiplying
and division, but were written calculation sentences and was made the difference
between operations that we know today to determine the arithmetic calculation
operations. So was multiplicationseparately taught (3 and 1 unit make now many
units?), and comparison as well — what is greater and for how many. Methodical
approach to teaching calculation by Hacxich is also seen in the instruction “Pupils
need to be taught to analyze the tenths and units that compose the numbers made
of multiples tenths and units” and “pupils need to be orally tested by randomly
chosen calculations.” From this last point it is clear that teaching calculation does
not just mean mere learning by heart, but the calculation had to be learned with
understanding so testing pupils by randomly chosen calculations would be suc-
cessful. In this paper there is a possible reason for the future name of this form of
calculation as “oral calculation” that was introduced by Cuvaj in 1904. It is clear
that oral testing requires an oral answer, especially as it was a time when it was not
possible for pupils to write on paper.

Klaic¢ in his “Initial Calculation textbook or Systematic Calculation by heart
Training” continues Hacxich’s style of oral testing of calculations by numerous
questions. This textbook in more details leads teachers in calculation teaching
by gradually describing the steps of calculating acquiring from counting to ques-
tions and tasks that cover the entire spectrum of situations that determine singe
calculation operations, such as the following questions:

“Which number is for 1 smaller than 97"

“For how many is 10 greater than 1?”

“From which number do I have to subtract 1 to get 5?”

“How many coins can I spend out from 4 if I want to keep 1 coin?”

“You have 10 apples, your brother has 8 apples. For how many does your
brother have less than you? For how many do you have more than your
brother?”

As mentioned earlier in 1908, Cuvaj for the first time introduces, in his text-
book Racunica [Calculating| : for the Ist year of lower public school in Croatia and
Slavonia, the concept of oral calculating by suggesting in his introductory tasks the
left-to-right calculation method, which is still used as a synonym for oral calculat-
ing. In this textbook, there are fewer questions than in Klai¢’s textbook, and by its
form it is more like today’s textbooks, with numerous calculating tasks and several
textual tasks. And then, there appeared the signs: plus and equals in textbooks.
Other textbooks throughout the time till nowdays follow the same writing style
and division of calculation tasks into orally calculated and those calculated by a
written procedure. Unlike nowadays, when oral calculating is performed only in
the second grade with numbers up to 100, textbooks up to the seventies demanded
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an oral calculating with numbers up to 1,000 and even one million as well as oral
calculating of some multiplication calculations.

5. Conclusion

The term of mental calculation describes best the objective to be achieved by learn-
ing calculating in mathematics classes. Mental procedures that a person applies
trying to determine the solution are more important than the results themselves,
especially in today’s availability of computer technology. Mental operations, know-
ledge linking, applying strategies, efficiently, accurately and quickly is the benefit
from calculating. The term by heart, in head that has been used since Hacxich,
judging by the concept of tasks and instructions, presupposes mental calculation,
which is the very name of the book saying “from head”. The present opportunities
and methodological procedures that point to the often questioning of calculating
and verbalization led to the concept of oral calculation, which is still used today.
Mental operation that a person performs when calculating can be organized into
several categories, such as left-to-right method, calculating with compatible num-
bers, addition and multiplication compensations, the use of calculating operations
properties, calculation results with compatible numbers and special factors such
as 10 and its exponents (Musser, 2008). In addition to the common mental al-
gorithms, the person that calculate can also use personal strategies that combine
the standard ones. Each person uses the calculation methods in a unique manner
and organizes it according to one’s own capabilities and needs (Plunkeett, 1978).
Nevertheless, since 1908 textbooks suggest a left-to-right method, while in Klaié’s
(1863) textbooks is also used the joining of tenths and ones method. The left-to-
right method is an effective way of mental calculating, as opposed to the concept
of a written procedure. However, the frequency of using the written procedure
puts aside the left-to-right method. Current teaching practices use the left-to-right
method for addition and subtraction up to 100 in the second grade of primary
school, and in higher grades only written calculation algorithms making mental
calculating completely neglected. Using left-to-right method in teaching practice
is called oral calculation, which, by tracing the historical development of the term,
refers to mental calculation, but the use of the left-to-right method does not mean
at the same time mental calculating procedures. Today, unlike the Hacxich’s era,
pupils are available to write down, so it is often seen that all ideas of calculating by
heart, in head, mental or oral, are reduced on working out the calculation by the
left-to-right method what is contrary to the definition of a mental calculation.
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TOWARDS NEW PERSPECTIVES ON MATHEMATICS EDUCATION

Od “‘rac¢una napamet” do
“misaonog racunanja”

Maja Cindri¢!, Irena Migurac? i Josipa Juri¢?

! Odjel za izobrazbu ucitelja i odgojitelja Sveugilista u Zadru, Hrvatska
2 Filozofski fakultet u Splitu, Sveugiliste u Splitu, Hrvatska

SaZetak. Kroz povijest nastave matematike na podrucju Hrvatske
dolazilo je do mnogih promjena, a jedna od njih veze se i za
pristup, stavove, pa i sam naziv onoga Sto danas zovemo misaonim
racunom. Misaono ra¢unanje spona je konceptualnog i proceduralnog
matematickog znanja, a potjece od aktivnosti u samim pocetcima ucenja
matematike. Ovisno o vremenu i potrebama drustva i gospodarstva,
posljedicama odredenih odgojno obrazovnih reformi i kvantitativnim
pokazateljima na regionalnoj i globalnoj razini mijenjali su se stavovi
prema potrebi racunanja kao dijelu nastave matematike. Stavovi
su Cesto izjednacCavali primjenu algoritama u raCunanju s misaonim
racunom, koji je u okviru nastave matematike marginaliziran, bilo
zbog prenaglasene upotrebe proceduralnih metoda pisanog racuna, bilo
zbog nastojanja da se za razvoj konceptualnog znanja naglasak stavi na
problemske matematicke zadatke.

Ovaj rad ée dati povijesni pregled pristupu misaonom racunu anal-
izom veéinom udZbenicke literature za nastavu matematikena teritoriju
danas$nje Republike Hrvatske, kao i nazivlju koji je koriSten u te svrhe.

Kljucne rijeci: raCun napamet, usmeni racun, misaoni racun,
mentalni racun, aritmetika
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From a nice tiling to theory and applications

Emil Molnar, Istvan Prok and Jen$ Szirmai

Department of Geometry, Institute of Mathematics, Budapest University of Technology and
Economics, Budapest, Hungary

Dedicated to the Memory of Professor Stanko Bilinski (1909 — 1998).

Abstract. Starting with the fundamental tiling for the Euclidean
plane group 16.p6 with pentagons, we see that any tile — after “logical”
side pairing (as gluing) — will be a surface (now a topological sphere,
realized by a doubly covered triangle, of angles 90° = /2, 60° = 1/3,
30° = m/6) with singular points (as above by periods 2, 3, 6, re-
spectively) as rotational centres with angles 180° = &, 120° = 2x/3,
60° = m/3 (imagine with colours: green, blue, red), respectively.

Consider this for the 17 plane groups of Euclidean plane E?,
then for the analogous groups of sphere S? (where the angle sum of
any triangle bigger than 180° = m; we have infinitely many groups,
but finitely many types), moreover for the analogous groups of the
Bolyai-Lobachevsky hyperbolic plane H> (where the angle sum of any
triangle smaller than 7; infinitely many groups, but we shall have an
overview by the so called Macbeath signature).

And so on, going to the classical theory, relatively completed
for dimensions 2 in our joint work (Lucié¢ et al., 2018) on so-called
Poincaré-Delone (Delaunay) problem, and its nice applications in
science and arts. The very hard analogous 3-dimensional topic will
also be mentioned, mainly with examples and figures only.

Our aim is also to give an Honour to the Memory of Professor
Stanko Bilinski, a scientific Father of former Yugoslavian and Hungar-
ian geometricians, who was a “master of Brezelfldche” (double torus)
and its hyperbolic tilings, see e.g. in (Bilinski, 1985).

Keywords: crystallographic groups in E?, S?, H?, Poincaré—
Delaunay problem of “planigons”
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1. Introduction

In our Fig. 1 (below, imagine its colours) there is a mosaic or tiling with funda-
mental pentagons in Euclidean plane E2. You can notice the hexagonal a-rotations
by their red 6-centres and 27r/6 angles, and similarly the blue 3-centres (f3) and
the green 2-centres (y). There are also translations by a hexagonal lattice of the
6-centres. For any two pentagons there is a unique transformation, mapping the
first pentagon onto the second one, and the whole plane tiling onto itself. All
together these transforms, mapping an (arbitrarily distinguished) yellow identity
domain (1 = I) onto any g-domain, constitute the plane group G = p6 = 236
(g € G) by the composition operation. Thus, we have pictured the above group
G (given also by the other internationally accepted notation): Any path from the
identity (I) through adjacent domains to domain g, expresses g with the generators
a, B, v (and their inverses a~!, B~1, y~! = v, try it, please, not easy!). So we can
imagine also the group-graph for G with three types of (coloured) directed edges,
according to the three generators.
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Fl.é_-,
3 abra

Figure 1. The Euclidean plane group 16.p6 and its fundamental pentagon tiling.
Generating side pairs: red for 6-rotation ¢, blue for 3-rotation 3, green for 2-rotation 7,
are also indicated. The introductory (6-coloured) picture shows other interesting
phenomena, study them please!

You can imagine that the complete group theory can be interpreted in such
a geometric language, and this visualization has many benefits, e.g. for attractive
geometric problems.

For instance, the above group p6 = 236 can have 4 (fopological!) types of
fundamental domains (find all polygon types intuitively first, please!) Our school
ruler (lineal) with angles /2, /3, m/6 helps a lot. The analogous groups 234,
235, each has also 4 types but in the sphere S?; 237, 238,... have also 4 types,
but in the Bolyai-Lobachevsky plane H?. Our school ruler (45°, 45°, 90°) helps
in finding all the 3 types of fundamental domains for the Euclidean plane group
G =244 = p4.

In Euclidean plane E? there are 17 analogous plane groups (as a genial intuitive
discovery of the medieval Islamic art, e.g. the Alhambra in Granada, Spain). The
Hungarian Gyorgy (George) Pélya also dealt with them. All the 46 topological
types of their fundamental domains (and also the 47 non-fundamental ones) had
completely been found only in 1959 by B. N. Delone (Delaunay). H. Poincaré in
1882 had already attempted to describe the analogous plane groups in H2, by con-



88 Emil Molnar, Istvan Prok and Jen6 Szirmai

structing a new model for it in complex number field C and by fundamental domains
in it for these plane groups (it turned out later, that this attempt was hopeless).

To find a unified method for all possible types of (compact) fundamental do-
mains for all plane groups in 8%, E?, H?, this Poincaré-Delaunay planigon problem
has been remained open for a long time. This will be our topic now. The basic
concepts are also not easy!

Your late Professor Stanko Bilinski, at the University of Zagreb, worked a lot
with hyperbolic plane groups and their realizations. His favourite (e.g.) was the
double torus (“Brezelfliche” in his nice German presentations, (Bilinski, 1985)).

Other compact surfaces with higher genera g [orientable (+) with g tori or
handle bodies (handles), indicated by o; or not (—) with g projective planes or
cross caps, indicated by x (or also by ®)] come into considerations as well. They
can also have [ occasional singular points as rotational centres, with given periods

2<<hh<hy...<n (1.1)

as rotational orders. Furthermore, g boundary components can come into the play
(after *’s) with given dihedral corners (of group orders 2A;j; I; corners on the i-th
component, in Fig. 9 we use also [ — m, [; = 0 is also possible):

*h]],...,h]ll*...*hql,...,hqlq; 2§hlj

with corner angle
m/hy 1<i<q, 1<j<]; (12)

for line reflections. All these are up to an equivariance (geometric or topological
orbifold equivalence) have to be cleared later on. These lead to the Macbeath
signature (or, equivalently, to the shorter orbifold notation of J. Conway, as we use
above and later on):

OO...Oh],...,h]*h]],...,h]ll*...*hql,...,hqlqX X... X (13)

either with g initial circles o (for tori or handles), or g final crosses x (for pro-
jective planes or cross caps). The absence of circles and crosses means that the
base manifold M of the above orbifold M is a sphere. The above equivariance
of groups (induced by a topological mapping) leads to the criteria that rotational
centres and boundary components can arbitrarily be permuted. Dihedral corners in
a boundary components are determined up to a cyclic permutation in the orientable
case, where all components are considered according to the given orientation, or
all components are opposite. For a non-orientable orbifold on its any boundary
component, cyclic and reverse-cyclic permutation lead to equivariant cases, i.e., a
topological mapping maps one orbifold onto the other, preserving the group action.
A “milestone” was in 1967 the

Theorem of A. M. Macbeath. The above signature by (1.3) guarantees the
equivariance of orbifolds or plane groups.

The so-called “bad” orbifolds cause some extra phenomena yet (see Proposi-
tion 5.1).
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Description of a fundamental polygon is not easy, too, but the cyclic enumer-
ation of vertices and sides helps us. E.g. in Fig. 1 the pentagon can be described
by abAb3Bc2C; here abA means: the paired sides a and A are oppositely directed
and divided by the 6-centre. 2-centre here is not a vertex, but a side midpoint(!).
Trivial stabilizer at a vertex is not signed by number. Other conventions you can
find out. E.g. 2a6A2b3B is a quadrangle fundamental domain for p6 = 236 (Fig.
1). 3a6A3b2B and 6a3A6b2B are two triangle fundamental domains. All these are
up to cyclic or reverse-cyclic ordering and occasional changing the letters.

The “final” step seems to be solved by Program COMCLASS, and the summa-
rizing joint paper with Zoran Luci¢ and Nebojsa Vasiljevi¢ has been published in
(Lucié et al., 2018).

We shall indicate the very hard analogous 3-dimensional topics as well in Sec-
tion 6, mainly with “nice” examples and figures only, see (Molnar, 1992, 1997),
(Prok, 2018), (Szirmai, 2007), (Molnar et al., 2006, 2017), (Molnar and Szirmai,
2018, 2019), (Stojanovié, 2017) where we have — almost exclusively — “only” open
problems, in general. Some Euclidean problems have been solved, “because of
their crystallographic importance”.

2. Tori (handles) and projective planes (cross caps) with figures

The first plane group 1.p1 = o is illustrated in Fig. 2 with a rectangle fundamental
domain, where the opposite sides are identified by translations e; and e, (corre-
sponding arrows also indicate them), respectively. With rectangle we can glue
the first opposite side pair to a cylinder, but further we cannot glue the opposite
circles!? (or it is still possible!). In topology we allow elastic paper, so we can
imagine that arbitrary parallelogram ABCD realizes the torus by gluing AB < DC,
AD < BC.

o e, .
O O
e[ W\D C D 1\
S A ——» Bl A — A

Figure 2. The topological torus and the plane group 1.p1 = o, generated by two
translations e; and e; identifying the opposite sides of the parallelogram ABCD (now a
rectangular one, by logical gluing, try to realize it with paper disc).

This can be with Euclidean metric as indicated above, or without any met-
ric, i.e. topologically. Since any Euclidean parallelogram can be mapped onto
another one by an affine transform (one-to-one mapping Euclidean plane onto it-
self, preserving point-line incidences), we say that the plane group 1 = p1 (and
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its fundamental parallelogram) is determined up to affine equivariance. But “any
usual” quadrangle with “identified opposite sides” define a forus. With the “ signs
we indicated that this “tiresome definition” is still not complete yet!

Torus, cut out with a (small) disc (with boundary circle, also for later gluing
up), is called also handle body or simply handle. Two handles glued together along
the boundary circles yield the double torus as mentioned previously and Fig. 7. A
sphere glued with g handle bodies will be illustrated in Fig. 8 as a general orientable
compact surface.

The simplest non-orientable compact surface is the projective plane in Fig. 3,
also as the (“digon”) fundamental domain of the plane group of sphere 82, consist-
ing of two elements: the identity 1 and the point reflection (or inversion) 1 in the
sphere centre O. Projective plane cut out with a (small) disc is called also cross
cap. Two or more cross caps can be glued to a sphere along boundary circles to
get the general typical non orientable surface which consists of g cross caps (Fig.
4 illustrates them), but also with other interpretations depending on g.

The cutting-gluing and “regluing” procedures (called making connected sums)
are typical in topology. We only mention a nice

Theorem 2.1. The connected sum of a torus and a projective plane is topo-
logically the same as the connected sum of 3 projective planes.

Consequence 2.2. A non-orientable surface is exactly that contains a cross
cap at least.

So we can leave out here the very important (but delicate) equivalent definitions
of non-orientable (or one-sided) and orientable (two-sided) surfaces.

Sz=E U {w}

Figure 3. The projective plane P> (x = 1), derived from the sphere by identifying its
opposite points (reflected in the sphere centre O). Then we can project the south half
sphere either from the north pole N into the plane touching the sphere in the south pole S,

to obtain the fundamental domain Fy = P?: the circle disc with glued opposite circle
points. Or project the same one from the sphere centre O onto projective plane

E?2 U i*® = P? as usual.

The connected sum of two projective planes (cross caps by second picture of
Fig. 3) can be realized in the usual plane E?, as follows in Fig. 4, by the Klein
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bottle, also with its rhombic fundamental domain.

Figure 4. The Klein bottle and 4.pg = x x, as a glued rectangle (abAb, see the arrows),
again with AB < DC, but AD «— CB. This last step can be realized in space only by
self-intersection. You see in right bottom corner another gluing, as connected sum of two
projective planes with rhombic fundamental domain aabb with equivalent vertices and
side pairs —o, —e.

3. Vector models (projective models) for later computations

(w)

Efe,)

@10
Point at infinity

/ —
(-x) )=y

Figure 5. The vector model V? of projective sphere PS?, affine and projective plane are
also in the picture (compare with Fig. 3).
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We illustrate only some 3-dimensional pictures for 2-dimensional, i.e. plane
situation, although we do not use this machinery (imagine also d-dimensional situa-
tions modelled in d+ 1-vector spaces, in Fig. 5). Sphere 82 and hyperbolic plane H?
are extremely important, although we have to restrict ourselves on few words. We
only hint to popular introductory literature. The projective Beltrami-Cayley-Klein
(B-C-K) circle model (in Euclidean sense) of hyperbolic plane H? is illustrated
in Fig. 6 that will be indicated also with curved lines and deformed angles, etc.,
without any exact model. See Fig. 7, where the regular octagon has 27r/8 = 45°
angles, equal arrows hint to the congruent hyperbolic transform that carries each
signed side into the corresponding one. Every point of this fundamental octagon
has a disc-like neighbourhood (in hyperbolic metric), so does the double torus (not
in the embedding Euclidean space, of course). Please, use your phantasy also later
on!

Figure 6. Hyperbolic plane H? and H? x R space in vector model (H? x R is in another
sense: each cone half lines through origin O illustrate the direct component real

number-line R, zero level is H?).

A

Figure 7. The double torus and its unfolding onto a regular hyperbolic octagon of angles
27/8 = 45° (compare with Fig. 8).
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4. Plane groups and orbifolds, symbolic pictures only for orientable
cases

We glue g handles for an orientable surface, although this can already be realized
with many fundamental polygons (of super-exponential complexity by g). Fig. 8-9
illustrate the general

Figure 8. A symbolic orientable surface with g handles, [ rotation centres (also I — m in
Fig. 9), g boundary components (occasional dihedral corners on them). Point P is for
unfolding with 2ag arcs for tori and projective planes (now o = 2 for g handles; else

o = 1 for g cross caps), 21 arcs for [ rotational centres, 2q connecting arcs for ¢ boundary

components; plus /; + 1 unpaired arcs (here) for the i-th component 1 < i < g.

Strategy 4.1. For possible fundamental polygons of a plane group G or orb-
ifold we consider on its surface a (symbolic) disc, containing all the rotation centres,
the boundary components (first each is compressed into a vertex) and x additional
points (with trivial stabilizer, their number will be restricted later). Moreover, on
the boundary of the disc we consider 20.g ends for unfolding arcs, see Fig. 8-9,
also for orientable and (not pictured) non-orientable cases.

Then we have to construct a tree graph (of super-exponential complexity) to
these vertices, where the valence (degree) of each additional vertex is at least 3.
Then we “unfold” the surface along this tree graph, as with a “usual scissor” to get
a topological “plane disc”, but think of some “metric conditions” (with later E?,
S?, H? metrics by Proposition 5.1), too. A scissor arc will make a side pair of the
Sfundamental polygon with corresponding directions. The copies of an additional
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point will produce the angle sum 21. The copies of a rotation centre yields an angle
sum 2x/h; (1 < i < m). Then each boundary component, that was a vertex first,
will be reformed to a boundary circle for unpaired sides with occasional dihedral
corners on them of angle sum 7w /h;; (1 <i<gq, 1 <j<m)

Then among all polygons we select the combinatorially different ones.

The next Fig. 9 also illustrates the strategy, in Fig. 10 we see a maximal and a
minimal tree graph for unfolding the same orbifold.

o~ e N
/ Q1 \\
// A
/Rl Pype \\
|  RoA Pye \
6 = 2ag | Qim,y 3
§ Ri@ Pye = f»
\ : "'\..pu,f ()fl |
\\ : /
\ R,® P.e /"
\ /
\ /
\\ 7

Figure 9. A symbolic picture for the surface diagram of an orbifold for its future tree
graphs and its future unfolding onto fundamental domains (see also Fig. 8).

2ag
r——

Figure 10. Two tree graphs: a maximal one (left, with additional vertices for the tree
graph) and a minimal one (right) for the same orbifold (or plane group) and unfolding. It
can be orientable (ot = 2, g = 1) or non-orientable (ot = 1, g = 2).
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5. Propositions for our algorithm strategy, some illustrations

Our very abstract subject gives us a lot of possibilities to make nice “Escher-like”
pictures in Euclidean plane E?, sphere S? and hyperbolic plane H? as well. But how
to recognize them? The answer is also a very nice (formerly known) mathematical
statement:

Proposition 5.1. (curvature formula) The orbifold or plane group of signature
(1.3) can be realized on sphere 8%, in Euclidean plane E? and in hyperbolic plane
H?, if

> H2
lj
0= 4—2ag—2§ljl(1—1/hi)—2q—§%[lc§jl(1—1/hjk)] E2, (5.1)
= j=1k=
< S?

respectively. Exceptions are 4 types of “bad (spherical) orbifolds” with signatures:

u and *u for 2 < u; furthermore u, v and *u, v for 2 < u < v. (5.2)

The arguments are “simple”: the corresponding angle sum of a fundamental
polygon has to be bigger, equal or less than the Euclidean one. The spherical
exceptions occur, because opposite points of sphere shall have the same stabilizer
subgroup of symmetry.

X

Dx F~ H/G,

Figure 11a. Archimedean tiling T; with vertex symbol {4,4, 4, 6}; group or orbifold
symbol is 246 (non-fundamental or multiple tiling).

Proposition 5.2. For the number x of additional points of an orbifold tree (Fig.
9) holds
x<2o0g+1+4+q—2. (5.3)
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If n is the number of edges (and vertices) of a fundamental domain of a plane
group G (orbifold), then (with some exceptions if the domain is unique) holds
Nmin < 1 < Nmax, where

q
Hnin = 20 if | =q =0, oF Nmin = qo+ (Z ) +20g +21+2q—2 otherwise,
k=1
(5.4)
and
q
Nmax = (O ) + 60ig + 41+ 59 — 6, (5.5)

k=1
where o = 2 if the orbifold is orientable and o« = 1 otherwise, and qq is the
number of the boundary components containing no dihedral corner. Moreover; for
a given G there exist fundamental domains with nyi, and ny.x edges.

These are consequences of the tree graph constructions. We recall an old
(sometimes rediscovered)

Theorem of A. Cayley The number of labelled (rooted) trees with n vertices
is "2,
This is why our algorithm will be of super-exponential complexity.

A nice unified metric realization and an extremum problem will be based on

F-z- Hr/ Gz

Figure 11b. Archimedean tiling T, with the same vertex symbol {4,4,4,6}; with other
group or orbifold 2«23 (fundamental tiling).

Proposition 5.3. Among all convex polygons in S* or in H? (resp. in E?) with
given angles oy, ,...,0,, m > 3, there exists, up to an isometry (resp. up to
similarity) respecting the order of angles, exactly one circumscribing a circle.

This non-elementary construction of fundamental domain is based on trigonom-
etry (also spherical and hyperbolic one) and a fine approximation of central angles.
It arises an
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Open problem: What is the maximal radius of this inscribed circle for a
given group (orbifold)? Analogous (more difficult) questions arise for minimal
circumscribed circle.

Figures 10-11 call the attention to these and other problems. Fig. 11 shows
the dual of fundamental tiling, in particular the Archimedean one, where regular
polygons surround a vertex. A surprising fact that Archimedean tilings with the
same vertex-symbol can have different symmetry groups in hyperbolic plane H?.
Inscribed circles into fundamental polygons can be seen in Fig. 11a-b.

We have further complication to our algorithm: different tree graphs can yield
the same fundamental domain.

The Program COMCLASS of Nebojsa Vasiljevi¢ can treat these difficulties in
on-line mode, of course for simpler signatures because of the complexity (Luci¢ at
al., 2018).

6. An infinite series of hyperbolic space forms and other analogies

Consider the previous topic in 3 dimensions! Of course, we only indicate these
much more difficult problems only with some examples and figures. The 3-
dimensional torus (Fig. 12) is completely analogous to Fig. 2. In space E* we
have 230 space groups (in 219 affine classes, 11 isomorphic pairs differ only by
left-right orientation). All fundamental polyhedra (stereohedra) are known only
for some groups of them. A polyhedron algorithm for determining them has been
“described” (in a principle form) in (Molnar, 1992), implemented by Istvan Prok
[see a report in (Prok, 2018)], again with super-exponential complexity.

Figure 12. The 3-dimensional torus as a brick in Euclidean space E* (in Schlegel
diagram) by identifying (gluing) its opposite side faces by 3 translations 7y, 7, 73. 4
parallel edges will be in one equivalence class (we get 3 classes). The 8 vertices also form
an equivalence class. So any point will have a ball-like neighbourhood.
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In hyperbolic space H? we are far from a classification of space groups. There
are some complete results for hyperbolic simplex fundamental domains and trun-
cated simplex domains (Molndr at al., 2006) and in recent or ongoing works of
Milica Stojanovié, e.g. (Stojanovié, 2017). The Coxeter-Schlifli orthoschemes
(Fig. 13) and their relatives seem to be important in H? for extremal ball packing
and covering problems and manifold constructions. Applications come into con-
siderations, as fullerens and nanotubes, simply in non-Euclidean crystallography,
see e.g. in (Molndr at al., 2017), (Molnar and Szirmai, 2018, 2019).

b v v
u
w
b,i
a, Yh a,

Figure 13. The hyperbolic doubly truncated orthoscheme W(B% = n/u, B1? = r/v,
B?* = m/w) and its extended Coxeter-Schlifli diagram (right) with 7t/u + mt/v < 1/2,
and /v + m/w < 1/2 and its half-turn symmetric version for # = w. In particular
u=v=w=2z3 < zodd leads to our cobweb (tube) manifold series Cw(2z), glued
together the 4 u copies of half W around Q, so that every point of Cw(2z) has a hyperbolic
ball-like neighbourhood.

The above orthoscheme O = W will also be a projective simplex coordinate
system AgA1ArA3 = bOb'b%b? in projective 3-space P? (V*, V4, ~), analogous to
Fig. 5 with corresponding vector space basis A; < {a;}, a; € V#; and dual basis
b « {b/}, b € V4 with Kronecker symbol a;b/ = & (i,j € {0,1,2,3}. The an-
gles BY between simplex side faces b and & will be defined by the Coxeter-Schlifli
cosinus matrix (cos(rr — BY)) = (b¥) as follows

1 —cos% 0 0
B i W —cos X 1 —cosZ 0
(b7) = (W', V) == 0 ! —cos X 1 ’ —cos X (6.1)
0 0 —cos X 1
w

Then the angle metric can be defined in general. Moreover, the distance metric
between points will be defined by the inverse matrix
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(a5) = ") " = (ay,a))

2 2r T in2 T T T T T n

sin“ £ — cos cos Zsin® Z  cos Zcos cos Z cos Z cos
w u w u v u v w
1 cos Zsin? £ sin? £ cos = cos Zcos®
— u w w v w v
B cos Zcos & cos X sin Z cos Z sin? X
u v v u w u
cosZcosZcosZ cosZcosZ cosZsin?Z  sin?Z — cos? X
u v w w v w u u v
where - - -
B = det(b") = sin®> = sin®> = — cos® — < 0,
u w v
1.e.,
. T . T T
sin — sin — — cos — < 0. (6.2)
u w y

First, the distance of simplex vertices will be defined by cosh(A;A;) = —a;i/\/aiiaj;,
then distance for any two points X = x'a; and ¥ = yfaj, as usual. Much deeper is
the volume formula of an orthoscheme and especially of a complete orthoscheme
by the following

Theorem 6.1. (R. Kellerhals by the ideas of N. I. Lobachevsky) The volume
of a three-dimensional hyperbolic complete orthoscheme O = W, C H> is ex-
pressed with the essential angles B°' = . B2 = 3 23— mo< B < %) (Fig.
13) in the following form:

Vol (0) = %{L(ﬁm +0) —L(B" —6) +L<§+B12—9>
+L<g—[312—9>+L([323+9) —L(B23—9)+2L<g—9)}

where 0 € [0, T) is defined by

tan(0) = V/cos? (B12) — sin? (B°1) sin (B2?)
T cos~8(B7) cos S (BY)

(6.3)

and where L(x) := — [ log|2sin(t)| denotes the Lobachevsky function (in J. Mil-
nor’s interpretation).

The volume Vol (B(R)) of a ball B(R) of radius R can be computed by the
classical formula of Janos Bolyai:

Vol (B(R)) = 2rt(cosh(R) sinh(R) — R) = m(sinh(2R) — 2R)
4 1 2 (6.4)
= 2R (14 R4 R+ ).
U s T
We note here that in (Molnar and Szirmai, 2018)) we studied the packing and cov-
ering problems in H? with classical congruent balls. We considered periodic ball
arrangements related to the truncated, so-called complete Coxeter orthoschemes
and their extended groups (see Fig. 13). We formulated two theorems and con-
jectures for the densest ball packing with density 0.77147, and for the loosest ball
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covering with density 1.36893, respectively. The metric data are summarized in
the following two shortened tables:

1 1 11 1 1

Table 1.s.i.a, Packing, O = As, — + — > -, — + — > —

u v 27v w2

(u, v, w) o Vol (Wuww) | Vol (B(r%P")) 5!
(5,3,5) | 0.95142 0.09333 4.31988 0.77147
(3,5,3) | 0.69129 0.03905 1.52220 0.64967

1 1 11 1 1

Table 1.s.i.a, Covering, O = As, — + - > =, —+ — > =

u v 27v w2

(u, v, w) RV Vol (Wuyw) | Vol (B(RP")) A%
(5,3,5) | 1.12484 0.09333 7.66539 1.36893
(3,5,3) | 0.89558 0.03905 3.53002 1.50661

You can imagine that these computations (with computer, of course) can be car-
ried out for our cobweb (tube) polyhedra (glued together from copies of the above

half orthoschemes) in the following as well. These results are under publications,
we described them in (Molndr and Szirmai, 2018, 2019).

Figure 14. The symbolic polyhedral picture of the cobweb (or tube) manifold
Cw(2z = 6), or in general, for parameter z = 4p — 1. Equally indicated side faces (e.g.
the bases s~! and s) and edges are glued together to form a hyperbolic manifold (for
nanotube applications).
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-0, e

Figure 15. Our cobweb manifold Cw(2z = 6) has also a (simplified) tube realization in

H?, think of gluing the copies along the previous base faces s~! and s to form an infinite
tube.

We have proved the following theorems, see (Molnar and Szirmai, 2019):

Theorem 6.1. The cobweb (tube) manifold Cw(2z = 6) to cobweb polyhedron
as fundamental domain has been constructed by the given face pairing identification
in Fig. 14, 15 by rotational symmetry of order three.

Theorem 6.2. The cobweb (tube) manifold series Cw(2z = 8p — 2),
2 < p € N, for any cobweb polyhedron as z-cyclic fundamental domain has
been algorithmically constructed. The cobweb polyhedron Cw(2z) is built up from
the half complete orthoscheme O = W (2z) by gluing its 8z copies around its vertex
Q as a new centre in Fig. 13.

The bases s~ and s of this domain are paired by the screw motions : s~ — sof

rotational angle 21t(z—1)/(2z). The further face pairing is generated by z = 4p—1
screw motions a;: ai_1 — aj. The fundamental group is algorithmically described
above by a presentation. The first homology group H,(Cw(2z)) = H(Cw(2z))
can be obtained by Abelianization. All necessary metric data of Cw(2z) can be

computed by the matrices of the complete orthoscheme O(2z).

Theorem 6.3. The cobweb (tube) manifold series Cw(2z = 8q + 2),
1 < g € N, for any cobweb polyhedron as a z-cyclic fundamental domain has
been algorithmically constructed as above. The construction is illustrated for
Cw(10) in Fig. 16. The bases s—' and s of this domain are paired by the screw
motion s : s~' — s of rotational angle 2nt(z — 1)/(2z). The further face pairing
is generated by 7 = 4q + 1 screw motions a; : a;'' — a; given by their face pairs
(indicated in Fig. 14, where ¢ = 1, z = 5). The fundamental group has been
algorithmically described as above by a presentation.

There are eight 3-dimensional homogeneous simply connected geometries:

E}, S, H?, 2 xR, H?> x R, ~ SL,R, Nil, Sol (6.5)
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(the so-called Thurston geometries), where the above analogous questions can be
arosen (see the other works of the present authors cited in references). Our last two
illustrations (Fig. 17-18) shows Seol and Nil geometries, their predicted densest
ball packings, found by Jend Szirmai. Sol is a very strange geometry.

Figure 16. The cobweb (tube) manifold construction Cw(2z = 10) with pentagonal
rotational symmetry, or for parameter z = 4¢q + 1, by previous conventions.

o
o

Illf‘llll
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-05 00 05 10 1.5 20

Figure 17. The optimal translation ball arrangement by fundamental lattices in Sol space.
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Nil has a 2-dimensional Euclidean base plane, it is twisted only in third direc-
tion. The unified projective interpretation can help (Molnar, 1997). The central
(red) ball is touched by 14 congruent (green) balls by hexagonal rotation symmetry,
and this arrangement is extended onto the whole space (by a space group can be
denoted by 63;2,).

Thurston geometries seem to be hopeful in crystallographic applications.
“How do know atoms, what is their surrounding space?”

Figure 18. (by B. Schultz): The 14 neighbours ball packing of Nil space by (Szirmai,
2007). Its (maximal?) density is 0.780845, larger than the densest Euclidean ball packing
by J. Kepler of density 0.7404, proved finally by T. Hales.
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Egy szép kovezéstol az elméletig,
az alkalmazasokig

105

MOLNAR Emil, PROK Istvan és SZIRMAI Jend

Stanko Bilinski Professzor Ur (1909 — 1998) Emlékére.

Budapesti Miiszaki és Gazdasagtudomanyi Egyetem, Geometria Tanszék
H — 1521, Budapest XI, Egry Jozsef ut 1, Hungary

Kivonat. Az 1. dbran (képzeljiik el a szineket) az E? euklideszi
sik 6tszog-alaptartomanyokkal torténd szabalyos kovezését lathatjuk.
Vegyiik észre a hatod-rendd o forgatasokat piros-szinii kozéppontokkal,
2n/6 = 60° szogekkel, és hasonldan a kék-szind 3-centrumokat
(B), zold-szind 2-centrumokat (y), a megfelel§ 120°, illetve 180°
forgasszogekkel. A 6-centrumok mutatjadk a fellépd eltolasok ©6-
forgasu racséat is. Barmely két 6tszoghoz 1étezik egyetlenegy olyan
egybevagdsagi transzformacid, mely az elsé Gtszoget a masodikba
viszi ugy, hogy az egész kovezés onmagira képzddik. A transz-
formaciok osszessége, melyek mindegyike egy tetszélegesen rogzitett
(sdrga) (1)-tartomdnyt egy tetszdleges g-tartomdnyba képez, alkotja a
G = p6 = 236 (g € G) jelii csoportot a kompozicié (egymasutini
végrehajtds) miiveletével. Igy a fenti G csoportrdl is geometriai képet
alkottunk: Egy uf, mely az (1) tartomédnytdl a szomszédokon &t a g
tartomdnyig vezet, a g csoportelemet az o, B, y generatorokkal (és

azok o=1, B~1, y~! = y inverzeivel) fejezi ki (nem konnyen') Igy
képezhetjik a G csoport-grdfot hdaromféle (szines) irdnyitott éllel, a
hdrom generdtornak megfelelden.

Képzeljék el, hogy a csoportelmélet egészét ilyen geometriai
nyelven is megfogalmazhatjuk, és ez a szemléltetés sok elénnyel jar,
vonzé geometriai problémdkhoz vezet. Példaul, a fenti p6 = 236
csoportnak 4-féle (topoldgikus) tipusi alaptartomdnya van (keressiik
meg a sokszdg-tipusokat!). A 30-, 60-, 90-fokos iskolai vonalzé sokat
segithet. Képzeljiik el az anal6g 234, 235 csoportok alaptartomanyait,
ott is 4 tipus van, de mér az S? jeld gombfeliileten; vagy a 237,
238, ... csoportok végtelen sok esetét, ott is 4 tipus van, de mar a
Bolyai-Lobacsevszkij-féle H? hiperbolikus stkon. A jél ismert (45°,
45°, 90°) iskolai vonalz6 segithet a G = 244 = p4 csoport 3-féle
alaptartomdnyédnak megtaldlasaban.

Az E? euklideszi stkon 17 analdg sikcsoport van (a kdzépkori
iszlam mdvészet zsenidlis intuitiv felfedezése nyoman, pl. a granadai



106 Emil Molnar, Istvan Prok és Jend Szirmai

Alhambra (V6ros vér) kolostor-templom diszitéseiben, Spanyolorszdg).
Pélya Gyorgy, hires magyar matematikus (és matematika-tandr) ked-
venc témadi is voltak ezek a csoportok. Ezek alaptartomdnyainak mind
a 46 topoldgikus tipusat (és a tovabbi 47 un. laptranzitiv kovezést)
csak 1959-ben publikélta B. N. Delone (Delaunay) orosz matematikus.
H. Poincaré mér 1882-ben megkisérelte a H? hiperbolikus sik anal6g
csoportjainak lefrdsdt, a C komplex szdmsikon modellezve H2-t, és
alkalmas alaptartomdnyok keresésével (késdbb kideriilt, hogy kisérlete
“eleve reménytelen” volt, de médszerét a térre is Kiterjesztette).

Az a Poincaré-Delaunay probléma, hogy az S*, E*, H? sikokon
egységesen megkeressiik az analég csoportok (kompakt, azaz korldtos
és zdrt) alaptartomdnyait, hosszi idGre nyitott kérdés maradt.

Stanko Bilinski professzor tr, a Zagrabi Egyetem egykori geome-
tria tandra, az akkori jugoszlav és a magyar geométerek tudomanyos
édesapja ugyancsak sokat foglalkozott a hiperbolikus sikcsoportokkal
és azok realizdciival. Kedvence volt a dupla-térusz (perec-feliilet
vagy Brezelfliche, szép német nyelvd elGaddsaiban), lasd [1] csak
példaként.

Az “utolsé 1€pés”, elbadasunk f6 témadja, lehet taldn az a
szamitégépes program, a program COMCLASS és az az Ossze-
foglal6 cikk [2], melyet nem-rég publikdltunk.

Az el6adasban roviden, a konferencia-koGtetben kicsit hosszabban
emlitjik majd a szerzdk térbeli eredményeit. A térbeli megfeleld
problémdk 4ltaldban nyitottak, néha “reménytelennek’ tinnek.

Kulcsszavak: szabélyos kovezések, sikcsoportok a gombon, az
euklideszi €s a hiperbolikus sikon
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Abstract. Itis of great importance to use mathematical knowledge
to solve real problems. Certainly one of the fields of mathematics that
plays a major role here is geometry. This paper examines prior know-
ledge of pre-service teachers in relation to the concept of measurement.
Basic knowledge in this field is necessary for a student educated to
teach mathematics in the first four grades of primary school as this
content is part of the mathematics curriculum for the given period.
The participants of the study were first-year pre-service teachers, i.e.,
a total of 103. The paper focuses on analyzing students’ responses
to questions referring to measurement. Research results indicate that
there are deficiencies in the knowledge of this field, which points to the
need for additional increased attention to this concept in the courses
offered to students in their studies, thus contributing to increasing the
level of knowledge in this field.

Keywords: geometry, measurement, measurement units, pre-
service teacher, mathematical concepts

1. Introduction

First-year students have certain knowledge and skills in the field of mathematics
acquired during their previous education. In this paper, we study prior knowledge
of first-year pre-service teachers in relation to measurement. This research was
inspired by the analysis of student work, midterm and final exams, as well as their
responses in oral exams. Namely, it has been noted that, while solving tasks, stu-
dents often make mistakes, which are caused by the fact that they are not familiar
with some basic concepts that are assumed to have been adopted during their pri-
mary and secondary education, and these are the assumptions mathematics courses
offered to pre-service teachers are based on. When solving tasks referring to the
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perimeter and area of geometric plane shapes and the volume of solid figures, it
has been noted that some students make mistakes when it comes to understanding
and applying formulas to determine perimeter, area, and volume. It has also been
noted that some students either do not know or do not understand units of length,
area and volume. In order to establish the level of prior knowledge related to the
concept of measurement, students were given tasks examining their knowledge of
measurement. The study was conducted with the first-year pre-service teachers
before any geometric topic was dealt with.

Knowledge of pre-service teachers related to geometric topics is very impor-
tant for their study since as teachers they will be the first ones to provide their
students with knowledge from that field.

According to the Croatian National Curriculum Framework (MZOS, 2011),
mathematical concepts are divided into the following domains: Numbers, Algebra
and Functions, Form and Space, Measuring, and Data. In relation to the Measur-
ing domain, the Curriculum Framework outlines that at the end of the first cycle of
education, comprising first four grades of primary school, students will be able to:

e “compare and assess length, volume, mass, time, and temperature, and measure
them by using appropriate measuring devices,

o know the names for standardized units of measurement for length, area, volume
(liters), mass, time, and temperature, and use them in their everyday lives,

e perform money calculations (in kuna and lipa) in everyday situations,

e calculate the perimeter of simple shapes, especially triangles, rectangles, and
squares, and the area of rectangles and squares,

e approximate or accurately measure the area of simple shapes by counting unit
squares, and

e determine measurable features of simple objects or phenomena in everyday sit-

uations, and apply measurement skills to solve everyday problems.” (MZOS,
2011, p. 118)

Led, inter alia, by the expected achievements of students at the end of the first
cycle of education, we created the tasks aimed at assessing student knowledge in
this particular domain.

One of the goals of this research is to identify possible difficulties that exist in
relation to prior knowledge of pre-service teachers in the field of measurement.

2. Theoretical background

Geometry emerged around the 20 century BC from practical needs of the ancient
Babylonians and Egyptians who had to carry out land surveys after the flooding of
the Nile. When translated from Greek, the name geometry means Earth measure-
ment. Greeks made geometry a right, pure, theoretical, abstract, and exact science.
In the 3™ century BC, Euclid gathered up and systematized all of the knowledge of
elementary geometry in his work, a book called The Elements.
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To this day, many mathematical texts reflect this formal approach to geometry,
ignoring a strong link between geometry and real life. One of the tasks of teaching
geometry is to help develop spatial knowledge (Clements & Battista, 1986).

There are many examples showing that the introduction of measurement ac-
tivities contributes to better understanding and linking of geometry and real life.
“Even when geometry is taught, it often becomes a vehicle for the study of proofs
and structure-building rather than a tool for earth measurement. It has replaced the
study of patterns as curiosities with the proving of theorems. The fun is gone - it
is spectator sport rather than a game in which to participate as a player.” (Trimble,
1979, p. 220)

Numbers and geometry are the starting points for the initial teaching of math-
ematics. It is common, though perhaps somewhat simplified, to consider measure-
ment as the application of numbers in geometry. Measurement is an important
human activity. It represents an everyday skill. It is the basic tool of science which
represents a link between the real world and mathematics (Cooper, 1993).

Bishop (1988) treats measuring as one of the six groups of fundamental ac-
tivities which, according to his analyses, are said to be universal because they can
be encountered in all cultural groups studied and are necessary and sufficient for
the development of mathematical knowledge. Other fundamental activities include
counting, locating, designing, playing and explaining. According to Bishop the
measurement includes the following activities and notions: comparing, ordering,
length, area, volume, time, temperature, weight, development of units — conven-
tional, standard, metric system, measuring instruments, estimation, approximation,
error.

Measuring skills enable children to have a strong link between the abstract
world of numbers and the concrete world of physical objects. Before children learn
how to measure, they can only describe objects or quantities with relatively vague
expressions such as “big” or “many”. As they learn how to measure, children
acquire skills to describe the quantities more precisely. Now they can talk about
the magnitude of a quantity as the number of units. The measuring unit is used as a
bridge between the object and the number used to describe its size. The concept of
a unit is the central idea on which every measurement is based. In fact, the ability
of children to measure depends to a large extent on their understanding of the unit
in measurement situations (Hiebert, 1981).

Tucker (2009) points out that units of measurement are extremely important
in understanding the equations and terminology and “units are words, which reach
students in ways that algebra, graphs, and numbers cannot”.

Students experience great difficulties with measuring. A large body of re-
search deals with these difficulties. Battista (2006) points out that the concept of
length is very important both in everyday life and in geometry. He proposes using
tasks that could help us understand students’ conceptual knowledge of the notion in
question, and discusses strategies students use to compare the lengths of the given
line segments. He believes that many difficulties in problem solving may also arise
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from insufficient understanding and the difference in the usage of the word length
in real-world and mathematical contexts.

Much research provides guidelines for teachers on how to help students over-
come difficulties in this field. By using age-appropriate literature, it is possible
to increase students’ interest in these topics and help them adopt certain concepts
(Bintz, Moore, Wright & Dempsey, 2011). Some authors point out that the use of
the Logo program contributes to a better understanding of measurement concepts
(Clements & Sarama 1995; Clements, 1997).

Numerous studies have shown a very low level of knowledge of pre-service
teachers related to geometric topics. Thus, for example, in the research carried out
by Baturo and Nason (1996), it was found that knowledge of first-year pre-service
teachers concerning area measurement is very poor. Much of their basic knowledge
was erroneous or incomplete, and often unconnected. The ability of students to
move from one form of presentation to another was very limited.

Relying on research in the literature, Steele (2013) outlines the following
three reasons for poor achievements in geometry and measurement: a weak ap-
proach to basic education, challenges in relation to the introduction of geometry
and measurement to classes, and limited knowledge of teachers in this field.

In their research, Cunningham and Roberts (2010), Marchis (2012) empha-
size that special attention should be paid to teaching geometric concepts to future
teachers.

3. Methodology and results

This research was conducted with first-year students studying at the Faculty of
Education in Osijek and its subsidiary study in Slavonski Brod. Study participants
included 103 first-year pre-service teachers studying at the Faculty of Education in
Osijek (53.4 %) and its subsidiary study in Slavonski Brod (46.6 %).

The goal of this research was to establish the level of first-year pre-service
teachers’ prior knowledge of primary and secondary school geometric concepts in
the field of measurement. We also wanted to examine the relationship between
pre-service teachers’ prior knowledge of measurement and the following elements:
a type of secondary school education completed, the selected study module at
the faculty, the favorite field of mathematics, the grades in mathematics subjects
achieved in primary and secondary schools, the level of mathematics they opted to
take in the state graduation exam and the grade they got in the given exam, and the
grade in physics subjects they got in secondary school.

Students were asked to fill out a questionnaire consisting of two patrts, i.e., a
section containing demographic information, and a section that was used to iden-
tify pre-teachers’ prior knowledge of geometry related to measurement, which they
acquired in their primary and secondary school education. The tasks were created
according to the difficulties identified by analyzing solutions to tasks offered by
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students in the previous three generations (i.e., in the last three academic years) in
midterm and final exams in mathematics courses.

Demographic information related to the type of secondary school education
completed, the selected study module (i.e., developmental studies, computer sci-
ence, and foreign languages), the attitude toward mathematics as a subject (1 —
definitely not my favorite subject, 2 — not my favorite subject, 3 — neither my
favorite nor my least favorite subject, 4 — my favorite subject, 5 — definitely my
favorite subject), the favorite field of mathematics (numbers; algebra and func-
tions; geometry; data, probability and statistics; none), the grades in mathematics
subjects achieved in primary and secondary school, the level of mathematics they
opted to take in the state graduation exam and the grade they got in the given exam,
the grade in physics subjects they got in secondary school, and experience of using
dynamic geometry software.

The second section consisted of nine questions. The first three questions con-
cerned students’ knowledge of units of measurement (i.e., fundamental and derived
units, and the connection between them). Question 4 referred to recognition of
geometric shapes and calculations of the perimeter and area of each of these shapes
(atriangle, a rectangle, a square and a parallelogram). In Question 5, students were
supposed to recognize two solid figures (a cuboid and a right quadrilateral pyra-
mid), design their nets and calculate the volume and surface area of these solids. In
Question 6, students were asked to indicate which activities (or formulas) related
to geometry they remember from their previous education. Question 7 examined
student assessment of length. In Question 8, students had to choose the shortest
path between two points (of the six solution offered, Figure 1) and explain their

/\/\/\/\/\/\\/\/\/\/\/\

A) B) Q) D) E)

F) All paths are of equal length.

Figure 1. Task 8.

Question 9 read:

Dora had several pieces of cardboard in the form of a square of 16 cm*. She
cut them into squares and right triangles. She arranged a few of the pieces to the
rabbit, as given in the figure below. Find the area and perimeter of the figure of
rabbit (Figure 2).
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p

Figure 2. Task 9.

For the purpose of this paper, the first five tasks, as well as tasks 8 and 9, were
taken into account for assessing the level of pre-service teachers’ prior knowledge.
Respondents could have scored a total of 50 points (with a total of 23 points al-
located to knowing units of measurement and comparing the length of paths and
a total of 27 points for recognizing 2D shapes and 3D figures and calculating the
perimeter and area of the given 2D shapes and calculating the volume and surface
area of the given 3D figures). Respondents were divided into two categories ac-
cording to the number of points they achieved. The levels of prior knowledge of
respondents who achieved less than 30 points and of those who achieved 30 or
more were characterized as low and satisfactory, respectively.

Most respondents (93.2 %) were female students and more than half of respon-
dents (57.28 %) were enrolled into the developmental studies module. Given the
type of secondary school completed by respondents, the majority of respondents
(see Table 1) come from high schools and grammar schools (61.17 %) and the
lowest number of respondents comes from technical vocational schools (4.85 %).

Table 1. Type of secondary school attended by respondents.

Schools by type | Frequency | Relative frequency (%) |
High schools and grammar schools 63 61.17
Secondary vocational schools of economics 19 18.45
Technical vocational schools 5 4.85
Other 16 15.53

According to their responses, 45.63 % of respondents had an A (i.e., an ex-
cellent grade) in mathematics in their primary school education (Figure 3), while
only 9.71 % had an A (i.e., an excellent grade) in mathematics in their secondary
school education (Figure 4).
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Figure 4. Categories including the average grade in secondary school mathematics subjects.
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More than a quarter of respondents (27.18 %) did not have any physics classes
in their secondary school education, and only 6.8 % of respondents had an A (i.e.,
an excellent grade) in physics in their secondary school education.

As many as 89.32 % of respondents opted for the basic level of mathematics
(B level) in the state graduation exam, while less than one ninth of respondents
(10.68 %) decided to take a higher level mathematics (A level) exam.

Almost a third (33.01 %) and 43.69 % of respondents had a D (i.e., suffi-
cient) and a C (i.e., good) in the Mathematics state graduation exam, respectively.
Only 4.85 % of respondents had an A (i.e., excellent), and less than one fifth of
respondents (18.45 %) had a B (very good) in the Mathematics state graduation
exam.

Only 2.91 % of respondents have a very positive attitude toward mathemat-
ics and consider it a favorite subject, while 18.45 % consider it the least favorite
subject, and 45.63 % of respondents do not have any particular attitude toward this
subject (neither their favorite nor their least favorite subject).

Students were asked to indicate their favorite fields of mathematics. In so
doing, they were able to choose more than one field. 32.04 %, 14.56 %, 7.77 %
and 5.83 % of respondents selected Numbers, Algebra and Functions, Geometry,
and Data (Probability and Statistics), as one of their favorite fields, respectively,
whereas 41.75 % of respondents stated that they did not have any favorite field of
mathematics (see Table 2).

Table 2. Favorite fields of mathematics selected by students.

Favorite field Frequency | Relative frequency (%) |
Numbers 33 32.04
Algebra and Functions 15 14.56
Geometry 8 7.77
Data (Probability and Statistics) 6 5.83
None 43 41.75

The vast majority of respondents (88.35 %) argued that they did not have any
experience of using dynamic geometry software in mathematics classes. Of 12
respondents (i.e., 11.65 % of all respondents) who argued that they had used dy-
namic geometry software in their mathematics classes, 6 of them (5.83 %) indicated
that they had used GeoGebra software, while others did not name any particular
software.

When analyzing answers to questions referring to an assessment of respon-
dents’ prior knowledge, it can be seen that the same percentage of respondents
(i.e., 87.38 %) stated the correct fundamental units of measurement for length and
mass, 75.73 % of respondents stated the correct fundamental unit of measurement
for time, while only 14.71 % of respondents stated the correct fundamental unit of
measurement for temperature.
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84.47 % of respondents specified the correct units for measuring length, while
42.72 % of respondents were able to explain the relationship between them. The
results obtained in relation to the units of measurement for area are somewhat
weaker than the aforementioned ones. 63.11 % of respondents stated the correct
units of measurement for area, and 12.62 % explained the relationship between
them. With respect to units of measurement used for measuring volume, 45.54 %
of respondents stated the correct units of measurement, while 7.77 % of respon-
dents could clarify the relationship between them. 80.58 % of respondents stated
the correct units of measurement for mass, and 16.50 % of respondents clarified
the relationship between them. 66.99 % of respondents stated the correct units of
measurement for time, and 30.10 % clarified the relationship between them.

As far as presentations of units of measurement in terms of freehand drawings
are concerned, presentations of 1 cm, 1 dm, 1 cm? and 1 cm? are found acceptable
by 82.52 %, 61.17 %, 35.92 %, and 29.13 % of respondents, respectively.

Figure 5 shows an acceptable solution of one of the respondents. Two un-
acceptable solutions are given in Figures 6 and 7. Almost a third of respondents
(32.04 %) made a mistake of the same type as the answer given in Figure 7.

1 cm }"',k;

A —_— \ A \
1 dm — \ ’\ 1 Y \ 4 | ‘ .

‘
1 cm? Lt

1 cm

Figure 5. Presentation of units of measurement for length, area and volume
(student work).
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Figure 6. Presentation of units of measurement for length, area and volume
(student work).

1 cm J T

| dm C Oom

2

1 cm )
—r—-——r———’t———-—,—_—

1 cm

Figure 7. Presentation of units of measurement for length, area and volume
(student work).

In the next task, respondents were asked to name certain geometric plane
shapes and give formulas for calculating their perimeter and area. All students
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recognized the triangle, whereby 67.96 % and 13.86 % of respondents stated the
correct formulas for finding the perimeter and the area of a triangle, respectively.
It should be noted that more than half of respondents (55.34 %) indicated that the
area of a triangle is equal to the product of the lengths of its sides. The vast majority
of respondents (91.26 %) identified the rectangle; 68.93 % and 61.17 % of respon-
dents stated the correct formulas for finding its perimeter and its area, respectively.
70.87 % of respondents identified the square; 66.99 % and 53.37 % of respon-
dents stated the correct formulas for finding its perimeter and its area, respectively.
66.99 % of respondents identified the parallelogram; 35.92 % of respondents stated
the correct formula for finding its perimeter and only one respondent (0.97 %)
stated the correct formula for finding the area of a parallelogram. It should be
noted that almost a quarter of respondents (24.27 %) indicated that the area of a
parallelogram is equal to the product of the adjacent lengths of its sides.

When it comes to naming the given solid figures (a cuboid and a pyramid),
drawing their net patterns and specifying formula for finding their volume and
surface area, it was found that 73.79 % and 94.17 % of respondents identified the
cuboid and the pyramid, respectively. Other results are presented in Table 3.

Table 3. Results obtained for Task 5.

Task Correct answers (%) |
Name of the 3D shape — cuboid 73.79
Net of a cuboid 39.81
Volume of a cuboid 19.42
Surface area of a cuboid 0.97
Name of the 3D shape — pyramid 94.17
Net of a pyramid 41.75
Volume of a pyramid 0.97
Surface area of a pyramid 4.85

In Task 8, 87.38 % of respondents answered the question correctly.

In Task 9, respondents were supposed to find the area and perimeter of the
given geometric plane shape that consisted of multiple right-angled triangles and
squares obtained by cutting out a square of 16 cm?. 85.44 % of respondents did
not find the area of this shape, and nobody was successful in finding the perimeter.
Figures 8 and 9 illustrate acceptable student solutions to Task 9 for the area of the
given shape.

79.61 % of pre-service teachers showed a low level of prior knowledge
(42.72 % of respondents scored 20 and less points, while 36.89 % reached 21
to 29 points), and only 20.39 % of pre-service teachers demonstrated a satisfactory
level of prior knowledge (i.e., they achieved 30 and more points).



118 Z. Kolar-Begovié, R. Kolar-Super, |. Durdevié Babi¢ and D. Moslavac Biévi¢

b SF
b
2
A 3
2 & :
A8 aun®
v | T
Figure 8. Student solution to Task 9.
1, /\ A o .
L2 P> 2% = Now? P = UswmlJ' Uimr H uv\ﬂ
i i \ P=A4bom™+ [2em?
LI~ Y - A
. \ =z o
? ! )
vk
Y " 4
‘ 1 R
3 u i
AR

Figure 9. Student solution to Task 9.

The x? test (a chi-square test of association) was performed to see whether
at the 0.05 significance level there exists an association between the categories
of pre-service teachers’ prior knowledge and the type of secondary school they
attended, the attitude toward mathematics as a subject, the grades in mathematics
subjects they got in primary and secondary school and the grade in physics they
got in secondary school, the level of mathematics they opted to take in the state
graduation exam and the grade they got in the given exam, and the study module
they enrolled in.

Test results have shown that there is a statistically significant relationship be-
tween the level of pre-service teachers’ prior knowledge and the study module they
enrolled in (y?(2) = 12.15, p = 0.002), between the level of pre-service teachers’
prior knowledge and the grade referring to the primary school mathematics GPA
(x*(2) = 13.85, p = 0.001), and between the level of pre-service teachers’ prior
knowledge and the grade they got in the mathematics exam as part of the state
graduation exam (y*(3) = 12.41, p = 0.006).
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Since the relative frequencies of the level of pre-service teachers’ prior know-
ledge are not the same in all categories of variables observed, these results suggest
that the level of prior knowledge in this sample refers to the selected study mod-
ule of students (52.43 % of respondents with low levels of prior knowledge have
chosen the developmental studies module, while 14.56 % of respondents with low
levels of prior knowledge have chosen the foreign language module, and 12.62 % of
respondents with low levels of prior knowledge have chosen the computer science
module).

The test has also shown that there is no statistically significant association be-
tween the level of pre-service teachers’ prior knowledge and the type of secondary
school they attended (y?(3) = 4.80, p = 0.19), between the level of pre-service
teachers’ prior knowledge and the grade referring to the secondary school math-
ematics GPA y?(3) = 4.50, p = 0.21) and the grade referring to the secondary
school physics GPA (x%(4) = 8.09, p = 0.09), between the level of pre-service
teachers’ prior knowledge and the level of mathematics they opted to take in the
state graduation exam (y2(1) = 1.94, p = 0.16), and between the level of pre-
service teachers’ prior knowledge and their attitude toward mathematics as a subject
(x*(4) =6.91,p=0.14).

For associations between the level of pre-service teachers’ prior knowledge
and variables for which a chi-square test of association established a statistically
significant association at the 0.05 significance level, the strength of this relationship
was measured by means of Cramer’s V. The test showed that there is a strong rela-
tionship between the level of pre-service teachers’ prior knowledge and the study
module they enrolled in (V = 0.34), and a very strong relationship between the
level of pre-service teachers’ prior knowledge and the grade referring to the primary
school mathematics GPA (V = 0.37) and the grade they got in the mathematics
exam as part of the state graduation exam (V = 0.35).

4. Discussion and conclusion

Based upon data obtained from this research, it can be noticed that first-year pre-
service teachers lack knowledge and understanding of units of measurement and
conversion from one unit to another, especially for the area and volume. A certain
number of students are unable to find the perimeter and area of geometric plane
shapes (a rectangle, a square, a parallelogram, and a triangle). Some mistakes
of the same type were recorded with a large number of students, such as finding
the area of a triangle as the product of the lengths of its sides and the area of a
parallelogram as the product of the lengths of adjacent sides.

In their research with the first-year teacher education students, Baturo and
Nason (1996, p. 262) stated that: “the relationship between the area of a triangle
and the area of the rectangle which encloses it is not known. Thus, the formula for
calculating the area of a triangle had no meaning for these students and they were
unable to explain why it is necessary to divide by 2”.
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A large number of students demonstrated that they do not understand units of
measurement for area and volume, displaying these units of measurement for area
and volume linearly, such that 1 cm? was displayed as a line segment of length
2 cm, and analogously, 1 cm?® was displayed as a line segment of length 3 cm.
When defining the area of the figure given in Task 9, an error was made and a unit
of linear measure is used instead of a unit of area measure (when determining the
area of a square, it says 4 cm x 4 cm = 16 cm instead of 16 cm?). A certain number
of students failed to interpret or understand a cuboid correctly and mixed it with its
two-dimensional analog, a rectangle.

The results of some other research in the field of measurement also corroborate
the results of this study. Thus, for example, in a study conducted with 92 undergrad-
uate students who are second-year pre-service elementary teachers and first- and
second-year elementary science teachers it was found that pre-service elementary
teachers and elementary science teachers who participated in the research fail to
understand the basic scientific concepts correctly (Keles, Ertas, Uzun & Cansiz,
2010). They found that students have difficulty in understanding units of measure-
ment, naming devices used for measuring certain quantities, and converting units
of measurement from one to another.

Such results, which show that there are major deficiencies and misconceptions
about knowledge of the content in the field of measurement, require special at-
tention and point to the need for more detailed and comprehensive processing of
these concepts in mandatory mathematics courses or introducing an elective course
covering this field. There are also some other ways that may contribute to a better
understanding of this field of geometry (e.g., introducing a pre-sessional course or
intensifying work with students in this area).
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Predznanje studenata uciteljskog studija

vezano uz koncept mjerenja
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SaZetak. Velika je vaznost koriStenja matematickog znanja u
rjeSavanju realnih problema. Svakako jedno od podrucja matematike
koje u tome igra veliku ulogu je podrucje geometrije. U ovom ¢lanku
istrazuje se predznanje studenata uciteljskog studija vezano uz koncept
mjerenja. Osnovna znanja iz ovog podru¢ja nuzna su za kadar koji
se obrazuje za poucavanje matematike u prva Cetiri razreda osnovne
Skole s obzirom na zastupljenost ovih sadrZaja u programu matematike
za navedeno razdoblje. Sudionici istraZivanja su studenti prve godine
uciteljskog studija, njih 103. Rad je usmjeren na analizu odgovora
studenata na pitanja iz domene mjerenja. Rezultati istraZivanja upuéuju
na to da postoje manjkavosti u predznanju iz ovog podrucja, Sto upucuje
na potrebu dodatnog posvecivanja paznje ovom konceptu na kolegijima
koji se studentima nude na studiju, ¢ime bi se doprinijelo povecanju
razine znanja iz ovog podrucja.

Kljucne rijeci: geometrija, mjerenje, mjerne jedinice, studenti
uciteljskog studija, matematicke domene
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Teachers’ opinions on geometric contents
in the curriculum for the lower grades of
primary school
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Abstract. In order to obtain a higher quality of education, each
one of its segments should be maximally arranged. Teachers are
an essential part of quality education in mathematics. Their role is
irreplaceable: the way they teach and think about their profession
directly influences the results of their work, i.e. the learning outcomes
of their pupils. The manner and the quality of their work depend on
their opinion (or attitude) towards other segments of the educational
system in mathematics.

The aim of this paper is to investigate teachers’ opinions on
geometric contents in the curriculum for the first five grades of primary
school and the quality of mathematics textbooks for the first five grades,
along with their reflections on the teaching methods used in teaching
the geometric contents. For this purpose, the survey was conducted
among 108 teachers from 11 primary schools in Sarajevo Canton.

By analyzing the results of the survey, we can notice that the
teachers of different educational levels and years of work experience
had the same or similar opinions to all the questions dealing with the
representation of geometric contents, the quality of textbooks for a
particular grade as well as the selection and application of teaching
methods in teaching geometry.

Keywords: geometry, primary education, teachers’ opinions, text-
book, teaching methods

1. Introduction

The teacher’s profession is one of the oldest professions. Although the teacher still
represents one of the main links in the chain of educational process, his/her role
is much more complex than it was before. Today, the teacher is at the same time
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the planner, programmer, organizer, diagnostician, researcher, guide, innovator,
adviser and educator. The way teachers work today must be more inventive and
democratic. The competences of those who teach, such as teaching skills, material
organization and presentation, the learning atmosphere created between teachers
and pupils and teachers’ attitudes towards mathematics are very important factors
in the development of mathematical knowledge among pupils. The development
of technology has contributed to the questioning of the importance of teachers and
their work. At the same time, parents’ expectations from the educational system
increased. Demand for instant knowledge and easy access to all kind of information
reduce the role and authority of teachers. All mentioned factors make relationship
among teachers, pupils and parents more complex.

2. Theoretical background

Modern educators must constantly be part of the process in which they learn actively,
and follow, upgrade and develop their mathematical and methodical competences.
Hill, Rowan and Ball (2005) have shown that the quality of math teaching de-
pends on how much of mathematical content knowledge the teacher has. However,
knowing mathematics is not the same as knowing how to teach others. Therefore
Ball et al. (Ball, Hill, Bass, 2005, Hill, Rowan, Ball, 2005; Hill, Ball, 2004) also
emphasize the importance of pedagogical content knowledge. Teachers must be
consistent, professional, creative, exemplary in every respect, positive, and emo-
tionally stable. Bush (1986) has come to the conclusion in his research that many
teachers’ decisions related to the ways of teaching certain contents are based on the
ways in which they were taught before and that textbooks often impose the ways
in which certain contents are to be taught. He pointed to the limitations that were
caused by the use of textbooks. Those limitations are reflected in following: as
textbooks serve as the models of instruction then pedagogical approaches reflected
in the textbook in all probability will be translated into the classroom practice.

Teaching mathematics is a complex and demanding job. The teacher’s exper-
tise is needed, but it is not a sufficient precondition for success. Content knowledge
— mathematical content knowledge and pedagogical content knowledge are of vital
importance to math teachers. Mathematical content knowledge helps to understand
how to use, interpret and learn a certain algorithm instead of just knowing how
to use it to get a specific answer (Lenhart, 2010). It allows teachers to assess
the appropriateness of the mathematical content represented in the curriculum and
textbooks. Pedagogical knowledge helps teachers to choose effective strategies,
methods and ways of working with pupils.

3. Methodology

The teacher’s role in teaching geometric contents in the initial teaching of mathe-
matics is irreplaceable. Therefore, it is important to consider the teacher’s views on
the geometric contents that are taught in the initial teaching of mathematics and the
quality of textbooks used in teaching practice, and to examine whether the choice
of geometric teaching methods in the initial teaching of mathematics and the choice
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of forms of class organization of pupil work depends on the level of education and
the time teachers previously spent in teaching.

For the purpose of the research we have set the following research tasks:

1. Examine the views of the teachers of the Canton of Sarajevo on the repre-
sentation and appropriateness of geometric contents in the initial teaching of
mathematics.

2. Examine the views of the teachers of the Canton of Sarajevo on the quality
of math textbooks from the first to the fifth grade.

3. Examine whether the teacher’s opinion on the methods and forms of class
organization of pupil work in teaching geometric contents is conditioned by
their professional qualification and years of work experience.

We examined the opinions of the teachers of primary schools from the Canton
of Sarajevo area, namely 108 of them from 11 Sarajevo Canton primary schools.
The questionnaire for teachers consisted of 4 general-type questions and 9 questions
related to the teaching of mathematics. General type questions referred to the level
of professional qualification, years of work experience, the grade that the surveyed
teacher currently teach and the name of the school in which he/she works. Other
questions related to the forms and methods of work most commonly used in math
classes where geometric contents are taught, as well as to teachers’ opinions on
math textbooks and curricula. We also asked for the teacher’s opinion of what is
most difficult to teach and what is most difficult for pupils to learn, as well as their
opinions about the number of teaching hours scheduled for geometry. In the end,
the teacher was asked to use grades from 1 to 5 to evaluate textbooks and curricula
of mathematics (especially geometry) from the first to the fifth grade.

4. Results and discussion

The structure of the respondents by years of work experience, qualifications and
the grade that a teacher was teaching during the research period is given in the
following table.

Table 1. Structure of respondents.

Count | Column N %
n respondents 108 100.0 %
College 20 18.5 %
Level of professional qualification Faculty 72 66.7 %
Master level and more 16 14.8 %
up to 10 years 30 27.8 %
Years of work experience from 11 to 20 years 53 49.1 %
over 20 years 25 23.1 %
First 28 259 %
Second 22 20.4 %
The grade you currently teach Third 22 20.4 %
Fourth 26 24.1 %
Fifth 10 93 %
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4.1. The first research task

For the purpose of determining the teachers’ opinion on the representation and ap-
propriateness of geometric contents in the initial teaching of mathematics, several
questions have been asked to teachers.

In order to better understand the teacher’s response, we will provide informa-
tion on geometric contents in the curriculum. Mathematics curriculum envisage 68
teaching hours in the first grade (2 teaching hours per week). Of these, 16 teaching
hours (or 25.53 %) are provided for geometric contents. Pupils in the first grade
should recognise shapes of objects (sphere, cube, cilinder and pyramid), plane and
curved surfaces, plane figures (triangle, circle, rectangle and square) and lines.
There are 105 teaching hours of mathematics (3 hours per week) in both the second
and in the third grade, among them 20 hours (or 19.05 %) for teaching geometry
in the second grade and 14 hours (or 13.33 %) for teaching geometry in the third
grade. The second grade pupils should recognise connections among solids, plane
figures, lines. They learn about straight line segment. The third grade pupils learn
about plane figures. In both the fourth and the fifth grade there are 140 teaching
hours of mathematics (4 per week). Of these, 21 teaching hours of geometry (or
15 %) in the fourth grade and 35 teaching hours (or 25 %) of geometry in the fifth
grade. The fourth grade pupils learn about straight lines and circle in the plane.
The fifth grade pupils learn about angles, circumference and area of rectangle and
square, area and volume of cube and cuboid.

Table 2. Frequency of the teachers’ responses related to the scheduled number of teaching
hours in the curriculum for geometry.

Number of teaching hours

N for geometry given in the

curricula is appropriate.

subjects yes no | no answer

count | N % N % N % N %

Total 108 | 100 % | 68.5 % | 29.6 % 1.9 %

Level of education 2 year college 20 | 185% | 750 % | 25.0 % 0.0 %
4 year university degree | 72 | 66.7 % | 65.3 % | 31.9 % 2.8 %

Master or phd 16 [148% |750% |250% | 0.0%

Work experience 1-10 years 30 |27.8% |733% |233% | 33%
11-20 years 53 149.1 % |66.0% |32.1 % 1.9 %

> 20 years 25 [23.1% |680% |320%| 0.0%

Grade you teach First 28 1259 % | 679 % | 32.1 % 0.0 %
Second 22 (204 % |682% |31.8% | 0.0%

Third 22 (204 % |59.1% |409% | 0.0%

Fourth 26 (241% |73.1% |231%| 38%

Fifth 10 | 93% |80.0% |10.0% | 10.0%
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When asked whether the number of teaching hours scheduled for geometry
in the curriculum is appropriate, more than two-thirds of the respondents gave an
affirmative answer (Table 2). According to the data in Table 2, there are no dif-
ferences in the opinion about the number of teaching hours for geometry among
the respondents according to the number of years of their work experience, their
professional education, and the grade they teach.

As far as the curricula for mathematics restricted to the geometric content
are concerned, 58.3 % of respondents are of the opinion that nothing should be
changed, whereas 23 % of respondents believe that the number of teaching hours
scheduled for the geometric content should be increased, but that the choice and
distribution of geometric contents is appropriate to the age of the pupil. Here we
will point out the opinion of one respondent who thinks that the geometric contents
do not need to be studied before the second grade, i.e. before children reach the age
of 7.

The surveyed teachers could indicate in the questionnaire which geometrical
contents are difficult to teach for them and which are the contents the learners are
most likely to adopt. This gives us a more complete picture of the teacher’s opinion
on the appropriateness of the geometric content to the pupil’s age. The highest
percentage represents those who stated that for them it was not difficult to teach
anything (46.3 %). In addition, 12 % of respondents did not provide the answer, so
we think they belong to the category of those who have no difficulties in teaching
anything. Thus, approximately 60 % of the respondents said they had no difficulty
in teaching geometric contents. Among the remaining 41.7 % of respondents,
10.2 % said it was difficult to teach the concept of volume and 9.3 % to teach the
differences between solids and plane figures. The same percentage of respondents
point out that it is difficult for them to teach drawing by using geometric acces-
sories. In addition to this, teachers point out the difficulties in teaching the concept
of area (7.4 % of respondents), the circumference (4.6 %) and the solids (4.6 %).
On the other hand, 32.4 % of respondents believe that not a single content is a
learning problem for pupils, while 7.4 % of them did not give any answer. This
means that more than half of the respondents (exactly 60.2 %) consider that certain
contents are difficult to learn for pupils. The most of the mentioned responses
referred to differences between plane figures and solids (25.9 %), then drawing
geometric figures (13 %), and concepts of circumference, area or volume (7.4 %).

Based on the answers of the surveyed teachers, we can say that most of the
teachers declaratively support the number of teaching hours and the selection of the
geometric teaching content, and besides, they emphasize that they do not encounter
any difficulties in teaching geometric contents. On the other hand, the same per-
centage of respondents emphasize that pupils have difficulties in learning certain
geometric contents.

4.2. The second research task

Textbooks serve teachers as a teaching tool, but also as an teaching aid in the
teaching process. It is therefore important to find out what is the teachers’ opinion
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on the quality of textbooks used in the teaching practice, and within our scope
of research, to discover the teacher’s opinion about the quality of presentation of
geometric contents in math textbooks.

The teachers who participated in the research were invited to describe the
quality of the textbooks with grades from 1 (bad) to 5 (excellent). In order to
determine which of the statistical data analysis test to apply, we first examined the
normality of the distribution of results using Kolmogorov-Smirnov’s and Shapiro-
Wilkov’s tests. The results of the above-mentioned tests showed that there was a
statistically significant difference in relation to the results with normal distribution,
and in the further analysis we used nonparametric statistics. We were interested in
whether the teachers provided statistically significant different answers to certain
questions about textbooks for five different grades (same respondents, but different
questions), so we used Friedman’s test bearing in mind the type of data. Thus, we
investigated whether there were any differences between the respondents’ responses
to the questions about textbooks for five different grades.

Friedman’s test (952 = 14.635; df = 4; p = 0.006) showed that teachers
have different opinions about the quality of at least one of the textbooks from the
first to the fifth grade. To research which textbooks have received a positive or
negative review, we applied Wilcoxon’s test scores with Bonferroni’s correction,
which allows us to avoid the type 1 errors over the limit value of 0.05. Based on
the results of the Wilcoxon test for each pair of variables, we conclude that the
only difference that has been statistically significant for the teacher’s opinion about
the quality of the textbook is the difference between the answers for the quality
of textbooks for the fifth and third grades. Only this difference has the value of
significance lower than our limit value (Z = —3.242; p = 0.001). This means that
teachers have a more positive view of the quality of textbooks for the third grade
than for the quality of textbooks for the fifth grade. None of the other differences
is significant.
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3.60
3.50
Quality of math Quality of math Quality of math Quality of math Quality of math
textbook for textdbook for texté)ook for text]book for textbook for
" grade 2" grade 3" grade 4" grade 5t grade

Figure 1. Graphic representation of the teacher’s responses related to the quality of the
textbook.

The teachers’ responses to the quality of textbooks were illustrated by Figure 1.
The graphic representation of the results shows that the teachers are least satisfied
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with the quality of the textbooks for the fifth grade and then for the second grade.
Their satisfaction over the remaining three grades oscillates in the interval of 0.1.

In the same way, we examined the teachers’ views on the quality of presenta-
tion of geometric contents in textbooks. The Friedman test (x> = 10.939; df = 4;
p = 0.027) shows that there is at least one statistically significant difference in
the views on the quality of presentation of geometric contents in the textbooks,
and the Wilcoxon test confirms that, according to teachers’ opinions, the third and
fifth grade textbooks differ significantly in the quality of presentation of geometric
contents (Z = —3.161, df = 4). The respondents have a more positive view of
the quality of presentation of geometric contents in the textbook for the third grade
than in the fifth grade textbook. In other cases, the Wilcoxon test does not detect
statistically significant differences. Figure 2 shows the teachers’ answers on the
quality of presentation of geometric contents in the textbooks.
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Figure 2. Graphic representation of teachers’ responses related to the presentation of
geometric contents in textbooks.

The teachers used grades 1 to 5 to assess the choice of geometric tasks in math
textbooks as well. Once more, Friedman’s test (3> = 15.823, df = 4, p = 0.003)
shows that there is a statistically significant difference between at least two cate-
gories and Wilcoxon’s test confirms that teachers have a more negative opinion on
the selection of geometric tasks in the math textbooks for the fifth grade than in
the textbooks for the second, third or fourth grade. We graphically presented the
teachers’ answers related to the choice of geometric tasks in math textbooks (Figure
3). According to the teachers’ opinion, the worst one is the choice of geometric
tasks in the textbook for the fifth grade, then in the textbooks for the first, second,
fourth and third grades.
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Figure 3. Graphic representation of teachers’ responses related to the selection of
geometric tasks in math textbooks.
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Figure 4. Graphic representation of the teachers’ responses related to the curriculum.
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Since math textbooks have to comply with the Curriculum, we asked the teach-
ers to evaluate the schedule and scope of the geometric contents prescribed by the
curriculum for each grade. Friedman’s test (3> = 18.865, df = 4, p = 0.001)
shows that there are statistically significant differences between at least two cat-
egories. The results of Wilcoxon’s test show differences in the fifth grade again.
In this case, there are statistically significant differences in the teachers’ opinions
about the geometric contents in the curriculum for the fifth grade compared to all
other grades. The results listed above are illustrated by Figure 4.

The teachers expressed their opinions on the quality of textbooks used, partic-
ularly on the quality of the presentation of geometric contents in those textbooks, as
well as on the scope and choice of geometric contents prescribed by the curriculum
for the first five grades of primary school by using grades from 1 to 5. Graphic
representations show average grades according to considered aspects which are
placed between 3 and 4. If we should sum up all of the results we came up with,
then we can notice that the teachers generally had the same or similar opinions for
all the questions that were asked about a particular grade.

4.3. The third research task

With the third research task we wanted to determine whether the choice of methods
of teaching geometric contents in the initial teaching of mathematics as well as the
choice of forms of class organization of pupil work both depend on the level of
education and the time teachers previously spent in teaching.

In this segment of the study as well, the same respondents participated in
the survey. In the statistical analysis of the results, a chi square test was used to
determine the dependence of the choice of teaching methods and forms of class
organization of pupil work from the level of professional qualification and years of
the respondent’s experience. Within each of the independent variables, we identi-
fied three categories. Thus, according to the level of professional qualification, we
distinguished between the respondents who completed college (two year study),
faculty (faculty degree, 4 year study) and those who got the master’s degree, and
according to the years of work experience, we distinguished between teachers with
less than 10 years of work experience, those with 10 to 20 years and those with
more than 20 years of work experience. The chi square test results are shown in
Table 3.

The chi square test values show that there is only one statistically significant
difference (y*> = 7.716, p < 0.05), when it comes to the level of professional qual-
ification of the respondents and the choice of independent student work method
(Table 3). The choice of independent work method depends on the level of pro-
fessional qualifications of the respondents. The teachers who completed a college
(two-year study) are more inclined to use the method of independent work than
those who completed four-year or five-year studies.
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Table 3. Dependency of the selection of teaching methods and forms of class organization
of pupil work on the level of professional education and years of work experience.

Level of education Work experience
X Sig, P Sig.
Frontal work 4.647 | 0.098 | p>0.05 | 2.448 | 0.294 | p > 0.05
Individual work 1.688 | 0.430 | p>0.05 | 1.918 | 0.383 | p > 0.05
Individualized work 5.940 | 0.051 | p>0.05 | 0.897 | 0.639 | p > 0.05
Work in pairs 0.792 | 0.673 | p > 0.05 | 4.457 | 0.108 | p > 0.05
Group work 1.386 | 0.500 | p > 0.05 | 3.809 | 0.149 | p > 0.05
Oral presentation method 0.527 | 0.768 | p > 0.05 | 0.170 | 0.919 | p > 0.05
Dialogue method 1.161 | 0.560 | p > 0.05 | 4.046 | 0.132 | p > 0.05
Method of independent work | 7.716 | 0.021 | p < 0.05 | 1.542 | 0.462 | p > 0.05
Demonstration method 1.019 | 0.601 | p > 0.05 | 0.834 | 0.659 | p > 0.05
Illustration method 1.371 | 0.504 | p > 0.05 | 0.489 | 0.783 | p > 0.050
Writing method 2.194 | 0334 | p>0.05 | 4298 | 0.117 | p>0.05

5. Conclusion

By analyzing the teachers’ views on the representation and appropriateness of
geometric contents, we have found that the teachers’ opinions are contradictory.
Approximately two-thirds of the respondents believe that the number of teaching
hours of geometry is appropriate to the student’s age and they have no objection
to geometric contents. They also point out in the same number that they have no
difficulties in teaching geometric contents. These responses are in collision with
the expressed opinion of the respondents that pupils have difficulties in learning
geometric contents. Based on given answers, we find that the respondent teachers
are not thinking about teaching and learning as a unique process. They see their
teaching separate from the pupils learning process. Although the cause of diffi-
culty in learning geometry may be poor motivation or poor previous knowledge,
it is inevitable that learning difficulties also reflect on the teaching process itself
and make it difficult. Therefore, it is justified to further examine the opinion of
teachers, but also of students, for the issue of what causes difficulties in learning
geometry.

The teachers expressed their opinions on the quality of textbooks used, and in
particular on the quality of the presentation of geometric contents in the mentioned
textbooks, as well as on the scope and choice of geometric contents prescribed
by the curriculum for the first five grades of primary school. Assuming that the
curriculum prescribes which geometric contents will be taught and that it gives
learning goals, and also assuming that textbooks are a means of teaching and a
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learning aid, we are of the opinion that these results suggest that teachers critically
reflect on the presentation of geometric contents in math textbooks, while noticing
certain inconsistencies and deficiencies in the representation of geometric contents
in math textbooks, especially in the textbook for the fifth grade.

When it comes to the dependency of teaching methods and the forms of class
organization of pupil work on the level of education and work experience, we have
found that teachers who completed two-year studies are more likely to use the
method of independent work than teachers who completed four-year or five-year
studies. Since the method of independent work in class teaching is most often used
for classes of written knowledge tests, this result could be an indicator that teachers
who have completed a college actually more frequently check the knowledge of
students.
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Misljenja ucitelja o geometrijskim sadrzajima
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SaZetak. Dabismo imali $to kvalitetnije obrazovanje, svaki njegov
segment bi trebao biti maksimalno ureden. Bitnu kariku kvalitetnog
matematickog obrazovanja ¢ine ucitelji. Njihova uloga je nezamjen-
jiva: nacin na koji rade i kako razmisljaju o svom pozivu direktno utice
na rezultate njihovog rada, odnosno na ishode ucenja kod ucenika.
Nacin i kvalitet njihovog rada zavisi od njihovog misljenja (ili stava)
prema preostalim segmetima matematickog obrazovanja.

Cilj ovog rada je da istrazimo misljenja ucitelja o geometrijskim
sadrzajima u kurikulumu za prvih pet razreda osnovne skole, o kvaliteti
udZbenika matematike za prvih pet razreda, te miSljenja o nastavnim
metodama koje se koriste pri poucavanju geometrijskih sadrzaja. U tu
svrhu anketirano je 108 ucitelja iz 11 osnovnih skola Kantona Sarajevo.

Analizom rezultata anketiranja moZemo primijetiti da su ucitelji
razli¢itog obrazovnog nivoa i godina staZa imali ista ili sli¢na miSljenja
za sva postavljena pitanja koja se odnose na zastupljenost geometrijskih
sadrZaja, kvaliteti udZbenika za odredeni razred kao i odabiru i primjeni
nastavnih metoda u procesu poucavanja geometrije.

Kljucne rijeci: geometrija, razredna nastava, miSljenje ucitelja,
udzbenik, nastavne metode
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Geometric thinking of primary school pupils
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Abstract. According to Pierre van Hiele’s theory of the levels
of geometric thinking, there are five levels of geometric thinking:
visualization, analysis, informal deduction, deduction and rigor. Those
levels are not conditioned by one’s age, but their order is unchangeable.
On the other hand, the teaching of mathematics is characterized by
the fact that pupil deal with various mathematical concepts adopted
at different levels at the same time. Some of the concepts have been
developed completely while the development of other concepts has
remained at the level of mere perception.

In this paper, we propose an age-appropriate framework for reach-
ing each of the van Hiele’s levels, based on van Hiele’s theory of
geometric thinking and taking into account the document ‘The Com-
mon Core Curricula for Mathematics Based on Learning Outcomes
in Bosnia and Herzegovina’. The aim of this paper is to determine
whether primary school pupils can identify the elements of different
levels of geometric thinking according to van Hiele. For this purpose,
a survey was carried out among 1889 primary school pupils (1% — 5%
grade) from ten primary schools in Sarajevo Canton. For the purpose
of testing, the diagnostic tests were created containing the tasks which
detect the elements of the following levels: visualization, analysis,
informal deduction.

The research results show that the levels of geometric thinking of
primary school pupils generally fit into the suggested framework. In
addition, it was noticed that pupils who achieve the level of visualiza-
tion and analysis succeed in detecting causal relationships regarding
the specific geometric content. The obtained results indicate that the
transition from one level of geometric thinking to the next one does not
happen suddenly.

Keywords: geometric thinking, primary school pupils, visualiza-
tion, analysis, informal deduction
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1. Introduction

Dutch educators of mathematics Dina and Pierre van Hiele created a hierarchical
model that consists of five levels of geometric thinking. These levels can be taken
as ways of understanding spatial concepts. The levels are numerated in numbers
from O to 4:

level O — level of visualization,

level 1 —level of analysis,

level 2 — level of abstraction or informal deduction,
level 3 — level of deduction,

level 4 — level of rigor.

Based on further research, the number of those levels was changed as 1 to 5,
and the level O represented the level of those who do not recognize the forms at all
(Romano, 2009). In this paper, we will use a numeration of 0 to 4 for the levels of
geometric thinking.

2. Theoretical background

Research results show that the levels are mutually conditioned (Burger & Shaugh-
nessy 1986; Fuys, Geddes & Tischler, 1988). One cannot skip a certain level. One
also does not have to reach each level. Geometric experience is the most important
factor that influences progression through levels. According to van Hiele, develop-
ment solely depends on efforts to acquire new knowledge and it can happen at any
time in life. Development should not be accelerated (Clements, Battista, 1992).
If teaching is at a higher level than the one in which the pupils are, then the gap
in communication is generated. Most of high school teachers think on the third or
fourth level when they teach, and pupils enrolling in the first grade of secondary
school are on the first or second level (Mason, 1998). Studies have shown that after
completing primary education it is desirable for pupils to reach the level of informal
deduction (Usiskin, 1982; Burger & Shaughnessy, 1986; Pjani¢-Lipovaca, 2014).

Bearing in mind the document of The Common Core Curricula for Mathemat-
ics Based on Learning Outcomes in Bosnia and Herzegovina (2015), in Table 1
we briefly present each of the levels, specifying its basic characteristics and typical
examples according to the age of the pupil.
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Table 1. Basic characteristics of van Hiele’s levels of geometric thinking.

Level | Description | Levels in grades Characteristics Examples
from preschool | Pupils recognize shapes “It’s a square because it
... . |agetothe when they see them. looks like a square.”
0 |visualization | .54
2™ grade of
primary school
from the Pupils recognize figures in | “Squares have four
1 analysis 3rd grade to the relation to their properties. | sides, four right angles,
5th oo de of their opposite sides are
. grade o parallel to each other.”
primary school
Pupils establish good All sciuares are rectangles,
from the relationships between and | but all rectangles are not
2 informal |6t grade to the withlin the groperties; they |squares.
deduction | oth can form abstract
9" grade 0}1; | definitions; there is a
primary schoo reater chance to engage
1n “if-then” thinking.
Pugils prove theorems Based on a series of
deductively; they are able deductive elements, pupils
. to use abstract statements can prove that the
3 deduction | secondary school | on geometric properties and | diagonals of a rectangle
make conclusions based are mutually split in
more on logic than on halves.
intuition.
Pupils understand the Spherical geometry is
relationships between based on lines drawn in
4 rigor faculty different geometric systems; | the sphere, not m'tl}’e
they can compare, analyze |plane orin a “plain
and find evidence within space.
different geometric systems.

The quality of teaching mathematics (and thus geometry) is that the pupils
meet and deal with concepts at different levels of knowledge at the same time.
Namely, in math classes we often encounter the following situation: pupils famil-
iarize themselves with a new concept (they first hear about the concept), some
concepts are just recognized (in their symbolic or visual form), whereas some
concepts and procedures are applied and analyzed. It is therefore possible for
second-grade pupils to express the geometric thinking of level 1 in the domain of
certain (but not all) geometric contents. Also, primary school pupils succeed in
catching causal relationships within some geometric contents.

3. Methodology

Bearing in mind the characteristics of the geometric thinking levels, and taking into
account the real abilities of the pupils in a certain age and the extent of the contents
they study within the regular teaching course, we have created four tasks, which
we grouped into the diagnostic tests for the first five grades of primary school. We
have designed and ranked the tasks as follows:
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e Task of level O: to solve the task, pupils should observe the visual character-
istics of the object as a whole,

e Task of level 1: pupils have to do an analysis, i.e. they need to imaginatively
divide into parts the default objects in order to reach the solution of the task,

e Task of level 1+: pupils have to imaginatively divide into parts the default
objects and spot the causal relationships between the objects in the task,

o Task of level 2: pupils have to apply a certain form of informal deduction in
order to solve the given task, i.e. pupils are asked to provide an explanation
of their answer.

It should be emphasized that if the pupil solves the task of level 14 or 2, this
does not mean that he is at level 1 or 2 geometric thinking according to van Hiele,
but it rather suggests that the pupil is able to perceive certain causal relationships
and that he is able to justify his actions solely for the geometric concepts to which
the assigned task relates.

The aim of this research is to examine whether the elements of different geo-
metric thinking levels according to van Hiele can be identified in pupils of the lower
grades of primary school. We conducted a survey among 1889 pupils from the first
to the fifth grade of ten primary schools in Sarajevo Canton, namely 487 first-grade
pupils, 415 second-grade pupils, 420 third-grade pupils, 401 fourth-grade pupils
and 163 fifth-grade pupils. We analyzed each test separately. We wanted to exam-
ine whether geometric thinking of the pupils of the lower grades in primary school
is at a satisfactory level. We will outline the most significant results below.

4. Results and discussion

Pupils of each grade solved four tasks designed to meet the 0, 1, 1+ and 2 level
criteria described in the previous section. The content of the tasks was fully aligned
with the curricula for each grade. In the analysis of the results by grade, we will
describe the tasks for each grade. In order to determine which pupils achieve better
results at a certain level, we have shown them in the table with mean values (Table
2).

Table 2. Mean value for the success in task solving.

1% grade | 2" grade | 3™ grade | 4™ grade | 5™ grade

Mean Mean Mean Mean Mean
Task 1 8.14 8.8 7.95 1.88 5.34
Task 2 6.38 4.21 7.56 9.01 7.21
Task 3 5.12 8.19 3.52 5.97 0.77
Task 4 6.13 3.76 7.93 3.73 1.41
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The mean values are calculated on a scale from 1 to 10 for each task. After
having insight into the data in Table 2, we conclude that the mean value of success
in solving the tasks of a given type did not increase with the pupil’s grade. This
suggests that higher grade pupils are not necessarily more successful in solving the
type of task that requires the engagement of the same thinking operations. The
same conclusion is reached by taking into consideration the total scores awarded
to pupils of each one of the grades in solving tasks of a particular type.

The total score that the pupils achieved by solving each one of the tasks by
grades converted into the scale from 1 to 10 is shown in Figure 1.

10
9
8
7
6
5
4
3
2
1
0 st nd rd th
1" grade 2 grade 3" grade 4" grade 5" grade
—@—Task | scores —J— Task 2 scores
—#— Task 3 scores == Task 4 scores

Figure 1. Comparing scores between grades.

The most striking thing in Figure 1 are the maximum and minimum values.
In our case, they mean that fourth-grade pupils were the best in completing the
second task (level 1) in comparison to the others, and that fifth-grade pupils were
the worst in completing the fourth task (level 2). With respect to the requirements
of the given tasks in the sense of the pupil’s engagement in thinking and that the
tasks were ordered according to their difficulty level, it was expected that the pupils
of all grades would be most successful in solving the first task (level 0). It was also
expected that success in solving tasks of level 1, 14+ and 2 increases in each higher
grade. However, Figure 1 denies the above mentioned expectations.

4.1. The analysis of test scores for the first grade

This test consists of four tasks divided by the carefully created levels described
in the previous section. By content, all tasks are in accordance with the curricu-
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lum for mathematics in the first grade. In the first task, pupils were expected to
correctly identify plane figures and solids (level 0). As for the second task, they
were expected to recognize the shape of the cuboid and the shape of the ball in
the set of offered items from everyday life (level 1). In the third task, they were
expected to be able to make the classification of the offered shapes to the classes
of geometric figures that they had learned so far. Among the offered shapes, there
were also plane figures that the pupils had not learned about before and that they
were probably not able to name. These shapes can be classified in a number of
ways by pupils (e.g. they have not learned them yet or according to some of the
traits these shapes have) (level 14). In the fourth task, pupils were expected to
recognize a feature shared by all the offered figures, and to specify that feature as
well (level 2).

The total number of respondents — pupils of the first grade was 487. After
having insight into the achieved results, we can conclude that the pupils solved
the tasks at the level of visualization (Figure 1, Table 2). A certain percentage of
pupils were able to make an analysis and make certain conclusions, but on the basis
of only 4 completed tasks we cannot conclude that the level of geometric thinking
of these pupils is higher than level 0. With respect to the curriculum for the first
grade, it is justified to conclude that the scores of the mentioned number of pupils
are the result of proper teaching and learning of geometry.

By qualitative analysis of test scores for the 1 grade, in 145 pupils (out of a
total of 487 pupils), i.e. in 29.77 % of respondents, we noticed certain responses
that we thought were suitable to be further commented on. Even 12.8 % of re-
spondents do not differentiate between a cube and a square, while 9.4 % of them
misspell the word “geometry” and its derivatives, 5.5 % of them do not distinguish
between the ball and the circle, 3.9 % of the pupils do not observe the terms of the
task, whereas 2.6 % of pupils do not distinguish between triangles and pyramids,
and 1.2 % of them do not distinguish between triangles and squares, or triangles
and rectangles. These results point to the possibility that the pupils did not achieve
the level of visualization in the development of geometric thinking. The develop-
ment of geometric concepts should receive much more attention and the approach
to studying these contents should be methodologically adapted in a way that we
include more activities of perceiving geometric shapes not only while teaching
geometric contents, but also while teaching contents about numbers and measures.

4.2. The analysis of test scores for the second grade

This test consisted of four tasks arranged according to carefully created levels and
which were consistent with the content of the proposed curriculum for the second
grade. In the first task, pupils had to properly name the illustrated lines (level 0).
The second task was to determine the accuracy of the given statements (level 1). In
the third task, the most common shapes of the house and the roof of the house were
to be identified (level 1+). In the fourth task, pupils had to recognize which of the
offered figures have a common feature that they can roll and they had to explain
their answer (level 2).
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The total number of respondents was 415. The pupils’ achieved scores show
that the level of visualization still dominates among the pupils of the second grade
(Figure 1, Table 2). Only a quarter of the respondent pupils showed the skill
of analyzing and making conclusions (informal deduction) within the curriculum
contents for the second grade. Assuming that the pupils solved a single task which,
by definition, requires a certain level of geometric thinking, it cannot be concluded
that the level of geometric thinking exceeds the level of visualization but we may
consider that, within the content prescribed by the curriculum for the second grade,
these pupils can apply the thoughtful operations that exceed the level 0 of geometric
thinking.

By qualitative analysis of the obtained results, we noticed that 8.2 % of the sec-
ond grade pupils considered that the roof of the house was in a triangular shape, and
9.9 % of them did not answer the reasons for the possibility of rolling or not-rolling
of geometric plane figures and solids. Only 0.2 % of respondents mistakenly used
the terms edge and side, which is an encouraging result because it is a widespread
practice noticed in schools that one does not take care of the meaning of these terms
and they are mainly used as synonyms, which is wrong.

4.3. The analysis of the test scores for the third grade

The test for the third grade consisted of four tasks ordered according to the de-
scribed levels. By content, all the tasks were aligned with the curriculum for the
third grade. In the first task, pupils were asked to identify and classify the displayed
geometric bodies according to the type of their surface (level 0). The second task
was to indicate how many flat surfaces and how many curved surfaces there were,
and also how many edges and how many vertices there were in the named geometric
bodies (level 1). In the third assignment, pupils were supposed to identify amongst
the specially highlighted points which ones are common for the given figures (level
14). In the fourth task, they were expected to recognize which cuboid the drawn
net belongs to (level 2).

The study included 420 third-grade pupils. By analyzing and comparing the
scores achieved on individual tasks, we can see that the third-grade pupils still
rely on visualization (Figure 1, Table 2). Namely, the task of analyzing geometric
bodies was not done at a satisfactory level. Similarly, a large number of pupils were
unable to spot common points of multiple plane figures in the picture. Good results
in the 4™ task do not imply that the pupils have overcome the level of visualization
but they can actually suggest how to choose examples of geometric tasks that can
enhance the development of geometric thinking.

By qualitative analysis of responses, we have noticed the characteristic errors
in 54 pupils, or in 12.86 % of the total number of third-grade pupils surveyed. The
largest percentage, 44.5 % of the pupils in the mentioned group do not differentiate
between the terms of a ball and a circle, and they account for 5.8 % of the total
number of third-grade pupils surveyed. The same percentage of pupils does not
differentiate a square from a cuboid, while 33.5 % of the pupils in the group who
make characteristic mistakes, or 4.2 % of the total number of respondents attending
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the third grade, do not notice the difference between the term of a rectangle or a
cuboid. Among the pupils who make characteristic mistakes, 5.6 % of them do not
differentiate between the pyramid and the triangle, and they represent 0.7 % of the
total number of respondents. If we take into account the type of these mistakes,
then we see that pupils actually have problems with the distinction between plane
figures and solids. So, by analyzing their responses, we came to the conclusion
that they identify the geometric body as a whole with only one part of it, or only
one side of it. What we cannot ignore is the total percentage of such pupils. Also,
it is important to note that in all these cases, there is not one, but two or three
mistakes done by a certain number of pupils (26.1 % of respondents, or 3.3 % of
the total number of respondents), which may imply that mistakes are not a result
of imprudence or lack of attention, but of ignorance. In addition to the above
mentioned, one peculiarity is that 1.9 % of pupils found that there are several types
of pyramids, so it was mentioned by them in the second task. They differentiated
between triangular and quadrilateral pyramids. Since only quadrilateral pyramids
are shown in the textbooks, these answers can lead to a higher level of geometric
thinking.

4.4. The analysis of the test scores for the fourth grade

This test consisted of four tasks ranked according to the previously described levels
and consistently aligned with the curriculum for the fourth grade. In the first task,
pupils had to count straight line segments and triangles on given figures (level 0).
The second task was to determine which relationships are valid among the given
straight lines (level 1). In the third task, pupils were supposed to determine how
many lines can be drawn through one, two, or three given points, and then to make a
sketch of each one of these cases (level 1+). In the fourth task, they were expected
to count how many small cubes make a given figure, then sketch out how this figure
looks like when viewed from three perspectives (level 2).

401 fourth-grade pupils participated in the study. Their responses to Tasks 2,
3 and 4 point to the fact that they are able to see parts of the figure and relationships
among them, as well as relationships between the figures, which, on the other hand,
is in collision with the scores of the 1% task which was the simplest and which
did not require nothing more than recognizing the figures on the basis of their
appearance (Figure 1, Table 2).

Based on the qualitative analysis, we have come up with some other important
facts. Namely, 7.7 % of respondents indicate that they perceive infinity as the finite
number. Additionally, 5.2 % of pupils have drawn two-dimensional images as
three-dimensional ones, and it leads us to assume that, in the case of these pupils,
there is a problem in the perception of space and plane and in understanding their
interrelationships.
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4.5. The analysis of the test scores for the fifth grade

The test for the fifth grade consisted of four tasks ranked according to the levels
described. All tasks were aligned with the curriculum for the fifth grade. In the first
task, pupils had to visualize the sharp and right angles in the picture (level 0). In the
second task, they had to supplement the statements about the square and the cube
(level 1). The third task was to imaginatively arrange 100 matching little squares
in order to get the figure of the smallest or the largest circumference. The answer
should have been explained (level 14 ). In the fourth task, pupils were supposed to
supplement the statements that connect rectangles and squares, respectively cubes
and cuboids (level 2).

The study involved 163 fifth-grade pupils. The results of the research indi-
cate the possibility that among the fifth-grade pupils there are those who have not
reached the level of geometric thinking appropriate to that age (Figure 1, Table
2). A significant number of pupils had problems in solving tasks that belonged
to van Hiele’s zero and first level of geometric thinking. On the other hand, it
is encouraging to notice the pupils who have successfully solved the task of the
second level.

By qualitative analysis of pupil responses we did not notice specific errors or
unexpected conclusions. It should be noted, in particular, that 3.1 % of the pupils,
instead of answering the question asked, stated that they had not previously solved
similar tasks.

5. Conclusion

In the previous section, we presented the results of the first to fifth grade pupils
achieved by solving tasks tailored to their age, and selected and ranked in a way
that they rely on the characteristics of the levels of geometric thinking according
to van Hiele. Bearing in mind that pupils of the age up to the fifth grade can only
reach the initial two levels of geometric thinking in reality (level of visualization
and level of analysis), while the notions of the third level (informal deduction level)
occur only in a particular pupil, the tasks were designed so that they required pupils
to notice and identify geometric objects on the basis of their appearance (level 0),
to analyze the geometric objects and to notice their components (level 1), to link
the properties of geometric objects (level 1+) and to make certain conclusions and
provide explanation (level 2). Given that the pupils of each grade solved only one
of the tasks of each level, this is not enough to determine the quality of the geomet-
ric thinking of the pupils, but the results may point to problems in understanding
the geometric contents.

Summing up the results, we came to the conclusion that there are significant
differences in the success in solving each task among grades, but at the same time,
the success in solving the task of a particular level did not always increase with the
higher grade. Thus, we cannot conclude that in time, our pupils improve certain
characteristics of geometric thinking. Likewise, the success in solving the test is
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worst in the fifth grade. Causes can be in the formalization of teaching, without
the engagement of visualization, and in particular the engagement of thoughtful
analysis and synthesis operations, and the absence of conclusions and explanations.

The obtained results of the surveyed pupils of the lower grades of primary
school indicate the existence of problems related to the understanding of geometric
contents at all levels and in all grades. Since the pupils were not solely asked for
the factual knowledge and mere reproduction of the taught contents, but also for
the engagement of the thoughtful operations and making conclusions, the results
suggest that the geometric thinking of pupils of the lower grades of primary school
is not at a satisfactory level.
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SaZetak. Prema van Hieleovoj teoriji o nivoima geometrijskog
misljenja, postoji pet nivoa geometrijskog misljenja: vizualizacija,
analiza, neformalna dedukcija, dedukcija i strogost. Ti nivoi nisu
uslovljeni godinama starosti, ali njihov poredak je nepromjenljiv S
druge strane, nastavu matematike karakteriSe to da ucenici u isto
vrijeme barataju razli¢itim matematickim pojmovima koji su usvojeni
na razli¢itim nivoma. Neki od pojmova su razvijeni u potpunosti dok
je razvoj drugih pojmova ostao na nivou same percepcije.

U ovome radu predlaZzemo jedan uzrasno prikladni okvir za dos-
tizanje svakog od van Hieleovih nivoa, zasnovano na van Hieleovoj
teoriji geometrijskog misljenja i uzimajuéi u obzir dokument ’Za-
jednicka jezgra nastavnih planova i programa za matematiku bazirano
na ishodima ucenja za Bosnu i Hercegovinu’.

Cilj ovog rada je ustanoviti da li se kod ucenika razredne nastave
mogu identifikovati elementi razli¢itih nivoa geometrijskog misljenja
prema van Hieleu. U tu svrhu provedeno je istraZivanje medu
1889 ucenika osnovne $kole (od 1. do 5. razreda) iz deset osnovnih
Skola Kantona Sarajevo. U cilju ispitivanja kreirani su dijagnosticki
testovi, koji sadrZzavaju zadatke koji otkrivaju elemente sljedecih nivoa:
vizualizacija, analiza, neformalna dedukcija.

Rezultati istrazivanja pokazuju da nivoi geometrijskog misljenja
kod ucenika razredne nastave generalno odgovaraju predloZenom
okviru. Osim toga, uoceno je da ucenici koji dosegnu nivo vizualizacije
i analize uspijevaju da uvidaju kauzalne odnose u pogledu specificnog
geometrijskog sadrzaja. Dobiveni rezultati ukazuju na to da se prelazak
s jednog nivoa geometrijskog misljenja na sljedeci ne odvija u naglim
skokovima ve¢ kontinuirano.

Kljucne rijeci: geometrijsko miSljenje, razredna nastava matem-
atike, vizualizacija, analiza, neformalna dedukcija
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Abstract. Textbooks and the accompanying teacher guides are
recognized as important and influential resources in mathematics edu-
cation. Teachers rely heavily on the textbook for planning and enacting
their lessons: they prepare lessons according to the textbook structure,
teach new content according to the textbook, and use the textbook as
a source of practice exercises and homework. This study focuses on
the role of teacher guides in teacher’s classroom practice and their
influence on the textbook use. The study also focused on the issue
about how teachers change the utilization of textbooks in the classroom
when the teacher guides undergo changes in their content and structure.
Although the results showed relative stability of teaching practice, we
detected an educative impact of teacher guides because their content
influenced the use of active teaching methods in the classroom.

Keywords: classroom practice, longitudinal study, teacher, text-
book, teacher guide

1. Introduction

The International Association for the Evaluation of Educational Achievement (IEA)
and the Trends in International Mathematics and Science Study (TIMSS) devel-
oped a tripartite model of the curriculum as a “starting point for the model of
educational opportunities in school mathematics and science” (Valverde, Bianchi,
Wolfe, Schmidt & Houang, 2002, p. 5). These three dimensions involve the in-
tended, implemented and attained curriculum. The intended curriculum refers to
intentions, aims, and system goals; the implemented curriculum involves instruc-
tion and practice activities, and the attained curriculum refers to knowledge and
achievement. In this model, textbooks and teacher guides play an important role as
mediators between the intended and implemented curriculum. On one hand, text-
books follow the requirements of the intended curriculum and, on the other hand,
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they are designed as “templates for action” in classrooms (Valverde et al, 2002,
p. 12). Because of this mediating role, Valverde et al. (2002) offered a modified
model by embedding a fourth component: the potentially implemented curriculum
as a link between the intended and implemented curriculum. The potentially im-
plemented curriculum involves textbooks and other organized resource materials
which “translate policy into pedagogy” (Valverde et al, 2002, p. viii). Since the
teacher guides follow the curriculum outlines and provide information and materi-
als about concrete actions of teaching and learning, they can be considered as the
potentially implemented curriculum resources.

According to Pepin, Gueudet & Trouche (2013), mathematics teaching re-
sources are all resources which are developed and used by teachers or students
in their interaction with mathematics in and for teaching and learning, inside and
outside the classroom. Adler (2012) introduced a broad conceptualization of re-
sources in mathematics teaching- besides material resources, the author included
cultural and teachers’ resources. A consequence of such a view is that teachers
and resources interact in a participatory relationship where both the characteristics
of the teacher and the characteristics of the resources influence the outcomes in
classroom practice (Brown, 2009; Remillard, 2005).

The area of utilization of curriculum resources is important for our expectations
about what can be accomplished in the classroom. They can promote a teacher’s
pedagogical design capacity, or a teacher’s ability to use personal resources to
adapt the curriculum materials and to achieve productive and beneficial instruc-
tional episodes in the classroom (Ball & Cohen, 1996; Davis & Krajcik, 2005;
Ahl, Gunnarsdétti, Koljonen & Palsddttir, 2015). Further, curriculum resources
can support the teacher’s pedagogical content knowledge, help them in the lesson
design, suggest tasks, formative assessment and homework and organize individ-
ualized teaching, etc. (Davis & Krajcik, 2005). Remillard (2000) and Brown
(2009), as well as Davis and Krajcik (2005), have studied the possible impact of
curriculum materials and found that they offer a potential for designing educative
support for teachers.

This paper attempts to investigate the interaction between the mathematics
teacher and curriculum resources, focusing on the teacher guide and its influence
on textbook use. We also try to investigate if and how the teacher changes his/her
teaching practice if the publisher modifies the teacher guide.

2. Literature review

In this section, we provide a brief overview of the research on the utilization of
mathematics textbooks and teacher guides.

Fan (2013) considers the textbook as an intermediate variable in the research,
which is affected by independent variables and which affects the dependent vari-
ables. This means that the textbook is influenced by other factors and that the
textbook itself influences the instruction. The mathematics textbooks can be ana-
lyzed according to different parameters: role of textbooks, textbook analysis and
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comparison, textbook use and other areas (Fan, Zhu & Miao, 2013). One of the
important issues is to find and understand how teachers interact and use textbooks
in various countries. Studies found that many teachers prepare their lessons ac-
cording to the textbook, use it for teaching new content, assign practice exercises
and homework from the textbook (e.g. Pepin & Haggarty, 2001; Johansson, 2006;
Zhu & Fan, 2002). This means that textbook content influences teaching. In their
research on textbook use in England, Germany and France, Pepin and Haggarty
(2001) detected a mediatory role of the teacher in mathematics education. The
teacher was the one who decided which textbook to use, when and how it is used,
which parts to use and in what order.

Another interesting issue is related to investigating how the textbook changes
the teacher’s practice. For instance, in their study about teachers using a reform-
oriented textbook, Remillard and Bryans (2004) detected stability in teachers’
patterns of curriculum use, but the authors also observed changes in the two teach-
ers’ practice who adopted the materials most comprehensively. Nicol and Crespo
(2006) investigated how four Canadian pre-service teachers interpreted and used
the textbooks while learning to teach. Through stumbling across various peda-
gogical, curricular and mathematical obstacles when using the textbook for lesson
planning, their understandings of textbook use was challenged and changed during
and after their classroom practice.

Since teachers’ planning for lessons directly influences the instruction in the
classroom, it is important to study, besides textbooks, other sources of potentially
implemented curriculum. One of them is surely the teacher guides, which are
“heavily used for preparing mathematics lessons” (Rezat, 2014, p. 401) and “they
seem to play a major role for teachers in planning and carrying out their teaching”
(Grevholm, 2014, p. 260).

Van Steenbrugge and Bergqvist (2014) investigated the form of address of
six of teacher guides from the US, Belgium and Sweden. Their work served as
basis in another study (Remillard, Van Steenbrugge, & Bergqvist, 2014) which
analyzed the voice in the curriculum resources from the aspect of cultural con-
text. That study detected diversity in the support that curriculum programs offer
to the teachers showing differences in educational traditions among the countries
investigated.

The research on the use of Icelandic teacher guides showed that the structure
and content of the teacher guide influence how teachers think of and prepare their
teaching (Gunnarsdottir & Palsddttir, 2014). Similarly, the research conducted
by Hoelgaard, Hemmi and Ryve (2014) focussed on the teacher guides and the
classroom practice they construe. The results show that the teacher plays a central
role in all three guides examined. They all provide support to teachers in forming
their classroom practice, but in different ways. These studies contribute to the
understanding of teacher guides as curriculum resources.

Remillard and Bryans (2004) showed that teachers’ orientations toward cur-
riculum materials and their professional experience may influence their way of
using textbooks. Similar findings were reported in Rezat (2014), noticing that the
more experienced teacher relied to a lesser extent on the teacher guide compared
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to the more intensive use of the younger colleague. Similarly, the results on using
teacher guides as support and inspiration for teaching in Sweden (Ahl, Koljonen &
Hoelgaard, 2014) show that less experienced teachers rely more on the content in
the teacher guide, using it as a toolbox as well as a resource for teacher learning.
Their more experienced colleagues use the teacher guides for support and in the
design of teaching. “Common for all teachers, despite prior experience, is that they
want the teacher guide to provide connections between theory and practice” (Ahl
etal., 2014, p. 153).

The overview of textbooks and teacher guides points to their importance as
artefacts and resources of the potentially implemented curriculum. Since the above-
mentioned studies on teacher guides mainly refer to US and Nordic authors, in the
next section we present the research on textbooks and their accompanying teacher
guides in Croatia.

2.1. Research on textbooks and teacher guides in Croatia

In Croatia, mathematics textbooks are compulsory in primary and secondary edu-
cation. The Ministry of Education, Science and Sports provides a list of approved
textbooks and teachers jointly select textbooks for their school for the period of
four years. Along with the selected textbook, the publishers and textbook authors
provide a corresponding teacher guide with every mathematics textbook, which
contains guidelines for instruction. The Act on textbooks for primary and sec-
ondary education (Official Gazette of the Republic of Croatia 117, 2001) mentions
the teacher guide as an obligatory book which supports the textbook (Article 2)
and is in line with the national educational standards and goals (Article 6). The
teacher guide contains information on “the possibilities of textbook use in the
classroom, but it does not prescribe the procedures or limit the teacher’s creativity
while planning the teaching process” (Official Gazette of the Republic of Croatia
69, 2003, Article 1). In 2006, the new Act on textbooks for primary and secondary
education was adopted (Official Gazette of the Republic of Croatia 36, 2006). It
does not mention teacher guides, but publishers continue to provide teacher guides
alongside their textbooks.

A historical overview of the concern about textbook issues in Croatia is given in
Glasnovi¢ Gracin (2014). The large-scale study reported in Glasnovi¢ Gracin and
Domovi¢ (2009) investigated nearly one thousand Croatian mathematics teachers
on the utilization of mathematics textbooks in lower secondary education in Croatia
(grades five to eight). The teachers were examined using a questionnaire with a
modified Likert scale with four degrees: never, seldom, often, and almost always.
Also, several questions involved selecting one or more given answers. The results
show that teachers use textbooks to a great extent for various activities: lesson
preparation, teaching a new topic, exercising and assigning homework and that
textbooks were used more than other curriculum resources. Around 52 % of sur-
veyed teachers claimed they almost always use the textbook for lesson preparation
and additional 45 % do so often; 97 % confirmed that they use the textbook as
a source of mathematics exercises (51 % almost always and 46 % often); 99 %



The influence of teacher guides on classroom practice 153

of participants stated that they use textbooks for giving homework (74 % almost
always and further 25 % often). The results show a strong reliance on the officially
approved textbooks in Croatian mathematics education.

The results indicate that the classroom practice relies considerably on the
textbook content and structure. Therefore, the content and structure of Croatian
mathematics textbooks was analyzed, too (Glasnovi¢ Gracin, 2011). The findings
point to the predominance of operation activities on the reproductive or simple-
connections level with intra-mathematical content (i.e. symbolic exercises without
context). These results showed that Croatian textbooks place more emphasis on
algorithms and the view of mathematics as a tool rather than as a medium of
communication (Heymann, 1996). The content analysis also showed that the re-
quirements of the intended curriculum match the ones in the textbooks, thus the
Croatian mathematics textbook can be perceived as a ‘conveyor of the curriculum’
(Fan et al., 2013, p. 635).

As an extension of the quantitative large-scale study, Glasnovi¢ Gracin and
Juki¢ Mati¢ (2016) investigated the use of textbooks with 12 lower secondary
mathematics teachers. This qualitative study involved on-site observations and
interviews with the goal of finding whether teachers’ self-reports on textbook uti-
lization differ from the actual situation in the classroom. The findings showed that
the textbook played a central role in teachers’ lesson preparation, as well as in
the selection of worked examples and practice exercises for the students. Again,
textbooks turned out to be very important as a source for homework.

The results concerning the extensive use of mathematics textbooks for lesson
preparation (97 % use textbooks) raised a question about the role of the accom-
panying teacher guides in Croatia. The large-scale research (Glasnovi¢ Gracin &
Domovié, 2009) included a question about the use of teacher guides for planning
instruction. The results show that participants relied heavily on teacher guides for
lesson preparation, but not as much as on the textbooks. Around 23 % of surveyed
teachers claimed they use teacher guides almost always and around 54 % do so
often. These results suggest that the textbook is the basic tool for teachers’ prepa-
ration. Still, altogether the percentage of 77 % of teachers who use the teacher
guide encouraged us to investigate more in-depth the role of teacher guides in
mathematics education and their influence on such extensive textbook use.

3. Theoretical framework

3.1. Model of teacher-curriculum interaction

To investigate, understand and explain the relationship between teachers and cur-
riculum resources, Brown (2009) developed a theoretical framework called Design
Capacity for Enactment Framework (DCE). The DCE model (Figure 1) represents
the idea that the curriculum as well as the teacher’s personal resources influences
the designing and enacting of the instruction. Curriculum resources encompass
physical objects, representations and procedures of the domain, while teachers’
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personal resources denote subject matter knowledge, pedagogical content know-
ledge, beliefs and goals.

The DCE framework “provides a starting point for identifying and situating
the factors that can influence how a teacher adapts, offloads, or improvises with
curriculum resources” (Brown 2009, p. 27). Offloading denotes relying mostly
on the curriculum resources for the delivery of the lesson; adapting indicates an
equally-shared responsibility for the delivery of the lesson between teacher and
curriculum resources; and improvising means that the teacher relies mostly on
external and their own resources for delivering the lesson. Teachers either omit
components of a lesson, or replace one component with another, or completely
create new components during the adaptation process.

Subject
matter
knowledge

Domain
representations

Types of use:
offloading, adapting, improvising

Teacher
resources

Curriculum
resources

Physical Tg 2 Goals, Pedagogical
L GRS objects 2 g beliefs content
S 8 knowledge
£3
% 5
k=

Figure 1. Brown’s design capacity for enactment framework.

3.2. Voice of curriculum resources

The DCE framework is not an exhaustive model and can be broadened with the
“voice” of the curriculum, contextual factors, cultural teaching norms, professional
identity, or teachers’ orientation toward curriculum materials, etc.

Voice refers to how the authors or designers are represented and how they com-
municate with the teacher (Remillard, 2012). Curriculum resources communicate
with the teacher using a certain voice: talking through the teacher and talking to the
teacher (Remillard, ibid). When curriculum resources place primary emphasis on
what the teacher should do, this characterizes talking through teachers (Remillard,
2000). This means that the authors communicate their intent through the actions
they suggest the teacher takes. When the resource communicates about central
ideas in the curriculum, this characterizes talking/speaking to the teacher.

The voice in the form of falking to the teacher is considered to be important as-
pect of educative curriculum resources (Davis & Krajcik, 2005; Hemmi et al. 2013;
Remillard, 2012). Davis & Krajcik (2005) define educative curriculum resources
as curriculum resources designed to support teacher learning as well as student
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learning. They argue that an educative curriculum resource should offer transpar-
ent and direct guidance to the teacher, giving reasons and purposes underlying task
selections (design rationale) or anticipating student responses. Remillard & Reinke
(2012) challenged recently this assumption claiming that directive support in the
form of talking through the teacher can be educative, when teachers are trying out
new or unfamiliar practice. Directive support can offer new instructional moves or
new pedagogical repertoire.

Davis & Krajcik (2005) focuses on opportunities for teacher learning within
the practice of science teaching. Hemmi et al. (2013) created analytical tool for
research in mathematics education (Table 1) based on guidelines from Davis and
Krajcik (ibid).

Table 1. Analytical tool for examining educative features of curriculum resources.

Categories Categories for data analysis

Describes why students might hold particular ideas
about mathematical concepts and exemplifies common
strategies among students.

la) General knowledge of students’
ideas and strategies

Gives suggestions for how to deal with/encounter vari-
ous ideas and strategies of students and how to enhance
their learning and prevent future difficulties.

1b) Suggestions for how to encounter
students’ ideas and strategies

Describes concepts and facts within mathematics such
2) Concepts and facts as history, field of application, derivations, methods,
proofs, correct terminology.

Shows the mathematics progression throughout the
3) Progression and mathematical school years as well as connections between mathemat-

connections ical topics; for example, explains the future development
of methods and concepts.

Supports the teacher’s actions in practice beyond the
curricular materials by connecting theory and practice.
Exposes the central ideas in national curriculum and
research results for promoting teachers’ autonomy.

4) Connecting theory and practice

Supports the teacher’s ability to act in practice by
suggestions with respect to the design and enactment of
lessons, tasks, formative assessment, individualization
of teaching, homework, etc.

5) Design of teaching

Language use is also a part of voice. Herbel-Eisenmann (2007) found that the ab-
sence of first-person pronouns conceals the presence of human beings in the design
of resources. Further, she noted that using second-person pronouns in conjunction
with objects obscures the authority of the authors (e.g., The table shows you. . . ).

3.3. Research questions

The previous large-scale research showed that the teachers extensively use text-
books for lesson preparation, and many of them use teacher guides (Glasnovié Gracin
& Domovi¢, 2009; Glasnovi¢ Gracin, 2011). Therefore, we wanted to find a con-
nection between teacher guide content and textbook use. In addition, the ways in
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which the teacher mediates the curriculum materials are largely unknown (Pepin
& Haggarty, 2001). The work reported in this paper aims to partly fill this gap and
attempts to answer following research questions:

1. What is the difference between two editions of the teacher guides from the
same publisher?

2. Does the change of the teacher guides influence the teacher practices and
how?

The answers to these questions would help in clarifying the important role that
the teacher guides as curriculum resources play in mathematics education.

4. Methodology

4.1. Design of the study

The study encompassed a longitudinal case study design with the aim to better
understand how participants use the textbook in their teaching practice. According
to Saldafia (2003), for a longitudinal case study it is important that the study meets
the criteria of a span of at least one year for social studies and a span of at least nine
months for educational projects. Case studies are very valuable research meth-
ods, used for investigating dynamic, experiential and complex processes and areas
(Miles & Huberman, 1994) — in our case to give a real picture of the utilization of
curriculum resources and to discover factors that influence teachers’ decisions to
use or not use the chosen textbook. To overcome possible deficiencies of the case
study approach, we use a multimethod approach (e.g. Onwuegbuzie & Collins,
2007), namely we built our study on a previously conducted large scale study by
Glasnovi¢ Gracin (2011).

The qualitative aspect of this study was conducted through classroom observa-
tions and interviews with teachers in two time spots, 2013 and 2017. We observed
the same lesson themes in 2017, as we did in 2013.

4.2. Participants and teacher guides

The study involved two female mathematics teachers from lower secondary edu-
cation in Croatia (grades five to eight). The participants were chosen according to
several criteria: number of years of teaching, textbook choice and preference, and
willingness to participate. In this study they are given the names Branka and Dunja.
In 2017, Branka had 16 years of teaching experience and she liked the chosen of-
ficial textbook used in her classroom. Dunja had 20 years of teaching experience,
but she did not like the official textbook used in her classroom. The participants’
affinities about textbook content and structure were identified as important for the
study, because this is the aspect in which the two teachers differ. For several years
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both participants had been mentors for pre-service teachers, and so we would not
consider them to be inexperienced teachers.

Both teachers chosen for this study used the same textbook series in 2017as
they did in 2013. This mathematics textbook series is used by more than 65 % of
pupils in lower secondary education in Croatia (data retrieved from the Ministry of
Education, Science and Sport). This was the most used mathematics textbook in
Croatian lower secondary education in these time periods. The publisher provides
free copies of the accompanying teacher guides for teachers, so our participants
had the teacher guides at their disposal for their lesson preparation.

In 2014, between the two case study time spots (2013 and 2017), new school
textbooks were approved by Ministry of Education, Science and Sports for the next
four-year school cycle. The new editions of the textbook series used by Branka and
Dunja did not undergo significant changes, but the accompanying teacher guides
did. The reason for changing the teacher guides but not the textbooks, is because in
2010, a new document called the National curriculum framework (MZOS, 2010)
emerged, propagating new educational policy with emphasis on competences and
student-centred teaching. However, this document was just a framework, and the
old National plan and programme from 2006 (MZOS, 2006) remained the official
document for what is to be taught in the classroom. This means that the text-
books were still following the document from 2006 (MZOS, 2006) and so did
not undergo significant changes in 2014. However, the 2010 National curriculum
framework (MZOS, 2010) recommendations on teaching methodology and instruc-
tional strategies were incorporated in the auxiliary curriculum resources, such as
teacher guides, from 2014.

4.3. Data collection

Data gathering methods included document analysis, on-site observations of par-
ticipants’ teaching and semi-structured interviews (Cohen, Manion & Morrison,
2007). We observed Branka and Dunja in two time spots; in 2013 and in 2017.
The observations were based on a structured plan, with the focus of identifying of-
floading of content from the textbook, adapting the content, or improvising. Before
each observation took place, the textbook and teacher guide content were analyzed
in order to facilitate the initial coding during observation. To prevent conscious or
non-conscious artificial behaviors and situations, we did not tell the teachers the
exact focus of our observation.

In addition to classroom observations, we conducted semi-structured inter-
views with the teachers. The aim was to better understand the process of the
teacher’s preparation and why a particular curriculum resource was used. The
interviews were semi-structured with a set of open-ended questions and outlines
which were specified in advance (Table 2). This kind of interview approach enables
flexibility and the rich collection of data (Cohen et al., 2007).



158 Ljerka Juki¢ Mati¢ and Dubravka Glasnovi¢ Gracin

Table 2. Questions and outlines for semi-structured interview.

1. Describe how you usually prepare a mathematics lesson (in general and specifically for
the observed lessons).

2. Do you use the teacher guide in lesson preparation? If yes, how do you use it?

3. How do you use the textbook in lesson planning, and how do you use it during
lesson implementation (offloading, adapting improvising)? Elaborate for the observed
lessons.

4. Does the textbook, in your opinion, influence the structure of your instruction? (Title,
definitions, language, symbols, sequence, didactical approach, worked examples,
figures) Give reasons for your opinion.

After the classroom observations and interviews, we again analysed the same lesson
units in the teacher guides and textbook in order to ascertain the role of the teacher
guide in the classroom practice.

For the purposes of document analysis, the study included a qualitative content
analysis (Mayring, 2000) of the two editions of teacher guide provided by the same
publisher: the one used by teachers in 2013 and the other used in 2016. The aim
was to better understand the interplay between the classroom practice and the two
curriculum resources (teacher guide and textbook). We analysed the structure and
content of the teacher guides to identify the similarities and differences between the
two editions and their impact on what was happening in the classroom. This en-
compassed the different mobilizations of textbook use (offload, adopt, improvise)
in them as well as the ‘voice’ of the teacher guides.

4.4. Data analysis
4.4.1. Analysis of the teacher guides

In order to answer the research questions, we analysed the Matematika 5, Matem-
atika 6, Matematika 7 and Matematika 8 teacher guides used by both participants.
In 2013, the teacher guides accompanying selected textbook were published in
2008, and in 2017, accompanying guides were published in 2014. Throughout the
rest of the text, the teacher guides from 2008 will be referred to as the old teacher
guides, and the ones from 2014 will be referred to as the new teacher guides. The
analysis encompassed the structure and voice of the teacher guides, mobilizations
of textbook use suggested in the teacher guides as well as the differences between
the two editions. Here the first step was the analysis of the teacher guides for
grades five and six. According to differences identified in the different editions of
the guides we were able to see a pattern of changes emerging. We then analyzed
the teacher guides for grades seven and eight to validate our assumptions. In order
to support and validate our conclusions about the changes in the different editions,
we thoroughly examined and compared the lesson plans for the specific observed
lessons.
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4.4.2. Analysis of observation reports and interview reports

The analysis of the classroom observation reports involved coding observed lesson
parts regarding the interaction with curriculum resources: offloading, adapting or
improvising. The next step was to find how much time in total each teacher spent
on a particular type of interaction with the curriculum resources in both years. For
example, Figure 2 presents part of this phase of data analysis, Branka’s interaction
with resources in the 2013 observation. Then we compared results with the corre-
sponding lesson plan proposed in the teacher guide. This was done for classroom
observations from 2013 and 2017.

Lesson 4 A | 1 | A | 1 | A
Lesson 3 A | I | A | I |
Lesson 2 0 |
Lesson 1 0 |
0 5 10 15 20 25 30 35 40 45 minutes

Figure 2. Branka’s interaction with resources in observed lessons in 2013.

The next step involved the analysis of the transcribed interviews. Once the
codes, themes and patterns were identified, we returned to the data to find further
evidence and conflicting information. The coding captured how teachers described
and understood their use of curriculum resources in lesson preparation, teaching
new topics, practicing and reviewing.

5. Results

5.1. Two editions of teacher guides and their suggestions on textbook use
5.1.1. Structure and content of teacher guides

The old teacher guides are organized into the following chapters: general didactical
outlines and principles; yearly and monthly plans; outlines of lesson plans for every
unit, and a supplement with mathematical games and assessments. The new teacher
guide has chapters ordered in the following way: general didactical outlines and
principles; yearly and monthly plans; outlines of lesson plans. There are other
sections included within the lesson plan outlines for each topic, these are: les-
son plans for every unit, mathematics assessment; additional activities for higher
achieving students, and activities for struggling students. Lesson plans for every
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unit are supplemented with worksheets such as mathematical games, discovery
learning activities, motivation for lessons, etc. The results of the content analysis
show that both editions of the teacher guide have the same overall structure, but
the sequence of content differs. There is a slight difference in the content of the
joint structural parts and in the number of pages devoted to them (Table 3). But the
greatest difference is the inclusion of the sections additional activities for higher
achieving students and activities for struggling students within each mathematical
topic in the new editions of the teacher guide. Structural parts will be elaborated
on in the text below.

Table 3. Number of pages in teacher guides per structural parts.

Grade | Edition Dli)%?tct' Ou]télsr;gsg of YNVi(t)}rlkg;lreneé: Assess. v(&;(:iri(;r}llceeeés \()Zgﬁ(;glelitg
plans students) students)

old 16 162 97 50 0 0

: new 54 199 81 43 27 57
old 16 156 24 46 0 0

o new 54 248 54 66 19 102
old 16 154 42 60 0 0

7 new 54 248 46 99 14 77
old 16 152 35 35 0 0

s new 54 210 35 64 24 82

*Didactical part is the general didactical part; outlines of lesson plans are suggestions of lesson plans without

worksheets; assess, means assessments.

The general didactical part of the old teacher guide for each grade (five to eight)
encompasses general didactical topics and teaching methods. This part contains
the goals and aims of mathematics education, a description of general methods of
organizing work and forms of work and teaching tools. It also contains sections
highlighting the importance of correlation with other school subjects, topics on
assessing students’ achievement, and working with children who have learning dif-
ficulties such as dyslexia. All these sections are also in the new editions, but they
have been extended. For instance, goals are described through intended learning
outcomes using Bloom’s taxonomy. Instead of only referring to the curriculum
outlines from 2006 (MZOS, 2006), the new teacher guides also cite the National
Curriculum Framework (MZOS, 2010). In the section that deals with assessment,
several types of assessment are described and discussed, for instance, the con-
straints and affordances of formative and summative assessment. There is also a
self-evaluation sheet for teachers subsequent to enacting a lesson. The section on
children with special needs contains more detail on, for example, how to construct
individualized programs, and how to organize additional classes for struggling and
advanced students.

The main part of both the old and new teacher guides consists of lesson plans.
The number of lesson plans provided corresponds to the number of mathematics
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lessons in a school year. Each lesson plan encompasses intended learning out-
comes, the main goal and recommended activities for a particular lesson. The
recommended activities are divided into three parts: introductory activities, the
main part of the lesson, and the final activities. The analysis shows that the lesson
plans follow the structure of the textbook, suggesting what textbook examples and
tasks to use. There is a difference in the lesson plans in the old and new guides
which will be elaborated on in the following section.

The old guides contain a section with mathematical games, like Sudoku, puz-
zles, etc., placed separately from the lessons plans in a supplement, while in the
new guides the games are placed alongside the lesson plans as attachments to a
particular lesson unit. Both editions contain sections for mathematics assessment.
In the old edition they are placed in the supplement part with the games. In the new
edition, they are placed within the topic they are assessing.

As mentioned earlier, the new teacher guides contain new sections: additional
activities for better achieving students and activities for struggling students. They
contain suggestions for exercises for those students who need more challenging
tasks and those who need simpler tasks. However, the lesson plans do not contain
explicit differentiation according to ability or references to these sections.

5.1.2. Suggestions for adapting, offloading and improvising in the teacher
guides

The old teacher guides promote significant offloading on the textbook and frag-
ments of improvising. This offloading means that the lesson plan specifically refers
to the worked examples, exercises, figures or other content in the textbook. Im-
provisations in this case are those guidelines which suggest what should be done,
but not how it should be done and do not directly refer to the textbook. The old
teacher guides occasionally suggest offloading materials for short assessments or a
worksheet.

The new teacher guides suggest offloading textbook content, but also, in al-
most equal measure, they suggest offloading the material provided in the teacher
guide. For instance, for the sixth-grade topic Operations with fractions, consisting
of 22 lesson plans, the old guide offloads the material from the teacher guide in 8
lesson plans. For the same topic, the new edition offloads from the teacher guide
in 19 lesson plans. Further, the new edition has fragments of improvisations in the
same manner as the old edition.

However, at the beginning of the lesson plan section in both editions of the
teacher guides, the authors state that the provided lesson plans are just one possible
way of approaching the lesson, which indicates that the teacher can adapt lesson
plans and materials according to their goals.
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The voice of the teacher guide

In this section, we report on the voice of the analyzed teacher guides. We provide a
table with results of the analysis using following marks: sentences or phrases that
occurred regularly in connection to most mathematical areas (++), sporadically
with only some sentences (+), or were totally missing (—) (Table 4).

Table 4. Analysis of educative features in teacher guides.

Old guides | New guides

la) General knowledge of students’ ideas and strategies - +

1b) Suggestions for how to encounter students’ ideas and strategies - -

2) Concepts and facts - -

3) Progression and mathematical connections + +

)
4) Connecting theory and practice — —
)

5) Design of teaching ++ 4t

The old teacher guides do not provide a discussion of the strengths and weaknesses
of the presented approaches to teaching a certain topic (Category 1). At the begin-
ning of the guides there is yearly lesson plan displaying how the textbook and the
goals for the students are connected to the goals in the curricula (Category 3). In
the daily lesson plans, the guides lists what is to be reviewed for upcoming lessons
but now why it is necessary or how it will connect to the new topics. For instance, in
the lesson on the introduction of rational numbers, there is a list of tasks: to review
the concept of a fraction, to review the basics of integers, to introduce negative
fractions as a result of a division of two integers with different signs (Category
3). Topics dealing with mathematical knowledge (Category 2) do not occur nor
connecting research and practice (Category 4).

The lesson plans in the old teacher guides follow the textbook structure closely,
rarely offering activities outside the textbook (Category 5). They only occasionally
refer to the activities at the back, in the section with the mathematical games. In
general, the lesson plans do not refer to the corresponding games at the end of the
book, so it seems that it is up to the teacher to connect a game with an appropriate
lesson. The instructions to the teacher are prescribed and follow the sequence of
the worked examples and tasks in the assigned textbook. These teacher guides are
oriented towards teachers, directing teacher actions in the classroom and what the
teachers should do or say.

In the old edition, the authors address the teacher in an impersonal form using
verbs in the infinitive: to introduce, to describe, to define, etc. It seems that the
resource does not directly refer to the teacher, and does not use personal pronouns.
According to Remillard (2000), it can be concluded that the old teacher guides are
talking through the teacher.

In the new teacher guides, the lesson plans are more oriented towards the
students: they show what the students should do, but also directing the teacher’s
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action (Category 5). They follow the textbook content, but offer and suggest many
activities that are not in the textbook and that can be given as ready-made work-
sheets. The new lesson plans have more activities incorporated in one lesson (plan)
unit, from and outside the textbook (Category 5). In many cases, the intent of the
suggested activity is described to the teacher in the aim of the activity, so it can be
said that the design of the activity is transparent. Some lesson plans provide alter-
native activities, which means that the teacher can choose between two activities
(Category 5).

The main body of the lesson plan contains direct guidance for enacting the
lesson, but does not suggest what the teacher should ask students when dealing with
the activities, nor does it provide examples of students’ possible misconceptions
(Category 1b). There are no explanations of the strengths or weaknesses of the
suggested approaches to teaching the new topics. However, the guides provides
answers students should give for the suggested activities (Category la). Those
answers are product oriented, not process oriented guide. At the beginning of
the guides there is yearly plan displaying how the textbook and the goals for the
students are connected to the goals in the curricula (Category 3). In the daily
lesson plans, the guides list what is to be reviewed for upcoming lessons but now
why it is necessary or how it will connect to the new topics. Sporadically guides
connect concepts with future utilization of those concepts. Topics dealing with
mathematical knowledge (Category 2) do not occur nor connecting research and
practice (Category 4).

The new teacher guides do not use personal pronouns when describing actions
either. All things considered, the new guides are still talking through the teacher.

5.2. Teachers’ view of teacher guides

In 2013, Dunja explained that she consults the teacher guide when she prepares
lessons, indicating that the teacher guide is also a resource in her lesson preparation.
She expressed her dissatisfaction with lesson plans in the teacher guide, claiming
that they arecreated for an unrealistic environment.

“These are ready-made lesson plans [...]| and as I say they are beautifully
written. It is not possible in the classroom to do what they suggest. If you have
15 students, who are silent and staring at you, then you can do what they suggest.”
[Year 2013]

She pointed out that she uses “interesting activities” from the teacher guide.
Her stance toward the lesson plans from the teacher guide was similar in 2017.
However, Dunja explained she noticed the difference between the old and new
versions, pointing out that in the new edition there are “many good materials to
work with, especially many guided discovery learning worksheets”. But she still
needs to adapt them to the students’ needs. She also mentioned that she changes
the proposed sequence of activities:
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“They [the authors] always provide too many [activities]. You don’t have time
for all that in one lesson. Sometimes I don’t agree with the sequence of the proposed
activities, they don’t make sense in that order.”” [Year 2017]

In 2013, Branka explained she relies also on the teacher guide, when she
prepares lessons, but she added that she cannot use the ready- made lesson plans
without reflecting on them:

“When I prepare, I check various resources like the teacher guide |...]| ButI
can’t use the ready-made lesson plans if they not suit me” [Year 2013]

Her stance toward the ready-made lesson plans had not changed in 2017,
claiming that she cannot follow them blindly; she has to reflect on the sequence
and outcomes of the activities. Here she pointed out that sometimes she uses lesson
plan as given and other times she uses some activities from the guide. Everything
she does is guided with the students’ best interest, so she adapts according to her
students’ needs if neccessary. Referring to the difference between the old and new
editions, she remarked on the change in lesson plans:

“Superficially it seems the same, but when you dig deeper, there are a lot of
new activities in the lesson plans [...] And you can see that some smart people
made it.” [Year 2017]

5.3. Teachers’ mobilization of resources

Even though Branka and Dunja represent teachers with opposite affinities toward
the textbook they are using in the classroom, they both offloaded on the textbook,
adapted and improvised in the lessons, but not to the same extent in every lesson.

Table 5. Dunja’s mobilization of textbook and teacher guide
(percentage for a lesson of 45 minutes).

Year Offloading | Adapting | Improvising

2013 | Lesson 1 45 % 0 % 55 %
Lesson 2 0% 0% 100 %
Lesson 3 0 % 100 % 0 %

2017 | Lesson 1 20 % 10 % 55 %
Lesson 2 0% 0% 100 %
Lesson 3 5% 0 % 95 %

In the Table 5, we present the data for the lesson we observed in Dunja’s
classroom. We observed the same lesson themes in 2017, as we observed in 2013.
It seems that Dunja reduced the amount of offloaded content in 2017 in comparison
to 2013, and increased the amount of improvising in 2017. No lesson in 2017
matched the lessons we saw in 2013 in respect to the motivation, amount of math-
ematical content incorporated in the lesson or assigned homework. The similar
characteristics of lesson were detected in Lesson 1 where teacher used the same
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textbook exercises in 2013 and 2017. In 2013, Dunja adapted the content from the
textbook in Lesson 3, giving exercises with similar pedagogy as in the textbook,
and in 2017, Dunja created the activities herself.

The results of the observed lessons match the results obtained in the interviews
in 2013 and 2017. Both times Dunja revealed she frequently uses her personal
resources for motivation, introductory activities and teaching new content, but she
uses the textbook for exercises if the tasks meet her goals. In 2017, she explained
that she reads a lot, so she finds many interesting tasks, which inspire her to create
her own activities.

“Some worked examples from the textbook I do use, but motivation no. That

is my contribution. The introduction of a new concept or procedure is also my
work.” [Year 2013]

“I use the textbook for exercises. If the tasks there meet my goals for the
introduction of new content no. .. that part is poorly designed in the textbook.”
[Year 2017]

Table 6. Branka’s mobilization of textbook and teacher guide
(percentage for a lesson of 45 minutes).

Year Offloading | Adapting | Improvising

2013 | Lesson 1 100 % 0% 0 %
Lesson 2 100 % 0% 0 %
Lesson 3 0 % 50 % 50 %
Lesson 4 50 % 0 % 50 %

2017 | Lesson 1 50 % 0% 50 %
Lesson 2 50 % 0 % 50 %
Lesson 3 0 % 50 % 50 %
Lesson 4 0% 55 % 45 %

In the Table 6, we present the data for the lesson we observed in Branka’s
classroom. We observed the same lesson themes in 2017, as we observed in 2013.
In Branka’s case, a greater change in her mobilization of the textbook between
2013 and 2017 can be detected in terms of offloading and improvising. In 2013
she offloaded two lessons (Lesson 1 and Lesson 2) on the textbook. The structure
of the lessons, chosen activities and homework corresponded to the lesson plans
in the teacher guide. In 2017, Branka also improvised in those lessons using her
personal resources: she created guided discovery worksheets which followed Ge-
ogebra applet. In the interview, she explained that new teacher guides offer various
guide discovery activities so she created similar for the observed topics. Lessons
observed in 2013 and 2017 differed in terms of chosen methods and chosen exer-
cises. For instance, Lessons 3 and Lesson 4 had the same structure and amount
of mathematical content in 2013 and 2017, but the chosen exercises differed. The
teacher adapted both times exercises from the textbook, and each time the adap-
tation was different. In 2013 Lesson 1 and Lesson 2 were organized as teaching
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angles with parallel and perpendicular arms using heuristic conversation, and then
exercising the aforementioned topic. But in 2017, students investigated the angles
with parallel arms in Lesson 1 using pair work and in Lesson 2, they investigated
the angles with perpendicular arms.

In the interviews, Branka stated that she follows the textbook to certain extent,
using worked examples from the textbook, exercises, title and definitions. Some-
times she teaches new content as it is presented in the textbook, and sometimes she
does it differently, depending on whether the pedagogy behind it is appropriate.

In two lessons in 2013 and 2017 (Lesson 3 and Lesson 4), Branka made
worksheets with exercises resembling exercises in the textbook; one for practicing
rationalization of denominator, the other was preparation for the upcoming exam
in the topic Squaring and taking square root. Branka explained that she sometimes
makes worksheets resembling exercises from the textbook so students have more
material for practicing at home:

“I made these worksheets for the average students. I did not want to use tasks
from the textbook |. .. ] to leave them something for practicing at home. Then they
know the level I want them to learn.” [Year, 2013]

In both interviews, she indicated the national curriculum outlines (MZOS,
2006) as the starting point for her lesson which leads her to adjusting, adapting or
adopting selected activities.

“Given the learning outcomes that we have to achieve, I direct and adapt activ-
ities and exercises toward them, and that’s why I can’t use someone else’s lesson
plan.” [Year, 2013]

In the case of using written exams or short written assessments from the teacher
guides, both teachers expressed negative opinions in 2013. Dunja explained:

“I always write my own exams. .. Each year I put something new in, or I
throw something out. Different generations [of students] don’t learn everything in
the same way. So I focus on what they found more difficult to master.” [Year 2013]

Branka’s response was similar, but she also explained that she writes differ-
entiated exams according to students’ abilities, and she organizes revision for the
exam accordingly. They were both of the same opinion in 2017.

6. Discussion and conclusions

6.1. The teacher guide

The analysis of the teacher guides shows that both editions have the same struc-
ture, but the new edition is much extended with additional activities and modern
approaches such as discovery learning. While in most lessons the old teacher guide
encourages following the textbook content, the new guide, in addition to textbook
use, suggests numerous other activities. These activities are given in the teacher
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guide and are intended to be used directly from the guide in classroom practice,
without the textbook as mediator.

In terms of the “voice”, the analysis of old teacher guides showed that guides
are talking through the teacher, directing teacher’s actions in the classroom. The
new guides possess more educative features, but still talk though the teachers. Both
guides place emphasis on the teacher’s actions, what the teacher should do and
how to employ students in the classroom, rather than communicating with teachers
about the central mathematical ideas in focus. These findings are not entirely in
line with the national requirements that a teacher guide “does not prescribe the
procedures or limit the teacher’s creativity while planning the teaching process”
(Official Gazette of the Republic of Croatia 59, 2003, Article 1).

More educative features must be included in the teacher guides for their greater
change. The authors of such materials should include, for instance, anticipated stu-
dents thinking — what students are likely to think and what they find confusing.
One could argue that experienced teachers can foresee students’ misconceptions,
but what about novice and inexperienced teachers? Also, do we expect that teachers
always have or remember such knowledge for every mathematical topic?

6.2. Mobilization of resources

This longitudinal study showed that teachers’ classroom practice is quite stable; it
did not change significantly with the new teacher guides. The only change noticed
is in Branka’s classroom. In 2013 she adapted and offloaded from the textbook,
but barely improvised. The new edition of the teacher guide with a variety of
activities inspired her to decrease offloading and increase improvising (Table 6).
Dunja’s mobilization did not vary significantly across the observational cycles.
This finding is in line with a result of the large-scale questionnaire about the use
of mathematics textbooks (Glasnovi¢ Gracin, 2011): the teachers involved stated
that they do not change their teaching practice when they change the textbook. It
seems that teachers position themselves as having authority over the textbook and
accompanying teacher guide in the classroom.

As experienced teachers, Dunja and Branka mobilized the official resources
depending on the goal they wanted to achieve and considering students’ best inter-
est. Their interaction with the resources can be described as a dynamic interplay
between personal beliefs and the characteristics of the resources, showing that the
process of teaching is indeed a design process (Brown, 2009). The lessons in 2017
can be seen as improved version of the lessons in 2013. The fact that same lessons
themes differed in 2013 and 2017 shows that teachers designed lessons in 2017
with respect to what they have learned from prior enactments. This outcome can be
denoted as learned adaptations (Choppin, 2011), which involve an understanding
of how curriculum resources can be used to design instruction with respect to partic-
ular instructional outcomes According to Choppin (ibid), teachers’ understanding
of used resources does not develop only from reading the resource materials, but
also from applying systematic inquiry in their own classrooms. Teachers in our
study learned from their enacted lesson, taking into account positive and negative
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outcomes, and as a consequence, they improved their ability of lesson designing.
This is also supported with the attitude toward the teacher guide. Even though
Branka leaned more on the old teacher guide, the new teacher guide became a
resource of additional activities. Dunja retained the same attitude toward new as
she had for the old teacher guide.

Through the years, between 2013 and 2017, with various influences of for-
mal and informal professional learning, the teachers in the study enlarged their
knowledge base-their personal resources. However, the question remains if more
educative teacher guide would promote greater change in the teachers’ utilization
of curriculum resources. And this opens the door for further research.
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SaZetak. UdZbenici i pripadni prirucnici za ucitelje prepoznati
su kao vaZni i utjecajni resursi u nastavi matematike. UCitelji se u
velikoj mjeri oslanjaju na udzbenik prilikom planiranja, ali i samog
izvodenje nastave: osmiSljavaju nastavu prema strukturi udZzbenika,
poducavaju nove sadrZaje prema udzbeniku i koriste udZbenik kao izvor
za vjezbanje i zadavanje domace zadace. Ova studija istrazuje kakvu
ulogu ima priruénik za nastavu matematike u nastavnoj praksi ucitelja
i kako priucnik utjece na samo koriStenje udzbenika. Studija takoder
istrazuje kakav odnos imaju ucitelji s udzbenikom ako se priru¢nik
promijenio u svom sadrzaju i strukturi. Iako su rezultati studije pokazali
relativnu stabilnost nastavne prakse, otkrili smo da postoji edukativni
utjecaj prirucnika na ucitelje; naime prirucnik je potaknuo koristenje
aktivnih nastavnih metoda u ucionici.

Kljucne rijeci: nastavna praksa, longitudinalna studija, ucitelj,
udzbenik, priru¢nik za nastavu matematike
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Abstract. An exponential function is one of the elementary func-
tions in mathematical modelling and a common part of the upper
secondary mathematics curriculum. A horizontal asymptote is a promi-
nent feature of an exponential function graph. We have performed
a comprehensive study within the Anthropological Theory of the Di-
dactics (ATD) on asymptotes and asymptotic behaviour in the context
of upper secondary mathematics education in Croatia. Therein, we
administered three questionnaires with prospective mathematics teach-
ers. One of the tasks from the questionnaires was a priori designed
to explore the role of an asymptote in graphing and describing an
exponential function. In this paper, we present results of an a posteriori
analysis of students’ work on the modified contextual textbook task
with an exponential-type function. We discuss the affordances of
the textbook versus redesigned task and provide suggestions for task
selection and design to promote coherency and discourse in students’
available mathematical knowledge.

Keywords: Anthropological Theory of the Didactics, a posteriori
analysis, contextual task, exponential function, function graph, task
design
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1. Introduction

Contextual tasks are common items in mathematics textbooks. They are used to
motivate, exercise or produce new knowledge and skills at all levels of mathematics
education. An exponential function is used to model different contexts, such as
population growth or radioactive decay, but the bounded growth is rarely present
in the textbook for upper secondary mathematics education in Croatia. As a part of
a broader study, we engaged university students, who are prospective mathematics
teachers, to solve a modified textbook task that was a contextual task with bounded
exponential growth.

Our broader study was aimed to investigate the asymptotes and asymptotic
behaviour as a body of knowledge in upper secondary mathematics education in
Croatia. It followed the framework of the Anthropological Theory of the Didactics
(ATD). An a posteriori analysis of students’ work in the task mentioned above
showed opportunities for task (re)design to create a theoretically based, paradig-
matically different activity with a contextual task.

In the following section, we present references for results and notions used in
the analysis. We draw on the literature review to pose our research questions. In
the third section, devoted to context and methodology, we outline the setting of
the broader study and present the data relevant for this analysis. The same section
includes a thorough a priori analysis of the textbook task and a modified task.
In the fourth section, we present the results of the analysis complemented with
students’ work in figures. The last two sections include discussion and guidelines
for further task design along with observations relevant for mathematics education.

2. Literature review

Mathematical tasks have a significant role in teaching and learning mathematics.
Mathematics teachers worldwide and in Croatia confide in textbooks as the main
source of the mathematical tasks and activities that they use in the classroom (Glas-
novi¢ Gracin & Juki¢ Mati¢, 2016; Juki¢ Mati¢ & Glasnovi¢ Gracin, 2016). In
this paper, we investigate and discuss the issues and potentials of a contextual
textbook task. Roth (1996) distinguished three issues of context that a mathemat-
ical task could bear: (1) all the given or implied information needed to solve or
understand a task; (2) a real-world phenomenon that is modelled with some math-
ematical body of knowledge; (3) any setting that provides a situation to practise
some mathematical body of knowledge. The latter presumes an actual, effective
use of mathematics in everyday and professional life. Textbook tasks, commonly
called “word” or “textual” problems, are mainly contextual in the sense that some
additional meaning drawn from the real world is given to a formal, mathematical
body of knowledge. In mathematics education, such tasks are used to motivate stu-
dents for learning (doing) mathematics and to engage their problem-solving skills
and creativity (Gravemeijer & Doorman, 1999; Verschaffel, Depaepe, & Dooren,
2014).
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An exponential function is an elementary function and it is a common part of
mathematics curricula in upper secondary education. Introduction and develop-
ment of this body of knowledge are founded on the algebra of powers, approximate
or digital calculations and graphing (éiimeéija, Kataleni¢, & Milin Sipug, 2017;
Confrey, 1991; Winslgw, 2013). The studies revealed that students are expected
mainly to manipulate and evaluate algebraic expressions and that there is a lack
of technologically available discourse about the extension from integers to real
number exponents (Ciimeéija et al., 2017; Confrey, 1991; Winslgw, 2013).

hz) = b

X

-3 -2 -1 1 2 3

]

Figure 1. Graphical representations of different exponential models (exponential growth
— function f ; bounded exponential growth — function g; logistic function — function #;
logarithmic growth — function i).

A general exponential function has an unbounded growth that is faster than the
growth of any power function. Exponential growth or decay is often used in math-
ematical modelling. Other important exponential models are bounded exponential
growth and logistic function that are used to model population growth with some
fixed capacity. These models are increasing functions bounded from above by their
horizontal asymptote. Even though the graphs of a bounded exponential growth
and logistic function are similar to the graph of a logarithmic function on the first
sight, they are fundamentally different since a logarithmic function is increasing
(though slow) unboundedly (Figure 1).

Mathematical experts easily recognize and classify many elementary or com-
posite functions as those mentioned above, whereas for students it is difficult to
recognize, interpret and manipulate all aspects of elementary functions and other
mathematical objects (Duval, 1993; Kop, Janssen, Drijvers, & van Driel, 2017;
Vandebrouck, 2011). Duval (1993) extensively elaborated how students should
engage with different registers of representations when doing mathematics, such as
numerical, graphical, algebraic, symbolic and linguistic registers; and with three
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kinds of activities within registers, that are formation, treatment and conversion.
Vandebrouck (2011) introduced three perspectives of a function that complement
different representations of functions. Punctual or point-wise perspective depends
only on the value of the function at a single point. Global perspective includes
function properties that are valid on intervals. Unlike the global perspective that
spans universally over points, local perspective involves function properties valid
in a neighbourhood of a point. Perspectives and registers of representations of a
function are related in the following manner: point-wise properties need to be (con-
tinuously) interiorized globally to be able to transfer them to local perspective and
the comprehensive process of building global perspective of a function is formed
primarily on graphical and symbolic representations of a function (Vandebrouck,
2011).

Students’ mathematical experience should include activities in multiple reg-
isters of representations to enhance the global perspective of functions (Ellis &
Grinstead, 2008; Gagatsis & Elia, 2005; Glazer, 2011; Mudaly & Rampersad,
2010) which in return enables students to manipulate with functions as mathe-
matical objects (Baker, Hemenway, & Trigueros, 2001; Gagatsis & Elia, 2005).
Duval (1993) named the conversion process starting from the linguistic register
and having the treatment (of the problem) done within symbolic, mathematical
register as the “mathematization”. This process includes observing, recognizing
and comprehending the structures and relations that are expressed linguistically and
converting those to proper mathematical notions and corresponding expressions.
Duval’s “mathematization” applies to contextual tasks as the one considered in this

paper.

2.1. Task design and research questions

Contextual tasks are commonly found as the “end of the lesson” tasks. Therein
tasks are intended to demonstrate the usefulness of the mathematical object and to
provide a different setting to exercise mathematical procedures (Barquero, Bosch,
& Gascon, 2010; Confrey, 1991; Gravemeijer & Doorman, 1999). The expectation
to transparently use some of the (recently) obtained mathematical knowledge to
solve a (generally simplified) real-life or contextual problem is named “applica-
tionism” (Barquero et al., 2010). A mathematical task can have learning potential,
opportunities and affordances, different from pedagogical potentials intended or
assumed by the author or designer of the task (Kieran, Doorman, & Ohtani, 2015;
Watson & Thompson, 2015). Interventions in the nature and content of the task
can improve its learning opportunities and affordances within the same mathemat-
ical context (Watson & Thompson, 2015). However, within the ATD there is a
paradigmatic shift about the pedagogical purpose of a mathematical task.

A mathematical body of knowledge is a product of human activity made to
solve a problem or answer a question. The path that a researcher goes through to
find an appropriate solution includes studying the problem, researching other bod-
ies of knowledge, transposing some knowledge to the given context and creating
new knowledge to answer the question. The ATD postulates that students should
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acquire knowledge, new to their mathematics education, in the same manner as do
the researchers and scientists (Chevallard, 2005, 2012). The suggested approach
to learning is called study and research path (SRP). The paradigmatic shift that
ATD suggests is to change the mathematics curriculum from a list of objects to be
covered to a set of generating questions that induce SRP (Barquero et al., 2010;
Chevallard, 2005, 2007, 2012). Contextual tasks, in the ultimate practitioner mean-
ing by Roth (1996), give raison d’étre of mathematical knowledge and preferably
open paths for new questions.

A task design process can follow a general cycle: design — experiment — revi-
sion, but the principles of task design depend on the chosen theoretical framework
(Kieran et al., 2015; Ruthven, Laborde, Leach, & Tiberghien, 2009). The overall
design process should be established in a well organised, coherent and compre-
hensive initial design and take account of the mathematical body of knowledge,
suitable context, educational setting, and other (Ruthven ez al., 2009). The ATD
provides and suggests many tools that enable theoretically justified design of an
SRP, such as praxeology, reference epistemological model (REM) and hierarchy of
levels of didactic codetermination (Kieran et al., 2015; Winslgw, 2010; Winslgw,
Barquero, Vleeschouwer, & Hardy, 2014). Following the theoretical guidelines, we
explore how the nature and the content of the contextual task relate to its learning
and pedagogical potentials by considering the following research questions:

e What function properties and features of the model, observed from the point-
wise, local and global perspective, have students presented in their answers
to the question?

e What activities with the properties of the function and features of the model,
observed from the different registers of representation, have students pre-
sented in their answers to the question? To be more specific, how have
students engaged in the treatment of the properties of the function and the
features of the model in graphical, numeric, symbolic and other registers
of representation? How have they engaged in the conversion between the
linguistic and graphical register or between other registers of representation?

Information obtained from this analysis can be used for further (re)design of
the task and to develop a coherent and purposeful study and research path.

3. The context and methodology

3.1. Research setting

We have performed a comprehensive study within the ATD on asymptotes and
asymptotic behaviour in the context of upper secondary mathematics education in
Croatia (Kataleni¢, 2017). The study included a praxeological analysis of text-
books for upper secondary mathematics education in Croatia, three questionnaires
conducted with university students who are prospective mathematics teachers and
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interviews with mathematicians who are both scientists and university educators.
We have continuously revised and coordinated the results of the research process
with the REM that we proposed.

Introducing a new function
raison d'efre (point-wise perspective,
Contextual task [ formation and treatment in

graphic, schematic, symbolic
open questio&

representation, etc.)
Interiorizing a function
(global and local perspective,
conversion between
representations, etc.)

Figure 2. The relations between contextual tasks and functions as a body of knowledge in
the REM.

The elementary functions are introduced as isolated items in mathematics
curriculum, sometimes related to a mathematical model of some real-life setting
(Ciimeﬁja et al., 2017; Serrano, Bosch, & Gascén, 2018). In the proposed REM,
we suggest introducing functions when solving some real-life question and using
the same context for different types of functions. In that way, the contextual task
gives raison d’étre of a function and developing the function as a new body of
knowledge follows the interiorization process described by Vandebrouck (2011).
This new body of knowledge is then transposed to answer new questions (Figure 2).

The questionnaires in the study were administered to the whole cohort of the
prospective mathematics teachers in the final year of their university education
(21 — 23 years of age). The purpose of the questionnaires was to elicit the presence
and the state of the asymptote as a body in students’ available knowledge. We
composed mainly open-ended mathematical tasks and queries to explore different
aspects of asymptote as a body of mathematical knowledge. Some of the questions
were common or modified tasks from the textbooks for the upper secondary math-
ematics education. One of those tasks was a priori designed to explore the role of
an asymptote in graphing and describing an exponential function. Every student
who participated in the first questionnaire (N = 47) answered this question. We
interpreted students’ answers as praxeological work through the Vandebrouck’s
perspectives and Duval’s representations.

3.2. A priori analysis of the task

For the purpose of this paper, we outline some features of the ecology of the task,
while the detailed textbook analysis can be found in Cizmesija, Kataleni¢, & Milin
Sipus (2017). There are over one hundred contextual tasks in the textbook section
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with exponential and logarithmic functions. The vast majority of those tasks are
one or two-step evaluation tasks. We found several tasks on determining the range
or to graph the given model. The textbook includes modelling problems mainly
as introductory examples. Corresponding formulas derive from the stable quotient
between variables. Around half of the contextual tasks in the textbook use the
model of exponential growth — e.g. population growth, and around a quarter use
the model of exponential decay — e.g. radioactive decomposition. Only a few tasks
use the model of bounded exponential growth. We have chosen one of the latter
for a questionnaire item in our study. The original and modified versions of the
textbook task are given below (Table 1).

The textbook task is located in the exercise block at the end of the textbook
section with exponential and logarithmic functions. There are no other instruc-
tions, suggestions or discussion for the task. The solution block of the textbook
section contains two calculated values. We found that graphing praxeologies in the
textbook mainly refer to the exponential functions of the type a — a* or a — a™*,
a > 1, and never to the exponential function of the type f(x) = b — a™* that
represents a bounded exponential growth. Common graphing technique in the text-
book is plotting points and common discourse about function graph and function
behaviour is focused on function monotonicity and graph symmetry at the expense

of asymptotic behaviour (Cizmesija et al., 2017).

Table 1. The original textbook task and a modified task for questionnaire.

The textbook task in the authors’ translation from Croatian (Gusié¢, Mladinié, & Pavkovié, 2008)

It is expected that the percentage of viewers, who will respond to the commercial message

for a new product after 7 days, behaves according to the formula o(z) = 0.7 — e
(a) ;\(’)hgt is r}he percentage of viewers who will respond after 10 days, and what is it after
ays’
(b) Graph the function that represents the relationship between the time and percentage of
viewers who will respond to the commercial message.
c) What is the largest percentage [of viewers] expected to respond?
d) Answer the same question if the function given is:

a. o) =07 —e ¥ b. o(t) = 0.9 — e Ol

The modified task from the questionnaire in the authors’ translation from Croatian

It is expected that the tpercentage (expressed as a decimal) of viewers, who will respond to the
commercial message for a new product after # days, behaves accordlng to the formula
o(t)=0.7-27"
a) Represent the given relationship o(z) graphically.
b) What is the expected percentage of viewers who will respond to the commercial
message after 7 days?
(c) Describe the behaviour of the expected percentage of viewers who will respond to the
commercial message as days pass.

The chosen textbook task, as well as other tasks in the textbook, is contextual
in the simplest sense of the term. A mathematical expression embeds in the real-life
situation by providing context to the function values changing over time. Solving
and answering the first question of the task does not require reasoning about the
context of the situation. The graph of the relationship should comply with the
context in the sense that values at stake cannot be negative. The third question of
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the task has the largest potential to engage in reasoning about the given model. A
meaningful answer emerges from recognizing asymptotic, limiting behaviour of
the function that models the given context.

The methodology and the purpose of our broader study had constrained the
task (re)design (Katalenié, 2017). We aimed to study textbooks as an institution
of knowledge to be taught, whence interventions on the textbook task needed to
be minimal. The questionnaires were extensive in order to comprehend various
aspects and content that the body of knowledge on asymptote covers. Requirements
on the tasks, that were not decisive for eliciting students’ available knowledge rel-
evant for the explored body of knowledge, needed to be simplified or reduced. In
the case of the chosen textbook task, we had changed the formula from 0.7 — e~
to 0.7 — 277, since the latter was judged more familiar and easier for the point-
wise evaluation and algebraic manipulation. Further, we maintained the graphing
request and changed the request to evaluate the model. In the modified task, the
function value for + = 7and the function limit differ in thousandths.

The major intervention in the task was to replace the question that addresses
the largest expected value with a question about the behaviour of the model. We
preferred an open task, to give students an opportunity to state conceptions and
ideas they find relevant, which would enable an insight into their description of the
asymptotic behaviour of the given function. A detailed analysis of the state of the
asymptote in students’ graphing praxeologies is a part of an ongoing study.

4. Results

We observed that, apart from the graphing praxis, the students’ work differentiates
in several features that inform us about their discourse of model and function recog-
nition, interpretation and representation. Those features correspond to a global,
local or point-wise perspective of a function as described in Table 2. All features
of the students’ productions were analysed and organized according to the per-
spectives of a function and situated within the graphical, numerical, symbolic or
discursive, that is linguistic with the formal mathematics, register of representation.

Table 2. Features of students’ graphed model arranged according to the perspectives of a

function.

Global properties Local properties Point-wise properties

e concave, convex graph ® behaviour at infinity — e values at distinct or plotted
or graph in an unspecified unavailable or approaching points of the graph — the
shape the number 0.7 ordinate value for
: : p e behaviour around distinct independent variables

° anregsgl / dg: crezilmgg gragh points — continuous or x=0orx=1

¢ bounded/unbounded grap endpoint of the domain and the value of y-intercept

4.1. The global perspective of the function

Observing from the global perspective of the function and referring to the graphical
and discursive registers, we can categorize students’ representations of the model
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with the following labels (Table 3):

1. bounded exponential growth — the produced graph is concave, the values of
the function are increasing and bounded from above by some fixed number,

2. bounded growth — the shape of the produced graph is unspecified, the values
of the function are increasing and bounded from above by some fixed number
(Figure 3),

3. “logarithmic” growth — the produced graph is concave, the values of the
function are increasing and not bounded, that is, the graph resembles the
logarithmic function graph above the x-axis.

Llajr 1y Y 1€
‘DJC) o |9.45 | 083y 1@\83:}5} 0 .6tgrc

Figure 3. Representation of the model that is bounded from above by the horizontal
asymptote with unspecified global shape and zero of the function at the origin.

Other representations include graphs of an exponential decay where a student
claimed that the values “will decrease as days go by, but it will never reach 0.7,
or an exponential growth where a student claimed that an increase in the values is
“not linear but exponential”, and lines and curves that did not fit any of the above
categories.

Table 3. Frequencies of the observed features in the students’ representations of the model
from the global and local perspective of a function.

Zero at | Endpoint | Endpoint | Zero at No
Type of graph t=0.5 at 1 at0 origin | endpoint z
Bounded exponential
growth toward 0.7 2 8 6 ! > 2
Bounded growth
toward 0.% ! 2 ! 3 ! 8
“Logarithmic growth” 2 3 1 6
Bounded exponential 2 2
growth
Other 1 2 2 4 9
hX 6 12 12 6 11 47




182 Zelika Milin Sipus, Aleksandra Cizmesija and Ana Katalenié

Majority of the students represented the function by a global shape of a concave,
increasing graph. Students’ representations differ with respect to the boundedness
and the horizontal asymptote of the function (Table 4). Those representations
intertwine the global and local perspectives of the function, and they are accessed
from the students’ graphs and descriptions.

Table 4. Frequencies of the observed features in students’ graphical and discursive
representation of the function.

Description of values

Graph Increasing with Limit Increasing | Oher | =

some limit value | value 0.7 only
Bounded from above
by an asymptote 14 5 2 1 22
Ends at a
particular point 4 3 3 10
Unbounded
from above 2 1 10 13
Other 1 1 2
hX 20 10 15 2 47

Students who graphed a curve that ends at some particular point, whence the
behaviour at infinity is graphically unavailable, wrote that the values are increasing
or approaching the number 0.7, or both. For example, one student wrote (Figure 4):

“Until the 3" day that percentage jumps quickly, it increases, but after the 40
day, the percentage increases slowly. That is, after the 4™ day, that percentage will
be constant and equal just about 70%.”

tobolalelslalslel>
O’(_é)_,%koll \ﬂ‘rs l°u§3 \o\(”(’l O\ 968 963

Figure 4. Representation of the model that ends at the point # = 7 with the endpoint of the
domainat s = 1.

Students have complemented the graphical representation of an unbounded
function with two different discourses. To support the representation, for this pur-
pose, named “logarithmic growth”, we found that a student wrote that the values
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“will increase faster and then slower” (Figure 5). On the other hand, with the
same graphical representation, some students described the values as stagnating,
approaching the number 0.7.
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Figure 5. Representation of the model that is concave, increasing and unbounded with the
endpoint of the domain at the zero of the function, and with the praxis of finding the zero
and discourse on the model range.

4.2. The local perspective of a function

Observing graphical representation of the horizontal asymptote from the local per-
spective, that is, the function behaviour at infinity, we found that less than half of
all students graphed the horizontal asymptote and around a quarter of all students
graphed the curve that becomes horizontal and maintains a fixed distance to the
asymptote (Figure 6). We further explored students’ discursive representations of
function behaviour at infinity from the local perspective and found them rich with
different models of limiting behaviour.

0(0) 03 =2" = 03~1= 01

o (-1 =03-2'= -1
hw~ o.%—L;-\ < 0%
s \\i
M S
0
- . = SIS e s, o
o 1) 703 - 05 =00 -1,

Figure 6. Representation of the model that is concave, increasing and bounded from
above by the horizontal asymptote with the discourse on function limiting behaviour.
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Students used the following models of limit: dynamic and static model, model
of limit as a bound or as stabilization of values and formal limit. Majority of
students used the model of limit as a bound and dynamic model to describe the
function limiting behaviour (Table 5). Among students who used any model to
describe limiting behaviour, the share of those who drew a horizontal asymptote is
largest in the group of students who used the model of limit as a bound, followed
by the group of students who used the formal limit. The smallest such share, less
than half of the students involved, is in the group of students who used the model
of limit as stabilization of values.

Table 5. Frequencies of different models of limit that students used compared to the
corresponding number of students who graphed a horizontal asymptote.

o Number of students
Model of limit Total | Horizontal asymptote
Bound 18 15
Dynamic 17 10
Formal limit 9 6
Stabilization of values 5 2
Static 4 2
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Figure 7. Representation of the model that is concave, increasing and bounded from
above by the horizontal asymptote, with the endpoint of the domain at # = 0 and discourse
on the model domain.

From the local perspective of a function, students’ representations differ by
their choice of the endpoint and the zero of the function. In the students’ produc-
tions, the numbers ¢ = 0, = 1 and the zero of the function t = —log, 0.7 ~ 0.5,
are either endpoints of the domain or the function is continuous at these points —
in the sense that both left and right sided limits are available (Table 3). Students
justified their choice for the endpoint of the domain by referring to the linguistic
register. They interpreted which value the independent variable 7, as a measure for
“a day”, could obtain. For some students, “days” must be nonnegative whence the
endpoint is in 7 = 0 (Figure 7), while others claim the changes “start after the
first day” whence the endpoint is # = 1 (Figure 8). Some students have graphed
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the model so that it had an endpoint and a zero of the function at the origin (Fig-
ure 3). Among the students who graphed the model with the endpoint at the zero
of the function, some have neglected the part of the graph initially drawn under
the abscissa axis with the claim that it makes “no sense because the percentage is
pos. record” (Figure 5). A student crossed out the negative value of the function
at 7 = 0 in the table of values but erased the part of the graph (continuously) from
t=0tot =1 (Figure 4).

4.3. The point-wise perspective of a function

From the point-wise perspective of a function, students mainly engaged in function
evaluation within the numerical register. Majority of students calculated (correctly)
function values at t = 1, + = 0 and other points. Some students argued that the
graph is a dot plot since the independent variable stands for “days”, whence ¢ has
integer values. Students evaluated the function to find the expected percentage of
viewers who will respond to the commercial message after 7 days. They presented
the calculated values as a correct decimal number or a fraction, as a rounded decimal
number or percentage or as a decimal approximation or approximate percentage.

The point-wise perspective of a function interfered with other registers of rep-
resentation. Some students engaged with the praxis of finding zeros of the function
in the algebraic register, however, none of them wrote an approximate value of the
zero, while some of them graphed that zero approximately at 0.5 (Figure 5). A
student noticed that the value of the fraction 27 is very small, hence the func-
tion value at + = 8 is approximately 70 %. Several other students made similar
arguments in the symbolic register in their description of the model (Figure 8).
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Figure 8. Representation of the model that is concave, increasing and bounded from
above by the horizontal asymptote, with the endpoint of the domain at # = 1 and
discourses on the model domain and range.
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5. Discussion and conclusion

5.1. Discussing the students’ work through the lenses of the perspectives
of a function

Considering the features of the students’ graphical representation, their work in this
task has lacked the mathematical expertise with elementary functions. There were
several issues with the produced graphs regarding the global graph shape. If the
drawn graph ends at some particular point, then the local and global perspectives
of the function, that is, behaviour at infinity, graph shape and boundedness, are un-
available. If the drawn graph has an unspecified graph shape, due to the imprudent
connecting of the plotted points, then the interiorization process of the concavity
as a global property of the exponential function of the type f (x) = b — a™*, is not
accomplished. The predominance of the point-wise over the global perspective of
a function was notable, for example, in the case when the graph was the dot plot
and even when the graph presented the bounded exponential growth (Figure 3 and
Figure 8). The drawn graphs resembling the logarithmic growth might indicate the
lack of experience with different types of exponential functions, especially with the
bounded exponential growth.

The local and point-wise perspectives of the students’ graphs revealed issues
with the asymptotic behaviour, zeros and endpoint of the function. The lack of
the discourse about the asymptotic behaviour and the previous work with standard
types of exponential function found in mathematics textbooks (and education),
could have conditioned that students omitted to draw a horizontal asymptote, and
even that they drew an exponential growth. Furthermore, the asymptote miscon-
ception, recognized from the students’ drawing of a curve and its asymptote with a
fixed distance between them, was manifested with other functions in other studies
(Katalenié, 2017; Ogal, 2017).

The issues students have shown with the zeros of the function and the endpoint
of the domain could be due to a complex praxis of finding the zeros compared to
the evaluation of the function in other points, or a naive conception of drawing a
curve through the origin reported in other studies (Glazer, 2011). Due to the nature
and the content of the task, some issues in the different perspectives can be affected
by the conversion from linguistic to graphical register.

5.2. Discussing the students’ work through the lenses of the registers
of representations

In their work, students had to convert between the linguistic and symbolic register
and coordinate numerical, algebraic, symbolic, graphical and discursive registers.
The context of the task may have prompted students that the values are increasing,
but it also may have caused a misinterpretation of the domain and range of the
function restricted by the model. Having “days” as the independent variable could
have induced the students’ point-wise perspective of the model and choosing ¢ = 0
or t = 1 as the endpoint of the domain. There is evidence in the students’ work
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that the latter misinterpretation emanates from the two-step restriction on the model
values (both time and percentage are nonnegative values), the complexity of the
praxis of finding the zeros of the function and the familiarity with models that have
similar restrictions.

Students perceived the function limiting behaviour better in the discursive than
in the graphical register. The treatment within the numerical register did not seem
to be decisive in recognizing the limiting behaviour. The discursive representation
of the function values as “stabilizing” appeared to be weakly related to the graph-
ical (and symbolic) representation of the horizontal asymptote. This is adverse to
the results of a study performed by Kidron (2011), where a student uncovered the
formal definition of a horizontal asymptote building on the stabilization of values
in the numerical register. Adding on, even though the asymptotic misconception
is evident only in the graphical representation, we believe that it is conditioned by
the lack of coordination between the discursive, symbolic and numerical registers
when interiorizing the local property of the asymptotic behaviour.

The task provided opportunities to engage with different representations of
the model. Students were more confident with treatment within each register than
with conversion or the coordination between registers of representation. Such
observations imply the need for including corresponding requests in the task or
to purposefully train students in such activities as proposed by Gagatsis & Elia
(2005). Our findings are in line with other studies that suggest the reinforcement
of the treatment within discursive register and coordination of other registers with
numerical register from the local and global perspective (Baker er al., 2001; Ellis
& Grinstead, 2008; Glazer, 2011).

6. Guidelines for further design

The pedagogical purpose and learning opportunities of the original textbook task
are abstruse. The absence of tasks and discourse about function behaviour in the
textbook indicate that the pedagogical purpose of the task as a standalone exercise
task is questionable. However, considering the features of students’ work in the
question, the learning potential of the task is significant as it engages different
aspects of students’ praxeological equipment with exponential functions. Some
of them are graphing praxeology, the praxis of finding zeros of the function, pur-
poseful evaluation praxis, and discourse about the domain, range and restriction
on values, interiorization of logos about graph shape, boundedness and limiting
behaviour as global and local properties of bounded exponential growth. In order
to actualize the learning potentials of the task, the teacher must critically evaluate
the designers’ intentions with a task (Watson & Thompson, 2015) and formally
assess students’ work to gain insight into their activities with different registers
(Duval, 1993).

Rich learning opportunities of the task are aligned with the idea of an SRP that
any mathematical activity should include a wide range of praxeologies and open
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the paths for new mathematical knowledge (Barquero et al., 2010). The pedagog-
ical purpose of an SRP is to pose (generating) question that engages students in
progress of queries throughout which they produce a new body of knowledge or
raison d’étre emerges for a new body of knowledge. The context of a mathematical
task should be familiar to students, reflect on real practices and provide meaningful
treatment with the mathematical content of the task (Confrey, 1991; Roth, 1996).
We direct our further work towards finding appropriate questions and context that
could generate models with bounded exponential or logistic growth.
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Redizajniranje kontekstualnog udzbenickog
zadatka s funkcijom eksponencijalnog tipa
pomocu a posteriori analize radova
studenata nastavnickog studija matematike
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SaZetak. Eksponencijalna funkcija je jedna od temeljnih funkcija
u matemati¢kom modeliranju i uglavnom je dijelom kurikuluma sred-
njoskolskog matematickog obrazovanja. Horizontalna asimptota je
istaknuto svojstvo grafa eksponencijalne funkcije.  Proveli smo
opseznu studiju unutar Antropoloske teorije didaktike o asimptoti i
asimptotskom ponasanju u kontekstu srednjoskolskog matematickog
obrazovanja u Hrvatskoj. Dio te studije Cine upitnici s buduéim
uciteljima matematike. Jedno od pitanja iz upitnika je a priori
dizajnirano za ispitivanje uloge asimptote u crtanju i opisivanju ek-
sponencijalne funkcije. U ovom radu, predstavljamo rezultate a
posteriori analize studentskih uradaka na izmijenjenom udzbeni¢kom
zadatku s funkcijom eksponencijalnog tipa. Raspravljamo o svojstvima
udzbenickog i redizajniranog zadatka te donosimo prijedloge za izbor
i dizajn zadataka koji doprinose razvijanju koherentnosti i diskursa u
matematickom znanju studenata.

Kljucne rijeci: antropoloska teorija didaktike, a posteriori analiza,
dizajn zadataka, eksponencijalna funkcija, graf funkcije, kontekstualni
zadatak
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Croatian mathematics education:
The example of quadratic function
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Abstract. Since the 1980s many mathematics educators have em-
phasized that being able to use computational procedures accurately
and quickly, or reproduce large quantities of knowledge, isn’t sufficient
for students to be mathematically proficient. The development of
students’ reasoning and problem-solving skills, as well as the ability to
connect and communicate mathematical ideas came into focus. One
of the frameworks which considers a more comprehensive approach
to mathematics learning is mathematical proficiency by Kilpatrick,
Swafford and Findell. Mathematical proficiency proposes five equally
important and mutually interdependent strands. This paper aims to
investigate two of the strands: adaptive reasoning and strategic compe-
tence in Croatian mathematics education regarding quadratic functions.
The objective is to gain insight into curriculum requirements and
students’ skills, explore indicators of adaptive reasoning and strategic
competence and thus reach a deeper understanding of the situation.
One of the most commonly used textbooks in high school mathematics
in Croatia has been analysed with the purpose of determining the
extent and the nature to which textbooks enable opportunities for the
development of these strands regarding quadratic functions. A case
study with three second-grade gymnasium students was conducted to
gain insight into the adaptive reasoning and strategic competence skills
activated while solving quadratic function tasks.

Keywords: mathematical proficiency, adaptive reasoning, strate-
gic competence, quadratic function, textbook analysis, case study
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1. Introduction

Until the 1980s the learning of mathematics was mostly connected to students’
ability to use computational procedures accurately and quickly, and the ability to
reproduce large quantities of knowledge. Then a shift towards reasoning, problem
solving, connecting and communicating mathematical ideas took place (Kilpatrick,
Swafford & Findell, 2001). This shift did not mean that knowledge was no longer
important. Anyone lacking a grasp of facts, procedures, definitions and concepts is
clearly restricted in dealing with mathematics. The shift meant that merely having
knowledge isn’t enough, that being proficient in mathematics signifies much more
than being able to reproduce content (Schoenfeld, 2007). In this sense, the mathe-
matical proficiency of a person could be described as what one knows, can do, and
is disposed to do in mathematics. Although knowledge does have a central role
in doing mathematics, an individual’s ability to tackle problems using appropriate
problem-solving strategies, to use their knowledge and to have positive beliefs and
disposition about mathematics are also critically important (Schoenfeld, 2007).

Kilpatrick et al. (2001) define mathematical proficiency as a comprehen-
sive view of successful mathematics learning. Mathematical proficiency has five,
equally important and mutually interdependent components, or strands: conceptual
understanding, procedural fluency, strategic competence, adaptive reasoning, and
productive disposition. The strands represent different aspects of a complex whole,
which enable the development of mathematical proficiency. Therefore, achieving
students’ mathematical proficiency requires focusing on all five strands. Concep-
tual understanding is a comprehension of mathematical concepts, operations, and
relations. Procedural fluency is skill in carrying out procedures flexibly, accurately,
efficiently and appropriately. Strategic competence is the ability to formulate, rep-
resent, and solve mathematical problems. Adaptive reasoning is the capacity for
logical thought, reflection, explanation, and justification. This kind of reasoning
is a much broader notion than proof and other forms of deductive reasoning. It
includes different forms of informal explanations as well as intuitive and induc-
tive reasoning based on pattern, analogy and metaphor. Productive disposition
1s defined as the habitual inclination to see mathematics as sensible, useful, and
worthwhile, coupled with a belief in diligence and one’s own efficacy.

Research has shown that rule-based teaching doesn’t provide students with
opportunities to create meaning for the rules, just when to use them. This can
lead to forgetting, unsystematic errors, and poor strategic decisions (Kilpatrick et
al., 2001). On the contrary, students who learn mathematics in more broad-based
curricula show reasonably good results on tests of skills and do much better on
assessments of conceptual understanding and problem solving (Groves, 2012).
From which can be concluded that increasing opportunities for the development of
conceptual understanding, as well as adaptive reasoning and strategic competence
skills, can only be beneficial.

This paper will focus on two of these strands: adaptive reasoning and strategic
competence. The importance of mathematical proficiency is recognised, and in-
cluded in curricular documents, by some countries (e.g. Australia and Singapore).



194 Matea Gusi¢

Current Croatian curricular documents, including textbooks, do not put emphasis
on adaptive reasoning or strategic competence explicitly. Furthermore, adaptive
reasoning and strategic competence in the field of quadratic function have not been
studied in Croatia so far. The aim of this paper is to gain insight into the devel-
opment of adaptive reasoning and strategic competence in the field of quadratic
functions. In order to achieve this, indicators of adaptive reasoning and strategic
competence are explored, and some phenomena that might enable deeper under-
standing of the situation are identified. Related to this aim, two research questions
have been formed: Which characteristics of adaptive reasoning, and to what ex-
tent, can be identified in the field of quadratic function? Which characteristics of
strategic competence, and to what extent, can be identified in the field of quadratic
function?

In the first section of this paper, the theoretical perspective regarding adaptive
reasoning and strategic competence will be presented. In the following section,
tasks regarded as potentially promoting adaptive reasoning and strategic compe-
tence will be defined. Then, the methodology and the results of the study will be
presented, followed by the discussion, which aims to respond to the above-stated
research questions.

2. Adaptive reasoning and strategic competence

2.1. Adaptive reasoning in mathematics education

Adaptive reasoning refers to the capacity to think logically about the relationships
among concepts and situations. One uses it to navigate through the many facts,
procedures, concepts, and solution methods and to see that they all fit together
in some way, that they make sense (Kilpatrick et al., 2001, p. 129). According
to Kilpatrick (2011), the term adaptive reasoning includes more than just logical
and deductive reasoning. The term also involves other kinds of reasoning, such
as inductive or plausible reasoning, informal and intuitive explanations based on
pattern, analogy, and metaphor. One of the manifestations of adaptive reasoning
is the students’ ability to justify their work in the sense of offering a sufficient
reason or suggesting the source of reasoning, and to have experience of doing so in
many different problems (Kilpatrick et al., 2001). It is important to stress that to
be considered as adaptive reasoning must be correct and valid, and the student has
to be able to justify it (Kilpatrick et al., 2001).

The Australian Curriculum (ACARA, n.d.) for mathematics connects mathe-
matical reasoning with the capacity of logical thought and a set of skills, such as
analysing, proving, evaluating, explaining, deducing, justifying and generalising.
Students are reasoning mathematically when they:

1. explain their thinking;

2. deduce and justify strategies used or reached conclusions;
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3. adapt the known to the unknown or transfer knowledge from one context to
another;

4. prove claim to be true or false, and

5. compare and contrast related ideas and explain their choices.

Boesen, Lithner and Palm considered two possible types of students’ reasoning
in problem solving situations: imitative and creative mathematically founded rea-
soning. Imitative reasoning is considered as using memorization or well-rehearsed
procedures, while creative mathematically founded reasoning is defined as “novel
reasoning with arguments to back it up and anchored in appropriate mathemati-
cal foundations” (as cited in Breen and O’Shea, 2010, p. 43). Hence, creative
mathematically founded reasoning can be considered as adaptive reasoning, while
imitative reasoning, which uses so called “lower level skills, such as memorization
and the routine application of algorithms or procedures” (Breen and O’Shea, 2010,
p- 39), doesn’t fit the description of adaptive reasoning.

There are three necessary conditions for students to be able to reason adap-
tively: students have to have a sufficient knowledge base, tasks need to be under-
standable and motivating and the context familiar and comfortable (Kilpatrick et
al., 2001).

In the line with the presented literature review regarding adaptive reasoning
in mathematics education, in this paper, indicators of adaptive reasoning are be-
haviours such as: providing intuitive explanations, justifications of one’s own work
or reached conclusions and transfer of knowledge. Transfer of knowledge is par-
ticularly important for the concept of function, since it is connected to multiple
representations. For example, the interpretation of meaning of the same function
concept in different representations (e.g. from verbal description “maximal value
of given quadratic function is 9”, one deducts that ordinate of vertex of parabola
is 9, and also that for the given function f (x) = a(x — x0)> + 9 is true). Adaptive
reasoning is also indicated with the ability to justify or prove a general argument,
meaningful navigation through many procedures and concepts and with correct and
valid inductive and deductive reasoning. The list of indicators of adaptive reasoning
considered in this paper is presented in Appendix A.

2.2. Strategic competence in mathematics education

Strategic competence refers to the ability to formulate mathematical problems, rep-
resent them and solve them. This strand is similar to what has been called problem
solving and problem formulation in the literature of mathematics education and
cognitive science (Kilpatrick et al., 2001, p. 124).

According to Butler, strategic learning involves “a recursive cycle of cognitive
activities including analysing tasks; selecting, adapting, or even inventing strate-
gies; monitoring performance; and shifting approaches as required” (as cited in
Ozdemir and Pape, 2012, p. 156).
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Ozdemir and Pape (2012) define strategic competence in the sense of the self-
regulated learning theory. Self-regulated learning strategies are “actions directed
at acquiring information or skill that involve agency, purpose (goals), and instru-
mentality self-perceptions by a learner” (Zimmerman and Martinez-Pons, 1986, p.
615). Strategic competence is defined as students’ efforts to regulate their learning
behaviours as they participate within classroom practices. Therefore, strategic com-
petence includes knowing and employing strategies to analyse and complete tasks
and activities or to solve problems with the goal of learning mathematics content
(Ozdemir and Pape, 2012, p. 154). Self-regulated learners are considered strate-
gically competent, because they demonstrate the use of cognitive, metacognitive
as well as elaboration and organisational strategies. Cognitive strategies are con-
sidered as seeking, organizing and transforming information, as well as rehearsing
and memorizing acquired knowledge or skills. Metacognitive strategies include
the monitoring of one’s own work: goal setting, planning and regulating. And
elaboration and organizational strategies refer to the reorganization and reconnec-
tion of ideas with the goal of reaching deeper understanding. Less strategically
competent learners demonstrate only the use of basic rehearsal strategies, such as
copying, and highlighting, that enable only selecting and acquiring information,
but not comprehension at a more conceptual level (Ozdemir and Pape, 2012).

Pape and Wang (2003) identified twelve categories of strategic behaviour that
students demonstrate in mathematical classroom practice. In this paper only five
categories, those that students demonstrate in the individual problem-solving pro-
cess, are considered. Applicable categories of strategic behaviour that indicate
strategic competencies are:

1. Self-evaluating, meaning self-initiated checking of the quality and correctness
of their work (e.g. checking the answers, redoing the problems, reviewing
taken steps);

2. Organizing and transforming, meaning organization and representation of a
given problem with aim of achieving understanding or facilitation of a given
problem (e.g. using manipulative materials or visual aids for understanding,
formation of a mental model, breaking down the model, writing down the
steps) or to reach a deeper understanding;

3. Goal-setting and planning, meaning the planning of the problem-solving
process, including conscious choosing of the most appropriate strategy;

4. Seeking information, meaning searching for further task information that
could be useful in problem solving (e.g. multiple reading of the task, indica-
tion of key words, returning to the problem);

5. Keeping records and monitoring, meaning regulating one’s own work (show-
ing and labelling each step, rechecking calculation) to assure that correct
work and results are recorded.

Kilpatrick et al. (2001) state that the student’s first step, when presented with a
problem, is to represent it mathematically (numerically, symbolically, verbally, or
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graphically). This requires the student to understand the situation, and to construct
a mathematical representation of it, including key features and ignoring irrelevant
ones. Constructing a mental problem model (not necessarily a visual picture, but
any form of mental representation that maintains the structural relations among
the variables in the problem) is considered a more proficient approach to problem
solving (Kilpatrick et al., 2001). Therefore, it is an indicator of strategic compe-
tence, which is in the accordance with the “organizing and transforming” strategic
behaviour.

Strategic competence is indicated when a student consciously replaces pro-
cedures that have been helpful at the beginning of his learning, or that they have
more experience with, with more efficient, but maybe cognitively more complex
ones (Kilpatrick et al., 2001). Ostler (2011) stresses the importance of problems
in school mathematics that provide more than one possible approach. These prob-
lems have a strong influence on strategic thinking. Strategic behaviour is indicated
when a student considers efficiency when choosing strategy, and does not just apply
recently learned or the most familiar skills. This is in accordance with the “goal-
setting and planning” category of strategic behaviour. Strategic thinking can also
be activated in a situation where the student is presented with multiple solutions
of the same problem, using different solving strategies, and left to select the most
efficient method for similar kinds of tasks (Ostler, 2011).

In the line with the presented literature review regarding strategic competence
in mathematics education, in this paper, indicators of strategic competence are the
five categories of behaviours defined by Pape and Wang (2003) previously men-
tioned and the ability to formulate problems, as defined by Kilpatrick et al. (2001).
The list of indicators of strategic competence considered in this paper is presented
in Appendix A.

3. Adaptive reasoning and strategic competence in tasks

Research has shown that the types of tasks assigned to students highly influence
the kinds of thinking and processes in which they engage, their level of engage-
ment, and, thus, the learning outcomes achieved (Breen and O’Shea, 2018, p. 1).
Therefore, it seems necessary to consider what kind of tasks promote the activation
of adaptive reasoning and strategic skills.

There are three main types of school algebra activities: representational ac-
tivities, transformational (rule-based) activities, and generalizing and justifying
activities (Kilpatrick et al., 2001). Transformational activities, being linked to the
changing the form of expression, and using the rules for manipulation of algebraic
expressions, such as factoring and solving equations, are considered as procedural
activities. That is, activities that do not promote adaptive reasoning or strategic
competence. Generalizing and justifying, as activities that include problem solv-
ing, modelling, justifying, proving, and predicting, are considered as activities that
promote all the strands of mathematical proficiency, especially adaptive reasoning



198 Matea Gusi¢

(Kilpatrick et al., 2001). Hence, all the activities requiring explanations, justifi-
cations, proving, predicting or modelling, are considered as promoting adaptive
reasoning. Representational activities of algebra involve translating verbal infor-
mation into symbolic expressions. For example, generation of rule or formula of
the function governing numerical relationship (given with or without context), as
well as functions describing geometrical patterns and numerical sequences (Kil-
patrick et al., 2001). These activities require conceptual understanding as well as
the strategic competence of formulating and representing (Kilpatrick et al., 2001).
Since representational activities include multiple representation, they are promoting
transfer of knowledge, i.e. adaptive reasoning. Hence, representational activities
are considered as promoting both adaptive reasoning and strategic competence.

Breen and O’Shea (2018) state six types of activities that promote effec-
tive mathematical thinking: generating examples, analyzing reasoning, evaluating
mathematical statements, conjecturing and/or generalizing, visualizing and using
definitions. Sangwin characterises tasks that require students to construct an in-
stance, criticize a fallacy or to prove, show and justify a general argument as tasks
promoting adaptive learning (as paraphrased in Breen and O’Shea, 2018). Stein,
Grover and Henningsen identify tasks that show potential for multiple represen-
tations, the existence of multiple solution-strategies, and the extent to which the
task demands explanations and/or justifications to be tasks that promote thinking,
reasoning and sense making (as paraphrased in Breen and O’Shea, 2018).

Kilpatrick et al. (2001) stress the importance of non-routine problems for the
development of adaptive reasoning and strategic competence. While routine prob-
lems only require reproductive thinking, because a learner can rely on their past
experience to solve a problem, non-routine problems require learners to understand
the problem and invent a way to solve it. Authors (e.g. Yeo, 2007; Breen and
O’Shea, 2010) characterize routine tasks as those that can commonly be found
in textbooks. Yeo (2007) argues that although a routine task for some students
presents merely the application of procedural skill learned earlier, for low ability
students, or those unfamiliar with the required procedure, the task could present
a true mathematical problem. Likewise, a task that requires the student to use a
problem-solving strategy, and is therefore characterized as a mathematical problem,
if familiar can be perceived as a known procedural task.

It is difficult to predict what type of task will provoke strategic behavior in terms
of self-regulated learning, such as monitoring, using visual aids or consideration of
key words. Therefore, only tasks that satisfy the “goal-setting and planning” cate-
gory, i.e., that provide opportunity for students to choose from several task-solving
strategies, will be categorized as potentially promoting strategic competence. Other
categories can be considered while observing students in the problem-solving ac-
tivity. Tasks that satisfy the “goal-setting and planning” are those defined as open
answer and open method tasks. Yeo (2017) in his proposal of the five-dimensional
framework for characterizing task openness defines both of these tasks. An open
method task refers to multiple methods of solution, and open answer task refers to
multiple solutions. In this sense, a task is characterized as open answered if it is not
possible to determine all correct answers. An open method task is a task that can
be correctly solved by using multiple methods. Yeo (2017, p. 8) considers a task
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to be method-closed “if there is only one method or if the method involves only a
routine application of known procedures”. Choosing a more proficient procedure
in a task with multiple methods is an indication of strategic thinking (Ostler, 2011).
Therefore, tasks that have multiple procedural methods will also be considered as
promoting strategic competencies, providing that at least one of the procedures is
more proficient in the sense of functions. Being presented with a method-open
task doesn’t guarantee that students will present strategic competence skills. Yeo
(2017) states that students usually use one method that they are familiar with
while solving mathematical problems. Further, it is not uncommon for teachers to
present only one problem-solving method, therefore denying the opportunity for
the development of broader strategic competence skills. Kilpatrick’s et al. (2001)
definition of strategic competence implies formulating, representing and solving
mathematical problems. Hence, mathematical tasks with context, modelling tasks
as well problem posing tasks are considered as promoting strategical competence.

4. Methodology

With the intention of perceiving the aim of the study from more than one standpoint,
appointed research questions were answered using triangulation (Cohen, Manion
and Morrison, 2009). To address curriculum appointed requirements one of the
most commonly used textbooks was analyzed. In order to gain a deeper under-
standing of students’ adaptive reasoning and strategic competences and identifying
phenomena (Cohen et al., 2009) a case study in the form of observations and
interviews was conducted.

4.1. Textbook analysis

In this study, a textbook (Dakic and Elezovic, 2015) was analyzed in order to iden-
tify tasks which promote adaptive reasoning or strategic competence. In addition
to being one of the most commonly used textbooks in the second grade of a gen-
eral gymnasium, it is the textbook used in the mathematics class of the case study
participants. Altogether, 158 tasks from the unit “Second degree polynomial and
its graph” were analyzed. Examples (tasks showing all the steps of the solution),
and tasks dealing with quadratic inequalities and intersection of a line and parabola
were not included in the analysis. Each task was examined to identify the required
categories (promoting adaptive reasoning or strategic competence) based on their
fitness into instrument (Table 1). Or were otherwise categorized as promoting
none of the above. These categories are in accordance with the Kilpatrick et al.
(2001) theory of mathematical proficiency, and their dimensions are derived from
the analysis of literature regarding adaptive reasoning and strategic competence
in mathematics education (Breen and O’Shea 2010, 2018; Kilpatrick et. al., 2001;
Ostler, 2011; Ozdemir and Pape, 2012; Pape and Wang, 2003; Yeo, 2007). Because
of the focus on meaning in the context of tasks, for their examination a qualitative
approach was needed (Cohen et. al, 2009). For this purpose, a qualitative content
analysis method was used (Mayring, 2000).
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Table 1. Instrument for textbook analysis.

ADAPTIVE REASONING

Dimensions

Details and codes

Transfer of knowledge activities

Promoting interpretation of the concept in different representa-
tions [ToK1]
Generation of example [ToK2]

Representational activities

Generating function equation from verbal description [R]

Analyzing reasoning activities

Requirements to justify correctness or falsity of their own or
given reasoning [AR]

Activities of evaluating mathe-
matical statements

Requirements to justify correctness or falsity of a given state-
ment [ES]

Activities of proving, showing
or justifying general argument

Requirements to prove, show or justify a general argument [P]

Problem-solving and modeling
activities

Tasks requiring problem solving or modeling [M]

Activities promoting inductive
reasoning

Requirements to make a conclusion from observation of given
pattern, or table of values [IR]

Activities promoting plausible
reasoning

Requirements to make a conclusion upon given information to
decide a next step, usage of certain property or formula [PR]

STRATEGIC COMPETENCE

Dimensions

Details and codes

Goal setting and planning activ-
ities

Open method tasks [OM]
Open answer tasks [OA]

Representational activities

Generating function equation from verbal description [R]

Problem solving and modeling

Tasks requiring problem solving or modeling [M]

Problem generation activities

Requirements to formulate a problem with given characteristics
[PG]

4.2. Case study

The case study involved three female students in the second grade of a general
gymnasium. The participants were selected based on ability: a high, an average
and a low achiever, with the additional criterions of attending the same school and
being taught by the same mathematics teacher. The participants had learned and
been tested on the topic of quadratic function two months prior to the interview.

Participant A is a high-achieving student in mathematics, who had excellent
grades in elementary school and is getting excellent grades in secondary school,
including in quadratic function. Participant B is an average-achieving student in
mathematics. Although this participant achieved high grades in elementary school,
she is struggling somewhat with high school mathematics. She initially failed the
test on quadratic function but retook it and passed with a very good grade. Par-
ticipant C is a low-achieving student in mathematics, with a pass level grade in
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secondary education so far. This participant failed the quadratic function test and
had not yet retaken the test at the time of the interview. Insight into the partici-
pants’ mathematical efficiency and grades was gained through conversation with
their mathematics teacher.

In this study, qualitative methods of observations and a semi-structured inter-
view have been used. At the beginning of the interview the participants were asked
to define (or describe) a function, and to state everything they connect with the
notion of quadratic function. The aim of these questions was to get a general under-
standing of the students’ concept formation. The participants were then presented
with four tasks (Appendix B) and were observed in their problem solving attempts.
All four tasks promote both adaptive reasoning and strategic competence. Task 1
was chosen because of its categorisation as a known and familiar quadratic function
task. It was taken directly from the mathematics textbook used by the participants
in class. Task 2 is a problem-solving and modelling task. Although the presentation
of the task is characterised as unfamiliar to participants, it requires the reading of
features from a coordinate system, and is therefore familiar. This task was chosen
because of its direct requirement to explain and justify the given answer. It was
given in two variations, the first variation is characterised as having higher expec-
tations and was therefore presented only to the high-achieving participant. Task 3
is an example of a generation task. It was chosen because of its characterisation
as an unfamiliar task, requiring a high level of adaptive reasoning, and as an open
answer task, also promoting strategic competence. Task 4 is a representational
activities task that can commonly be found in textbooks, it is given with a minor
modification, which is estimated not to have changed the familiarity of the task.

After each task, the interviewer asked the participant some questions regarding
their problem-solving strategy and reasoning, and about their usual behaviour when
presented with a mathematical task. The topic of the interview was prepared in
advance and was guided by the table of indicators of adaptive reasoning and strate-
gic competence (Appendix A). Some questions arose from the observations of the
students’ problem-solving processes and were also addressed during the interview.

The transcripts of the interviews and the observation notes were analysed
using the same method as for the textbook analysis, qualitative content analysis
(Mayring, 2000). The students’ answers to the interview questions as well as their
observed actions as they attempted to solve the problems were coded according to
the presence of indicators of adaptive reasoning or strategic competence (Appendix
A).

5. Results

The results of textbook analysis and case study investigation are presented in two
sections, according to the research questions.
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5.1. Results of adaptive reasoning in quadratic function

The textbook analysis showed that 58.22 % of the 158 tasks examined promote
adaptive reasoning. The classification of tasks regarding the dimensions of adaptive
reasoning are given in Table 2. The majority of tasks promoting adaptive reason-
ing, 46.76 %, are from the dimension requiring plausible reasoning. These are
tasks that require students to make a conclusion upon given information to decide
the next step, and the use of a certain property or formula. Only 19.57 % of the
tasks from the category of adaptive reasoning promote the transfer of knowledge in
terms of promoting interpretation of the concept in different representations. The
tasks from dimensions of analyzing reasoning, evaluating statements, promoting
inductive reasoning or transfer of knowledge in terms of generating examples, are
not represented in the analyzed unit.

Table 2. Requirements in adaptive reasoning in the unit
“Second degree polynomial and its graph”.

TOK1 | TOK2 | R AR | ES P M IR PR
frequencies 18 0 15 0 0 3 13 0 43
% in all unit tasks | 10.23 0.00 8.52 |1 0.00 | 0.00 | 1.70 | 7.39 | 0.00 | 24.43

% in adaptive
reasoning cgtegory 19.57 0.00 16.30 | 0.00 | 0.00 | 3.26 | 14.13 | 0.00 | 46.74

Legend: ToK1, ToK2: Transfer of knowledge activities; R: representative activities; AR: analysing reasoning ac-
tivities; ES: activities of evaluating mathematical statements; P: proving of general argument; M: problem solving

and modelling; IR: activities promoting inductive reasoning; PR: activities promoting plausible reasoning.

During the observations of the task-solving activity, and in the participants’
answers to the questions in the interview, some indicators of adaptive reasoning
behaviour were exhibited. It is important to note that neither the given tasks nor
the interview questions were constructed in such a way as to stimulate the emer-
gence of dimensions proving, showing or justifying a general argument, justifying
the correctness or falsity of a statement or reasoning (other than their own) or
inductive reasoning. Consistent indications of the dimensions of adaptive reason-
ing were observed only in the case of the high-achieving participant. While with
the average- and low-achieving participants indicators of a deficiency of adaptive
reasoning dimensions emerged. All three participants demonstrated a high level of
memorization in problem solving attempts, indicating a lack of adaptive reasoning.
The results will be presented according to the dimensions of adaptive reasoning.

5.1.1. Providing explanations and justifications for one’s own work

The average- and low-achieving participants demonstrated only intuitive explana-
tions of their work. And this was almost exclusively for Task 2 (Appendix B).
Reasoning was indicated by statements such as: “This is true, because I read it
from the graph”, or by offering an explanation of the choice of procedure: “Iwrote
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the data which is known and the formula for the area of a rectangle. And I tried to
solve this and find one unknown”.

The high-achieving participant’s work was reasoned within quadratic function
theory, and was not only intuitive. For example: “ap can’t be zero because then
I wouldn’t have a second degree polynomial, thus this is [meaning a,] the only
solution”, or “this part [indicating the information about the perimeter of the rect-
angle in Task 4] should actually be important, because it is a constant part of this
function”.

5.1.2. Plausible reasoning

With the average- and low-achieving participants, indicators of plausible reason-
ing appeared only in the form of the correct interpretation of the context in the
graph reading activity. The high-achieving participant demonstrated consistency
in this dimension, such as noticing known data or a calculated value and making a
conscious decision to use it in a certain way.

The lack of this dimension is related to the situation where a participant is
unable to recognise the usefulness of given data. This was indicated with state-
ments such as: “It seems like there is some data missing in the task”, “If the vertex
of parabola was given, or for example just picture [indicating the graph of the
function], I could solve it” or with the action of randomly substituting given data
with factors of quadratic function formula.

5.1.3. Transfer of knowledge

This dimension was indicated when participants showed signs of interpretation of
the concepts in the different function representation. For example, connecting the
information “the maximum value is 9” with the formula for the y-coordinate of
the vertex of parabola, or with the appearance of the parabola (the opening of the
parabolais downward). These indicators were noticeable only in the high-achieving
participant. The average and low-achieving participants demonstrated some basic
interpretation of the contextually given data in the graph reading activity.

The lack of transfer of knowledge was indicated with statements such as: “If
fis a second degree polynomial with the maximum value of 9, I don’t know how to
write this”. The ability to produce an example of a quadratic function with the given
characteristic (Task 3, Appendix B) was not demonstrated by either participant.

5.1.4. Meaningful navigation through many procedures, concepts and solution
methods

This dimension was demonstrated only by the high-achieving participant, and it
was evident throughout the entire problem-solving process. Indicators of this are
continuous contemplation about the concepts given in the task, and all according
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properties or formulas, as well as their meaning in different function presentation.
This meaningful navigation is especially noticeable in the interaction between the
dimension of transfer of knowledge and plausible reasoning.

5.2. Results of strategic competence in quadratic function

The textbook analysis showed that only 46 out of 158 tasks in the unit examined,
i.e. 29.11 %, promote strategic competence. The classification of tasks regarding
the dimensions of strategic competence are given in Table 3. The most prevalent
dimensions of strategic competence are open-method activities, representational
activities, and problem-solving and modelling activities, with 36.96 %, 32.61 %
and 28.26 % respectively. That is, tasks with the possibility of reaching a solution in
a more proficient way, translating verbal information into symbolic (generation of
function equation) and problem-solving and modelling tasks, mostly with context.
There is only one open-answer task, which requires students to compare graphs
of quadratic function, without specifying the requirements of comparison. Tasks
from the dimension of problem generation are not represented in the analyzed unit.

Table 3. Requirements in strategic competence in the unit
“Second degree polynomial and its graph”.
OM OA R M PG
frequencies 17 1 15 13 0
% in all unit tasks 10.76 | 0.63 | 9.49 8.23 | 0.00

% in strategic
com[fetence cagtegory 36.96 | 2.17 | 32.61 | 28.26 | 0.00

Legend: OM: open-method task; OA: open-solution task; R: representative activities; M: problem solving and

modelling; PG: problem generation activities.

During the observations of the task-solving activity and in the participants’ an-
swers to the questions in the interview, some indicators of strategic behaviour were
exhibited. Neither the given tasks nor the interview questions were constructed
in such a way as to stimulate the emergence of the problem generation dimen-
sion. Some indications of the dimensions of organising and transforming, seeking
information and goal-setting and planning, were observed in all the participants.
However, the presence of keeping records and monitoring and self-evaluating were
observed only in the high-achieving participant. The results will be presented
according to the dimensions of strategic competence.

5.2.1. Organizing and transforming

Some basic organizing indicators, such as writing down known data or quadratic
function formula (unrelated to needing to use it), are indicated in all participants.
The high-achieving participant showed indicators of representing a problem sym-
bolically, with a table of values or graph, as well as attempts to clarify and represent
a given problem verbally.
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5.2.2. Seeking information

With the average-and low-achieving participants the dimension of seeking infor-
mation was indicated only in terms of re-reading the task. Some deficiencies in
seeking information were observable in the form of the inability to independently
notice key words or specific task requirements. The high-achieving participant
showed behaviour such as searching through key words and connecting them to all
known formulas or properties and returning to the task formulation whenever an
obstacle was encountered.

5.2.3. Goal setting and planning

A high level of memorization and application of quadratic function formula is
involved in the participants’ strategic behaviour. This is indicated by statements
such as: “Maybe I don’t remember; but I don’t think we’ve done this type of task”,
“Just a moment, let me remember how this goes”, or “Usually I read the task
and write down formulas”. This type of behaviour is exhibited particularly in the
average- and low-achieving participants. A consistent strategy in goal setting and
planning of quadratic function tasks was noticeable in the high-achieving partic-
ipant. Although there were some indicators of inventing and adjusting strategies
in the task-solving process, the major goal was always the same. The approach to
the problem was always algebraic, with the aim of finding three pairs of values and
placing them into the general form of a quadratic function formula.

5.2.4. Keeping records and monitoring

Indicators of this dimension are related to rechecking calculations in the process
of solving tasks. These actions were indicated by statements such as: “I have a

feeling 1 did something wrong”, “Did I calculate this correctly?”, or “This doesn’t
really make sense”, followed by checking the work done so far.

5.2.5. Self-evaluation

Indicators of this dimension are related to participants checking the correctness of
the final answer or their own work. The checking of the correctness of the answer
is indicated by statements such as: “I hope this is correct” or “I think this is good
enough”, signifying that there is no need to continue working on a problem or
seeking a more proficient solution. Two phenomena occurred in this dimension.
One is a deciding point for checking the correctness of the solution, and the other
is reflection on the work. The former is connected to a subjective evaluation of
the solution being “nice enough”. And the latter indicates the memorization of
approaches seen in the mathematics classroom, and remembering them being the
only way of considering the possibility of more efficient approaches.
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6. Discussion and conclusions

Textbooks are the most frequently used resources in lesson preparation, there-
fore, their examination could potentially provide a broader and deeper picture of
both curriculum requirements and classroom practices (Glasnovic Gracin, 2018).
Although analysis of textbooks, as a curriculum requirement and influencer of
classroom practice can be considered in relation to the participants’ demonstrated
skills, it cannot be considered as the only indicator. In this discussion, some con-
nections between the results of the textbook analysis and the adaptive reasoning
and strategic competence skills demonstrated have been indicated.

The study of adaptive reasoning and strategic competence in the field of
quadratic function has revealed that the analyzed textbook does not provide a
high amount of tasks which potentially promote adaptive reasoning or strategic
competence. As much as 41.77 % of all the tasks examined do not promote either
adaptive reasoning or strategic competence. These are either procedural tasks, or
tasks requiring basic levels of conceptual knowledge (e.g. definition, formula) but
without the activation of adaptive reasoning skills, or the possibility of activating
strategic behaviour. This implies that a large amount of the tasks in the examined
textbook are merely procedures or exercises. That is to say, the textbook does not
provide satisfactory conditions for the development of quadratic function in terms
of adaptive reasoning and strategic competence.

6.1. Discussion on adaptive reasoning

The study revealed that the examined textbook does not provide a full range of task
types that could promote adaptive reasoning. Tasks from the dimensions of ana-
lyzing reasoning, evaluating statements, promoting inductive reasoning or transfer
of knowledge in terms of generating examples, are not represented at all. The most
frequent task type is from the dimension of activities promoting plausible reasoning
(46.74 %). This is in accordance with the results of the case study, which showed
that the most activated indicator with the high-achieving participant is regarding
plausible reasoning. This was confirmed even in her explanation of her usual prac-
tice when dealing with a problem: “I try to find all the possible variants by looking
at what is given in the task”. Activation of plausible reasoning was most observed
in a situation where the participant wasn’t sure of the course of the task-solving
process in advance (Task 4). In this situation, plausible reasoning was indicated
with the interaction of transfer of knowledge, as the participant presented the given
data in a different function representation, and used plausible reasoning to adjust
the method used to reach a solution.

The higher rate of the appearance of indicators of transfer of knowledge is
in accordance with the textbook analysis, given that this dimension is the second
most frequent. However, the case study only showed the activation of basic indica-
tors, such as interpretation of information “maximum value” as vertex of parabola
(both in terms of formula and influence on the opening of parabola). None of
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the indicators of higher-level transfer of knowledge (such as those stated in Ap-
pendix A) were demonstrated. The average-achieving participant demonstrated
the ability to reach a conclusion if provided with external intervention, such as
the interviewer indicating some key words or using analysis to guide toward some
partial conclusions. The inability of participants to reach a conclusion on their own
was the most prominent indicator of the lack of adaptive reasoning. Although the
average-achieving participant, unlike the low-achieving participant, demonstrated
some indicators of adaptive reasoning, it was only with external intervention. Thus,
both of these participants demonstrated the same, low level of adaptive reasoning.
It can be concluded that in the case of these participants, adaptive reasoning skills
regarding quadratic function are not developed.

The high-achieving participant demonstrated the existence of the dimensions
of adaptive reasoning at some level. This participant showed signs of trying to
make sense, and a high level of plausible reasoning, but her transfer of knowledge
was on a basic level and, when in doubt, resorted to intuitive and not concept-based
choices and explanations. Thus, although she is characterized as a high-achieving
student, it can be concluded that her adaptive reasoning skills regarding quadratic
function are average.

6.2. Discussion on strategic competence

The study revealed that the examined textbook does not provide a satisfactory
amount of tasks that could promote strategic competence. The results showed that
only one task is classified as an open-answer task, and that tasks requiring gener-
ation of a problem with given characteristics are not represented at all. The most
commonly represented type of tasks promoting strategic competence are open-
method tasks (36.96 %). However, in the case study, no diversity of methods
was noticed. As stated by Yeo (2017), being presented with a method-open task
does not guarantee that a student will present strategic competence skills. Students
show a tendency to use the method that they are most familiar with, or is the only
method that has been demonstrated in their mathematics lessons. This assertion was
confirmed not only with the consistency in the approach (algebraic) to quadratic
function tasks, but also in the explanation of why another approach (e.g. graphical)
was not used: “We didn’t really do it [referring to other approaches| in class and,
generally, I prefer solving mathematical equations than reading graphs”.

It can be concluded that the participants’ goal setting and planning skills, as
well as skills of organizing and transforming are basic. The results demonstrate
that the dimension of organizing and transforming is mostly indicated by writ-
ing down given data and attempting to represent a problem symbolically (using
function formula). This activity was, with the average- and low- achieving par-
ticipants, combined with the goal-setting dimension which indicated a high level
of memorization. Ozdemir and Pape (2012) state that less strategically competent
learners demonstrate only the use of basic rehearsal strategies, such as copying, and
highlighting, that enable only selecting and acquiring information, but not compre-
hension. Memorization is considered to be a lower level reasoning skill (Breen and
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O’Shea, 2010, p. 39) and therefore an indicator of a lack of strategy. Thus, it can
be concluded that the average- and low-achieving participants are strategically less
competent.

The high-achieving participant demonstrated a high level of seeking informa-
tion skills, as well as monitoring of her own work. One of Ozdemir and Pape’s
(2012) 12 categories of strategic behavior is “seeking social assistance”, meaning
seeking help from a teacher, parents or peers. This dimension was not part of
the research instrument because of the postulation of the research for examining
the independent work of students. Nevertheless, the average-achieving participant
demonstrated a high level of activation of seeking social assistance. This was indi-
cated by frequent pauses during the problem-solving activity, where after writing a
formula or conclusion the participant looked at the interviewer seeking confirma-
tion. A further indication came in the form of many questions seeking clarification
of the requirements, such as: “What would the dependence of rectangle area of the
length of one of its sides mean?”

6.3. Discussion on the connection between adaptive reasoning and strategic
competence

Strategic competence is closely connected not only to adaptive reasoning, but also
to conceptual understanding and a high level of procedural fluency. Ostler (2011)
states that adaptive reasoning and strategic competence are highly interdependent
and that those two strands represent different aspects of a more comprehensive
kind of mathematic teaching and learning. Students use reasoning to determine
the legitimacy of a chosen strategy, or the most strategically appropriate procedure.
Also, by practicing strategic competence to choose among effective procedures, stu-
dents develop procedural fluency (Kilpatrick et al., 2001). The results confirmed
the interdependence between adaptive reasoning and strategic competence. All
tasks classified as promoting strategic competence are also classified as promoting
adaptive reasoning. Which means that as much as 48.91 % of the tasks promote
adaptive reasoning. The connection between adaptive reasoning and strategic com-
petence was observed particularly in the case study, where a lack of indicators
of a higher level of transfer of knowledge prevented the participants from using
more efficient problem-solving strategies, resulting in the use of more complex and
time-consuming procedural techniques.

The connection between conceptual reasoning and adaptive reasoning as well
as strategic competence was particularly highlighted in this study. Presenting
the interdependence between strands of mathematical proficiency, Kilpatrick et
al. (2001) state mutually supportive relations between strategic competence con-
ceptual understanding, as the development of strategies for solving non-routine
problems depends on understanding involved quantities and their relationships.
They also state that for students to understand reasoning or algorithm, they need
experience in explaining and justifying them in many different problems, indicat-
ing the connection between conceptual knowledge and adaptive reasoning. Also,
that one of the conditions for a student to reason adaptively is having a sufficient
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knowledge base. This was confirmed by the case study. The participants who
demonstrated a lack of basic quadratic function concept formation, in the sense of
not knowing what the concept of function is, not being familiar with the quadratic
function formula, or some quadratic function (or function in general) properties,
were unable to demonstrate any adaptive reasoning other than intuitive explanations
and connections based on memorization, while their strategies were dependent ex-
clusively on putting given quantities into formula. If not able to use this strategy,
participants demonstrated lacking od any other attempt to solve the given task or
drawing the conclusion that some data must be missing. The separation of adaptive
reasoning and strategic competence from other strands of mathematical proficiency
is considered to be a shortcoming of this study. In his work about mathematical
proficiency and means assessment, Burkhardt (2007, p. 79) states: “assess valued
components of mathematical proficiency, not just its separate components”. The
indicated correlation between strands of mathematical proficiency in this study has
confirmed the validity of Burkhardt’s statement.

6.4. Conclusion

To conclude, the study of adaptive reasoning and strategic competence in the field
of quadratic function in a Croatian general gymnasium shows that the analyzed
textbook does not provide a large number of tasks potentially promoting adaptive
reasoning or strategic competence. This implies that a large proportion of the tasks
in the textbook are merely procedures or exercises. The study also revealed that the
textbook does not provide a full range of task types that could promote adaptive rea-
soning and demonstrates a serious lack of open-answered tasks as well as activities
requiring the generation of a problem with given characteristics. The participants’
skills regarding adaptive reasoning are in accordance with the textbook analysis,
with the highest indicators of plausible reasoning. While it can be concluded that
the adaptive reasoning skills of the average- and low-achieving participants’ are not
developed, the high-achieving participant demonstrated average skills, particularly
in terms of the interaction between the dimensions of transfer of knowledge and
plausible reasoning. Nevertheless, a high level of memorization, an indicator of a
lack of adaptive reasoning, was identified in all three participants. The participants’
strategic competence is in general underdeveloped, relying mostly on memoriza-
tion and algebraic approaches, which, in the field of quadratic function, could be
regarded as being less proficient.
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Appendix A.

Indicators of adaptive reasoning and strategic competence

INDICATORS OF ADAPTIVE
REASONING

INDICATORS OF STRATEGIC
COMPETENCE

Reflection on own’s work:

e providing intuitive explanations and
justifications of one’s own work:
o reasoning or reached conclusion;
o the legitimacy of chosen strategy;
o chosen procedure;

e comparing and contrasting related ideas

Reflection on given problem and ideas:

e showing, justifying or proving general
argument;

e proving or justifying correctness/falsity of a
given statement;

e proving or justifying correctness/falsity of
given reasoning

Transfer of knowledge:

e interpreting a function throughout different
representations;

e producing examples;

Inductive reasoning

o making conclusions from observation of a
given pattern, or table of values

Plausible reasoning

e making conclusions upon given information
to decide a next step, usage of certain
property or formula

Meaningful navigation through many proce-
dures, concepts and solution methods

Self-evaluating:

o self-initiated checking of the quality and
correctness of one’s own work;

e checking the answers;

e redoing the problems;

e reviewing taken steps

Organizing and transforming

e organization and representation of
a given problem with the aim of:
o achieving (or reaching deeper)

understanding;

o facilitation of a given problem;

e representing a problem numerically,
symbolically, verbally or graphically;

e using manipulative materials or visual aids
for understanding;

e formation of a mental model;

e breaking down the model (writing down the
steps)

Goal-setting and planning

e the planning of the problem-solving process;

e conscious choosing appropriate, more
efficient, or cognitively complex strategy

Seeking information

e searching for further task information that
could be useful in problem solving;

e an indication of key words;

e returning to the problem

Keeping records and monitoring

e regulating one’s work;

e showing and labeling each step (work and

solutions recorded);
o rechecking calculation.

Formulation of mathematical problems
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Appendix B.

Case study tasks with proposed indicators of higher-level adaptive

reasoning and strategic competence

answers.

P(s)
4500
4000
3500 1
3000 1
2500 1
2000
1500 1
1000 1

500+

1020 30 40 50 ()()\ S

INDICATORS INDICATORS
TASK CODE OF ADAPTIVE OF STRATEGIC
REASONING COMPETENCE
TASK 1 . . o .
(Dakic and Elezovic, 2015, p. 80) Interpretation ”of maxi- | @ representing
Determine a second degree mum value 97 as y co- | problem graph-
polynomial  with maximum ordinate of the vertex of | ically or with
value 9 and f (2) = f (0) = 8. the parabola; the mental mo-
del (both inclu-
from f(2) = f(0) = 8| de symmetric
activation of symmet-| property of
ric property of quadratic | quadratic func-
[TOK1]| function; conclusion: x| tion);
[OM] coordinate of the vertex
of parabola equals 1; using more ef-
ficient strategy
using properties to jus-| for determinati-
tify chosen reasoning/ on of polyno-
procedure mial: choosing
equation of
quadratic func-
tion in vertex
form
TASK 2 [VARIATION 1]
It is known that a profit is a quadratic transfer contextually gi- |® use given con-
function of a selling price. Part of ven data (e.g. selling| text to facili-
the graph of the profit function P(s) is price and profit) to| tate graph read-
given. the graph of quadratic| ing activity;
function (arguments and
Determine: function value); search for in-
a) the selling price for which the dication of key
maximum profit is achieved. use plausible reasoning | Wwords;
b) the profit achieved for selling price for graph reading activ-
of s =20 €. ity; a strategy based
c) the selling price for which there will on quadratic
be no profit. apply knowledge about| function graph,
symmetric property to| notageneralin-
REMARK: explain and justify given| [M] predict the behavior of | terpretation of a

missing part of the
graph;

justify answers using the
function definition and
function (or quadratic
function) properties

graph
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TASK 2 [VARIATION 2]

The graph representing how the profit

depends on the selling price of the prod-

uct is given. Determine:

a) the selling price for which the
maximum profit is achieved.

b) the selling price for which the
company will be at a loss.

c) the selling price for which the
profit will be equal.

REMARK: explain and justify given
answers.

transfer contextually gi-
ven data (e.g. selling
price and profit) to the
graph of quadratic func-
tion (arguments and
function value);

use plausible reasoning
for graph reading activ-
ity;

apply knowledge about
symmetric property to

e use given con-
text to facilita-
te graph reading
activity;

e search for indi-
cation of key
words;

e astrategy based
on quadratic
function graph,
not a general in-

profit M] answer (and justify) sell- | terpretation of a
4500 1 ing prices with equal| graph
4000 1 profit;
3500 1 L. .
3000 - Just.lf.y.answers using t.he
2500 1 definition and properties
2000 1 of functions
1500 1
1000 1
500 T
/10 2030 40 50 60\
prodajna
cijena
TASK 3 ]
State an example of quadratic function using conceptually ba- | e astrategy based
with minimal value 3. sed plausible reasoning | on conceptual
to determine sufficient| knowledge and
condition to state exam- | good time man-
ple of quadratic function | agement (no
with required character- | calculations)
[TOK?2] istics; e.g.
[OA] _ 2
I fx)=x"+3,
justify reached conclu-| "
sion and choice of strat-| ¢ (x)=a(x—x0)?
egy using arguments ba- | ;3 (a and xo
sed on the concept of replaced  with
quadratic function arbitrary  real
numbers)
TASK 4 di
Determine a function representing how reason about the func- e st:iat;: gy }:relc(:—
the area of a rectangle depends on the tional relationship of the | ted from think-
length of one of its sides if the perimeter area of a rectangle and | Ing
of a rectangle is 12 cm. the length of its sides; about geome-
trical concept to
transfer knowledge form | the meaning of
[R] geometrical concepts to| functional de-
functional relationships pendency;

e inventing and
adapting strate-
gies, shifting
approaches if
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SazZetak. Od osamdesetih godina 20. stoljeca istiCe se da brzo i
tocno izvodenje procedura te reprodukcija velikih koli¢ina podataka,
nisu dovoljni za razvoj matemati¢ki kompetentnog ucenika. Naglasak
se prebacuje na razvoj rasudivanja, vjeStine rjeSavanja matematickih
problema te sposobnost povezivanja i komuniciranja matematickih
ideja. Primjer teoretskog okvira koji razmatra cjeloviti pristup nas-
tavi matematike, naziva “matematicke kompetencije” (Mathematical
proficiency), ponudili su Kilpatrick, Swafford i Findell. Navedeni
okvir predlaZe pet jednako vaznih i medusobno povezanih dimenzija.
Ovaj rad prikazuje istrazivanje dviju dimenzija okvira, prilagodljivo
rasudivanje i strateSke kompetencije u u€enju i poucavanju sadrzaja
iz kvadratnih funkcija u Republici Hrvatskoj. Cilj istrazivanja je
dobivanje predodzbe u indikatore i razvijenost vjestina prilagodljivog
rasudivanja i strateSkih kompetencija. Analizom jednog od najzastu-
pljenijih matematickih udzbenika za opée gimnazije dobiven je uvid
u kurikularne zahtjeve u vidu opsega i vrste zadataka koji potenci-
jalno promoviraju istraZivane dimenzije. Studija slucaja, u kojoj su
sudjelovale tri uéenice drugog razreda opée gimnazijskog programa,
omogudéila je uvid u aktivaciju vjestina prilagodljivog rasudivanja
i strateSkih kompetencija prilikom rjeSavanja zadatka iz kvadratne
funkcije.

Kljucne rijeci: matematicke kompetencije, prilagodljivo rasudi-
vanje, strateSke kompetencije, kvadratna funkcija, analiza udZbenika,
studija slucaja
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Abstract. In this paper, we aim to partially characterize the way of
teaching mathematics, specifically the initial learning of multiplication
in the Croatian education system.

Because teaching is a socio-cultural phenomenon, in describing
it, it is necessary to step out of the cultural frame, since only then
one can notice some of its attributes that from the inside appear to be
self-evident.

For this reason, we compared the treatment of initial multiplication
learning, including the multiplications table, in textbooks from Croatia
and Singapore. In the analysis of the textbooks we used an adapted
framework from Charalambous, Delaney, Hsu and Mesa (2010) that
looks at a textbook as an environment for construction of knowledge of
a single mathematical concept.

Keywords: mathematics textbooks, analysis of concept construc-
tion, initial multiplication

1. Research question

One of the main findings of TIMSS video analysis of classroom teaching in Japan,
Germany and the United States was that teaching is a cultural activity (Stiegler
and Hiebert, 1999). Although teaching methods among teachers from one country
may vary, these variations are far less than those between teaching methods from
one country to another. Hence one can speak of a cultural code of teaching that is
passing through generations of teachers of one teaching tradition. A confirmation
for this can be found in the introductory part of the Croatian mathematics curricu-
lum (MZOS, 2006, p. 238): “In the existing elementary school, mathematics is a

*Corresponding author.
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subject with long-lasting tradition and well-defined content, and no major interven-
tions are required in current programs. Therefore, the existing programs formed
the starting basis in the design of the mathematics curriculum.”

Since 2014 Croatian educational system is going through a process of cur-
ricular reform. The first drafts of new curriculums were released in 2016, which
was followed by the expert discussion. One of the frequent complaints concerned
learning of the multiplications table. The original proposal has predicted that the
multiplications table should be taught in the 2nd grade, but its automation should
be postponed to the 3rd grade. A large number of primary education teachers
have asked for this learning outcome to be returned to the 2nd grade, which was
ultimately accepted.

This large number of complaints lead us to believe that learning multiplica-
tions table presents one of those deeply engraved practices of Croatian mathematics
teaching tradition. Therefore, it would be interesting to inspect this practice more
closely.

Because of the cultural determinacy of teaching one needs to step out of a
teaching tradition in order to study it. International comparative analyses are one
way of making this stepping out. In the present study our goal is to examine Croat-
ian tradition of teaching initial multiplication and we do this by comparing Croatian
and Singapore textbooks. Within the TIMSS Mathematical Framework (Valverde
etal., 2002) textbooks are conceived as part of the potentially implemented curricu-
lum — they are mediators between what is supposed to happen and what actually
happens inside classrooms. Numerous studies, both in Croatia and in other coun-
tries, have confirmed great impact textbooks have on the actual teaching (Pepin &
Haggarty, 2001; Haggarty & Pepin, 2002; Fan & Kaeley, 2000; Glasnovi¢ Gracin
& Domovié, 2009; Domovié¢, Glasnovi¢ Gracin & Jurcec, 2012; Glasnovi¢ Gracin
& Jukié Mati¢, 2016). For this reason, we believe that through comparing Croatian
and Singapore textbooks we will be able to describe important features of Croatian
tradition of teaching initial multiplication.

We have chosen Singapore textbooks as a standard upon which we reason
about Croatian textbooks and Croatian mathematics education because:

e Croatia and Singapore are far apart geographically,

e Croatia and Singapore are far apart judged by the results on international com-
parative studies,

e Singapore education system is changing more often than the Croatian education
system, which hasn’t changed much during the last 30 years,

e Singapore mathematics teaching is well known for some of its distinct features
like concrete-pictorial-abstract approach, Singapore bar model method, etc.

e availability of Singapore textbooks.
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2. Croatian and Singapore Mathematics Curriculum

Current Croatian national curriculum mathematics was published in 2006 and it is
supposed to be replaced with the new one in the process of curricular reform.

It is divided into two parts: the introductory part and the list of themes for each
year of study, together with students learning achievements. In the introductory
part the curriculum states that the main objective of mathematics teaching is

“the acquisition of basic mathematical knowledge needed to understand phe-
nomena and laws in nature and society, acquisition of basic mathematical literacy

and development of abilities and skills of mathematical problem solving” (MZO§,
2006, p. 238).

This is further divided into the following student expectations:

e “learn to mathematically express themselves in writing and orally,
e develop skills of writing, reading, and comparing numbers,
e knowing how to apply the acquired mathematical knowledge in everyday life,

e develop abilities and skills of (solving) basic mathematical problems needed
for further education,

e recognize mathematics as a useful and necessary part of science, technology
and culture,

e develop abilities of abstract and logical thinking and precise formulation of
terms,

e develop a sense of responsibility and critics towards his work and work of
others,

e develop ability to work independently, responsibility for work, accuracy, neat-
ness, systematicity, precision and conciseness in writing and oral expression”
(MZOS, 2006, p. 238).

The curriculum also “highlights the application of math at which it should be
looked at as a practical, useful subject that students need to understand and that can
be applied to various problems in their environment” (MZOS, 2006, p. 238).

Themes of beginning multiplication are placed in the second grade, after ad-
dition and subtraction of numbers up to 100. It starts with multiplication and com-
mutativity law for which it is expected from students “to understand multiplication
as addition of equal addends, to use mathematical notation for multiplication” and
“to understand and apply commutativity law for multiplication” (MZO§, 2006, p.
240). This is followed by multiplication tables of 2, 5, 3 and 4, multiplication by 1
and 0, and multiplication tables of 10, 6, 7, 8 and 9 and the corresponding learning
achievements are to master procedures of multiplication by these numbers (MZO§,
2006). It ends with the theme of the multiplication table. Division is introduced
after multiplication by 2 and 5 and from that point on multiplication and division
themes are intertwined.
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Current Singapore Mathematics Syllabus (MOE, 2012) started its implemen-
tation in 2013. It is much more elaborated than the Croatian curriculum.

The main goal of the Singapore mathematics syllabus is “to ensure that all
students will achieve a level of mastery of mathematics that will serve them well
in life, and for those who have interest and ability, to pursue mathematics at the
highest possible level” (MOE, 2012, p. 7).

Mathematics framework of the Singapore mathematics syllabus places math-
ematical problem solving in the central place, from which other five major com-
ponents emerge: mathematical concepts and skills, mathematical processes and
metacognition, and attitudes towards mathematics.

Syllabus also gives guidance on learning experiences, principles of teaching
and phases of learning and on assessment that supports teaching and learning. As
it is established in the mathematical framework, learning mathematics is not just
learning concepts and skills, but also developing attitudes, thinking processes and
metacognitive skills. Therefore, it is important for students to be given proper
experiences that will help them in that. Later in the syllabus for each topic it is
given the list of corresponding learning experiences. Besides these topic-specific
experiences, curriculum also lists some generic ones: “taking notes and organizing
information; practicing mathematical skills; using feedback from assessment to im-
prove learning; solving novel problems using a repertoire of heuristics; discussing
articulating and explaining ideas to develop reasoning skills; and carrying out a
modelling project” (MOE, 2012, p. 20).

As the guiding principles of teaching curriculum emphasizes subordination of
teaching to learning and learning to problem solving; student-centered approach
which engages students in active and reflective learning; and the usage of ICT
skills. Curriculum envisages three phases of learning (and instruction): readiness,
engagement and mastery. Readiness phase considers student’s prior knowledge,
motivating contexts and a learning environment that promotes interactions between
students and teacher and among students, and has established procedures for or-
ganizing students and managing resources. The engagement phase is organized
around three pedagogical approaches: activity-based learning, teacher-directed in-
quiry and direct instruction. These three approaches are not mutually exclusive
and could all be used within a single lesson. Mastery is the final phase in which
students learning is consolidated and extended. It includes: motivated practicing,
reflective review and extended learning.

The syllabus also emphasizes the integration of assessment with teaching and
learning. Therefore, it gives primacy to formative and diagnostic assessment in-
stead of summative assessment, and it lists the following strategies as examples:
questioning, mathematical discussions, providing timely feedback, self-assessment,
using rubrics...

In the last part of the syllabus a list of themes for each year is given, accompa-
nied by the appropriate learning experiences. The learning of multiplication starts
in the first year with the introduction of the concept of multiplication and the sym-
bol “x”, multiplying within 40 and solving simple word problems with pictorial
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representation. This should be acquired through learning experiences of making
equal groups using concrete objects and counting the total number by repeated
addition and using language such as ‘2 groups of 5° and ‘2 fives’. Along with
multiplication the concept of division is also introduced, and multiplication topics
are usually followed by division topics in the first year and the years to follow.

In the second year students learn multiplication tables of 2, 3, 4, 5 and 10,
relationship between multiplication and division, multiply within the multiplication
tables solve simple word problems and mentally calculate within the multiplication
tables. This should be achieved through making multiplication stories by work-
ing in groups and writing appropriate multiplication equation and creating word
problems for other groups to solve; through using concrete objects and pictorial
representations to illustrate the concept of multiplication; by exploring number
patterns in the multiplication tables through activities such as coloring the hundred
chart; and solving non-routine problems by using heuristics such as ‘act it out’
and ‘draw a diagram’ and sharing ideas with their peers. Mastery of multiplica-
tion facts is achieved through using multiplication fact-cards and through playing
games, including applets and digital games.

In the third year this is extended to multiplication tables of 6, 7, 8 and 9. In
this grade students should also learn to solve 2-step word problems involving all 4
operations.

3. Methodology

After comparing the content of both curricula, we found that the multiplication
table in Croatian schools is studied in the second grade, and in Singapore from the
first to the third grade.

In this preliminary study we have included one series of Croatian textbooks
(CT) and one series of Singapore textbooks (ST). These are:

1. MIKLEC, D., PRTAJIN, G., & JAKOVLIEVIC ROGIC, S. (2015). Moj sretni broj 2.
Zagreb: Skolska knjiga.

2. FOONG, P.Y., CHANG S.H., Lim L.G.P., & WONG O.H. (2017). Primary math-
ematics 1B. Singapore: Shinglee.
FOONG, P.Y., Lim L.G.P,, & WONG O.H. (2017). Primary mathematics 2A.
Singapore: Shinglee.
FOONG, P.Y., CHANG S.H., LiM L.G.P., & WONG O.H. (2017). Primary math-
ematics 3A. Singapore: Shinglee.

In the analysis of textbooks we used an adapted framework from Charalam-
bous, Delaney, Hsu and Mesa (2010). In our analysis we have included all lessons
concerning multiplication upon the multiplications table. Each lesson is divided
into smaller segments — blocks, and each block has been analyzed through several
categories — block type, social form of work, context, use of concrete materials,
images, representations, construct and multiplication strategies.
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The first category — block type refers to the form used to address students —
that is, whether it is a solved example, an exercise, an activity...

Social form of work category refers to a social context in which students work —
whether it is individual work, work in pairs or in groups. We have only categorized
those blocks where the social context was clear, while other blocks were labeled
"unclear".

In the context category, we are assessing whether the content of the task is
related to a non-mathematical context or if it is exclusively intra-mathematical
content. Non-mathematical context can be realistic — connected with a real-life
problem, or authentic — related to student’s personal experience or their environ-
ment.

Use of concrete materials category refers to the use of manipulative materials
and, if so, which ones (e.g. Unifix cubes, chips, ...).

Visual features of blocks were assessed through two categories — images and
representations. Images identifies whether there is an image present, and, if there
is one, is it mathematically relevant to the block content. Representations classifies
the ways in which the multiplication is represented, whether through an image, or a
table, or some action. These include: set representation (image of objects grouped
into sets), linear representation (objects grouped in an array), number line, area
representation (objects grouped into rows and columns), counting, multiplications
table and bar model representation.

Construct refers to the way that the meaning of multiplication is constructed —
equal groups (3 groups, each containing 4 objects, is a total of 3 times 4 objects),
repeated addition (3 times 4 equals 4 4+ 4 + 4), area (arrangement of 3 rows and 4
columns), scaling (including multiplicative comparison — 12 is 3 times bigger than
4), number line (3 times 4 means move 3 times by 4 units), counting (4, 8, 12),
combinatorial (4 different objects of one kind can be combined with 3 different
objects of another kind in 12 different ways).

The last category, multiplication strategy, refers to a use of some strategies
to carry out a multiplication. This includes the use of properties of multiplica-
tion (e.g. commutativity, distributivity), use of counting, multiplications table,
addition/subtraction of one more (computations such as 9 - 5 =10 -5 — 5), and
doubling/halving strategy (computations such as 4 - 8 is twice more than 2 - 8,
which is equal to 16 + 16).

4. Results

4.1. Textbook structure comparison

Singapore textbooks are divided into chapters that are further divided into lessons.
At the beginning of each chapter there is a chapter opener — a motivational exercise
that introduces students to the chapter. The first lesson in the chapter starts with
a recap exercise that is always accompanied by a mathematically relevant image
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and representation. All lessons are further structured in the same way: a lesson
begins with a motivational task that introduces questions that will be further consid-
ered within the lesson. New concepts are introduced through three to four solved
examples.
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Figure 1. Lesson from Singapore textbook: Multiplication table of 6.
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The first example is completely solved and in each of the following examples
the level of details is gradually diminishing. All examples are realistic, accompa-
nied by mathematically relevant images and there is a clear multiplication construct.
In lessons on multiplication table of a certain number, there is a clear pattern in
sequencing of blocks — lesson starts with a realistic example, followed by activities
of (re)constructing multiplication table with the help of some manipulatives and
skip-counting. For multiplication by numbers 6, 7, 8 and 9, there are also examples
of using distributive property for multiplication. Some lessons contain activities
that are carried out in pairs or groups and which students perform with manipula-
tives. A lesson ends with two to four exercises, of which only the last one or two
tasks is possibly without an image present and with intra-mathematical context.

Every chapter ends with a non-routine question requiring higher cognitive pro-
cesses, math journal and a self-assessment block which is in line with the curriculum
guideline that formative assessment should be integrated into learning process.

Croatian textbook is divided into lessons. Each lesson spans over two pages.
The first page starts with one or two repetition exercises that are not accompanied
by an image and the context is intra-mathematical. This is followed by a fully
solved example. The example is realistic, accompanied by a mathematically rele-
vant image and there are usually two or three representations and constructs. After
the solved example, there is usually a block containing a multiplication table.
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Figure 2. Lesson from Croatian textbook: Multiplication table of 6.

The second page of a lesson consists of exercises, usually five or six. In a typi-
cal lesson, only the first exercise, and sometimes also the last one (word problem),
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has a realistic context. Majority of exercises have an intra-mathematical context.
The number of exercises with realistic context reduces from the beginning towards
the end of the textbook. Representations and constructs are usually indicated only
for the first one or two exercises.

4.2. Images and representations

In ST 82 % of blocks has images that are mathematically relevant. This is in line
with the emphasis that Singapore mathematics syllabus puts on pictorial repre-
sentations. Among these, set representations are present in 38 % of blocks, area
representations in 30 % and linear representations in 21 % of blocks. There are
no blocks with number line representations of multiplication — this is because the
number line is introduced later in the Singapore mathematics syllabus. Besides
pictorial representations there are also some non-pictorial representations present
— multiplication tables in 14 %, counting in 8 % and a 100-chart in 2 % of blocks.
There are also 2 % of blocks in which the Singapore bar model for multiplica-
tion was introduced in solving word problems. The 100-chart corresponds to the
requirement of the syllabus for opportunities in which students find patterns in
multiplication tables, while the bar model facilitates usage of diagrams in solving
non-routine problems.

In CT 26 % of blocks has mathematically relevant images. These are equally
distributed between number line representations (13 %), set representations (12 %)
and area representations (11%). In 2% of blocks there are also linear repre-
sentations present. Such small numbers shouldn’t surprise because the Croatian
curriculum doesn’t mention use of pictures in the process of learning. Of non-
pictorial representations there is only multiplications table which occurs in 12 % of
blocks.

4.3. Constructs

In ST construct is evident in almost all the blocks — 109 out of 132 blocks (83 %).
Although in some blocks multiple constructs are present, in most of the cases a
single block often has only one construct. On the other hand, in CT construct is
evident a lot less i.e. in a total of 42 out of 107 blocks (39 %). While the solved
example in the first part of a lesson refers to several constructs, later exercises often
have no evident constructs.

The dominant construct in ST is equal groups which is present in 67 % of
blocks, followed by area (13 %), repetitive addition (7 %), counting (7 %) and
scaling (5%). The most common construct in CT is repetitive addition (29 %),
followed by equal groups (16 %), number line (13 %) and area (9 %), while scaling
and counting appear in only few blocks.
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4.4. Multiplication strategies

Singapore textbooks display a whole range of different multiplication strategies
— counting appears in 10 % of blocks, commutativity in 8 %, adding/subtracting
one more in 5 %, distributivity in 5 % and multiplication by 1 in 1 % of blocks.
Multiplication tables appear in 14 % of blocks and memorization techniques appear
in 2% of blocks. In total, 30 % of blocks promote some kind of multiplication
strategy. This corresponds to topics of ‘multiplying within multiplications table’
and ‘mental calculations’ in Singapore mathematics syllabus. Modelling by a bar
model, which is more of a problem solving then a multiplication strategy, appeared
in 2 % of blocks.

In CT commutativity is promoted in 17 % and multiplication by 1 and O in
7 % of blocks. Multiplication tables appear in 14 % of blocks and memorization
techniques appear in 2 % of blocks. Counting appears in 7 % of blocks, but in a
different way than in ST. While in ST there are activities which link skip counting
explicitly to multiplication, in CT counting appears in introductory activities of the
kind ‘Fill in the missing numbers: 0, 5, 10, _, _, 25,...°.

4.5. Social forms of work and use of concrete materials

In CT the expected social form of work is individual for 75 % of blocks, and for
the other 25 % the social form of work is unclear. This ratio corresponds to a big
number of exercises compared to a small number of solved examples. Work in pairs
or groups is not promoted in any block neither was the use of concrete materials.

In ST there is more solved examples and less exercises within a lesson, hence
the social form of work is unclear for 57 % of blocks and for the remaining blocks,
38 % refers to individual work and 5 % to work in pairs or in groups. Use of con-
crete materials is promoted in 17 % of blocks. This corresponds to the attention that
Singapore syllabus places on activity-based learning during the engagement phase,
implying that students should have opportunities to explore and learn mathematical
concepts by working with concrete materials, individually or in groups.

5. Conclusion

The analysis shows that in Croatia initial learning of multiplication relies on prac-
tice to a great extent. Students do not have support in underlying constructs or
representations, nor are they encouraged to develop different strategies of comput-
ing. Although the multiplications table as a representation is equally present in
Singapore and Croatian textbooks, for the above reasons it is expected that Croatian
students will use it more frequently as something that should be memorized.

In our further research, we intend to include in the analysis one more series
of Croatian and Singapore textbooks and to also include the accompanying work-
books. We believe that in this way we will get a more complete picture of teaching
of initial multiplication in Croatia.
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Obrada pocetnog mnozZenja u
udzbenicima iz Hrvatske i Singapura
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SaZetak. U ovom ¢emo radu djelomi¢no okarakterizirati nacin
poducavanja matematike, posebice pocetnog ucenja mnoZenja u
hrvatskom obrazovnom sustavu. Budu¢i je poducavanje socio-kulturalni
fenomen, kako bi ga se opisalo, potrebno je iskoraciti iz danog kul-
turalnog okvira jer tek tada moZemo uociti neke njegove atribute
koji se iznutra Cine ociglednima. Zbog toga smo usporedili tret-
man pocetnog ucenja mnoZenja, ukljuCujuéi tablicu mnoZenja, u
udzbenicima iz Hrvatske i Singapura. U analizi udZbenika koristili smo
prilagodeni okvir Charalambous, Delaney, Hsu i Mesa (2010) koji na
udzbenik gleda kao na okruZenje za konstrukciju znanja o pojedinom
matematickom konceptu.

Kljucne rijec¢i: matematicki udZbenici, analiza formiranja kon-
cepta, poCetno mnozZenje
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Abstract. This paper reports a study on the type of mathematical
tasks and their overall representation in mathematics textbooks. The
aim of the study was to investigate the ratio of tasks according to the
main classification on procedural and conceptual tasks according to
the type of knowledge one accessed to obtain a solution. The study
provides further insight into the classification of each type of tasks by
categories established by the researcher according to Rittle — Johnson
and Schneider (2015) categorization. The study was conducted on
two out of three mathematics textbooks approved by the Ministry of
Science and Education of Republic of Croatia and covered two chapters
from two different mathematics domains. The findings showed that
procedural tasks were vastly present in investigated textbooks, unlike
conceptual tasks. Based on these findings we argue for an increase of
conceptual tasks in mathematics textbooks. Our argument stems from
previous studies which advocate a balance of procedural and conceptual
knowledge in teaching and learning mathematics. Further, we find the
results disappointing since numerous studies show that textbooks play
one of the main and almost central role in teachers’ lesson preparation,
as well as in the selection of tasks used during teaching phase and
practicing phase of the lesson.

Keywords: procedural tasks, conceptual tasks, textbooks, teaching
mathematics, textbooks’ analysis

1. Introduction

Mathematics education traditionally places a strong emphasis on textbook use.
Textbooks, in a printed or digital form, are still one of the most used resources in
mathematics education (Fan, Zhu & Miao, 2013) and heavily influence educational
practice (Lepik, Grevholm & Viholainen, 2015). They can be seen as a potentially
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implemented curriculum i.e. as a mediator between general intentions and class-
room instruction, turning policy into pedagogy (Valverde, Bianchi, Wolfe, Schmidt
& Houang 2002). They also affect teacher’s work in a number of different ways;
teachers use them for planning and enacting a lesson (Pepin & Haggarty, 2001,
Jablonka & Johansson, 2010, Glasnovi¢ Gracin & Juki¢ Matié, 2016).

Textbooks are important for students’ learning also. Studies that examined how
mathematics textbooks influence instruction generally agree that textbooks have a
significant influence on students’ opportunities to learn mathematics (Stylianides,
2009). The textbook, which teacher uses, influences on what students learn, how
they learn, and the cognitive level at which they learn (Grouws et al., 2013; Stein,
Remillard & Smith, 2007).

The analysis of textbook can help us understand policy documents, such as
national curriculum, and how they are manifested in the classroom by textbooks
(McDonnell, 1995). In Croatian context, Glasnovi¢ Gracin (2018) analyzed text-
book activities in most commonly used lower secondary mathematics textbook.
The results showed that there is an emphasis on algorithms, while argumentation
and interpretation activities, reflective thinking and open-ended problems are un-
derrepresented. This picture of mathematics as a set of algorithms reveals a more
traditional than a contemporary view of mathematics. The content analysis also
showed that the requirements of the intended curriculum match the ones in the
textbooks ( Glasnovi¢ Gracin, 2018), thus the Croatian mathematics textbook can
be perceived as a conveyor of the curriculum (Fan et al., 2013).

The aforementioned considerations, describing the multifaceted role of the
textbooks, incited us to investigate Croatian upper secondary mathematics text-
book through the lens of opportunities to learn.

2. Theoretical background

2.1. The textbooks and opportunities to learn

Opportunities to learn (OTL) can be used as a measure of whether students had the
opportunity to study a particular topic or to learn how to solve a particular type of
problem (Jader, Lithner & Sidenvall, 2015). Tornroos (2005) pointed out that this
definition, although simple, can be interpreted in several ways. One approach is to
evaluate the opportunity to learn in terms of how much emphasis a topic receives
in written resources, for example in a curriculum or a textbook. Other interpreta-
tions may consider an opportunity to learn as the time devoted to a topic during
instruction i.e. as the length of time that a teacher has planned to spend discussing
the topic, as the time a teacher actually spends teaching it, or as the time students
are truly engaged in learning it.

Schmidt et al. (2001) have shown that there is a clear relationship between
textbooks and students’ achievement. They analyzed the United States TIMSS
1995 eighth grade data and found a direct relationship between the amount of space
allocated to covering a topic and students’ achievement on that topic.
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Similar findings were reported by Tornroos (2005). He examined the influ-
ence of nine mathematics textbooks series used in the classes of the TIMSS 1999
sample in Finland on students’ achievement in the TIMSS mathematics test. It
turned out that the number of learning opportunities, which textbook provided
specifically for the content of TIMSS items, was significantly positively correlated
with students’ performance in the TIMSS test. Furthermore, Hadar (2018) reports
that students have higher scores on a standardized national exam if they are using
the textbook which provides the opportunity to engage in tasks demanding higher
levels of understanding.

From this aspect, a textbook analysis presents a first step in understanding
what happens in the mathematics classrooms and what students take as relevant
and necessary knowledge to acquire. The activities that students are presented
within the classroom and as well as their experiences give students the idea of what
qualifies as mathematical knowledge.

2.2. Types of knowledge

Concept — process approach is a relevant and widely accepted theoretical frame-
work in mathematics education research (Haapasalo & Kadijevich, 2000, Star,
2005). Conceptual knowledge provides an understanding of the principles and re-
lations between pieces of knowledge in a certain domain, and procedural knowledge
enables us to quickly and efficiently solve problems (Hiebert & Lefevre, 1986).
According to Haapasalo & Kadijevich (2000), the above definition of procedural
and conceptual knowledge may lead to the conception that procedural knowledge
is dynamic and conceptual knowledge static. Their definition also highlights the
dynamic nature of conceptual knowledge. Procedural knowledge is dynamic uti-
lization of algorithms or procedures within representation forms, and conceptual
knowledge denotes the ability to browse through a network consisting of concepts,
rules, algorithms, procedures and even solved problems in various representation
forms. Furthermore, they underline conceptual knowledge as knowledge which
enables conduction of cognitive processes on the higher level of knowledge such
as classification, categorization, specialization, generalization, induction, deduc-
tion, analysis, synthesis, abstraction and analogy. In other words, the ability to
elaborate, connect, organize or apply facts and pieces of information we define
as a functional structure of conceptual knowledge. On the other hand, procedural
knowledge is defined as the ability to execute procedures or sequenced action to
solve a problem given (Rittle-Johnson & Schneider, 2015). It is expected to de-
velop this kind of knowledge through solving practice, therefore, is related to a
certain set of problems.

Star (2005) claimed that using the terms conceptual and procedural knowledge
confuses knowledge types with knowledge quality. He offered new a definition in
which conceptual knowledge could be better understood in terms of “knowledge
of concepts and principles” and procedural knowledge in terms of ‘“knowledge of
procedures”. Star argued that both conceptual and procedural knowledge may be
deep and superficial. He opposed the notion that procedures are understood only
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when conceptual knowledge become involved. His definitions identify flexibility
as a crucial component of deep procedural knowledge. This denotes knowledge of
multiple methods for solving a class of problems and the ability to choose the most
appropriate among the method for the given problem.

Depending on the type of knowledge which tasks demands for solving, we can
classify tasks as being either conceptual or procedural. Conceptual tasks would
be tasks that require conceptual knowledge in order to come to a solution, and
procedural would be those that demand procedural knowledge. However, often a
classification of tasks is not so obvious, and tasks must be examined in relation to
the solver and certain context. According to Rittle-Johnson & Schneider (2015),
one of the most critical features of conceptual tasks is that they often present nov-
elty to participants, so participants have to browse through existing knowledge
and derive an answer from their conceptual knowledge, instead of implementing a
known procedure for solving the task. They argue that procedural task always re-
quires solving routine problems, and we usually measure the result according to the
accuracy of the answers or procedures. It is possible that procedural tasks include
near transfer problems. Those are “familiar problems with an unfamiliar problem
feature that require either recognition that a known procedure is relevant or small
adaptations of a known procedure to accommodate the unfamiliar problem feature”
(Rittle-Johnson and Schneider, 2015, p.1123). This means that the problem itself
is familiar to a participant, but there is an unfamiliar problem feature.

In order to advance mathematical competences, it is very important to develop
both conceptual and procedural knowledge equally. Rittle-Johnson & Schnei-
der point out that mathematical competence develops when one acquires both
conceptual and procedural knowledge. Moreover, they claim that the relations
between conceptual and procedural knowledge are often bidirectional and iterative.
Additionally, NCTM (2000) proposes an equal representation of conceptual and
procedural knowledge as a key for all levels of learning.

2.3. Research questions

In this study, an opportunity to learn was approached as the proportion of textbooks
dedicated to procedural and conceptual tasks. Therefore, we formed the following
research questions:

a) What opportunities to learn do textbooks provide in relation to procedural and
conceptual tasks and to what extent?

b) Is there any difference in the distribution of conceptual and procedural tasks
among different mathematical domains (numbers and geometry)?

c) What are the differences between analyzed textbooks according to the types of
tasks?
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3. Methodology

3.1. Sample

The content analysis was conducted on primary sources, two out of three mathe-
matics textbooks approved by the Ministry of Science and Education of Republic of
Croatia. Aforementioned textbooks are provided by two different publishers (codes
D and K) and intended for the first grade of upper secondary school. We chose
one chapter from the domain of numbers and algebra (chapter Real numbers) and
the other one from the domain of geometry (chapter Congruence and similarity).
The chapter Real numbers includes topics on whole numbers, integers, rational
numbers, real numbers, percentage, arithmetic mean and intervals. The chapter
Congruence and similarity includes topics on congruence of segment and angles,
congruence of triangles, geometrical proportion and Theorem of Thales, similarity
of triangles, homothetic transformation and Theorem of Euclid. The study was
conducted on two different mathematical domains to ensure the randomness of the
sample and prevent it to be influenced by the specificity of content (Muzié, 1982).
This is also in line with Schimdt et al. (2001) who claim that the study of specific
mathematics topics is very valuable in investigating students’ opportunities to learn.

3.2. Analytical framework

The content analysis was based on Rittle-Johnson’s and Schneider’s (2015) char-
acterization of procedural and conceptual tasks. Before the content analysis took
place, an initial examination of tasks contained in both textbooks was carried out.
First examinations prompted establishing rough categories by which tasks could
have been classified. Next, categories were proposed by the first and second au-
thor among themselves. Finally, reaching consensus, categories were set and then
detail examination took place. In addition, a table was designed in accordance
with the research aim containing categories for each type of tasks (Table 1). That
established qualitative as well as quantitative potentials and this way we wanted to
ensure consistency between two independent researchers. Meaning, the researcher
had to classify each examined task in one of the categories established and agreed
on in advance.

Table 1. The table used for tasks analysis

Task Researcher 1 Note | Task Researcher 2 Note
Procedural Conceptual Procedural Conceptual
P1|P2|P3|Cl1|C2|C3|C4 P1|P2|P3|Cl|C2|C3|C4

The task was categorized as procedural if it possessed one of the following
features:

e P1: “algorithms — a predetermined sequence of actions that will lead to the
correct answer when executed correctly” (Rittle-Johnson & Schneider, 2015,
p- 1119) and application of definitions and formulas
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Example (Textbook K):
4

3

3
3.04

e P2: the type of task already solved as a worked example in the textbook

Calculate:

Example (Textbook K):

The solved example on how to construct a triangle when we know the length of
all 3 sides,a =5 cm, b = 6 cm, ¢ = 4 cm is given in the textbook. Afterwards,
the task follows:

“Construct triangle whose sides are a = 6.5 cm, b =73 cm, c =52 cm”.

e P3: the tasks which include near transfer problems

Example (Textbook D):

Task 1. 200000 pieces of bricks are needed for construction. If the waste
represents 4.5% of the total amount, how many pieces do we need for the con-
struction?

Task 2. (near transfer): One has to pay 600 HRK for the transport of goods,
which is 1.5% of the goods value. What is the value of goods?

The task was categorized as conceptual if it possesses one of the following
features:

e CI: make a categorical choice (e.g. judge the correctness of an example pro-
cedure or answer and explanation)

Example (Textbook K):
Does a triangle given by a = 12 cm, b = 14 cm, o0 = 75° exist?

e (C2: encode key features (“Success reconstructing examples from memory (...)
with the assumption that greater conceptual knowledge helps people notice key

features and chunk information, allowing for more accurate recall.” (Rittle-
Johnson and Schneider, 2015, p.1121))

Example (Textbook D):

The lengths of the triangle sides are 4, 13 and 15. Length of altitude on the
shortest side of a similar triangle equals 18. What are the sizes of the sides of
the similar triangle?

e (3: finding proof or formula

Example (Textbook D):
Prove that altitudes on two legs of isosceles triangles are congruent.

e C4: invent principle-based shortcut procedures

Example (Textbook D):
What is the last digit of product 1-3-5-...-99?
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3.3. Data analysis

After each researcher categorized tasks independently, the data were compared to
find opposite judgments and to discuss them. In cases we could not agree to which
category certain task should be assigned, we decided to eliminate them from further
analysis.

This process provided triangulation. Triangulation can be defined as the
utilization of two or more procedures while data collecting (Cohen, Manion &
Morrison, 2007). In our research, we used investigator triangulation to overcome
the weakness or intrinsic biases and the problems that come from single method
and single observer. Each researcher has an individual style which provides more
reliable and valid data.

4. Results

4.1. Tasks requirements

Results show that the vast number of tasks in textbooks are procedural tasks. If we
count the number of tasks from both textbooks, there are in total 1037 tasks. Among
them, there are 895 procedural tasks and 142 conceptual tasks, which means 86%
of all tasks are procedural and 14% are conceptual (as shown in Figure 1).

B Procedural task

Conceptual task

Figure 1. Distribution of tasks in two textbooks

Figure 2 shows the distribution of procedural tasks in categories described in
the previous section. Category P1 includes tasks which require algorithms, appli-
cation of formulas and definitions and they represent almost half (48.7%) of all
procedural tasks. Category P2 includes tasks which have a similar counterpart as
the worked example given in the textbook. This category contains 21.7% of all
procedural tasks. Category P3 includes tasks which require near transfer in the
procedure. This category contains 29.6% of all procedural tasks.
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Figure 2. Distribution of procedural tasks among three subcategories

Distribution of conceptual tasks among four subcategories is shown in Figure
3. As can be seen, the most frequent conceptual tasks belong to the category C2
(43.8%) which require encoding key features. On the other hand, tasks that belong
to the category C3, where finding proof or formula is needed, represent 25.5% of
all conceptual tasks. Least represented conceptual tasks belong to the category C1
(making a categorical choice) with 17.6% and category C4 (the invention of the
principle-based procedure) with 13.1% of all conceptual tasks.

80
70
60 43.8%
50
40
30 25.5%
20 17.6%)
10 13.1%
0
C1 Cc2 Cc3 ca

Figure 3. Distribution of conceptual tasks among three subcategories

Data shown in Figure 4 present joint distribution of procedural and conceptual
tasks from both textbooks among different mathematical domains (numbers and
geometry). There are 5 times more conceptual tasks in textbook chapters dealing
with geometry, i.e. Congruence and similarity (26%) than in textbook chapters
dealing with numbers, i.e. Real numbers (5%).
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26%
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Figure 4. Distribution of tasks among mathematical domains

4.2. Textbook differences

To be classified in the category of procedural or conceptual tasks, the task has to be
examined in the context of the unit, other tasks, shown examples, given background
of theory, etc. While doing the research, we found several same tasks in both text-
books, but they are categorized in different categories, or even as a different type
of task. For instance, the task from one textbook is categorized as conceptual and
from the other one as procedural. Example of such a task is: “Prove that triangles
are congruent if they are matching in two angles and one altitude.” In Textbook
K it is conceptual (C3), but in Textbook D it is a procedural task (P2) because the
same example (with different labels) is solved in the textbook. Furthermore, one
task can be both, procedural and conceptual and it depends on how it is solved. For
example, in Textbook K: “Diagonals of quadrilateral divide it into 4 congruent
triangles. Which quadrilateral it is?” This task is placed in exercises and follows
the task given before: “Prove that diagonals of rhombus divide it into 4 congruent
triangles.” So, this can be near transfer procedural task if that task is already solved,
otherwise, it is conceptual (C3). In that case, researchers assumed the tasks in part
of exercise had been solved, therefore it is classified as a procedural task.

Another example is the following task: “If you know that % = 0.3, what is

352" This task can be conceptual (C4) and procedural (P1). If a student makes a
connection between these two fractions and creates short-based procedure on how
to calculate it, then it is conceptual. However, if the student applies procedure
on how to transform fraction into a decimal number, then it is a procedural task
(P1). Therefore, the task can be solved relying only on the procedure, without
linking particular concepts. In what way the task will be solved, and consequently
classified, depends on the level of knowledge student possesses on a particular

subject.
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Figure 5 shows the distribution of conceptual and procedural tasks in each
textbook. In Textbook K there are more procedural tasks (91%) than in Textbook
D (78%).

9%

Conceptual task

91%

Procedural task

0 100 200 300 400 500 600

Textbook K ® Textbook D

Figure 5. Comparison of tasks in textbooks

5. Discussion and conclusion

Procedural and conceptual knowledge are important for building strong mathe-
matical competence (Hiebert, 2003). To obtain that competence, students need
opportunities to learn. The textbook, as the most used resource for teaching and
learning, certainly provides this opportunity. Shield and Dole (2013) argue that
a textbook analysis is the first level of finding out what opportunities to learn are
available to students. The results of our textbook analysis, conducted on two math-
ematical domains, numbers and geometry, from upper secondary school, show the
dominance of procedural tasks over conceptual ones. The textbook D does offer
more conceptual tasks than textbook K, but the proportion of procedural task in
this textbook is still significantly greater than the proportion of conceptual ones.
In all, the tasks in both textbooks are connected with applying a familiar algorithm
that seems appropriate for the situation. This exemplifies the utilization of imi-
tative reasoning and promoting superficial procedural knowledge. Therefore, the
Croatian upper secondary mathematics textbooks provide more opportunities for
students to engage with procedural tasks than with conceptual ones.

Similar findings, the dominance of imitative reasoning and procedural know-
ledge in tasks from geometry (perimeter, area, volume) and algebra (formulas
equations), have been reported in the study of Jader et al. (2015). Analyzing
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mathematics textbooks from 12 countries, they discovered that most tasks in the
textbooks enabled practicing of algorithms, while smaller part, around 10-20% are
focused on intrinsic mathematical properties, requiring deep conceptual knowledge.

Moreover, a relationship between the textbook and the learning outcomes,
and the textbook and classroom instructions has been shown in several different
contexts (Schmidt, 2012). Building upon those relations, the results of our study
indicate that teaching mathematics in many upper secondary classrooms is focused
on practicing procedural tasks and, consequently, obtaining procedural knowledge.

Based on these findings we argue for an increase of conceptual tasks in math-
ematics textbooks. Our argument stems from previous studies which advocate a
balance of procedural and conceptual knowledge in teaching and learning math-
ematics (Star, 2005, Rittle-Johnson & Schneider, 2015). Building both types of
knowledge enables the flexibility of students’ thinking and develops adequately
mathematical competence. Further, we find the obtained results quite disappoint-
ing since numerous studies show that textbooks play one of the main and almost
central role in teachers’ lesson preparation, as well as in the selection of tasks used
during teaching phase and practicing phase of the lesson. However, there is more
to the opportunities to learn than the textbook. Thus, to gain better insight into
what other opportunities to learn student have, new studies should be conducted
focusing on teachers’ classroom practice and analysis of materials which teacher
also uses in classroom enactment.
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Koju vrstu znanja promoviraju matematicki

udzbenici?

Amanda Glavas!, Azra Stas¢ik® i Ljerka Juki¢ Mati¢?

I'Strojarska i tehni¢ka Skola Osijek, Hrvatska
20snovna $kola Dobriga Cesari¢ Osijek, Hrvatska
30djel za matematiku, Sveuciliste u Osijeku, Hrvatska

SaZetak. Ovajrad donosirezultate istraZivanja o vrsti matematickih
zadataka i njihovoj zastupljenosti u udZbenicima matematike. Cilj je
istraZivanja bio ustanoviti omjere zadataka prema jednoj od cestih
podjela: na proceduralne i konceptualne zadatke. Rad takoder donosi
uvid u dublju klasifikaciju svake od navedenih vrsta zadataka, koju su
autori osmislili prema klasifikaciji danoj u Rittle-Johnson i Schneider
(2015). Istrazivanje je koncentrirano na matemati¢ke udzbenike za
srednje Skole s CetverogodiSnjim programom. IstraZivanje je provedeno
na dva od tri prihvadena i odobrena udzbenika, od strane Ministarstva
znanosti i obrazovanje Republike Hrvatske, a pokrivena su dva razlicita
matematicka podrucja.. Rezultati pokazuju kako su proceduralni za-
datci u udzbenicima uvelike zastupljeni, za razliku od konceptualnih
zadataka. Vodeéi se dobivenim rezultatima, zagovaramo povecanje
konceptualnih zadataka u matematickim udzbenicima. Na§ zakljucak
proizlazi iz ranijih istraZivanja koja pokazuju kako velika vrijednost
leZi u podjednakom poucavanju proceduralnog i konceptualnog znanja.
Rezultate proizasle iz ovog istraZivanja smatramo jo$ nepovoljnijima
jer mnoga istrazivanja pokazuju kako su udzbenici jedan od glavnih
elemenata koji utjeCu na pripremu nastave nastavnika, kao i na izbor
zadataka koji e se koristiti za uCenje i vjeZbanje.

Kljucnerijeci: proceduralni zadatci, konceptualni zadatci, udzbenici,
poucavanje matematike, analiza udzbenika
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How do novices and experts approach
an open problem?

Zoltan Kovacs! and Eszter Kénya?

!Institute for Mathematics and Computer Science, University of Nyiregyhaza, Hungary
2Institute for Mathematics, University of Debrecen, Hungary

Abstract. There are well-known differences between problem
solving competencies of novices and experts. It is also known from the
literature that students, regardless of age, typically give the expected
answer, ignoring the openness of the problem. In our study, we use
a problem that is open at the starting point nevertheless it has closed
solution. We analyze how experts and novices manage the openness
of an elementary problem based on a survey prepared for 7" and 8"
graders.

Keywords: open problem, realistic reaction, novice and expert
problem solver

1. Introduction

We know from the literature and our experience as teacher that for students open
mathematical problems (including realistic problems) can be very problematic to
deal with. Students, regardless from their age, have difficulties with recognition of
the realistic content of mathematical tasks (Verschaffel, de Corte, & Lasure, 1994).
They give stereotyped answers for tasks in most of the case on mathematics lessons
ignoring their open nature. Other research (Ambrus, Herendiné Kénya, Kovics,
Szitanyi, & Csikos, 2019) suggests that the root of giving stereotyped answers is
not the age of the students. In that study answers of 1346 students from Grade 2 to
Grade 10 were analyzed and the conclusion is that even students of Grade 10 gave
the expected answer without any hint on the real-life experience regarding the open
realistic problem.

In this study, we refine the overall verdict by examining separately the novices’
and experts’ reactions to an open problem. Our hypothesis is that there are consid-
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erable differences between the results of beginners and advanced problem solvers
in the fine structure of the generally poor results. We also claim that in terms of
success, expert-novice differences are not caused primarily by age, but by more
advanced problem-solving skills.

Our hypothesis is supported by a preliminary research where we compared
performances of two groups of 5 graders (see the Appendix of this paper). The
expert group was made up of 28 children from a mathematical competition who
came from different Hungarian schools. In the novice group, there were 57 fifth
grade students from a regular school. Their performance was evaluated in an open
problem that was set in the competition. We found statistically significant differ-
ence in handling the openness of the problem. In the research reported here we
refined the design of the preliminary research. The difference is that we have rede-
fined the ‘expert’ status. However, we kept the original problem of the preliminary
survey.

Therefore, we tried to find such kind of student population which can handle
the openness of the problem, to recognize not only the surface but the deep structure
of it and finally solve it correctly. We assumed that experienced problem solvers
i.e. the experts, understand the deep structure of an open problem, so they can
solve it in a proper way. By contrast, novices recognize only the surface structure
of the problem and give the expected answer ignoring the openness feature of the
problem. We conducted a survey in such a way that we choose two groups of the
same age (Grade 7-8). The difference between the two groups is that some students
(experts) are specialized in mathematics (7 math lessons per week), while others
(novices) in language or art subjects (3 math lessons per week).

2. Theoretical background

Literature uses the words ‘novice’ and ‘expert’ in many ways, see e.g. in Leith-
wood’s and Steinbach’s (1995) meta-analysis. The authors propose the following
definition. “Expertise is defined as (a) the possession of complex knowledge and
skill; (b) its reliable application in actions intended to accomplish generally en-
dorsed goal states; and (c) a record of goal accomplishment, as a consequence
of those actions, which meets standards appropriate to the occupation or field of
practice, as judged by clients and other experts in the field.” (Leithwood & Stein-
bach, 1995, p. 13). They use these notions in a wider sense than expertise in
mathematical problem solving, but we agree that items (a) and (b) fit on this area,
too. This definition approaches the definition of the expert from the attributes. In
our research we need a more practical approach. Presumably, expert-novice dif-
ferences in problem perception are rooted in difference in training and experience.
In this research, expert is the student who received special courses on problem
solving, while novice is the student who didn’t. This conception is quite simi-
lar to the way as Schoenfeld and Hermann (1982) used these notions in the area
of mathematical problem solving. That study explored the relationship between
problem perception and proficiency directly. Students’ perceptions of the structure
of mathematical problems were examined before and after a monthlong intensive
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course on mathematical problem solving. These perceptions were compared with
experts’ perceptions. After the course the students perceived problem relatedness
more like the experts.

Several studies have found that the strategies used by expert and novice problem
solvers differ (Sweller, Mawer, & Ward, 1983), furthermore there is a close relation-
ship between expertise and problem perception. Schoenfeld and Hermann showed
that “in the broad domain of general mathematical problem solving, students with
similar backgrounds will perceive problems in similar ways...” (Schoenfeld &
Herrmann, 1982, p. 491). Whereas the novice recognizes the surface structure of
the problem, the expert categorizes problems according to solution strategies. The
applied method of solution highlights the deep structure of a mathematical prob-
lem. In school mathematics the curriculum is organized around topics rather than
around problem solving methods. It means that novices, who have less experiences
on problem solving than experts, obviously have less chance to discover the deep
structure of problems than experts have. The perception of deep structure of a
problem is crucial point related to the successful solution.

In order to study the way of problem perception of students, our attention
turned to open problems, because open problems obviously give the possibility of
multiple answers or application of different solving methods. In line with Pehko-
nen (1997), we categorize a task as open, if their starting or goal situation is not
exactly explained. In our study we analyze the solutions of an open problem, whose
starting situation is not exactly given, but the goal situation is clear. The context of
the problem is a realistic situation, i.e. a situation that can be easily experienced by
children, moreover it needs mathematical modelling.

We agree with Verschaffel et al. (1994) that stereotyped word problems in
school mathematics “exclude real-world knowledge and realistic considerations
from the different stages of their solution processes, i.e. the initial understanding of
the problem, the construction of a mathematical model, the actual computational
activities, and the interpretation and evaluation of the outcome of these computa-
tions”. (Verschaffel, de Corte, & Lasure, 1994, p. 273). Accordingly, the right
interpretation of our problem is crucial in the following stages: initial understanding
of the problem and construction of a mathematical model.

3. Research question

Q1: Are there any differences regarding the recognition of the openness of mathe-
matical problems between experts and novices?

Q2: Are there any differences regarding the quality of elaboration of solution
between experts and novices who recognize the openness of a problem?
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4. Methodology

The survey was done in February 2019.

4.1. The sample

One of the distinctive virtues of the special mathematics classes in Hungary is the
talent care in classroom environment. There are two types of special mathematics
training, the four-grade program (grades 9-12) and the six-grade program (grades
7-12). There are five schools in three different cities that have the six-grade pro-
gram. We have chosen three Hungarian schools from three geographical locations
(Budapest, Debrecen, and Miskolc) where there are programs for six-grade special
mathematics classes. All 7th and 8th Grade students from special mathematics
classes from these schools participated in this survey. We consider these pupils
experts in this study. The circumstances meet the criteria for “expert” in the sense
of Schoenfeld and Hermann (1982), because the students have special training in
problem solving in school. We have also chosen novice students from these schools.
Likewise, all 7th and 8th grade students from art specialization participated in the
survey. We assume that the students’ cognitive competencies and the attitude to-
wards training are very similar, because students need high score in mathematics
and Hungarian language to entrance these special classes regardless the type of the
specialization. Table 1 shows the number of participants of the survey.

Table 1. Number of students took part in the survey.

Budapest | Debrecen | Miskolc | Total

Expert 55 63 64 182
Novice 59 54 64 177
Total 114 117 128 359

We agree with Schoenfeld and Hermann, that this design refers only indirectly
to the expert-novice difference in problem perception, because students may differ
in other psychological properties, e.g. aptitude. However, we try to minimize this
effect choosing the expert and novice groups from the same above-average school
in all the three cities.

4.2. The “Four children” problem

The problem used in the survey is the following:

Anna, Béla, Cili and Dani are standing along a straight line. Anna is 5 meters
from Béla, Béla is 3 meters from Cili, while Cili is 1 meter from Dani. How many
meters may be Dani from Anna?

We consider the problem open, because there is no explicit hint to the order of
children (Pehkonen, 1997).
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The surface of the problem suggests the expected answer: assuming the ABCD
order of the four children, the distance between A and D is 9 meters. In contrast, four
sequences are possible: ABCD, ABDC, ACBD, ADCB, so the distance between
Anna and Dani can be 9 m, 7 m, 3 m, 1 m respectively (Figure 1).

Figure 1. Four possible solutions of the ‘Four children’ problem.

The teachers who supervised the survey in a class received guidance before the
survey how to react if a question arose while the students were working. A general
rule was to avoid any help and give only neutral answers such as to read the text
again. The time available for work was 10 minutes.

4.3. The coding system

In order to classify students’ reactions to the ‘Four children problem’ we adapted
the coding system of Verschaffel et al. (1994). We kept three main categories
(EA, RA, OA, see in what follows) that have similar meaning. Outside the main
categories we used two other categories (EA+ and RA—), thus five categories of
students’ reactions were distinguished in our research.

e Expected answer (EA). We apply this code when pupil gives only one answer.
In most cases it is 9, that is, the number the text suggests (Figure 2).

A B ¢p

Figure 2. An example of ‘EA’ reaction.

e Expected answer with realistic hint (EA+). If the pupil gives one answer but
some trace of hesitance is found without any numerical considerations a ‘+’
sign is added (Figure 3).
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Figure 3. An example of ‘EA+-’ reaction. The textis: ‘Anna is up to 9 meters from Dani’.

e Realistic answer (RA). The pupil enumerates all the four answers either
correctly or with a calculation error (Figure 4).
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