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Abstract: The so-called “supOU” processes, namely the superpositions of Ornstein-
Uhlenbeck type processes are stationary processes for which one can specify separately
the marginal distribution and the dependence structure. They can have finite or infinite
variance. We study the limit behavior of integrated infinite variance supOU processes ad-
equately normalized. Depending on the specific circumstances, the limit can be fractional
Brownian motion but it can also be a process with infinite variance, a Lévy stable process
with independent increments or a stable process with dependent increments. We show
that it is even possible to have infinite variance integrated supOU processes converging
to processes whose moments are all finite. A number of examples are provided.

1 Introduction

SupOU processes which are defined below are superpositions of stationary Ornstein-
Uhlenbeck processes driven by a Lévy process. They were studied extensively by Barndorff-
Nielsen and his collaborators Barndorff-Nielsen (2001), Barndorff-Nielsen & Stelzer (2011),
Barndorff-Nielsen & Stelzer (2013), Barndorff-Nielsen & Veraart (2013). An attractive
feature of supOU processes is that they allow the marginal distribution and the temporal
dependence structure to be modeled independently.

The supOU process is defined as follows: it is a strictly stationary process X =
{X(t), t € R} represented by the stochastic integral (Barndorff-Nielsen (2001))

X0 = [ [ et (6 - 9neds), 1)

Here, A is a homogeneous infinitely divisible random measure (Lévy basis) on Ry x R,
with cumulant function for A € B (R x R)

C{CEA(A)} = log B = m(A)rr(C) = (m x Leb) (A)r(C)- (2)
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The control measure m = m x Leb is the product of a probability measure 7 on R, and
the Lebesgue measure on R. The probability measure 7 “randomizes” the rate parameter
¢ and the Lebesgue measure is associated with the moving average variable s. Finally,
#r in (2) is the cumulant function xz(¢) = log Ee’*() of some infinitely divisible random
variable L(1) with Lévy-Khintchine triplet (a, b, p) i.e.

2
kr(¢) = iCa — 51) +/ (elcx —1—iCal1y(x)) p(dz). (3)
R
The Lévy process L = {L(t),t > 0} associated with the triplet (a,b, u) is called the
background driving Lévy process and the quadruple

(a,b, i, ) (4)

is referred to as the characteristic quadruple.

The marginal distribution of X is determined by L, while the dependence structure
is controlled by the probability measure 7. Indeed, if EX (¢)? < oo, then the correlation
function of X is the Laplace transform of :

r(t) :/R e %n(d¢), t>0. (5)

More details about supOU processes can be found in Barndorff-Nielsen (2001), Barndorft-
Nielsen & Leonenko (2005), Barndorff-Nielsen et al. (2013), Barndorff-Nielsen & Stelzer
(2011) and Grahovac, Leonenko, Sikorskii & Taqqu (2019).

Integrated supOU process X* = {X*(t), t > 0} defined by

X*(t) = /0 tX(s)ds, (6)

has a complex asymptotic behavior. We have shown in Grahovac, Leonenko & Taqqu
(2019) that when the supOU process has a finite variance, then different types of limits
of integrated process can occur depending on the specific structure of the process. In this
paper, we study what happens when the supOU has infinite variance. We show that again
different limits can occur depending in particular on how heavy the tails of the supOU
process are. We show that it is possible to have an infinite variance process to converge
to a process with all moments finite.

Our results may be of particular interest in financial econometrics where supOU pro-
cesses are used as stochastic volatility models and hence the integrated process X™* repre-
sents the integrated volatility (see e.g. Barndorff-Nielsen & Stelzer (2013)). The limiting
behavior is also important for statistical estimation (see Stelzer et al. (2015), Curato &
Stelzer (2019)). In Grahovac, Leonenko & Taqqu (2019) it has been shown that integrated
supOU processes may exhibit an interesting phenomenon of intermittency which may be
relevant for applications in turbulence (see e.g. Zel’dovich et al. (1987)).

When the supOU process {X(t), t € R} has finite variance, four different limiting
processes may be obtained depending on the elements of the characteristic quadruple,
namely



e Brownian motion,

e fractional Brownian motion,

e a stable Lévy process,

e a stable process with dependent increments defined in (18) below.

The type of limit depends on whether Gaussian component is present in (4), on a param-
eter a quantifying dependence and on a parameter § quantifying the growth of the Lévy
measure /4 in (4) near origin.

We show in this paper that when the supOU process {X(t),t € R} has infinite
variance, the limiting behavior depends additionally on the regular variation index = of
the marginal distribution. As limiting process, one can obtain

e a stable Lévy process,
e a stable process with dependent increments defined in (18) below,
e fractional Brownian motion.

We provide examples to illustrate the results.

The paper is organized as follows. In Section 2 we list the assumptions used for our
results. Section 3 contains the main results and in Section 4 examples are provided. All
the proofs are contained in Section 5.

2 Basic assumptions

Before stating the main results we introduce some notation and basic assumptions.

2.1 Preliminaries

A random variable Z with an infinite variance stable distribution S, (o, p,¢) and param-
eters 0 <v<2,0>0,—1<p<1and c € R has a cumulant function of the form

kS, (0.p.0)(C) = C{C T Z} = icC — o7 [¢]" (1 —ipsign(Q)x((,7)), CE€R, (7)
where
tan (%7) , Y #E 1
slog|¢], =1

X(C,v)z{

For simplicity of the exposition, wherever it applies we will assume Z is symmetric (p = 0)
when v = 1, hence we can write

tan (%), v # L

X(C,v)=x(v)={o N

We shall make a number of basic assumptions.



2.2 Domain of attraction

We suppose that the marginal distribution of the supOU process {X(¢), t € R} in (1)
belongs to the domain of attraction of stable law, that is, X (1) has balanced regularly
varying tails:

P(X(1) > z) ~ pk(z)z™ and P(X(1) < —z)~qgk(z)z™, asz—o0, (8)

for some p,q > 0, p+q > 0, 0 < v < 2 and some slowly varying function k. If v =1, we
assume p = ¢. In particular, the variance is infinite. Moreover, when the mean is finite,
that is when v > 1, we assume EX (1) = 0. These assumptions imply that X (1) is in the
domain of attraction of S, (0, p,0) law with (Ibragimov & Linnik 1971, Theorem 2.6.1)

o= (M(P-FQ) cos <ﬂ)>l/v, p p—a (9)

1—~ 2 T ptq

Now consider the Lévy process {L(t), t > 0} introduced in Section 1. By (Fasen &
Kliippelberg 2007, Propositon 3.1), the tail of the distribution function of X (1) is asymp-
totically equivalent to the tail of the background driving Lévy process L(t) at ¢t = 1. More
precisely, as x — 00

P(L(1) > z) ~yP(X(1) >z) and P(L(1) < —zx)~~yP(X(1) <—z). (10)
Hence, (8) implies
P(L(1) > x) ~ pyk(z)z™” and P(L(1) < —x) ~ qvk(z)z™?, asz — o0, (11)

and L(1) is in the domain of attraction of stable distribution S,(v/7a, p,0). Note that
the scale parameter o of X (1) yields a scale parameter v*/7o for L(1).

The normalizing sequence in some of the limit theorems below involves the de Bruijn
conjugate of a slowly varying function (Bingham et al. 1989, Subsection 1.5.7). Recall
that the de Bruijn conjugate of some slowly varying function h is a slowly varying function
h# such that

h(z)h* (zh(z)) — 1, h# (2)h(zh (z)) — 1,

as x — 00. By (Bingham et al. 1989, Theorem 1.5.13) such function always exists and is
unique up to asymptotic equivalence.

2.3 Dependence structure

The second set of assumptions deals with the temporal dependence structure dictated by
the behavior near the origin of the probability measure 7 in the characteristic quadruple
(4). We will assume that the probability measure 7 is regularly varying at zero, that is
for some a > 0 and some slowly varying function ¢

7 ((0,2]) ~ L(z" 1z, —asz — 0. (12)



To simplify the proofs of some of the results below, we will assume that 7 has a density
p which is monotone on (0, 2’) for some 2’ > 0, so that (12) implies

p(z) ~ al(z Hz* ', asx — 0. (13)
To see how this affects dependence, note that if the variance is finite EX (¢)? < oo, then
(5) and (12) imply that the correlation function satisfies (Fasen & Kliippelberg 2007,
Proposition 2.6)
r(r) ~T(1 4 a)l(T)777, as T — oo.

Hence, if o € (0,1), the correlation function is not integrable, and the finite variance
supOU process may be said to exhibit long-range dependence. On the other hand, note
that the behavior of 7 at infinity does not affect the decay of correlations as decay of
correlations depends on the asymptotics of m near zero. To simplify the presentation of
the results, we shall assume that

/0 " en(de) < oo (14)

2.4 Behavior of the Lévy measure at the origin

Unlike classical limit theorems, the limiting distribution of the integrated supOU processes
does not depend only on the tails of the marginal distribution and on the dependence
structure. The third component affecting the limit is the growth of the Lévy measure p
near origin. We will quantify this growth by assuming a power law behavior of the Lévy
measure near the origin. Let

M (x) = p([x,00)), x>0,
M~ (z) = p((—o0,=z]), x>0,

denote the tails of u. We will assume that there exists 3 > 0, ¢, ¢ >0, ¢t +¢= > 0
such that
MT(x) ~cta™ and M~ (z) ~c 2" asxz — 0. (15)

Since p is the Lévy measure, we must have 5 < 2. If (15) holds, then § is the Blumenthal-
Getoor index of the Lévy measure p defined by (see Grahovac, Leonenko & Taqqu (2019))

Bpe = inf {7 >0: /| |z p(dz) < oo} . (16)
z|<1

Note that by (Kyprianou 2014, Lemma 7.15) M*(z) ~ P(L(1) > x) and M~ (z) ~
P(L(1) < —x) as © — 00, hence we can express (11) equivalently as

M*(z) ~pyk(x)z™ and M (z) ~ qyk(z)z™?, asz — .

In general, making assumptions on the value of the Blumenthal-Getoor index Sp¢ is more
general than assuming (15). For example, in the geometric stable example in Subsection



4.4 below, the mass of the Lévy measure near the origin increases at the logarithmic rate,
hence (15) does not hold but Sgz = 0. Certain parts of our main results below require
only assumptions on the value of the Blumenthal-Getoor index and not (15) (see Remark
3.1).

The condition (15) may be equivalently stated in terms of the Lévy measure of X (1).
Indeed, if v is the Lévy measure of X (1), then (15) is equivalent to

v([x,00)) ~ B ete™ and v ((—oo, —z]) ~ e z™? as x — 0. (17)

See Grahovac, Leonenko & Taqqu (2019) for details.

3 Main results

Before stating the main theorems, let us review the parameters introduced in the previous
section:

e v € (0,2) defined in (8) is the regular variation index of the marginal distribution,
e a € (0,00) defined in (13) quantifies the strength of dependence,

e 5 € [0,2) defined in (15) is the power law exponent of the Lévy measure u near
origin.

The resulting limiting process depends on the interplay between the parameters «, 8 and
~. In the next theorem, the process {X(t), ¢t € R} has no Gaussian component. Here and

in what follows, {-} rag {-} denotes the convergence of finite dimensional distributions.
Theorem 3.1. Suppose that the supOU process {X(t), t € R} is such that

e b =0, thus has no Gaussian component,
e the marginal distribution satisfies (8) with 0 <y < 2,
e the behavior at the origin of the Lévy measure p is given by (15) with 0 < 5 < 2,

e 7 has a density p satisfying (13) with o > 0 and some slowly varying function ¢ and
(14) holds.

Then the following holds:
(I) If y <1+ a, then as T — o0

{W@)wmﬂ)} L, (0}

where k is the slowly varying function in (8), k¥ is the de Bruijn conjugate of
1/k (2'/7) and the limit {L,} is ay-stable Lévy process such that L.,(1) < S,(01,4,p,0)

with s
1o =a (o[ emae)

and o and p given by (9).



(II) If v > 1+ «, then the limit depends on the value of 3, as follows.

(Il.a) If B <1+ a, then as T — oo

(ILb)

Remark 3.1.

1 . d
{ 1/(1+a)X (Tt>} fd {Lita()},

T/ (+e) ¢# (T)
where the limit {Li+4} is a (1 + «)-stable Lévy process such that Li4q(1) <
Sl+a (5, ﬁ, 0) with
~l+ta

l+a | ~l4a)\l/(1+a) ~ P 5015 + 20030
0' = (0'1 ﬁa -+ 2aa> ) P = ~1+a +~1+o¢ )

with 015 and p1 g defined in Lemma 5.2 and 024 and ps o defined in Lemma
5.4 below.

If1+a < @, then as T — oo

{ s @0} Zaato),

where {Z, g} is a process with the stochastic integral representation

:/R /R(f(i,t—S)—f(f,—S))K(d&dS)a (18)

f is given by

1—e™, dfx>0andu >0,
flz,u) = { (19)

0, otherwise,

and K is a f-stable Lévy basis on Ry X R with control measure a&*d€ds such
that C{C1 K(A)} = 585(52,3,52,570)<C) with

_ 1/8 -
028 = (—F(f_ ;) (¢™ 4+ ct)cos (?)) : P26 = i

and ¢, ¢ as in (15). The limit process {Z,p} has stationary increments
and is self-similar with index H =1 —a/p € (1/5,1).

We note that for the proof of Theorem 3.1(I) when v < 1 one could replace

(14) with the assumption that there exists € > 0 such that

/OO Erter(de) < oo
0

Also, for the proof of Theorem 3.1(Il.a) instead of assuming (15) with 8 < 1 + «, it is

enough to assume that the Blumenthal-Getoor index (16) satisfies Spg < 1 + a.

7



The first boundary between different limit types in Theorem 3.1 is given by v = 1+ «a.
By choosing formally v = 2, we obtain « = 1 which corresponds to the boundary between
short-range and long-range dependence in the finite variance case (see Grahovac, Leonenko
& Taqqu (2019)).

In the infinite variance case, the regular variation index  of the marginal tails seems
to play an important role in the limit only when v < 1 4+ a. One could say that in this
scenario the tails dominate the dependence structure. In the opposite case v > 1 + «
two classes of stable processes may arise as a limit, either with dependent or independent
increments. This depends on the value of parameter 5.

Note also that if § < 14 a < 7, the limiting process L;., has heavier tails than the
supOU process whose tails are characterized by v. On the other hand, when 1 4+ o < 7
and 1 4+ a < f the limiting process has (-stable marginals hence, depending on whether
B > v or B < 7, the tails of the limit can be lighter or heavier than the tails of the
underlying supOU process.

We now consider the case when the Gaussian component is present in the characteristic
quadruple, that is b # 0. This is the main difference between Theorem 3.1 and Theorem
3.2.

Theorem 3.2. Suppose that the supOU process {X(t), t € R} is such that
e b0, thus has a Gaussian component,
e the marginal distribution satisfies (8) with 0 <y < 2,
e the behavior at the origin of the Lévy measure p is given by (15) with 0 < 5 < 2,

e 7 has a density p satisfying (13) with a > 0 and some slowly varying function ¢ and
(14) holds.

(I) Ifa>1orifa<1andy < 5%, then as T — oo

1 . fdd
{Tl/Wk#(T)l/WX <Tt)} — {L,(t)},
where the limit {L.} is a y-stable Lévy process defined as in Theorem 5.1(I).

(1I) If « <1 and v > 72, then as T — oo

{WX*(Tt)} I (G 0Bu(t)},

where {By(t)} is standard fractional Brownian motion with H = 1 — «/2 and

~ 12 I'(1+a)
Ts0 = b 2mayi-ay

When the Gaussian component is present in the characteristic quadruple, the param-
eter (8 is irrelevant for the type of the limit process and there are only two possible limits.
One is the Lévy stable motion {L,(t), ¢t > 0} that would have been a limit if { X*(¢), ¢t > 0}

8



had independent increments. The second is the Gaussian fractional Brownian motion. In
the first case, the limit has independent but infinite variance increments and in the second
case the limit has dependent increments but their distribution is Gaussian.

Theorem 3.2 also provides an example of a limit theorem where the aggregated process
has infinite variance, but the limiting process is fractional Brownian motion which has all
the moments finite.

Figures 1 and 2 illustrate the limiting behavior graphically.

v

Figure 1: Classification of limits of X* when b =0

4 Examples

In this section we list several examples of supOU process and show how Theorems 3.1 and
3.2 apply. In each example we will fix the distribution of the background driving Lévy
process while 7 may be any absolutely continuous probability measure satisfying (13).
For example, m can be Gamma distribution with density
1 1
= B | 0 s
f(x) rw? ¢ 1o ) ()

where o > 0. Then 1
7((0,x]) ~ mxa, as r — 0.

9



fractional Brownian motion

stable Lévy 8
process L.,

(67

Figure 2: Classification of limits of X* when b # 0

Other examples can be found in Grahovac, Leonenko, Sikorskii & Taqqu (2019).

In each of the examples bellow, we choose a background driving Lévy process such
that L(1) is a heavy-tailed distribution satisfying (11) with 0 < v < 2 and (15) holds or
the Blumenthal-Getoor index (16) is known.

Note that by appropriately choosing the background driving Lévy process L, one can
obtain any self-decomposable distribution as a marginal distribution of X. Recall that
an infinitely divisible random variable X is selfdecomposable if its characteristic function
$(0) = EeX | § € R, has the property that for every ¢ € (0, 1) there exists a characteristic
function ¢. such that ¢(6) = ¢(ch)p.(0) for all € R (see e.g. Sato (1999)). Equivalently,
for every ¢ € (0,1) there is a random variable Y, such that the random variable X has
the same distribution as c¢X +Y..

Each of distributions given in examples below may be imposed as a distribution of
X(t). Indeed, every distribution considered in the following examples is self-decompo-
sable (see references cited below), hence there exists a background driving Lévy process
generating a supOU process with such marginal distribution. Furthermore, if (8) holds,
then L(1) satisfies (11) by (10). If (17) holds for the Lévy measure of X (1), then this
implies (15) for the Lévy measure of L(1). Hence, Theorems 3.1 and 3.2 may still be
applied as the conditions on the background driving Lévy process are easily translated to
the corresponding conditions on the marginals of the supOU process.

10



4.1 Compound Poisson background driving Lévy process

Let L be a compound Poisson process with rate A > 0 and infinite variance jump distri-
bution F regularly varying at infinity. More precisely, F' satisfies

F((z,00)) ~ pyk(x)z™" and F((—o0,—z|) ~ qyk(z)z™7, asx — oo,

for some 0 < v < 2 and k slowly varying at infinity. If F" has a finite mean, then we assume
it is zero. Suppose X is a supOU process with the background driving Lévy process L and
7 absolutely continuous probability measure satisfying (13). The characteristic quadruple
(4) is then (a,0, u, 7) where

a= )\/x|<1 rF(dz), wu(dx) = \F(dx).

Since the Lévy measure is finite, this case corresponds to f = 0 in (15). Hence, Theorem
3.1 applies to show that the limit is stable Lévy process with index v if v < 1+ « or with
index 1 +aif y > 1+ a.

4.2 Stable background driving Lévy process

Let L be a y-stable Lévy process generating supOU process X with characteristic quadru-
ple (4) given by (a,0, u, 7) where

cix Yz, x € (0,00),
plde) =10 (0, 0)
colxe|7 7 dx, x € (—00,0),

with ¢1,c0 > 0, ¢ci +c >0ify# 1land ¢ = ¢ if y = 1. If a > 1, we additionally
assume EX (1) = 0. The Lévy measure satisfies (15) with = ~ and from Theorem
3.1 we conclude that if v < 1 4 «, the limit is ~-stable Lévy process and if v > 1 + «,
then the limit is stable process Z, ., defined in Theorem 3.1 (IL.b). This type of limiting
behavior was obtained by Puplinskaité & Surgailis (2010) for aggregated AR(1) processes
with stable marginals.

4.3 Student’s background driving Lévy process
Let L be a Lévy process such that L(1) has Student’s ¢-distribution given by the density

41

) () (2=
f(f):m(lJr(T)) , 1 €eR,

where ¢ € R is location parameter, 6 > 0 scale parameter and the degrees of freedom
0 < v < 2 correspond to the tail index of the distribution of L(1) asin (11). If v > 1, we
assume ¢ = 0, hence EL(1) = 0. The Lévy-Khintchine triplet in (3) is (¢, 0, u) with Lévy
measure i absolutely continuous with density

e~ 1zlv2y
9(@) |a:|/ wyﬂ/gémw vz ™

11



where J,» and Y, /5 denote the Bessel functions of the first and the second kind, respec-
tively (see e.g. Heyde & Leonenko (2005)). By (Eberlein & Hammerstein 2004, Eq. (7.14))
we have 5
g(x) ~ =272 asz —0,
i

and by using Karamata’s theorem (Bingham et al. 1989, Theorem 1.5.11) it follows that

o
p(lz,00)) ~ p((—00,—2]) ~ ™', asz — 0.
™
Hence, f = 1 in (15). Let m be an absolutely continuous probability measure satisfying
(13). Then the characteristic quadruple (4) is (¢, 0, u, ). By Theorem 3.1 the limits are
as in the compound Poisson case, namely, stable Lévy process with index v if v < 14 «
or with index 1 + a if vy > 1+ a.

4.4 Geometric stable background driving Lévy process

A random variable Y has a geometric stable distribution if its characteristic function has

the form
1

1 - RSW(U,p,c)(C)

where kg (4,,¢) is the cumulant function (7) of some stable distribution S, (o, p,c). The
case p = ¢ = 0 yields the so-called Linnik distribution with characteristic function (Ba-
keerathan & Leonenko (2008), Kotz et al. (2001))

EeiY =

, CER,

Ee'¢Y = L

= R.
T ofep €

On the other hand, geometric stable distribution with 0 < v < 1, o = cos(7y/2)"/7, p =1
and ¢ = 0 is known as the Mittag-LefHler distribution (see Kozubowski (2001)).

Let L be a Lévy process such that L(1) has geometric stable distribution. For
0 < 7 < 2, geometric stable distributions have regularly varying tails with index v (see
e.g. Kozubowski & Panorska (1996)), hence (11) holds. On the other hand, the mass of
the Lévy measure near origin increases at the logarithmic rate, hence the Blumenthal-
Getoor index (16) is 0 (see Kozubowski et al. (1998) for details). Since the characteristic
quadruple has no Gaussian component, we conclude from Theorem 3.1 and Remark 3.1
that the limit is stable Lévy process with index ~ if v < 1 + a or with index 1 + « if
v>1+4oa.

5 Proofs

The proofs of Theorems 3.1 and 3.2 are based on the Lévy-Ito decomposition of the
background driving Lévy process L and the corresponding decomposition of the inte-
grated process X*. Let p(dx) = p(de)ligs1(dr) and po(de) = p(dr)liy<i(de) where
i is the Lévy measure of the Lévy process L. Then there exists a modification of the

12



Lévy basis A for which we can make a decomposition into A; with characteristic quadru-
ple (a,0, u1,7), As with characteristic quadruple (0,0, uo, ) and A3 with characteristic
quadruple (0,b,0,7) (see Pedersen (2003), (Barndorff-Nielsen & Stelzer 2011, Theorem
2.2) and Moser & Stelzer (2013)). We assume in the following A is already a modification
with Lévy-1t6 decomposition. Let Lq(t), Lo(t) and Ls(t), t € R denote the corresponding
background driving Lévy processes which have the following cumulant functions:

C{CitLi(1)} =iCa+ /R (eicx — 1) p(dz) = iCa + / (e"" — 1) p(dx), (20)

|z|>1

C{CtL(1)} = /R (eiciD —-1- icl[—l,l}(x)) p2(dx)

- /|<1 (" =1 —iC1i_yy(x)) p(de),

CACHLa()} = =S

Note that L; is a compound Poisson process and L3 is Brownian motion. Consequently,
we can represent X ()

X(t) = / / . e SN (dE, ds) + / / ! S Ay (dE, ds)
/ / ! e S A5 (d€, ds) (21)

= X1 (t) + Xo(t) + X3(t)

with X, Xy and X3 independent. Let X7, X; and X denote the corresponding integrated
processes which are independent. To obtain the limiting behavior of the integrated process
X* we first establish limit theorems for each process X7, X5 and Xj separately.

5.1 The process X}

When the supOU process has finite variance, then

/0 e n(de) < 0o (22)

if and only if the correlation function is integrable (see Grahovac, Leonenko & Taqqu
(2019)). If this is the case, then the integrated process after suitable normalization con-
verges to Brownian motion. When the variance is infinite, then, assuming (8), one may
expect y-stable Lévy process in the limit.

We first prove this for the compound Poisson component Xj. In this setting, the
critical condition turns out to be

/0 e (de) < oo (23)

Note that choosing formally 7 = 2 corresponds to the critical condition (22) in the finite
variance case.

13



Lemma 5.1. Suppose that there exists an € > 0 such that

/ Eer(de) < oo ify € (0,1), (24)
0
or -

| ermag <00 ifve), (25)

0
Then as T' — oo .
\ fdd

{WX (Tf)} {L, ()},

where the limit {L.} is a y-stable Lévy process with the notation as in Theorem 3.1(1).

Proof Let 0 = tg < t; < -+ < tpm, (..., € R and Ap = TY7E#(T)/7. By the
Cramér-Wold device, it will be enough to prove that

3G X (T S 3 G k),
=1 =1

We can rewrite the left-hand side as

Zg,ZA (X5 (Tt;) — X5 (Tt;_1))

m

=D (m =i+ DGAF (X[ (Tt:) = X[ (Tt;-1))

=1

and the same can be done for the right-hand side. Hence, it is enough to prove that for
arbitrary (1,...,(, € R

D GAT (X (TH) = X (Tti0)) 5 3G (Ly(t) = Ly(ti0)) (26)

By using (1) we have that

[e's) Eu
X5 (Tt;) — X5(Tt; 1) / / / e ST\ (d€, ds)du
th 1
ETt;_q Tt; ET't; Tt; (27)
- / / / e~ du, (de, ds) + / / / e~€s du, (d, ds)
Ttl 1 th 1

= AX?(Tt) + AX],(Tt)

with AXT | (Tt;) and AX7,(Tt;) independent. Moreover, AXy,(Tt;), i = 1,...,m are
independent, hence, to prove (26), it will be enough to prove that

AZTAX 1 (T)
AF'AXT(TH)

0, (28)

4
b Lo (ts) — Ly (tica). (29)
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Due to stationary increments, it is enough to consider t; = t; =t so that ¢t;_; = 0.

We start with the proof of (28). For any A-integrable function f on R, x R, one has
(see Rajput & Rosinski (1989))

cfci [ ganp= [ ucresdsnias) (30)
R+ xR R+ xR
Using this and the change of variables we get that
Tt
C{CTAFAXT (Tt} = / / KL, (Q‘A / —f“+5du) dsm(dE)
/ / ki, (CAZ' ¢ (1 — e 1Y) dsm(dE). (31)
By (Ibragimov & Linnik 1971, Theorem 2.6.4), the assumption (11) implies that

Kry (C) ~ k(l/lq)’i&y('yl/Vo,p,O) (C)v as C — 0. (32)

Hence, for arbitrary ¢ > 0, in some neighborhood of the origin one has
[k (O S CLICP™°, I¢] < e
On the other hand, since [¢® — 1| < 2, we have from (20) that
k00 (O] < [alle) +2 [ Lupry(@ha(do) < fall] + Co
R
We can take C3 large enough so that |k, (¢)| < Cs|¢| for [(] > ¢ and then

Ik, (O] < C1l¢ 10121 (€) + C3l¢ L¢3 (€). (33)

15



Now we have by using (31)

|C{CEAFAXT (T ]
oo 0
< 01/ / CAF e (1 — e¢TY) |7—5 1{|<A;1esg—1(ke—en)gg}(é)dm(df)
+ 03/ / |CAT'e (1—e 4T 1{|¢A;1esg—1(176—m)|>€}(C)d87r(d§)

< 01|C|7—5A;7+5/ / 6(’7—5)8 (g—l (1 . e—th))V—(S dS’YT(df)

- Cy|CltAT / / (€T (1= ) Lser (1 emer) ooy ()

L\ cp-ops azvtoqm-s (5Tt)—1 1 — ST r(dg)
r 0

+ C3|C[tAZMT /0 €Tty (1—e )1 flcartet (1-e-ere) 52 ()T (dE)

TSI (L) D) / (e (1— ) n(ag)

0

+ Cs| ¢t Y R (T) Y /0 (€Tt~ (1 — e Licazet (1-eere) 5y (O (dE).
Now if v € (0,1), then by using the inequality z7'(1 —e™*) < 1, x > 0, and the fact
that 7 is a probability measure we have

|C{Q¢A—1AX{<1 (Tt)}]
< Cl

|C|7 Sgy—0y—0— 1+5/vk#(T)(—7+5)/7 + 03|C|tT1—1/7k#(T)—1/7 — 0,

as T — oo, 51nce7—5—1—|—5/’y<0and1—1/’y<0.
If v € (1,2), then from the inequality z71(1 — e™®) < 27 valid for x > 0 and
€ [0,1], we get by taking a = a; := —(1 —~)/(y — d) € (0,1) for the first term and
a=ay:=7v/2—1/(2y) € (0,1) for the second term that

lC{¢H A—lAXﬁ(Tt)}I

KW 8 gy=drpry—8— 1+5/7k#( ) 'y+5)/7/ (th)*al(V*‘s)w(dé)
0

<C1

+03|C|tT1‘1”k#(T)‘1” / (€Tt) 2 (de)

(T)(*’Yﬂs)/“/ /OO 51*77r(d£)
0
T Cyl(| T (7)1 / T een(de).
0

This tends to zero as T — oo since §/y —v < 0,1 —1/y—as < 0 and [~ £ n(d€) < o0
due to —as > 1 — 1.

16



If v = 1, then we can similarly take a = ay; = ¢/(y — §) € (0,1) for the first term and
a=ay:=c¢ € (0,1) for the second term to obtain

{47 8,00

S Cl |C|7 6t1 o— e sk#( (=y+9) /7/ 5 T df

+ C?,Ey<|t1—€T—£/~c#(T)—1/7 / Een(dé) -0, asT — oo.
0
This completes the proof of (28).

To prove (29), note that because of (32) we can write

K1, (C) = k(Q)ks, (41/70,50)(C);
with k slowly varying at zero such that k(¢) ~ k(1/¢) as ¢ — 0. From (30) we have

C{CT A7 AXT,(TH)}

Tt Tt
/ / ( / 6_5“+sdu> dsm(d€)
/€
ETt
[ [ et - ) dsntae
o Jo
-7 e (CAZYE (1 — T ) eTdsr(de)

0 0
LS E)
0 0

X K, (y1/0p0) (CAZ'E (1= e~ TU=9Y)) ¢Tdsm(d€)

= Kg,( 1/%,;0 / /A;’Y (5 1 —ETt s)))v

Xk (CAZYE (1 — e T0=))) ¢Tdsm(dE)

(
= K5, (1 10,p,0) / /5 7(1 o €T (1= s)v

F((Tm#(m) 77 et (1 - eere-9)))
v T dsr(de). (34)

By the definition of k%, one has (Bingham et al. 1989, Theorem 1.5.13)

#(T #(T
k() ~ () — 1, asT — oo,

F(rsm) ™)k ((@r#))

17



and due to slow variation of k, for any ¢ € R, € > 0 and s € (0,t), as T — 0o

k# (T) _
F (k)7 g (1= e
k ((Tk#<T ))*1”> k#(T) )

— 1.

F((TR#(T) 7 6 (1= emert=) ) o ((Th# (1))

Hence, if the limit could be passed under the integral in (34), we would get that

C{CEAFIAX] H(TH)} = this, (1iepo) / En(de),  as T — oo,
0

which proves (29). To justify taking the limit under the integral, note that by Potter’s
bounds (Bingham et al. 1989, Theorem 1.5.6) we have from (35) that for any 6 > 0

T <(Tk:#(T))_1/7 ng (1 - eng(tfs))>
k#(T)
< Cs max {gdg—é (1 _ 6—§T(t—s))5 (g (1 _ e—ST(t—s))*é}

< Gy (1= e ) max {¢ 70,

for T large enough. By taking § < min{vy,e} we get

7 ((Tk#(T))ilm cet (1 . 6—§T(t—s)))
k#(T)

< Cee7 (1 €—§T(t—s))7_5 max {5—5’ 55}

< o' max {£7°,6°}

€177 (1 — etTt=)

and by the assumptions (24) and (25)

/ N / e max €, 0} dm(de)
0 0
1 o)
— 1—y—6 d 1—~+46 d )
t/os ﬁ(€)+t/1€ r(de) < oo

Hence, the dominated convergence theorem can be applied in (34). O]

We next consider a scenario where (13) holds. If v € (1,2), then this implies that (23)
does not hold.

Lemma 5.2. Suppose that m has a density p satisfying (13) with o € (0,1) and some
slowly varying function €. If
1+a<y,

18



then as T — oo

1 N fdd
{rmos g 0 ) 4 a0, &
where (* is de Bruijn conjugate of 1/¢ (z'/0F®)) and the limit {L11q} is (1 + «)-stable
Lévy process such that Lyy4(1) 4 S,(C1,a, p1,0) with

_ I(1— 1+ Y/ (te) o —cf
Tro = (—( - ®) (c1 +¢1)cos (—W( 5 a))) L A= (37)

— Jr .
and ¢ ,ci given by

-1 00
- _ « Lt (1 + _ a Ita (1 38
e 1+a/oo|y| n(dy), c 1+a/1 y T u(dy). (38)

Proof. The proof is similar to the proof of (Grahovac, Leonenko & Taqqu 2019, Theorem
2.2). As in the proof of Lemma 5.1, it will be enough to prove that as 7' — oo

AFAXT(TE) S0, (39)
AP AXT (T S Liga(t), (40)

with Ay = TV e g# (T)/0F9)  Note that the de Bruijn conjugate (# exists by (Bingham
et al. 1989, Theorem 1.5.13) and satisfies

(1)
/ ((TZ# (T))l/(1+a)>

~ 1, as T — 0. (41)

To prove (39), note that we can write p(z) = al(x~1)z*1 where £(t) ~ {(t) as t — 0.
Now from (31) we have

C{Ct A AXT (Tt}
0o 0
= / / ki, (CAZ'Te*¢™ (1 — ™)) dsm(T"d¢)
0 —o0o

_ / N / ", (CATe e (1 e8Y) dsm(T—de)
0 —00

[e'¢) 0 .
— / / ki, (CAZ'Te ¢ (1— e %)) al(TE)E T dsd.
0 —00
We have assumed 1+ « < 7, hence v > 1 and from (33) we get the bound

kL, (O < Cil¢l, CeR. (42)

By using Potter’s bounds (Bingham et al. 1989, Theorem 1.5.6) we have for 0 < § <
a?/(1+a)

ure™) = fﬁTffl)Z(gfl) < Cymax {T7°, T} I(7Y).

Ay

19



Now we get that
|C{Ct AF AXT(TH)}]
0o 0 .
< aCal([r el ()0 [T et (1 e T e s
0 —00
< Cyl([Te rarksgt (7)1 (1+0) / f(e e e — 0,
0

as T — oo.

We now turn to (40). As in the proof of Lemma 5.1 we have

C{Ct A7 AXT,(Tt)}
— /"O/ ki, (CAFIE™ (1 — e €7=9))) eTdsn(de)
o Jo
= /OOO/O KL, (CA;1§—1( €T (t—s )) ag(éf )gﬂTdsdf. (43)

Suppose that ¢ > 0. The proof is analogous if ( < 0. Making change of variables
r = (A ¢ in (43) we get

C{ciA*IAXi‘g(Tt)}

= CHO‘/ / /{L1 1 —e g (t=9) )) A () A rx(” ) —2dsdx
)

-1 4T s
. C1+Oé/ / K}Ll 1 —e —x 1AT(t >

l (Tl/(1+a)g# (T)0F) o= )

—a—2
X 7 (T) dsdzx, (44)

and T'/Ar — oo as T' — oo implies that
e 1T (s
KL, (:c (1 e A ))) — K, (T).

Since ¢ is slowly varying, ¢ ~ { and (41) holds, we have
£ (/e ()0 1) g (T re g ()05
t#(T) ¢ <T1/(1+a) ¢# (T)Y <1+a>>
e (et () )
0#(T)

as T'— oo. Hence, if the limit could be passed under the integral, we would get that

— 1,

C{CTAFAXT (Tt} — ¢ /OO K, (z)ax™* 2dx. (45)
0
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Let us assume momentarily that (45) holds. Since v > 1, we have assumed that the mean
is 0, namely EX (1) = ELy(1) = a + flx|>1 zp(dr) = 0 and hence from (20) we can write
k1, in the form

kr,(() = /|>1 (eiCz —-1- z'(a:) p(dx) = / (e’(x —-1- i(a:) i (dx). (46)

R
By using the relation

. _ Ly 1. ['2-2x)
Fiu _ 1 A—1 — Z - 7
/0 (e :l:zu)u du exp{$227r)\} o= 1)

valid for 1 < A < 2 (see e.g. (Ibragimov & Linnik 1971, Theorem 2.2.2)), we obtain by
taking A = 1+ « that

Oé/ fle(x)x_a_ZdiL‘ = a/ / (eixy —-1- ixy) x_o‘_2dx,u1(dy)
0 —o00 J0
= / / (e" — 1 —du) u™*2duy' ™ p (dy)
o Jo
0 00
+ a/ / (e — 14 iu) u™* du(—y) " (dy)
—o0 JO0

ol'(1 —a) i(1+a) /2/ 1+ —i(1+a)m/2 /0 1+
— eZ )T (6% d +€ (] Q)T (0% d
Traa ( Y 1 (dy) - ly[ i (dy)

_ M(cos (m;a)) ( - /1 I e pldy) + —— Ooy”au(d’y))

o I+a ) o 14+a )y

— isin <W(1;a)) (1ia/_0:|y!“au(dy) - 1fa/100y”au(dy)>>

= PO (g (DY (i) (D) ()

—o
I'(1 - 1 [ —cf 1
= - (e + ) cos (—W( i Oé)) (1 - Z'Cl_ C}r tan (W( i a)))
—o 2 ¢ +cf 2
= K’SW(ELa,ﬁl,O)a

where 77, and p; are given by (37) and ¢y, ¢i by (38). In the last equality sign(¢) = 1
since we suppose ¢ > 0.
To complete the proof we need to justify taking the limit under the integral in (44).

-1 <T

We denote gr(¢,x,8) =€ * A7) and split C {¢C1 A7 AXT,(T)} into two parts:

C{CtAFAXT, (T} = 1Y) + 1Y, (47)
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where

(V) gt () () o1
[(1) Cl—i-a/ / /ﬁ}Ll 1—gT(C,x 3))) < = (T) ) (48)

1p0,1/2(9r(C, 2, 8))dsd,

0 (71 (+e) p# (T)l/(1+a) z(!
poce [ / 1= 1) ) (19)

1py2(9r(C, @, 8))dsd.

From Potter’s bounds (Bingham et al. 1989, Theorem 1.5.6), for0 < 6 < min{y —1—a,a,1 —

there is C; such that
Z<T1/(1+a)g# (T)M () QSC_1>

/ (Tl/(1+a)g# (T)l/(1+a)>

< (] max {:1:_5(5, ZE(SC_(S} .

Now from (41) we have that for T large enough

(e ()V04) o)
D

< Chymax {z7°¢°, 2°C°},
and hence
o0 t
W< [ ] o @ gr(Coas))] max {a?,o?)
o Jo
X @xia721[0,1/2} (gT<C> xz, S))deilZ',

2] < ¢, / N / Ikt (2 (1 — gr(C, 2, 8)))| max {22, °}

X Om_a_21[1/2,1} (97(¢, 7, 5))dsdx.

We will first show that the dominated convergence theorem may be applied to I}l)
showing that I:(pl) converges to the limit in (45). From (46) by using the inequality

iw N (i) x|t 20z
¢ =D | < min n+ D)l al [

k=0
(@) < / e — 1 — iy (dy) < /| () +2 / gl (dy).
R zy|<1

|zy|>1

we get that for any = € R,

Moreover, we have

w ) <5 [ ) vz [ (), = K@) - K0 )
ly|<2/lz|

1/2<c<1 lzy|>1

22
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and hence

[k (@ (1= g7(¢, 2, 9))) Loz (gr(C 2z, 8))| < KW (2) + K@ (2).

2

o] t
< Cg/ / (K(l)(x) + K(Z)(x)) max {x"s, xa} axr “2dsdz,
o Jo

and it remains to show this integral is finite. Indeed, we have
00 t

/ / KW (z) max {27°,2°} ax™*2dsdx

o Jo

1 [e9)
= at/ / y2 py (dy)z = da + at/ / y2 g (dy)z = dx
0 Jlyl<2/|z| 1 Jy<2/lz|
1
= 21a5at/ / vy (dy)z ™ dx
0 Jyl<1/|z|

+ 21—a+6at / / y2lu1 (dy)x—oz—&-édx
L Jlyl<1/]z|

1 /1yl
= 21a5at/ yzul(dy)/ :z;a‘;dx—i-QlaHozt/ y2u1(dy)/ Rl
ly|<1 0 ly[>1 0

/1yl
+ 21—a—6at/ yzﬂl (dy) / I_a+6dx
lyl<1 1

217a+5at /
= ly"T 0 (dy) < oo
l—a— (5 ly|>1

and

[e§) t
/ / K®(z)max {z7°,2°} arx™* ?dsdz
o Jo

1 00
= 20415/ / |ym1(dy)$_a_1_5dx+2at/ / |yl (dy) =" dx
0 Jly|>1/|z| 1 ly|>1/|=|
1 o0
:2at/ ]yml(dy)/ a:_a_l_‘sda:—l—Zat/ |y|u1(dy)/ x g
ly[>1 /1yl ly|>1 1

20t [ pllay) [ et
ly|<1 /1yl

2at / 5 2at
= ly| (1= [y]*™°) pa(dy) — / lylpa (dy)
—Q — 6 |y|>1 ( ) 1 —a — (5 |y|>1 1

20t / 5
= ly[" 0 (dy) < oo
o+ 5 ly|>1

since 1 + o+ < v and E|L(1)1*H] < 0 & Sy ly[1Totouy (dy) < oo.
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We next show that Ig) — 0in (49) as T — oo. Since 1p1/2,1)(97(¢, x, 5)) = 1[<<H>T >(x),
Aglog2?

we have by using (42)
| Ir2] < 6’5/ / ~*max {x , T }1[((t T OO)( x)dsdx

= 05/ / m_o‘_l_‘Sl[ cut ) x)dxdu + 05/ / T 1+51 r o) (x)dzdu
0 0 Arlog2’ AT log 2’
t 1 00
_ —a—1-6 —a—1+6
=C5 /0 1 (07 ATCI;gZ] (u) / o T dxdu + Cs /() (07 ATC?gQ] (u) /1 T dxdu

Aplog?2
t 00
+C5 | lrapoez (1) = 0 drdu
0 [ T ’°°> _CuT _
Arlog2

t T —a—=3§ ot 5
— 06/0 1(07ATC;3g2]( )du —Cy (AT> /0 U 1(07ATC1;:g2:| (u)du
T —a+0 ks
+ Cg (AT) /0 U 1|:ATC}1c3g2’oo> (u)du — 0,

as T'— oo, which completes the proof of (40). ]

To summarize the results of this subsection, let us assume that (14) (hence (24) holds)
and that 7 has a density p satisfying (13) with o > 0 and some slowly varying function
¢. Then the limiting behavior is illustrated in Figure 3.

2

o

stable Lévy .
’l
process LHQ','

stable Lévy process L,

«

Figure 3: Classification of limits of X7
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5.2 The process X3

The background driving Lévy process of X5 consists only of jumps of magnitude less than
or equal to one. The limiting behavior of X; may depend on the growth of the Lévy
measure near the origin.

Note that E|X5(t)|? < oo for any ¢ > 0. In particular, the variance is finite and
EX,(t) = 0. Hence, we obtain the following results as a corollary of (Grahovac, Leonenko
& Taqqu 2019, Theorems 2.4, 2.2 and 2.3 respectively).

Lemma 5.3. If
| ¢t <o
0
then as T — oo

{% X;(Tt)} M (&:B ).

where {B(t)} is standard Brownian motion and

~ > 1
Ty = 203/ Em(dg), with o3 = Var X5(1) = §/| 2% o (da).
0 z|<1

Lemma 5.4. Suppose that m has a density p satisfying (13) with a € (0,1) and some
slowly varying function € and suppose (15) holds with 0 < 8 < 2.

(i) 1f
b <1+ a,
then as T — oo

1 \ fdd
{Tl/(1+a)£# () (Tt)} S L)}

where (* is de Bruijn conjugate of 1/¢ (z"/0F%)) and {L14,} is (1 + )-stable Lévy
process such that Ly, q(1) 4 S14a(02.05 P2.0,0) with

_ Pl—a), r1+a)\\"" g g
0'27() = (7(02 + CQ)COS <T s P20 = m,
and ¢y ,c5 given by
o 0 1+ + - 11+
- _ @, (d = “u(dy).
& 1+a/_1|y| u(dy), o 1+a/0y 1(dy)
(i) If
l+a<pf <2,

then as T — oo
—1 X3(T f—>dd Z
Tl_a/ﬁg(T)l/'B 2( t) { a,5<t)} ’

where the limit {Z, 3} is a process defined as in Theorem 3.1(1).
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Assuming that (13) and (15) hold, we can summarize the limiting behavior of XJ in
Figure 4. The value a = 1 is a boundary between Gaussian and infinite variance stable
limit.

2 7

stable L E

process '/' :

Za,,B (182," :
g1y E Brownian motion .

stable Lévy E

process Li o s

:

0 1

(0%

Figure 4: Classification of limits of X3

5.3 The process X;

Since X} is a Gaussian process, the limiting behavior is simple (see (Grahovac, Leonenko
& Taqqu 2019, Theorems 2.1 and 2.4)).

Lemma 5.5. (i) If
| ¢t < o
0
then as T — oo

{sxin} ooy,

where {B(t)} is standard Brownian motion and o3 = 203 [ & ' (dE) with 0F =
Var X3(1) = 0/2.

(11) Suppose that © has a density p satisfying (13) with o € (0,1) and some slowly
varying function £. Then as T — oo

{WX{;(T&} K (G50 Bu(t)}

where { By (t)} is standard fractional Brownian motion with H = 1—a/2 and 73, =

20‘%% with 0§ = Var X3(1) = b/2.

26



5.4 Proofs of Theorems 3.1 and 3.2

The limiting behavior of the integrated process X* follows by combining the limit theorems
of the three components in the decomposition (21). If X* consists of at least two non-
zero components, then each of these may be suitably normalized to obtain a non-trivial
limiting process. However, to obtain the limit of the sum of the three components, namely
the joint process X*, one has to take the fastest growing among the three normalizations
suitable for the components. Hence, the limiting process will depend on the orders of
normalizing sequences of the component processes. Namely, an interplay between the
parameters «,  and v will determine the limit.

Proof of Theorem 5.1. The proof is based on comparing the orders of normalizing se-
quences. Let F; and Es denote the exponents of the normalizing sequences for the pro-
cesses X (Tt) and X;(Tt) respectively.

(I) Ify < 14a, then E; = 1/y by Lemma 5.1. It is enough to show that 7/ X3 (Tt) KR
0 by showing that 1/v > Es.

e If > 1, then Fy = 1/2 by Lemma 5.3. Since v < 2, 1/v > 1/2.

e Ifa<land B < 1+a,then By =1/(14«) by Lemma 5.4(i). Since v < 1+,
we have 1/v > 1/(1 + «).

e Ifa<land 1+ «a < f, then By =1 — «a/f by Lemma 5.4(ii). We have
l-—a/B<14+(1-=7)/B<1+1=7)/v=1/7.

(IT) If 1 + @ < , then E; = 1/(1 + «) by Lemma 5.2. Note that implicitly we must
have oo < 1.

(ILa) If B < 14a, then Ey = 1/(14«) by Lemma 5.4(i). We have E; = E, and the
same normalization, hence the limit is a sum of independent limits obtained
in Lemma 5.2 and Lemma 5.4(i). We additionally use (Samorodnitsky &
Taqqu 1994, Property 1.2.1).

(ILb) If 1 + o < B, then Ey = 1 — «/f by Lemma 5.4(ii). We have 1 — a/f >
l-a/(1+a)=1/(1+a) <since 1 +a < f.

]

Proof of Theorem 3.2. The proof follows the same arguments as the proof of Theorem
3.1.

(I) follows easily from Theorem 3.1 and Lemma 5.5. For @ > 1 we conclude the statement
from the fact that 1/ > 1/2. If a < 1 and v < 2/(2 — «), then v < 1+ «, hence we need
to compare 1/ and 1 —«/2. But this follows easily since 1/7 > 1—a/2 & v < 2/(2—a).
(IT) follows similarly. Indeed, if 2/(2 —a) <y <14a, then 1/y <1—a/2. If y > 1+a,
the rate of growth of the normalizing sequence depends on . If < 1+ «, the order of
normalizing sequence for X7 (7Tt) + X;(Tt)is 1/(1+a)and 1/(1+a)=1—a/(1+a) <
1 —a/2. If 14+ a < S, the order of the normalizing sequence for X (7Tt) + X;(Tt) is
l—a/f<1—a/2 O
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