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Abstract

Let G, denote either the group SO(2n + 1,F), Sp(2n,F), or
GSpin(2n + 1, F) over a non-archimedean local field of characteristic
different than two. We determine all composition factors of degenerate
principal series of G,,, using methods based on the Aubert involution
and known results on irreducible subquotiens of the generalized prin-
cipal series of particular type.

1 Introduction

Let F' be a non-archimedean local field of characteristic different than two.
Let G, denote a symplectic, odd special orthogonal, or odd general spin
group of split rank n defined over F, and G,, = G,,(F'). The aim of this pa-
per is to obtain a uniform description of reducibility and composition factors
of degenerate principle series of ,,. This greatly generalizes and simplifies
previous works of Jantzen [8], Kudla-Rallis [16], Gustafson [7], and others.
We note that the degenerate principle series, besides being interesting by
themselves, play an important role in the theory of automorphic forms, es-
pecially the extension of the Siegel-Weil formula, constructions of residual
spectrum [12, [13], and in the local theta-correspondence.
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Let o denote an irreducible unitary cuspidal representation of some G,,.
Also, let py denote an irreducible unitary self-contragredient (resp., essen-
tially self-contragredient, i.e., p = p®uw, ) cuspidal representation of GL(n,,, F),
and let p denote an irreducible unitary self-contragredient (resp., essentially
self-contragredient) cuspidal representation of GL(n,, F)) when G, is a clas-
sical group (resp., G,, = GSpin(2n + 1, F')). Then there exist unique non-
negative half-integers «, 8 such that v%p x o, vPpy x o are reducible (for
more details regarding the notation we refer the reader to Section 2). For
x> a > 0 such that x — a € Z, the induced representation v~%p x v+ p x
-+ X V™ %p X o contains a unique irreducible subrepresentation, which we de-
note by ((p, z;0). A degenerate principal series is an induced representation
of the form

C([v="po, v"po]) x C(p, w;0), (1)

for a,b such that b — a € Z, where ¢([v="py, v %po]) is a Zelevinsky seg-
ment representation, i.e., the unique irreducible subrepresentation of v=°pg x
v pgx -+ - xv™%py. It has been explained in detail in [8, Section 2] that this
definition generalizes the classical notion of the degenerate principal series,
studied in [7] and [I6]. We note that the composition series of the degenerate
principal series (1)) have been determined in [8] for a € {0, 3,1}, using Tadi¢’s
Jacquet modules method [27], 28], and here we treat the general case. Since
the case @ = 0 is also handled in [5], and the results extend to the GSpin
case in the same way, we consider the case a > 0. Our results show that the
degenerate principal series are multiplicity one representations of length up
to four, and also provide a deeper insight into the structure of the irreducible
subquotients.

Our approach to the determination of reducibility and composition factors
of induced representations of the form is completely different than one
used in [§], and is based on the methods of the Aubert involution. The Aubert
dual of the degenerate principal series is a special type of the generalized
principal series, and the composition factors of such representations have
been determined in [26] and [19, Proposition 3.2]. To determine the Aubert
duals of composition factors in question, we use a further adjustment of
the methods initiated in [20, 21, 22]. Eventually, it turns out that needed
Aubert duals of tempered representations mostly follow directly from [20, 22].
On the other hand, to determine the Aubert duals of the involved non-
tempered representations we use an inductive approach based on the detailed
investigation of embeddings and Jacquet modules of such representations,



using a case-by-case consideration. Let us also note that an algorithm for
explicit determination of the Aubert duals for classical groups in the half-
integral case has been recently provided in [11].

Let us now describe the contents of the paper in more detail. In the
following section we present some preliminaries, while the first special case
£ =0 is treated in the third section. The case 8 > 0 is studied in Sections 4
— 6, where in the fourth section we handle the case a > 1, in the fifth section
the case a < 0, and in the sixth section we deal with the case a = % To
work effectively, from Lemma 2.5 to the end of Section 6, we mainly focus on
the cases G,, = Sp(2n, F') and SO(2n + 1, F') (see Remark 2.4). In the final

section we provide necessary adjustments in the odd GSpin case.
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2 Preliminaries

Throughout the paper, ' will denote a non-archimedean local field of char-
acteristic different than two.

For a connected reductive p-adic group G defined over field F', let 3 denote
the set of roots of G with respect to fixed minimal parabolic subgroup and
let A stand for the corresponding subset of simple roots. For § C A, we let
Py denote the standard parabolic subgroup of G corresponding to 8 and let
My denote a corresponding standard Levi subgroup. Let W denote the Weyl
group of G.

For a parabolic subgroup P of G with the Levi subgroup M, and a rep-
resentation o of M, we denote by i,/(0) a normalized parabolically induced
representation of G induced from o. Also, let r,(0) stand for the normalized
Jacquet module of an admissible finite length representation o of GG, with re-
spect to the standard parabolic subgroup having the Levi subgroup equal to



M.
We take a moment to recall the definition of the Aubert involution and
some of its basic properties [3| [].

Theorem 2.1. Define the operator on the Grothendieck group of admissible
representations of finite length of G by

De = Z<_1)|0|iMe O TMy-
0CA

Operator D¢g has the following properties:

(i) Dg is an involution.

(i) D¢ takes irreducible representations to irreducible ones, up to =+.
(ii) If o is an irreducible cuspidal representation, then Dg(o) = (—1)1Alg.
(iv) For a standard Levi subgroup M = My, we have

7y 0 Dg = Ad(w) © Dy-1(ar) © Tw-1(01),
where w is the longest element of the set {w € W : w=1(0) > 0}.
(v) For a standard Levi subgroup M = My, we have Dg oiy =iy 0 Dy

We look at the usual towers of symplectic or orthogonal groups G, =
G(V,), that are groups of isometries of F-spaces (V,,,( , )),n > 0, where
the form ( , ) is non-degenerate and it is skew-symmetric if the tower is
symplectic and symmetric otherwise. In the final section, we also consider
the odd general spin groups G,, = GSpin(2n + 1, F) (See Section [7| for the
definition). The set of standard parabolic subgroups of the group G,, will be
fixed in the usual way.

Then the Levi subgroups of standard parabolic subgroups have the form
M = GL(ny, F) x --- x GL(ng, F) X G,,, where GL(n;, F') denotes a gen-
eral linear group of rank n; over F. For simplicity of exposition, if 9;,7 =
1,2,...,k denotes a representation of GL(n;, F'), and if 7 stands for a repre-
sentation of G, we let 01 X da X - - - X9, X7 stand for the induced representation
iv(01®0® @0 ®7T) of G, where M is the standard Levi subgroup iso-
morphic to GL(ny, F)x---xXGL(ng, ') X Gy,. Here n = ny+ng+- - -+ngi+m.



Similarly, by d; X do X --- X J, we denote the induced representation
in (01 ® 09 ® -+ ® 0) of the group GL(n', F'), where the Levi subgroup M’
equals GL(ny, F) x GL(ng, F) x - -+ x GL(ng, F) and n' = ny +ng+ -+ - 4+ ny.

Let Irr(GL(n, F')) denote the set of all irreducible admissible represen-
tations of GL(n, F'), and let Irr(G),) denote the set of all irreducible admis-
sible representations of G,. Let R(GL(n,F)) stand for the Grothendieck
group of admissible representations of finite length of GL(n, F') and define
R(GL) = @,>0R(GL(n, F)). Similarly, let R(G,,) stand for the Grothendieck
group of admissible representations of finite length of G,, and define R(G) =
Dn>oR(Gy).

If o is an irreducible representation of G,,, we denote by ¢ the represen-
tation D¢, (o), taking the sign + or — such that ¢ is a positive element in
R(G,,). We call 6 the Aubert dual of o.

Using Jacquet modules for the maximal standard parabolic subgroups of
GL(n, F), one can define m*(m) = > (ra (7)) € R(GL) ® R(GL), for
an irreducible representation 7 of GL(n, F'), and then extend m* linearly
to R(GL). Here 7(;)(m) denotes the normalized Jacquet module of 7 with
respect to the standard parabolic subgroup having the Levi subgroup equal
to GL(k, F')xGL(n—k, F), and we identify 7 () with its semisimplification
in R(GL(k,F)) ® R(GL(n — k, F)).

Let v denote the composition of the determinant mapping with the nor-
malized absolute value on F. Let p € Irr(GL(k, F')) denote a cuspidal rep-
resentation. By a segment of cuspidal representations we mean a set of the
form {p,vp,...,v™p}, which we denote by [p, v™p.

By the results of [30], each irreducible essentially square-integrable rep-
resentation 6 € Irr(GL(n, F)) is attached to a segment, and we set 6 =
§([v*p, v°p]), which is the unique irreducible subrepresentation of v°px /=1 px
-+ X v%p, where a,b € R are such that b — a is a non-negative integer and p
is an irreducible unitary cuspidal representation of some GL(k, F'). The in-
duced representation v?p x 171 px - - - x 1%p also contains a unique irreducible
quotient, which we denote by (([v*p,v°p]). Furthermore, ¢([v%p, %p]) is the
unique irreducible subrepresentation of v%p x v px -+ x 1¥p, and in R(GL)
we have

vip x v p = 8([vp, v pl) + C([vp, v p))

and

Vi x v x v = ([ p, v p]) x v p 4 ([ p, v T p]) x v,



both representations 6([vp, v* p]) x v* 1 p and (([vp, v* T p]) x v*T1p being
irreducible.

Let us briefly recall the Langlands classification for classical groups. We
favor the subrepresentation version of this classification over the quotient one
since it is more appropriate for our Jacquet module considerations.

For every irreducible essentially square-integrable representation § € R(GL),
there is a unique e(§) € R such that v=¢)§ is unitarizable. Note that
e(§([v%p,v%p])) = (a + b)/2. Every non-tempered irreducible representation
7 of G, can be written as the unique irreducible (Langlands) subrepresenta-
tion of an induced representation of the form d; X dy X - -+ X 0 X 7, where 7
is a unitary tempered representation of some Gy, and dy, s, ..., € R(GL)
are irreducible essentially square-integrable representations such that e(d;) <
e(dg) < -+ < e(d) < 0. In this case, we write m = L(dy,09,...,0;;7). For
a given 7w, the representations 01, 0s, ..., 0 are unique up to a permutation
among those §; having the same exponents.

Let 7 € R(G) denote an irreducible tempered representation. If 6y, 6o,
...,0k € R(GL) are irreducible essentially square-integrable representations
such that e(d;) < 0 fori =1,2,...,k, and §; x §; = 0; x §; for ¢ < j such
that e(d;) > e(d;), then the induced representation §; X dg X -+ X 0 X T
contains a unique irreducible subrepresentation, which will also be denoted
by L(d1, 0, . ..,0k;7), for simplicity of the notation.

For a representation o € R(G)) and 1 < k < n, we denote by 7 (o)
the normalized Jacquet module of o with respect to the parabolic subgroup
P,y having the Levi subgroup equal to GL(k, F') x G,,—i. We identify (o)
with its semisimplification in R(GL(k, F')) ® R(G,—x) and consider

po) =100+ rw(o) € R(GL) ® R(G).

k=1

We pause to state a result, derived in [27] ([14] for odd GSpin groups),
which presents a crucial structural formula for our calculations of Jacquet
modules of classical groups.

Lemma 2.2. Let p € Irr(GL(n, F')) denote a cuspidal representation and
let k,1 € R such that k + 1 is a non-negative integer. Let o € R(G) denote
an admissible representation of finite length, and write p*(o) = Zw’ TR
If o is a representation of the odd GSpin group, let w, denote the central



character of o, otherwise let w, be trivial. Then the following holds:

WO e o) = 3 DS 8 (g o det), V@ (wy o det)

i=—k—1 j=i 7,0’

x §([V 1 p,vlp]) x T @ 8(["p, 17 p]) x o
We omit 6([v"p,v¥p]) if x > y.

An irreducible representation o € R(G) is called strongly positive if for
every embedding

0= VP X UPpy X oo X VR PR X Ocyep,

where p; € R(GL(n,,,F)), i = 1,2,...,k, are unitary cuspidal representa-
tions and .5 € R(G) is an irreducible unitary cuspidal representation, we
have s; > 0 for each i.

Let us briefly recall an inductive description of non-cuspidal strongly pos-
itive discrete series, which has been obtained in [14] [I7, 25].

Proposition 2.3. Suppose that o, € R(G) is an irreducible strongly positive
representation and let p € R(GL) denote an irreducible unitary cuspidal
representation such that some twist of p appears in the cuspidal support of
osp.  We denote by 0.y the partial cuspidal support of os,. Then there
exist unique a,b € R such that a > 0,b > 0, b — a € Z>o, and a unique
irreducible strongly positive representation oy, without v®p in the cuspidal
support, with the property that o, is the unique irreducible subrepresentation
of ([, vPp]) x o,- Furthermore, there is a mon-negative integer | such
that a +1 = s, for s > 0 such that v°p X 0cysp reduces. If I = 0, there are
no twists of p appearing in the cuspidal support of o7, and if | > 0 there
exist unique b > b and a unique strongly positive discrete series o, which

sp?
contains neither v%p nor v*p in its cuspidal support, such that oy, can be

a+1 "

written as the unique irreducible subrepresentation of §([v*™p, ¥ p]) % o¥},

Through the paper, we fix an irreducible unitary cuspidal representation
o € R(G). Also, we fix an irreducible unitary cuspidal representation py €
R(GL) and an irreducible (essentially) self-contragredient unitary cuspidal
representation p € R(GL), such that v*pxo reduces for some a > 0. We note
that 2a € Z, due to results of [1], [24, Théoreme 3.1.1] and [6, Theorem 7.8],
and that v°p x ¢ is irreducible for s € {a, —a}.

7



Let x stand for a half-integer such that x > a and x — a € Z. Then the
induced representation

Vo x v o x o x v X o

has a unique irreducible subrepresentation, which we denote by ((p,z;0).

Using [20, Theorem 3.5], we deduce that the Aubert dual of {(p, z; o) is the

unique irreducible subrepresentation of v%p x 1" lpx .-« x vYp x 0. We note

that this representation is strongly positive, and will be denoted by d(p, z; o).
Let a,b denote real numbers such that b — a € Z. We are interested in

determining the composition factors of the degenerate principal series

C([v™"po, v pol) % C(p, 3 0).
Since in R(G) we have

C([v™"p0, v po])  C(p, w;0) = C([v"Po, V" u]) » C(p, 250),
if G,, = Sp(2n, F),SO(2n+ 1, F),

C([v™"pos v po]) % C(pyx;0) = C([V*Po © wo, V0 @ wo]) % ((p, 750),
it G, = GSpin(2n+ 1, F),

we can assume that —a < b.
By properties of the Aubert involution, the Aubert dual of the degenerate
principal series (([v°pg, v"%po]) ¥ ((p, x; o) is the generalized principal series

§([v*po, v2po]) % 8(p, x;0), if Gy, = Sp(2n, F),SO(2n + 1, F),

5([V*Po ® we, Voo @ wy|) X 6(p, z;0), if G, = GSpin(2n + 1, F), @)
whose composition factors are completely described in [26] (this has been
already noted in [9 Corollary 4.3]). We note that the results of [26] extend to
the G\Spin case by the last section of the paper. It follows from [26, Section 2]
(or [14, Proposition 2.5] for G.Spin groups) that the induced representation
is irreducible unless py is (essentially) self-contragredient. Thus, in what
follows we can assume that pg is (essentially) self-contragredient, and let us
denote by /3 the unique non-negative real number such that v?py x o reduces.
Again, it follows from [26 Section 2] that the induced representation is
irreducible if a — § € Z (the argument is similar for GSpin). So, we can also
assume that a — g € Z.



Remark 2.4. (1) To work effectively, from now on until Section @ G,
will only denote Sp(2n, F) and SO(2n + 1, F). In Section [7, we will
consider the case of G, = GSpin(2n + 1, F).

(2) All the lemmas and propositions in the rest of this section are also valid
for the odd GSpin case (with same statements, after replacing “self-
contragredient” by “essentially self-contragredient”, and adding unitar-
ity condition for the cuspidal representation o), see Section @for more
detailed comments.

We will use the following result [10, Lemma 5.5] several times.

Lemma 2.5. Suppose that 7 € R(G,,) is an irreducible representation, A an
wrreducible representation of the Levi subgroup M of G, and 7 is a subrep-
resentation of [nd]\Gf()\). If L > M, then there is an irreducible subquotient
p of Ind%,(\) such that T is a subrepresentation of Inds™(p).

The following result is a direct consequence of [20, Lemma 2.2].

Lemma 2.6. Suppose that the Jacquet module of m with respect to the ap-
propriate parabolic subgroup contains an irreducible cuspidal representation
of the form v™p; @ V2py @ -+ @ V% ® o, where py,...,pr € R(GL)
are self-contragredient representations. Then T is a subrepresentation of
VNP X VTBRpy X oo X VT X O

We will now present a sequence of lemmas which enable us to use an
inductive procedure when determining the Aubert duals.

For a nonnegative integer m, real number ¢, and an irreducible cuspidal
representation p; € R(GL), we denote by (v'p;)™ the induced representa-
tion v'p; X - -+ x Vpy, where v'p; appears m times. Note that the induced
representation C([v°py, v3p1]) x (Vipy)™ is irreducible for t € {c,c+1,...,d}
[30].

Lemma 2.7. Let ¢ and d denote positive real numbers such that d — ¢
is a nonnegative integer. Let p; € R(GL) denote an irreducible cuspi-
dal self-contragredient representation. Suppose that m is a subrepresenta-
tion of an induced representation of the form (([v¢p1, vip1]) x (Vip1)™ % 71,
where t € {c,c+ 1,...,d}, m is irreducible and p*(m) does not contain
an irreducible constituent of the form vipy @ my for i € {c,c+1,...,d},
with my € R(G). Then T is the unique irreducible subrepresentation of
([ o, vopr]) X (vtpr)™ 7.



Proof. We prove the lemma only in the case m = 0. The case m > 0 can
be handled in the same way. From properties of the Aubert involution we
conclude that 7 is contained in §([v=%p1, v=p1]) X 7.

From embeddings

7 C([op1, Vip1]) X = oy x - x Vipp xm

and Frobenius reciprocity, it follows that the Jacquet module of 7 with re-
spect to the appropriate parabolic subgroup contains vp; ® - - - ® v%p; ® 7.

Using transitivity of Jacquet modules and Lemma [2.6] we obtain that
the Jacquet module of T with respect to the appropriate parabolic subgroup
contains an irreducible constituent of the form v=¢p; ® --- ® v =9, @ 7.

Since p*(71) does not contain an irreducible constituent of the form v/p; ®
mo for i € {c,c+1,...,d}, it follows from Lemma [2.6 that p*(7;) does not
contain an irreducible constituent of the form v=p; ® m for i € {c,c +
1,...,d}, withm € R(G). Now it follows directly from the structural formula
that v=¢p; ®---®@v~%p; ®7 is the unique irreducible constituent of the form
v o ®- - -@v~lp @7’ appearing in the Jacquet module of §([v=%py, v=p1])
7 with respect to the appropriate parabolic subgroup, and it appears there
with multiplicity one. It follows that §([v=%py, v~ ¢p1]) X 71 contains a unique
irreducible subrepresentation.

On the other hand, by Frobenius reciprocity every irreducible subrepre-
sentation of d([v=¢p;,v™%p1]) X 71 contains v p; ® -+ @ v~ ® 7} in the
Jacquet module with respect to the appropriate parabolic subgroup. Thus,
7 has to be the unique irreducible subrepresentation of §([v=%p;, v =¢p;]) X 7.
This ends the proof. O

Lemma 2.8. Let ¢ and d denote positive real numbers such that d — ¢ is
a nonnegative integer. Let py € R(GL) denote an irreducible cuspidal self-
contragredient representation. Suppose that w is a subrepresentation of an
induced representation of the form (([v°p1,v%p1]) X (Vp1)™ X w1, where T
1s an irreducible representation such that the Jacquet module of m with re-
spect to the appropriate parabolic subgroup does not contain an irreducible
constituent of the form v4%p; @ --- @ v 1p; @ vip; ® 7 for a nonnegative
integer k < d, with 7" € R(G). Then T is the unique irreducible subrepresen-
tation of §([v=%py, v p1]) X (v™%py)™ x 7.

Lemma 2.9. Suppose that py 2 p and let m denote an irreducible subquotient
of §([%po,V°po]) % d(p,xz;0). Then there is an irreducible representation

10



m € R(G) such that 7 is a subrepresentation of 6([v®p,v"p]) X m and T is
the unique irreducible subrepresentation of v™%p x v lp x ... x 1™ X 7M.
Furthermore, if 1 = L(61,02, ..., 0k} Ttemp), where e(6;) < e(d;) fori < j,
then

T L p,v " v, 61,02,y Ok Tremp)-

Proof. By the results of [26], there is an irreducible tempered representation
7 € R(G) such that either 7 = 7 or m = L(0([v°po, v %po]); T), for some
¢ > —bsuch that c—a < 0. Also, it is easy to see that there is an irreducible
representation 7y such that 7 is a subrepresentation of 0([v®p, v"p]) x 71, and
there are no twists of p appearing in the cuspidal support of 7. If # = 7, we
can take m = 7. Otherwise, since py % p we have

T = 0([po, v % po]) X T = §([Vpo, v %po]) X O([v¥p,v7p]) X 71
= 6([1"p, 1)) x (90, o)) % 71,

and by [25] Lemma 3.2] there is an irreducible representation m; such that
7 is a subrepresentation of d([v*p,v"p|) x ;. Since there are no twists of p
appearing in the cuspidal support of 71, it can be seen in the same way as in
the proof of Lemma that 7 is the unique irreducible subrepresentation of
v X v g x o x v X,

If we write T3 = L(01,02, ..., 0k Ttemp), then &; = 0([v™ po, v¥ po]) for
1 =1,2,...,k, and we have v*p x §; = 0; x v?’p for all : = 1,2,... k and
z € R. This ends the proof. m

The following result provides embeddings needed for an inductive deter-
mination of the Aubert duals.

Proposition 2.10. Let p; € R(GL) denote an irreducible self-contragredient
cuspidal representation, and let o5, € R(G) denote a strongly positive discrete
series. Let k,l denote half-integers such that k — [ is a positive integer and
E+1>0.

(1) If v¥py X o, is irreducible and k > —1+ 2, then L(5([v="p1, v p1]); 0p)
is a subrepresentation of v*p; x L(5([v=" 1 py, v70p1]); 04p).

(2) If w* (o) does not contain an irreducible constituent of the form v="'p; ®
7, with m € R(G), then L(6([v="p1,v7'p1]);04p) is a subrepresentation
of v=lp1 3 L(O([v"p1, v p1])s 0p).

11



(3) Suppose that o, is a subrepresentation of v'py x ol for some t # k, t #
—l+1 and a strongly positive representation o,. Then L(§([v=kp1, v p1));
k

Osp) s a subrepresentation of vipr x L(6([vFp1, v p1]); 0%,).

Proof. We only prove the first part of the proposition, other parts can be
proved in the same way but more easily. We have the following embeddings
and isomorphisms:

L(o([v™"pr, v p]); 0p) == 0([v™" pw 'm]) %oy
— ([V o) x vy 3oy,
= §([v " o1, v 1)) x Vo X oy,
k

1

Vipr x 8([v p v o)) X oy,

By Lemma 2.5, there is an irreducible subquotient 7 of d([v=**1p;, v~ p;]) x
0sp such that L(6([v=%p1,v7'p1]);04,) is a subrepresentation of v¥p; x .
Frobenius reciprocity implies that p*(v*p; x 7) contains §([v=%py, v p1]) ®
Tsp-

Using the structural formula and a description of the Jacquet modules
of strongly positive representations, provided in [I8, Theorem 4.6] and [23|
Section 7], we deduce that u*(5([v=""py,v7!p1]) x 04,) does not contain an
irreducible constituent of the form §([v=%p;,v!p1]) @ 71, with 7 € R(G).
Thus, p*(7) contains 6([v " py, v p1]) ® 0y, and it is a direct consequence
of the Langlands classification that 7 = L(§([v="p1, v p1]); 04p). O

Note that both description of subquotients of §([v%po, "p0]) % 6(p, x; )
and their Aubert duals depend on the reduciblity point /5 of py and o [22] 26].
Description of the Aubert duals happens to be slightly different in the case
B = 0. Accordingly we also consider two cases: Section [3]is the case § =0
(Section 5 of [22]) and Section [4 [F] [f] is the case 3 > 0 (Section 4 of [22]).

3 Case =0

In this section we consider the § = 0 case. Note that this implies a € Z.
The following irreducibility result is a direct consequence of [26], Propo-
sition 3.1].

Proposition 3.1. Degenerate principal series C([v=°pg,v"%po]) % ((p, x;0)
1s irreducible if and only if a > 1.

12



We consider the remaining cases in the following proposition.

Proposition 3.2. Suppose that a < 0, and write pg X o = 71 +7_1, as a sum
of mutually non-isomorphic irreducible tempered representations. If —a < b,

then in R(G) we have:

C([v™"po, v~ pol) % C(p, 23 0) =
L(Vixp7 R Viap7 Vﬁpra SR 7Va71p07 VapOa Vap07 SRR V71007 Vﬁlﬂ()a Tl)+
L(V_mpa SR V_ap7 V_bp()a SRR Va_lp(b VQPO; VaPOa SR V_1P07 V_1P07 T—1)+

Lw™p,...,v %, v 00, ..., 0" 2pg, 0([" " po, v°po)), - -, 6 ([ po, po); ).
If —a = b, then in R(G) we have:
C([v*po, v po) % C(p,x;0) =

L<V_IP> R V_ap7 VCLPO; VCLPO; s 7V_1p07 V_llo()v 7—1)+

L(Vixp’ s 7y7ap7 I/ap(h Vap(h SRR I/ilpOa V71p07771)'

Proof. We will only comment the case —a < b, since the case —a = b can
be handled in the same way as in the proof of [22, Theorem 5.1]. By [26,
Theorem 2.1] and classification of discrete series [I5), 25], in R(G) we have

5(["po, v po]) X 6(p,x;0) = a1+ o_1 + L(6([v"po, v~ po)); 0(p, 73 0)),

where o; is a discrete series subrepresentation of §([v%pg, ¥%p0]) % §(p, x;0)
such that

w(0:) > 6([vpo, v o)) X 8([vpo, ’po]) x 8([v*p,v7p]) @ 7;
and
1(0:) 2 8([vpo, v pol) x 6([vpo, v po]) X 8([v*p, v7p]) @ T,
for i € {1,—1}.
Since o; is a subrepresentation of §([v%po,v°po]) X d(p,z;0), for i €

{1,—1}, we have

ai = 8([v"po, " pol) % 6(p, x;0) <= ([ po, v po]) X 8([vp, v7p]) X &
= §([vp, v p]) x 8([v*po, v po]) X &
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By Lemma there is an irreducible subquotient 7; of &([v%po, °po]) % o
such that o; is a subrepresentation of §([v*p, v*p|) X ;.

Using [26], Theorem 2.1] and classification of discrete series one more time,
we obtain that in R(G) we have

6([po, V' po]) % o = oy + "y + L(3([v ™" po, v po]); 0),

where o/ is a discrete series subrepresentation of 6([v%pg, °po]) % o such that
15 (07) = 8([vpo, v*pol) x 8([vpo, ¥°po]) @ 7 and p*(ay) 2 6([vpo, v~po]) X
§([vpo, VPpo))@T_4, for i € {1, —1}. Also, note that u*(L(5([v~po, v™%p0]); 7))
does not contain &([v%pg, ¥’ p]) @ o, since both p*(o}) and p*(o’ ;) contain
§([v%po, V°po)) @ o, and p* (5([v*po, v°po]) X o) contains §([v%pg, °pg]) ® o with
multiplicity two.

Thus, m; & of. Now Lemma [2.9[and [22, Theorem 5.1] imply that

-~ —x —a —b a—1 a a -1 -1
O-igL(y Py VPV POy, Y Po,V pPo,V pPo,---V pPo,V p077_—i)-

In the same way we obtain that L(§([v~pg, v%p0]); (p, z;0)) is a subrep-
resentation of &([v%p, v*p]) x L(6([v"po,v="po)); o). By Lemma 2.9 it re-
mains to determine the Aubert dual of L(6([vtpo, v %po]); ). Since b > 0,
if b > —a + 2 then using the first part of Proposition [2.10] we get that
L(§([v="po, v™%pg]); o) is a subrepresentation of 1°pox L(6([v =" pg, v™%p0)); o).
Also, it follows from the structural formula that p*(L(5([v=""pg, v™%p0]); o))
does not contain an irreducible constituent of the form v’py ® 7’. Using
Lemma and repeating this procedure, we deduce that the Aubert dual of
L(5([vpo, v~ %po]); o) is an irreducible subrepresentation of

o —

po X L(0([ve=tpo, v=po]); o).

vl X o x 02
The representation L(5([v* ! pg, v™%po]); o) is the unique irreducible quotient
of the induced representation &([v%pg, v~ pg]) x 0. By [26, Theorem 2.1],
8([v%po, v~ po]) X o contains two irreducible subrepresentations and Frobe-
nius reciprocity implies that each of them contains an irreducible constituent
of the form v~ py @ in the Jacquet module with respect to the appropriate
parabolic subgroup.

If v py @ 7 is an irreducible constituent of p*(8([v%po, v~ po]) % o),
it follows from the structural formula that 7 is an irreducible subquotient
of §([v*po, v %po]) X o, which is a length two representation. Thus, there
are only two irreducible constituents of the form r=**lp, ® 7 appearing

14



w*(0([v%po, v po]) x o), and p*(L(6([v*po, v %po]); o)) does not contain
any of them.

From the second part of Proposition 2.10]follows that L(5([*!po, v™po]); o)
is a subrepresentation of v=%py x L(6([v* o, v po]); o).

Since a — 1 < —1, using the first part of Proposition [2.10] we also obtain

L ([ po, v po])s0) = v pg 3 L(3([v" po, v~ po]); 0).-
Consequently, L(6([v* !po, v"%po]); o) is a subrepresentation of
v=po X v po 3 L(6([v" po, v pol); 0),

and there is an irreducible subquotient m of v~ %py x v=%"lp, such that
L(5([v* o, v~ %pp)); o) is a subrepresentation of o x L(d([v%po, v~ L pg]); o).
Since p*(L(6([v*po, v po]); o)) does not contain an irreducible constituent
of the form v=*"1py @ 7', it follows that my 2 6([v~*po, v~ pg]), so we have
that my = (([v™%po, v po]). It can also be seen, following the same argu-
ments as for L(6([v* po, v™%0]); o), that u*(L(5([v*po, v~ 1po]); o)) does
not contain an irreducible constituents of the form vipy @ 7', for i € {—a +
1,—a}. Now Lemma implies that L(5([V“—%,\V—‘1po]); o) is the unique
irreducible subrepresentation of §([v* !y, v%pg]) X L(é([z/“po,/y—\“—lpo]); o),
and a repeated application of this procedure ends the proof. O

4 Casea>1

From now on, we assume that g > 0. In this section we consider the case
a > 1. Let us first consider the more complicated case py = p. Directly from
[26, Proposition 3.1] we obtain the following reducibility criterion:

Proposition 4.1. Degenerate principal series ([v="p,v=%p]) x {(p, x; ) re-
duces if and only if one of the following holds:

ea<a-1<b<ux,
e a<zxz+1andx<b.
Proposition 4.2. [fa < a—1<b <z, then in R(G) we have

S "p, v %)) % C(p,x30) =

- —b—1_ b b - - —a+1
L(v™p,...,v™ " p, v p,v™0p, v v p T

Py V0 py0)+
Lw™p, ..., v 2p,6([v"" o, v)),...,0([v %, v p]), v p, ... . v %;0).
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Proof. In R(G) we have

3([vp, ")) % 8(p,x;0) = L3([v™"p, v pl); 6(p, ;3 0))+
L(S([vp, v p]); 05p),

where o, is the unique irreducible subrepresentation of &([v* 1p,vbp]) x
d(p, x;0). We note that oy, is a strongly positive discrete series.

Let us first determine the Aubert dual of L(6([v=tp,v=%]);d(p,x;0)).
The third part of Proposition [2.10] implies that

LO([v™"p,v™p)); 6(p, x;0)) <= v*p x L(8([v""p,v™%]); 6(p,x — 1;0)).

Using the structural formula and a description of the Jacquet modules of
strongly positive representations, we deduce that p*(5([v=p, v=%p]) x6(p, v —
1;0)) does not contain an irreducible constituent of the form v*p ® m,. Re-
peating this procedure and using Lemma[2.7] we obtain that the Aubert dual
of L(§([v=p,v=p]); 6(p, x;0)) is an irreducible subrepresentation of

v x T x e x ™ s L(3([vbp, vp]); 6(p, by ).
Since 1%p x d(p, b; ) is irreducible, by [26, Proposition 3.1], we have

L(6([v=p,v7)); 0(p, b;0)) = 0([v™" p, ™)) x v™p x 6(p, b; o)
= §([v™"* p,v7p)) x v°p 2 8(p, b; 0)
— 6([v ™" p,v7%]) x vPp x Pp x 5(p,b — 1;0)

=10 x Pp x §([v™"p, v ™)) % 6(p,b—1;0).

Note that §([v=T1p, v=%]) x §(p,b — 1;0) is irreducible, thus isomorphic to
L(6([v=" p,v="p]); 8(p, b—1;0)) and that p*(3([v =" p, v~p]) xd(p, b—1; 7))
does not contain an irreducible constituent of the form 1v°p ® 7. A repeated
application of Lemmal[2.7/and the previous procedure implies that the Aubert
dual of L(6([v="p,v~%]);6(p,b; o)) is an irreducible subrepresentation of

vl x v px o x v x v % x L(§([v=etip, vap)); o).

Since the induced representation §([v=2*1p, v=%p]) x o is also irreducible, its
Jacquet module with respect to the appropriate parabolic subgroup con-
tains v* 'p ® -+ @ v ® 0. Now Lemma implies that the Aubert
dual of L(§([v=>"p,v=%p]); o) is the unique irreducible subrepresentation of
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Hpx. .. xv=%pxo. Altogether, the Aubert dual of L(5([v=tp,v=%0]); 6(p, x;0))
is isomorphic to

Lw™p,...,v " v 0,0 bp, . v, v %, v v 0).
It remains to determine the Aubert dual of L(6([v=*"p,v™%p]); 04p).

If 2 > b+ 1, it follows from [I8, Section 3] that oy, is a subrepre-
sentation of v* p X oy, where o, is the unique irreducible subrepresen-
tation of §([v*1p,v p]) X 6(p,x — 1;0). The third part of Proposition
implies that L(§([v~*"2p,v™p]); 0,) is a subrepresentation of v*p X
L(6([v=**?p,vp]); 0,,). Using Lemma [2.7|and continuing in the same way,
we deduce that the Aubert dual of L(d([v O‘“p, v~ %)); 0sp) is a subrepresen-

tation of

—

v px e x v 20 LS([vot2p, vep)); o),
1)

where oy, is the unique irreducible subrepresentation of &([v* !p,v’p]) x
d(p,b+ 1;0). From embeddings of strongly positive representations ([I8]
Section 3]) using Proposition [2.10] (3) twice, we get
L([r=2p,v=p])i o)) = vPp x v p s L(3([v™ 2 p, v p]); 07)),
(2) 1, b1

where oy, is the unique irreducible subrepresentation of §([v*'p, "~ 'p]) x
d(p, b 0). Now [18, Theorem 3.4] implies

LG ([ p,vp));08)) = (o, " p]) 3 L(S([v=*2p, v~ p)); 0 ).

Using a repeated application of Lemma [2.7] and continuing in the same way,
we obtain that the Aubert dual of L(5([v=*"2p,v=%]); agp)) is a subrepre-
sentation of

5([v " v 00) x -+ x 8([vp, v p]) 4 L(8([r=2T2p, vp]); 0),

and it can be seen in the same way as in the case of L(6([v=>Tp,v%)]); o)
that the Aubert dual of L(&([v~*"2p,v~%p]); o) is the unique irreducible sub-
representation of v=**2p x ... x v™% x ¢. This ends the proof. O]

Proposition 4.3. Suppose thata < x+1 and x < b. Ifa > «, then in R(QG)
we have

™ p.v™p)) x C(p,x50) =
z—1 -z —x —a —a —a+1

Lw™p,....v™" o, v p,vp, v, v v v ps o)+
Lw™p, ..., v 2p,6([v ™" p,v™"p]),...,8([v " %p, v p]), v 2p, ..., v %p;0).
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If a < a, then in R(G) we have

o, %)) % C(p,xy0) =

—b —z—1 —x —x —a —a —a+1
Lw™p,...,v™ p, v p, v p, v v,

sV pio)+
L p, v 2, (0 w60, )5 74y,
where oy, is the unique irreducible subrepresentation of v%p X --- X v9p X 0.

Proof. Under the assumptions of the proposition, in R(G) we have

o([vp, ")) % 8(p,x;0) = LO([v~"p, v pl); 6(p, ;0))+
L(o([v™"p,v™p]); 6(p, b; 0)).
Let us first determine the Aubert dual of L(d([v~*p,v~p]); d(p, b;0)). Using

the third part of Proposition [2.10] and Lemma we obtain that it is an
irreducible subrepresentation of

v % x v L8[ p,vop)); 6(p, 23 ).

Note that the induced representation v*pxd(p, x; o) is irreducible. Using the
second part of Proposition we deduce that L(6([v="p,v%)]);(p, x;0))
is a subrepresentation of v%p x L(§([v=*"p,v=%)]); 8(p, z;0)), and then the
third part of the same proposition gives an embedding

L(6([v*p,v)); 0(p, 50)) = v pxv®px L(6([v =" p, v=p]); 6 (p, 2—1; 0)).

We can continue in the same way to obtain the Aubert dual of L(6([v~"p, v=%p]);

§(p,z;0)) using Lemma 2.7
If @ = «, it follows that the Aubert dual of L(§([v="p,v"%p]);d(p,x;0))
is an irreducible subrepresentation of

Vo XV Tp X XU XU X oo,

If @ > a, it follows that the Aubert dual of L(6([v~*p, v %p]); 0(p,x;0)) is an
irreducible subrepresentation of

—

Vo x v ipx o xv i x v pxd(p,a—1;0),
and it follows from [20, Theorem 3.5] that 5(p,j—\1; o)X Ly p,..., v %;0).
Finally, if a < a, it follows that the Aubert dual of L(6([v~*p,v"%p]); 0(p, z;0))

is an irreducible subrepresentation of

—

VEp XU p X e X v p X v p ) L(6([vm ot p, vmap)); o),
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and the Aubert dual of L(§([v=*"p, v~ %]); o) is the unique irreducible sub-
representation of v=*"p x ... x v7% x o, as before.

Let us now determine the Aubert dual of L(6([v="p,v=%]);d(p,z;0)).
First, using Lemma [2.7] together with the first part of Proposition [2.10] we
obtain that it is an irreducible subrepresentation of

—

vl x e x v 2 L ([t vmap]); 6(p, w5 0)).
Note that, by [26, Proposition 3.1], in R(G) we have

5([vp, v p)) x 8(p, w;0)) = L(6([v™" " p,v%p]); 6(p, x;0))+
L(6([v™"p,v™p]); 6(p, v + 15 0)).

Since §([v%p, vp]) x 0(p,x;0) is irreducible, the structural formula directly
implies that v p @ §([v*p, v%p]) % §(p, x;0) is the unique irreducible con-
stituent of the form v*™'p @ 7 appearing in p*(6([v%p, v*Tp]) x §(p, z;0)),
which appears there with multiplicity one, and it obviously appears in
u*(L(O( 2, v~p)); 8(p, 24+13 0))). Thus, ju* (L(8([v ==L, v~%9]); 8(p, 7))
does not contain an irreducible constituent of the form v**p @ .

Now, using the third part of Proposition [2.10] and then the first part of
the same proposition, we obtain an embedding

L(6([v=" " p,v="p)); 6(p, x;0)) =
C([v*p, v p]) 3 L(6([v~"p,v=p]); 6(p, ¢ — 15 0)).

Also, in the same way as before we conclude that p*(L(6([v="p,v™%]); 0(p, z—
1;0))) does not contain an irreducible constituent of the form v'p @ =, for
i € {x,z+1}. Using Lemma and repeating this procedure, we obtain an
embedding of the Aubert dual of L(§([v=""1p,v%p]); d(p, x;0)).

If a = «, it follows that the Aubert dual of L(§([v=""tp,v=%p]); 6(p, x;0))
is an irreducible subrepresentation of

5[ oo o)) x - x (I p, v ")) % L{v—aps o),

and it follows from [20, Theorem 3.5] that the Aubert dual of L(v~%p; o) is
isomorphic to d(p, ;o). Note that for a = a we have oy, = 0(p, o; 0).

If a > a, it follows that the Aubert dual of L(6([v="tp,v%]); 8(p, x;0))
is an irreducible subrepresentation of

—

5 o, p]) x -+ x ([ p, v p]) 2 B(pra — 250,
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and it follows from [20, Theorem 3.5] that the Aubert dual of §(p,a — 2;0)
is the unique irreducible subrepresentation of v=%2p x -+ x 1% x 0.

If a < «, it follows that the Aubert dual of L(§([v=""tp,v%p]); d(p, x;0))
is an irreducible subrepresentation of

—

S([v= " p, v "p]) x - x 0w p, v p]) } L(6([v=p, v=2p]); 0),

and it follows from [20, Theorem 3.5] that the Aubert dual of L(d([v~%*p,v~%p]); o)
is the unique irreducible subrepresentation of v%p x --- x v¥p x o, which is
strongly positive. This proves the proposition. O

Let us now consider the case pg 2 p. The following proposition can be
proved in the same way as Proposition [4.3] using Lemma [2.9] details being
left to the reader.

Proposition 4.4. Degenerate principal series C([v=°po, v™%po]) ¥ ((p, ;o) is
irreducible if and only if either a > 8 orb < B. If ([v="po, v™%po]) x ¢ (p, z; 0)
reduces, in R(G) we have

C([v™"po, v %p0]) % C(p,x30) =
L(VibIOO? sy Viap(b Viwpa s 7V7a/); O->+

L(V_bp07 R V_B_lp()a V_:Cpa SR V_ap; Usp>7

where o4, is the unique irreducible subrepresentation of v%py X -+ X VP py X 0.
D q P Lo £o

5 Casea<0

In this section we analyze the case when a < 0. To make the notation
uniform, we let 7Y = py x o ifa € Z and 7V =g if a € Z. Also, if a € 7Z,
let 73 denote the unique irreducible (strongly positive) subrepresentation of
Ve Po X Vs po X -+ xVpyxo. If a € Z, let 7 denote the unique irreducible
(strongly positive) subrepresentation of vpy x --- x %py x ¢ and let 72
denote an irreducible (tempered) subrepresentation of pg x 7/ which does
not contain an irreducible representation of the form vpy ® 7 in the Jacquet
module with respect to the appropriate parabolic subgroup. We note that
such a subrepresentation of pg x 7’ is unique by [29, Section 4].

For an irreducible self-contragredient cuspidal representation p; € R(GL)
and an irreducible cuspidal representation oy € R(G) such that vs p1 X o1
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reduces, we denote by 7(p1,01) the unique irreducible tempered subrepre-
sentation of §([v =2 py, v2py]) x o1 which is not a subrepresentation of vz p; x
% p1 X o1, Also, for a real number y let [y] stand for the smallest integer
which is not smaller than y.

We will again first consider the more complicated case pg = p. Let us
first assume that —a = 0.

Proposition 5.1. Degenerate principal series (([v=%p,v*p]) x ((p, x;0) is
wrreducible if and only if either —a < a—2 or —a=z. [fa—2 < —a < z,
in R(G) we have

(™ p, %)) ¥ C(p,2;0) =
L™ p, ... ,v" p, v p,vp, v, v p v p, v p v p e
Vhﬂ_a_lp,yhﬂ_a_lp;TUJ>+-W,

where

T L™ p, ... v 2p, 0([ o, %)), v, S ([ p v ) v,

—a+2 —a+2 7Vﬂﬂ—a—l

v p?y p, p’]/’—a-l_a_lp;»r(l)>7

if a >

N

)

T2 Lv " p, ..., v 20, 8([v* o, v o)), v, ..., 6([v 2, v p)), v, 6([v 1, p)); o),

ifa=1,

T L p, ..., v 2, 8([v* o, v ), v, ..., (v 2p, v 2p]), v 2,
3 1
o([v2p,v72p));7(p, 0)),
if a = %
If —a >z, in R(G) we have
C™p,v*pl) 1 C(p,xy0) =
LW, vop,...,v " p, v p v p v p v p, v, v p v %,
V—a+1p’y—a+1pw.‘7Vhﬂ—a—1p7yﬂﬂ—a—1p;Tﬂ))+

L p,v%p, ..., v " 2p, v " 2p v p (v p, v ")),

—a—1

v, ([ v pl) v T ),

21



Proof. Reducibility of §([v~%p, v*p|) X d(p, x; o) is an integral part of the clas-
sification of discrete series. If such an induced representation reduces, it is
a direct sum of two mutually non-isomorphic irreducible tempered represen-
tation, whose Aubert duals can be easily obtained from [22] Theorem 4.11,
Theorem 4.16, Theorem 4.21]. O

Now we deal with the case —a < b. The reducibility criterion follows
from [26, Theorem 4.1(i)]:

Proposition 5.2. Degenerate principal series (([v=p,v=%p]) x ((p, x;0) is
irreducible if and only if one of the following holds:

e b<a—1,
e —a<a—1andb=u=x.
Other possibilities will be studied using a case-by-case consideration.

Proposition 5.3. Suppose that a« — 1 < —a < b < x. Let

T 2 L "p, ..., v 2 0([v 0 e, v 00]), . O([V 20, v ),
S([v*p v p)) v, ([ p T p]) T,

V—oz-‘,-Zp7 V—a+2p’ o ’Vfa]—oc—lp’ V[o[\ —a—lp; 7_(1))

if a >

N[O

m = L p, v 2 5[ v 0p)), BV P, v ),
S([v* o, o)), v, 8o, v o)), v, 6([v s p));s 0)

ifa=1, and

m = L p, v 2,0 o, v lp)), 6 R0, ),
3o, p)), v, 0 2 p v 2 pl), v 2, 6V 2 p, v 2 )i T, ),

if o = 3.
Also, let

m 2 L™ p, . v v, v R 0 R, v p B[, %))

—a+1 —a+2 —a+2 [a]—a—1 [a]l—a—1 ,7_(1))'

_a+1p])7V p?” p?V p?"‘?V

v, 0([v %, v
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T 2 L(v™p, ... ,v o v o, v, v, v 2, v B[V, V),
v, 6([v ™, pl), o),

T 2 L(vp, ..., v o v o, v, v, v 0, v S ([, V),

y*%p, 5([u7%p, Vﬁ%p]); T(ﬂa U))’

5-
Then in R(G) we have

(=" p, v p]) % C(ps 30) =
a_1p7yap7yap7yap7"'7

v p, v v p v p et g pledmerty plelerly 20y o o,

Lw™p, ..., v pvpvbp, .. v v

Proof. By [26, Theorem 2.1], in R(G) we have
(v p,v°p]) % 6(p,x;0) = LO([v~"p, v~ pl); 6(p, x;0)) + 01 + 0,

where 01,0, are mutually non-isomorphic discrete series representations.
Aubert duals of o; and o3 have been obtained in [22, Theorems 4.11, 4.16].
It remains to determine the Aubert dual of L(§([v~%p,v™%p]); 6(p, z;0)). Us-
ing Proposition 2.10)(3) and Lemma [2.7, we deduce that the Aubert dual of
L(§([v=tp,v=p]); 6(p, x;0)) is an irreducible subrepresentation of

vp % e x v p s L(8([vbp, vap]); 6(p, by ).
If b > —a + 1, we have the following embeddings and isomorphisms:

L(S([v="p,v=p)); 6(p, b;0)) = 0([v =" p,v™p]) x v™"p % 8(p, b o)
= §([v™" o, v ™)) x ¥°p X 8(p, by 0)
= VP x ([ p, v p]) 3 6(p, b; 0)

“Hp v pl) x VP xd(p,b—1;0)

— vPp x §([v
=1 x vV'p x 8([v" o, v ]) } 8(p, b — 150).
Thus, there is an irreducible subquotient 7 of §([v =" p, v=%p]) x 6(p,b—1; 0)
such that L(§([v=p,v=%p]); 6(p, b; o)) is a subrepresentation of v°p x vPp x .
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Since p*(L(6([v=bp,v=%p]); 8(p, b;0))) > d([vbp, v%p]) @(p, b; o), it follows
that 7 2 L(([v """ p,v™%p]); 8(p, b—1; 0)). Obviously, p*(L(5([v="""p, v=p]);
§(p,b—1;0))) does not contain an irreducible constituent of the form v*p@;.
Repeated application of this procedure and Lemma 2.7/ lead us to an embed-
ding
L(6([v=bp,v=p]); 6(p, by0)) —
v X U x 2 x 2 p 0 L(6([vap,v=p)); 8(p, —a + 1 0)).

—

Thus, it remains to determine L(d([v*1p,v=2p]);d(p, —a + 1;0)). Proposi-
tion [2.10|2) implies that L(5([v*p,v=%p]); 0(p, —a+1;0)) is a subrepresen-
tation of v % x L(6([v*1p,v="1p]); 6(p, —a + 1;0)), and in the same way
as before we get

L(S([" o, v=p]); 6(p, —a+ 150)) —
v X v T x v p s L(8([v0p, v p)); 6 (p, —as ).

By [26, Theorem 4.1], in R(G) we have

o([vp,v™ " p]) x 8(p, —a + 1;0) =
L(6([* " p,v=)); 6(p, —a + 150)) + Tremp,

where Ty, is the unique common irreducible subrepresentation of
([, v p]) x 8(p, —a; 0)

and
o([vp,v™ " p]) % 8(p, —a + 1;0).

From the structural formula we obtain that
v p x v p @ 6([v e, v p]) X d(p, —a;0)

is the unique irreducible constituent of p*(d([v%p, v~ p]) x §(p, —a + 1;0))
of the form v~ p x v~ p @ 7', which appears there with multiplicity one,
and by Frobenius reciprocity it is contained in p1*(Tyepmp). Thus,

W (L[ o, v p]);0(p, —a + 150)))
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does not contain an irreducible constituent of the form v="p x v~ p@ 7/,

which yields

L[ p, v p]); 6(p, —a+ 150)) —
C([v™p, v p]) x v= " p s L(S([v"p, v p]); 0(p, —a; 0)).

Also, p*(L(6([v*p, v~ 1p]); 6(p, —a; o)) does not contain an irreducible con-
stituent of the form v=*"p @ 7/, so using Lemma and a repeated appli-
cation of this procedure, we get that the Aubert dual of L(§([v*'p,v=p]);
d(p,—a + 1;0)) is an irreducible subrepresentation of

VI X ([ v p]) X - x T T p xS ([ T p, v p])
L(o([v=p,vo=1p]); 6(p, ; 0)).

If « = %, by 22, Lemma 4.10] we have L(J([v—“p, Vm);é(p,a;a)) =~

29
T(p,0). If a > %, in the same way as before we get

L(3([v=2p, v*1p)); 6(p, a5 0))
v x §([v™p, v p]) x L(3([v=oF1p, vo=2p)); 0).

For a = 1, we have L(§([v=™ p, v ?p]);0) = o, and for @ > 2 we have

L(5([v=op,vo-2p]); 0)

V—a—i—l o a+2 [a]—a—1

px vy oty s oxplelmely ey px T,

This ends the proof. O

Proposition 5.4. If —a > z, in R(G) we have

(v, v %)) % C(p,x;0) =
Lw™p,...,v* %, 0%, ... . v p v v v v,
v, v %p, v %, y“"“p, vty ple] oy, yw_o‘_lp; T(l))—i—
Lw™p,...,v" tp, v, v, ... v 2p v 2, v 5 (v p, v ),
v (v e, v )), v %, . plal—a=1, 7(2))+
L™, v 2, 0" o, v ), 0([ 20,07 ),
S(v "o, v ")), v p, ..., 6([v o, v %)), v 0, v, ,plal—a=l,. 7(2)).
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Proof. Again, by [26, Theorem 2.1], in R(G) we have
8([vp,v*p]) % 8(p,x;0) = LO([v™"p, v~ pl); 6(p, x;0)) + 01 + 0,

where 01, 09 are mutually non-isomorphic discrete series representations. It is
enough to determine the Aubert dual of L(§([v=%p,v=%p]); §(p, z; 7)), which
can be determined in a similar way as in the proof of the previous proposition,
details being left to the reader. m
Proposition 5.5. Suppose that o — 1 < —a < x < b. Let

m 2 L, v v v, 0 v, v, S ([, 1)),

_3 _3 _1
v Ep (v 2p, v 2 p))iT(p, o)),
ifa=3,
m 2 L, v T v, v v R, 0 ([ p, v ),
SRR V_lpv 5([V_1p7 p]>> J)a

ifa =1, and
7T]- g L(V_bp7 ct l/_r_lp7 V_xp7 V_xp7 et Va_2p7 ya_2p7 ya_1p7 5([Va_1p7 VaP])? et
v=p, ([ %p, v p]), v p TR p ety plelmatly lelaly 20y,
if a > %

Let

T 2 L(vp, ... v 2, 0([v " o, v ), . 0[R2 p)),
S 2p. v ). B[ 2, p))s ),

if a = %,
Ty =2 L(I/_bp, . ,y_x_Qp, (5([1/_:”_1p, v o)), ... ,(5([ya_3p, Va_zp]),
S, v ), 0([v 2, p)); 6(p, 15 0)),
ifa=1, and

T 2 L(v™p, ... v "2, ([ p, v %)), ., O[3 p, v 2p)),
S 2p, ), 0 ([ v ) v 2, el g B,
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if a > %
If x < b, in R(G) we have

C([v™"p,v™"p]) ¥ C(p,m;0) =
Lw™p,..., v v, v %, ... v p, v p v, %, V%, . .
Viap, l/iap, Viap, VfaJrlp, Vfoer’ ol I/(oﬂ faflp’ y[a] 7a—1p; 7_(1))+
L(V_bp’ Tt V_m_2p7 5([V_x_1p? V_xp])7 R 5([Va_2p7 Va_lP])? 5([1/(1—1’07 Vaﬂ])? Vapv
.. ,5([V_a—1p’ ]/—Oép])7 V—ap7 V—a—l—lp’ . V|'a'|—a—1p; T(2))—|—

T+ mo.
If x = b, in R(G) we have

C(v™p.v™p)) x C(p,x50) =
L(V_bp, v, v, v v Ve Vo, v p v, v,

V_a+1p7 V_a+lp7 R V[M_a_lpv V[a]—a—lp; 7_(1)) + 7.

Proof. Let us first consider the case x < b By [19, Proposition 3.2], in R(G)
we have

3([vp,v*p)) % 6(p,x;0) = LO([v~"p, v~ pl); 6(p, x;0)) + o1+
L(8([v"p,v"p]); 8(p, —a; o)) + L(8([v~"p, v~ p]); 8(p, b; 7)),

where o is the unique common discrete series subrepresentation of both
8([v7p,vp]) % d(p, a;0) and §([v*p, v7p]) x 3(p, b; ).

The Aubert duals of oy and of L(6([v"p,v%p]); 5(p, —a; o)) can be ob-
tained from Proposition [5.4] interchanging the roles of a and z. Also, the
Aubert dual of L(§([v~="p,v~p]); 0(p, b; o)) can be obtained from Proposition
[5.3] interchanging the roles of b and x.

It remains to determine the Aubert dual of L(6([v=tp,v=%0]); 6(p, x;0)).
First, in the same way as in the previously considered cases we obtain that

—

L(6([v=tp,v=2pl|); d(p,x;0)) is a subrepresentation of
vl x X 20 L8[ p,vop)); 8, 5 0).
Also, if z > —a + 1, we have
LO([v="" p,v%)); 6(p, w;0)) = v pxv™  px L(3([v =" p, v~ %p]); 6(p, 2—1; 0)),
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and there is an irreducible subquotient 7 of v px ™™ p such that L(6([v=*"1p,
v=%]);d(p,x;0)) is a subrepresentation of m; x L(o([v="p,v~%));d(p,x —
1;0)).

The induced representation §([v%p, v*T1p]) x 6(p,x;0) is a length four
representation, again by [19, Proposition 3.2]. If v*T!p ® 7 is an irreducible
constituent of p*(8([v%p, v*p]) x 6(p, x;0)), using the structural formula we
easily obtain that 7 is an irreducible subquotient of §([v%p, v*p|) X 6(p, z; o).
From [26, Theorem 4.1] we conclude that p*(5([v%p, v* T p]) x 8(p, z;0)) con-
tains two irreducible constituents of the form v**!'p ® m, which have to be
contained in p*(L(6([v="p,v=p]);6(p,x + 1;0))) and in p*(o2), where oy
is a discrete series subrepresentation of §([v*p,v*1p]) x §(p,z;0). Thus,
wH(L(6([v="" p,v™]); 6(p, x;0))) does not contain irreducible constituents
of the form v*™p @ 7, so m = (([v*p, " p)).

This can be used to conclude that the Aubert dual of L(§([v=*"tp, v=%]);
d(p,x;0)) is a subrepresentation of

—

([ o, v p]) xS ([ P p, v 2 pl) X L(S ([ p, vap)); (p, —a + 15.0)).
Using Proposition 2.10)2), (3) and (1), respectively, we get

L(6([v*2p, v p]); 6(p, —a+ 1;0)) —
vl x v p v 2 p s L(S([v T p, v p]); 0(p, —a; 0)).

We have already seen that p*(L(5([v*2p,v=%]);6(p, —a + 1;0))) does not
contain an irreducible constituent of the form v=*"p @ . If v p @
is an irreducible constituent of p*(5([v%p, v="2p]) x §(p, —a + 1;0)), then
7 is an irreducible subquotient of §([v%p,v™2"2p]) x 6(p, —a; o), which is
a length two representation. Thus, the Frobenius reciprocity can be used
to deduce that p*(L(5([v*2p,v=2p]);8(p, —a;0))) and u*(o3), where o3
is a discrete series subrepresentation of §([* 2p,v%]) x 6(p, —a + 1;0),
contain all irreducible constituents of the form r~%*'p ® 7 appearing in
1 (6([vp, v *2p]) 16 (p, —a+1;0)). So, L(6([v*"?p,v%p]); 6(p, —a+1;0)) is
a subrepresentation of (([v™%p,v=*"2p]) x L(§([v* 1 p,v=%1p]); 6(p, —a; 0)).
In the same way it can be seen that u*(L(5([v* Lp, v=271p]); 8(p, —a; 0))) does
not contain irreducible constituents of the form vYp@w for 7 € {—a, —a+1}.
Using Lemma and continuing in the same way, we get that the Aubert
dual of L(6([v*p,v="1p]); 6(p, —a;0)) is a subrepresentation of

5([v* 20, 170]) x - x 8([v~2p,v~p]) x L(3([v=="p, 07 1p)): 8(p, s ).
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Let us first consider the case a = % Then it can be seen, using the
intertwining operators method, that L(6([v=2p, "2 p]); 8(p, $;0)) is a sub-
representation of T p X Ve p X % p X 0. Thus, there is an irreducible sub-
quotient 7, of v 2p X v2p X v3p such that L(§([v=2p,v"2p]); 8(p, 10))isa
subrepresentation of m; X o.

By [26, Theorem 5.1(ii)], in R(G) we have

5([v2p,v2p]) % 6(p, ;; 0) = L(§([v"2 p.v2p]); 0(p, %;a» + out
L6 p,vipl)s0) + Llv0:0(p. 530)),

where o4 is the unique discrete series subrepresentation of 8([vzp, v2p]) x
0(p; 3:0).

Since both induced representations d([v2p, v2 p]) x o and v2p x §(p, 2;0)
are of length two (by [26], Theorem 5.1]), it follows from the structural for-
mula that p*(8([v2p, v2p]) x 6(p, 1;0)) contains exactly two irreducible con-
stituents of the form v3 p ® m and exactly two irreducible constituents of the
form v2 pRm. Now Frobenius reciprocity and transitivity of the Jacquet mod-
ules imply that all irreducible constituents of the form V%p® m are contained
in p*(o4) and in p*(L(v=2p;6(p, 3.0))), while all irreducible constituents of
the form v2p ® 7 are contained in p*(oy) and in p*((L(6([v=2p,v2p]): 0)).

Consequently, p*(L(6([v=2p, v ™2 p]); 6(p, $;0))) does not contain irreducible
constituents of the form 1¥p ®@ 7 for y € {%,3}.

Thus, it follows that m 2 ¢([v™2p, v2p]), so L(6([v=2p,v"2p]): 0(p, 1:0))
is a subrepresentation of C([V’%p, I/%/)D X 0. Now Lemma [2.7| can be used to
obtain that the Aubert dual of L(3([v2p,v"2p]); 8(p, 1;0)) is isomorphic to
L(8([v=2p,v2p]): 0).

If a > %, in the same way as before we deduce that the Aubert dual of
L(6([v=>"tp, v tp]); 6(p, a; 0)) is a subrepresentation of

—

o[ o, v p]) 3 L(5([v=p, v2=2p)); 0).
If @ =1, from [20, Theorem 3.5] we deduce that L((S([U*W*Qp]); o) =

6(p,1;0). If @ > 3, from [22, Lemma 4.10] we get that L(5([v—p,v*2p]); o)
is the unique irreducible subrepresentation of v=*2p x - .. x plel=a=1 55 7(2),
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If x =b, in R(G) we have
([, V°p]) x 8(p, b;0) = L(3([v~"p,v~"p]); 8(p, b; 0)) + T,

where 7 is the unique common irreducible tempered subrepresentation of
§([vep, vPp]) x 6(p,b;0) and 6([v"bp,%p]) % §(p,a;0). The Aubert dual of
the representation L(5([v=bp,v=%p]); §(p,b; o)) has been determined in the
proof of Proposition [5.3], while the Aubert dual of 7 can be obtained from
[22] Theorem 4.16]. O

Proposition 5.6. If —a<a—2 and a —1<b <z, in R(G) we have

C(™p.v™p)) x C(p,x50) =
L™ p,...,v " p,vlp,v0p, v, v p T,
yap7 yap7 e Vfof\—oz—lp7 Vfo[l—a—lp; 7_(1))_|_
Lw™p,...,v " 20, 6([v " p,v 7)), ..., 8([v " %p, v " p]), v p, ...

v p, v, 10, . el g plel ety (D),

If —a=a—-2and a—1<b<z, in R(G) we have

C(v=lp,v70p]) % ((p,x;0) =
L™ p,...,v " p,vp,v 0, v, v p v p T P T,
. V[o[\—cv—lp7 Vfa]—a—lp; T(I))+
Lwv™p,...,v " 2p, (v p,v7]),...,0([v%p, v p]),
V—a+2p7 V—a—i—Qp’ o 7y[a] —a—lp’ I/M1 —a—lp; 7_(1)>'
Proof. We discuss only the case —a = a — 2, since the case —a < o — 2 can
be handled in the same way, but more easily. Let us denote by o, a strongly
positive discrete series subrepresentation of d([v* !p,%p]) % d(p, z; o) ([I7T,
Section 4] or Proposition . Note that we have v > 2.
By [26 Theorem 4.1}, in R(G) we have

[y 2p,0°p]) % 6(p,x;0) = LO([v~"p,v*2p)); 6(p, 50)) + 7,

where 7 is the unique common irreducible (tempered) subrepresentation of
induced representations § ([~ 2p, 1%p]) x (p, z;0) and 6([v=*2p, v*2p]) x

Osp-
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Using the same reasoning as in the previously considered cases, we deduce
that the Aubert dual of L(§([v=tp, v*2p]); d(p, x; o)) is isomorphic to
L(V_zp7 A 7y_b_1p7 y_bp7 y_bp7 AR V_ap’ V_ap7 y_a—‘rlp’ I/_a+2p7 y_a+2p7
p vt p (1)),

., VM] —a—1

Let us determine the Aubert dual of 7. If z > b+ 1, it follows from the
classification provided in [I7, Section 4] that oy, is a subrepresentation v*p x
ag,lg), where Jéll,) is the unique irreducible subrepresentation of §([v*1p, v p])
d(p,x—1;0). Then 7 is a subrepresentation of v p x 1, where 7 is a common

irreducible subrepresentation of both &([v=22p,vbp]) x §(p,x — 1;0) and
5([v=*2p,1°~2p]) x 6%, Continuing in this way we obtain that the Aubert

dual of 7 is a subrepresentation of

—x

VX e X U2 P,

where 75 is the unique common irreducible subrepresentation of 6([v=*2p, v°p]) x

8(p,b+1;0) and 8([v=+2p, v*2p]) x10Y), where o) is the unique irreducible

subrepresentation of §([v*~1p, vbp]) x §(p,b + 1;0). Since o) is a subrepre-

sentation of ([ 1p,vbp]) x o). where ¥ is the unique irreducible sub-

representation of 6([v®~1p, v*~1p]) x 6(p, b; o), and /L*(USQ)) does not contain
an irreducible constituent of the form 1°p @ 7 by [I8, Theorem 4.6], we can
continue in the same way to obtain that 75 is an irreducible subrepresentation
of
O([v="" v pl) X xS ([ T, ) 1

where 73 is the unique common irreducible subrepresentation of &([v=*"2p,
vo=1pl) x 8(p, ;o) and 8([v=+2p, v 2p]) x o), where ol is the unique
irreducible subrepresentation of v !p x §(p, a; o).

It follows at once that 73 is a subrepresentation of the induced represen-
tation v tp x v x 6([v* 2p, v 2p|) x 0. Since §([v " 2p, v %p]) ¥ o
is irreducible and u*(agf,)) does not contain an irreducible constituent of the
form v*p ® =, it follows that 73 is a subrepresentation of {([v* !p,v%p]) x
S([v="2p, v 2p]) x 0. Now the rest of the proof follows in the same way as
in the previously considered cases. We note that the Aubert dual of 73 can

also be obtained using [22, Lemma 4.13, Lemma 4.15]. O
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Proposition 5.7. If —a <a—1 and x < b, in R(G) we have

([, v ™)) x ((p,x30) =
L(V*bp7 v, (5([V*x*1p, v=p]),. .. ,(5([1/*a*1p, vp|),

vap, ... vlelmely @)y

—-b —z—1 —x —x -« —a —a+1 a—1
L(V Py V J2R N 28 SN Y S 2% N O 4 Py V P

Vap’ Vap7 o V]—o[l—oc—l fa]—a—lp; 7_(1))'

If —a =z, in R(G) we have

p,v

(=", v%)) % C(p,x;0) =
Lv™p, ..., v"2p,6([v"  p.vpl), vp, . ([ p, v %)), 7%
vootly o plelmesl, @y
L(l/_bp, VT VO Vi Vs T, T p v Y,
ymotl, et [a]—a-1 =)

Proof. If —a < a—1and z < b, in R(G) we have

p,...,y[a]_o‘_lp,u p;T

([vp,v"p]) % 6(p, x50) =
LO([v="p,v=p)); 0(p, x;0)) + L(3([v"p,v="p]); 6(p, b; 0)).

In the same way as in the previously considered cases, we deduce that the
Aubert dual of L(6([v=tp,v7%]); 6(p, x;0)) is a subrepresentation of

—

—b

vlpx Xy b ([ p, v p]) e xO([  p, v ) ) L(O([v 2 p, v o)) 0),

and it has been already proved that the Aubert dual of L(6([v=“p,v"%p]); 0)
is isomorphic to L(v%p, ..., vIel=o=1p 7(2)),
Next, the Aubert dual of L(6([v="p,v%p]);d(p,b;0)) is an irreducible
subrepresentation of
vhp e ) v LS, v p)); O, w5 ).

Since the induced representation 0([v%p,v"p]) x §(p, x; o) is irreducible, the
Jacquet module of L(§([v="p,v=%pl|); d(p, z;0)) with respect to the appropri-
ate parabolic subgroup contains

pr®]/:cp®”_®Vap®yap®ya—lp®'__®V—a+1p®
V—ap®y—ap®‘_.®Va—|—041+1p®l/a—(o[|+lp®7_/’
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where 7/ 2 g if a € Z and 7' = p ® o otherwise. Now, using Lemma [2.6| we
obtain the Aubert dual of L(6([v="p,v%p]); d(p, x; 0)).
If —a =z, in R(G) we have

5([7p, 1°p]) x 6(p, z50) = L(6([v "0, v%p]); 6(p, —a; 0)) + 7,

where 7 is the unique irreducible (tempered) common subrepresentation of
§([vep, v°p]) x 8(p, —a; o) and §([v%p, v=%p]) x 6(p, b; o). The Aubert dual of
L(5([v=p,v=p]); 8(p, —a; c)) can be obtained in the same way as before.

In a standard way we obtain that the Aubert dual of 7 is a subrepresen-
tation of

~

vl x o x v p a7,

where 7 2 §([1p, v™p]) x 8(p, —a; o), and now 7' can be directly obtained
using Lemma [2.6| This ends the proof. O]

Now we turn our attention to the case pg % p. We assume that g # 0,
since the case f = 0 has been treated in the third section. We omit the
proofs, since all the results can be obtained in the same way as in the py = p
case, enhanced by Lemma [2.9]

Proposition 5.8. Suppose that py % p. Then (([v="bpo, v%p0]) % ((p, x;0)
is irreducible if and only if b < B. If b >  and —a = b, in R(G) we have

(" po, V0po]) X C(p,a50) =
L ™p,....v %, v p0, v p0, ..., P10 gy wIB1=8=1 50 2 (D)1

f+1  plA1=-1

Lw™p,...,v %, v " p0,v " p0,...,v " po,v " po, v " po, .. po; 7).

If 6 < —a<b, in R(G) we have

C([v™"po, v~ pol) % C(p, 23 0) =
L ™p,...,v %, v " pg,...,v% o, %0, V%0, . .., 0PI pg pIBI=B=1 50 (D)4
Lw™p,...,v " %p, v " p0,...,v" o, v po, V" po, . . . v P o, v P o,
sy I IE P
Lw™p,...,v 0, v p0, .., v 20, ([ po, v*p0l), - - 6 ([v " po, v o)),

V_/B+1p07 ceey V’—ﬁ-‘_ﬁ_lpo; 7-(2))'
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If —a < B =0, in R(G) we have

C([v™"po, v pol) % C(p, 23 0) =
Lv ™ p,...,v %, y_bpo, ey z/a_lpo, vpo, vpg, - - -y l/w_’g_lpo, 1/”3}_’8_1;)0; T(l))—i-

L™ p,...,v %, vy, ... 7V(ﬂ17,871p0; 7_(2)).

If —a < B < b, in R(G) we have

¢[00, v~ o)) 2 C(p, a;0) =
Lv=p, s v ™ p, v pos o,V po, v po, v o, < T py 0T gy ()

LI R PC

L(V_wpa - '7V_ap7 V_blo()v . '7V_B_1p07yap07 s Po, T

6 Casea,:%

This section is devoted to the case a = % Again, we first consider the more
complicated case py = p, and let 7(py, 1) be as in the previous section.
Irreducibility criterion is a direct consequence of [26, Theorem 5.1]:

Proposition 6.1. Degenerate principal series (([v="p,v=2p]) % ((p, z;0) is
wrreducible if and only if one of the following holds:

oa>%andb:x,
e b<a—1.

The composition factors in other cases are given in the following sequence
of propositions.

Proposition 6.2. If a > 1 and x < b, in R(G) we have

(v tp, v 2p]) % Clp, i 0) =
Lw™p,... ;v 2p, 6" o, pl), - 6 o, v %)) 7))+

1

Lw™p,....,v " p,v™"p, v, ... ,.v %, v %p, v, .. v o).

Proof. By [26, Theorem 5.1], in R(G) we have:

1

3([vzp,v°p]) 0 6(p,x;0) =
L(S([v™"p, v 2p)); 8(p, w50)) + LS([v =" p, v 2p]); 6(p, b 0)).
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First, in a standard way, using the intertwining operators methods, Proposi-

1
tion[2.10(1) and Lemmal2.7, we get that the Aubert dual of L(§([vp, v~ 2p]);
d(p,x;0)) is a subrepresentation of

vlp X xR ST v pl) X x B([ T g, v p])

—

L(8([v==p,v"3p]); 0),

and by [20, Theorem 3.5] the Aubert dual of L(5([v=p, v~ 2p]); o) is isomor-
phic to 72,

Using Proposition 2.10[3) and Lemma 2.7, we deduce that the Aubert
dual of L(5([v="p,v"2p]): 6(p, b; 0)) is a subrepresentation of

—

vl x - x v px LS ([ p, v 2 p)); 0, w5 0)).

Now by irreducibility of & ([l/%p, v*p]) x0(p, x; 0), the rest of the proof follows
in the same way as in the proof of Proposition [5.7] n

The following result can be obtained following the same lines as in the
proofs of Propositions [6.2] and [4.2]

Proposition 6.3. Ifa > 1 and o — 1 < b <z, in R(G) we have

C(vp,v2p)) % (p. i 0) =

—x —b—1 —b —b —a —a —a+1
Lw™p,...,v""" p,v " p, v "p, v v oy

Py v Epi0)F
Lw™p,...,v "2, 6([v="" p, v, ....8([v"p, v p]), v 2p, ..., v 2p;0).
Proposition 6.4. If « =1 and z < b, in R(G) we have
_ _1
("o, v72p]) % ((p,250) =
Lw™p,..., v " p,v 0,0 %, ...,V é,0, v ép; o)+

_ o o e 5 _3 _3 1
L ™p, .., 2p, 6" p,v ")), . 6([v 2 p, v 2 ), 6([v 2 p, 02 ) o)+
- —z— —z— —x -3 -1 1
L ™p,. ... v 2, 6(v " p,v"p)),....0([v " 2p,v 2]); 0(p, 530))+
L™ p, ... ,v " p v p, v, v p, v 2 py (s )
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Proof. By [26, Theorem 5.1], in R(G) we have:

3([v2p,v"pl) % 8(p, ;0) = L(S([v~"p, v 2p)); 0(p, 25 0)) + 0ust
L(8([v=*p,v2p)); 8(p, by o)) + L(3([v " p, v*p)); 0),

where o4 is the unique common irreducible (discrete series) subrepresenta-
tion of both &([v2p,1%p]) x 8(p, x;0) and 8([v==p,p]) x 0. Note that Gg,
has been determined in |22, Theorem 5.2.(i)].

Let us determine the Aubert duals of representations L(§([v~p, v%p]); o)
and L(6([v="p, v 2p)); 6(p, z: ). The Aubert dual of L(6([v=%p,v"2p]); 6(p, b; 7))
can be obtained in a similar way, but more easily. Using the same arguments
as before, we obtain the following embeddings:

L(6([vbp, v7p]); o) = v0p x -+ x v 2p 30 L(S([v=Lp, vp)); 0),

—

L(8([v=p,v2p]); 6(p, w:0)) =

—

vl X x v ) L(S([v T p, v p]); 6(p, 5 ).

Since 8([vzp, v7p]) x 8(p, ;o) is a length two representation by [26, Theo-
rem 5.1], it follows at once from the structural formula that p*(6([v2 p, v*+p]) %
§(p, z;0)) contains exactly two irreducible constituents of the form v**p®m,
which have to be contained in p*(L(5([v~p,v"2p]); 6(p,x + 1;0))) and in
11*(0,,), where o), is the unique discrete series subquotient of 8([v2 p, v*+1p]) x
§(p, z;0). Thus, neither p*(L(6([v="p, v*p]); o)), nor p* (L(§([v=*"2p, v~ 2p));
d(p,z;0))) contains irreducible constituent of the form v**1p® . This leads
to an embedding

L(o([v=" p,v%pl); o) = ([ p, v p]) 3 L(S([v™*p, v pl); 0)
and, if z > %, to an embedding
L™ p,v72p]);6(p, 230)) =
C([v"p, v™p]) % L(5([v="p, v 2 p)); 6(p, 2 — 1;0)).

Using Lemma [2.8| and repeating the same arguments, we obtain

L(S([v—"p, v7p]); 0) =

(v p,vp)) X -+ x B[y 2p,v 3 p]) x L(v 2 pi o),
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and

L([v-=-tp, v~ 7)); 6(p, 23 0))

6w o v pl) x o x 8 p, v 2 p) 3 L (v 20,72 p]): 8, 53 0),

We have already seen that L(v~2p;0) 2 §(p, $;0) and that the Aubert dual
of L(6([v=2p,v~2p]): 6(p, 1;0)) is isomorphic to L(6([v=2p,v2p]); o). This
ends the proof. O

The remaining cases are covered in the following propositions, a detailed
verification being left to the reader.

Proposition 6.5. If a =1 and b < z, in R(G) we have

_ _1
("o, v72p]) @ C(p,250) =
Lv=p,....v ™ v p, v b, v v R (s o))+
Lw™p,...,v ™ p, v, 07, ..., I/_%p, I/_%p; o).
Proposition 6.6. Suppose that pg % p. Then the degenerate principal series

C([v~po, I/_%pg]) X ((p,x;0) is irreducible if and only if b < B. If b > f3, in
R(G) we have

- -3 —x —Q — _1
<<[V bpo’y on]) Ng(ﬂ,l‘;@'):L(V Py sV PV bp,,,,,]/ 2p;g)+
Lw™p,....v %, v, .. v, r®).

7 The odd GSpin case

In this section we consider the odd G\Spin case.

Remark 7.1. All the propositions in Sections [3 — [0 are valid for the odd
GSpin case with exactly the same statements. More precisely, all the argu-
ments used in [20, (22, 26] (except [26, Theorem 2.1]), as well as those used
in the previous sections, can be directly carried out to the odd GSpin case,
since they completely rely on properties of the Aubert involution which hold
for general reductive groups, the structural formula and classifications of dis-
crete series provided for the odd GSpin groups in [14, [15] (see also Lemma
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for the structure formula for odd GSpin groups). In the following, we will
comment on the generalizations of the results in [26] to odd GSpin groups
and give the proof for the odd GSpin case of [20, Theorem 2.1].

Let us first recall the definition of odd GSpin groups. Let v,, be the
m X m matrix with ones on the second diagonal and zeros elsewhere. Let

Ty — 0 Vi

_y 0 ) Then the similitude symplectic groups are defined as

follows:
GSp(2n, F) = {g € GL(2n, F) : 'gJs,g = Mg)Ja, for some \(g) € F*}.

Let T = {t = diag(ty,...,tn,at; ', ... at;") : t;,a € F*}, then T is a max-
imal torus for GSp(2n, F). For t = diag(ty, ..., ty,at; ", ... at;') € T, let
eo(t) = a, and let ¢;(t) = t; for i = 1,...,n. Let X = Hom(T, F*) be the
character lattice of T. Then X = Zeq®Ze ®- - -@Ze,,. Let X¥ = Hom(F*,T)
be the cocharacter lattice of X, and let {ef, ef,...,e:} be the basis of XV
dual to the basis {eg, e1,...,e,} of X. Then XV = Ze[ @ Zei @ - - @ Ze),. Let
A={e—e1,i=1,...,n—1,2e,—eo}, AV ={ef—ef 1, i=1,...,n—1,e:}.
Then the root datum of GSp(2n) is (X, A, XV, AY).

Definition 7.2. GSpin(2n + 1, F') is F-points of the unique split F-group
having root datum (XY, AV, X, A) which is dual to that of GSp(2n, F').

Remark 7.3. Let Spin(2n+1, F') be the double covering of special orthogonal
group SO(2n+ 1, F). Then by [2, Proposition 2.2], the derived group of the
split GSpin(2n+1, F) is Spin(2n+1, F') and GSpin(2n+1, F) is isomorphic
to

(GL(L, F) x Spin(2n + 1, F))/{(1,1), (~1,0)},

where ¢ = (2e,, — ep)(—1).

We now briefly summarize the main results in [20]. Let H, be either
a symplectic group or special odd orthogonal group defined over a non-
archimedean local field I’ of characteristic different from 2, having split rank
n. In [26], Muié¢ studies the reducibility of 6 x o, where o is a strongly positive
representation in H,(F) and § := §([v="p, v'2p]) is an irreducible essentially
square integrable representation of GL,,(F') (Here, p is an irreducible unitary
cuspidal representation of GL(F') and ly,ly € R is such that l; + Iy € Z>g).
Muié, in [26], further describes the composition series of § x o if it is re-
ducible. Chapter 3, Chapter 4, and Chapter 5 in [26] describe the cases
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li < —1,l; >0, and l; = —1/2 (Proposition 3.1, Theorem 4.1, and Theorem
5.1), respectively. The main ingredients for the proofs of those propositions
and theorems are Tadié¢’s structure formula for H,, [27] (he mainly uses the
information from GL cuspidal part in the Jacquet modules of the representa-
tions) and the classification of discrete series of H,, [25]. All those ingredients
are now available for odd GSpin groups (Lemma [2.2{and [15]). However, we
note that the proof of [26) Theorem 2.1] can not be applied to the GSpin
groups. We will reprove this theorem below (Theorem , in the case which
we use when determining the composition factors of the degenerate principal
series. Then, for odd GSpin groups, all the results in Chapters 3, 4, and
5 in [26], together with the correction of [26, Theorem 4.1.(iv), Lemma 4.9]
obtained in [19] Proposition 3.2], follow in the same way as in those two
papers. Therefore, our results on the composition factors of the degenerate
principal series also hold in the odd G Spin case.

Remark 7.4. To prove [26, Theorem 2.1], two lemmas ([26, Lemma 2.1, 2.2]:
description of non-tempered subquotients and tempered but non-square inte-
grable subquotients of generalized principal series) are needed. The main
ingredients in the proofs of those lemmas are again Tadi¢’s structure formula
(especially the information about GL cuspidal support), Casselman’s square-
integrability criterion, and classification of discrete series representations,
which all can be applied directly to GSpin(2n + 1, F), so we skip the proofs
of those lemmas for GSpin(2n + 1, F).

Recall that « (resp. f) is the reducibility point of p (resp. py) and o,
i.e., v°p x o (resp. v®py X o) is irreducible if and only if s € {a, —a} (resp.

s {8, —B}).

Theorem 7.5. Suppose that o is an irreducible unitary cuspidal representa-
tion of GSpin(2n + 1, F), and that one of the following holds:

(1) po%p, f<—a<b, andb—p €,

(2) po=p,b>—a>zx, andb—«a € Z,

(8) po=p,a—1<—-a<b<z, —a>0,andb—acZ.
Then in an appropriate Grothendieck group we have

5([1%po, VP pol) % 8(p,x;0) = L(S([v " po, v"p0)); 8(p, w50)) + 03) + 02,
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1 2 . o .
where Uc(ls) and a(gs) are mutually non-isomorphic discrete series subrepresen-

tations of 6([v%po, V°po]) x 8(p, z;0).

Proof. We prove only the part (3), other parts can be proved in the same
way, but more easily. It can be seen in the same way as in the proof of [26,
Theorem 2.1] that L(§([v~%po, v~ %p0]); (p, z; 7)) is the unique non-tempered
irreducible subquotient of &([v%pg, v°po]) % §(p,x;0). Also, representations
Uc(zi) and Ug) have been constructed in [I5, Theorem 3.14]. Let us prove
that there are no other irreducible tempered subquotients of §([1%pg, 1 po])
d(p,x;0).

Let 7 denote an irreducible tempered subquotient of &([v%pg, v°po]) %
d(p,z;0). From the cuspidal support considerations one can conclude that
7 has to be square-integrable and non-strongly positive. Thus, by the clas-
sification given in [15], if @ > 2, 7 can be written as a subrepresentation of
one of the following induced representations:

([, Vp]) X 8(p, 50), 6([v"p, v pl) 3 6(p, —a; 0),0([v=* 2p, v p]) X 0,

where o, stands for the unique irreducible subrepresentation of 6([v*~1p, v°p])
xd(p, x;0). Thus, p*(m) contains one of the following irreducible constituents:

3([vp, ")) @ 6(p, x;0), 8([v"p, v7p]) @ 8(p, —a; 0), 8([v™F2p,v™p]) @ 0.

If < 2, m can be written as a subrepresentation of one of the following
induced representations:

3([vp, ")) % 8(p, x;0),6([v""p,v"p]) % 6(p, —a;0),

and p*(m) contains one of the following irreducible constituents:

([vp, ")) @ 8(p, 250),6([v""p,v"p]) @ 6(p, —a; 0).

By [15, Theorem 3.14], only irreducible subrepresentations of §([v%p, °p])
Xd(p,x;0) are ac(l? and Jc(i,). Also, it is easy to see, using the odd G\Spin ver-
sion of the structural formula given in [14], together with the classification of
strongly positive discrete series, that 6([v="p, v%p])®@d(p, —a; o) appears with
multiplicity one in u*(5([v%p, v°p]) x §(p, z; 0)), and that §([v=*"2p, v=%p]) @
osp also appears with multiplicity one in u*(6([vp, v2p]) ¥ (p, z; 0)) if a > 2.

Let 7, for i € {1,2}, denote an irreducible tempered subrepresenta-

tion of o([v*p,v~%)]) x d(p,z;0) such that aéi) is the unique irreducible
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subrepresentation of §([v=p, vbp]) x 7. By [29, Section 4], there is a
unique j € {1,2} such that 7; is a subrepresentation of §([v=""p, v%p]) X
I([vp, v %)) % d(p, —a; o). It follows from the proof of [15, Theorem 3.15]
that ‘7((1? is a subrepresentation of J([v="p,v%p]) x 6(p, —a; ), so u*(a(%))
contains §([v=p, v%p]) ® d(p, —a; o).

Similarly, if & > 2, then there is a unique k& € {1,2} such that 7 is a
subrepresentation of §([v*1p, v %)) x 6 ([ p, v=%]) x ([T 2p, v 2p]) x
d(p,x;0). It follows from the proof of [I5, Theorem 3.15] that Uffi) is a
subrepresentation of d([v=*"p,v™%p]) X oy, Frobenius reciprocity implies
that * (o) contains 8([v=+2p, v=9p]) ® oy

From the multiplicities of 6 ([*p, 1°p]) @6 (p, x; o), 6([v~"p, V" p])R6(p, —a; o),
and §([v= 2p,v™%]) @ o4 in W (5([v2p, v°p]) X §(p,z; 7)), we conclude that
7 is isomorphic either to Uc(z? or to ag), and the theorem is proved. O

References

[1] J. ARTHUR, The endoscopic classification of representations. Orthogo-
nal and symplectic groups, vol. 61 of American Mathematical Society
Colloquium Publications, American Mathematical Society, Providence,
RI, 2013.

[2] M. ASGARI, Local L-functions for split spinor groups, Canad. J. Math.,
54 (2002), pp. 673-693.

[3] A.-M. AUBERT, Dualité dans le groupe de Grothendieck de la catégorie

des représentations lisses de longueur finie d’un groupe réductif p-adique,
Trans. Amer. Math. Soc., 347 (1995), pp. 2179-2189.

[4] ——, Erratum: “Duality in the Grothendieck group of the category
of finite-length smooth representations of a p-adic reductive group”
[Trans. Amer. Math. Soc. 347 (1995), no. 6, 2179-2189; MR1285969
(95i:22025)], Trans. Amer. Math. Soc., 348 (1996), pp. 4687-4690.

[5] D. BAN AND C. JANTZEN, Degenerate principal series for even-
orthogonal groups, Represent. Theory, 7 (2003), pp. 440-480.

[6] W. T. GAN AND L. LoMELI, Globalization of supercuspidal representa-
tions over function fields and applications, J. Eur. Math. Soc. (JEMS),
20 (2018), pp. 2813-2858.

41



[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

R. GUSTAFSON, The degenerate principal series for Sp(2n), Mem.
Amer. Math. Soc., 33 (1981), pp. vi+81.

C. JANTZEN, Degenerate principal series for symplectic and odd-
orthogonal groups, Mem. Amer. Math. Soc., 124 (1996), pp. viii-+100.

—, Reducibility of certain representations for symplectic and odd-
orthogonal groups, Compositio Math., 104 (1996), pp. 55-63.

—— On supports of induced representations for symplectic and odd-
orthogonal groups, Amer. J. Math., 119 (1997), pp. 1213-1262.

—, Duality for classical p-adic groups: the half-integral case, Repre-
sent. Theory, 22 (2018), pp. 160-201.

C. JanTZEN AND H. H. KiM, Parametrization of the image of normal-
ized intertwining operators, Pacific J. Math., 199 (2001), pp. 367-415.

H. H. KM, Residual spectrum of split classical groups; contribution
from Borel subgroups, Pacific J. Math., 199 (2001), pp. 417-445.

Y. KM, Strongly positive representations of GSping,+1 and the Jacquet
module method, Math. Z., 279 (2015), pp. 271-296. With an appendix
by Ivan Matic.

Y. Kim AND I. MATIC, Discrete series of odd general spin groups,
preprint, (2017).

S. S. KubpLA AND S. RALLIS, Ramified degenerate principal series rep-
resentations for Sp(n), Israel J. Math., 78 (1992), pp. 209-256.

I. MATIC, Strongly positive representations of metaplectic groups, J.
Algebra, 334 (2011), pp. 255-274.

—, Jacquet modules of strongly positive representations of the meta-

plectic group Sp(n), Trans. Amer. Math. Soc., 365 (2013), pp. 2755—
2778.

— On discrete series subrepresentations of the generalized principal
series, Glas. Mat. Ser. III, 51(71) (2016), pp. 125-152.

42



[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

—, Aubert duals of strongly positive discrete series and a class of uni-
tarizable representations, Proc. Amer. Math. Soc., 145 (2017), pp. 3561—
3570.

—, On Langlands quotients of the generalized principal series isomor-
phic to their Aubert duals, Pacific J. Math., 289 (2017), pp. 395-415.

I. MATIC, Aubert duals of discrete series: the first inductive step, Glas.
Mat. Ser. III, 54(74) (2019), pp. 133-178.

I. MATIC AND M. TADIC, On Jacquet modules of representations of
segment type, Manuscripta Math., 147 (2015), pp. 437-476.

C. M@EGLIN, Paquets stables des séries discretes accessibles par endo-
scopie tordue; leur parameétre de Langlands, in Automorphic forms and
related geometry: assessing the legacy of I. I. Piatetski-Shapiro, vol. 614
of Contemp. Math., Amer. Math. Soc., Providence, RI, 2014, pp. 295—
336.

C. M@EGLIN AND M. TADIC, Construction of discrete series for classical
p-adic groups, J. Amer. Math. Soc., 15 (2002), pp. 715-786.

G. Mui¢, Composition series of generalized principal series; the case of
strongly positive discrete series, Israel J. Math., 140 (2004), pp. 157-202.

M. TADIC, Structure arising from induction and Jacquet modules of
representations of classical p-adic groups, J. Algebra, 177 (1995), pp. 1—-
33.

——, On reducibility of parabolic induction, Israel J. Math., 107 (1998),
pp. 29-91.

—, On tempered and square integrable representations of classical p-
adic groups, Sci. China Math., 56 (2013), pp. 2273-2313.

A. V. ZELEVINSKY, Induced representations of reductive p-adic groups.
II. On irreducible representations of GL(n), Ann. Sci. Ecole Norm. Sup.
(4), 13 (1980), pp. 165-210.

Yeansu Kim
Department of Mathematics Education

43



Chonnam National University

77 Yongbong-ro, Buk-gu, Gwangju city, South Korea
E-mail: ykim@chonnam.ac.kr

Baiying Liu

Department of Mathematics

Purdue University

West Lafayette, IN, USA 47907

E-mail: 1iu2053@purdue.edu

Ivan Matié¢

Department of Mathematics, University of Osijek
Trg Ljudevita Gaja 6, Osijek, Croatia

E-mail: imatic@mathos.hr

44



	Introduction
	Preliminaries
	Case = 0
	Case a 1
	Case a 0
	Case a = 12
	The odd GSpin case

