REDUCIBILITY OF REPRESENTATIONS INDUCED FROM THE
ZELEVINSKY SEGMENT AND DISCRETE SERIES

IVAN MATIC

ABSTRACT. Let G,, denote either the group SO(2n + 1,F) or Sp(2n,F) over a non-
archimedean local field. We determine the reducibility criteria for a parabolically induced
representation of the form (A) x o, where (A) stands for a Zelevinsky segment represen-
tation of the general linear group and o stands for a discrete series representation of G,
in terms of the Moeglin-Tadi¢ classification.

1. INTRODUCTION

In his seminal work [25], Zelevinsky introduced two classes of irreducible representations
attached to segments of cuspidal representations, which made a huge impact on latter
investigations in the representation theory of general linear and classical p-adic groups. By
a segment of cuspidal representations, we mean a set of the form A = {v%p, v p ... 1op},
where p is an irreducible cuspidal representation of a general linear group and b—a is a non-
negative integer. Following [25], to the segment A we attach irreducible representations
(A) and 0(A), the unique irreducible subrepresentation and the unique irreducible quotient
of the induced representation

Vip x v p x oo x vbp,

respectively. The irreducible representation (A) is now called the Zelevinsky segment
representation, while irreducible representations of the form §(A) exhaust the set of irre-
ducible essentially square-integrable representations of p-adic general linear groups, and
play a fundamental role in the Langlands classification.

Naturally, representations of classical p-adic groups induced from ones having represen-
tations of the form d(A) on the general linear group parts have been extensively studied
over the years. In some particular cases are obtained precise results on the structure of
induced representations of such form. For instance, reducibility of generalized principal
series and standard representations can be seen in [17] and [18], while complete descrip-
tion of the composition factors in some cases when the representation is induced from the
strongly positive discrete series on the classical group part can be seen in [11] and [16].

In [25] is also provided a purely algebraic classification of irreducible representations of p-
adic general linear groups, which is completely based on the Zelevinsky segments. In terms
of that classification, a complete description of the unitary dual of p-adic general linear
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group has been obtained in [21]. We note that there is also a classification of irreducible
representations of classical p-adic groups based on the Zelevinsky segments, dual to the
Langlands one, given in [5].

Our aim is to study the structure of representations induced from the ones having the
Zelevinsky segment on the general linear group part. We provide the reducibility criteria
for representations of the form (A) x o, induced from the representation (A) ® o of the
maximal Levi subgroup, having the Zelevinsky segment on the general linear group part,
and a discrete series representation o of GG, on the classical group part. Here G,, denotes
a symplectic or a special odd orthogonal group of split rank n. Our criteria are expressed
in terms of the admissible triples, which are in one-to-one correspondence with discrete
series, by the Mceglin-Tadi¢ classification. Our results should lead to a rather precise
understanding of the composition series of representation of studied type (in a particular
case given in [12]), and could be used to construct some elements appearing in the unitary
dual of the group G,,.

Our main strategy is rather straightforward. To prove that some (A) x o is irreducible,
we show that all its irreducible subquotients are mutually isomorphic, and then we show
that (A) x o can contain at most one such an irreducible representation. On the other
hand, to obtain reducibility of (A) x o, we just construct two mutually non-isomorphic
irreducible subquotients.

We use an adjustment of the methods presented in [16, 17] and in [11] to the case of
representations induced from the Zelevinsky segment. The structural formula enables us
to provide a calculation of some prominent members appearing in the Jacquet modules of
(A) x 0. Starting from the Langlands classification, we use the provided calculation to
determine possible irreducible subquotients of (A) x . In the Langlands classification,
on the classical group part of an induced representation appears an irreducible tempered
member. To handle this part, we use the combinatorics of the classifications of discrete
series and tempered representations, given in [8] and [24]. After obtaining the Langlands
parameters of a potential irreducible subquotient, we show that the obtained representation
is contained in the composition series of (A) x ¢ using a combination of the Jacquet modules
method and methods of the intertwining operators.

For the convenience of the reader, we cite the main reducibility criteria here.

Theorem 1.1. Let p stand for an irreducible self-contragredient cuspidal representation
of GL(n,, F), and let a,b € R such that a +b € Zsg. Let A = [vp,v’p|. Let o denote
a discrete series of Gy, and let (Jord(o), Ocusp, €5) stand for the corresponding admissible
triple. Suppose that Jord,(c) # 0 and that for x € Jord,(c) we have 2a + 1 — x € 27Z.

(1) Suppose that a > 1. The induced representation (A) x o is irreducible if and only if
one of the following holds:
o 2a —1¢ Jordy(o),
o v € Jord,(o) for all x € {2a —1,2a+1,...,2b+ 1}, and &,((z_, p), (x,p)) = —1
forallz € {2a +1,2a+3,...,2b+ 1}.
(2) Suppose that a < § and let ¢ = 2b+ 3 — 2[b+ 3], where [x] denotes the least integer
greater than or equal to x. If a € Z, suppose additionally that charF = 0. The
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induced representation (A) X o is irreducible if and only if x € Jord,(o) for all v €
{c,e+2,...,2b+ 1}, e,((x_, p), (x,p)) = =1 for all x € {c+2,c+4,...,2b+ 1}, and
€5(2,p) = =1 if 2a + 1 is even.

The following corollary parallels [23, Theorem 13.2].

Corollary 1.2. Suppose that charF = 0. Let p stand for an irreducible self-contragredient
cuspidal representation of GL(n,, F'), and let a,b € R such that a +b € Z>o. Let A =
[Vep, V0], and let o denote a discrete series of G,,. The induced representation (A) X o is
wrreducible if and only if v° X o s irreducible for all v°p € A.

In the following section we introduce the notation and obtain several technical results
which are frequently used in the paper. Reducibility criteria in basic cases are provided
in Section 3. The main results are obtained in Sections 4 and 5, using a case-by-case
consideration.

The author would like to thank Goran Mui¢ for his suggestion to study this subject.
The author would like to thank the referee for a number of corrections and very useful
suggestions.
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2. PRELIMINARIES

Let F' denote a non-archimedean local field of the characteristic different than two. Let
us describe the groups that we consider.

Let J, = (0int1-j)1<ij<n denote the nxn matrix, where ¢; ,,1_; stands for the Kronecker
symbol. For a square matrix g, we denote by ¢’ its transposed matrix, and by ¢" its
transposed matrix with respect to the second diagonal. In what follows, we shall fix one
of the series of classical groups

0 —J, 0o —-J, _
spinF) = {gecrenry () ) (5 )=o)

SO2n+1,F) = {gGGL(Qn—f—l,F) :gng_l}

or

and denote by G,, the rank n group belonging to the series which we fixed.

The set of standard parabolic subgroups will be fixed in a usual way, i.e., we fix a minimal
F-parabolic subgroup in the classical group G, consisting of upper-triangular matrices
in the usual matrix realization of the classical group. Then the Levi factors of standard
parabolic subgroups have the form M = GL(ny, F)x---xGL(ng, F')xG,,, where GL(m, F)
denotes the general linear group of rank m over F'. If §; is a representation of GL(n;, F') and
T a representation of (z,, the normalized parabolically induced representation Ind]\Gf((Sl ®
<+ ® 0, @ 7) will be denoted by d; x --+ x §; x 7. We use similar notation to denote a
parabolically induced representation of GL(m, F).

By Irr(G,) we denote the set of all irreducible admissible representations of G,,. Let
R(G,,) denote the Grothendieck group of admissible representations of finite length of G,
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and define R(G) = @®,>0R(G,). In a similar way we define Irr(GL(n, F)) and R(GL) =
®n>oR(GL(n, F)). In R(G) we have m x 0 =7 X 0 and m X g X 0 = Ty X T X 0.
For o € Irr(G),) and 1 < k < n we denote by r;)(c) the normalized Jacquet module of o

with respect to parabolic subgroup P;) having the Levi subgroup equal to GL(k, F') x G, .
We identify ry (o) with its semisimplification in R(GL(k, F')) ® R(G,—) and consider

1 ( —1®U+Zr ) € R(GL) ® R(G).

We denote by v a composition of the determlnant mapping with the normalized absolute
value on F. Let p € R(GL) denote an irreducible supercuspidal representation. By a
segment A we mean a set of the form [p, v™p| := {p,vp,...,v"p}, for a non-negative integer
m. The induced representation pxvpx---xv™p has a unique irreducible subrepresentation
([25]), denoted by (A). Representation (A) is called the Zelevinsky segment representation
and plays a fundamental role in the description of the unitary dual of the group GL(n, F).

The induced representation v™p x ™ p x -+ x p also has a unique irreducible subrep-
resentation ([25]), denoted by d(A). Representation d(A) is essentially square-integrable,
and every irreducible essentially square-integrable representation of GL(n, F') is of the form
d(A), by [25].

We study reducibility of the induced representation of the form (A) x o, where A =
[v%p,%p] and o € R(G,) is a discrete series. Since in R(G) we have ([v%p,1%p]) x o =
([v="p,v=%p]) x o, we may assume a + b > 0.

We frequently use the following structural formulas, obtained in [5, Theorem 1.4] and in
[22]:

Theorem 2.1. Let p € Irr(GL(m, F)) be a supercuspidal representation and k,l € R such
that k +1 € Z>o. Let o denote an admissible representation of finite length of G,,. Write
(o) =3, m®ac. Then we have:

k+I4+1 4

w (v F o) o) = >N S (v ) x (v, R ) xow

=0 75=0 m,o’
@ ([ p, v E N p]) 3 o

([ p, ') Z 225 v, p)) < ([ p, v p))

i=—k—1 j=t w0’
® ([ p, v p)) 1 o',

We briefly recall the Langlands classification for general linear groups. We favor the
subrepresentation version of this classification over the quotient one.

For every irreducible essentially square-integrable representation § € R(GL), there is a
unique e(d) € R such that v=¢9§ is unitarizable. Note that e(5([v%p, v°p])) = (a + b)/2.
Suppose that 61, ds, ..., 0, are irreducible essentially square-integrable representations such
that e(d1) < e(d2) < ... < e(d;). Then the induced representation d; X dy X -+ X I
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has a unique irreducible subrepresentation, which we denote by L(d,ds,...,dx). This
irreducible subrepresentation is called the Langlands subrepresentation, and it appears
with multiplicity one in the composition series of d; X ds X --- X 0. Every irreducible
representation 7 € R(GL) is isomorphic to some L(d, 0, ...,0;) and, for a given 7, the
representations 01, ds, . .., 0 are unique up to a permutation.

If we let &; = §([v" p;, V¥ pi]), note that for a; = b;, a; +1 = a;4 for all i, and p; = p; for
all i and j, we have L(6y,0s,...,0) = (v py, vati1p]).

Similarly, throughout the paper we use the subrepresentation version of the Langlands
classification for classical groups, since it is more appropriate for our Jacquet module
considerations. So, we realize a non-tempered irreducible representation 7 of G, as the
unique irreducible (Langlands) subrepresentation of an induced representation of the form
01 X 09 X --+ X 0 X 7, where 7 is an irreducible tempered representation of some G;, and
d1,02,...,0 € R(GL) are irreducible essentially square-integrable representations such
that e(d1) < e(dg) < -+ <e(dg) < 0. In this case, we write m = L(d1,09, ..., 0k, T).

The next lemma is [6, Lemma 5.5].

Lemma 2.2. Suppose that 7 € R(G,,) is an irreducible representation, A an irreducible
representation of the Levi subgroup M , and 7 is a subrepresentation of [nd]\Gf (A). IfL>M,
then there is an irreducible subquotient p of Ind%;(\) such that 7 is a subrepresentation of

Ind5" (p).

Let us now recall the Meeglin-Tadi¢ classification of discrete series for groups that we con-
sider. We note that it now holds unconditionally, due to results of [1], [14, Théoreme 3.1.1]
and [3, Theorem 7.8]. A shorter and more algebraic form of this classification, which covers
both classical and odd general spin groups, can be found in [10]. Every discrete series in G,
is uniquely described by three invariants: the partial cuspidal support, the Jordan block
and the e-function.

The partial cuspidal support of a discrete series o € Irr(G,,) is an irreducible cuspidal
representation o.,s, of some G, such that there is an irreducible admissible representation
7 of GL(n., F) such that o is a subrepresentation of ™ X Gysp-

The Jordan block of o, denoted by Jord(c), is a set of all pairs (x, p) where p = p is an
irreducible cuspidal representation of some GL(n,, F') and z > 0 is an integer such that
the following two conditions are satisfied:

(1) z is even if and only if L(s, p,7) has a pole at s = 0. The local L-function L(s,p,)
is the one defined by Shahidi (see for instance [19], [20]), where r = A’C™ is the
exterior square representation of the standard representation on C™ of GL(n,,C) if
G, is a symplectic or even-orthogonal group and r = Sym2C" is the symmetric-square
representation of the standard representation on C" of GL(n,,C) if G, is an odd-
orthogonal group.

(2) The induced representation

o([v= D2 p, =V p]) s o

is irreducible.
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To explain the notion of the e-function, we first define the Jordan triples. This are the
triples of the form (Jord, o/, €) where

e ¢’ is an irreducible cuspidal representation of some G,,.

e Jord is a finite set (possibly empty) of pairs (z, p), where p is an irreducible self-
contragredient cuspidal representation of GL(n,, F)) and x is a positive integer
which is even if and only if L(s, p, ) has a pole at s = 0 (for the local L-function as
above). For an irreducible selfcontragredient cuspidal representation p of GL(n,, F)
we write Jord, = {z : (z,p) € Jord}. If Jord, # 0 and = € Jord,, denote z_ =
max{y € Jord, : y < x}, if it exists.

e ¢ is a function defined on a subset of Jord U(Jord x Jord) and attains the values
1 and -1. If (z,p) € Jord, then ¢(z,p) is not defined if and only if z is odd
and (y,p) € Jord(o’) for some positive integer y. Next, € is defined on a pair
(x,p), (y,p") € Jord if and only if p = p’ and = # y.

It follows from the compatibility conditions, which can be found in [10], [15] or [17],
that it is enough to know the value of € on the consecutive pairs (z_, p), (x, p) and on the
minimal element of Jord, (if it is defined on elements, not only on pairs).

Suppose that, for the Jordan triple (Jord, o’, €), there is (z, p) € Jord such that we have
e((x_, p), (z,p)) = 1. If we put Jord" = Jord \{(z_, p), (x, p)} and consider the restriction ¢
of € to Jord' U(Jord" x Jord’), we obtain a new Jordan triple (Jord’, o’,€’), and we say that
such Jordan triple is subordinated to (Jord, o', €).

We say that the Jordan triple (Jord, o', €) is a triple of alternated type if €((z_, p), (x, p)) =
—1 holds whenever z_ is defined and there is an increasing bijection ¢, : Jord, — J ord;(a’ ),
where Jord’,(0”) equals Jord,(o') U {0} if a is even and e(min(Jord,), p) = 1 and Jord,(o”)
equals Jord, (o) otherwise.

The Jordan triple (Jord,o’,¢) dominates the Jordan triple (Jord’,o’,¢) if there is a
sequence of Jordan triples (Jord;, o', ¢;), 0 < i < k, such that (Jordg, o', ¢y) = (Jord, o’, ),
(Jordy, o', e) = (Jord’,o’,¢') and (Jord;,o’,¢;) is subordinated to (Jord; q,0’,¢; 1) for
i €{1,2,...,k}. The Jordan triple (Jord, o’, €) is called an admissible triple if it dominates
a triple of alternated type.

Classification given in [13] and [15] states that there is a one-to-one correspondence
between the set of all discrete series in Irr(G) and the set of all admissible triples (Jord, o’, €)
given by ¢ = 0(jord,o",), suich that oeys, = 0’ and Jord(o) = Jord.

Throughout the paper, the admissible triple corresponding to discrete series o € R(G)
will be denoted by (Jord(o), Teusps €5 )-

We close this section with several useful technical results.

Lemma 2.3. Let m denote the irreducible representation L(v=°p,d1,02,...,0k,7) of Gyp
such that —c < e(61). Suppose that L(6y1,0s,...,0k,T) is an irreducible subquotient of
([vip,v°71p]) x o, for some discrete series o and —c + 1 < d. Then 7 is an irreducible
subquotient of ([v¥p,v°p]) x 0.

Proof. Since both L(v=¢p, d1, 92, ..., 0k, 7) and v=px L(d1, s, . .., 0, T) are subrepresenta-
tions of the induced representation v=pxd; X - - - X5 X7, which contains a unique irreducible
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subrepresentation, it follows that 7 is a subrepresentation of v=¢p x L(d1,d2,...,0k, T).
Thus, 7 is an irreducible subquotient of v=¢p x ([v4p,v*"1p]) x 0. In an appropriate
Grothendieck group we have

v x (Vo v p]) xo = ([vp, v pl) x vop 1o,

so there is some irreducible subquotient 7’ of ([v9p, v 1p]) x v°p such that 7 < 7’ x 0. It
can be easily seen that the only possible irreducible subquotients of {[%p, v~ 1p]) x v°p are
([v?p,vop]) and L(v7p, ..., v 2p,0([v°" p,vop])).

Since 7 is a subrepresentation of v=¢p < L(d1, ds, . . ., 0k, T), Frobenius reciprocity implies
that p*(m) > v=p ® L(d1,09,...,0k, 7). Using the structural formula, together with the
square-integrability of o, we deduce that u*(L(vp, ..., v 2p,5([v°1p,v°p])) x o) does not
contain v=¢p® L(dy, 82, . .., 0, 7). Thus, 7 < {[1¥p,v°p]) x o and the lemma is proved. [J

Lemma 2.4. Suppose that p = p. Let ™ denote the irreducible representation L(v—p, v °p,
91,02, ..., 0k, 7) of Gy such that —c < e(01). Suppose that L(61,0s,...,0k,7) is an ir-
reducible subquotient of ([v=p, v 1p|) x o, for some discrete series o. Then w is an
irreducible subquotient of ([vp,v°p|) x 0.

Proof. In the same way as in the proof of the previous lemma we deduce that there is an
irreducible subquotient 7’ of v=¢p x {[v=¢"1p, v°71p]) x v°p such that 7 < 7’ x 0. Since
p*(m) contains an irreducible constituent of the form v=¢p x v=¢p ® " it follows directly
from the structural formula and square-integrability of o that 7" = ([v=p, v°p]). This ends
the proof. O

Lemma 2.5. Suppose that p = p. Let w denote the irreducible representation L(V_%,O, T)
of G,, such that T is an irreducible subquotient of 1/%,0 X o, for some discrete series o. Then
7 is an irreducible subquotient of ([v~2p,v2p]) X 0.

Proof. Obviously, © < voe p X vz p X o. In the appropriate Grothendieck group we have
1 1 1 1 1 1
vzpxvipxo = (v zp,vip]) xo+ (v 2p,v2p]) o

Frobenius reciprocity shows that p*(w) > V’%p ® 7. From Theorem 2.1 and square-

integrability of o we deduce that p*(3([v~2p, v2p]) x ) does not contain v~2p @ 7. Con-
. : ) 1

sequently, 7 has to be an irreducible subquotient of ([v=2p,v2p]) X 0. O

The following technical lemma follows directly from Theorem 2.1 and Casselman square-
integrability criterion.

Lemma 2.6. Let p € R(GL) stand for an irreducible cuspidal representation and let
a,b € R such that a+b € Zsg, and let A = [v%p,vbp]. Let o € R(G) denote a discrete series
representation. Suppose that L(01,0q,...,0k,T) is an irreducible non-tempered subquotient

of (A) xo. We have:

(1) If 61 = v/, for some cuspidal o' € R(GL), then p' € {p,p}, v € {a,—b} and
L(8y, ..., 0k, 7) is an irreducible subquotient of (A')xo, for A" € {[v%p, V> p], [v*ip, 7]}
Also, if a >0, then p' = p, v = —b and A = [v°p, V>~ 1p].
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(2) If 61 = 6([v*p’,v*T1p]), for some cuspidal p' € R(GL), then p' = p = p, 2a € Z,
r=-b=a—1and L(0s,...,0,7) is an irreducible subquotient of {[1*™p, " p]) x 0.

3. REDUCIBILITY CRITERIA IN SOME BASIC CASES

Let p € R(GL) stand for an irreducible cuspidal representation, and let a,b € R such
that a+b € Zsg. Let A = [1%p,1%p]. Let o € R(G) denote a discrete series representation.

We start with a description of tempered irreducible subquotients of some induced rep-
resentations of studied type.

Lemma 3.1. If2a € Z, then (A) x o does not contain an irreducible tempered subquotient.
Suppose that 2a € 7 and that one of the following holds:

(1) p#p,
(2) Jord,(o) # 0, 2a € Z, and 2a + 1 — x & 27, for x € Jord,(o).

Then (A) X o contains an irreducible tempered subquotient if and only if a = b= 0.

Proof. By the classification of discrete series, (A) x ¢ does not contain a discrete series
subquotient.

Let us now suppose that (A) x o contains an irreducible tempered subquotient which is
not square-integrable. Then there are irreducible cuspidal representation p/ € R(GL),
x > 0, and irreducible tempered representation 7 € R(G) such that p*((A) x o) >
([pv=p,v"p]) ® 7. By the structural formula, there are 0 < j < i < b—a+ 1 and
an irreducible constituent © ® o’ of u*(o) such that

S([v=ep',vep]) <™ p v pl) x ([ p, T pl) X
Square-integrability of o implies that (z, p’) € {(—a, p), (b, p)}. Since v¥p’ does not appear
in the cuspidal support of o for y such that z +y € Z, it follows that §([v="p',v"p]) <
([v=p,v=72p]) x ([v%p,viTa=1p]). Since d([v=p',v%p]) is irreducible essentially square-
integrable, either z = 0 or x = % This implies 2a € Z. But, v = % implies a = b = %, 1=0
and j = 1, which is impossible. Consequently, z =a =0, p' & p, and 7 < ([vp,%p]) x 0.
Obviously, p*(7) does not contain an irreducible constituent of the form p” ® 7/, for some
irreducible cuspidal p” € R(GL), so 7 has to be square-integrable, but this is possible only
for b = 0.

On the other hand, if a = b = 0, we have (A) x 0 = p x o, which contains an irreducible
tempered representation. [l

We frequently use the following multiplicity one result. For a real number z, by [x] we
denote the least integer greater than or equal to z.

Lemma 3.2. If a is an integer and a < 0, let 7 denote an irreducible subrepresentation of
p X o, otherwise let T =0. Ifa=0, let c=—1 and if a > 0 let ¢ = —a.

(1) If a >0, let ™ denote v °p @ v Mp@ - @vpRT.
(2) If a < 0 and either p 2 p or 2a € Z, let m denote

l/_bﬁ® l/_b+1,5® e ® V—b+fb]—lﬁ® Vap ® Va+lp® e ® Va—]'a]p ® T,
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(8) If a <0, p=p and 2a € Z, let © denote
I/fbp®yfb+1p®”.®Vaflp®yapxVap®l/a+1pxVa+1p®“_®y(a]fa71pxV[a]fa71p®7_.

Then the multiplicity of w in the Jacquet module of (A) x o with respect to the appropriate
parabolic subgroup equals one.

Proof. We prove only the third part of the lemma, other two parts can be proved in the
same way but more easily. We assume that —a < b, since the case analogous to —a = b then
appears as a subcase. Transitivity of Jacquet modules implies that there is an irreducible
constituent v%p @ m; of p*((A) x o) such that v p®@ - @1 R vip x vip R v*Tp x
vtlp®. . @uldd-elpxplel=a=1 5@ 1 is contained in the Jacquet module of 7y with respect
to the appropriate parabolic subgroup. Thus, there are 0 < j < ¢ < b—a+ 1 and an
irreducible constituent 7’ ® o’ of p*(o) such that

v <o, v 0pl) x ([t p, T p]) x

It follows at once that i = b—a+ 1, j = 0, and m; < (V9,7 1p]) x 0. Also, m <
([v2p, "~ 1p]) x o and the multiplicity of 7 in the Jacquet module of (A) x o with respect
to the appropriate parabolic subgroup equals the multiplicity of v lp @ --- @ 1 1p ®
Vi X v @ v p x vt p @ - @ vlelmemly x plel=a=1y & 1 in the Jacquet module of
([vep, ¥*~1p]) x o with respect to the appropriate parabolic subgroup.

Repeating this procedure, we get that the multiplicity of 7 in the Jacquet module of
(A) x o with respect to the appropriate parabolic subgroup equals the multiplicity of
vip X v @ v p x 19t p @ - @ vlelmemly x plal=a=1y & 1 in the Jacquet module of
([vep,v~%p]) x o with respect to the appropriate parabolic subgroup.

Again, transitivity of Jacquet modules implies that there is an irreducible constituent
Vopx v2p@my of i ({[vep, v p]) x o) such that v px v p®- . .@ulel—a=lyxplal-a-l,g
7 is contained in the Jacquet module of m, with respect to the appropriate parabolic
subgroup. In the same way as before we deduce that m < ([*p, 797 1p]) x o and the
multiplicity of 7 in the Jacquet module of (A) x o with respect to the appropriate parabolic
subgroup equals the multiplicity of v%T'p x 14T p @ - - @ vliel=e=1p x plel=a=15 & 7 in the
Jacquet module of ([T p, v~ p]) x o with respect to the appropriate parabolic subgroup.

Repeating this procedure, we obtain that the multiplicity of 7 in the Jacquet module of
(A) x o with respect to the appropriate parabolic subgroup equals the multiplicity of 7 in
p X o if a € Z, and the multiplicity of 7 in ¢ otherwise. Thus, m appears in the Jacquet
module of (A) x ¢ with respect to the appropriate parabolic subgroup with multiplicity
one. U

We provide several basic reducibility criteria.
Proposition 3.3. If p % p or 2a is not an integer, then (A) x o is irreducible.

Proof. We determine all irreducible subquotients of (A) x ¢. Thus, suppose that we have
L(61,02,...,06,7) < (A) x o, and let § = §([v%p;,vbip]), for i = 1,2,... k. Let us
first prove that a; = b; for all 7. Suppose, on the contrary, that there is some j such
that a; < b; — 1 and let m = min{j : a; < b; —1}. Then a; = b; for i < m and a
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repeated application of Lemma 2.6 implies that there are non-negative integers s,¢ such
that L(m, Omi1,---,0k, 7) is an irreducible subquotient of ([1*7*p, 1P~ p]) x 0.

Since L(0m, Oma1,- - -, 0k, T) is & subrepresentation of d,, X 0,11 X - -+ X d X 7, Frobenius
reciprocity and transitivity of Jacquet modules imply that there is some irreducible con-
stituent 6,, ® o’ of u*(L(dy, 01, - - -0k, 7)). Thus, p*(([v2%p, v*7p]) x o) > §,, ® 0’ and
there are 0 < j <7 <b—1t—a— s+ 1 and an irreducible constituent ™ ® o” of u*(o) such
that

G < A HB 0 (] o

Since e(d,,) < 0, square-integrability of o implies that we can not have both i = b — ¢ —
a—s+1and j = 0. Since v7**%p and v~"**Y5 do not appear in the cuspidal support of
o for x,y € Z, it follows that

5m S <[I/_b+t,5, V—i—a—sm) % <[Va+sp, I/j+a+s_1p]>.

Since d,,, is irreducible essentially square-integrable, the assumption that a,, < b,, implies
that we have either v9"$p = v=0=15 or v9$p = v=0*+15 4 contradiction. Thus, a; = b;
for all 2.

A repeated application of Lemma 2.3 now implies that 7 is an irreducible subquotient
of ([ atsp vP=tpl) x o, for some s,t € Z>q. Since a; < 0 for all 4, Lemma 3.1 shows that
TEpXo 1f a is an integer, and 7 = ¢ otherwise. Note that the induced representation
p X o is irreducible since p 2 p.

Consequently, if a > 0, L(d1,...,0,7) is a unique irreducible subrepresentation of the
induced representation

v x v xS X T,

where ¢ stands for —a if a > 0, and ¢ = —1 if a = 0.
On the other hand, if a < 0, L(d1, ..., 0k, 7) is a unique irreducible subrepresentation of
the induced representation

—b+[b]—-1~ a

v x v x DX v x vy x o x il g s 7

Note that the assumption of the proposition implies that 1°=5p x v@+tp = patty x o=sp
for s,t € Z.

This shows that all irreducible subquotients of (A) x ¢ are mutually isomorphic, and
Lemma 3.2 implies that such an irreducible subquotient appears in the composition series

of (A) x o with multiplicity one, so (A) x o is irreducible. O

Proposition 3.4. If Jord,(o) # 0, 2a € Z, but 2a + 1 — x & 27Z, for x € Jord,(o), then
(A) x o is irreducible.

Proof. Similarly as in the proof of the previous proposition, we determine all irreducible
subquotients of (A)xo. Suppose that L(dy,0a, ..., 0, 7) < (A)xo and let 6; = 6([v% p;, V% pi]).
We prove that for all : = 1,2, ...,k we have a; = b; and p; = p.

Let us first assume that there is some j € {1,2,...,k} such that a; < b; — 2 and let
m = min{j : a; < b; — 2}. By Lemma 2.6, there are non-negative integers s, ¢ such that
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w*({[v**2p, 2~ p]) x ) contains an irreducible constituent of the form 6,, ® ¢’. Thus, there
are 0 < j<i<b—t—a—s+1and an irreducible constituent 7 ® o” of u*(o) such that

5m S <[1/7b+tp, l/fifafspD % <[Va+sp, Vj+a+sflp]> X T,

but this implies that v*=p appears in the cuspidal support of ¢ and b,, = a + x, for some
x € 7, a contradiction.

Let us now assume that there is some ¢ € {1,2,...,k} such that a; = b; — 1. Note that
this implies a < 0. Let us prove that then we have a; = b; — 1 for all j > i. Suppose, on
the contrary, that there is a positive integer n such that a,, = b,, and a,,_1 = b,_1 — 1.

Then we have p*(([v =T p, v==1p]) x o) > 6([v* 1 p, v p|) @ L(dy, . .., 0k, 7) and
wr({[vr=1+2p v =171l o) > vinp, @ L(0py1,---, 0k, 7). Consequently, p, = p and
a, € {an_1 + 1,a,1 +2}. If a, = a,—1 + 1, we have the following embeddings and
isomorphisms:

L(6n-1,0n, ..., 0, 7) = 0([* p, v 1p]) x4 L(D,,, ..., 6, T)

— §([r 1 p, v o)) x v s L(Gpgts .-y O, T)
= -1t s St p, v 1)) X L(Gpgts - -5 Ok, T)
s it s =1t s 0t 5 LSy 2o, O, T).

By Lemma 2.2 or [15, Lemma 3.2], there is an irreducible representation 7’ such that
L(6,_1,0p, -..,0,T) is a subrepresentation of v =11y x pan-1T1ys 5 7/ Thus, we have
wr({[vr=1tp =1y x o) > -1ty x vty @ 77 and using the structural formula
and square-integrability of ¢ it can be easily seen that this is impossible. Consequently,
Up = ap_y +2and L(6upq, ..., 0k 7) < ([p213p, v~ =171} % o. This implies p,11 = p
and a,41 = b1 = a,_1 + 3, since €(0,,) < e(d,41). Continuing in this way, we get that 7 is
an irreducible subquotient of ([p*»-1*¢p, y=-171p]) x o, for ¢ € Z such that a,_1 + ¢ < 1.
This contradicts Lemma 3.1, so we have a; = b; — 1 for all j > 7. We note that this is
possible only if a € Z.

It follows from Lemma 2.6 that there is an y such that 2y € Z~y and we have L(d, 7) <
([vvtp,¥p]) x 0. Then we have py = p, a, = —y and 7 < ([ ¥ 2p, ¥ 1p]) x 0.
By Lemma 3.1, this is possible only if y = 1. Using [17, Theorem 2.1(ii)], we deduce
that d([p,vp]) x o is irreducible and isomorphic to L(dx,7), so p*(L(dy, 7)) contains an
irreducible constituent of the form vp ® 7”. On the other hand, it follows directly from
the structural formula that pu*({[p,vp]) x o) does not contain an irreducible constituent
of the form vp ® 7, so a; = b; for all i = 1,2,... k. Note that 2a + 1 — x & 2Z for
x € Jord,(0), together with [15, Lemma 3.6], implies that p*(0) does not contain an
irreducible constituent of the form v*p ® 7’ for z € Z.

If a € Z and a < 0, let 7 = p x o, otherwise let 7 = o. Note that if a € Z, then
p X o is irreducible. If @ = 0, let ¢ = —1, and if a > O let ¢ = —a. If a > 0, let
7= L p, v "p ... v, T), otherwise let

m=L " p,v " p, v, v, v p, v T p, v e p el ),



12 IVAN MATIC

Lemmas 2.6 and 3.1 imply that every irreducible subquotient of (A) X ¢ is isomorphic
to m. Lemma 3.2 shows that 7 appears in (A) x o with multiplicity one, so the induced
representation (A) x o is irreducible. O

Proposition 3.5. Assume that p = p and Jord,(c) = 0. Let use denote by s, a unique
non-negative real number such that v°° p X 0y, reduces. Then (A) x o reduces if and only

if a < s, 2a is an integer, and 2a + 1 is even if and only if V%,O X Ocysp TEdUCES.

Proof. The assumption Jord,(o) = @) implies that s, € {0, %} If either 2a & Z or a—s, & Z,
one can prove in the same way as in the proof of Propositions 3.3 and 3.4 that (A) x o is irre-
ducible. If a > s,, from the cuspidal support of the induced representation ([v%p, v+ p]) xo
we deduce that it does not contain an irreducible tempered subquotient. Now one can
obtain, in the same way as in the proof of Proposition 3.3, that every irreducible sub-
quotient of (A) x o is isomorphic to L(v=p,v="*1p, ... v7%, o). Lemma 3.2 shows that
L(v=bp,v=*1p, ... v, o) appears in the composition series of (A) x o with multiplicity
one, so (A) x o is irreducible.

Let us now assume that a < s,, 2a € Z and a — s, € Z. There are two cases to consider.
First, assume that a € Z and write p X 0 = 11 + 7» in R(G), where 7y and 75 are mutually
non-isomorphic irreducible tempered representations. A repeated application of Lemmas
2.3 and 2.4 shows that both irreducible representations

L(V_bp7 ctt Va_lp? Vap? Vap? A 7V_1p7 V_IPJ T'l)7/[/ - 1727
are contained in the composition series of (A) x o, so (A) X o reduces.
Let us now assume that a € Z and let ¢’ denote a discrete series subrepresentation of

y%p x o constructed in the proof of Lemma 6.1 of [17]. A repeated application of Lemmas
2.3, 2.4 and 2.5 shows that both irreducible representations

Lw™p, ... . v p, v, 0%, ..., v Ep, v 3 p,0),
and , ) )
L ™p,... v p, v p, %, v 2p v 2p, 0 2p,0")
are contained in (A) x o, so (A) X o reduces. O

We note that, in the case when charF = 0, the last three propositions also follow from
[6, Theorem 10.5] and [23, Theorem 13.2].

4. MAIN REDUCIBILITY CRITERION IN THE a > 1 CASE

Let p € R(GL) stand for an irreducible self-contragredient cuspidal representation, and
let a,b € R such that a+b € Zsg and 2a,2b € Z. Let A = [1%p,%p]. Let 0 € R(G) denote
a discrete series representation.

From now on, we assume that Jord, (o) # 0 and that for z € Jord,(o) we have 2a+1—x €
27.

In this section we obtain the irreducibility criterion for (A) x ¢ in the a > 1 case.

Lemma 4.1. Let ¢,d € R such that c+d € Z>o and for x € Jord,(c) we have 2c+1—x €
27.. Suppose that ¢ > 1 and that one of the following holds:
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(1) 2¢ — 1 ¢ Jord,(o),
(2) x € Jord,(o) for all x € {2c¢—1,2c+1,...,2d+ 1}, and e,((z_, p), (x, p)) = —1 for all
r€{2c+1,2¢+3,...,2d + 1}.

Then {[v°p,v?p]) x o does not contain an irreducible tempered subquotient.

Proof. If 2¢ — 1 ¢ Jord, (o), the claim of the lemma can be obtained using the cuspidal
support considerations, following the similar reasoning as in [4, Subsection 4.2.1], before
[4, Proposition 4.6].

Let us now assume that x € Jord,(o) for all x € {2¢ —1,2c+1,...,2d + 1}. It follows
from the cuspidal support considerations that every irreducible tempered subquotient 7
of ([vp,v¥p]) x o can be written as a subrepresentation of an induced representation of
the form §([v=4p, %)) x 7/, for some irreducible tempered representation 7. Thus, if
7 < ([v°p,vp]) x o, then p*(([v°p,vp]) x o) > 6([v=¢p,v]) ® 7. By the structural
formula, there are 0 < j < i < d— ¢+ 1 and an irreducible constituent 7 ® o’ of p*(o)
such that

S([v=p,v?p]) < (v, pl) x (o, pl) x T
It follows that the Jacquet module of m with respect to the appropriate parabolic subgroup
contains an irreducible constituent of the form v¢p®n’. Transitivity of Jacquet modules and
24, Proposition 7.2] now imply that €,(((2d+1)_, p), (2d+ 1, p)) = 1, a contradiction. [

Proposition 4.2. Suppose that a > 1 and that one of the following holds:

(1) 2a — 1 ¢ Jord,(o),

(2) x € Jord,(o) for allx € {2a—1,2a+1,...,20+1}, and e,((z_, p), (x, p)) = —1 for all
re€{2a+1,2a+3,...,2b+ 1}.

Then the induced representation (A) X o is irreducible.

Proof. Using Lemma 4.1, in the same way as in the proof of Proposition 3.3 we conclude
that every irreducible subquotient of (A) x ¢ is isomorphic to L(v~tp, v~ 1p, ... . v™%, o).
Lemma 3.2 implies that such an irreducible representation appears in the composition
series of (A) x o with multiplicity one, so (A) x ¢ is irreducible. O

Lemma 4.3. Let ¢ € R be such that for v € Jord,(c) we have 2c+ 1 — x € 27Z. Suppose
that ¢ > 0, 2c — 1 € Jord,(0) and 2c+ 1 & Jord,(c). Then the induced representation
vp X o contains a unique irreducible subrepresentation which is square-integrable.

Proof. By [17, Theorem 6.1], the induced representation v°p x ¢ reduces. It can be easily
obtained from the structural formula, using 2¢ + 1 ¢ Jord,(¢) and [15, Lemma 3.6], that
Vep®o appears in p*(v°p x o) with multiplicity one, so v°p X ¢ has a unique irreducible sub-
representation. From [17, Lemma 2.2] we deduce that vp x o contains a unique irreducible
non-tempered subquotient, L(v~¢p, ). Also, from [15] we get that v°p x o does not contain
irreducible tempered subquotients which are not square-integrable, since 2c¢+1 ¢ Jord, (o).
Thus, a unique irreducible subrepresentation of v“p x ¢ has to be square-integrable. [

Lemma 4.4. Let c,d € R such that ¢ +d € Zso and for x € Jord,(o) we have 2c +
1 —x € 2Z. Suppose that ¢ > 1, x € Jord,(o) for all x € {2¢ —1,2¢+1,...,2d — 1},



14 IVAN MATIC

e((x_, p), (x,p)) = —1 forallx € {2¢+1,2¢+3,...,2d — 1} and 2d+ 1 & Jord,(c). Then
([vep,vip|) x o contains a discrete series subrepresentation.

Proof. By Lemma 4.3, v%p x ¢ contains a unique discrete series subrepresentation, which
we denote by o1. Let n stand for d—c+1. Fori = 2,3,...,n, we inductively define discrete
series o; by 0; — v4" 1 pxo; . From [24, Lemma 8.1] we deduce that ¢, ((z_, p), (z, p)) =
—1forall x € {2¢+ 1,2¢+3,...,2d + 1}. Tt follows that o, is not a subrepresentation of
an induced representation of the form v¥p x ¢’ fory € c+1,¢+2,...,d, and ¢’ irreducible.
Obviously, we have
on = v x v px o xvip xo.

From Lemma 2.2 we get that there is some irreducible subquotient m of vp x v*Tlp x

- x v? such that o, is a subrepresentation of m x 0. It directly follows that 7 can
not be a subrepresentation of an induced representation of the form v¥p x 7’ for y €
{c+1,¢+2,...,d} and 7 irreducible, so we conclude that m = ([vp, v?p]) and the lemma
is proved. U

To study the tempered case, we need the following result which follows from [2, Théoréme 0.1]
or from [7, Lemma 1.3.3].

Lemma 4.5. Let c,d denote positive real numbers such that 2c,2d € 7Z and ¢ < d. Let
p € R(GL) denote an irreducible cuspidal representation. Then the induced representation
§([v=4p, vip]) x ([vep, v¥1p)) is irreducible and isomorphic to {[v°p, v31p]) x §([v~p, vip]).

Lemma 4.6. Let c,d € R such that ¢ +d € Z>o and for x € Jord,(o) we have 2c +
1 —x € 2Z. Suppose that ¢ > 1, x € Jord,(o) for all x € {2¢ —1,2¢ +1,...,2d + 1},
e (22, p), (x,p)) = —1 forallx € {2¢+1,2¢+3,...,2d—1} and €,((2d—1, p), (2d+1,p)) =
1. Then ([v°p, V%)) x o contains an irreducible tempered subrepresentation.

Proof. 1f ¢ = d, the claim of the lemma follows in the same way as in the proof of Lemma 4.3.
So, we may assume that ¢ < d. Let us denote by ¢’ a discrete series representation such that
o is a subrepresentation of §([v=%"1p, v9p]) x ¢’. It follows from [15] or [10, Theorem 3.15]
that z € Jord,(o’) for all x € {2c¢ —1,2c+1,...,2d — 3}, & ((z_, p), (x,p)) = —1 for all
x€{2c+1,2¢+3,...,2d — 3} and 2d — 1 & Jord,(c). We denote by o” a discrete series
subrepresentation of {[v°p, 19" 1p]) x ¢’ constructed in Lemma 4.4.

It is well-know ([15] or [16, Theorem 2.1]) that the induced representation §([v =%+ p, vp]) x
o’ is a representation of length three, which contains two mutually non-isomorphic discrete
series subrepresentations. Let use denote a discrete series subrepresentation different than
o by 1. Then we have €,,((2d — 3,p), (2d — 1,p)) = 1. Also, if 7 is an irreducible sub-
quotient of §([v=%1p, vp]) x ¢’ such that u*(7) contains an irreducible constituent of the
form v4p @ 7', then w € {0, 01}

We note that, since €,((2d — 3,p),(2d — 1,p)) = —1, it follows from the proof of [10,
Theorem 3.15] that o is a subrepresentation of the induced representation v?p x 71, where
7, is an irreducible tempered subrepresentation of §([v=%!p, v~ 1p]) x o’ such that pu*(r)
does not contain an irreducible constituent of the form 4~ 'p x v9'p ® . On the other
hand, o, is a subrepresentation of the induced representation v%p x 75, where 7 is an
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irreducible tempered subrepresentation of 5 ([v~ p, v~ 1p]) x o’ such that p*(7;) contains
an irreducible constituent of the form v4~!p x v 1p @ 7.

By [24, Lemma 4.1], there is a unique irreducible tempered subrepresentation 7 of
§([v=p,v4p]) x 0" such that u*(7) does not contain an irreducible constituent of the form
vip x vip ® 7. By Lemma 4.5, we have

T ([, v pl) X 6([v ™, v7p]) ¥ o

Lemma 2.2 shows that there is an irreducible subquotient 7/ of §([v~%p, v9p]) x ¢’ such that
— ([vep,v?1p]) x 7. If 7' is a subrepresentation of an induced representation of the form
S([v1p,vip]) x §([v¥1p, vip]) x 7|, we have the following embeddings and isomorphisms:

T = ([, v p]) x ([ o, vhp]) x S([ o, vlp]) 3T
= ([Vep, v 2 pl) x v o x ([ o, vp]) x ([ p, v7p]) 3T
= ([vop, v 7)) x ([ "o, vtp]) x S p, v ip]) x v p T
— ([0, v 2p]) x vip x vip x v p x v p x v p a7
~ . d

vip x vip x ([Vop, v 2p]) x v p x v p x v p X 7,

and p*(7) contains an irreducible constituent of the form v?p x vp ® 7, a contradiction.
It follows that 7/ is a unique irreducible subrepresentation of §([r=%p, v%p]) x ¢’ which does
not contain an irreducible constituent of the form §([v?tp, vp]) x 6([v41p,v9p]) @ 7/ in
the Jacquet module with respect to an appropriate parabolic subgroup.

Also, 7 — §([v=1p,v4p]) x v™%p x ¢’ and, since v 4p x 0’ = vp x o' by [17, Theo-
rem 6.1], a commuting argument shows 7 < v9p x §([v=%1p, v%p]) x ¢’. Thus, by Lemma
2.2, there is an irreducible subquotient 7 of §([v=41p, v4p]) x o’ such that 7 — vip x 7.
Since 7/ — vp x vip x §([v~p, v?1p]) x o', it follows that p*(7) > v¥p ® 71, for some
irreducible ;. Consequently, 7 € {0, 01}.

Suppose that ™ = 01. Then, using [24, Corollary 4.2], we get T f—) vipxvi=lpxvd=lpxn!,
for some irreducible 7’. This leads to an embedding 7l e p >< vip >< Vdfl pxviip s,
and there is an irreducible subquotient 772 of vip x vip x v 1p x v¥1p such that 7/ —
7y X 7. Since 7/ is a subquotient of §([v=%p, v¥p]) x o’, we get that u*(7') does not contain
an irreducible constituent of the form v471p @ 7”. This implies m = §([v4 1p,vep]) x
§([v41p,vp]), which is impossible.

Consequently, 7 = ¢ and 7/ < v%p x . This shows that

d—1

7 ([vop, v p]) x vip x 0.

It follows that there is an irreducible subquotient m of {[v°p, v 1p]) x v¢p such that
T <— m X o. Thus,

m € {{[vp, 7)), LW p, v p, v, 6 o, )}
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Suppose that m = L(v°p, v p, ..., v 2p, 6([v41p, vp])). Since o — vep x 7, using the
commuting argument we obtain the following embeddings and isomorphisms:

T L(wp, v, v, 6(v  p, vp])) x vip x Ty
=V x v x - x v x S([p, vip))) x vip X T
> x v x - x v x vip x ([ p, ) 1o
S x v x o x v x vlp x vip x v oy
=yl x vip x vip x v p x o x v 2o x v p o

This implies that p*(7) > vip x vip @ 7}, for some irreducible 7}, a contradiction. Thus,
m = ([1°p, v%p]) and the lemma is proved. O

Proposition 4.7. Suppose that a > 1, 2a — 1 € Jord,(c), and that one of the following
holds:

(1) there is an v € {2a+1,2a+3,...,2b+ 1} such that x & Jord, (o),
(2) thereis an x € {2a+1,2a+3,...,2b+1} such that x € Jord,(o) and €,((x_, p), (z, p)) =
1.

Then the induced representation (A) X o reduces.

Yo, ., v, 0) is an

Proof. A repeated application of Lemma 2.3 shows that L(v~%p,v=0*
irreducible subquotient of (A) x 0.

Let us denote by z; the minimal x € {2a+1,2a+3,...,2b+ 1} such that x ¢ Jord,(o),
if such x exists. Otherwise, let x1 = 2b + 3.

Also, let us denote by x5 the minimal x € {2a + 1,2a + 3,...,2b + 1} such that =z €
Jord, (o) and €,((z_, p), (x, p)) = 1, if such x exists. Otherwise, let zo = 2b+ 3.

Let 2., stand for min{“T_l, ”27_1} By conditions of the lemma, we have a < z;, < b.
Previous two lemmas show that there is an irreducible tempered subrepresentation 7 of
([v*p, v™™inp]) x 0. Note that 7 2 0. A repeated application of Lemma 2.3 implies that
L(v=p, v~ p, .. v~%min=lp 7} is an irreducible subquotient of (A) x o, different than
L(v=bp,v=p ... . v7% o). Consequently, (A) x o reduces. d

As a consequence of Propositions 4.2 and 4.7, we obtain our first main result.

Theorem 4.8. Suppose that a > 1. The induced representation (A) X o is irreducible if

and only if one of the following holds:

(1) 2a — 1 ¢ Jord,(o),

(2) x € Jord,(0) for allx € {2a—1,2a+1,...,204+1}, and e,((z_, p), (x,p)) = —1 for all
re€{2a+1,2a+3,...,2b+ 1}.

5. MAIN REDUCIBILITY CRITERION IN THE a < % CASE

In this section we obtain the reducibility criterion for (A) x o in the a < % case. We
continue with the notation introduced in the previous section.

We will first handle the case a € Z. In this case, we assume that charF = 0, since we
will use [15, Theorem 13.1].
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In the same way as in the proof of Lemma 4.1, we get the following result.

Lemma 5.1. Let ¢,d € R such that ¢ +d € Z>y and for x € Jord,(c) we have 2c +
1 —x € 2Z. Suppose that c € Z, ¢ < 0, x € Jord,(o) for all x € {1,3,...,2d + 1} and
eo((x,p), (x,p)) = —1 for all x € {3,5,...,2d + 1}. Then ([v°p,v%p]) x o contains an
irreducible tempered subquotient if and only if c = d = 0.

Proposition 5.2. Suppose that a € Z, a <0, x € Jord,(o) for all x € {1,3,...,2b+ 1}
and e€5((z_, p), (x,p)) = =1 for all x € {3,5,...,2b+ 1}. Then the induced representation
(A) X o is irreducible.

Proof. We have already seen that there are no irreducible tempered subquotients of (A) xo.
Let L(61,02,...,0;, 7) denote a non-tempered irreducible subquotient of (A) x o, where
6 = 0([v%ips,vhip)), for i = 1,2,..., k. First we prove that for every i = 1,2,...,k we
have b; — a; < 1. Suppose, on the contrary, that there is some ¢ such that b; — a; > 2 and
let us denote the minimal such ¢ by n. As before, there are ¢ > a and 0 < d < b such
that L(0n,0ps1,---,0k, 7) is a subquotient of ([v°p, v4p]) x o. Thus, u*(([v°p, vip]) x o) >
9n @ L(0pt1, ..., 0k, 7). Structural formula implies that there are 0 < j <i <d—c+1 and
an irreducible constituent 7 @ o’ of p*(o) such that

5[V pn, v pu]) < (v~ p, v 0p]) X ([Wop, 77 p]) x .
Since b, — a,, > 2, we get p, = p and 7 = §([v¥p, v’ p]) for some y > a,,. Since a, +b, <0

and square-integrability of o implies y 4+ b, > 0, we obtain that —d + 2 = y < b,,, which
implies €,(((2d + 1)_, p), (2d + 1, p)) = 1, a contradiction.

Consequently, for all © = 1,2,...,k we have b; — a; < 1. In the same way as in the proof
of Proposition 3.4, using the fact that 6([p, vp]) % o is irreducible by [17, Theorem 5.1], one
can prove that a; = b; for all i = 1,2, ... k. In consequence, every irreducible subquotient

of (A) x o is isomorphic to
(1) Lw™p,v™ v v, %, . v o, v pxo).

Note that p x o is irreducible since 1 € Jord,(o). Lemma 3.2 implies that the irreducible
representation (1) appears in the composition series of (A) x ¢ with multiplicity one, so
(A) x o is irreducible. U

Lemma 5.3. Let d € Z>( such that for x € Jord,(o) we have 2d + 1 — x € 2Z. Suppose
that 2d+ 1 & Jord,(0), 1,3,...,2d — 1 € Jord,(0), and e,((z_, p), (x,p)) = —1 for all z €
{3,5,...,2d — 1}. Then ([p,v%p]) x o contains an irreducible tempered subrepresentation.

Proof. We may assume that d > 0, otherwise the claim of the lemma is trivial.

By Lemma 4.4, there is a discrete series subrepresentation of ([vp,v%p]) x o, and let
us denote such a representation by ¢’. Since 1 ¢ Jord,(¢’), induced representation p x
o’ reduces and it is a direct sum of two mutually non-isomorphic irreducible tempered
representations. By [24, Lemma 4.7], there is a unique irreducible subrepresentation 7 of
p X o’ which is not a subrepresentation of an induced representation of the form vp x o”,
for some irreducible ¢”. Thus,

T pxa = px(lvp,vip]) x 0,
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so, by Lemma 2.2 there is an irreducible subquotient 7 of px ([vp, v%p]) such that 7 — 7x0.
Since 7 is not a subrepresentation of an induced representation of the form vp x 7', it follows
at once that m = ([p, v4p]). O

Lemma 5.4. Let d € Z>( such that for x € Jord,(o) we have 2d + 1 — x € 2Z. Suppose
that 1,3,...,2d + 1 € Jord,(0), e;((x_,p),(z,p)) = —1 for all x € {3,5,...,2d — 1},
and €,((2d — 1,p),(2d + 1,p)) = 1. Then {[p,v%p]) x o contains an irreducible tempered
subrepresentation.

Proof. It d = 0, there is nothing to prove.

If d =1, let us denote by 7 the irreducible tempered subrepresentation of vp x o con-
structed in [17, Section 6]. Note that 7 is a subrepresentation of the induced representation
of the form §([v~'p,vp]) x o', for a discrete series o’ such that o is a subrepresentation of
d([p,vp]) @ o'. Thus, 1,3 & Jord,(c’). Also, by the classification of discrete series, there is
an irreducible tempered subrepresentation 7’ of p x ¢’ such that o is a subrepresentation of
vp x 7', Note that we also have 71 < vp x vp x 7'. Using [15, Theorem 13.1(i)], we deduce
that p x 71 reduces, and it can be easily seen that it is a length two representation such that
the unique irreducible constituent of p*(px 71) of the form vpx vpR7 is vp X VpRpx 7', and
it appears in p*(p x 71) with multiplicity one. Let us denote by 75 the unique irreducible
tempered subrepresentation of p x 71 which does not contain vp X vp® p x 7" in the Jacquet
module with respect to the appropriate parabolic subgroup. Then 7 < p X vp x ¢ and,
by Lemma 2.2, there is an irreducible subquotient 7 of p x vp such that 7, < 7 x o. From
e ((1,p),(3,p)) = 1 we deduce that ¢ < vp x 73 for an irreducible tempered representa-
tion 73, which gives m 22 6([p, vp|), since otherwise we would have 75 < vp X vp X p X 7.
Consequently, m = ([p, vp]).

Now we consider the case d > 2. Since ¢,((2d — 1,p),(2d + 1,p)) = 1, there is a
discrete series representation ¢’ such that o — &([v=%p,v9p]) x ¢’. By [15, Proposi-
tion 2.1, Lemma 5.1] or [10, Proposition 3.1, Theorem 3.15] we have {1,3,...,2d — 3} C
Jord,(c’) and €,/ ((x_, p), (z,p)) = =1 for z € {3,5,...,2d—3}. We denote by ¢” a discrete
series subrepresentation of ([vp, v4~1p]) x ¢’ obtained in Lemma 4.4.

The induced representation §([v~%p, v4p]) x 0" is a direct sum of two irreducible mutually
non-isomorphic tempered representations, and by [24, Lemma 4.1] exactly one of them does
not contain an irreducible constituent of the form v%p x v%p ® 7 in the Jacquet module
with respect to the appropriate parabolic subgroup. Let us denote such a subrepresentation
by 71. Now it can be proved in the same way as in the proof of Lemma 4.6 that 7, —
([vp,v?p]) x 0.

Let us denote by of a discrete series such that ¢” — vp x of, constructed in [24,
Lemma 8.1]. Since

([ p,vp]) 3 0" = 8([v™p,v%p]) x vp 3 ot Zwp x §([v™p,vp]) X o7,

both irreducible subrepresentations of §([v~%p, v%p]) x ¢” contain an irreducible represen-
tation of the form vp ® 7 in the Jacquet module with respect to the appropriate parabolic
subgroup. It is easy to see that 7 is an irreducible subquotient of §([v=%p,v%p]) x of,
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which is a length two representation. Let us denote by 7] a unique irreducible tempered
subrepresentation of §([v=%p, v¥p]) x o such that u*(m) > vp @ 7/.

Using [15, Theorem 13.1(i)] and arguments similar to those used in the d = 1 case, we
conclude that px 7 is a length two representation and, since p x 77 is irreducible, vp® p x 7y
is the unique irreducible constituent of p*(p x 71) of the form vp ® 7. Let us denote by 7
an irreducible tempered subrepresentation of p x 7 which does not contain an irreducible
representation of the form vp ® 7 in the Jacquet module with respect to the appropriate
parabolic subgroup. From 7, < p x {[vp,v?p]) x 0 we conclude in the same way as before
that 7 < ([p, v%p]) x 0. O

Proposition 5.5. Suppose that a € Z and a < 0. Suppose that one of the following holds:

(1) there is an x € {1,3,...,2b+ 1} such that x & Jord, (o),
(2) there is an x € {1,3,...,2b+ 1} such that = € Jord,(0) and e,((x_, p), (z,p)) = 1.

Then (A) X o reduces.

Proof. Let us denote by x; the minimal x € {1,3,...,2b + 1} such that = ¢ Jord,(o),
if such = exists. Otherwise, let x1 = 2b + 3. Also, let us denote by x5 the minimal
x € {3,5,...,2b+ 1} such that z € Jord,(c) and €,((z_, p), (z,p)) = 1, if such z exists.
Otherwise, let xo = 2b + 3.
Let &y, stand for min{ - L w2 1}. By conditions of the lemma, we have 0 < x,;, < b.
If Zyin = 0, then it follows that 1 ¢ Jord,(o), so in R(G) we can write p X 0 = 7y + Ty,
where 71 and 75 are mutually non-isomorphic irreducible tempered representations. A

repeated application of Lemmas 2.3 and 2.4 shows that both irreducible representations

L(V_bp7"'7ya_1p7 Vap? VaIOJ"‘7V_1p7 V_1p77-'l)77’ - 1727

are contained in (A) x o, so (A) x ¢ reduces.

Let us now assume that x,;, > 1. Previous two lemmas show that there is an irreducible
tempered subrepresentation 7 of {[p, v™minp]) X 0.

Thus, we have L(v~1p,7) <= v=tp x {[p, v®inp]) x ¢, and Lemma 2.2 implies that there
is an irreducible subquotient 7 of v™1p x ([p, v*minp]) such that L(v™1p,7) < 7 x 0. By
[25, Theorem 7.1],

me {[vp,vmmmpl), L™ p, pl), v, - v p) )

If Ty > 1, since p*(L(v~'p,7)) > vlp @ 7, it follows that = = ([v~tp,v*minp]),
since L(6([v1p, p]), vp, ..., v*minp) is a subrepresentation of §([v~1p, p|) x ([vp, v*=ip|) and
w*(6([v=tp, p]) x {{vp, v*minpl) x o) does not contain v~'p ® 7.

Let us now assume that z,;, = 1. It follows from proofs of previous two lemmas that
there is an irreducible tempered representation 7; such that 7 <— p x 7 and 7 — vp X 0.
Thus, L(v~1p,7) < v~ 1p x p x 71, and there is an irreducible subquotient 7 of v~!p x p
such that L(v~'p,7) < 7 x 71. Since 71 is tempered and p*(L(v~'p, 7)) > v lp® 7, it
easily follows that © = ([v~!p, p|). Thus, we have

L™ p,7) = {[v" p, p]) x vp x o,



20 IVAN MATIC

and, by Lemma 2.2, there is an irreducible subquotient 7’ of {[v!p, p]) x vp such that
L(v~'p,7) < 7’ x 0. By [25, Theorem 7.1], #" € {([v"'p,vp]), L(v"'p,0([p,vp]))}. Sup-
pose that 7 = L(v='p,([p,vp])). Let us first consider that case when o is not a subrep-
resentation of an induced representation of the form vp x ¢’. Then p*(7) does not contain
an irreducible constituent of the form vp ® o’.

We have

L 'p,7) = vipxvpxpxo,

and the Jacquet module of L(v~1p, 7) with respect to an appropriate parabolic subgroup
contains v 1p @ vp ® p ® 0. Since T is tempered, transitivity of Jacquet modules implies
that the Jacquet module of 7 with respect to an appropriate parabolic subgroup contains
vp ® p ® o, which is impossible. So in this case we have ' = ([v™1p, vpl).

Let us now assume that o is a subrepresentation of an induced representation of the
form vp x o', Then p*(7) contains an irreducible constituent of the form vp ® o', but it
does not contain an irreducible constituent of the form vp x vp ® o’.

Using a simple commutativity argument, we obtain

Ll p,7) = v lpxvpxvpxpxo,

and the Jacquet module of L(v~!p,7) with respect to an appropriate parabolic subgroup
contains v lp @ vp X vp ® p ® 0. Since T is tempered, transitivity of Jacquet modules
implies that the Jacquet module of 7 with respect to an appropriate parabolic subgroup
contains vp X vp ® p ® o, which is impossible. It follows that in this case we again have
™ = ([v™p,vp]).

Consequently, u*(L(v~'p,7)) does not contain an irreducible constituent of the form
pRT.

Note that L(y=%minp, p=#mintly 715 1) is a subrepresentation of ([v=%minp, v=1p]) x
7, since y~%minp x p~Fmintly ... % 71y x 7 has a unique irreducible subrepresentation.
Thus, we have

L(y=ominp py=tmintly 0y 1) e (v minp, v 1)) x ([p, vminpl) 4 o

From Lemma 2.2 follows that there is an irreducible subquotient 7 of ([v~*minp, v~1p]) x
{[p, v*minp]) such that L(y=%minp p=*mintly =15 7) is a subrepresentation of © x o.
The only irreducible subquotients of ([v=minp, v=1p]) x ([p, v*minp]) are ([v*minp, pPmin p])
and

(2) L<Vﬂcminp7 V*!L‘min*i’lp? e V72p, 5([1/71& pDv vp, ..., mei“p).
A commuting argument shows that the representation (2) is a subrepresentation of an
induced representation of the form p x 7. But, since L(y %minp, p=@mintly =1y 7) s

also a subrepresentation of {[v=*minp v =2p|) x L(v~!, 7), it follows at once that u*(L(v~1, 7))
contains an irreducible constituent of the form p ® 7/, a contradiction. Consequently,
T ~ <|:y_$minp’ l/mminp]> 3

If x> —a, let 7 denote

Lwv™p,...,v ™=ty v v, 7).
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If 2in < —a, let 7 denote
Lw™p,...,v" p, 0%, v, ... v minl g = Tmin =l = Tmin = ),

Since L(v~®minp ... v=1p 7) is contained in ([y~%minp p¥minp|) x o, it can be seen, using
Lemmas 2.3 and 2.4, that 7’ is an irreducible subquotient of (A) x ¢. Using the same
methods, it can be seen that

L(V_bp7"'7Va_1p7l/ap7l/ap7'"7V_1p71/_1p7p>4U)
is also an irreducible subquotient of (A) x o, so (A) x o reduces. O
Propositions 5.2 and 5.5 imply our second main result.

Theorem 5.6. Suppose that a € Z and a < 0. The induced representation (A) X o is
irreducible if and only if x € Jord,(o) for all x € {1,3,...,2b+ 1} and e,((z, p), (z,p)) =
—1 for all z € {3,5,...,2b+ 1}.

It remains to handle the half-integral case. In the rest of this section we do not use the
assumption that charF' = 0.

Lemma 5.7. Let c,d € R such that ¢ +d € Z>o and for x € Jord,(o) we have 2c +
1 —x € 27Z. Suppose that ¢ & 7, ¢ < %, x € Jord,(o) for all x € {2,4,...,2d + 1},
eo((z_, p), (x,p)) = =1 forallz € {4,6,...,2d+1}, and €,(2,p) = —1. Then {[v°p, v¥p]) xo

does not contain an irreducible tempered subquotient.

Proof. It d > %, claim of the lemma follows in the same way as in the proof of Lemma 4.1.
If d =1, then c € {—3, 3}, and every irreducible tempered subquotiellrc of 1< [vep,vip]) x o
is a subrepresentation of an induced representation of the form d([v=2p,v2p|) x 7, for an
irreducible tempered representation 7. This gives p*({[v°p, v%p]) x0) > 6([v"2p,v2p]) @ 7.
Using the structural formula, we obtain that p*(o) contains an irreducible constituent of

the form I/%p ® 7', which contradicts €,(2, p) = —1 by [24, Proposition 7.4]. O

Proposition 5.8. Suppose that a € 7, a < %, x € Jord,(o) for all v € {2,4,...,2b+ 1},
e ((z-, p), (x,p)) = =1 for all x € {4,6,...,2b+ 1}, and €,(2,p) = —1. Then the induced
representation (A) x o is irreducible.

Proof. Lemma 5.7 shows that there are no irreducible tempered subquotients of (A) x o.
Let L(61,02,...,0;, 7) denote a non-tempered irreducible subquotient of (A) x o, where
8; = 6([v%ps, V¥ py]), for i = 1,2,..., k. Suppose that there is some i such that b; — a; > 2
and let us denote the minimal such ¢ with n. We have already seen that then there
are ¢ > a and d < b such that L(6,, 641, ..,0k, 7) is a subquotient of ([°p, v%p]) x 0.
Thus, p*({[v°p,v%p]) x ) > 6, @ L(6,11,-..,0,7). Using the structural formula and
square-integrability of o, following the same lines as in the proof of Proposition 5.2, we
deduce that p, = p, a, = —d, and p*(o) contains an irreducible constituent of the form
S([v=2p, v 1pl) @ 0. If d — 1 > 2, this contradicts €,((z, p), (z,p)) = —1 for all z €
{4,6,...,2b+ 1}. On the other hand, if d — 1 = %, this contradicts €,(2, p) = —1. So, for
alli=1,2,..., k we have b; — a; < 1.
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Let us now suppose that there is an ¢ € {1,2,...,k} such that b; — a; = 1. Following
the same lines as in the proof of Proposition 3.4, we get that then b, — a; = 1 for all
j € {i,i+1,...,k}, and that 7 is an irreducible subquotient of {[1°p,v%p]) x o, for ¢ <
% < d < b, contradicting the previous lemma.

Consequently, a; = b; for all = 1,2,... k. Using the previous lemma we deduce that
every irreducible subquotient of (A) x ¢ is isomorphic to

(3) L=, v p, v,V 0%, TR, 0T Ep,0).

From Lemma 3.2 we conclude that the irreducible representation (3) appears in the com-
position series of (A) x ¢ with multiplicity one, so (A) x o is irreducible. O

The following lemma is a special case of the results of [17, Section 6] or [9, Lemma 3.2(2)].

Lemma 5.9. Suppose that for v € Jord,(o) we have x € 2Z and that one of the following
holds:

(1) 2 & Jord,(0),

(2) 2 € Jord,(o) and €,(2,p) = 1.

Then v? p X o reduces and contains a unique irreducible subrepresentation, which is tem-
pered. Furthermore, if 2 € Jord,(c) then such a representation is square-integrable.

Lemma 5.10. Suppose that for x € Jord,(c) we have x € 2Z. Let d > 5 such that

for x € Jord,(0) we have 2d + 1 — x € 2Z. Suppose that 2,4,...,2d — 1 € Jord,(0),
2d+1 ¢ Jord,(0), €;((z_, p), (x,p)) = —1 for all x € {4,6,...,2d — 1}, and €,(2,p) = —1.

Then ([vzp,v%p]) x o contains an irreducible discrete series subrepresentation.

Proof. By Lemma 4.4, there is a discrete series subrepresentation of ([v2p, v%p]) x o, and
let us denote such a representation by o’. Since €,(2, p) = —1, it follows that p*(o’) does
not contain an irreducible constituent of the form 6([v2p, v2p]) ® 7, and [24, Lemma 8.1]
implies €,/(4, p) = —1.

Since 2 ¢ Jord,(¢’), Lemma 5.9 implies that there is a discrete series subrepresen-
tation o” of vz x o’. Let us prove that e,#((2,p),(4,p)) = —1. Otherwise, p*(c”) >
§([v=2p,v2p]) ® o1, for some irreducible representation oy. Consequently, p*(v2 x ¢’) >
§([v=2p,v2p]) @ 0q. Using the structural formula and square-integrability of o’, we deduce
that *(c’) > 8([v2p, v2p]) ® 0, for some irreducible o3, contradicting €, (4, p) = —1.

We have o” < vz x ([v2p,%p]) x o and, by Lemma 2.2, there is an irreducible subquo-
tient 7 of 12 x ([v2p, 1)) such that 0" < 7 x 0. From e,((2,p), (4, p)) = —1 we casily

obtain 7 2 ([v2p, v%p]) and the lemma is proved. O
The following result can be proved in the same way as Lemma 4.6.

Lemma 5.11. Suppose that for x© € Jord,(o) we have x € 2Z. Let d > 5 such that
for x € Jord,(0) we have 2d + 1 — x € 2Z. Suppose that 2,4,...,2d + 1 € Jord, (o),
eo((x,p), (x,p)) = —1 for all x € {4,6,...,2d — 1}, ,((2d — 1,p),(2d + 1,p)) = 1, and

€s(2,p) = —1. Then {[vzp,v7p]) x o contains an irreducible tempered subrepresentation.
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Proposition 5.12. Suppose that a ¢ Z, a < % Suppose that one of the following holds:

(1) 2 & Jord,(0),

(2) 2 € Jord,(o) and €,(2,p) =1,

(3) 2 € Jord,(0), €,(2,p) = —1, and there is x € {2,4,...,2b+ 1} such that x & Jord,(o),

(4) 2 € Jord,(0), €,(2,p) = —1, and there is x € {2,4,...,2b+ 1} such that x € Jord,(o)
and e, ((z_, p), (x,p)) = 1.

Then (A) X o reduces.

Proof. Tt can be seen, using a repeated application of Lemmas 2.3 and 2.4, that
L(V_bpv s 7Va_1p> VQP» VGP» R V_%pv V_%pa 0)a
is a subquotient of (A) x 0.
Let us first assume that either 2 ¢ Jord,(o), or 2 € Jord,(0) and €,(2,p) = 1. Lemma

5.9 implies that there is an irreducible tempered subrepresentation 7 of Vi p X o. Using a
repeated application of Lemmas 2.3, 2.4 and 2.5 we deduce that

L™ p, ..., v p, v, 0 p, . v p v p, v 5, T),

is a subquotient of (A) x o, so we have obtained a reducibility in this case.

Let us now assume that 2 € Jord,(o) and €,(2,p) = —1.

We denote by x; the minimal x € {2,4,...,20+ 1} such that « & Jord,(o), if such z
exists. Otherwise, let z; = 2b+3. Also, let us denote by x5 the minimal = € {4,6,...,2b+
1} such that z € Jord,(o) and €,((z-, p), (z,p)) = 1, if such =z exists. Otherwise, let

Let i, stand for min{’“T’l, “T’l} Conditions of the lemma, together with the assump-
tion 2 € Jord,(o), imply % < Tmin < 0.

By Lemmas 5.10 and 5.11, there is an irreducible tempered subrepresentation 7 of
([Ep, v} 5 0.

In the same way as in the proof of Lemma 2.5, we get that L(V_%p, 7) is a subrepresen-
tation of ([v~2p, v®inp]) x . Using the structural formula and €,(2, p) = —1, it is easy to
deduce that p*(L(v~2p, 7)) does not contain an irreducible constituent of the form vz p@ 7.
Now we are in position to repeat the same arguments as in the proof of Proposition 5.5,
and obtain

—Z — X -1 —Zmi Tmi
(4) L(V mmp7 v m1n+1p’ R 7 2p7 7—) (SN <[]/ mmp’ v IIllIlp]> X O.

If x4 > —a, let 7 denote

1

—b - min_1 Y
Lv™"p,...,v™" P, VP, VT2, T).
If i < —a, let 7 denote
—b -1 - min_1 - min_1 —Lmin -1
Lv™"p,...,v*" p, o, 0, ..., v " p, v " p, v Tming v 2p,T).

Starting from the embedding (4), and using Lemmas 2.3 and 2.4, it can be seen that 7’
is an irreducible subquotient of (A) x . Consequently, (A) x o also reduces in this case,
and the proposition is proved. [l
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From Propositions 5.8 and 5.12 we obtain our final main result.

Theorem 5.13. Suppose that a € Z and a < % The induced representation (A) X o is
irreducible if and only if x € Jord,(o) for all v € {2,4,...,2b+ 1}, e,((z-, p), (z,p)) = —1
for all x € {4,6,...,2b+ 1}, and €,(2,p) = —1.
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