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CHAPTER 1 

DIFFERENTIAL EQUATIONS SATISFIED BY 

CONFLUENT HYPERGEOMETRIC FUNCTIONS 

1.1 Introduction 

There are four functions known as confluent hypergeometric functions, Rummer’s function 

i-Pifa; b\ x], its associated solution which we shall call U(a; b] x) and the two Whittaker functions 

and Wk'Jx). 
Physicists first meet these functions when they try to solve, by separation of the variables, equations 

of the type 

V2Y + ^^(£ + ^ W = o, 
“ dx2 dy* dz*)* 

(i.i.i) 

where T is a function of the spherical co-ordinates r, 6 and <fi. We find that 

Y = i2(r)0(0)O(^), (1.1.2) 

where <D(0) — emi^, 0(0) = Pf*(cos0), a Legendre polynomial, and R(r) is a function which satisfies 

a differential equation of the type r>.R"+ 2rR+(arz + br)R = c, (,.i.3) 

As we shall see later the solutions of this equation are confluent hypergeometric functions, and these 

functions contain as special cases most of the commonly used functions of mathematical physics, 

including the Weber functions and Bessel functions. Before discussing their general properties and 

special cases, however, we shall derive the confluent hypergeometric functions in two ways from the 

more fundamental generalized hypergeometric functions. 

1.1.1 Generalized hypergeometric functions 

The generalized hypergeometric differential equation is 

xTx+b*-1 

— X y — o. (1.1.4) 

This is a linear equation of order max (A, B+ 1), and its solution is in terms of the generalized 

hypergeometric function 

7-. r . 1 7 l , ", __ zp Un\- aA. vl = V (al)^(a2)n---MnXn = “ 
AFB[a1,a1,...,aA,b1,b„...,bB,x] - AFB[(a),(b),x] “ J0(j ,)„ ... (i.^ n! 'Jo ((*)»)«!’ 

(I-I-5) 

where (a)n = a(a+ i)(a + 2)... (a + n — 1), and\a\ = 1, for all ar, br and x real or complex provided 

that no b is a negative integer (Bailey, 1935, ch. 11). Any function which can be expressed as an 

ascending power series in x of the above type is called a generalized hypergeometric function (from 

the Greek imep, [hyper] beyond), since this large class of functions arises from inserting coefficients 

in the simple geometric series j + x + x2 + ^-xn+.. 

Here x is called the variable and ar and br are called the parameters of the function. 

I SCH 



2 CONFLUENT HYPERGEOMETRIC FUNCTIONS 

If A ^ B, the series (1.1.5) is convergent for all finite values of x. In this case the differential 

equation (1.1.4) has a regular singularity at x = o, and a solution in series of the form 

u0 + u1x + u2x2+ ... + unxn +..., 

but it also has an irregular singularity at x = 00, and no simple solution in series of the form 

u0 + ujx + m2/x2 + ... + ujxn + ... (Whittaker and Watson, 1946, ch. x). 

In particular if A = B = 1, the equation (1.1.4) reduces to 

d2y / 7 Ndy (I.I.6) 

This equation is the confluent hypergeometric equation known as Rummer’s equation, and any 

solution of equation (1.1.6) is a confluent hypergeometric function. The simplest solution is Rummer’s 

function, / , \ 0 / , \ / , \ q 
p r 7 i a aia+i^x1 a(a+i)(a + 2)xd . . 

^‘**1 - 1+i*+iMii+*(*+0(*+»)3l +- (I'I7) 

This series is absolutely convergent for all values of a, b and x, real or complex, excluding 

h — o, — 1, — 2, .... Its elementary properties were given by Rummer (1836), though a special case 

had been discussed by Lagrange as early as 1762. 

There are several notations in use for the series (1.1.7). In this work it will be denoted by the 

symbol . . 
J °° (a) xn 

1F1[a-,b;x]=i: (1.1.8) 
n = 0 \0)n n ■ 

This is the standard hypergeometric notation, introduced by Pochhammer in 1870 and modified by 

Barnes (1908 a, b). Other notations for the series (1.1.7) are M(a, b, x) used by Airey and Webb (1918), 
OO 

the symbol d>(a; b; x) introduced by Humbert (1920), u(a, b, x) used by Magnus and Oberhettinger 

(1948) and the original symbol used by Rummer, F(oc, /?, x). In this book any general solution of 

Rummer’s equation will be denoted by . , 
3[«; 0; *]• 

There is a second approach to the confluent hypergeometric function, which exhibits the nature 

of its singularities more clearly and explains the use of the word ‘confluent’. If in equation (1.1.4) 

we suppose that A = B 4-1, the series still converges for | x \ < 1, and the equation becomes a Fuchsian 

equation of the general type 

dj5+1y dny 
x ^l~x^dx^+Slxn~^anX~hn)d^+a°y = °- 

This equation has regular singularities at x — o, 1 and 00. In particular if B = 1, equation (1.1.9) 

assumes the general form 
& d2y dy 

x(I~x^ + {C~(I+a + b')X}dx~aby = °' (1.1.10) 

This is Gauss’s differential equation and one of its solutions is Gauss’s function 

2Fy[a, b\c\ x]. (i.i.ii) 

This series is convergent when |x| < 1, when x = 1, provided that Rl(c — a — b) > o, and when 

x = — 1, provided that Rl(c — a — b) > —1. 



AS SOLUTIONS OF DIFFERENTIAL EQUATIONS 3 

In (1.1.10) and (i.i.ii) let us replace x by x/b, and let b-> 00. Then 

(.b)nxn/bn -> xn, 

the equation (1.1.10) reduces to Kummer’s equation (1.1.6) as before, and Gauss’s function (i.i.ii) 
reduces to Kummer’s function (1.1.8). We see that the irregular singularity at 00 of Kummer’s 

equation is formed by the confluence of two regular singularities at b and 00. 

1.2 Two solutions of Kummer’s equation 

Let us suppose that one solution of Kummer’s equation is 

y = a0^ + tf1WKL + a2xc+2+ ... +anxc+n+ .... (1.2.1) 

If we substitute this series and its first two derivatives in the differential equation, and then equate 

to zero the coefficients of powers of x, we find that 

a0c(c + b-1) - o, 

ai(c + 1 )(c + b) = a0(c + a), 

a2(c + 2)(c + b+x) = a^c + a+i), 

and in general an(c + n)(c + b + n- 1) = an_x(c + a + n — 1). (1.2.2) 

The first of these recurrence relations is the indicial equation. Since a0 4= o, it has two roots: 

(i) c = o, which gives one solution in terms of Kummer’s series, 

y = «oi-Fi[«; b; x], 

provided that b is neither zero nor a negative integer; and 

(ii) c = 1 —b, which leads to a second solution 

y = +a — b] 2 — b; x], (1.2.4) 

provided that 2 —bis not zero nor a negative integer, that is, provided that b 4= 2,3,4,.... 

There is thus no difficulty in defining either solution unless b is an integer. If b is an integer 4= 1, 

and a is also an integer, then one solution reduces to a finite polynomial in x, provided that b < a ^ o, 

or that b—i ^ a ^ 1, since in both these cases the numerators of the terms of the function vanish 

before the denominators vanish. 

This second solution to Kummer’s equation can also be deduced from the second solution of 

Gauss’s equation F\i+a-c i+b-c-z-c-x\ 
1A/ 2L ll A T Lt- Lj I “ U I j 4 C/ j i/VJ 

by putting x/b for x and letting b -> 00, as before. 

The function ^[a; b; x] is an analytic function of x, that is to say, it is one-valued and differentiable 

for all values of x real or complex. It is also an analytic function of a, but it is not an analytic function 

of b, for, when b is zero or a negative integer, the function has simple poles at b = o, — 1, —2, .... 

However, since 

lim p.,1,-' = o, for n = o, 1,2,...,m-1, 
ft^i_mr(6 + w) 

= 7—-—r-., for n = m,m+i,m + 2,..., 
(n — m)\ 

1-2 
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we have 

CONFLUENT HYPERGEOMETRIC FUNCTIONS 

(1.2.6) 
-,Fx\a\b\x1 (a)11xn „r , 

and so the modified solution 
xF-y[a\b\x\ 

m 

is an analytic function of b as well as of a and x, and is defined for all values of a, b and x real or 

complex. The special symbol 
4>*(a; b; x) 

is used by Tricomi (1954) to indicate this modified form of the function. 

The corresponding result for the solution y2 is 

x1~blFx[i-\-a-b-,2-b\x'\ {i-a)n(-i)n 
hm -1 u f-— = --—-~iF^a\ i+n;x]. 

b->\ + n r(2 -b) n\ 
(1.2.7) 

Thus, apart from the special cases noted above, when both a and b are integers, there is only one 

solution of Rummer’s equation in terms of functions of the type ; b\ x] when b is an integer. 

1.2.1 Two further solutions of Rummer’s equation 

In Rummer’s equation letjy = x°ehx Y, and x —fX, where/, g and h are independent of x. Then 

the transformed equation is 

X^+ {b+ 2g-fX(! - 2ft)} p+/.~ ■) +i, _ 2hg)+ph(h -1) *} y = o. (1.2.8) 

This equation reduces to one of the same form as Rummer’s equation if/(i —2h) = 1, and 

g = °, II p
 

or g = °, h = 1, 

or g=i~b, h = 0, 

or 1 w II h — 1. 

There are thus four ways of transforming Rummer’s equation into an equation of the same form, 

including the identity transformation. The four transforms are 

y=Y, x = X, (1.2.9) 

y = exY, x = — X, (1.2.10) 

y = X1~bY, X = X, (1.2.11) 

and y — xx~btxY, x = —X. (1.2.12) 

Hence we expect four possible forms of solution yv y2, y3, _y4, but these need not all be linearly in¬ 

dependent of one another. If ym and yn are any two linearly independent solutions, however, the 

complete solution of Rummer’s equation is of the form 

y = Aym+Byw 

where A and B are arbitrary constants which may depend on a and b but not on x. 
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Under the transforms (1.2.9) and (i-2.ii) we find as before that 

Jh = b] x] (1.2.14) 

and y2 = xr~b ^[1+a — b] 2 — b; x] (1.2.15) 

are two solutions of Rummer’s equation. 

Under the transforms (1.2.10) and (1.2.12) it follows that 

Jh = ex1F1[6-a; b; -x] (1.2.16) 

and yi = x1~bex1F1[i — a; 2 — b\ — x] (1.2.17) 

are also solutions of Rummer’s equation. 

1.3 The second form of solutions of Rummer’s equation 

We define an alternative form of solution of Rummer’s equation thus 

y5 = U(a;b\x) =^^-^jyF1[a;b-,x] + ^~^-p-x1-b1F1[i+a-b)2-b]x]. (1.3.1) 

The fact that this is a solution can be verified by (1.2.13) with ym — yv yn = y2. This solution is 

important because (§4.1.1) it remains finite as x -> 00. There are many other notations for this type 

of solution. Tricomi (1954) uses T(<a:; b; x) with <D(a; b\ x) for his first type of solution, Meixner 

(■933) has 
—17TCL V / Fi(a> b, x) e , 

MacRobert (1942) has ^~rv^u^+ U—> v y ’ r(a)r(i+a-6) 
and Magnus and Oberhettinger (1948) use 

00 
V(a, b, x). 

Other notations are G(a, b, x), 

when M{a \ b\ x) is the first type of solution, used by Tricomi, in his early papers, and 

x~a2F0[a, 1 + a — b\ ; — i/x], 

which, as we shall see later, is in fact the asymptotic expansion of the function for large x. 

Under the transformations (1.2.10), (1.2.11) and (1.2.12) we deduce three further forms of solution 

y6 = x1_6t/(i +a — b; 2 — i b; x), (r-3-2) 

y7 = ex U(b — a; b\ — x) (!-3-3) 

and y8 = ex xl~b U( 1 — a; 2 — b ; -x). (I-3-4) 

The function U(a \ b\ x) is a many-valued function of x, for complex values of a, b and x. We shall 

take as its principal branch that which lies in the x-plane cut along the negative real axis. This function 

is analytic for all values of a, b and x real or complex even when b is zero or a negative integer, for in 

these cases we can express the function in the form 

U{a; b\ x) 
71 

sin 7rb 
( iFila> b; x] xx-\Fi[i +a^b] 2 — b; x]\ 

lT(x+a- ■b)m r(a)F(z-b) j (r-3-5) 

which can be defined in the limit when b -> + n or o. This expression follows from the definition 

of U(a\ b; x) in terms of pFifa; b\ x] and the results (1.2.6) and (1.2.7). 



6 CONFLUENT HYPERGEOMETRIC FUNCTIONS 

1.4 Rummer’s first theorem 

The first theorem of Rummer states that 

e-ii^a; b; x] = ^[b-a; b\ -x\, (M-1) 

for the coefficient of xn on the left is 

£ («)r(~I)ri-r (~i)n ^ (a)r(-n)r _(-i)n(b-a)n 

r-o (b)rr\(n-r)\ n\ rf0 {b\r\ n\{b)n ’ 

which is the coefficient of on the right of (1.4.1). The summation is by Vandermonde’s theorem 

(Bailey, 1935, §1.3). 

A second proof, not using Vandermonde’s theorem directly, is obtained by letting b -> 00 in 

Euler’s transform 

2F1[a,b;c-,x/b] = (i-x/b)-b2F1[c-a,b-,c;x/(x-b)] (Bailey, 1935, §2.4(1)). (14.2) 

Yet a third proof follows from the fact that the four functions 34, y2, y3 and 34 are all solutions of 

Rummer’s equation. But this equation can only have two linearly independent solutions. Hence any 

three of these four functions must be connected by a linear relation of the form 

yp=Ayq + Byr, (1.4.3) 

where A and B are independent of x. We see that y3 is of the order of x° at the origin, while yi is 

of the order of x1-6. Hence these two solutions are linearly independent of each other. Similarly, we 

have already seen that y1 and y2 are linearly independent of each other. Hence in the relation 

Vi = Ay* + By3, 

we must have A — o. Now 3^(0) = 3^(0) = 1 and 3^(0) = 3^(0) = a/b—i. 

But the differential equation cannot have more than one such solution. Hence B — 1, and 

(i-4-4) 
In a similar way it follows that 

T2=T4- (i4-5) 

that is +a — b; 2 — b; x] — .v1-6 e* ^[1 — a; 2 — b\ — x]. (U4.6) 

In terms of the second solution U(a \ b\ x), Rummer’s first theorem shows that 

T5=J6 (147) 

and y;7 = exp { — me (1 — b)}y8, (14.8) 

that is U(a\ b\ x) = x1_bt/(i +a — b\ 2 — b\ x) (J4-9) 

and ex U(b-a\ b] -x) = exx1~bU(i -a; 2-ft; -x)exp{-m'e(i -b)}, (1.4.10) 

where e = 1, if argx > o, and e = - 1 if argx ^ o. We shall adopt this convention for e throughout 

this work, and we write e~niex for — x in order to diminish the possibility of error when dealing with 

a many-valued function. 

1.5 The first logarithmic solutions when b is an integer 

When b is an integer, the definition as expansions in series of the solutions of Rummer’s equation 

no longer holds, and we need to consider precisely what forms 34, y2, y5 and 3^ will assume when b is 
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an integer or zero. Returning to the methods of Frobenius, used in § 1.2, we consider first the case 

when b = 1. Rummer’s equation then becomes 

xy" + (1 — x)y' — ay = 0. (1.5.1) 

The indicial equation is c2a0 = 0, and the recurrence relation is 

(c +pf ap — (c+p + a— 1) ap_v (!-5-2) 
The general form of the solution is 

/ \ (c + a)x ) 
y(c)-a^ (*+(e + l)(e+ (T-5-3) 

When c = 0 this gives the first solution yv and the second solution y2 is only a constant multiple of yv 

instead of an independent solution, so that we have to seek another form of the solution corresponding 
to y2. 

The function y(c) satisfies the equation 

xy" + (1 — x)y' —ay — a0c2x°, 

and dy(c)/dc = Y satisfies the equation 

x Y" + (1 — x) Y' — a Y = a0(2cx? + c2xP log x). 

This function also vanishes when c — o. Hence 

K 
dy(c) 

dc ic=0 

(i-5-4) 

(m-s) 

(1.5.6) 

will provide the second solution we require. Now 

where 

and so, 

dy(c) d 
~dc~ ~ a°fc{uc + uc+i+ ■■■ +uc+v+ •••}> 

(c + a)p x?+p 
u. c+p 

(c+ifp 

(j-5-7) 

(1-5-8) 

log uc+p = log (c + a) + log (c + a + 1) + ••• + log (c + a+p- 1) 

— 2 log (c + 1) - 2 log (c + 2) -... - 2 log (c +p) + (c +p) log x. (1.5.9) 

Hence if we differentiate the logarithm, we find 

du, c+p _ 
aT “ Uc+P 

1 1 

+ c + a+i 

Thus, when c — o, the second solution is 

+ 
c+a+p—1 c+i c+2 c+p 

Tlogxj. (1.5.10) 

Y2 = aJyi\ogx+~(l—-\ +... 
1!1!\a 1 

(a)rxr /i + 

r\r\ \a 

1 2 2 

a + r—i 1 r 
(1.5.11) 

Next let us suppose that the roots of the indicial equation differ by an integer. There are two cases 

n > o and n < o. In the first case, b is a negative integer 1 — n, and a o, — 1, — 2, ..., 1 — n (see 

§ 1.2). The indicial equation is 

and the recurrence relation is 

whence we find that (c+p)(c+p-n)av = (c+p + a- i)ar_1} (..S.:3) 

A (c + a)x (c + a)2x2 ' 

a0c(c — n) = o, (1.5.12) 
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The root c — o does not lead to a solution, since in this case the factor (c + i — n)p in the denominator 

vanishes at the (n — i)th term and the numerator cannot vanish. The root c = n gives one solution y2. 

We require to build up a function of c2 in the indicial equation so that we can form the partial 

derivative in c. So let us try the function cy(c) which satisfies the differential equation 

xy" + (i —n — x)y' — ay = a0c2(c — n) x?. 

We find that the derivative with respect to c satisfies the equation 

xy" + (i —n — x)y' — ay — 2a0c(c — n) x° + a0c2x° + a0c2(c — ^xHogx, 

and the expression on the right-hand side of this equation also vanishes when c = o. Hence 

j9Mc)) 

is our second solution. In fact 
dc c=0 

Yx 
(a)rxr (a)n-ix71-1 “ (a + n— i)rxr 

(n\r 

n—l+r j 

xi‘og*+ .5, ur 
- £ —1— 

s=i n— i +s 

For the case, b = l+n, a #= 1,2,i, the corresponding equations are 

a0c(c + n) = o, 

and (c+p)(c+p + n)ap = (c+p + a-i)ap_v 

The roots of the indicial equation are c = o, 

which leads to the solution yq, and c = —n, 

which does not lead to any solution. Again we take the second solution as 

f3((c + n)y(c))l 

dc 

and find that 
(a — n) n+r 

c=—n 

r—1 X (a-n)rxr~n ' _ 

2 r=0 (1 —n)rr\ ^(i-n)n_x(i)n+rr\ 

I n+r—1 j r 

x | logv+ 2-S 
s=i a + s — n—i S=1 s -\- n — 1 

r—1 
V 

s = l S. 

r—1 

S 7 
S = 1 ^ 

(1-5-15) 

(i-5-16) 

(^5^7) 

(1.5.18) 

(i-5-W) 

(1.5-20) 

(1.5.21) 

(1.5.22) 

The second form of solution was stated incorrectly for a number of years (Airey and Webb, 1918), 

the correct forms being given by Archibald (1938). 

1.5.1 The second logarithmic solutions when b is an integer 

The corresponding results for the solutions y5 and y7 follow from the definition of these functions 

in terms of yx and y2. Thus if c — — n, b — i+ti, 

and 

then 

y5 = U(a; 1 +n; x), 
/_j ^n—1 00 

n \ T(a-n)r^0 

(.a)r xr 

(1 +n)rr\ 
{log^+T(a + r)-T(i +r)-T*(i +n + r)} 

(n- 1)!n~} (a -n\xr~n 

T(a) r_0 (i-»)rr! 

(J-5-23) 

(1.5.24) 
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This last sum is zero for n = o, and was omitted altogether by Webb and Airey. Here 

T(a) = /v{a) = lim (logn-----...-—) , (1.5.25) 
da I n->* \ a a+i a + nj v 3 

(Jeffreys and Jeffreys, 1950, §23.051 and Miller, 1957). With this definition of U(a; 1 +n; x), the 

other solution is TT/ . 
Y1 — ex U(i +n —a; 1 +w; — x), 

and, if c — o, so that b — 1 — n, the two solutions are 

T5 = U(a\ 1 — n; x) — xnU(a + n\ 1 + n; x) 

and Yj = tx U( 1 —a — n; 1 — n\ —x) = ex( — x)nU(i —a; 1 +«; — x), 

using (1.4.9) and (1.4.10). 

1.6 Whittaker’s normalized equation 

In Rummer’s equation, let us put 

(1.5.26) 

(1.5.28) 

(1.6.1) 

so that the coefficient of dy/dx becomes zero. The equation then assumes the normalized form 

d2# 

dx2 
+ 

1 k \ — m‘‘ 
-1-1-% — 4i\a /yuj 

X X 

z = o, (1.6.2) 

where m — \h — \ and k — \b — a. The inverse transform from Whittaker’s equation to Rummer’s 

e<>uationis z = xl»e~i*y, (1.6.3) 
where a = \ + m — k and 6=14- 2m. 

This equation was studied first by Whittaker (1904) and one of its solutions is Whittaker’s function 

— Mk m(x) — xi+»»e~ixlFxY\+m — k\ 1 + 2m; x]. (i-6-4) 

Several notations are in use for this function. Erdelyi (1953) defines the function with y, and k in 

place of the present m and k. Buchholz (1953) has \y for m, and he has also used the symbol m(^(x), 

(I943)> where <J(2x/n)m{kp\x) — Mk>p(x). 

Any general solution of Whittaker’s equation is called a Whittaker function, and in this work we 

shall denote such a general solution by the symbol 

We see from the above transformation that any Whittaker function can be expressed in terms of a 

confluent hypergeometric function, so that in general there exist relations of the form 

S[«; b\x] = j6_j(*) (1.6.5) 

between the two types of function. 

The function Mk>m(x) is analytic everywhere except at the points 2m = - 1, -3, -5, ..., where it 

has simple poles. At these points, however, the function 

r(i +2 m) 
(1.6.6) 



io CONFLUENT HYPERGEOMETRIC FUNCTIONS 

is analytic. Two alternative notations for this analytic function are 

(Buchholz, 1953), 

and x?-mNk>m(x) (Erdelyi, 1936). 

For x complex, Mk m{x) is a many-valued function of x. We shall take as its principal branch that 

which lies in the x-plane, cut along the negative real axis. 

The singularities of Whittaker’s equation are a regular singularity at x = o and an irregular sin¬ 

gularity at x = 00, so that, as for Rummer’s equation, we may assume a solution near the origin of 

the form 
a0xc + a1xc+1 + a2xc+2+ ...+anxc+n+ 

(a0 =(= o) and apply Frobenius’s process. The indicial equation is now 

a0(c2 - c +\ - m2) = o, 

and the recurrence relation between the coefficients is 

(c + n + 2)(c + n+ i)an+2-lan + kan+1 + (l~m2)an+2 = o. 

(1.6.7) 

(1.6.8) 

(1.6.9) 

Provided that 2m 4= — 1, — 3, — 5, ..., the root c = | + m of the indicial equation leads to the solution 

%(*) = *!. (I-6-I°) 

and, provided that 2m 1,3,5,..., the root c = \ — m leads to a second solution 

Mk,„m{x) = z2. (i-6.ii) 

We can also arrive at these two solutions, zt and z2, by the transform (1.6.3) by rewriting the solutions 

jq and jq °f Rummer’s equation in terms of the Whittaker functions Mk m(x). Similarly, if we express 

the solutions y2 and jq in terms of Whittaker functions, we see that 

*3 = M^k,m{-x) (1.6.12) 

and *4 = M_k>_m(-x) (1-6-13) 

are also solutions of Whittaker’s equation. We can verify that these are solutions by substituting the 

functions and their derivatives directly in Whittaker’s equation, or alternatively, we can arrive at 

the same four solutions by considering under what conditions the general equation (1.2.8) will 

reduce to an equation of Whittaker’s type. 

1.7 An alternative solution for Whittaker’s equation 

We define the second Whittaker function as 

^k,m(,x) 
77 -Mk,m{x) Mk,-m(x) 

(I.7.I) 
sin 277277'\T(^ — m — k) r(l +2777) r(| + 7?7 — k) T(l — 2m) j 

for all values real or complex of k, m and x. It is a many-valued function of x, so again we shall take 

as its principal branch that which lies in the x-plane cut along the negative real axis. That this function 

is in fact a solution of Whittaker’s equation can be verified by substituting the function and its second 

derivative in Whittaker’s equation. 

Another notation for this function is 
2X 

77 
-W «'>(*) 

used by Buchholz (1943). 
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If we rewrite the four functions y5, j>6, y7, and y8 in terms of Whittaker functions and use the trans¬ 

form (1.6.3) we arrive at the four further solutions of Whittaker’s equation, 

Z5 Wk>m{x\ (1.7.2) 

*6 = Wkt_Jx0, (!-7-3) 

*7 = W-kA~X), (*-7A) 
and Z8 = W_kt_m(-x). (I-7-5) 

Again this form of solution is chosen because of its simple behaviour when x -> 00. 

Rummer’s first theorem shows that the eight solutions of Whittaker’s equation are connected by 
the following relations: 

zx = exp {ein(b + m)) s’g, (1.7.6) 

that is Mk,m(x) = exp {ein(\ + m)} M_k>m( - x), (i-7-7) 

z2 = exp {ein{\ — m)) z4. (1.7.8) 

that is = exp {ein(±-m)}M_k>_m(-x), (i-7-9) 

ZS ~ (I-7-I°) 

that is ^^c,m(x) ffifc,— m(x)> (i-7-ii) 

and .S> 

II *1 (i-7-i2) 

that is W-k,m( x) W—k, —mi. x)- (I-7-I3) 

1.7.1 The logarithmic solutions of Whittaker's equation when 2 m is an integer 

If 1 + 2m is an integer and \ + m — k is also an integer, one solution of Whittaker’s equation reduces to 

a multiple of a finite polynomial in x, provided that 1+2 m ^\ + m — k ^ o, or that 2m ^ \ + m — 1, 

since in both these cases the numerators of the series vanish before the denominators vanish. But if 

\ + m — k is not such an integer, the two solutions are, when m — \n — \ and n is a positive integer, 

and (dcy(c) 
\ dc c=0 

(y(c))c=0 = Mk,in-t(x)> 

_ , » (1 n-k)n+r_lXr 

~X e ,?0* (2-nUT+X f5,(a-«UiUrl 
n+r—2 

x|l0gx+ V __ --S 

r—1 

s • 
S = 1 S -k — \n s + r — 1 

By the symmetry of the solutions in m, the same two solutions hold when m — — 

(I-7-I4) 

(I-7-I5) 

j ^j-- — j --- 7 - -- - 2 

For the Whittaker functions of the second kind, the two solutions are, when m — \ n — A 

*5 

( d ( Mk,-m(x)_Mk'Jx) \ 
^ ' dm\Y(f + m-k)Y(i—2m) Y(f — m — k)Y(i + 2m)\ 

( — 1 )2m+1 Mk m(x) log x ( — 1 )2m+1 x^+m e~ix 

f(| —m —A) f(i+2m) + Y(f — m — k) 

xT S xr+ m - & + r) - Y( 1 + r) - Y( 1 + 2m + r)} 
Lr = 0 (1)2 m+r^l 

2m, (r — I) ! x~r 

(1.7.16) 

(i-7-1?) 

(1.7.18) 
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and z7 = W_k>m(-x). 

Again, by symmetry, the same solutions hold when m — — — 

(I-7-I9) 

1.8 Rummer’s second theorem 

In the standard notation for Bessel functions (§3.7, Watson, 1948), we have, as the definition of 

the Bessel function Ia(x), 
0Fi[ ; « + x2/i6] - (£*)^r(a + £)/a_j(£*). 

We now show that 

that is 

x.Fi[a; 2a; x] = ; a + J; x2/i6] 

iF^a; 2a\x\ = e*®(i#~aT(a +£)/a_^), 

for 2a not zero nor a negative integer 

Let 
e_£x1F1[<z; 2<a; x] = 2 w;x*. 

<=o 
Then, expanding in powers of x, we find that 

S =o(2a)<_s(t-^)!^!2 

(4 
(241\2 

(4 

Fx[i —2a — t, —t; 1 — a — t; f] 

-$f; i-a-t\ 1], 
(24 

since, by Rummer’s transform (Bailey, 1935, §2.4) 

zF-fea, 2b; a + b + |; |] = aF^a, 6; a + b + %; 1]. 

(4(1-4% 
Hence u, = 

1 (2fl)<(i 

summing by Vandermonde’s theorem for t even, and 

= o, 

(4j«(!-4. 1 for t odd. So 

and we have 

W2?( ~ 
(2441 -«-2ii)B2»l (a + i)nw! 1671’ 

e-ixiFi[a; 20; x] = 2 u2nx2n = 0FX[ ; a + \\ x2/i6], 
71 = 0 

which is the required result. 

(1.8.1) 

(1.8.2) 

(1.8.3) 

(1.8.4) 

1.8.1 Bessel functions as special cases of confluent hypergeometric functions 

If x is purely imaginary the theorem becomes 

1*1[a; 2a\ 2ix] = e^FJ \a + \; -x2/4] 

= tix {\xfi-a r(a +1) Ja^(x). (1-8.5) 
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In terms of the function U(a\ b\ x), Rummer’s second theorem becomes 

U(a-,2a-,x) = r(l~r”)_r^+i)j(|x) + ei* (T)“~* /j_aftx), 

(1.8.6) 
that is, in the standard notation for Bessel functions, 

U(a; 2a \ 2x) = —exKa_i(x). 
X 7T 

For a purely imaginary variable this gives 

U(a\ 2a\ —2ix) = | x77 exp (nia — ix) H(r}'L^(x) (2x)^~a, 

and U(a; 2a; 2ix) = \ *Jn exp (ix — nia) H^(x) (2x)i~a, 

whence it follows that 

(2x)a~i 

(1.8-7) 

(1.8.8) 

(1.8.9) 

Ya_^(x) = — (exp (nia + \ni — ix) U(a\2a\ 2ix) + exp (ix — nia — \ni) U(a\2a\ — 2ix)}. (1.8.1 o) 
X 7T 

In terms of Whittaker’s functions, Rummer’s second theorem gives the following results, 

and 

M0,m(2x) - r(i +m)22m+lx*Im(x), (1.8.11) 

k,m= (1.8.12) 

M0 m( ± 2ix) = T(i +m) exp { ± \ni(| + m)) 22m+$xiJm(x), (1.8.13) 

wo,m{2ix) = V (\nx) exp { - \in(2m + 1)} H®\x), (1.8.14) 

Wo,m( ~ 2ix) = V(o™) exp [\in (2m + 1)} H$(x). (1-8.15) 

1.9 Relations between Kummer’s functions and Whittaker’s functions 

For convenience we repeat here the definitions of the three other confluent hypergeometric 

functions in terms of Rummer’s function. From these definitions (1.9.4), (1.9.7) and (1.9.12), the 

remaining nine relations are deduced. 

r r -> • T(b)U(a-b-x) (. , ... r(b)U(b-a;b;-x) 
1 FiW ;&;*] = ^na - Y(b-a) ' + exp [ei7T ^ ~ ^ e ^ V Y(a)-’ 

= eix x-i* [exp { - ein (\b - a)} T(b)Wa-M-i(~x) 

+ teiua W) it>-i (X) 

F (b -«) J’ 
U(a \ b;x) 

T(i —b)iFx[a; b; x] T(b- i)x1_61F1[i +a-b\ 2 — b\x\ 

r(i +a-b) + r^T : 

\T(i-b)Mhb_a^b_h(x) r(b-i)Mib_a>i_ib(x)\ 

{ T(i +a-b) r(«) 1 
= x~ibWib^a>i b-t(x), 

(1.9.1) 

(1.9.2) 

(!-9-3) 

(L9.4) 

(1.9.5) 

(i-9"6) 
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where 

Mk>m(x) = e~ix x^+m 1F1[\ + m — k\ i + 2m; x\, 

= T(i + 2m) e~%x x$+m j^exp {em(^ + m — k)} 

+ ex exp { — e7n(J + m + k)} 

U{\ + m — k; 1+2 m\x) 

Y(\ + m + k) 

U(^ + m + k) 1+2 m; —x)~ 

T(| + m — k) 

= r(i + 2m) j^exp {6777(1 + m-k)} 

>]' 

+ exP{-a^}^T+l-t)]’ 

Wk,Jx) = r( - 2 m)lF^2 ^ ’■ ^ e-** xm+i 

. iFJi — m — k: 1 — 2m: x] , , 
+ r(2m)1112 W1--—n—’—± e~ix xi~m, 

v ’ Y{\ + m-k) 

- e_ixt/(^ + m — k] 1 + 2m-,x), 

= r(-2?n)Mk>m(x) Y(2m)Mk'_Jx) 

Y(\-m-k) YQ + m-k) 5 

e = sign(Imx) = +1, if argx > o, 

= — 1, if argx < o. 

(W) 

(1.9.8) 

(I-9*9> 

(1.9.10) 

(1.9.11) 

(1.9.12) 
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DIFFERENTIAL PROPERTIES 

2.1 The differentiation of Rummer’s function 

Since the series xFx[a; b\ x] is absolutely convergent we can differentiate it term by term. We 

find that , , 

~f FWb-X 11= y <a+I)n-*nx 
n= 

<2 

and in general (A 

(b\ ;»;*]} = *+*; *1 

for k = i, 2, 3,.... In the same way we have 

d 

dx 
b] x]} = <2xa_11T1[a+ i; b\ x], 

and in general 

also 

and in general 

—{xa+n-i^la; b; x]} = (d)nxa~1 yF^a + rv, b; x], 

^{x6-1^^; b\ x]} — {b~ i)x6_21T1[a; b — i; x], 
r 

dx5 
-{x6-1 xFx[a; b; x]} = (- i)n(i -b)nxb~l~nxFx[a\b-n\x\. 

(2.1.1) 

(2.1.2) 

(2.1-3) 

(2.1.4) 

(2-I-5) 

(2.1.6) 

If we apply Rummer’s first theorem to (2.1.2), (2.1.4) and (2.1.6), we find three further results. 

(2.1.7) ^ {e-; b; *]} = „ + „; b + «; - *], 

dx71 

dn 

=( ’("if > + »;«], 
\0)n 

|e-« a+7i—1 ^[a; 6; x]} = (6 — a)wx6_a_1 -^[T) — a4-«; 6; — x], 

— {b — a)n e~x x6~a_1 XFX [a — n; 6; x], 

dxr 
{e-x^-1 ^[a; b; x]} = ( 1 )n(1 -b)nx6-1-’1 xFx[b-a;b-n; -x], 

= ( — i)n(i — b)nerx xp-n~xxFx[a — rr, 6 —n; x]. 

1 1 d 
-x^Vl a dx 

In particular, when n — 1, we have 

xFx[a +1; b; x] = - x1-® (xa xi^a; 6; x]}, 

x 
= iFx[a; b; x] + -xTi[a; &; x], 

xFx[a -1; ; x] = ex x1+a~6 {e-x x6~“ xFi[a; b; x]}, 

(2.1.8) 

(2.1.9) 

(2.1.10) 

(2.1.11) 

(2.1.12) 

(2.I.I3) 

(2. I. 14) 

(2.1.15) 

(2.1.l6) 



i6 CONFLUENT HYPERGEOMETRIC FUNCTIONS 

b+i-,x] = h_cfx dx(e xiF1[a-,b-,x]}, (2.1.17) 

- b_aiFil.a’h’x] b_aiFiia’b’xl 
(2.1.18) 

1F1[a-,b-i-,x] = ^-i ^[a; 6; *]}, (2.1.19) 

X 
- 1F1[a-, b',x]+b_l iFi [a\b; x], (2.1.20) 

/i[«+ i; 6 H-1; x] = F[[a;b;x\, (2.1.2l) 

iF-^a-i;b i;x]= d^{e Xxb 11F1[a] b\x]}, (2.1.22) 

(2.I.23) 

2.1.1 The derivatives of U(a; b;x) 

If we differentiate U(a\ b\ x) term by term using its definition (i.3.1), we find that 

and, in general, 

Also 

and 

b; x)} = —aU(a+ 1; b+1; x). 

Q 
^{U(a;b;x)} = (-i)n(a)nU(a + n;b + n;x). 

dx 
{xaU(a; b; x)} = a{i +a — b)xa~1U(a+ 1; b; x), 

a 
with, in general, -^i{xa+n~1U(a; b\x)} = (a)n(i +a — b)nxa~1U(a + n\ b\x), 

{x6_1C/(g; b\ x)} = (b — a— 1 )xb_2t/(a; b — 1; x), 

with, in general, ^-^{x&_1t/(a; b\ x)} = ( — i)n(i +a — b)nxb~n~1U(a] b — n; x). 

Again, if we apply Rummer’s first theorem to (2.1.25), (2.1.27) and (2.1.29) we find that 

(2.1.24) 

(2.1.25) 

(2.1.26) 

(2.1.27) 

(2.1.28) 

(2.1.29) 

dx5 

U{a\b] x)} = (-i)ne~x U(a; b + n; x), 

■ (e-a:xb~a+n~1 TJ(a; b\ x)} = (- i)n z~x xb-a-xU(a- n; b\x), 

(2.1.30) 

(2.1.31) 

dx1 
■i{e~xxb 1U(a; b\ x)} = (— 1 )?le~xxb~n~\ 1 — a)n U(a — n; b—n;x). and (2.1.32) 
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In particular, when n — i, we have 

U(a+ i; b+ i; x) = 

U(a+ i ; Z>; x) = 

U(a; b — i\x) = 

U(a; b+i;x) — 

U(a— i;b;x) = 

U(a— i ; Z> — i; x) = 

— i 

a 
U'{a \ b\x). 

i+fl-i^a;6;^ + fl(i+a-6) u'(a’h>x)> 

— X“~~^ d 
-1{xb~1U(a; b; x)}, 
i+a-bdx1 v ’ ’ 

i—b x 
— --i U(a ;b-,x)-T U'(a ; 6; x) 
i+a-b v ’ l+a—b v ’ ’ ’ 

U(a; b\x) — U'(a; b; x), 

— ex x1+a~b {t~x xb~a U(a\b\ x)}, 

(x + a — b) U(a; b\ x) — xU'(a\ b;x), 

— ex x2~b ^ {e-x x6_1 U[a; 6; x)}, 

(i + x — b) U(a; Z>; x) — xU'(a; b\ x). 

!7 

(2.1.33) 

(2.1.34) 

(2-1-35) 

(2.1.36) 

(2-1-37) 

(2.1.38) 

(2.1.39) 

(2.1.40) 

(2.1.41) 

(2.1.42) 

(2-1-43) 

2.1.2. The Wronskians of Rummer’s equation 

The Wronskian of a differential equation is defined as 

d_ 

’dx' Km,n Tm Tin 
d^ 

dx' 
(2.1.44) 

where ym and yn are any two solutions of the differential equation. If this Wronskian is not zero then 

the two solutions of the equation, ym and yn are linearly independent and provide a complete solution 

of the equation. But if Km>n = o, then the two solutions ym and yn are not independent, and one 

solution is a multiple of the other. It is easy to verify from the definition that 

^-m,n n,m (2-1-45) 

and K'n,pymd~ Rp,m.yn (2.1.46) 

We have already seen by Rummer’s first theorem that four of the eight solutions of Rummer’s 

equation are dependent on the other four solutions, so that we have 

■^1,3 = ^2,4 = -^5,6 = -^7,8 = °- (2.1.47) 

2 SCH 
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By considering the definitions in 

derivatives, we find that 

series of the remaining four functions yv y2, 

y _ r(&) b 
^’5~ r(a)e * ’ 

y5 and y7 and their 

(2.1.48) 

y _ 0e.iirb r.x v—b 

(b-af ’ 
(2.1.49) 

Klt2 = (1 -b)exx~b, (2.1.50) 

K25= ^2~b\exx~b, 
2,5 r(i +a — b) (2-1-51) 

K — ~ ^ ex x~b 
2’7- T(i-a) ’ 

(2.1.52) 

and Kb 7 = exp {ein (b — a)} tx x~b, (2-1-53) 

where e = i, if arg x > o and e = — i if arg x ^ o. If we introduce constants iIF(b) and i/T(2 — b) into 

the two solutions yx and y2, as we have already seen, these two solutions can be defined for all values 

of b including integers or zero. However, the only Wronskian which never vanishes for any values of 

a, b or x, except x = o, is K57. Hence yh and y7 form a fundamental system of solutions under all 

circumstances. If a, b and b — a are not integers nor zero, none of the above six Wronskians vanish, 

and so any two of the solutions yx, y2, y5 andy7 can be taken to form a complete system of solutions. 

If a is zero or a negative integer, Kl h = o, andy5 is a multiple of yv Similarly, if a is a positive integer, 

K21 — o, and y7 is a multiple ofy2. 

From (2.1.46) and their Wronskians we deduce the following relations between these four solutions 

of Rummer’s equation, 

Yi = 
T(b) , . . T(b) 

j^-^exp {eu,a}yi+W) exp {ein(a — b)}y7, (2-I-54) 

^2 = 
F(i-fl) 

exp {ein(a — b)}yb + 
r(2 -b) 

r(i+a-6) 
exp {ein(a — b)} y7, (2-I-55) 

and 

^5 = 
r(i-^) r(6-i) 

r(i+a-6):Vl+ r(a) y2 

r (i-b) v(b-i) r.n 

(2.I.56) 

(2-1-57) 

Eight further relations between these four solutions can be deduced immediately. These are 

_ -r(6)r(i-a) r(i-«) 

r(6-a)r(2-6) y* r(i-b)yi’ 
(2.1.58) 

T(b)T(i + a-b) T(i+a-b) 

yi r(a)r(2-b) 3 2 F(i -b) yb' (2-1-59) 

r(a)r(2—b) r(tf) 

3/2 _ F(b) r( 1 + a - b)yi + F(b -1)■y** 
(2.1.60) 

- r(2 -b) r(b - a) T(b - a) 

y2 F(b)F(i-a) e yi F(b-i) y7’ 
(2.1.61) 
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r(6 — a) . T(b — a) . . 

y5~ V(b) 6yi V(a) e ^7> 
(2.I.62) 

r(i-a) r(i-tf) 

* = r(2-4)exp(e(s a)m)y2 v(i+a-b)y” 
(2.I.63) 

j7 = r(6)exp^6 m^yi r(b-afehnlyh' 
(2.I.64) 

r(i+a-6) . T(i+a-b) 

»= r(2-b) expfe(* a)m)y*+ r(i-a) 
(2.I.65) 

A similar set of twelve results exists connecting any four solutions. 

2.2 Recurrence relations for iFx[a; b;x] 

For any confluent hypergeometric function with parameters a and b the four functions with para¬ 

meters a—i;b, a+i\b, a\b— i, and a\ b+ i are called the contiguous functions. It follows, from 

the differential equation satisfied by a confluent hypergeometric function and its derivatives, that a 

homogeneous linear relation exists between any such function and any two of its contiguous functions. 

These recurrence relations are of particular value in building up a table of a confluent hypergeometric 

function for a fixed value of x, when a and b are variable. 

The confluent hypergeometric functions with parameters a±m\ b±n for m,n, = o, 1,2,..., are 

called associated functions. Again it follows from the differential equation, that a homogeneous linear 

relation exists between any three associated functions, so that any confluent hypergeometric function 

can be expressed in terms of any two of its associated functions. 

The function a; b; x] satisfies the following recurrence relations: 

(b — ci)xFJia— 1; b\ x] + (2a —& + x)1jF1[a; b\ x\—a1Fx\a+ 1; b; x] = o, (2.2.1) 

Fig. 2.1 

b(b — 1)^[a; b— 1; x]-b(b— 1 + x)1F1[a] b \ x] + (6-«)x1F1[a; 6+1; x] = 0, (2.2.2) 

Fig. 2.2 

(1 +a-b)1F1[a\ b\ x]-a1F1[a + 1; b; x] + (6-i)iFi[a; b-i] x] = o, (2.2.3) 

Fig. 2.3 

b-iF^a-, b\ x] —— 1; b; x] — xxFx[a\ b+ 1; x] = o, (2.2.4) 

Fig. 2.4 

b(a + x)1F1[a; b\ x]-{b-a)x1Fx[a-, b+i; x] —ablF1[a+ 1; b] x] = o, (2.2.5) 

Fig. 2.5 

Fig. 2.6 

2-2 

(a—1 +x)1F1\a\ b; x] + (b-a)1F1[a- 1; b\ x]-(b-1)^^; b- 1; x] = o. (2.2.6) 
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These six results can be deduced directly from (2.1.13-23) by eliminating iF[[a] b; x] from each 

of the results. They can also be verified by expanding the confluent hypergeometric functions in 

ascending powers of x. In every case the coefficient of xn is zero for all values of n. From any two of 

the six results the remaining four recurrence relations can be deduced. 

As an example of a relation between associated functions, we have from (2.2.3) an<^ (2.2.4) above, 

b{ 1 —b — x)xF^a\ b\ x\ + b(b — 1)^[a — 1; b — 1; x] — ax1Fl[a+ 1; b+ 1; x] — o. (2.2.7) 

Fig. 2.7 

Many more relations between associated functions have been worked out by A. J. Thompson. 

2.2.1 Recurrence relations for U(a;b;x) 

If we eliminate the derivative U'(a; b; x) in the results (2.1.33-43), or if we compare the coefficients 

of like powers of x in the expansions as series, we can prove the following recurrence relations for the 

solution U(a] b; x), 

U(a — 1; b\x) — (2a — b + x) U(a; b\ x) + a(i +a — b) U(a+ 1; b\ x) = o, (2.2.8) L~“ 
•-•-« 

Fig. 2.8 

(b — a—i)U(a',b—i;x) — (x + b — i)U(a]b;x) + xU(a]b+i;x) = o, (2.2.9) 

Fig. 2.9 

U(a\ b; x)-aU(a + 1; b \ x)- U(a; b- 1; x) = o, (2.2.10) 

Fig. 2.10 

(b — a) U(a; b\ x) + U(a— 1; b\ x) — xU(a\ b+ 1; x) = o, (2.2.11) 

Fig. 2.11 

(a + F) U(a; b; x)-xU(a; b+i; x) + a(b-a-i) U(a+ 1; b; x) = o, (2.2.12) 
I-• 

Fig. 2.12 
•- 

(a + x-i) U{a; b\ x)~ U(a-i; b; x) + (i+a-b) U(a; b- 1; x) = o. (2.2.13) 

Fig. 2.13 

2.2.2 Continuation formulae for U(a; b; x) 

When x is a complex number, the function 1Fl[a\ b; x] is a single-valued function of * for all values 

of argx, and so no continuation formulae are necessary. But U(a; b; x) is a many-valued function 

of x with its principal value given by - n < argx < 7r, so that, when argx lies outside this range of 

values, some continuation formulae are needed. 
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Now x“ = exp{a(log |a: | + iargx)}, (2.2.14) 

and we take as the principal branch of the many-valued function xa, that which makes argx = o 

when x > o, given by — n < argx ^ n. Then we have, from the definition of £/(«; b; x), {(1.3.5)}, 

77 ( pFifa; b; -x] exp { + 777 (1 — &)} x1-6 

sin 776 (T( x + a — b) T(6) r(a) r(2-6) 

7r „ T iFi[b-a; b\x] exp{± m(1 -6)}x1-6 „ r , ,"1 , 

"5^e Lr(,+fl-i)r(i)- r(a)r(a-}) ^]• <2-2-i6> 

by Rummer’s theorem. These two functions U(a; b; xtni) and U(a; b\ xerni) have a position in 

the theory of Rummer’s functions similar to that of the functions H^\x) and H(2\x) in the theory of 

Bessel functions. Here we have defined xeni = lim(x + «/) and xe~ni = lim (x — iij) both for rj > o, 
7—>0 r/-y 0 

so that (2.2.16) shows the difference in the behaviour of U(a; b; x) as x approaches the negative real 

axis from the positive or negative sides, that is with Im x > o -> o or Im x < o -» o. 

In all these formulae either the upper or lower signs should be read throughout. 

From (2.2.16) it follows that 

i-^i[b — a; b;x] — 6 ^ {enib U(a; b\ x eni) — e~nib U(a\ b\ xe_,ri)}, (2.2.17) 

and U(b — a] b; x) — e r(a)r(i +a—V)^nia jj^a. ^. x_e-„ia jj^a• £. xe-wt)}. (2.2.18) 

From the definition of U(a; b\ x) we have in general 

77 T xF^ci; b; x] exp {277m (1 — b)} x1-6 
U(a; 6;xe2™) = [rflFl^—- 

K ’ sin nb [_r(i +a — t 
jFjfi +a — b]2 — b ;x]J, (2.2. !9) b)F(b) r(a)r(z-b) 

so that when we express ^[1 +a — b\ 2 — x] in terms of U(a] b\ x) and iF^a; b] x] we find that 

( T — p—27ribn\ TV x — h\ 

U(a; b\xt2nin) = --Y{i + a b)-b; x\ + e-2nlbn U(a; b;x). (2.2.20) 

Similarly, we find that 

U{b — a\ b] xexp {(2n± 1)77i}) 

T/~t • A • DVt~\ /   'TT'l* (h   T WOH -U T -vl & 

(2.2.21) 
7Tt~x f iFJa\ b \ xl exp{ — m(b — i)(2n ± xfix1 b , 

= s-hP)LrV)r(,ia)- T{La)r\2-l,) 

and 

U(b — a; b; x exp {(277 + 1) 777}) 

= ^ _—b) [£—exp {m(i—b) (2 n + 1)}] _ a. £. 4. exp (777(1 —b)(2n± 1)} U(b — a; b; xe±n). 

a (2.2.22) 

2.3 Addition theorems for ^[a; b; x] 

Taylor’s theorem states that, if/(x) is an analytic function convergent for |x| < p, then 

00 yU 

f(x+y) = H/^x)-. for \y\ < p (2-3-1) 
n = 0 n- 
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(Whittaker and Watson, 1946, § 5.4). From the expressions for the derivatives of Rummer’s function 

(2.1.1-12) we deduce these addition theorems: 

“ (a)nyn iFx[a\ b; x+y] = 2 y-^- xFx[a + n-,b + n\x]y 
n = 0 \°)nn\ 

/x+yX1-6 » (1 -b)n(-yy 

\ X J n=o n\xn 
1Fx[a\b-n;x], 

= «»£(b ^(.lJ,)V>[a;*+»;*]■ 
n=0 

= 

= ey 

n! 

jc+3;\1_& ” (—>')”( 1—i)T 

n=0 

^[fl — w; & —«; x]. 

(2.3.2) 

(2.3-3) 

(2.34) 

(2.3-5) 

(2.3.6) 

(2-3-7) 

2.3.1 Addition theorems for U(a;b;x) 

From the expressions for the derivatives of U(a;b;x) (2.1.24-32), we deduce these addition 

theorems: 

ZJ(a\b\ x+y) = £ ~^( — i)nynU(a + n;b + n]x), 
n=0 n\ 

x \a ” (a)n(i+a-&)w/ y 
x+y) n=o n! x+y 

U{a + n\ b’,x), 

- / £ (.+*-*)„(-+ V(a.b_n.xl 
\x+y/ - " 

= e2' 

= e2' 

= <+ 

71 = 0 ^ • 

(- i)ny? 
2 -~—U(a;b + tr,x), 

n=0 

x 6—a 00 f. \n 

2 rL*/(«-»;*;*), x+y/ n=o«!(^+y) 

6—1 CO ^   j ^71 jyTl 
X 

x+y 71 = 0 xn«! 
U(a — n; b — n\x). 

(2-3-8) 

(2.3-9) 

(2.3.10) 

(2-3-n) 

(2.3.12) 

(2-3*j3) 

2.3.2 Multiplication theorems for xFx[a;b;x\ 

If we replacey by (y- i)x in (2.3.1), we see that Taylor’s theorem can also be stated in the form 

00 /_T\n y>n An 

(2-3-H) 
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for \y — 11 < Rlx/|x|. When the appropriate expansions for the derivatives are inserted, the theorem 

in this form gives the following multiplication theorems for Rummer’s function: 

1F1[a;b-xy] = £ (a)"^*(:V , ^Vja + B^ + n;*], 
n = 0 \°)nn- 

(2.3.15) 

= /-*£ ^{a-.b-n-.x}, 
71 = 0 "■ • 

(2.3.16) 

- ^ Vl[«+«■> ft; (2-3-!7) 

_ e(2/-«x v -y)nxn p. j)+n. xi 
io (6)n»! 1 xL ’ + ’ J’ 

(2.3.18) 

= e(J/_1)xy1-6 £ ^ ~^ ”^nn; 6 n\x], 
71=0 • 

(2.3.19) 

71 = 0 
(2.3.20) 

2.3.3 Multiplication theorems for U(a;b; x) 

Next let us substitute the derivatives of U(a\ b; x) in (2.3.14). Then we have 

U{a; b; xy) = £ I/(a + n; 6 + n; *), 
71 = 0 

(2.3.21) 

” (a),,(i +a — b)„(y— i)n TT/ , . 
= r°2 —-r~^->-U(a + n;b;x), 

77=0 n\yn 
(2.3.22) 

= y-6 £ ^l+a~bY1~y^U(a-,b n \ x), 
71 = 0 W! 

(2-3-23) 

OO / T .Vl?l 
= e^-Dx £ y U(a; b + n;x), 

71=0 n' 
(2.3.24) 

CO / J _ -y\7l 
_ e(j/-D*yo-6 v ^—-J-L U(a — n; b;x), 

71=0 
(2-3-25) 

_ e(y-i)xyi-b ^ v-jy-!—U(a — n\b — n\x). 
7i=o n- 

(2.3.26) 

2.4 The derivatives of Mk>m(x) 

From the definition of Mk<m(x) in terms of Rummer’s function (1.6.4) and the results of §2.1, 

we have immediately 

xm-lMk>m{x)} = (- i)n(-2m)nxm-in-i^xMk_in>m_in(x), (2.4-1) 

dn 
dx11' 

(2.4.2) 
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__ {ei* xn~k~lMk>m{x)) = (i + m-k)n eix x~k-lMk_n>m(x), 

dn 
dxJe~ix xm~l MkAx)} = (-i)n(-2 m)ne^x^^Mk+in'tn_in(x), 

dn 

dxn 
{e-ixx~m-iMkm(x)} = ^—1)_(?+ e-ix x-i-m-fr 
i k,m\ n (l+2ttl)n 

(2-4-3) 

(2.4.4) 

^■k+in,m+in{x)> (2-4-5) 

(2.4.6) 
Q/& 

— {e-i*xk+n-iMktm(x)} = (1 + m + k)ne-txxk-1Mk+n>m(x). 

The results (24.4-6) can also be deduced by applying Rummer’s first theorem to (2.4.1-3) above. 

In particular when n = 1, we have 

p — /*si\—ITi rj 

Mi-s{efc*”-i MhtJx)}, 

X + 2OT-I . . Jx _ . . 

4m ^x + 2m Mk^' 

Mk_hm+i(x) = 

_(i+2m)(ix-m-i) (i + 2m)Vx 

Jx{\4-m-k) Mfe>«(x)+ i+m-A 

vl—m A 

2m — i—x _ Jx . . 
~ 4m Jx Mk>rn{x) + ~Mk>m{x), 

I “I- 27/Z d 

i + 2m 11 + 2m 4- x 

J + m + & ( 2J, x Mk,m(X)-JxMk,m(x) 

r1—^ rj 

i+m+k1^*- J"(x> +i + m + kM'l‘-Jx>} 

op y/c+1 /-] 

*W*) - .!„_2ts(eia,»-t^.m(«)}. i + 2 m ■ 

\ + m-k Mk’n^ + l + tn-k Mk>^x)- 

x 

(2.4.7) 

(2.4.8) 

(2.4.9) 

(2.4.10) 

(2.4.11) 

(2.4.12) 
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2.4.1 The derivatives of Wk m(x) 

From the definition of Wkm(x) in terms of U(a\ b; x) (1.9.11), and the derivatives of U(a\ b\ x), 

we deduce immediately that 

d n 
_{ei,x-4-IFfcim(x)} = (- x )»(* + «- *)n e^ x-1—1- Wk_^>mHn{x), (2.4.13) 

dn 
_{eixxm-i^m(x)} = (-i^d-m-^ehxM-ln^^x), (2.4.14) 

and 
d71 
— {ehx)^-1H{.m(x)} = (H«~ *)» (1 - « - *)» el* Wk_n>m(x). (2-4-I5) 

Now let us apply Rummer’s first theorem to these three results. We find that 

d” 
_{e-i*x-W Wk>m(x)} = (-i)ne-t*x-M«Wk+in>m+in(x), (2.4.16) 

dn 
__{e-ixxm-lwk>m(x)} = (-irc-ixx^-inWx+in>m_in(x), (2.4.17) 

and 
An 

— {z-\x xk+n-xWk>m(x)} = (— i)n e_i* xfc_1 Wk+n>m(x). (2.4.18) 

In particular when n = 1, we have 

Wk_hm+i(x) = k_m—l e~iX dx (eiX X~^m 

1+2m-x Vx , . . 
,Wkm{x) + Wk>m(x), 

(x — 2 m — 2k) ^x 

Wk_hm_h(x) = k +CJ ^ {e** xm~i WkJx)}, 

I 2171 X JJ7 / \ 1 V ^ tx// / \ 

(i-2m-2k)Jx Wk’m{-X) + '*-£ + »* w(X) 

V# 

= 71 

0— 

(\ + m — k)(\ — m — k) dx 

\x — k 

{el* xrk Wkrn(x)}, 

Wk+hmH{x) = -ehx^-{e-hx-F^.im(4 
dx 

1 + 2m + xTX7 . . , TJ7, , . 
/ 'V1*' ^k,m(x)> 

2 A/ X 

i — 2m + x 

2a/x 
WktJx)-^jxW^m(x), 

wk+1>m(x) = -ehx^^e-hx^^ix)}, 

(2.4.19) 

(2.4.20) 

^,m(X) + (H m- A) (i-:m --.ft) Wk'^ (2-4-21) 

(2.4.22) 

(2.4.23) 

(2.4.24) 
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2.4.2 The Wronskians of Whittaker’s equation 

Again we have eight possible forms of solution for Whittaker’s equation, but, by Rummer’s first 

theorem, we have seen that only four of these solutions are independent, so that we have 

^1,3 — ^2,4 — 7C56 — K78 — O, (2.4.25) 

and for the four solutions 24, z2, z5 and z7 we find that 

Kh2 = -2 m, (2.4.26) 

F(i+2m) 

1>5 ra+m-k)’ 
(2.4.27) 

Xi,7-ex p{em(i ”•)} r() + m + , (2.4.28) 

^ r(i —2m) 

2.5 r(i-m-£)’ 
(2.4.29) 

Kv= exp{OT(i + m)}r(i_m + A), (2.4.30) 

and K57 = e~eink. (2.4.31) 

Again, K5 7 is the only Wronskian which never vanishes for any values of k and m, so that z5 and 

z7 are the only pair of solutions which will always provide a complete solution to Whittaker’s equation. 

If + 2m and 2k + 2m are not integers nor zero, any two of the solutions 24, z2, z5 or z7 can be taken to 

form a complete system of solutions. If 2m — 2k is zero or a negative integer iv15 = o, and z5 is a 

multiple of zv Similarly, if —2m + 2k is zero or a negative integer, K27 = o and z7 is a multiple of z2. 

From the result Km nyp-\-Kn pym + Kp myn = o, and the Wronskians we deduce the following 

relations between the four solutions of Whittaker’s equation, 

and 

24 = T( 1 + 2 m) 

z2 = r(i —2m) 

exp [ein{k — m + 4)} i exp {sink) 

T{\ + m + k) 

exp {ein(m + k — -^)} 

T{\ + m 
n3_x "I 
-k)7]' 

TT 

Y(\ — m + k) 

z-. 

exp (eink) 
Zr+^,fK-z, 

(2.4.32) 

(2-4-33) 

(2-4-34) 

(| — m + k) T(i + 2m)~1 ‘ T(\ + m-\-k) T(i — 2m)~2J ’ (--4-35) 

There are eight further relations connecting these four solutions, and twelve relations connecting 

any four solutions. 

z. 
sin 7T2tn 

TT 

sin 772m 

5 Y(f — m — k) 7J’ 

*2 _“I 
1 — 2m)J ’ 

r_• 
L r(| 

r(i + 2m) r(| + m — A) T( 
exp {ez7r(| 4-m)} ( exp {ein^ — m)} 

*1 + 

2.5 Recurrence relations for Mk>m(x) 

If we eliminate Mk>m(x) from the results (2.4.7-12) we can deduce immediately the following 

recurrence relations for Mk m(x): 
im 
L—k 

2,771 I -I- 2,771_ 

^k,m{x) ~ 2mM/._jjBl_j(3c) 4 2^ jr2m) ^k~hm+i(X) = °> (2-5-1) Vx 

Fig. 2.14 
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2mMk_hm_i(x)-^(x)Mktm(x)-2mMk+hTn_i(x) = o, (2.5.2) 

1 + 2m — zk . . zm — x ,. . . .. . . 
2(1+ 2m) Mk-\,m+\{x) + —- 2mMk+hm_h(x) = O, (2.5.3) 

Fig. 2.15 

Fig. 2.16 

aJ x 

1 + 2m + zk 
4,,.,,,,) (2-5-4) 

i+zm — zk 

2*J(x)(i+2m) 

i + zm + zk 

z^J(x)(i + zm) 
Mk+hm+i(x) = o, (2-5-5) 

Fig. 2.17 

Fig. 2.18 

zm Arffft- I “t- 2TH -f- 2/2 

ZmMk+^m_^(x) — Mkim(x) + 2(1 + 2m) ^k+^,m+i(x) — °> 

Fig. 2.19 

and 

(1 + 2m + 2*) Mk+1)Jx) - (1 + 2W - 2*) Mk_ltm(x) + 2(x - 2*) Mk'Jx) = o. (2.5.7) --•- 

Fig. 2.20 

2.5.1 Recurrence relations for Wk>m(x) 

From the results (2.4.19-24) we have the following recurrence relations for Wk m(x), 

Wk+hm(x) “ V(*) Wfc.m-iM ~{m-k) Wk_hm{x) = o, (2.5.8) 

£ k 

Fig. 2.21 

wk+hm(x)-*j(x) Wk>m+i(x) + (m + k) Wk_hm(x) = o, (2.5.9) 

Fig. 2.22 

2mWk>m(x)-^J(x) Wk+hm+^x) - <J(x) wk+hm_^(x) = o, (2.5.10) 

Fig. 2.23 

{zk-x)WKJ^x) + Wk+hJ,x)-(m-k + \){m + k-\)Wk_1>m{x) = o, (2.5.11) •-— 

Fig. 2.24 

(k — m 
zm. 

•2) Wk-hm+\{x) Wk,m(x) + (| (2.5.12) 

Fig. 2.25 
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{k + m-\)Wk_hm_^x)- 
2 m + x 

V* 
Wk>m{x) + Wk+hm+h{x) = o, (2.5.13) 

Fig. 2.26 

and 
2 m — x 

% 
Wk,m{x) + Wk+hm_k{x) = o. (2.5.14) 

Fig. 2.27 

2.5.2 Continuation formulae for Whittaker’s functions 

By Kummer’s theorem we have immediately 

M-k,m(xe±ni) = exp {±m(f + m)}Mk<rn{x\ (2.5-15) 

and again in all the formulae of this section either the upper or the lower signs should be read 

throughout. 

From the definition of Wkrn(x) in terms of Mk>m(x) we have 

W-k,m(xe±ni) = 
TT 

+ : 
e±ni) 

and so, by (2.5.15) above, 

sin(2m7r)\ T(^ — m + k) T(i 4-2/77) Y(\ + m + k) T(i — 2m)) * 

exp { ± ni{\ + m)} Mk>m(x) exp {± m{\ - m)} Mk>_m(x)' 
Wl (xe±«) =_x. „ 

' sin (2/7777) |_ Y(\-m + k) Y(i+2m) Y(\ + m + k)Y(x—2m) 

(2.5.16) 

(2-5-17) 

This equation defines the two functions W_k m(xQni) and W_k m{x e~ni) which occupy a position in 

the theory of Whittaker functions similar to that of the functions Hf(x) and Hf\x) in the theory of 

Bessel functions. The two results (2.5.16) and (2.5.17) are only alternative statements of the relation 

between solutions of Whittaker’s equation, which has already been stated in (2.4.35). Another pair 

of continuation formulae are given by (1.9.9) and (I-9.1[2), with xe±ni written for —x. 

From (2.5.17) above, if we write — k for k and eliminate the function M_k m(x) from the results, 

we deduce that 

T(| — m — £) T( 1 + 2m) 
^-k,m(x) = 

2777 
[exp {777(14- m)} Wk m{x tni) - exp { — ni(b + m)} Wkm(x e-*")] 

(2.5.18) 

and W_Km(x) = r(K"* WKm(x e«) - WKm(x e-<)}. 
2777 

In general we can re-apply (2.5.15) and obtain 

Mk<m{x e2n7,i) = exp {777(1 -\-2m)n}Mkm{x), 

and Mk>m(x exp {(277 + 1) 777}) = exp {777(2/7 + 1) (J 4- m)} Mkm(x). 

(2.5.19) 

(2.5.20) 

(2.5.21) 

From the definition of Wk m(x) in terms of Mk m(x) and Mk _m(x), using (2.5.20), we deduce that 

w (vp2nni\ = 77 f exp {m'(j + m) 2nj Mk>m(x) exp{m(j-m) 2n}Mki_Jx)\ 
k,nA 7 sin(2/7777) | Y(\-m-k) T(i 4-2/77) Y(f + m-k) T(i-2m) )' ^ ' 

Again if we use (1.9.12) to express Mk>_m(x) in terms of Mk m{x) and Wk m(x) we deduce that 

Tir / 9 (—I )n+1 2777 Sin (2/77/777) Mk m(x) 
k,m(x^ )~ p(| — m — k)sin(2/7777) r(i + 2/n) + ^-I^e Wk,m(x\ (2’5-23) 
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Similarly, 

W_ktm{xz*v{(2n±i)m}) 

tt f exp {m{\ + m) (2n ± 1)} n/r exp {m(| - m) (2n + 1)} 1 
L Y(\-m + k)T(i+2m) k’mK ) r(\ + m + k)T(i-zm) k’~m[ ’J 

and 
sin (2mn) 

W_k>m{xexp {(2n± i)m'}) 

(-i^msinfrMwr) + fxe±- 
-r(i_m+^)sin(2m7r)r(i+2m))+( I} e 

2.6 Addition theorems for Mk,m(x) 

From (2.4.1-6) and (2.3.1) we deduce these addition theorems for Mk>m(x), 

(i+w-*ky“M w 

“ 1 * j „5ob!^»(i+2»), K”+*” ’ 

” ik + m-k)nf 

-- ehv 

= elv 

J 71 — 0 

x+y\_m+^ ® ( — 2m)n( — i)ny 

Mk—n, mipOt 

X 1 Jo n\x%n 
^k+in, m—^nOO ’ 

x+y\m+i “ (f + m + k)n(-i )nyr 

X J n=0 n\x%n(i + 2m)n 
■^k+^n, 1n+£n(x)> 

\ X J n=o n\ 

2.6.1 Addition theorems for Wk<m(x) 

From (2.4.13-18) and (2.3.x) we deduce these addition theorems for WKm(x), 

Wk,m(x+y) = ^v S 
x+y\m+% “ (fr + m-^-i)"/1 

= e~iv 

x J filo n\x%n 

x+y\l-m ® {\-m-k)n{- i)nf 
) Jo " n\x^ Wk-in,m-Uf, 

-hix-±y\c y (i + M-*)n(^YVfe_W)W(x), 
^ / n=0 n! 

_,W=±2f-£ 
x / n=o ft!x^ 

, /x+jA*-m » (-1 )nynw (x) 

x \k ” (-i)n/ J V\x7 /- \ 

x+y9 n=0 »! V^+jy, 

> (2.5-24) 

)• (2.5-25) 

(2.6.1) 

(2.6.2) 

(2.6.3) 

(2.6.4) 

(2.6.5) 

(2.6.6) 

(2.6.7) 

(2.6.8) 

(2.6.9) 

(2.6.10) 

(2.6.11) 

(2.6.12) 
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2.6.2 Multiplication theorems for Mk m(x) 

Next let us substitute the derivatives of Mkm{x) in (2.3.14). We have then 

MU*y) = 2 (y~l)n[Mk_Mn(x), 
n = 0 n! x~%r‘ 

1 “ (A + m — &)„ (y — i)w^n . . 

CO / y _ 

= <^x{X~v)yk S 
n=0 

co /v_ T\nYFi 

71=0 

= el*-V+” J0(jy **”( - 

o° /y __ T\n 

= £ y^(i + m + *)»A4+I>,„(x). 
n=o 

2.6.3 Multiplication theorems for Wk!m(x) 

Finally let us substitute the derivatives of Wk>m(x) in (2.3.14). Then we find that 

00 / j_y\n 

WKm{xy) = el*d-v)yi+m 2 1 ’ xln(± + m-k)nWk_in>m+in(x), 
71 = 0 n- 

00 / j _y\?l 

= e^(1-y)Y^m S "-j— ^”(1 ~m~k)n Wlc-ln,rn-ln(x), 
7i=0 W! 

0° (y _ 

= eix(1-3/)Yfc S [yn{ xn{\ + m-k\f\-m-k)nJVk_n>m(x), 
71 = 0 

o° (t _y\n 
Q\x(v-l)y\+m £ y_X^» lTfc+in>m+^(x), 

n. — 0 ™ • 

co /j _y\?l 

71 = 0 77 • 

co /y T\n 

7=0 

2.7 Expansions in series of Bessel functions 

We have seen that „r . , _ . , _ .. . 
iFx[n + \; 2« + 1; x] = 22nn! e** x~nIn{\x). 

But \F'i[a \b\x\ — a iF^a +1; b +1; x\/b. 

Hence i^i[w + 3/2; 2« + 2; x] = 22nn\e^xx~n{(i-n) In{\x) + Fn(fx)}. 

Also nljfx)jx = \{In-\(fx) ■— In+1(fx)}, 

Fn{\x) = i{4-i(H + 4+i(i*)}- 

(2.6.13) 

(2.6.14) 

(2.6.15) 

(2.6.16) 

(2.6.17) 

(2.6.18) 

(2.6.19) 

(2.6.20) 

(2.6.21) 

(2.6.22) 

(2.6.23) 

(2.6.24) 

(2.7.1) 

(2.7.2) 

and 
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Hence, substituting for nln(\x)jx and I'n(\x), we have, after some reduction, 

1-F1O + 3/2; 2n + 2; *] = 22nn\3x x~n{In(\x) + In+1(\x)}. (2.7.3) 

Similarly, on repeating this process, we find that 

i^it»+5/*; = 22""!ei^-»(4(i*)+iyD/„+I(i*)+^±i4+2(^)). (2.7.4) 
2tl+ 3 2W + 3 

The existence of relations of the types (2.7.1), (2.7.3) and (2.7.4) suggests the existence of general 

expansions of the form 

%[n + t-^;zn + t;x] = 22nn\t^xx~n £ An+r(t)Sn+r(|x), (2.7.5) 
r=0 

where b\ #] is any confluent hypergeometric function and where (£w(|x) is any Bessel function. 

A group of results of this type will now be discussed. They are fairly elementary and they all depend 

on the following summation theorem: 

Va,i + \a, b, 

4 3|_ \a, 1 + a — b, 1 

-n; 

+ a + n; 
(1 +a)n{\ + \a-b)n 

{\ + \a)n(J+a~b)n 

(2.7.6) 

Further notes on similar theorems will be found in Bailey (1935, ch. iv) and in Slater (1954c). 

2.7.1 An elementary proof of the 4F3[1] summation theorem 

Since T(i + a + n)/T(i +a) — (1 +a)n, the theorem can be written in the form 

Va, i+|a, b, c\ 1 _ r(| + ^a)r(i + a-6)r(i+a-c)r(^ + ^a-^-c) _ 

4 3L ia, i+a-b, i+a-c; XJ r(i + a)r(i + ia-6)r(i + ia-c)r(i+«-6-c)’ [2'7'7) 

where b or c is a negative integer. 

This is symmetrical in b and c. Suppose that the result is true when c has the values 

o, -1, -2, ..., -(n-i). 

Then by its symmetry it also is true when b has these n values, and c has any value. In particular when 

c — —n, we can write (2.7.1) in the form 

j”a, 1 + \a, 

\a, i+a 

b, 

-b,i + a + 
%1 = ( 
n; J !+«)»($ +£<*-*)»• (2-7-8) 

This is an equation between two polynomials each of degree n in b. Let b = a + n. This is a pole of 

the last term of the series and the truth of (2.7.8) for c — — n, b = a + n follows easily. Hence we have 

shown that (2.7.8) is an equation of degree n in b which is satisfied for the n+ 1 values of b, 

b = o, — 1, — 2, ..., — (n — 1), and b = a + n. 

Hence (2.7.8) is true for all values of b when c = - n, if it is true for all values of b when c = - {n - 1). 

But it is certainly true when c = o, and the proof is completed by induction. Such a series, in which the 

sum of each pair of numerator and denominator parameters is constant, is said to be a ‘ well-poised ’ 

series. 
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2.7.2 Expansion of Rummer's function in terms of In{x) 

We now prove that 

^[n +1 - \; 2n +1; x] = 22nn! x~n 2 An+r{t) In+r(\x), 

where An+r(t) - 

r=0 

(n + r)(2n)r(~i)r(i-t)r 

nr\(2n + t)r 

for all n and t, real or complex (Slater, 1954c). Let 

CO 

S = 2nn\tixx~n 2 An+r(t) In+r(fx). 
r = 0 

Then s= y v (2»)rC1 ~0r(~ I)r(w + r+i)s*r+S 
r=o s=0 7! (n), (2n + t)r 22rs \(2n + 2r+i)s 

__ " (2w)f(l-£)r(-l)r*r y (n + r+2)m-r^~r 

r=o r!(n)r(2w + 4 m=r (m - r)! (2« + 2r+ i)m_r 

=0m!(2M+i)mr=0r! (n)r (2/1 + t)r {zn + m + 1 )r 

(n + |)mxm „f2n,n+i, i—t, —m\ 
= 2 t/ 

m=0w!(2n + 

xm pV2n>n+i, 1 — t, — m; “1 

i)m4 3|_ n,2n + t,2n + m+i; J' 

(2.7.9) 

This inner series is a 4F3[i] series with the special form of the second parameters, well-poised in 

2ti + i, and so it has the sum , . , . 
(2n+i)m(n + ^-i)m 

Hence 

(n + i)m(2n + 0 

(n-K-J)mx 
»S = T 

m=0 m!(2«+l). 
— i-Fi[n + / —2n + L x]. 

The proof of this result has been given in some detail as it forms an example of the important 

technique of inversion of the order of summation in order to reduce a doubly infinite sum to an infinite 

sum and a finite sum. 

2.7.3 Some further expansions 

We can rewrite this result in the form 

F \a• b■ xl = eix Y —_—_I^ri ^_2a)n( ix)n pr .j)_a + i+n. /U2i 
1l[’ ’ J - n\(b-a-\)n(b)n 0 lL ’ + n=0 

where 

But 

and 

o*i[ ; «; (**)*] = T(«)(**^—Z^*). 

Ia(x) ~ Jfx e^ni) for —tt< arg x < 

Ia{x) = t§7,ia Jfx er§nl) for \n < argx ^ n 

(2.7.10) 

(2.7.11) 

(2.7.12) 

(2.7-13) 

(Watson, 1948, §§3-7). These two expressions lead to the same expansion in Ja(|x) for both ranges 

of argx. Hence our result becomes finally 

,Ci[o ■,b;x]=tl*T(b-a-« «*)«-»+* £ &-2a-Z llIb_a_i+J$x) for all arg*, 
n=0 

(2.7.I4) 
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and ; b; — ix\ = e~ixi F(b — a — ^) [\x)a+^~b 

x 
“ (2b-2a~ i) (b-2a)nin „ , N 
S--Att-— J6_a_i+n(|x) for all argx. (2.7.15) 
i=0 n.\u) n 

In terms of Mk>m(x) these results become 

MfcmW = 2»xt-'‘r(m + A)S for all argx, (2.7.16) 

and Mk>m( — ix) = 22m+2fc^_fcr(?n + A) exp { — + to)} 

X „l»(2”l(l'k+tm)f J^kUiX) f0ralIar^- (2'7-’7) 

SCH 

\ 



CHAPTER 3 

INTEGRAL PROPERTIES 

3.1 Elementary integrals for Kummer’s function 

Let us consider the integral 

7 = f ext ta~\ i - t)b-a-x d t 

ri oo xn 
2 — ta+n-\i-t)b-a-1At 

Jon=on\ 

°o r l 

E -r ta+n~1(l-t)b-a-1dt. 
n = 0n-Jo 

(3-1-1) 

This last integral is an Euler beta function. Hence it can be evaluated in terms of gamma functions 

(Watson, 1946, § 12.4), and we find that 

“ xnT(a + n)T(b-a) Y(b-a)Y(a) 

/=Jo »!r(6 + n) =-m~ lFl[a:4:*] f0r R14>Rla>°> 

that is xFx[a;&;*] = TV. . f1 extta~\ 1 -tf-"-1 dt for R1 b > R1 
i (0 — a) I (a) Jo 

a > o. 

This elementary integral for Kummer’s function can be transformed in several ways. First let 

us put tx = v, then 

i^i[a\b\x] = 

If we put zv = 1 — t, then 

\Fx[a\ b\x] = 

m 
Y(b — a) I» 

Y(b)ex 

x1 >1 b I f*v Aid—1/ 

r 
Jo r(6-fl) Y(a) 

If further we put s — 2zv — 1 = 1—21, then 

lll,,J r(4-a)r(a) 

and if we put s' — 1 — 2zv = 2t — 1, then 

,i-i 

If cos 6 = s = 1—21, 

rr , , - X 1 

Ti[«; ^; *] = Jo exp (- %x cos 6) sin db~x cot (|0) 

and if cos 0 — cos (tt — 6) — 2t—i, 

2i-ibY(b)eix Cn 
Fx[a ;&;*] = YuZ-\fv~\ exP (ix cos $)sin 06_1 tan (^)6_2a 

1 \°~a)1 \a) Jo 

— dz\ (3-!-3) 

i — zc)“-1 d zv. (3-M) 

■esp- (3-i-5) 

■(I IT"- (3-i-6) 

0b~x cot {\d)b~2a &0 (3-r-7) 

6-1 tan (!^)6_2° d<ji. (3-i-S) 
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If u = c + (d—c) t, we get 

T(b) exp { — cxl(d—, Cd 
iFi[a\b\x\-_______—11 exp{xu/(d-c)}(u-c)^1 (d-u)b-a~xdu, 

all under the conditions R1 b > R1 a > o. 

(3-!-9) 

3.1.1 Barnes’s integral for 

Let us consider the integral 

Rummer’s function 

4 = —-f F( mr(a,+t)«,d» 
2mJABCD r(6 + s) 

(3.I.IO) 

taken round the rectangular contour 

A(c — iN), B(R-iN), C(R + iM), D(c + iM) 

in the s-plane. The integrand has an increasing sequence of poles at the points 

s ~~ 0,1,2,..., 

and a decreasing sequence of poles at the points 

s = — a, —a — 1, —a —2, .... 

It is assumed that the M and N are large enough for both sequences of poles to fall between the lines 

y = M and y = — N, and that the contour ABCD is indented so that the first R poles of the sequence 

s = o, 1,2,... fall within ABCD and all the poles of the sequence s — — a, —a — i, — a —2, ... fall 

3-2 
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outside ABCD, otherwise we should require the unnecessary restriction — Rla < Rls = c < o. 

Now W +/ +I +I ■ 
and on AB, s = x — iN; on BC, s — R +1\ on CD, s — x + iM and on DA, s — c + iy. Hence 

IR = Jl + J2 + J3 — Im,n> 

where IM 

and 

" ic-iN r(b+s) z ds’ 

j = [R T( - * + iN) r(a + x- iN) ^ dx 
'x Jc T(b + x-iN) 

4- C<M r( ~ f) +g+V At, 
Jc-iN T(b + R + t) 

J = _ fR r(-x-iM) r(a + x + iM) M 

Jc Y(bx-\-iM) 

Now from a consideration of the residues of the integrand at those of its poles which fall within 

ABCD, that is at s = o, 1, 2,..., [i?], we have 

™ Y(a + n) (— i)w_1 
Ir ~ ^R — 2 %T(b + n) n\ ’ 

since the residue of T( — s) at s — n is ■ 
n\ 

We now let M and N -> 00 separately, using the results 

|^s| _ l^-j Rls g—Ims-argz 

and |r(x + ry)| ~ ^{2Tr)\x + iy\xA e-&\v\ 

(Watson, 1946, § 12.33), f°r |x| finite and |y| large, and we find that 

"c+ioo p(-s) V(a + s) 

(3.1.12) 

rc+ii 

J c—ic 
zs ds. 

and 

T(b + s) 

\JX\ ^ C.N^^^expl^argsf —|7r)} I N'_x|^|a:dv. 

Hence Jx ~ Re N, provided that |arg^| < \n, so that ^->0 as N-> 00. Similarly, J3h>- o 

as M co. Also r(-J*-/)IX«+«+0 , , 
‘w'i3L„-r (b+R+t)-z*dt- (3-i-u) 

as M and N -> 00. Hence 

Next we let R -> 00. Then 

— Ir — Jr~ R 

Also 

y y = _ V r(a + ”)gw(-i)w _ r(a) 
R 00 So Y(b + n)n\ r (b)lF^a,b’ 

I Cc+too 
\JR\ < C. z pG exp{/(arg£ — \7r))dt 

I J C—100 
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that is JR ~ R. Hence JR->o as R -> oo, and we have 

that is, changing the sign of z throughout, 

I „r l i 1 fc+<c°r(-i) r(a + h 
, ^b-'1" 55 L„ r(F+s) < 

r>) 
W 

provided that jarg(— | < \tt, and b 4= o, — i, — 2, .... This is Barnes’s integral for Kummer’s 

function (Barnes, 1908 a, b). It holds for all finite values of c provided that the contour of integration 

can always be deformed so as to separate the two sequences of poles. 

3.1.2 Barnes and Euler type integrals for U(a; b; x) 

Next let us consider the integral 

IR — . j F(-s) T(a + s) T(i + a — b + 5-) z~sds, 
2777 J ABCD 

taken round a similar contour. On evaluating the residues of the two sequences of poles 

we find that as R -> 00 
— a — n and s = b — a—i—n, n — 0,1,2,..., 

WS T(a+n)T(i-b-n)z' _ N , x ■ , n, 
n=0 n- n=0 n- 

= zaY{a) r(i —b)-LF^a\b; 2] + T(6— 1) T(i +a-b)z1+a~b1F1[i +a-b; 2 -b] z\, 

= a«r(fl)r(i +a — b) U(a \ b\ #). 

But on the remainder of the contour the integrand -> o as R -> 00, and so 

Tg-»/ = —.(* T(-5) T(a + 5) T(i +a-b + s)z~sds, (3.1.17) 
2777 J c—ioo 

provided that |arg sr| < f-77. Hence we have the Mellin-Barnes integral for U(a;b\ z), 

j rc+ioo 

Y(a)Y(i+a-b)zaU(a;b\z) = —. Y(-s)Y(a + s)Y(i+ a-b + s)z~sds, for [argsr| < §7r, 
2777 J c—ioo 

(3-1-18) 
a =(= o, 1,2,... and b-a 4= o, 1,2,.... 

From this we can deduce the corresponding Euler integral for U(a\ b\ x). We have 

r /*c+ioo 
i = —r(—s) r(«+5) r(i+«—b+s)x~s~ads 

2,771 J c—ioo 

= — fc+tc°r(-s)r(i+a-6 + s) f" e-rip**-1 di)ds 
27TlJc-in Uo I 
poo l T rc+ioo 1 

= e_a!Ta_1 —. r(-5)r(i +a — b + s)tsds d£ 
Jo \27Tt Jc—ico j 

1*00 

— J t~xt ta~\ i + t)b~a~x r(i + a — b)dt, 

- za 2 r(6 — 1 — n) T(i + a — b + n) z1~b+n 
n= 0 

(“l)’ 
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since Rla > o, and so if Rlx > o, this interchange in the order of summation is justified. Hence 

U(a \ b; x) e~xt ta-\i + tf-0-1 dt 
r(a)J0 

for Rla > o, R1 x > o. 

This integral can also be transformed in various ways. If tx = v, 

vl—6 I'm 

U(a ;b;x) = — e~v va~\x + v)b-a~x dv. 
i \a) Jo 

ex r°° 
If w = i + t, U(a;b]x) = e~xw(w — i)®-1 wb~a~x dw. 

1 \a) J1 

9I-b I'm 

If ^ = i + 21, U(a ;b;x)= w ^ ) e~ixs (s — i)a_1 (5 + i)6-**-1 ds, 

and if cosh 6 = s, U(a \b\x) 

If u = d—(d — c)jw, 

U{a ;b;x) 

r(«) J1 

2^—^ c^x 

r(a) 

(d-c)b~aex !‘d 

Q-ix cosh 9 gjnh 0b-1 coth (^/9)6-2“ ^Q. 

(3.1.20) 

(3.1.21) 

(3.1.22) 

(3-x-23) 

r(a) 

rd 
exp{ — x{d~c)j[d — u)}{u — c)a~x{d — u)~bdu. (3.1.24) 

3.1.3 Pochhammer’s contour integrals for Rummer’s function 

The elementary Euler type of integral (3.1.2) has the restrictions o < Rla < R16. If required, 

these restrictions can be relaxed or removed entirely provided that the integral is defined as a contour 

integral round a suitable contour. Let us consider first the integral round the contour OGG', Fig. 3.2. 

f( 1+) 
f = ext ta~\ 1 - t)b-a-x dt. 

Jo 
(3-!-25) 

This contour can be deformed into the real axis from o to A(i —e), the circle C centre 1, radius e> 

and the real axis again y3'(i — e) to o. Then 

= [1 — exp {2{b — a) m}] f ext ta~\i — t)b~a~1 dt + f ext ta~\ 1 — t)b~a~x d£, 
Jo Jc 

= [1 — exp (2(b — a) m}] I — [1 — exp (2(b — a) mj] f ext ta~\i — t)b~a~1 dt 

+ J e?1 ta~\x — t)b~a~x dt, 

where / = j* extta~\i—t)b~a~x dt. 

But lim extta~\i — t)b~a~xdt = lim extta~\ 1 — t)b~a~xdt = o, for Rla > o. 
e—>-oJc e-»0 Jl —e 

Hence f= [1 — exp {2(b — a) ni}] /, (3.1.26) 

if b — a is not a positive integer, so that 

1^1 [a; b; x\ = m 
r(a) r(6 - a) [1 - exp {2(b - a) 772}] 
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Fig. 3-3 
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that is, since 
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(i — 

F(6 — a) [i — exp {z{b — a) ni}] 

(;t-i)b~a-1 T(i + fl —6) 
277'/ 

xFr[a] b] x] 
Y(i+a-b) r(b) 

r(a) 2777 
txt ta~\t j^b-a-1 (J i 

But this expression is analytic for all values of b. Hence this result holds under the conditions that 

R1 a > o, and b — a is not a positive integer. 

Fig- 3-4 

In a similar way we can remove the condition Rla > o, by considering this integral round the 

contour IGG' in Fig. 3.3 f(0+) 

/2 = J txtta~\i — t)b~a~xdt, (3.1.28) 

where IGG' is a contour which deforms into the real axis (o + e, 1) and the circle centre o radius e. 

The result in this case is 

^[^b^x] 
e-ani — fl) Y(b) 

2mT(b — a) 

*(0+) 
£xt fa-J _ f^b—a—1 4^ (3.I.29) 

for Rib > Rla, a 4= 1,2,3,.... 

We can finally remove both conditions at once by taking the integral round Pochhammer’s contour 

(Watson, 1946, § 12.43) (Fig- 3-4)- 

Then we find that 

-e_7rif>r(i — a) r(6) T(i + a — b) |’(i + .o+,i-,o-) ^ ^ ^ 

477^ T (3.1.30) 

where a and b — a are not positive integers. 
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The contour of integration has been deformed into the real axis (o + e, i — e) traversed four times, 

twice in each direction, and the two circles radius e, centres o and i traversed twice, once in each 

direction. 

Fig- 3-5 

3.1.4 The Pochhammer integrals for U(a;b;x) 
We have already seen that 

U(a \b\x) = j e~xt ta~\ i + t)b~a~1 At, 

where Rla > o, and Rlx > o. If we wish to remove the unduly restrictive condition on x, we can 

Fig. 3.6 



42 CONFLUENT HYPERGEOMETRIC FUNCTIONS 

extend this to R1 (,xt) > o, where t is along a ray through the origin making an angle (j) with the 

positive x-axis. This gives the line integral 

U(a \ b; x) C~xt ta-\l + tf-a-1 di, 

for — \tt < argx4 </> < \tt and Rla > o. Here ta_1 and (i +t)h~a~1 are assumed to have their prin¬ 

cipal values. 

If we extend the integration round the contour we can relax the condition on a and we find the 

contour integral (Fig. 3.6) 
.T(i-a) f<°+> 

U(a \ b] x) = e-<Mn——:—- e~xtta~Hx + t)b~a~1dt, 
2m Jmei4> 

where \(j)\ < Trior |argx| < bnanda 4 1,2,3, •••• Hereargf = arg(£+i) = 0 at the start of the loop. 

3.2 Elementary indefinite integrals 

The following integrals are deduced directly from the corresponding formulae for the derivatives 

in §§2.1 and 2.1.1: r ^ ^ 
xF-^a; b; x] dx =-\Fx[a — 1; b — 1; x] + C (a f 1), 

CL — I 

and 

Jx6_1 xF\[a )b-,x] dx — Fi[a; 1 + b; x] + C, 

/* —1 
xa~t1Fx[a\ b; x] dx —-\Fx[a— 1; b\ x] + C (a 4 1), 

J & I 

j e~x xF\[a; b; x] dx = ^~^ rF-^a ;A-i;x] + C (b — a 4 1), 

z~xx*-1 xFi[a> x]dx = e X ^[1 4a; i + i;x] + C, 

je-xxb-a-2xFx[a; b; x] dx = +a] b\x] + C (b-a^ 1), 

where C is the constant of integration. 

The corresponding integrals for U(a; b; x) are 

(3-2-i) 

(3.2.2) 

(3-2-3) 

(3-2-4) 

(3-2-5) 

(3.2.6) 

and 

\U(a) b\x)dx = —U{a-i; b- 1; x) + C {a 4 1), (3*2.7) 
J \ CL 

x6_1C/(«; b; x)dx = U(a; b+ i;x) + C (a 4 b), (3-2-8) 

^Cl—1 
xa~2U(a; 6; x) dx = ; ^ U(a - 1; 6; x) + C (a 4 1 and a 4 b), (3.2.9) 

jz~x U(a-yb] x)dx = -e~xU(a;b-i‘,x) + C, (3-2.10) 

Je^x6-1!/^; 6; x)dx = -e~xxbU( 1 4a; i+&;x) + C (3.2.11) 

Je~xxb~a~2U(a\b\ x)dx = -e-^-Tfi+a^jxJ + C. (3-2.12) 
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3.2.1 The Laplace transforms of iFx[a; b; x] 

We shall write /•«> 
e-*‘/(()d( = S„{/(0}, 

and we define the Laplace transform of f(t) as the integral g(s), whenever this integral exists in the 

Lebesgue sense. See Erdelyi (1954) for references, and Titchmarsh (1937) or Widder (1941) for the 

background and theory of these transforms. Since 

e-st tv fa — E( ! y) s-1-", 

for R1 v > — 1, R1 s > o, that is — r(i + v) s~x~v, 

(3.2.14) 

we find that the Laplace transform of the generalized hypergeometric series is, interchanging the 

order of summation and integration, 

e~sttv^AFB[(a); (b); kt] dt = T(v)s~vA+1FB[(a), v\ (b); k/s], 

for A < B, R1 v > o and R1 s > o, or A = B, R1 v > o, R1 s > R1 k. 

In particular for A — B — 1, we find that 

(3-2-15) 

I' 
e~st tb~x c\ kt] dt = F(b) s~b 2F1[a,b\ c', k/s], (3.2.16) 

for R16 > o, RL > o and Rls > R1&, \s\ > |A|. If k = and either c = \{a + b+ 1) or b = i—a, the 

2F1[l] series are summable (Bailey, 1935, §2.4), and we find that 

i: e-sttb-iiFl[a; \{a + b + 1); ist] dt = s-bT(l)r(b)T^ + 2a+lb) 
r(HK>r (Hi*) 

for R1 b > o and R1 s > o, and that 

r« , . . r(i-a)r(ic)r(ic+i) 
Jo i*ila,c,2st\at r(ic+i«)r(i+ic_i ay 

for Rl(i — a) > o and RL > o. 

Alternatively, we can transform the 2-^i[x] series and we find that 

(3-2-17) 

(3.2.18) 

r Jo 
e-*p~11F1[a;c;kt] dt = F(b)(s-k)~b2F1[c-a,b-,c-,k/(k-s)] (3.2.19) 

for \s-k\ > |£| by Euler’s transform (Bailey, 1935, §2.4. (1)). Further, when b = c, in (3.2.16), 

e_s( tb~x xFx[a; b; kt] dt = T(6) s~b xF0[a; ;k/s] 

— F(b)s~b(i — k/s)~a, (3.2.20) 

for R\b > °> R1 s > R1A, | s\ > |k\, if we carry out the summation by the binomial theorem. 

From this result we have 

I'm C® 

I e~st tb~x xFx[a; b; kt] dt x J ^ e~s< tb'~x xFx[a'; b'; kt] dt 

m F(b') 

F(b + b') 
e~sttb+b +11F1[a +a’; b + b'; kt] dt, (3.2.21) 
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where R16 > o, R16' > o, and Rls > i. Also, if A = o, B = i, in (3.2.15), 

Bco 

Jo 
e-stta~iop^ ; b; kt] d£ = r(a)s a1F^cr, b\k/s], 

for Rla > o, Rls > o. But 0i4[ ; b\ — x] = r(6) xb-&Jb_1(2xb), 

a Bessel function. Hence, if we write k — — x, 

i 
for R1 a > o and Rls > o. In particular, when a = b this result becomes 

(3.2.22) 

^[a; b; -x/s] - | e~st ta~^bJ6_1(2X^) dt, 
I (a) 

j; e-stfa-i^p^ ; a; kt] dt = T(a)s~aek/s 

If we apply Rummer’s first theorem to this result (3.2.23) we get 

' * t~s‘tif‘-l-aJd_l(2xlti)dt, Ala; b; x/s]- r{b_a). 

and if we put r for st, z for x/s, this becomes 

m 
= r(i_a). 

If in (3.2.23) we put —x for x we get 

m 

e-Tr^6-^-aJJ,_1(2^T^) dr. 

-JT 1JP1[i2; b; x/s] — ~~^rX^bsa j z~st taA-& lb_x/2X^i) dt. 
1 (a) 

(3-2-23) 

(3.2.24) 

(3-2-25) 

(3.2.26) 

(3.2.27) 

The general product theorem for Laplace transforms is: if the integrals gx{t) and g2(t) are absolutely 

convergent then rco , rt 

0 Uo 
fi(T)A(t-T)dT]e-stdt. (3.2.28) 

This theorem can be applied to each pair of the above results to produce further results. Thus 

Jo e_S<{J0T/i_1^K^; (6); ^T] (yt~T)'1~1A'FB'[{a')\ (b')-,k\t-T)] drj dt 

= r(A) ^{v)s-^-vA+xFB[(a),[i\ (b); k/s] A-+1FB{(a’), v\{b')\k'/s], (3.2.29) 

for A < B, A' < B’, Rl/i > o, R1 r > o, RH > o, or for A — B, A' — B’, Rl/< > o, Rlr > o, 

RR > R1&. If A = B — 1 = A' = B', we have 

3 e-s*|7;b;kt](t- t)-1^' ; b'; k\t - r)] drj dt 

= r(A) L(^) s-i*-\Fx[a, b; k/s] 2F1[a', v; b'; k'/s], (3.2.30) 

for R1& > o, R16' > o, Rls > o, RR > R1&, and |s| > |/e|. In particular if jlc — b, v = b', 

j; e_s(|J^ T*-1 Ma; b; kr] (t — r)6'-1 ^[a'; b'; k(t - r)] drj dt 

IXb+t') Jo e Sttb+b 1 d~a>\ bdrb> \ kt] dt, (3.2.31) 
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by (3.2.21). But if SfeiW) = £{&(*)} 

then £i(*) = g*(s)- 

Hence we have the integral addition formula for Rummer’s function 

Jot6_1i^i[«; b; hr] (t-t)6'-1 ^[a ;b')k(t-r)] dr = tb+b'~11F1[a +a'■, b + b'] kt], (3.2.32) 

for R17 > o, and RIF > o, and if a' = o, and b + b' = c, 

j^-T^fJaib; kr] dr = ^ ^~XiFx[a\c; kt], (3-2-33) 

for RR > R17 > o. In particular when t = 1, and b = 2a, 

1F1[a;c;x] = 
r(c) jn ^_a j 

’ f &XT raA( i — T)c_2a_17a_i (Rr) dr 
Jo 

(3-2-34) 

(3-2-35) 

T(a) r(c — 2a) 

for RR > 2RR > o, since iFx[a; 2a\x] = Y{a + ^){\x)^~at^xIa_^{\x). 

It should be noted that each Laplace transform can be extended in definition to become a contour 

integral round a single or a double loop contour of the Pochhammer type. Each such extension will 

result in a relaxation of the conditions for convergence. 

3.2.2 The inverse Laplace transform 

We write j j'c+ico 

F(t) = — etsg(s) ds = %{£(*)}, 
J c—i00 

(3-2-36) 

and call F{t) the inverse Laplace transform of g(s). This inversion is always valid if £{F(f)} converges 

absolutely onRh = c and F(x) is of bounded variation in some neighbourhood of t. 

We deduce immediately that, since 
jv—\ j rc+ica 

pTw = —ests~vds, (3-2-37) 
I \V) 27Tl Jc—ico 

for R1 v > o, Rb > o; the inverse Laplace transform for the generalized hypergeometric series is 

p>—1 r t'c+ixi 

aFb+i[(a); (&)> v; kt] = — ests-vAFB[{a)-(,b)]k/s] ds, (3-2-38) 
27/l J c—i00 F(v) 

for A < B+i, Rb > o, RR > o; or for A = B + i and Rb > RR, RR > o. In particular for 

tv 
A = B = 1, we have x 

L(p) 

j rc+i co 
xF2[a;b,v;kt] = —. e®b-"1Fi[fl J b; k/s] ds, 

277Z J c—ico 

for Rb > RR, RR > o; and if a = v, 

,b;kt^ 2777 j c—i<x> 

for R1 s R1 k and R1 cl ^ o, or, expressed as a Bessel function, 

T fc+ico 

e^RL-F^a; b; k/s] ds, 
'■ J c—ic 

fa—ib—h j fc+i 

R—(b) 76_1(2khi) = —. e^F^a; 7; k/s] ds, 
I /d) 2777 J c—%a> 

(3-2-39) 

(3.2.40) 

(3.2.41) 
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for RIs > R1 k, R\a > o. If A — 1, and B = o, we have 

fv-\ c+i 00 

j rc+ioo 
= —. es<s~"(i — &A)~ads, 

2mJc-io0 

for Rly > o and Rls > RIF Again if A = 2, B — 1 and a2 = v, in (3.2.38), 

t r'c+io0 

iF-^a; b; kt] — —.r(r’) tx~v ests~v2Fi[a> v\b; k/s] ds, 
2Til J c—ico 

(3-242) 

(3-243) 

for Rlt> > o and Rls > RIF In particular if v — 1,2,...,«+1, a positive integer, the integrand is 

a one-valued function of s, and the path of integration may be replaced by a closed contour, for 

example by a circle centre O, radius |s| > 1, and then 

for n a positive integer. 

71! C 
iFJa; b\x ] — —~.x~n tsx s~n~x a,1 +n;b; ils] ds, 

27TI Jc 
(3-244) 

3.2.3 The Laplace transform of U(a; b; jc) 

From the definition of U(a\ b; jc) in terms of two Rummer functions we can deduce from (3.2.22) 

2xi~Rsa f00 
that 

U(a; b; x/s) 
T(a) r(i+«-6) jo 

for R1 a > o, R1 (a — b) > — 1, and R15 > o; where 

jxhb—% 

e-stta-i-ibKb_1(2X^ $) dt, 

x i-R 
&[ 5 2-b\x\\, 

(r(i)°xu,,,,‘VJ r(2-^)° 

and inversely 2taA-RKb_1(2xh?) = —-) f ttss~aU(a; b]xjs) ds, 
2TTlX^b Jc-i 00 

for Rla > o, Rls > o. 

The elementary integral (3.1.19) can be written 

S{^-1(i+06-“-1}= U(a;b;s) 

for R1 a > o, and R1 s > o; and this gives the inverse 

j rc+ioo 
ta~\ 1 + Ob_a_1 = —-. ets U(a; b; s) ds, 

27TI J c—ico 

(3-245) 

(3.2.46) 

(3-247) 

(3.2.48) 

(3-249) 
for Rla > o and Rls > o. 

From (3.2.16), since 

n r 7 r(c)r(c —fl —6) 
2F1[a,b-,c-,x] = p(c-b)2^’b’ I+a + b~c'> I-XJ 

, . . T(c) Y(a + b — c) 
+ (i-x)c a -r(a)T(6) ^[c-a^-b] i+c-a-b; i-x] (3.2.50) 

(Bailey, 1935, §1.4.1), we find that 

J) e~sttb~1U(a; c; t)dt = i +b-c; i + a + b-c; i-s], (3.2.51) 
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for R16>o, Rlc<R16+i, |i—s|<i, 

=: T^-~{a + L c) S~b 2^1 b'>l+a + b-c;i-i/s] for RH > |. 

On inversion these give 

r(Z>) T(i +b — d) £1-6 fc+i 
U(a \ d;t) = 

T(i+a + b~d)2m Jc_ 

r^Tii+b-d)^-* f°+i 

47 

(3-2-52) 

T(i + a + b — d) 2777 

for R1 b > o, Rid < 1 + R1 b, R1 s > 

An integral connected with these is Meijer’s integral 

eS<2^i[^> i+b — d; i+a + b — d\ 1 — 5] dv, (3.2.53) 
i co 

■b f*c+i 00 

7 es^“627rx[<3>^; 1 + a + b — d; 1 - i/s] ds, (3.2.54) 
l J c—i co 

% a—b l' co 

U(a;d;x) = 7=-^- z~xtt6-1 ^[a, i+a — d\b\ —t\dt, 
1 \b) J 0 

for R1 b > o, Rlx > o (Meijer, 1936&); and the inverse of this integral is 

2iT[<2,1 + a — d; b; — i] = W: 
2777 

b ['c+io0 

zstsb~aJJ{a \ d; s) ds, 

(3-2-55) 

(3-2.56) 

under the same conditions. We can deduce (3.2.55) from the Barnes integral for U(a; d; x) (3.1.18), 

which is written as 

1 p+too r( — s) Fja + s) T( t + a — d + s) 
T(a) r(i +a — d) U(a;d; x) = —-. 

277"7 J c—ioo 

But *«P 

r(j : b) 

t-st fs+b-1 df — r(^+6). 

jc_s_°r(^ + 6) d^. (3.2.57) 

Hence interchanging the order of the two integrations we find that 

(3-2.58) 

and this inner integral is the Barnes integral for the Gauss function 

(Bailey, 1935, §1.6). 

^[a, i+a-d; b\ -fj, 

3.3 Mellin transforms of iF^a; b; x] 

We define the Mellin transform as 

s{s)=J f{x) xs_1 dx = yRs{f(x)} 
0 

(3-3-0 

and the inverse Mellin transform as 
T I'c+io0 

(3-3-2) fix) = —. 
2777 

g(s)x~sds = 2R*{£($)}.- 
J c—i co 

These transforms hold under the condition that £($) exists in the Lebesgue sense over the range 

o, 00. 
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For the generalized hypergeometric function we find that 

(b);y/k] = x3-1 t~kx AFB[(a)\ (b)\xy] dx, (3-3-3) 

by expanding the series under the integral and using (3.2.14), for R1& > o, and Rls > o and either 

A < B or A = B and |y| < 1. Inversely we have 

r fc+ico 

erkxAFB[(a); (b); xy] = — k-sx~8F(s) A+1 FB[(a),s; (b);y/k] ds, (3.3.4) 
2711 J c—ico 

under the same conditions (see Slater, 1955^ for more general results). These two results should 

be compared with the corresponding results (3.2.15) and (3.2.38) for the Laplace transform. The 

first integral is substantially the same as (3.2.15) but its inverse is new. In particular if A = o, B — 1, 

for RIs > o, and 

for R1 s > o; that is 

F(y) 1 F1[s;b-,y]= e~x x3-10F;[ ; b; xy] dx, 

t rc+ico 

:0iy[ ; b;xy] = —. x-sT(s) ^[s; b;y] ds, 
2711 J c—ico 

I 
F(s) ; b; y] = r(7) xs-1(xy)£_i6 e~x 76_1(2x^y4) dx, 

for RL > o, and 
e~x Ib^i(2x^yi) (xy)%bA F(b) = 

j rc+i 00 

2 m 
x~sr(5) ^[s] b\y] ds, 

C— I CO 

for Rls > o. From (3.3.7) we deduce 

F($ + £) i^i[— 5 > i > y] — J" xS~^ cv~x cos (2xiyi) dx, 

for Rls > and rj(zy) + — s; f\y] = j' xs_1 ev~xsin (2xiyi) dx, 

for Rls > — 

If A =B = 1, in (3.3.3), 

2F1 [b, s\d; kja] a~sF(s) = J e~ax xs_1 ^[b; d; kx] dx, 

for Rla > o, Rla > R1&, and Rls > o; and inversely 

j rc+i 00 

^~ax1F1 [b; d; kx] = —. x-sa-sr(s) 2F1[b, s;d; k/a] ds, 
27TI J c—ico 

under the same conditions. 

From the Barnes integral 

i-Pi[tf; b;x] = 
m 

we get by inversion 

for o < Rls < Rla. 

T(a) 277i 

T(b) r(s) r(a-s) 

rc+i 0 

Jc—ia 

r(—5) r(a+5)(—xy 

F(b + s) 

F(a) F(b - s) = Jo /S1 lFl^ d*’ 

ds, 

(3-3-5) 

(3-3-6) 

(3-3-7) 

(3-3-8) 

(3-3-9) 

(3-3-I0) 

(3-3-11) 

(3-3-!2) 

(3-3-I3) 

(3-3-H) 
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3.3.1 The Mellin transforms of U(a; b; x) 

From (3.3.5) and (3.2.46) we deduce 

U(s; b\y) — 
f* CO 

erxxs~\xy)k-^bKh-fzxky%) dx, (3-3>I5) 
'Jo r(5) r(i -&+.?), 

for Rls > o, Rl(s-6) > — 1, and inversely 

, , ex i'c+ico 
K^zxiyi) = '•f> x-T(s)r(i+s-b)U(s-,b]y)ds, (3.3.16) 

4"z J c—ioz 

under the same conditions. From (3.3.n) using (3.2.50) we deduce 

a_sr(5)2Fi[^,5; 1 +b + s — d; 1 —k/a] T(i +5 — d) = T(i +b + s — d)j e_aa:xs_1 U(b; d; kx)dx, (3.3.17) 

for R15 > o, 1 + R1 s > R1 d, and inversely 

tkv. j u \ e“x fc+icor(i+5-j)a-sx-sr(^) , , .... 
U(b-d-kx)=~i]c(x r(l + b+s_d) ’^[b-.r.i+b+s-J-.i-k/aids, (3.3.18) 

under the same conditions. From the Barnes integral 

U(a; b; x) 
'c+ioo 

we find that 

T(a) r(i + a — b)2m 

T(^) r(fl-j) Tf-b + a-s) 

T(a) r(i +a — b) 

for RI5 > o, Rl<2 > o, 1 + Rl(<2 — s) > R16. 

3.4 The Hankel transforms 

We define the Hankel transform of order v as 

r(—s) r(a+s) r(i — &+s+<2)x~s_ads, (3.3.19) 

xa-s-i jj(aj b; x) dx, (3.3.20) 

/*oo 

g(y,v) = §v{Ax)\y) = I /W%)^j)dx, (3-4-1) 

where y is a positive real variable. The transform is its own inverse and it reduces to the Fourier 

sine and cosine transforms respectively when v — + 

Let us consider . 

I = J x2b~u~^ b; — kx2] Jv{xy) V(XT) dx. (3 -4-2) 

If we apply Rummer’s first theorem to the function, interchange the order of summation and 

integration and then integrate by the Laplace integral, we find that 

I = 
m 

z2b-2a-v-l]i-ay2a-2b+v+i ^ ; i + <3 — 6 + ; — y2/4/?], (3-4-3) Y(a-b + v+ 1) 

for R1 k > o, y > o, o < R16 < f + R1 (a + %v); whence, if k = \ and b = \ + \a + \v, 

xa-±1Fl[a-,\ + \a + \v, -|x2] Jv(xy)j(xy)dx \ + \a + \v\ ~iy2], (3.4.4) j; 
4 SCH 
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for R1 a > — £ and R1 (a + v) > — i; and if k = J and b = i + v — a then 

f* CO 

I xu+i~2axFx[a\ i + v — a; — |v2] Jv{xy) \J(xy) dv 

= 2~2a+v+$ ^y2a~v~^e-^2 Ia-$(iy2), (34-5) 

for Rl(a + |n + f) > Rl(i + v — a) > o. 

The inverse of this integral is 

xF^a\ i +v — a; — |-v2] = V77"“ 2i+v~2ax2a~v~i 
I (a) 

x Jo e~iv2y2a~v~iIa~i^y2^ J*(xy) V'(^) dx> (34-6) 
under the same conditions. Also 

Jr xV+ilF^2a ~ v» 1 +a; _^x2] = 2"_a+^ f y2a~v~^e~^2^a-,-|(i3;2) JXxy)^J(xy) dy, (34-7) if2a —vj jo 
and inversely, 

Jo X"+i“ v’ 1 + a’ ” M ^(XA) VfoO dx = 2"~a+iy2a~v~i e-^2 Ka_v_±{ly2), (3-4-8) 
for R1 v > — i, Rl(4fl —3^) > J. 

The Hankel transforms can be deduced directly from the Laplace transforms (Tricomi, 1954) 

and they are also special cases of the Mellin transforms (Slater, 1955 d, § 5.6). 

3.5 Elementary integrals for the Whittaker functions 

From the elementary integrals for ; b; x] and the definition of Mk m(x) we deduce the following 

elementary integrals for Mkm(x): 

Y(\ + m — k) T(\ + m + k) n/r . . ,, if1 . . ,. , , 
——-^ -l Mk>m(x) — xi+m e~LJ ex" um~k~2 (1 — u)m+k~§ du, 

— x^~m e~ix | e* vm~k~^{x — vyn+k—i fa), 
Jo 

— xi+m eix f Q—vx vm+k—\^ j _vyn-k-\ 

Jo 
r +1 

= Xm+i2-2m\ (i + u)m~k-i (i - u)m+k-l tixu du, 

r 1 
_ xm—\2—2m e-isx ( j — s^m—k—l (14- Am+k—£ 

_ xm+i2-2w» j* e-ix c°s 0sin2m# cotan 2k(\6)dd, 

— xm+^2~2m j e^C0S^sin2m tan2A"Q^>) d(j), 

I'd 
— xm+i^ _ ^-2m Q—xc/(d—c) q-^x. gxu/(d—c) _ uyn+k-\ 

1 d0 
x (u — c)m~kdu, 

all under the conditions R1 (| 4- m + k) > o, | arg jc| < it. 

(3-5-1) 

(3-5-2) 

(3-5-3) 

(3-54) 

(3-5-5) 

(3-5-6) 

(3-5-7) 

(3-5-8) 
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The corresponding integrals for Wk>m(x) are 

Pco 

k) Wk>m(x) = x^~m e-!* j e~“ um~^~k{x + u)m~^+k du, (3-5-9) 

I* co 
— xi+m e—\x 1 Q—xt -f-Xm+k—^ 

Jo 
(3-5-10) 

f*co 
— X^+m eix 1 g—xw (yy — j yn—k—\ (3-5-11) 

I* 00 

_ xi+m2-2m e-lxs (s — I + I )m+k~i d5, (3-5-J2) 

f*co 
= xi+m2~2m e~ix cosh 0 sinh2m 6 coth2^ (-|6) d0, (3-5-I3) 

— xi+m e^x (rf — c)i+m+k j exp j-^-- J (u — c)m~k~i(d - _tt)-i-2»»dK, (3.5.14) 

all under the conditions Rl(^ + m±/e) > o, |argx| < it. 

3.5.1 Barnes type integrals for the Whittaker functions 

The Barnes integral for Mk>m(x) is 

Mfc,ni(x) 

xm+i e-ix r( i+2m) fc+ico r(—5) r(^+m—k+5) 
Y(\ + m-k)2m Jc_ioo r(i+2m + ^) X S’ 

for |argx| < |7r, and 1 + 2m 4= o, — 1, —2, .... This follows from the definition of Mkm(x) in terms of 

iF^a; b\ #] and the corresponding integral (3.1.15) for ^[a; b\ x], or it can be proved directly by 

considering the integral round a rectangular contour as for Kummer’s function. 

The Barnes integral for Wk m(x) is 
xk e—\x ('c+ico 

r(^-m-k)T^ + m-k)Wk>m(x)=^-~- T(-s)r^ + s-m-k)r^ + s + m-k)x-sds, 
27TI J c—ioo 

(3-5-!6) 

for |argx| < \tt, and \ + k±m =(= o, 1,2,.... This also follows from the expression of Wk>m{x) in 

terms of U(a; b\ x) and the corresponding integral for U(a] b\ x) (3.1.18), or directly, as for Mk m(x), 

by contour integration. 

3.5.2 Pochhammer contour integrals for the Whittaker functions 

Again we can relax the conditions of validity by extending the elementary integrals for Whittaker’s 

functions to contour integrals of Pochhammer’s type. Thus for Mk rn(x) we have 

Mk m(x) = T(J -m + k) r(£ — m — k)Y(i+ 2m) xl+m2~2m exp {- mini -£ + &)} 

4n J ±1 

■(+1+,-1+,+ 1-.-1-) 
^2 _ j yn-{ 5+1 

5—1 

±fc 

d+ (3-5-W) 

for arg(5+i) = o, arg(5—1) — —n initially, where the integration is round a contour similar to 

Fig. 3.4, about the points — 1 and + 1, and the upper or lower signs should be taken throughout the 

equation. 

4-2 
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For Wk,m{x) we have 

WkJx) = —.T(k + ^-m)t-ixxk f(°+)(i + t/x)m+k-idt, (3.5.18) 
’ 27Tl J 00 

for |arg(— i)| ^ 77, k — ^ — m=(= — 1, — 2, .... Here the integration is round the contour of Fig. 3.6. 

This integral is substantially equivalent to Whittaker’s original definition of the function (Whittaker, 

1904). Both integrals have various transformations similar to those of the elementary integrals (see 

Buchholz, i953» §§5-(iH7))* 

3.6 The Laplace transforms of the Whittaker functions 

From the corresponding integrals for Rummer’s functions we can deduce the Laplace integrals 

for the Whittaker functions, and the inverse Laplace transforms. Thus we have from (3.2.16) 

J e~sttv~1Mk m(bt) dt — $+mY(v + \ + m) (s + \b)~v~^~m2Fi[| + m — k,^ + m + v; 1 + 2m; b/(s + \b)\, 

(3-6-1) 

for R1 s > Rl|6 and R1 (y +-§• + w) > o. In particular when s = \b the 2Fi[:i] series is summable by 

Gauss’s theorem (Bailey, 1935, § 1.3) and the integral reduces to 

T(k f00 1 hi 1/r \ j r(& — v) T(\ + m + r) T(i + 2m), 
t-\bt tv~xMk Jbt) dt = -I-.-'.V2 , / v-r—b~\ 

Jo ’ r(i + m + k)r(i + m-v) 
(3.6.2) 

for Rl(i7 + | + m) > o and Rl(& — v) > o. If v — m + \ the 2FX series reduces to a binomial series and 

) 
Q-sttm~iMktm(bt) dt = Z>TO+ir(i + 2m) (s — 1 b)k~m~% (5 + \b)~k~m~^, (3-6-3) I, 

for Rim > — \ and Rls > |Rl|i|. 

For the integrals in terms of Bessel function we have from (3.2.27) 

for R1(A — m) > and from (3.2.26) 

(3-6-4) 

(3-6-5) 

The inverse Laplace transform gives, from (3.2.39), 

xv 1b^+mlF2[l + m-k; 1 + 2m,v; bx] = --f I esx+bl2ssi+m~v Mkm{b/s)ds, (3-6.6) 
27^2 J c—ioo 

for Rls > R1&, and Rlr > o. If \ + m — k — v, 

U71 m_kI fc+ioo 
xm-fc-JoFi[ ; 1+2WJ foe] = —-7-- I esx+bl2sskMk>m(b/s)ds, (3-6.7) 

2777 J c—i 00 

for RL > Rlfo and Rl(| + m — k) > o. This integral can also be expressed as a Bessel function, 

X ^ 2 TV I -4~ T /*C-Hoo 

- 5S L. **»*uum*. (3-6.8) 

under the same conditions. 
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From (3.2.42), we deduce 

^\bx j rc+ico 

Mk>m(bx) = —. tsxs~l~2m(i—b/s)k~i~mds, (3.6.9) 
27TI J c—too r(i +2 m) 

for Rl2m > — 1 and Rls > R1&; and from (3.2.43), we deduce 

1 i TYF) x1^ fc+ic0 

t^bx(bx)~^~mMk>m{bx) = — —— ests~vzF^ + m — k, v; 1 +2m; b/s\ ds. (3.6.10) 
2777 J c_too 

For the Whittaker function Wlc m(x) the Laplace transform is, from (3.2.51), 

f*CO 

Jo 
e~st tv~1Wk>m(t) dt = r^+^+m)r(^+i m) ^ + 

T(i + v-k) 

x2F![l + m-k,% + m + v, i + v-k](s-^)/(s + %)], (3.6.11) 

V(v 4-1 + m) T(v 4- \ — m) 

T{i+v-k) 
zF^-m + v^ + m + v, v-k+i\ |-s], (3.6.12) 

both for R1 (s + *)> o and Rl(y + ! + w) > o. These 2FX series can be transformed in several ways, 

and in some cases the series may become summable. Thus if s = § and v = k + 2m, 

if s = I, 

and if s = — ^ 2 > 

e-^tk+2m-Wktm(t) dt 

/, 

Jo &r-xWktm(t)te = 

F^ + m + i) r(p + f + f m) 

(k + \ + 3m) F( - \k + f 4- \m) ’ 

T(v4-\ — m) T(v4-i + m) 

ix„+i-a) 

T( — k — v) T(| — m — v) T(| 4-m — v) 

T(\ — m — k) r(i 4-m — k) 

(3-6.I3) 

(3.6.14) 

(3-6.I5) 

The inverse transform has the forms 

'c+i co 

2777 Jc-too (5 4-|)('+m+i 
iF-Sk + m-k, \ + m + v\ i + v — k\ (s — ?)/(s + %)] ds 

r(i + v—k)xv~x 

T( 2 + v 4- m) r(J + v — m) 
j rc+1<» 

and —. esx2Fi[|-7«4-J;,l + m + j'; 1 +v-k; J-^d^ 
2,771 J C—ICO 

under the conditions R1 (v 4- 4 4 m) > o, R1 s > — 

The elementary integral (3.5.10) has the inverse 

T(i+v-k) t!'~1 

r(l 4- v + m) T(| + v — m) 

Wk,nix\ (3-6-i6) 

WktJx), (3-6-17) 

+ {yn+k-\ _ J*(2 + m.—^)f et(s+i)s~i-m Wk m{s) ds, (3.6. l8) 
2,771 J c—io0 

for Rl(^4-m — k) > o, and there are corresponding inverses for the other integrals of §(3.5). 

The process used to deduce (3.2.55) also leads to 

WktJx) = X ^ -t]dt, (3-6-19) 
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for R1 b > o and |argx| < \tt, and the inverse of this integral is 

T(b)tl~b TYAW1-& rc+i<n 
^[1 +m-k,\ -m-k;b;-t\= { e(t+i)s sb-i-m+k w^s) (3.6.20) 

'ZTTl J c—i°o 

for Rls > o. 

Finally from (3.2.45) we find that 

Wm,v{xls) 
2 <] x s~m e~bx/s 

for R1 v > R1 m — \ and R1 s > o; and its inverse is 

Tr , 11. T(i — v — m) r(i + i^ — m) fc+i 
K2v( 2xhl) = —^; ti+m 1 

for Rls > o. 

e-stt-m-lK^2Xhtl) d#> 

*Jx 4772 

(3.6.21) 

rc+ico 
eStsmetxlsff/m^xJsjds, (3.6.22) 

J c—i co 

3.7 Integrals involving pairs of Kummer’s functions 

There are large numbers of integrals involving pairs of confluent hypergeometric functions 

throughout the literature. Lists of the main results are to be found in Erdelyi (1954) and those for 

the Whittaker functions in Buchholz (1953). Here space forbids any attempt at completeness so we 

shall only consider some elementary integrals which do not seem to have been stated before, as 

examples of the main methods used to deduce such results. We start from the general integral 

-j: e~st td-'AFB[(a); (b); kt\ A.FB,[(a'); {b'); k't] dt, (3-7-1) 

where R1 d > o and RL > o. If we interchange the order of the double summation and the integration, 

we find, by (3.2.14), Laplace’s integral, that 

1 = AKaV+'M*');*7*]- (3-7-2) 

This inner series is not in general summable, but if s — k! and A' — B' = 1, it becomes 

2Fi|\a',d+m\ b'; 1], 

which is summable by Gauss’s theorem, and we deduce the result 

e-^ AFB[(a); (b); kt] ^[a'; b'; k't] dt 

= k ~d ^Y^—a'yr(b'—d) ^A+2^B+i[(a)y d,i+d-b'; (b), 1 + d+a' — V\ k/k'], (3.7.3) 

for Rl<f > o and R1&' > o, A ^ B, and \k'\ > |&|. 

If A — B = 1 this result reduces to 

J er™td~xyF^a.-, b\ kt] b'\ k't] dt 

= k'^-Y{Vb-J)T{b'tt-d)) aFl[a’i’ J+d-b’’ i,i+d+a'-b'-, k/k'], (3.7.4) 
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for Rid > o and R1&' > o, |&'| > |&|, or k = k! and Rl(i +a' + b — a — d) > o. Further if b — d, 

j " 6; kt] ^[[a ; V; k’t] it 

= k'~b *F'[a’ t+b-b';i+a' + b-b'; k/k'], (3.7.5) 

for R16 > o and R1&' > o, |&'| > |&| or k = k! and Rl(i +a' — a) > o. If k = k', this 2F1[i] series is 

summable by Gauss’s theorem and we get 

£ e~kt t*-1 iFija; b; kt] J^a’; b'; kt] dt 

T(b) r (b‘) T(b' -a'-b)T{i+a' + b-b') F(a' - a) 

Y(b' -a')Y{b' -b)T(i+a' -a + b-b')Y(a') * ''3'7 ' 

for R16 > o and Rlk > o, Rl(i +a' — a) > o. 

We can proceed in exactly the same way starting from the integral 

j; i/ \ ,/j T(x)T(y — x) 
-\i+v)-vdv = K ; y- , (3-7-7) 

(3-7-8) 

for Rlx > o, Rly> > o, instead of from the gamma function integral. In this case we have 

I = Jo vX~\1 + VYV AFB[(a) 5 (b); kv\ AFB{(a'); (6'); k'v\ dv, 

and we find, on inverting the order of summation and integration, that 

T Y(x) r(y-x) " ((a) )( — \)mkm(x) 

1 = m lMb)m)rn\(t+x-y)^'»F-»[(a ).*+«; (HI+*-*+*;-*]. (37.9) 

First we let k' — — 1, A! = 1 and B' = o. Then we can sum the inner series by Gauss’s theorem and 

we get 
® r 00 

yx_1( i + v)~y AFB[(a) ; (6); - kv] (1 + v)-a' dv 

Y(y-x)Y(x)Y(i+x-y)Y(i-y-a') n , * 
= rOTw-r.'m-7) ;*], (3-7-«) 

for Rl# > o and Rlj> > o, A ^ 5+ 1. In particular if A = 5 = 1, 

yx_1( j vy-v-a' 1F1[«; b; — fry] dy 

sin 7ryr(x) T(i —3; — a') 

sin 7r(y — x) T(i + #—3;— a') 
,F2[a,x;6, i+a-y-a';*], (3.7.11) 

if A = 1 and B = owe have an elementary integral for the Gauss function and if A = B — o we have 

an Euler integral for Rummer’s function. 

Secondly, if 1 +x—y = x, that is ify — 1, the inner sum is independent of m and the two sums are 

separable so that we get 

^ v*~\i + v)-'AFB[(a); (b); kv] AFB{{a'); (b'); k'v\ dy 

= r(*)r(i-*)^[(fl);(6); -k]A,FB,[{a')-(b')--k’], (3.7.12) 

for Rlx > o, A ^ B and A' ^ B'. 
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In particular, when A = B = A' = B' — 1, 

I TT 
vx-\/ j _j_ ^a-i F \a; b; kv\ rFAa'; b'; k'v\ dv — 

0 7 J -i il j Sin 7TX 
iFJiaib; -k]^[a!\b'\ -k'}, (3.7.13) 

for Rltf > o. 

j; 

3.7.1 Integrals involving pairs of Whittaker functions 

In terms of Whittaker functions, (3.7.4) gives 

’ el(b-6')< fd-2-m-m'M (bt) M,,(b't) dt = bl+mb'l+m'-d^^ r(i+2 m)T(\ + m +k -d) 
i) ai 0 0 T(\ + m' + k')T(i+2m'-d) 

x 3F2[^ + m — k, d — 2m, d] 1 + 2m,\ — m' — k' + d; b/b’], (3.7.14) 

for Rid > o, R1 b’ > o, \b'\ < |&| or b' — b and Rl(2 4-m' — k' + ?n + k — d) >0. If d = 1 + 2m 

si(6-6 )ttm-m (bt) M,., m{b't) dt = lMmb'm ~i~2m _V- \ .   LA----U 
k,m\ ) k,m\ j T(\ + m'+ k')Y(zm'— zm) 

x zFf^ + m — k, 1 +2m — 2m'-,^ + 2m — m' — k'-, b/b'], (3.7.15) 

for Rl(i +2m) > o, R16' > o, \b’\ < |6| or b = b' and Rl(i +m' — k' — m + k) > o. If further b — b', 

we can sum the 2Fi[i] series and 

r tm-m'-rnk'jbt)Mk,m,(bt)dt 
Jo 

um'-m r(I +2m) T(i + 2m') Y(m' + k' — 2m — |) r(| + 2m — k! — m') f ^ 

m mT(1 + m' + k') r(2m! -2m) F(i+m + k-m' -k') T(| + m‘-k') ’ (3'7'16' 

for Rl(i + 2m) > o, R16 > o and Rl(i +m' — k! — m + k) > o. From (3.7.13) we find that 

j; 

71 
Jo ^-2-”'( i + v)-1 e^6+6')v M,c>m(bv) Mk,>m,(b'v) dv -- ^ ^ 

for Rlx > o. 

e-h^') M_k>m(b) M_k,m.(b'), (3.7.17) 

3.8 Some expansions in series 

Let An{k, lb) be defined by the equation 
00 

e2kx (1 — x)k~& (1 4. x)~k~it> — v An(k, lib) xn, 
n=0 

(3-S.i) 

where k = lb — a, so that An(k, \b) satisfies the recurrence relation 

(n+i)An+x{k,\b) = (n + b-i)An_fk,\b)-2kAn_fk,%b), (3-8-2) 

for n — 2, 3, 4,..., where 

Afk, \b) — 1, Afk, lb) = o and A2(k, lb) = lb. 

Now let us apply the Laplace transform to both sides of (3.8.1). We find using (3.2.20) and (3.2.24) that 

l 
e-(s+i)tx-b- 1 iF^a -,b\t\dt= T(6) (s 4- \)a~b {s — l)~a, 

An(ib — a, \b) 
/; 

= m s 
»=0 2 

An(lb-a, lb) tb+n~1 

n=0 271 

' £—b—n g(a—s 

1 r* 

Jo 
= r(6) S -7 | ;b + n; {a-\b)t]dt, 
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and so, putting — = x, we have 
2S 

x \ 
iF\Va;h; *] = r(^) (kx)i-ib ^An{k, |6) Jb+n^{2M), (3-8-3) 

where k = \b — a, 

A,(hV>) = -ik, A,(k,ib) = ib(i+H), As(k,lb) = ~(^+3y 

A,(k, $b) = ±b(i + lb) (2 + lb)+1**. 

Again, if Bn{a, b, h) is defined by the equation 
00 

e~“x{i + {h — i)x}~°(i + hx)a~b = 2 Bn(a,b,h)xn, (3-8-4) 
n=0 

so that (n + i) Bn+1(a, b, h) = {(i — 2h) n — hb} Bn(a, b, h) 

+ {(i -2h)a-h(h-i)(b + n-i)}B^a, b, h)-h(h-1) aBn_2(a, b, h), (3.8.5) 

for n = 2, 3,4,..., where 

B0(a,b,h) = 1, B^a, b, h) = — bh, B2(a,b,h) — —l(2h — i)a + ^b(b + i)h2, 

then, if we apply the Laplace transform to both sides of (3.8.4), we find by (3.1.5) and (3.2.25) that 

CO 

[<a; b; x] = T(b) chx 2 Bn(a, b, h) xn( — ax)^(1^b-n)Jb_l+n(2iaix^). (3-8.6) 
n=0 

In particular if h\ = o or if h = 1 the coefficients An(k, \b) and Bn(a, b, h) reduce to polynomials. 

These results are due to Tricomi (1954, § 1.8). 
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ASYMPTOTIC EXPANSIONS 

4.1 Introduction 

The fact that this chapter is considerably longer than its neighbours seems to call for some explana¬ 

tion. The theory of the asymptotic expansions has been treated here in great detail because it seems 

to cause most difficulty to students of the subject. The theory is far from being complete, and it is in 

this region that important new developments are most likely to be made. 

The first paragraphs deal with the expansions in x, of the Kummer and Whittaker functions, and 

then an outline is given of the method by which converging factors can be developed to improve the 

accuracy of these asymptotic approximations in x. After mentioning the elementary approximations 

which hold when b is large, or m in the case of the Whittaker functions, we study the case when a 

(or k) is large through a consideration of the various approximations in terms of Bessel functions, and 

then we approach the main theory when both one parameter and x are large together, through state¬ 

ments of the three forms assumed by the results in the case when x and the parameters are real. We 

then state three theorems of Olver which underlie these asymptotic approximations, and we show 

how these theorems may be applied to the confluent hypergeometric functions to deduce their corre¬ 

sponding asymptotic forms for complex variable and parameters. 

4.1.1 The asymptotic expansions in x for Rummer's function 

Let us consider the integral 

4 = 

round the rectangular contour 

_4 f L(-,)!> + ,) 
2 m)ADEF r (b + s) 

A(c—iN), D(c + iM), E(c-L + iM), F{c-L-iN) 

in the s-plane. As before we have 

4= +| +1 + j = 4f, N + f + f + f say, 
J AD JDE JEF Jfa 

where, as M and N -> 00, 

f->o, 

—?>■ o, 

4, 

IM,N I' 

Pc+ic 

J c—i <x 

Cc+ic 

i-J . J c—l oc 

m 
m 

T(L-s)T(a-L + s) 

2TTiY(b-L + s) ’ 

T(-s) T(a + s) 

2niT(b + s) 
rs' d.s', 

i4[^; h] -x], by (3.1.15), 

and 7 - _ v r(q + ft) (-1)™-1 

L n=0r(6-a-») n\ 
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from the residues at the poles s = — a, —a— i, — a — [L], within the contour, provided that 
|argx| < \tt, and a + o, -i, -2, .... 

Now \JL\ c LL\x\~Lt 

so that for L fixed and |x| large, JL is bounded, and 

Hence we find that ^ — 0(|x| a [L]). 

b] -X]=x^-E(b) 'g ■(*)»( !+«-&),*- 

where |argx| < \it. 
r(i-a)„5„ n\ 

+ 0(|x|~a_[Z,]_1), 

x >:x x xxxxx) 

D 

B 

(i:xxxxx> 

Fig. 4.1 

In particular, for |x| large, we have 

(4.1.2) 

1-x] = x~a' I1 + Q(|x|-1)}. 

Again from the integral 
j rc+i 00 

/2 = —. r(a+^) r(-s) r(i~b~s)xsds, 
27TZ Jc—i00 

we find, in the same way, that 

T(a) r(i+a-6) U(a; b \ x) 

= r(«) T(i — b)^[a-, b\x] +x1_6r(i +a-b) T(b- +a-b; 2-b; x], 

(4-1-3) 

(4.1.4) 

for |argx| < \tt. 

= h, 
[-£] (n\ ( t 4- Cl — b} 

= x-ar(a)F(i+a-b) v { )n 1 ^ ,n(-x)~" + Q(|x|-“-m-1), 
n = 0 n\ (4-i-5) 
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From the two results (4.1.2) and (4.1.5) we deduce that 

1^1[a; 4;*] = r^j e”<‘(l tr~~ (- *)-+0(1*1'~R) 
n=0 n\ 

j^ e-^ jV (* a)n(l <^+Q([x|-«)}} 

I (a) I-m.=n n\ ) n = o 

for R, S = o, i, 2,..., e — i if o < argx < tt, e — — i, if —tt< argx ^ o as x -» co. 

In particular, if x -» oo, Rlx > o, 

1&LW\b\x\ = ^e*^6{I + 0(H-1)}’ 
and if x oo, Rlx < o, 

,*![«; i;x\ = + 0(|*|-% 
T(4-a) 

so that 

where e = i for |7r < argx < it, and e = — i, for — 7r < argx < — \tt 

iFt[a; b; x] ~ 

4.1.2 The asymptotic expansions in x for U(a; b; x) 

From the integral (4.1.4) we have 

U(a; b; x) ~ x~“2F0[a, 1 + a — b; ; — i/x], 

for — §7r < argx < fTT, as |x| -> 00, 

and in particular U(a; b\ x) — x~a{i 4- 0(|x|_1)}> 

as R1 x -> co, so that U{a \b\x)~ x~a 

for Rla > o, as x -> 00. 

From the definition of U(a; b; x) in terms of Rummer’s function, as x -> o we find that 

U(a;b-,x) = ^ I)x1~b + 0(|,v|R1&~2), if R16 ^ 2, b 4= 2, 
1 [a) 

= %^^bFO{\\ogx\), if b = 2, 

= rp/~u-^-6 + Q(x), if I < R1& < 2, I [a) 

_ T(i-b) ,r(6-i).. 
’ + 0(|x|), if R16 = 1,6+1, 

where f(«) = 

r(i+«—6) r(a) 

{i°g x + ty(p) F 2C} + 0( |x log x |), if b=i 

F\a) 
r(«) 

F(i —b) 

r(i+a-6) 

and C = -f{ 1) = 0-577215665, 

+ 0(|x|1_R16), if o < R16 < 1, 

r(i+fl) 

F(i ~b) 
T(i+a-6) 

fO(|xlogx|), if b = o, 

+ 0([x|), if R16 ^ o, b 4= o. 

(4-x-6) 

(4-1-7) 

(4.x.8) 

(4.1.9) 

(4.1.10) 

(4-i.n) 
(4.1.12) 

(4-X-I3) 

(4-I-I4) 

(4*i-i5) 

(4.1.16) 

(4*1*17) 

(4.1.18) 

(4.1.19) 

(4.1.20) 
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4.1.3 The asymptotic expansions in x for Whittaker's functions 

From the expansions for b; ac], or directly from the integral 

-c+ioo r( _$) r(i + m + ^ + j) 

we deduce that 

i 

2777 

Mk,m(x) x~kZ 

c—i oo 

■k 

r(i + 2w) Y(\ + m — k) 

g—J* g67Tt(fc—m—4) 

+ 

. ;xsds, r(i +2 m + s) 

2F0[^ + m + k,^-m + k) ; i/x] 

2F0[%+m-k,^-m-k; ;-i/x\, 
T (\ + m + k) 

as |x| -> oo, where e = i for — §7t < argx < ^77, and e = —1 for -|7r < argx < |7r. 

Similarly, from its definition in terms of U(ab; x) or directly from the integral 

j rc+ico 

—. F(| — m — k — .y) r(| + m — k — s) r(5)xsd^, 
2777 J c—i oo 

(4.I.2I) 

we deduce the asymptotic formulae for Wkm{x), 

wk,m{x) ~ xke-%x2F0[± + m-k,%-m-k; ;-i/x], (4.1.22) 

for |argx| < \n as |x| -> 00, and 

W_h>m{xzeni) ~ x~ke~enike^x2^0[i + m + k;^-m + k-, ;i/x], (4.1.23) 

for |argx + e7r| < §77- as |x| -» 00, e — + 1. 

Another method of deducing these results, from the Euler integrals for the functions is given in 

Whittaker and Watson, 1946, § 16.3. 

4.2 Converging factors for Kummer’s functions 

We have shown that 
1F1\a\ b\ x\ ~ K1S1 + K2S2, 

where 

and 

„ r(b) . 0 “ (-i)r(a)r(i + a-b)r 
K1 = ^ canle x~a 5=2 -; V --X~r 

T(b-a) r=0 n\ 

K — CX xa-b C _ V (J — — a)r r 
K2~T\a)eX ’ 2_rt0 H * • 

The error in both series is less than the first term neglected, and so the accuracy is strictly limited. 

Thus for a = 0-9, b = o-i, x = 10, the best we can say is 

0-869 < Sx < 0-871 and 0-99209723 < S2< 0-99209724. 

When, however, converging factors have been developed for the function, the results can be improved 

immediately to 

0-870089576 < S1 < 0-870089583 and 0-9920972320 < S2 < 0-9920972321. 

The factors are developed by the method of Miller (1952) for converging factors of parabolic cylinder 

functions. 

Let r—1 
Kxsx= 2(-i)«»,+ (-i ycrvr. 

8= 0 

(4.2.1) 
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Then rxvr — (a + r—i)(a + r — b) vr_x, (4.2.2) 

and (Cr_x-i)rx = — Cr(a+r-i)(a + r-b). (4-2-3) 

Now let us make the approximation r_l+f)_2ajrX_ji (424) 

where k is small when the rth term is the smallest of the expansion, substitute for r in (4.2.3) and 

arrange the result in powers of x. We find that 

x2(Cr+Cr_x-i) + x{(Cr+Cr_x — i)(i+b — 2a — k)-kCr} 

+ {k2 + (2a-b -1) k + (a — b) (a-1)} Cr = o. (4.2.5) 

We suppose that Cr has an expansion of the form 

Cr = b0 + bx/x + b2/x2 +.... 

Now k becomes k+i when r becomes r—i. Hence 

Cr_x = b$ + b{ lx + b$/x2 +..., 

where b* = b*(k) = br(k+ 1). 

Substituting for Cr and Cr_x in (4.2.5) and equating the coefficients of x to zero, we have the system 

of equations , 
H b$ + b0= 1, 

b* 4-b1 = - K(b* + b0) 4- kb0 + K, 

bt + b2 = - K(b* + bx) + kbx - K'b0, y (4>2.6) 

where 

b% + bn— — K(b*_ 1 + bn_x) + kbn_x — K'bn_ 2, 

K—i+b — 2a — k and K' = k2 + (2a — b — i)k + (a — b)(a— 1). 

Again when KXSX is substituted fory in Rummer’s equation we find that 

x* 
,d 2C„ dC 

x(b — 2a — 2r — x)--~: + (i +a — b + r)(a + r)Cr = rx( 1 — Cr). 
Ax2 v dx 

Let us express r in terms of k and x, and then, if C'r = dCJdk, 

(4-2-7) 

x '■(C" — i,C'r + 2Cr—i) + x{(2a — b — 2 + 2k) C'r 4- (4 — \a + 2b — 3^) Cr + 2a + k — 1 — b) 

+ (k + a — 2)(k + a-b-i)Cr = o. (4.2.8) 

Now we substitute for Cr, C’r and C" and equate to zero the coefficients of powers of x. Then 

t>o-3bo+2b0 = 1, 

bx - 3b[ + 2bx = (4a — 2b - 4 + 3&) b0 + (2 + b — 2a — 2k) b'0 + 1 4- b — 2a — k, 

b2 3^2 T 2b 2 = (^a-2b-j + 2k)bx + (b-2a-2k + ^)b'x-(k + a-2)(k + a-b-i)b0, 

K ~ 3b3 4- 2^3 = (4a — 2b — 10 4- 3&) b2 + {b — 2a — 2k 4- 6) b2 

— {(k + a — 2)(k + a — b — i) + b — 2a — 2k + ^}bx, 

K - 3b'n + 2bn = (4a - 26 4- 3^ - I - 3n) bn_x + (b~2a-2k + 2n) b'n_x 

-{{k + a-2){k + a-b-i) + (n-z){b-2a-2k+i+n)} bn_2, 

(4.2.9) 
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When these equations are solved in succession we find, using (4.2.6) to check the results, that 

h — 1 uo — 2> 

A — — A U1 — 4K 8’ 

A — 1 A2 — -3-& 4- -l 20 w2 — 8K 16^ '32 4A> 

A — -AT3 uz ~ 16k 

^4 3 2 

A — -AJ?5 
W5 — 64K 

^2+(^-4A)^+t|¥+^a-^, 

- A*3+(dfr -- iiA) *2+(I A - l/t ■- *y * 

^ + (*r - rfA) *3 + (If A - ft!i-~ m k2 12 8 
4- ('1A/,_ 57./\2_49 1 83 U i /4112 

16A 16A 1024/K 'V16A (A//. 64/^ + 79 
256 A + -^ 2048 )>J 

(4.2.10) 

where \ = {a — b)(a — i) and A(2 a — b) = [i. 

If we put /I = (a — \){a — f) for 4A = 4(a — b)(a— 1), a for 2a — 6, & for 2k and x2 for 2#, we obtain 

Miller’s result (1952), (4.3)). 

For the series Sv we find that 

r k Cr (— i)r vr 
r—1 

2(-i)s^s 
s = 0 

Vc-!)■*;. + (-1)' 

s=0 

7 2-3 0-54791 84603 — 0-00216 47724 0-87127 57503 0*87008 96316 

8 i-3 0-52020 24450 + 188 11872 0-86911 09779 95761 

9 0-3 0-49508 65909 182 30794 0-87099 21651 95829 

10 -0-7 0-47223 61543 + 194 92365 0-86916 90857 95612 

11 - 1-7 0-45136 88915 — 227 91891 0-87111 83222 95871 

It will be noticed that five extra figures are given by this expansion, but that the accuracy is then 

limited. The series for Cr is probably also asymptotic, and the error here is certainly <0-00000001, 

which is of the order of b6vr/x5, the neglected term. 

For the series K2S2 the situation is more complicated. Let 

r—1 

K2S2 - Aj Mg 4" CpUy 
s=0 

(4-2.ii) 

Then rxur = (r — a) (b+r — a — i)ur_v 

and so (Cr_1 — i)rx = Cr(r—a)(r + b — a — i). (4.2.12) 

We make the approximation r — 1 — b + 2a-k + x, and substitute for r in (4.2.12). Then 

x\Cr_x — Cr — i) + x{(Cr_1 — Cr — i)(r + 2a — b~k) + kCr} — Cr(i +a — b — k) (a — k) = o. (4.2.13) 

Again let Cr = b0 + bjx+... and Cr_x = b$ + bf/x+...t where b*(k) = br(k+ 1). Then from (4.2.13) 

equating the coefficients of x to zero we find that 

b* — b0 = 1, 

bf-bx = (k + b-2a-i)(b$-b0)-kb0-k-b + 2a+i, 

b*-b2 = (k + b-2a-i)(bf-bx)-kbx + (k + b-a-i)(k-a)b0, (4.2.14) 

b*-bn = (k + b-za-i)(b*_x - bn_x) - kbn_x + (k + b-a-i){k-a) bn_2, 
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Next we substitute for K2S2 in Rummer’s equation and, on simplification, we have 

r|2p c\n 
x2 -3—^ + 2X —r^ (x + a — b — r) + {x2 + 2 x(a — b — r) + (a — b — r)(a — b — r—i)}Cr 

dx^ dx 
dC, 

+ (b-x)'^-~ + Cr(x + a-b-r)^-axCr = -rx. (4.2.15) 

We express r in terms of k and x and arrange in descending powers of x. Then 

x2(C" — C' +1) 4- x{(2k — 2a — 2 + b)C'r + (2 — k)Cr+i+2a — b — k} 

+ Cr(k — a — i)(k + b — a — 2) = o. (4.2.16) 

On substituting the series for Cr, C'r and C" and equating the coefficients of powers of x to zero, we 

obtain 7 // 7 f . 
^0 ~ = — 1 > 

bl — b[ — {k — 2) b0 + (2 + 2a — 2k — b) b'0 + k + b — 2a — 1, 

b"2 ~ b'2 = {k — 3) &i + (4 + 2a — 2k - b) b[ + (k — a — r) (2 + a — b — k) b0, 

bl — b's = (k — 4) b2 + (6 + 2a — 2k — b) b2 

+ {2(k — a—i) + b — 2 — (k — a—i)(k — a + b — 2)}b1, ^ ^ 

bn+i~bn+1 = (k-2 — n)bn + (2a-2k + 2 + 2n-b)b'n 

+ {{n — i){b — n + 2k — 2a — 2) — {k — a—i)(k — a — 2 + b)} bn_x. 

In this case a constant arises in the integration of these equations and this has to be determined from 

substitution of the results in (4.2.14). After a considerable amount of algebra we find that 

b — k—i uo ~ K 3 > 

h = -Tk^7 + ^6-^5 + (lA+1^)^-(fA+^f)^ + (/.+^A + ^)^ 

+ (— A2 - fA —fff A + gfg) k + (!/£ —^-A2 + A — g^gg-), 

(4.2.18) 

^4-^9-^8 + ^7-(i35A + ^)^ + (fA + iff)^-(i/, + MA + f||)^ 

+ (|A2 + 2 ii + f*f A -+ #&) & + (2 A2 - A + #&) k1 

+ (2Xfi - A2 + fifn + A - 3!^) k + e4, 

where A = a(6 — a—i) and [i = — A(6 — 2a). 

If we put A for — 4A, c—1 for 2a —b, h for k, and x2 for 2X we obtain Miller’s result (1952, 9.17). 
For the series S2 we have 

r k Cr ur 
r —1 
v 
-L us 

r—1 
S«, + Crur 

10 2-7 2-06732 4 + o-o5 00142 35 

s = 0 

4-0-99209 72031 26 

s=0 

4-0-99209 72325 54 

11 i*7 1-23865 5 120 25 173 61 2 56 

12 0-7 0-24137 1 113 46 293 86 I 31 
13 -0-3 -0-73550 1 118 28 407 32 O 32 

14 -i-3 — 1-51100 0 135 03 525 60 i 57 
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Here the constant term in b3 makes the major contribution to its numerical value, and, since 

nothing is known about the size of e4, Cr is only accurate to two decimals. Probably e4 ~ 8o-o and 

so 64/x4 ~ 0-008, giving an error in the final result 

<0-0000000001. 

Thus here the converging factors have given two extra figures compared with the ordinary asymptotic 

expansion. 

4.2.1 Converging factors for Whittakers functions 

In the expressions for the b coefficients, (4.2.10) and (4.2.18), let us write h in place of k and then 

put a = m — k + jt, b — 1 + 2m. Then 

and we have 
A = —{m — k — \)(m + k + \) and /i = — 2k A, 

Tj7 / \ j. ir fiT,1 im — k + i)r( — m — k + \)r . 
Wk>m(x) ~ V-----(-1 Yx-r 

+ (M-^ + i)»(-m-fe + i) , » 
n\ r = 0 

where the coefficients br are defined by (4.2.10) with the above values of A and fi. 

Similarly, 1_w-u&j-i') 
W.k,m(^x) ~ (e±«x)-*e*d £ — 2)”| 

+ 

r=o r! 

(m + k + 4)n (— fit + k 4- \\ 

n\ 
x~n 2 brx~r\, 

r=0 

(4.2.19) 

(4.2.20) 

where the coefficients br are defined by (4.2.18) with A = (m + k — \){m — k + \) and /* = — 2AA. 

The expansion for Mk>m(x) follows immediately from (4.1.21). 

4.3 Approximations when b is large 

If b is large and a and x are bounded 

n = 0 \b)nn- 
(4-3-1) 

= 14-y+ 0(|*|-), (4-3-2) 

= i+0(|S|-'). (4-3-3) 
for a, b and x complex as b -> 00. 

If b is large and a is also large but b - a and x are bounded then Rummer’s transform gives 

^[a-f^x] = ei's1(* + 0(14-^, 
n = 0 \P)nb' 

(4-3-4) 

4 (i7)*+o(|in}> (4-3-5) 

= ex{i 4-0(|6|-1)}, (4-3-6) 

as a and b 00 in such a way that 
.. (b — a)x 
lim -—7-2— = 0. 

a, 6->oo t> 
SCH 

5 



66 CONFLUENT HYPERGEOMETRIC FUNCTIONS 

When b and x are both large, let x = by, then, since 

i i 

= bn n 

we have i*i[«J b\by\ = (i -y)-a i-^ 

2 b 

a{a+1) ( y ^2 

i~y. + 0(1*1-“). (4-3-7) 

where a and y are complex and bounded but b -» co. If we apply Rummer’s theorem to (4.3.7), we 

deduCe ' (b-a) (b-a+i) l y '2 
xFx\a ‘,b;by\ = e~bv (1 — y)a~b 1 

2 b \i —y 

where b — a and y are bounded but a, x and b -> 00. 

For the function U{a \ fr; x), since 

log r(x + a) = (x + a — \)\ogx — x + \\og2Tr + 0(\x\-1), 

T(x + a) —+ i(a — b)(a + b —i)x_1 + 0(|x|_2)}, 

+ 0(|6|-2) (4-3-8) 

and — x' 

(4-3-9) 

(4.3.io) 

(4-3-11) 

T(x + b) 

we have U(a;b;x) = e~niab^a{i +0{\b\~1)} + ^j{2T[)x1~btx~bbb~^{i +0(|6|-1)}, 

for b -> 00, |arg( + fr)| < n, a and x bounded, and since 

U(a; b\ x) = x1-b U{ 1 +<2 — 6; 2 — 6; x), 
we have 

C/(a; fr; x) = x1_6exp{ —7r/(i +a — fr)}(2 — b)b~a~l{i + 0(|i|-1)} 

+ 7(277-)ex+6-2(2-^_6{i + 0(|6(-1)}, (4.3.12) 
for b -» 00, [arg( ±b)\ < n, b — a and x bounded. 

For a, b and x large, if x = by, and b — a and y are bounded, we find that 

U(a; b; fry) = e_7n'“fr_a(i — y)~a [1 J) |'_4’ j + 0(|fr|_2)j 
26 \ 1 —jy 

+ ^/(27r)yA-6 e6(1-1/)fr-I(i —y)a~b 11 — 
(6 — a)(1+6 — a) / j \2 

2 b 
I-zy)2+o(|i|-!!)J. (4.3.13) 

4.3.1 Approximations for Whittaker’s functions when m is large 

When Rim > o, we have this integral for Mkm(x), 

M, (x)=_X)h+m F(l + 2W) f1[(' +^(l ~ 
k’m{ } Y(\ + m-k) T^ + m + k)}^ Hi-V(i -t)J 

for R1 (| + m + k) > o, from (3.5.4). Now 

i-V(i 
y +yj(l -t) 

/i+v\k °° 

(r^) -s.** 
where y0 = 1, yr = 2fr2F1[i -r, i-k; 2; 2], for |zj| < 1, and so 

+ r y, 1 (4.3.14) 
d/ 

V(i-Oi 

z ✓ i: <=M 
I VJ r = 0 s_o 5. 

s 00 

yr—s ~ 2 CrVr. 
r= 0 

(4-3-15) 

(4-3-J6) 
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Hence we have this expansion for m large, 

r(i + m)2 

for |arg2m| ^ t, where 

M, (x\ :_ 

k’mK ’ Y(\ + m + k)Y(\ + m-ky- rt0(i +m)r’ 
x 

, w n y i 
■}+m £ Ur'- 

2 2rr\r\ i f<°+> x /i+?Afc 
-J— a = C2r = -e~ixv j-I v-2r-lfo 

2 r\ r 2r 2 mj 
for |a| < i, so that 

a0 — i, 

ax — k2(i — x/^k)2, 

az = ?&2(i — x/^.k)2 + \k\i — x/^ky. 

In particular, as m -> 00 in (4.3.17) we have 

Mk,J,x) ~ ^+m{i+0(|i /m|)}, for Rim > o. 

Since -^fc±m,a+m(;X:) = xa+m+4eT4x^[a + \ + k\2a + i+ 2m\ ± 

we have ^k±m,a+m(x) ~ xa+m+^eTix{i+ 0(i/|i+ 2m + 2a|)}, 
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(4-3-G) 

(4.3.r8) 

(4-3-I9) 

(4.3.20) 

(4.3.21) 

for |m| large, |argm| < 477. 

Corresponding approximations for Wkrn(x) can be deduced from these results and (1.7.1). 

4.4 Bessel functions as limiting cases of Kummer functions 

Just as the confluent hypergeometric functions arise as limiting cases of the Gauss JF\ function, 

so the Bessel functions arise as limiting cases of the confluent hypergeometric functions. If we pass 

to the limit term by term we find 

lim ^[a; b; x/a] = Y(b)x^~%b Ib_x{2^x), 
a-> co 

(4.4.1) 

and lim b; —x/a] = Y(b)x*~^b J^-fc^Jx). 
d—> CO 

(4.4.2) 

Since hm{r(i+a-6)a6-7r(a)} = 1, 

a-» 00 

(4-4-3) 

it follows in the same way from the definition (1.3.1), of TJ(a \ b\ x), that 

lim{r(i+« — b) U(a\ b; x/a)} — 2X$~%b Kb_x{2 *Jx), 
a—>co 

(4.4.4) 

and lim {r( 1+ a — b) U(a \b\ — x/a)} = nxi~^b cosec (77b) 2 AJx) + eineb Jl-b( 2^x)}, (4-4-5) 

— — in tinb x%~%b H(b/Lx(2 ^jx), when Imx > 0, (4-4-6) 

= in t~i7,b x^^b H(21X{2 ^Jx), when Imx < 0. (4-4-7) 

If we apply Kummer’s theorem to (4.4.1) and (4.4.2) above we find 

lim ^[6 -a\ b\ x/a] = Y(b) x^bJb_x{2 *Jx), 
a-> 00 

(4-4-8) 

and lim ^[b — a] b; — x/a] — Y{b) x%~%bIb_x{2 s/x). (4.4.9) 
a-> co 

5*2 
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4.4.1 Approximations in terms of Bessel functions when a is large 

We have already seen (§3.8) that 

f'fa-b^x] = Y(b)&x{kxf-*b £ Un (4.4.10) 
n=0 

where 

and 

k — \b a, Un — u3n + w3w_|_^ + u3n+z 

\ ^71/ 

pj' Jb+n_fzk^). 

Let |x| = 0(\k\p) where o ^ p < 1. Now we have 

\Jb+n_fzk^)\ ^ i, 

for b real and positive and n = 1,2,... (Watson, 1948, § 13.42(10)). 

Hence u3n = 0{\k\n+^P-^n}, 

UZn+1 = 0{\k\nA(P-mSn+1)} 

and w3n+2 = 0{\k\^P-™n+v}' 

Hence if p — 1 < o, Un — Od&l71"1-^-1)371} = 0{|&|~£w(1-3^}. 

Thus, when p < Un o as k -> 00, and so 

Un 

(4.4.11) 

n+1 

U„ = 0([A|-hi-3p)) o, as n^o0. 

Hence the series 2 Un is an asymptotic representation of the function ^[a; b; x] e~2x(&x)£6_£/r(^)> 
n = 0 

for large values of |A[. 

Hence we have = r(6)e**(fcc)i-i6 Jb_fzx^){i + 0(|/fe|~<r)}> (4-4-12) 

where |x| = \k\p, k — \b — a, cr = min(i — p, J — fp) and o ^ p < J. 

Again, since Jv(£) = J^cos(£-±nv+ 0(|g|-1)} (4-4-I3) 

(Watson, 1948, §7.1), we have 

x\ = T(b) (kx)iAt> n-i cos {2^ (kx) — \b7T + \n}{i + 0(|A|-T)}, (4.4.14) 

where r = min(^ + |p, |-p) ^ |, |x| = 0(|A|^), o ^ p < \, and k = \b — a. This is an extension of 

a result originally proved by Perron (1921). Tricomi (1954, § 3.2) proves a general theorem for results 

of this type when k and x are real. 

In particular, when p — o, we have 

1 Fx[a\ b; x] = r(b)e$x(kx)b-&7T-icos{2<lJ(kx) — %bn + l7r}{i + 0(|&|-£)}, (4.4.15) 

as a — 00 for b bounded and x real. 

The corresponding results for U(a \ b\ x) can be deduced in a similar way. They are 

U(a;b;x) = F(k +1) e^ x!~I6[cos {(& — \b) 1r} Jb_fzk^x^) 

+ sin {(k - \b) n} Yb_fzk^)] {1 + 0(|fc|-®')}> (4.4.16) 
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where cr' = min(i -p, |-fp, 1), k = \b-a, so that 

U(a; b;x) — ^ ^xi~ibcos{2*J(kx) — kn + \ir}{1 + 0(|£|~T)}, 

where r = min (i + \p, \ - f p) ^ 1 

In particular if a — 00, for b fixed, and x real 

(4-4-W) 

U(a;b-,x) = 4 ^ x!~^6 cos {:2 (kx) — kn + \nt} {r + 0(|/e|~^)}, (4.4.18) 

since M = m{.+0(|A|-i)}. (4-4-I9) 

It should be noted that all the results of this paragraph can be proved for complex values of k and x 

by methods similar to those of §4.4.3. 

4.4.2 Bessel functions as limiting cases of Whittaker functions 

From §4.4 we have immediately 

[x\ 
j™ h j Mk m(x/k) = r(i + 2m) x~m 4.(2 N/x) (4.4.20) 

and 
/ — x\ A-™ 

Hm FT ~ = r(X + 2m) X~mJ2m(2 VX)- (4.4.21) 

Also lim {r(l -m-k) (x/k)-i-rn Wlc>m(xjk)} = 2X~mK2m(2^x) (44.22) 

and 

fc-> CO 

lim {T(l —m — k)( — x/k)A-m Wk m( — x/k)} = — in elV(1+2m) x~mH{fa{2 *Jx) for Imx > 0, 
fc-> 00 

(4-4-23) 

— in t t77(1+2m)x mH^fz^x) for Imx < o. 
(4.4.24) 

4.4.3 Approximations for Whittaker functions in terms of Bessel functions, when k 

is large 

When k is large, we can develop expansions in terms of Bessel functions similar to those already 

considered for Kummer’s functions. We have the integral 

MhtJx) = r(i+2m)2 2m (x ■m l'(O-) 

■J 
exp {2kt — x/(2 tanh £)} dt 

(4-4-25) 2m J (z sinh t)x~2m 

taken round a Pochhammer contour, encircling o in the negative direction, for [arg2r| < ^7r. Now 

exp (4x(coth t — £-1)} (t cosech £)1_2m = 2 pf\x) (— t/x)r, 
r=0 

(4.4.26) 

where 
, . ( — x)r f(0+) , 1 . . (sinh £/£)2m_1 , 

P{f\x) = | exP { - Mc°th t -1-1)} ^-dt, 
2m l " ' " tr+x 

taken round a similar contour, encircling o in the positive direction. 
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Hence Mk Jx) = 22m(x 5 (-1 yp(rm\x) xm~^k)~m-^ 
r= 0 

i rc°-> 
xr(i+2m)—. exp{J(kx)(v—i/v)}v2m+r~1dv, (4.4.27) 

27TI J 

for |arg^(kx)\ < \ir, where v = it. But Watson (1948, § 6.2) gives this integral for the Bessel function 

e7rt'(l+2m) r(O-) 
JJX)=-— eix(v-W)v2m-l (44-28) 

' 2777 J 

for | arg zjv | < \tt. Hence we have, for all m, k and x, this expansion 

where 

.(*) = +2m) - 

?o= I. 

(4.4.29) 

Pi — e-*"2’ 

P% = ix2(jLx2 + 2m-i), 

^3 = THT^Gns^2 "f" 27/7 — |-), 

Pi = Te*4lshxi ~ iox2& + 5(1 - 2m)} + 1 - 2tn) {2 + 5(1 - 2m)}}. 

Thus it follows from the known asymptotic approximations for Jv(x), that 

Mkm(x) ~ r(i + 2m)xin-ik-i-mcos{2y(kx)-7rm — l7T}{i + 0(\k\-i)}, 

as k-> 00, for arg(&x) < 27r and for any m. Also 

M_km(x) ~ r(I + 2m)xin-tk-i-™t^rn+hcos{2V(^)e±inl-nm-|tt} 

x{i + 0(|A|-i)}, 

where the upper signs should be taken for — 377 < arg(kx) < n, and the lower signs for 

— 77 < arg (foe) <377. 

The corresponding results for the function Wkni(x) are 

Wk m(x) ~ ^2 xik-i kke~k cos {2 ^(kx) -nk + J77}, 

for |arg&| < 77 and |argfoc| < 277, and 

~ 2~^x^k~^kk e~k exp [ + 7(77/7 — J77 — 2 V(^)}]> 

where the upper sign holds for Im/e > o, and the lower sign for Im/7 < o. Also 

W_k>m(x) ~ 2~^x^k~ik~k ek e~2%/(-kx\ 

for Im& > o and — 77 < argkx < 377, or Im/e < o and — 377 < argkx < 77. 

(4-4-3°) 

(4-4-31) 

(4-4-32) 

(4-4-33) 

(4-4-34) 

(4-4-35) 

4.5 Approximations when a and x are real, \x>\b-a 

We consider now the asymptotic approximations in the cases when x and k = \b — a are real and 

-» 00, together. There are three possibilities, x > 4k > 1, x ~ 4k, and 4k > x > o. No detailed proofs 

will be given as similar approximations will appear later as particular cases of asymptotic expansions 

in 1 jk. 
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First we shall consider the case in which x > \k > i, k — \b — a. We take x ^ (i 7] > o, 

and write 
1 X , „ , V 

(4-5-i) —= cosh 
\k 

Let 

and 

0(») = 2log 
i + s' 

•2 cosh2#, 
I — z) 

fr(z) = (i — s2)46_1. 

Then we can develop a contour integral for 1F1[a; x] which can be written in the form 

,-ix ___ _ _ _T7t e.-a”i f(+D n r(+l) 
— e2k(/>(z) 

1 J-l 
ds, 

F(&)11L , , J r(6-fl) 2b7ii 

taken round a contour starting from — i and circling + i in the positive direction. 

Here the saddle point is z0 — tanh 6, and, if TV is a large positive integer, we find 

(4-5-2) 

Q-lX 

W) 

r(i —a) le~ 

r(6 — a) (2bni 

"o
' 

1 H
-1 

u
 sina7T 

T(b-a) [2b-177- „ 

►H
 1 ~sin an 

T(b-a) _2&_17T 

r(i-a) -sin an 

-l 
(4-5-3) 

n~~ e2fc^(s) xjs^z) ds + 0{krN) |, 

. g2k</>(—: 
!o¥(-%> J_ 

em-*0) ds{i + o(k~1)}+o(k-N) 

7T 

But 

and 

Hence 

r(6 - a) |_26-1tt ^'vrv ~u" r v ~°V (- k<f>\ - z0) 

0(-#o) = ^inh2d-d), 

^r( —s0) = (cosh#)2_b, 

(f>"( — s0) = — cosh2 6 sinh 26. 

1F1[fl; b; x] = T(6) sin an exp {2k{\ sinh 26 — 6 + cosh2 6)} 

'{i + O^-1)}. 

{i+O^I + O^) 

(4-5-4) 

x 
(2k cosh d)x~b 

^(77-^ sinh 2 6) (4-5-5) 

4.5.1 Approximations when \b-a ~ lx 

Secondly, we consider the case in which x is about the same size as \k, and x and k -> 00 together. 

Let us take 
x = \k — 2j t, 

where t is a variable over a limited range of values. Tricomi (1949 a) has considered this case, using 

the Steckloff-Langer method based on the asymptotic approximations to the Airy intgrals. Tricomi 

shows that an expansion must exist of the form 

;*;*] = rJAi (/')+3-%* V(0+<*-P) Ai (t) 

+ ocfi Bi (F)} (2k)~% + 0(hr*)] 

+ y2[Bi (F) + Bi' (*') + cc(t + /?) Bi (t') - Ai (t')} (2&)“* + 0(/r*)], (4.5.6) 
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where a_5^ B-im 
10 ’ P 2r(f)’ 3 ’ 

r(i) 1 r(l) 

TT 

72 
r(J) r«) 

and 
fe-i* 

ki = 
x=i k 

^-GsGS^M] d*{r(6) 

When x = \k exactly, it can be shown that 

x=ik 

and 

so that 

and 

2 27T(2k)b~i 

3i fr(f)cos(7m + i7T) | (56-2)r(i)sin(7ra+i7T) | 
IO .T^{2,k)i 

1 ( i „sin(<27T + A7r) 4, 

71 = aW^il3 cosa,7+MA (a^ + ( } 

7* = &2k^V Sman 
! '* sir 

2 oc/3 sin (na + ^n) 
+ 0(k~i) . 

3i(2k)i 

When a is an integer, we see that y2 is of a higher order than y1 in k~i and we can take as our first 

approximation e&T(h\ 
b;x] = {Ai (t') cos an + Bi (t') sin an+ 0(k-i)}, (4-5-7) 

where = 1 4- (4k2)~^t'. 

This expansion should be compared with that deduced by Lauwerier {(1950), § n)} in the special 

case b = 1. 

4.5.2 Approximations when \b-a> \ x 

Thirdly, if o < x < \k the function b\ x] oscillates, for b positive and —a and x-> + oo in 

such a way that rjk ^ x ^ (1 — 7)4^ where r/ is a small positive number. So we let 

cos 6 = 

where o < Q < \tt. 

Then the function has the integral representation 

0—iani TV t —n\ 1 r(+l) / t _l_ %\ k 

SJa;b-,x] = -r(*) er*-^) («-^«d». (4-5-8) 
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taken round a contour starting from — 1 and circling + 1 in the positive direction. Tricomi (19496) 

shows that this integral can be expressed in the form 

lFl[a; b• X] = SffVf Im (eani H) + 0(k~N), (4.5.9) 

where N > o and H has the expansion, asymptotic in Poincare’s sense, 

H 
exp (2kdi — ki sin 2# + \in) (cos #)1_& 

^{nk sin 2#) 

CO .'3/4 

y _ 
j,=o (k sin 2d)v 

00 

X 2 —: 
»=o«! 

— 2 

sin 26 

i , 
sin 9) r (f + m+i). (4.5.10) 

In this expansion C^x) — — n, 26 — 1 + n\ 6; ac], an ultraspherical polynomial, and cff is the 

coefficient of zh in the expansion of 

2 a{Jfzh 
fc=0 

=r £ - 
L&=o 

sin {(h + 2) (6 — \tt)} 

h + 3 
z‘ 

■ 

The method of proof is essentially the method of ‘steepest descents’. If we collect the first terms 

of each expression we find that 

Q-ix 

W) 

IYi-a) (2cos#)1 b l . cos(@ + a77-) 
sin20) r"(° + a”) -W) ^sin2g +0(^-a))■ 

where 0 = 6(2# — sin 2#) + ^7r, and 

A(^) - 
5 

12 (4sin2# 
+ (3 b2 — 6b + 2) sin2 0 — 1 

Now 

since k = \b — a. 

Hence we have finally 

r(i-a) 
r(6-a) 

r(i-i6+6) 
r(&+k) 

k'-b{i + 0(k~% 

f'M', b) x] = 
T(6) exp (2k cos2 #) (26 cos #)1-6 

(nk sin 2#)^ 
sin (0 + an) — A-^0) 

cos(0 + a7r) 

k sin 20 
+ 0(6-2) (4.5.11) 

for o < x < \k, where k — \b — a, and cos # = 

In Tricomi’s paper a numerical example shows that for a — — 10, b — i,so that \k — 42, the above 

approximation gives four-figure accuracy over the range 1 ^ x ^ 30. 

4.5.3 Whittaker functions when k and x are large 

The asymptotic approximations for the Whittaker functions, when k and x are both large, are 

similar to those for the Kummer functions. We let xj\k = cosh2 a where a is real, and put 

&(«) = 96 tanh3 a 
{3(16m2 — 1) tanh4 a — 6 tanh2 a+ 5}, 

£?2(a) = i8432tanh6a {9( 16m2 - 9) (16m2 - 1) tanh8 a + 3 6(48m2 - 7) tanh6 a 

+ 6(121 — 112 m2) tanh4 a —924 tanh2 a+ 385}. 
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There are four cases to consider, 

i < xj^k <oo, o < xj^k <i, — oo < x\\k < o and x/^k ~ i. 

The proofs, mainly due to Buchholz (1950), are based on the ‘steepest descents’ method, and will 

not be given here. 

In the first case, when 1 < x/^k < 00, t/i TYI^_— 

&{log k—1 + 2a — sinh 2a} + ^ ^ 3 

x {1 - Qxipc) hr1 + Q2(oc) kr2 + 0(k~% (4.5.12) 

where |argx| = | arg /e | ^ kn, and so it follows that 

w-kAxt±ni) 

— W_km{\k cosh2 a e±7ri) ~ (tanh a)~i exp £ — A{log (k t±ni) — 1 + 2a — sinh 2a} ■ 

] 

4m2 

8k ] 
x {1 + Qi(a) k-1 + Q2(a) k~2 + 0(k~% (4.5.13) 

where for the upper signs — \tt < (argx, arg&) ^ o, and for the lower signs o ^ (argx, arg&) ^ \tt. 

For Mkm(x), we deduce (7Yl( A.771^_l)\ 
— m log k 4 '' 

24A2 

x [2 sin 7t(j + m — k) exp {&(sinh 2a — 2a)} {1 + Qx(ot) k_1 + Q2{oC) k~2 + 0(&-3)} 

+ exp { + m(k — \ — m) — A(sinh 2 a — 2 a)} {1 — ([^(a) &_14- <22(a) 4- 0(/e-3)}], (4.5.14) 

where, for the upper sign o < (argx, arg/e) < \tt, and, for the lower sign, — \n < (argx, arg&) < o. 

In the second case, o < xj\k < 1, the results are 

W-k,m{XG±ni) = ^fc,m(4^cos2ae±7Ti) 

I ±m2 —1 
~ (tan a)~? exp ± ik(2a. — sin 2a) + \ni — & log (k t±iri) + A — ^ 3 

( OK 

x{r + Q1(ia)k~1 + Q2(ia)k-2 + 0(k~3)}, (4.5.15) 

for o < a < \tt, — §77 ^ (arg x, arg k) ^ \v (tanh fa = ztana), and so, by the continuation formula 

(2.5.19) , 2_1 

wk,m(x) = Wk,m{^kcos2«) ~ 2(tana)~^exp \k logk - k + 4mg^ 3 4- 0(k~3) 

x [sin [k{2a — sin 2a) 4-{(1 4- 02(fa) k~2 + 0(k~i)} 

4- cos {^(2a - sin 2a) 4- \rr} {iQx{ia) k-14- 0(&~3)}]. (4.5.16) 

From (2.5.18) we deduce that 

Mk,m(x) = Mk,mUk cos2 a) ~ V2 r(I 4- 2m) (tt tan a)~* exp |^4^2 ^ 4- 0(&-4) 

x [sin {k{ji -20C + sin 2a) -nm + \n} {14- <22(fa) 4- 0(£-4)} 

- cos {k(Tr-2ct + sin 2a) - TTtn 4- In) {;iQx(ia;) kr1 4- 0(Ar3)}], (4.5.17) 

for o < a < 17r, — ^7r ^ (arg k, arg x) ^ |7r. 

In particular, if ix and ik are purely imaginary, we have 

— ix)-7T_J 2^(tan<x)~%ik~m e^nitnsinh {k(n — 2a + sin 2a) - mm 4- In}. (4.5.18) 
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In the third case, — oo < x/^Jk < o, we have, on putting — k for k, in the previous result (4.5.12) 

and ot + \ni for a, 

W_k,m(x) — W_k m(^k sinh2 a) ~ (tanh a)-® exp — k log k + k — k(20c + sinh 2a) — ^ -3 
’ 1 OK 

x{i + Qx{a + \ni) k~x + Q2(cc + \in) k~2 + 0(&-3)}, (4.5.19) 

for o < a < 00, — \n ^ (argx, argA) ^ |7r, and so 

JT^^x e-2ffi) — I4LfcjTO(4& sinh2 a e~2ni)-z(tanh a)4 exp | — k log k + k + k(2<x + sinh 2a) — 3] 
86 | 

x {1 - 0i(a + £i7r) + £>2(a + ¥n) k~2 + °(^“3)}, (4-5-20) 

for o < a < 00, — \n < (argx, arg/j) < Jzr. 

From these results we have, by (2.5.18), 

Mkm(^k sinh2 a e_7ri) = M_km(^.k sinh2 a) 

~ T(i + 2m) (tanh cc)b (2n)~b k~m exp | — \ni + 

x [exp {nim + \ni — 6(2a 4- sinh 2a)} {1 + <X(a 4- \in) krx + £)2(a + ¥n) &~2 

+ 0(6~3)} + exp { — nim — \in + 6(20. + sinh 2 a)} 

x {1 - Qi{<x + \in) k.-1 + <22(a 4- \in) k~2 + 0(6-3)}]. 
Also, by (2.5.19), 

Wk m(/[k sinh2 a t~in) ~ (tanh a)* e_bni~k kk [exp {nik — \ni — 6(2a 4- sinh 2a)} 

x {1 + Q\{pc + \in) k_14- 02(a + \ni) hr2 + 0(6-3)} 

+ exp { — ink + \ni + 6(2a + sinh 2a)} {1 — Q^oc + \in) k~x 

+ £Ma + M ^_2 + °(^”3)}]» 
and, in particular, when z‘6 is purely imaginary, 

(4.5.21) 

(4.5.22) 

{77l( A.17V" 1 \ 
\ni 4- \nim-' 

x [sin {k{2(X + sinh 2cc) + \n - mn) {1 - 02(a + \ni) k~2 + 0(6~4)} 

+ cos {6(2a + sinh 2a) + \n - mn) [Q^foc + \ni) 6-1 + 0(6-3)}]. (4.5.23) 

In the final case, x/46 ~ 1, and we suppose that x- 46 = 26 = o[(£x)*]. Then we have 

4m2 — 3 
Wt'Jx) ~ r(J) n~i^x)i exp |6 \ogk-k-, gy, 

x[I_^+^(e2+i)“i^^(el+262+I2m2'li)+0{(P1}]' (4'5'24) 

so that W_KJx e±ni) ~ T(J) n~i (}x e±in)t exp | - k log (k e±™) + k g^ 

et±b* T(f) e(e2+|) 

4 m2-\ 

xi 
n i(Jx)4 3>ix 

35Sra(e‘+2£2+i2m2_ll)+0((p'!)}’ (4's'2s) 
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,4 
Mk,Jx) ~ ~T(i + 2m) r(i) (£*)* k 

■ sin: 

x (e4 + 2e2+ i2?w2-ff) + 0 

for — ^ argx ^ \tj. 

e2 + i) ,nl e6 11 
3! lx K^)2/J 

re , 
1 

Ui# 3-3!(i# 

j ^ n \ 

K^)2<J )■ 
(4.5.26) 

4.6 Olver’s theorems 

In a recent series of papers (1954, 1956) Olver has discussed the asymptotic expansions for large 

values of u, of solutions of the equation 

^ = {u2p(x) + q(x)}y, (4.6.1) 

where x lies in a simply connected domain D, and p(x) and q(x) are functions of the complex variable 

x independent of u. It is enough to consider u real, since if u — \u\ &id, for 0 fixed and real, the trans¬ 

formation X = x converts (4.6.1) into an equation of the same form with u replaced by |m|. 

Olver shows that (4.6.1) can be transformed into an equation of the form 

d 2w 

d z2 
— {u2zn+f(z)}zv 

by putting 

where 

If we integrate (4.6.4) we find that 

(dx\_4 

W=[dz) y’ 

/ dx\ 2 

(5)p{x) =* • 

zin+i = (ln+ I) f {p(i)}4dt, 

X0 

and also that 
„ . /dx\2 /dx\4 d2 (/dx\_4 
/w = (s) ?w+(s) ^((5 

(4.6.2) 

(4-6.3) 

(4.6.4) 

(4-6-5) 

(4.6.6) 

Next Olver shows that (4.6.2) can assume three forms given by n = + 1, o and — 1, and he gives the 

asymptotic expansions for large u of the solutions in these three cases. 

Theorem I (n = o). For large values of u, the equation 

d 2w 

ds-2 = {«2+/(*)} ™ (4.6.7) 

has solutions W^u2, z,f(z)) and lV2(u2, z,f(z)) uniform with respect to z such that, if 2 lies in Dv 

(4.6.8) «i(*) = + 
s = 0 U- 

[M-1 » 
W'x(z) = ue»\ £ ~fs™ + 0{u-M)\, 

s = 0 U 
(4.6.9) 
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and if z lies in D 2> m*) 

W’2(z) = —u 1 ( -?)8fa(g) + 0{u-M)\, 
I s=0 ^ I 
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(4.6.10) 

(4.6.11) 

where Wx(z) and W2(z) are independent of the arbitrary unbounded integer M, D1 is the domain 

comprising those points z which can be joined to an arbitrary fixed point a' by a contour which lies 

wholly to the left of the line through z parallel to the imaginary axis, Z)2 is the domain comprising 

those points z which can be joined to an arbitrary fixed point b' by a contour which lies wholly to the 

right of the line through z parallel to the imaginary axis, and the coefficients As(z), Bs{z) can be 

determined from the relations . , . 
A0(z) = 1, 

Bs (*) = As(z) + A's^(z),j 

and A,+1(z) = - iA',(z) + i J/(z) A,(z) dz + K, 

where Ks is an arbitrary constant. 

Theorem II (n — 1). For large values of u, the equation 

(4.6.12) 

(4.6.13) 

d2zv , , „ 
qY2 = {u*z+f(z)}w 

has solutions Wj{u2, z,f(z)} (j — 1, 2, 3) uniform with respect to z, such that if z lies in Dp 

(4.6.14) 

Wt(z) = Ai(Piuh) f Yg# + eXp-{^jhfi 
=0 u 

4 
U3 = 0 M 

and 

1 + \tfiz\i 

M-l p <Z\ M T) /jA 

W'lz) - Ai(ptuh) S -^+uiM'(Piuh) 2 
s=0 u 

+ (i + | ifi z | i) exp{ — 0(w_2M), 

)» (4-6-15) 

5 = 0 U 

(4.6.16) 

where p1 = i, p2 = P3 = e_^™> the coefficients As(z), Bs(z), Cs(z) and Ds(z) can be determined 

by the relations 
A0(z) = D0(z) = 1, 

B,(z) = lz-i^t-l{f(t)A,(t)-A:(t)}dt 

4tiW = - lB’,(z) +i j/(z) dz + AT, 

where is an arbitrary constant, Cs(s) = A's(z) + zBs(z), 

D$(z) = A^ + B'^z), 

and the domains Dj are such that, if Sv S2 and S3 are the sectors 

-\tt < argz < — n s£ arg* < -\tt, ^7r < arg* ^ n, 

respectively, and is an arbitrary fixed point of the sector Sp then Dj is the domain comprising those 

|exp{-$(ft*)*}| > lexpl-K^a,-)1}!. 

(4.6.17) 

(4.6.18) 

(4.6.19) 

(4.6.20) 

points z for which 

such that a contour can be found joining z and which lies in at most two of the sectors Sj, and does 

not cross that curve exp {-§(/?,,• sr)^} = constant, which passes through z. 
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Theorem III (n — — 1). For large values of u, the equation 

d 2w 

d z2 
= {w2#-1 + f(z)} w (4.6.21) 

can be transformed into an equation of the general type 

d2w 1 dzv 

dz*=zdi + iu 
—2-- 

za 
(4.6.22) 

hi2 where f(z) = y + , y is a constant and h(z) is a regular function of z, if we write z2 for z, \ 
z 

2 

for u2, (f>(z) for 4h(z2) and —-- = y. 
4 

Also if R1 [i ^ o, this equation has solutions z, ju,, (p(z)} (j = 1, 2) uniform with respect to 2, 

such that if 2 lies in Dv 

+s W“*)C5„‘^+ru40(“-“))’ (4A23) 
5S(*) 0 

s=0 « 

^(*) = /„(«*)( s ^ + (i + \z\)0(u-2M)\ + uzIll+1(uz)\ S -^ + 0(ir*“)|, (4-6.24) 
jtf-i n 1 
v fiAlz no,-2M\ 

T 

and if 2r lies in D 2) 

A 7yq°(“-“)}- <4-6-25) 

= X,(|») 1 ^ + (I + M) 0(U-M')] - uzKr+1(uz) ("f1 ^ + 0(«i-“) |, (4.6.26) 
s = 0 M 

where the coefficients As(z), Bs(z), Cs(z) and Ds(z) can be determined by the relations 

M*) = D0(z) = 1, 

B,(z) = - iA'„{z) + i J‘ (fli) A,(t) - ^±1 A'jf)} dt, 

4,+iM = \ (^~j b»W - m*)+\ J #.*) B,(z) dz+K, 

where Ks is an arbitrary constant, 

Cs(*) = (p +1) As(z) + zA's(z) + zBs(z), 

and Ds(z) = As(z) - (ji/z) B^z) + -B^s), 

(4.6.27) 

(4.6.28) 

(4.6.29) 

(4.6.30) 

and the domains Dj are such that D1 comprises those points z which can be joined to the origin by 

a contour which does not cross either the imaginary axis or the line through z parallel to the imaginary 

axis, and, if a' is an arbitrary fixed point of the sector |args| < hr, Z)2 comprises those points z which 

can be joined to a' by a contour, wholly to the right of a line through z parallel to the imaginary axis, 

which does not cross the negative imaginary axis, if \t\ < arg z ^ %n, and does not cross the positive 

imaginary axis, if — \n ^ arg z < —\tt. D2 excludes the point z — o. 

The restriction R1 ft > o implies no loss of generality but merely selects the positive root of ft2, 

in terms of which we state our results. 
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4.6.1 Asymptotic expansions when a is large 

We shall now apply theorem III to the normalized confluent hypergeometric equation 

w 
\b — a l1 bib —2) 
--w + > v ’ 

X zpr 
w. (4.6.31) 

In (4.6.31) let us put z2 = x and \u2 = a-\b. Then (4.6.31) becomes 

d2zv 1 dw f bib-2) A 
=~4~ + U2+ V 2 J + z2]w. 

dz2 z d2 ( z2 ) 
(4.6.32) 

This equation is of the same form as (4.6.22) with [i = 6—1, and (j){z) = z2. 

will have solutions W^u, z,b — i,z2) and W2(u, z,b — 1, z2). 

But this equation also has solutions 

Hence for large u, (4.6.32) 

F = + b■ **] = (4-6-33) 

and U = er^zbU{lu2 + \b\b\z2) = W_iui>ih_i{z2). (4-6-34) 

Hence F = a1W1 + cc2 W2, (4-6-35) 

and U = /31W1 + /32W2, (4.6.36) 

where oq, /?1( a2, A2 are arbitrary constants, independent of z. Now the expansions W1 and W2 in z are 

uniform so that we may keep u and b fixed and let z o through positive values. Then, near z = o, 

F(z) ~ zh t~iz2 

and since • 

Also, since K Ax) ~ r^)#-^-1 
ir2(*) ~ r(^-i)«i-v-626-2. 

Hence a2 = o, and F(z) = cq^^). When m is large 

(4-6.37) 

1 Hi('2') wb_12&e^z2 
b—1 

cq F(s) 2ft-ir(^)^ 2b-ir(6)’ 

since we can choose ATS in W^z) so that As+1(z) o as x -> o. Hence, near z = o, 

e-*22 ^[Jtt2 + *6; b; *2] ~ ^ T(6) ^(«, 2, 6 - 1, s2). 
2 

r T(^(^ ~ T) p-fz- *2-6 
^)~r(|M2+^)e * ’ 

(4.6.38) 

(4-6.39) 

(4.6.40) 

Also 

U(z^) 2^ ^ up ^ 
so that, in (4.6.36), we can take /?x = o, and then ^2 ~ ^ ~ p^2 + p) near z = °- Hence 

e^2zbU(^u2 + jb; b\ z2) ~ ^(k, z,b-i,z2). (4-6-41) 

If, in (4.6.40), we put \u = i^J{\b-a) and a: = 22, when a, 6 and x are real we can again deduce 
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Tricomi’s approximation (4.4.15). Similarly, if we make the same substitution in (4.6.41) and use 

the fact that 

- sin {(£6 - k) tt} F(±b - a +1) 
I» v 

where k = \b — a, we can deduce (4.4.18) from (4.6.41). These results check the above identification 

of the two solutions. 

Thus our final expansions are 

t-^z\F1[\ui + \b\b-z2} ~ r(b)u'~b2b-x 

xh-w(IC^+o(^)}+s4W{1! 

and t~iz2zbU(lu2 + lb-b;z2) 

BS{Z) z qI 1 
u 2s I+\z\ \u 2N (4.6.42) 

22~bUb~1 

r(| u2+\b) 

h»{!?01;¥)+o(^))-^^)i ... u 

N-'Bs(z)t z 0 / 1 

0 U2S 1 + \z\ \u 2N 

uniformly with respect to z, where A0 — 1, 

and 

B,(z) = - i A',(z) + J' {| -b—lA,(t)\it 

4iW = VB«-RW + i PBM dt + K. 

and Ks is chosen so that As+1(z) -> o as z -> o. In fact, 

Ao = 1, 

x3 

B° ~ 6 ’ 
2 ^6 

A = (6-2)-+ 7^-j 
2.2 622! 

41 /y»5 y9 
t/v cA i/V 

B1 = -b(b-2)-~ — 4 
3 3-5 633-’ 

^ = -(5*-2)(i + 2)^+ (p-JF^) X8 
12 

b2 b2 b A 
_|- 

l8 30 9 15 
j^ + ----^-|x3+|- 

64 22.34 • 5/ 644!’ 

5^2 . 5^ , 23 •*. x11- 
X ,15 

54 ^ 53 32.6.5.7/" 2.64.5" 655f. 

In terms of the Whittaker functions these results become 

Mk,m(z2) ~ F(i + 2tn)u-2m22m\zlzm{uz)\ v 4-0(m_2JV)| 
L ls=o u ) 

0(«~2JV)J], T ^2tn+l(uz) I S 
u ' I o=0 w2s i 4- U 

(4-6.43) 

(4.6.44) 

(4-6-45) 

(4.6.46) 

(4.6.47) 
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->1—2m..2?n [~ 

w. Lr2t —-___ 
' va+m-k)[_ zKu™)\N-£^+o(u-™) 

= 0 u 

zT^ . , f^-1 BJz) 
K2m+1(uz)\ Yj 

u \ s=0 ^ 

Z 

i + Lsr 
0(«-“)}], 

uniformly with respect to z, where — 4k = u2 and, in the coefficients As(z) and Bs(z), b 

(4.6.48) 

+ 2 m. 

4.6.2 Asymptotic expansions when k and x are large 

In the normalized confluent hypergeometric equation (4.6.31) let us put 

t = x/yk, (4.6.49) 

where k = \b —a, and we suppose for the moment that k is real. We assume that x and k become large 

together. Then (4.6.31) becomes 

y = 4k2(i-i/t)y + b(b-2)y/4.t2. (4-6.50) 

This is of the same form as Olver’s general equation (4.6.1) and it can be analysed in the same way. 

We have ^>(*) = 1 — 1/t, q{t) = b(b — 2)/^t2, and u2 = \k2. 

Hert p{t) has one pole at t = o and one zero at t = 1, and q(t) has a double pole at t = o. We have 

already, in §4.6.1, considered the expansions in a domain near t = o, using theorem III. There are 

two cases left to consider: 

Case I. If we choose a domain consisting of the whole t plane excluding small circles about the 

points t = o and t = 1, (4.6.50) comes under theorem I, since p(t) has no poles nor zeros in this 

domain. Hence this case will lead to expansions of which the leading terms are exponential functions. 

Case II. If we choose a domain consisting of a circle about the point t = 1, (4.6.50) comes under 

theorem II, since at t = 1, p(t) has a simple zero. Hence this case will lead to expansions in terms of 

Airy functions. 

First let us transform (4.6.50) to new variables, w and z. We take 

“ = (s)iy =(trh■ 
(4.6.51) 

Then w" = {4k2{t')2 (1 - ljt) + f(z)} w, (4.6.52) 

where (4-6-53) 

and t'2( I — l/t) — Zn. (4-6-54) 

Hence zUn+2) _ + l(n 4. 2) f (i — l/t)idt. 
Jt0 

(4-6-55) 

We have a choice of signs 

RH > 0. The integration is 

Let 

in this equation, and we adopt the negative sign so that R1 z 

from t0, any pole or zero of p(t), to t. 

/ = - P(i — i/t)$dt 
Jt, 

> 0 when 

and put - (1 — 1 /t)i = v. Then 

/ = \ [Log {(a + 1 )\{y -1)} -f 2v/(v2 - 1)], 

6 SC H 
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that is, / = <]{(t-i)t} + Log{^t-*J(t-i)}. 

Also t' — z^n(i — i/f)-^, 

from (4.6.54), and so, differentiating this result twice, we find, from (4.6.53), that 

_ znb(b - 2) n(n + 4) 3(8* - 9) zn 

4t(t— 1) i6^2 i6t(t— i)3 ‘ 

We consider first the transformation 

* = Log{<Jt-J(t-i)} + J{t(t-i)}. 

Fig. 4.2 

(4.6.56) 

(4-6-57) 

(4.6.58) 

(4-6-59) 

This maps the whole of the t plane, excluding part of the real axis, on any half strip of the z plane, 

7r(w —J) < Im# < 7r(« + |) for all n, and either Rl# > o or Rl# < o. We choose that branch of the 

logarithmic function which makes z lie in the half strip R1 z > o, — < Im z < \tt, so that the real 

axis o < f ^ 1 maps into the imaginary axis — \m ^ z ^ \m. 

So far we have assumed that k is real, but the transformations can easily be adapted to the case 

k = |&| eid, 

where d is a real fixed number. In (4.6.31) let us put 

X = x eie. 

Then we find that d2y _\~\k\ 

dA2 X 
+ ie l~-2 id b(b- 2) 

4A2 36 (4.6.60) 

which is of the same form as the original equation in x. In (4.6.60), we now substitute t — JA/41 /e j 

(= x!\k), and find that 

y = 
x\k\ -2 ie 

4|*|2" 
b(b- 2) 

4*2 
y- (4.6.61) 
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This is of the same form as (4.6.50) with p(t) = e~2ie — i/t. Hence it has a pole at t = o, and a zero 

at t = t2id. Also 

I = — ei0 | (1 — e2ie/t)i d(£ e~2i0), 
Jto 

(4.6.62) 

so that zi(n+2) _ 1 _j_ 2) /, as before, 

where now, / = e^[^/{*Q~2id{tt~2id — i)} + ~Log{<J(ter2i0) — ^j{te,-2i0 — 1)}]. 

The new transform z = /, 

(4.6.63) 

(4.6.64) 

(4.6.65) 

is exactly the same as the previous transform rotated through an angle 20 in the t plane and an angle 

6 in the z plane. Thus we have the same results, for complex k, as for real k, provided that we put 

z erid for s' and t e~2ie for t throughout our results. 

4.6.3 Asymptotic expansions when 4k±x 

When \k 4= x, the equation (4.6.50) comes under case I, and we can apply theorem I. By this 

theorem we see that there exist asymptotic expansions for k and x large, 4^ 4= x, which are solutions 

of (4.6.50) for k real and for all values of t — x/^k, except the immediate neighbourhoods of the points 

t = o, and t = 1. These solutions are 

W^z) = e 

in the domain Dlt |args| < \tt, and 

W2(z) = e _ kz 

rM-1 ~| 
2kz\ £ As{z)(2kys+0{{2k)~M} 

L s=0 

(4.6.66) 

Hs' A,(z)(- i)*(z*)-+ 0{(2*)-«}] (4.6.67) 

6-2 
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in the domain Z)2 defined also by |arg#| < \n. We see that Dx = D2 and that the solutions can be 

extended over the whole Lplane excluding t — o and t — 1, by the use of the continuation formulae 

(2.5.18) and (2.5.19). 

\b — a — k, \b — \ — m, (4.6.68) 

2 = ti(t - l)£ + log {ti ~(t~ l)i}, (4-6-69) 

t — x/4/9 (4.6.70) 

A0(z) = 1, 

In these solutions we have 

and 

where 

= - lA'Jiz)+i jf(z) A,(z) dz+K, 

/W = W+3(8'-9) 
4t(t— 1) ' \6t(t— i)3’ 

and Ks is an arbitrary constant. 

The leading terms of these two solutions are 

and 

Wx(z) = e2fe{i + A1(z) k-' + Otk-2)} 

W2(z) = e-2fe{i -Ax(z) k-1 + 0(k~2)}. 

(4-6-71) 

(4.6.72) 

(4-6-73) 

(4.6.74) 

But (?)_% Wk m(x) is also a solution of (4.6.50). Hence there must exist a linear relation between these 

three solutions of the form TT7 , , . fr, TIT, , „ TI,, ..1 , , . 
Wk.jAkt) = {BJVx(z) + B2W£z)}(t')*. (4-6-75) 

Now from (4.6.57) we have (f')"T ~ 1)^ t~i, (4.6.76) 

and, from (4.6.69) above, z — t — 14-log (|U"^) — 0(t~l). (4.6.77) 

Thus, when k is real, as t -> 00 for [ arg /1 < \tt, we find that 

(/')-* H'taW - o. 

Also if k > o, W±(z) -> 00 and W2(z) -> o, as z -> 00, with t. Hence we must have Bl = o, and so 

eiH(t-i)it~iWk>m(^kt) = B2 W2(z). (4-6-78) 

Let us expand this result, neglecting terms in t~x and using the expansion of Wkim(<\.kt) for k fixed 

and / large. m(Aht) ~ k\itf {: + O(r')}. (4.6.79) 

We find that 

{1 _ lO^-1)} ^(4 tf e~2tk {1 + 0(f-x)} 

= B2 exp [ - 2k{t -1 + log (|H) - 0(f"1)}] 
M-1 

1+ V 
s= 
^A„{z)(-2kY‘+0{(2k)-M}\, 

so that if Ks, the constant of integration in As(z), is chosen so that As(oo) = o, we can say that 

hm Bo ~ 
t —> 00 W2{z) 

Bo ~ eini kk e_fc. that is 

Our result is then Wk>m (x) ~ kke~k(i -4k/x)-iW2(z), 

for k real and for |argx/4&| < \tt. 

(4.6.80) 

(4.6.81) 
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We can immediately extend this result to complex values of k, and we find, for k = |/e| tie, that 

Wk,nix) ~ kke-k(i -4k/x)-iw2(ze~ie), (4.6.82) 

where now, ze~l9 — ^J{te~2i9 (te~2id — i)} + Log{N/(^e_2i6')— *J(te~2i9 — 1)} 

and r, _,;m _ VI23(8/ e^2^ — 9) 
t e~2ld (t e~2i9 — 1) i6t e~2ie (t e~2ie — i)2’ 

(4.6.83) 

for |argx/4|/e| | < and |arg&| < \ti. Again, these conditions can be relaxed still further by the use 

of continuation formulae, to cover the whole t plane with the exception of the immediate neighbour¬ 

hoods of the points t = o and t = e2id. Thus 

W_k>m(xe±ni) ~ eTnikk~kek(i—^k/x)~iW1(ze~ie), (4.6.84) 

where, for the upper signs — \n < arg(x/4|£|) < o, and for the lower signs o ^ arg(x/4|&|) ^ \tt 

and [arg/e| < \tt. 

From (4.6.82) and (4.6.84), using the continuation formula (2.5.18), we find that 

,, , . . lk~kek(i — A.k/x)~iTTT. 
Mk,m(x) ~ r(i +2m) r^ + m_kj- e e) 

Q±iri(k-i-m) fek e-fc ( j _ 

+ T^ + m + k) 
W2{z e~i0) I, (4.6.85) 

where, for the upper signs — ^ arg(x/4|/e|) ^ o, and for the lower signs o ^ argO/#l) < 

and |arg£| < \v. 

If, in (4.6.82), (4.6.84) and (4.6.85), we put 2 = 4&cosh2a, we can deduce the results (4.5.12), 

(4.5.13) and (4.5.14). If we put z = \k cos2 a, we can deduce the results (4.5.16), (4.5.15) and (4.5.17) 

and if we put z = 4/2 cosh2 (a+ ^777), we can deduce the results (4.5.22), (4.5.19) and (4.5.21). 

When we express these results in terms of Kummer’s functions, we find that 

U(a; b] x) ~ eixx~ib(i —4k/x)~i kk e~k W2(z (4.6.86) 

for |argx/4|£|| < ^77 and |arg&| < t. Also 
/ Tj—k pic pT^ift fclc p k ) 

iJpifa; b\x] ~ &xxAbV(b)(i - ^k/x)A wi(z e~id) + W£(*e_i0)J, (4.6.87) 

where, for the upper sign — ^tt < arg(x/4|&[) ^ o, and for the lower sign, o ^ arg(x/4|A|) < \tt, 

and |arg&| < \tt. Here k = \b — a, b = 1 +2m. 

The coefficients As(z e~id), in Wr(z t~ie) and W2(z e~ie), are defined by 

where 

A0(z t~ie) = 1, 

As+i(z e~ie) = - iA's(z e~W) + \ J/(* e~ie) As(.z e~i0) ^ At + Ks, 
(4.6.88) 

f(ze~ie) is defined by (4.6.83), and for each value of s, Ks, the constant of integration, is chosen so 

that As+1(oo) = o. These coefficients can be evaluated numerically in any given case for fixed values 

of b and 6. 



86 CONFLUENT HYPERGEOMETRIC FUNCTIONS 

4.6.4 Asymptotic expansions when 4k = x 

When 4& = x, the equation (4.6.50) comes under case II and we can apply theorem II. By this 

theorem, we see that now there exist asymptotic expansions, for k and x large, \k = x, which are 

solutions of (4.6.50) for k real and for all values of argf in the immediate neighbourhood of the point 

t = 1. These solutions are 
m Win 

W,(z) - Ai x A,(z){zk)~^W 7V7 2 B,(z)(zk)- 
s=o (2 kp s=o 

•2s 

+exp{-yp;(f)tT,o{(2k)-™-'}, (4.6.89) 
+ \(2k)%z\* 

in the domains Dp for j — 1,2,3, where k = \b — a, t — xj^k, 

Pi = 1, Pi = e > p3 = e-^% (4.6.90) 

(4.6.91) 

(4.6.92) 

(4-6-93) 

4^-1) ' 1622 i6t(t- i)3* (4-6-94) 

Again one solution of (4.6.50) is t'AWkm(x), so thatwe must have a linear relation connecting these four 

solutions, of the form , iTir , . „ TT7/ . „ TIT/ . „ Tir, . , - s 
t ^WktJx) = B1W1{z) + B,W2{z) + B,W,{z). (4.6.95) 

Here t'A — (1 — i/f)i^-I, (4.6.96) 

and the leading terms of the three solutions IVj(z) are 

(2k)A z~i exp (— | kz%) 

z = (f )* [log {f* - (f - I)i} + t\t - 1 )*]*, 

A0(z) = 1, 

Bs(z) = z~l{f(z) As(z) - A"(z)} dz, 

Am (z) = jf(z)B,(z)dz+K„ 

where Ks is an arbitrary constant of integration, and 

f{z) = zb{b-p+ 5 32(8/ — 9) 

lVL(z) 
2-jn 

[l+0{(2*)-l}]. 

and 

since 

jtt/ •, e~^ni(2k) $z~b exp (Ms^) r 
**£(*)-^Vt7~ -" t1 + °{(2^)-1}], 

ttt / \ di7T {2.k)Az~i exp (f&s4) r 
W£(*)--—■■■ 3-- [1 +0{(2/^)-1}], 

2V 77 

and 

Now as before, when t -> 00, 

,(s)^),I+ort 

Ai' (2) ~ rd^PtzIfL) {.+0(K»)}, 

* = (!)*{«-*+log (i<*)-0(ri)}t. 

~ e-2W(4^)fc{i + 0(r1)} -> o, 

(4.6.97) 

(4.6.98) 

(4.6.99) 

(4.6.100) 

(4.6.101) 

(4.6.102) 

(4.6.103) 
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W^z) -> o, and W2(z) and W3(z) ~ exp(fAs^) -> 00, for k real, and |argx/4&| < \n. Hence we must 

t'^WKm(x) = BJV^z), (4-6.104) 

B, ~ lim{t’-tWKm(x)mzj}, 
t—^"CO 

that is B1 ~ 2^7r(2k)^ kke~k. (4.6.105) 

Hence our result is Wkvm(\kt) r>j ^i(i — 2 ^Jtt (2k)^kkerk (4.6.106) 

uniformly in z, for k real, and | arg sr| < \n. Again this result can be extended immediately to other 

ranges of arg2: by use of the continuation formula (2.5.19). 

It can also be extended to complex values of k, if we put k — \k\ tie, | arg A| = \0\ < \n, and write 

z e,-ilB for 2, and t er2ie for t throughout the result. Thus finally, we have 

for arg 
x 

4|&| 

Wk>m(x) ~ zi e~^ie (1 — e2id/t)~i 2 *Jn (2^)^ kk e~k Wx(z e %l°), 

< \n and |arg&| = \0\ < In. 

(4.6.107) 

If we compare the leading terms of this result with (4.5.24) we see that the two expansions are in 

agreement. 

Similarly, for the two functions Wk>m(x e±™), we have 

TT. . .. QUizie-iid 

K,m(xem) 

and 

for 

^ 2ie 1 y 2 Vn (2^)^ e~kni k~k efc W2(z e%ni~%l6), 

Wk m(x e_7n) ~ e~ini zi e~iiB 2 ^n (2k)* efc7U k~k ek W3(z e~$7rl~%ld), 

(4.6.108) 

(4.6.109) 

x 
< \n and |arg/e| = \6\ < \n. From these results, by the continuation formula 

argffl 
(2.5.18), we find that 

Mk,m(x) ~ m~m +J--—-- (2k)i k-k ek (1 — e2it) 4kjt)A F( 1 + 2m) 

x [exp {ni{\ + m + ^ — k)} W2{z e“^(C/_7T)i} — exp { — ni{\ + m + \ — k)} W3{z e_S^+77)j'}]. (4.6.no) 

From these results, we deduce immediately that 

cix x~^b. 
^[tf; 6; v] 

4™ 
— T( 1 — a) z^ e~^iB (2k)i krk ek (1 — t2lB 4kjt) i 

x T(b) [exp {ni(a 4--§-)} W2{z — exp { — ni(a +1)} W3{z e 34+^)]; (4.6.111) 

and U(a-,b-,x) ~ eixx~^bzie~^id2 4'^(2k)^kke~k(i—/\.ke.2l9/x)~iW1(ze~i'ld), (4.6.112) 

where * = e*" (f )* [Log y(t e~2i9) - 4(t e~2id -1)} •+ 4{(t e~2i0) (t - 1 )}]t, (4.6.113) 

for larg^l < \n and |arg&| < \n. 

The coefficients As(z e~$i&) and Bs{zt~%ie), in the solutions 

W-^zer^9), W2(z e-t^-^) and W3(z t~%i*-e+7,'>), 

are defined by A0(ze_T^) = i, 

f'ze~¥3 /dz\ 
Bs(ze-%ie) = \z-l£ie z-^{f{ze-^e)As{zt-Aie)-A"s{zt-Ai6)} dt, (4-6.114) 
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and 

where 

As+i(ze~h°) = -i -m* e-*4") + \ J/0 e-»") B,(z C-**) (“*?) it+ K„ 

ds' 

dt 

f(zt~%ie) = 
ze§idb(b — 2) $t%id 32: e^0 (8£ e~2i(? — 9) 

4^e~2id—1)+ 1622 1e~2ie — i)3 ! 

(4.6.115) 

(4.6.116) 

^ is defined by (4.6.113), and for each value of s, Ks, the constant of integration is chosen so that 

^s+i(°°) — °- These coefficients can be evaluated numerically in any given case for fixed values of 

b and d. 
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CHAPTER 5 

RELATED DIFFERENTIAL EQUATIONS AND 

PARTICULAR CASES OF THE FUNCTIONS 

5.1 General transforms of Rummer’s equation 

In Kummer’s equation let us make the general transform 

y = zA A<z) Y(z), x = Ch(z). 

We find that Y(z) now satisfies the equation 

(5-I.I) 

y'+(^+2/,+T-Ch'4)y 

+ 
hTb 

~h 

A(A-i) 2 Af 

z‘ z hr+z'2- 
aCW‘ 

JT 
Y = o, (5.1.2) 

where dashes denote differentiation with respect to z. We shall now consider various special cases 

of (5.1.2), for in general this equation will transform into an equation of Kummer’s type. 

First let us put 
^ f(z) = Bzm, h(z) = zm. (5.1.3) 

Then (5.1.2) becomes 

/2A _ ^ , mb _ 1 m —1 
Y + I-h 2 Bmz™-1 H-Cmzm~x- 

z z z 
Y' 

+ {[~-Cmzm~x- 
m—i\ lA 

z 
—h Bmzm~x 

A(A-1) 

Sr'1 
+ 2 ABmzm~2 

+ Bm(m — 1) zm~2 + B2m.2z2m~2 — aCm2zm~2^ Y — o, (5.1.4) 

and its solutions have the general form 

y(s) = z-At~Bzm%[a- b; Cs™]. 

If m = 1, the equation has the general form 

(5-1-5) 

¥' + (A° + |.)r+(A+S + S)y = a (5-r-6) 

Every homogeneous linear differential equation of the second order, with a regular singularity at 

z — o and coefficients regular for all z 4= o, can be put into this form (Tricomi, 1947), and this equa¬ 

tion can always be integrated in terms of confluent hypergeometric functions, Bessel functions or 

elementary functions. 

First let us suppose that 
A — o, f(z) = Bz and Ch(z) = kz + n, 

then our transform reduces to 

and (5.1.2) becomes 

y = eBz Y, x — z + n/k, (5-i-7) 

"+[2B+^k~k] y'+{(^-A)B+B2-^}y=0- (5-8) 



go 

that is 

where 
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and 

(a0z + b0) Y" + (a1z-\-b1) Y' + (a2z + b2) Y = o, 

a0 = k, b0 = n, j 

a1 = (2B — k)k, b1 = bk + (2,B — k)n, 

a2 = Bk(B — k), b2 = Bk{b — n) + B2n — ak2. 

(5.1.io) 

This equation (5.1.9) is a homogeneous linear differential equation of the second order in which 

the coefficients are all linear functions of z. We now see that any equation of this type can always be 

integrated in terms of confluent hypergeometric functions or more elementary functions. We can 

exclude the case a0 = ax — a2 = o, since then the equation has constant coefficients and can be 

integrated in terms of elementary functions. Equation (5.1.9) becomes another equation of the same 

type under the transform lir , .. , , . 
y = eAi t] and z = Kt, + jii [k 4=0). 

We find that 

where 

and 

a0 = —, cc1 — 2 a0 A + av a2 = /c(a0 A2 + ax A + a2), 
K 

Q _<2o/i + ^>0 R _ M2aoA + tf1) + 2&0A + &1 
P0- K2 > Pi- K 

P2, = ju(a0 A2 -f- A A2 -f- bA b2. 

(5.1.H) 

(5.1.12) 

In those cases in which it is possible to choose k, ju,, and A 4= o so that 

2*
 

11 0
 

that is a0/i + b0 = 0, 

0 
8 1 II tH 
8 that is a0 + /c(2a0A + a1) = 0, - 

and a2 = 0, that is a0 A2 + a1 A + /32 = 0, 

(5.1.11) becomes an equation of Rummer’s type, with solutions in terms of confluent hypergeometric 

functions. Tricomi (1954) has shown that there are four possible cases. First in general, we have in 

(5.1.9), a0 =)= o and a\ — \a^a2 4= o. Here we can take 

A = — «i±V(aj —4^2) 
2«0 

K = + 

P = ~ 

dry 

VK-4flo«2) 

h 
d(\ 

and we obtain solutions of the general form 

V = %[a;b;£,], 

with parameters 
b0A2 + b1\ + b2 ' 

2a0A2 + a1 ’ 

(5-I-I4) 

(5-I-I5) 

(5.1.16) 
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Secondly, if a0 = o, but 60a1 4= o then 
A = a,2j^i> 

but we cannot determine k and [i by (5.1.13). So we choose 

k = 1, 

arbitrarily, then when = o, we find by (5.1.12), that 

[i = 
ai 

Equation (5.1.11) is now 

which becomes 

under the transform 

bo^ + a1^ + (b2A2 + b1X + b2)V — °> 

^ + (i_,)^_/<A2+M+** = 0, 
d t2 V2 'df ' 2 ax 

£2 _ 2V 

a. 
Hence the solutions of (5.1.11) are of the form 

7, = g[a;i;Al£2], 
where # = (b0A? + b1A. — bi)/2a1, and A — — ax\2bQ. 

If, thirdly, a0 =(= o, but a\ — ^a0a2, then the equations (5.1.13) give 

* = A 

and A = ——. 
2a0 

91 

(5-1•I7) 

(5.1.18) 

(5.1.20) 

(5.1.21) 

(5.1.22) 

(5-!-23) 

Again we are free to choose k, so we take k = a0, 

to make oc0 = 1. The equation (5.1.11) then assumes the form 

^+a|+m = °. 

where = (2b0 A + b^ja^ and fi2 = b0X2 + b1X + b2. If in (5.1.27) we put 

y — E,~a7], and E,b2 — x2, 

this equation reduces to one of Bessel’s type, 

vy+ify+L-t|v = 0. 
dx2 X dx \ X2) 

We shall let the symbol £n(x)> 

indicate any general solution of Bessel’s equation. So, in this case, solutions of (5.1 

V = Wt #V£)> 

1 2b0X2 + b1 

(5.1.24) 

(5-i-25) 

(5-r-26) 

(5.1.28) 

n)are of the form 

(5.1.29) 

where a = 
2 a„ 

b = 2*J(b0A2 + b1\ + b2). and 
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Fourthly, if a0 = o, but <22 + ° and b0 #= o, we can choose 

K = 1, (5-I-3°) 

then b\ — b2 = 0, 

and so, from (5.1. 12), A - ~b1/2b(i, 

and /i - ^b0b2-bl/^b0a2. (5-r-32) 

The equation (5.1 .11) now assumes the form 

^ + aHv = o. 
d^2 bg 

(5 •1 -33) 

If, in (5.1.33), we put x2 = 62£3, and 3/ = then this equation also reduces to one of the same form 

as Bessel’s equation, and we see that in this case the solutions of (5.1.11) are of the form 

where b = fvW^o)- 
V = Z%{b&), 

5.2 Kummer’s second theorem and the connection with Bessel functions 

Let us compare (5.1.6) with (5.1.4) when m = 1. We find the following relations between the 

coefficients, 
A0 = 2B-C, 

B0 = 2 A + b, 

A\ = B(B — C), (5-2.i) 

B1 = Bb — AC + 2AB — Ca, 

and C1 = Ab + A(A — 1). 

But if in (5.1.6) we put 
Ci = -n2, 

and 

A = Bl = o, - 

Ax = B0 = 1, 

(5-2-2) 

the equation becomes of the form of Bessel’s equation (5.1.28) with solutions of the form S?!(x). 

If we solve the equations (5.2.1), under the conditions (5.2.2), we find that if there is a relation between 

the coefficients of the confluent hypergometric function, 

b - 2 a, 

then the constants in the transform (5.1.5) can take the values 

A = \ — a, B — i and C = 2 i, 
where \ — a — —n. 

Hence any solutions of Bessel’s equation must also have the form 

x-i+a2a; 2z'x], 

that is to say there exists a relationship 

+ 1+2n; 2ix] = x~ntix(Sn(x), 

(5-2-3) 

(5-2-4) 

(5-2-5) 
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between the two types of solution and any Bessel function can be expressed as a special case of a 

confluent hypergeometric function. The result (5.2.5) is another form of Kummer’s second theorem 

(1.8.3). 

5.3 The Coulomb wave equation 

We shall now consider briefly several functions which are special cases of the confluent hyper¬ 

geometric functions. First, let us take . n 
A0 — B0 — o, 

in (5.1.6). Then, from (5.2.1), we have 

2 B = C and 2 A=—b, 
and (5.1.6) reduces to the form 

}y = 0. (5.3,) 

This equation is of the same form as Whittaker’s equation and, by (5.1.5), its solutions are of the 

general form 3, = zibe-B*g[a; b; 2Bz] = 2Si*_a>46_i(2Bz). (5.3.2) 

In particular if z = p > o, B = i, b = 2L + 2, and a = L + 1 —ii), (5.3.1) becomes Coulomb’s wave 

equation 

with solutions of the form 
P P‘ 

y = (2ip)L+x^[L+i—irj; 2L + 2; zip]. 

It is usually convenient to take as solutions the two Coulomb functions 

(5-3-3) 

(5-3-4) 

(5-3-5) 

fl(v>p) - r(2+2L)Mir>’L+^2ip^ (5-3-6) 

and 
c 

Gl(V>P) ~ BWirj L+^izip) 4- Y^2. + 2-L) Miri.L+^A'ip')* (5-3-7) 

so that FL(jl, p) -> sin <j) and GL(yj, p) -> cos (j> as p -> 00, 

where <p = p-7]\og(2p)-^7TL + S, 

e±iS |T(i +L±i7])\ = T(i +L ±iij), 

and the constants A, B, C are defined by 

A = -iC = ||T(L+ 1 ±irj)\ exp{-|7r?/ — %m(L+ 1)} 

and B = exp (— i8+\ittj + riL), 

for?/ > o, L = o, 1, 2,.... For further details and some tabulation of these functions see Wheeler and 

Yost (1936), Lowen and Horenstein (1942), and ‘Tables of Coulomb Wave Functions’, National 

Bureau of Standards (1952). 

5.4 Further forms of Whittaker’s equation 

The general form of (5.3.1) is 

= o, (5-4-i) 
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with solutions of the form 

y = ^{1+V(4c+i)}e-Va^Q__A_+1^/(4C+I); I+V(4^+i);2V^]> (54-2) 

= ^6/(2VaUV(4c+l)(2^)- (54*3) 

More generally, if in (5.2.1), A0 = o and B0 — 1, so that C = 2B and A = \ — \b then the equation 

(5.1.6) assumes the form 

zy"+y' + {-B2z + B(b-2a)-l(b-i)2/z}y = o, (5.44) 

with solutions of the form y — zib~^b\ 2Bz\, (54-5) 

= ar-*SS3i6_afi6_i(2fiar). (S4-6) 

If in (5.2.1), A0 = o, B0 = b = 1 +/i so that C = 2B and A — o, the equation (5.1.6) assumes the 

^°rm „ 1 + fi , (-£?( 1 + [i — 2a) J 
y +—-y + —----B2]y = o, 

with solutions of the form 

z ~ ( z 

y = e~Bz%[a\ i+y\ 2Bz], 

= z~i-h^i+ifi_aA/i(2Bz). 

In particular, if B — ± i, the equation (5.4.7) becomes Horn’s equation 

„ l + u , ( i(i + u-2a)\ 
y +—^y + H+-—~—-\y = °> 

(547) 

(54-8) 

(54-9) 

(5-4-10) 
z { Z) 

(J. Horn, series of papers in Math Ann. (i889)-(i94o)), with solutions of the form 

y = e_i2S’[«; I + /i; 2iz\, (5-4-11) 

= (54-1*) 

If in (5.4.4), we take B = i, b = 1, we obtain Sharpe’s equation 

xy" +y' + (x + C)y = o, (5A-l3) 

(Sharpe, 1900). This equation occurs in the theory of paraboloidal reflectors and its solutions are 

y = Q±ixlF1[\ + \iC\ 1; + 2 ix]. (5.4.14) 

5.4.1 Watson’s fourth-order equation 

If u and v are solutions of the two equations 

u"+f(x)u = o, (54-15) 

and v"+g(x)v = o, (5.4.16) 

then the function y — uv is a solution of the equation 

jl j/'+*(f+g)?+(/' +g')yj +(f-g)y = 0. (54,7) 

This equation is discussed by Watson (1948, § 5.4). We deduce that the fourth-order equation 

y" „ ( 11 2(1—m2)) , I2P i—ni‘ 

^lv+%+li+— 

has solutions of the form y = SB*,, im( - ix) im( - ix). 

y = o, (5.4.18) 

(54-19) 
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5.5 The Laguerre polynomials 

If in (5.2.1), A0 = — 1, B0 = 1+ ft, Ax = C1 = o, and Bx = v then a = 1 + ft + v, b — 1 + ft and the 

equation (5.1.6) becomes 

y"+\Y1~1)y, + ~zy = °- (5-5-1) 

This is of the same form as Rummer’s equation and it also arises in the theory of paraboloidal 

reflectors. It has as solutions, the Laguerre functions 

* = £<'’w = 1 +/t; *]' (5-5-2) 

Here v is not necessarily an integer and the function is only an alternative notation for the Rummer 

function (see Pinny, 1946, and Mirimanov, 1948). From the definition of L^\z) it follows that 

L(/}(*) Ivf i h‘eizM»+i+y.y(z)- 

A second solution is 

U(/\Z) = -r 
ei 

e~eni/i L^\z) - ar-/‘'LS‘+^)} ’ sin Tt ft 

where e = + 1 for o ^ arg# < tt and e = — 1 for —tt< arg z < o. It follows that 

Uf\z) = _ e r(l + ”) {z ei* W_r_h_Mr( - z e~«fa), 

(5-5-3) 

(5-5-4) 

(5-5-5) 

where e = + 1 for Imz ^ o and e — — 1 for Im z < o. 

In an alternative notation for these functions Mirimanov writes 

Sjf(z) = z^p e~iz Vf\z) and V£(z) = z^^e ^ U(/\z). (5-5-6) 

The most useful cases arise when v = n, an integer. Then the function reduces to the Laguerre 

polynomial. We have 

(5-5-7) £?(*) = iiy-i*; 1+/*;*], n\ 

(-i)n 
n\ 

XJ{ — n\ 1+ ft', z), 

= (l±^nz-i-l,ei,jK+t+MM 

(5-5-8) 

(5-5-9) 

= -z~i~i/ieier^+i+M/z), (5-5-IO) 

and in particular 

1'* = ^, (5-5-n) 

Wn(z) = o, for n = 1,2,3, --->A* o, 1,2,..., Rl/i >-1, (S-S-^) 

L{™l(z) = o, for n= 1,2,3, ...,m and m= 1,2,3,..., (5-5-J3) 

L(™l(z)=--’ , - for n = »!+i,m + 2,..., m = o, 1,2,.... (5-5-H) 
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By symmetry n! (— z)m L^~n\z) = m! (— z)nL(™~m\z), (5• 5•15) 

for n,m = 0,1,2,and in particular 

£«(*) = I, £<-«>(*) =t£)!. 

Two short tables are Slater (1955 c) and Tricomi (1956). 

Another alternative notation for a Laguerre polynomial is given by the Poisson-Charlier function 

which arises in the Calculus of Probability (Charlier, 1905) and Szego (1939). This is 

pn{v, a) = <Jn\a-inL^~n\a) = ^I + V, ”^wa~ln- n; 1 + v-n; a]. (5-5-16) 
\ n' 

Two related functions are the omega function of Cunningham 

= x 
p—ix—7n(n—^m) 

(5-5-17) T(i +« — \m) 

(Cunningham, 1908) which is used as a normalizing function in statistics, and Bateman’s function 

(Bateman, 1931). 

K(x) = PTiTXTh U(-lv,o;2x) for * > o, 
1 \2P~r I) 

(5.5.18) 

5.6 The incomplete gamma functions 

If in Kummer’s equation, we put b — l+a, and write — x for x, we obtain 

d2y , . dy 

xw+(1+a+x)rx+ay=°- 

The solutions of this differential equation are the incomplete gamma functions, 

xr 
y(a, x) = — ^[a; 1 + a; - x] 

a 

and r(a, x) = e~x U( 1 —a; 1 — a; x). 

From these definitions, we find that 
CO y,n 

y(a, x) = e~xxa'Z 
n=0\a)n+\ 

by Kummer’s first theorem, and in particular, 

r(«,o) = r(«), 

and y( 1, x) = 1 — e~x. 

Also y(a, x) — — T(a, x) + r(a, o). 

In terms of Whittaker functions, 
'y^Cl—w 

y(a,x) =---M^iaiia(x) 

and r(a, x) = xla~i e~tx tVia_iia(x). 

The functions have simple integral representations, 

y(a, x) — j* e_^“_1df, for Rla>o, 

(5-6-i) 

(5.6.2) 

(5-6-3) 

(5-6-4) 

(5-6-5) 

(5.6.6) 

(5-6-7) 

(5.6.8) 

(5-6-9) 
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and T(a, x) t-t fa-lfa. 

For a detailed study of their properties see Tricomi (1954, ch. iv). 

Alternative notations for the incomplete gamma functions are 

P(x, a) = y(a, x) and 0(x, a) = T(a, x) 
(Neilson, 1906), 

(Schlomilch, 1859), and 

(Placzek, 1946). 

Another group of related functions is provided by the exponential integral, 

CO fa 
e-<— — e~x U(i; 1; x) = e~ixx~iW__y0(x), 

the logarithmic integral, 

the integral sine, 

Ei(-x) = f 
J a 

fx d t 
li (x) = J |—- = Ei(logx) = —xU( 1; 1; —logx) 

- x*(logx)-£ W_h0(logx), 

:sm t 
Si(x) = -dt = \tt — \icrix U( 1; 1; ix) + \ieix U( 1; 1; — ix) 

Jo t 

= \tt+ 1, ■ {e~iin-hizW_±'0(iz) — eii7I+iiz W_^0( — zV)}, 
21 Z 

and the integral cosine, 

Ci (x) = — r 
J X 

00 cos t 

t 
d£ = — \t~ix U(i; 1; ix) — \cix U( 1; 1; —ix) 

and the Fresnel integrals, 

S(x) 

_J__ _ 0(z>) - ei™+iiz W_i 0( - iz)j, 
2*jz 

V(270J 0 V* 

and C(x) 
■cos t 

d t 
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(5.6.10) 

p—xt 
, . d t, 
(i + t)a 

(5.6.11) 

u~ndu, (5.6.12) 

(5-6-13) 

(5-6-H) 

(5-6.15) 

(5.6.16) 

XSjFd‘ = (5.6.17) 

—MHlf; -*ei*‘'] + 1F1[i;f; (5.6.18) 
V(27r)J0 yjt 

where e = + i for Im ^ o and e — — i for Im x < o. Alternative notations for the integral sine and 

cosine are si(x) = Si(x) — \tt and ci(x) = Ci(x). 

Some other special functions which arise in a similar way are: 

Chappell’s function (Chappell, 1925), 

C(z,k) = ^-k)Wk>0(z/k). (5.6.19) 

Meixner’s functions (Meixner, 1933), 

2 exp (77ia + \x) 
F^a; b;x) 

T(b-a) 
x -*Whb_a^{x)Y{b\ (5.6.20) 

7 
SCH 
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and 
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2 exp { — m{\b — a) + ^x} _ i 
F2(a; b] x) 

F(«) 
-X' r(6), 

whence \F\[a \ b; x] = %Fx(a; b; x) + \F2(a; 6; x), 

and Krupp’s functions (Krupp, 1950), 

and 

xR{v,X\x) = 

2R(v, A;x) = 

i»A+l 

2xr(i+2 A) 

yA+ir( — 1—v) 

MVtX+i(2x/v) 

2X7T 
Wv>x+i(2X/v). 

Finally when a = b, Rummer’s equation reduces to its simplest form 

d2y . . dy 

xi^ + (a-x)ix-ay = 0’ 

and this elementary equation has the solutions tx and x1_ffl1F1[i; 2 — a; x]. 

In particular e±x _ ^[a; a; + x] — IV0>^( + 2x), 

whence it follows that M0 ^( — ix) = — 2zsin(|x), 

and M0^(x) = 2sinh(^x). 

(5.6.21) 

(5.6.22) 

(5-6-23) 

(5.6.24) 

(5-6-25) 

(5.6.26) 

(5-6-27) 

(5.6.28) 

5.7 Transformations of Rummer’s equation when m = 2 

When m = 2 the solutions of (5.14) become functions of z2 and this equation assumes the form 

where 

y" + (A0z + B0/z)y' + (A1z2 + B1 + C1/z2)y = o, 

A0 = ^B~2C, 1 

B0 = 2 A + 2b — 1, 

Ax = \B2-\BC, 

Bx = —2CA + 2B(2b— 1) + yAB + 2B — \aC, 

and Cx = A(A + 2b — 2). 

If Cx = o = A0 = B0, this becomes of the same form as Weber’s equation 

d2y 

(5-7-1) 

(5-7-2) 

dx2 
+ (n + i~iz2)y = o. (5-7-3) 

We can also deduce Weber’s equation as a special case of Whittaker’s equation under the trans¬ 

formation , 
y = x*Y, z = ix2, (5.7.4) 

with k = l + ^n and m = — \ (Whittaker and Watson, 1946, ch. xvi). Any solution of (5.7.3) is called 

a Weber function or a parabolic cylinder function. Let the symbol 

®»(*) 

be any general solution of Weber’s equation. Then we have 

%n+i>±i(|x2) = 2~in~ixi%n(x), (5-7-5) 
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and we see that all Weber functions are special cases of Whittaker functions. In particular we have 

the soluttons ^ = i; lx1), 

and 

E?\x) = 

£?’(*) = r® 1 

2Xe-i*2^^!Jx2]. 

(5-7-6) 

(5-7-7) 

(5-7-8) 

(5-7-9) 

(5-7-10) 

For full formulae and tables of these functions see Miller (1955). When y = n, an integer, the Weber 

functions reduce to the Hermite polynomials 

and 

2,77> 

He2„+1 (*) = (- i)« Al - n■ |; ***]. 

The polynomial Hew (x) is a solution of the equation 

y" — xy' + ny = o, 

so that 2^?lHere(x) = Hn(xj^j2) — 2^meIx2Z)n(x) = 2nU( — \rr,\-, |x2). 

An alternative notation for the Weber functions is given by Magnus (1941) 

S&v) = tWD,U(2i)Q 

and fAL v) = H - A) exp (£mV + U£2) 2-"-t£«y(2;) Q. 

A generalization of the Weber function is Heatley’s Toronto function 

T(m,n,r) - r2n+m+1e~r2 y 1-^1 [|'m + I; i+«;r2], 

_ r(i+im)^+m e-i,2Miw+K^(r2)> 

(5-7-11) 

(5-7-12) 

(5-7-I3) 

(5-7-H) 

(s^s) 

(5-7-i6) 

(5-7-I7) 

(5-7-i8) r(i+«) 
(Heatley, 1943). 

Another group of functions of x2, which are related to the incomplete gamma functions, are the 

error functions Erf(x) = §y(i*!) = f; -*2] 

and 

= x~i e~^x2 M_i|(x2), 

Erfc(x) = |r(i x2) = ie-x2t/(i; *; x2), 

^e+2lFi±,(x2). 
2^x > 

These are of particular importance in the field of statistics. Alternative notations are 

Erfi(x) = x^id; f; x2), 

(f>(x) = 1 — Erfc(x), 

(5-7-W) 

(5.7.20) 

(5-7-2i) 

(5.7.22) 

(5-7-23) 

(5-7-24) 
7-2 
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and L(x) = — Erfc(x). (5.7.25) 

A full discussion of the properties of these functions is given in Tricomi (1954, ch. iv). 

5.7.1 The Poiseuille functions 

These functions arise in the theory of cylindrical flow. They are defined as 

pe (r, w) 
r^(zw) Miw,o(2zvr2)’ 

and / \ - r(i - \w) nr t 2\ ~ iw) n/r / 2\ V(r,w) = rj(2a) M^zwr*), 

where f(x) = r'(x)/r(x). These functions satisfy the equation 

d2y 1 d/y 

d^ + ~rt + 4W^~r)yz=°’ 

(5.7.26) 

(5-7-27) 

(5.7.28) 

where o ^ r ^ 1, and zv is either real or purely imaginary. If w = zn + 1, where n is a positive integer, 

the pe-function reduces to a Laguerre polynomial. Integral representations and asymptotic expan¬ 

sions of the functions have been developed by Lauwerier (1951). 

The general equation (5.7.1) reduces to the above form when A0 = Cx = o. 

5.8 The Schrodinger equation 

In (5.7.1), if A0 = B0 = C1 = o, this equation reduces to the well-known Schrodinger equation 

for the harmonic oscillator, 
’ n / o 1 o n\ 

y" 4- {a2 — b2z2) y = 0, (5.8.1) 
with solutions of the form 

Z~i e~ibz2 1 1 
y = r(T+1) (b^Km-W/b±i; 1 ±h bz2], (5.8.2) 

or y P(i+1) ^a2lib,±l{b^ ). (5-8-3) 

Two other special forms of the general equation (5.7.1) which have received attention are 

(5-8-4) 

(5-8-5) 

(5.8.6) 

(5-8-7) 

with solutions of the form 

where 

and 

with solutions of the form 

y" 4- a0xy' + (uyx2 + bx)y = o, 

y = er^(+M"■ ~ 

k = 1(^1 2ap) 
V(«5-4«i)’ 

m- 
y" 4- - A2x2 + 4kA + -—2~ )y = o, 

X“ 

y = x-i$8k>im(Ax2). 
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5.9 Kamke’s equation 

If we return to Whittaker’s equation (1.6.2) and make the exponential transformation 

y — zAeazY(z), x — Ce^, (5.9.1) 

so that f(z) — ctz and h(z) = e.^, 

the general equation assumes the form 

Y" — (2a + 7 + zfijz) Y' + {ct{ct + y) + \(i -m2)y2 + fi(2ix + y)/z + /?(i + /3)/z2 

— ^A2y2e2?2+Aky2evz} Y = o, (5.9.2) 

with solutions of the form y = eazz^^kim(A e'*'2). (5-9-3) 

In particular, we have Kamke’s equation, 

y" — (a2 e2x-\-b tx + c2) y = o, (5-9-4) 

with solutions of the form y ~ e~^x%B-Ula,c(2aeX) (5-9-5) 

(Kamke, 1943). Many other similar functional transformations of (1.1.6) and of (1.6.2) are possible, 

but these have not yet received much attention in the literature. 
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CHAPTER 6 

DESCRIPTIVE PROPERTIES 

6.1 The distribution of the zeros 

Since tx and x“ have no zeros except at x — — o, and x = oo, it follows from their definitions that 

Mk m(x) has the same zeros as b\ x] and Wk<m{x) has the same zeros as U(a; b\ x). If a and b are 

real, then, since 

and iFx[a\ b] x] 

]=mt 
J P(a) 

m 
r (b-ay 

x)} >0 as R1 x ->• + co (6.1.1) 

|-1)} >0 for Rlx->- — 00, (6.1.2) 
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-3 
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-1 
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1 
-3 

0 
-2 

1 
-1 

0 

0 

1 

l 0 1 0 1 0 

1 
a 

Fig. 6.i 

]Fx[a \ b\ x] has only a finite number of real zeros for any fixed values of a and b. Also U{a \ b; x) has 

only a finite number of positive zeros, for there are only a finite number of zeros in any finite interval 

and there can be no zero for x large, since 

U(a; b] x) = x~a + 0(|x|~a-1) > o, for Rlx-> + oo. (6.1.3) 

It has been proved that every confluent hypergeometric function has at most only a finite number of 

zeros for any fixed value of a and b. 
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If a > o and b > o, then xFy[a\ b; x] ^ 1, for x ^ o, and this is still true if a = — m + d and 

b = — m + 6', for o <6 < i,o < d' < i.Thus, Rummer’s function can have no zeros in these regions. 

Picone’s theorem states that no integral of the differential equation 

Upix)dxi + P(x)y = 0’ 
(6.1.4) 

can have more than one zero in regions where p(x) ^ o and P(x) < o. If we apply this theorem to 

Rummer’s equation, we see that ^[a; b\ x] cannot have more than one zero in regions where a > o. 

Also this result holds in regions where b < a < o, since Rummer’s equation can be written in the 
form , , 

xbex^\+(b — a)xb~1exy = °. (6-1.5) 
d_ 

dx 

Thus, if a > o, we have no zeros when [6] is an odd integer, and one zero when [6] is an even integer. 

Also, when a < o, and b < a, we have no zero if the integral parts of —a and — b are both even or 

both odd, and one zero otherwise. 

If a < o and b > o, let a — —n + d, n — 1,2,3, •••> o < 0 < 1, then, for x > o, the functions 

xiq[a + n;6;x] form a Sturmian chain, and ^[a + w; b\ x] > o, for a + n > o, b > o. Hence 

^[1a; b; x] has n zeros for b > o. Similarly, if a = —n + d, and b = — m + d', for o < 0 < 1,0 < 6' < 1, 

m,n — 1, 2, 3,..., yF-^a + n-, b + nr, x] > o, for a + n > o, b + m > o. Hence ^[a; b\ x] has n — m 

zeros for b < a < o. These results, due to Rienast (1921), are illustrated in Fig. 6.1. In this diagram 

the number in each section represents the number of zeros of xFy[a; b; x] in that section, the horizontal 
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boundaries belong to the sections above them, and, along the vertical lines b = o, — 1, — 2, ..., the 

function is not defined. 

The functions jiqfa + n; b\ — x], n = o, 1,2, also, using Rummer’s theorem, form a Stur- 

mian chain and so the negative zeros of jiq\a; b \ x] are distributed in the way illustrated in Fig. 6.2. 

Here the oblique boundaries belong to the sections on their left. 

Fig. 6.3 

6.1.1 The curves of zeros 

The two sketches 6.3, 6.4 illustrate the curves 

1F1[a\b\\] = o and ^[a; b\ 2] = o. 

The shaded areas are the regions in which the functions are negative in value. Fig. 6.3 shows the 

curve in which the surface ^[a; b\ x] = o cuts the plane x = 1. The function b; x] is again 

not defined on the vertical planes b = o, -1, -2, ..., and it can assume any value on the vertical 
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lines through the points (o, o), (o, i), ( — i, — i), (0,-2), (-1,-2), (-2,-2), marked with 

crosses. On the vertical plane a = o, jFjfa; b; x] = 1, for all values of b and x, and on the vertical plane 

— b, ^[a; b) x] = e®, for all values of a and x. Fig. 6.4 shows the similar curves in which the 

surface xF^a; x] = o cuts the plane x = 2. It can be seen, on comparing the two sketches, that the 

function has a saddle point between x = i,andx = 2. By direct calculation on the electronic computor 

EDSAC I in the Mathematical Laboratory of Cambridge University this saddle point was found 
to be at 

a = -0-34235, b = - 1-5708, x = 1-4564. 

At this point ^[<2; b; x], has a maximum in b, a minimum in a and a zero in x. Similar saddle points 

will occur in each strip —N< b < — N+i. 

A table of further saddle points has been calculated on EDSAC II by M. Fieldhouse (1959). 

6.1.2 The zeros of U(a; b; x) 

Milne (1915), Tsvetkoff (1941 a,b) and Tricomi (1950) have discussed the real and complex zeros 

of U(a\ b\ x). For x ^ o, U(a\ b\ x) cannot have positive zeros if a > o, or if 1 +a — b > o. If, how¬ 

ever, — n<a< i—n,n— 1,2,..., the functions U(a; b; x) form a Sturmian chain, since 

U(a\b;x)> o for x^+00 and, as x->o, 
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U(a; b; x) ~ x1-^. ^ if R16 > i, 
I (a) 

~ r('~jrr if R16< i, 

<‘ + * 

~ — (logx + ^r(a) — 2y}/r(a) if b — i. 

(6.1.6) 

(6.1.7) 

(6.1.8) 

(6.1.9) 

Fig. 6.5 

These approximations determine the sign of U(a\ b; x) for x small. When x is real and negative 

U(a\ b; x) is complex, and we deduce the distribution of zeros illustrated in Fig. 6.5 for all real 

values of x. Here the number in each strip near the real axis represents the number of real zeros for 

x positive throughout that strip. The other zeros arise in conjugate complex pairs, from the negative 

values of x. 

6.1.3 Approximations to the zeros 

From the expansion of Rummer’s function in terms of Bessel functions, (3.8.3), Tricomi (1947) 

has deduced that if Xr is the rth positive zero of ; b\ x] and jb_x>r is the rth positive zero of the 

Bessel function Jb_1 (x) then, for k = \b — a large, 

xr ={1+2b('b *}u/b~x,r\ + °(k 48&2 *)• (6.1.10) 
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If we use the known approximation for jb_1>r (Watson, 1948, § 15.53), we can deduce a very useful 

approximation for Xr from this result. We find that /6_1>r = n{r + \b — £), and so 

, rr\r + \b-lf 

zb-^a 
(6.1.n) 

This approximation is sufficiently accurate to provide a starting-point for the approximation pro¬ 

cesses now to be described, even in the case of the smallest positive zero X0. 

Similarly, from (4.4.16), if 7]r is the rth positive zero of U(a; b\ x) and Ar is the rth positive zero of 

then 

where 

cos (— an) Jb_i(x) + sin (— an) Yb_fix), 

Ar = n(r + \b~l — a). 

(6.1.12) 

(6.1.13) 

(6.1.14) 

6.2 Expansions for the zeros 

Let y(x) be any solution of Rummer’s equation and let k be a first approximation to a zero 

x = c (6.2.1) 

of y{x), Then a second approximation is x = k + h, (6.2.2) 

where h — —y(k)jy'(k) = — u say. By differentiating (6.2.2) with respect to k we find that 

But yly' = u, and so 

dh dh d u 

1 dk + du d/e ’ 

d u 

Yk 
1 — u2y"/y. 

Also, from Rummer’s equation, we have 

y" jy — a/k + (k — b)/u. 

Hence 

and so 

Suppose now that 

where an = an(k). Then 

and 

du 

dk 
= 1 —u2a/k — u(k — b), 

dh 

du 

dh dh, „ n ,, 
0 = 14- + -u2a h + u(b-k)}. 

dkdu 

h = —u + a2u2+... + anun+..., 

?h _ +?5>„»+ 
dk~dku +'"+ dk +-’ 

= - i + 2a2u+ ... + (n+ 1 )an+1un + . 

(6.2.3) 

If we substitute these values in (6.2.3) and equate the coefficients of un to zero, we find that 
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and in general 
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(6.2.4) ^ + (n+i)an+1-(n-i)an_1^-nan(k-b) = o. 

When we solve these difference equations, we have, after some reduction 

c = k — u + a2u2+...Jt-anun+..., 
where a2 = 

11 a 
dr. 

312 k 

a 

V--*)2}. 

ai = — 
4 L3^2 

'k2 24 k2 6k3 k 

I { C)Cl Cl 
and in general an+1 = \n(k -b)an-^ + ^(n- 1) a^_x|. 

To find an expansion for the value of the derivative y'(c), at any zero x = c, let us write 

y'(c)=y\k)( i + A). 

Then A satisfies the partial differential equation 

Let 

Then 

and 

a k — b\, .. 1 0A /i ua , 
^ + —j(I+A) + ^+(--T + 4-A 

A — a^ a T a2 zz“ T ... T dn un -T .... 

0A 

du ' 

0A ddx dd. 
= 3T« + 3r“2 + - + Ti?«“+•••> 

0a, 

0/e dk dk dk 

0A 
0ZZ = aiJrZa2u + 3a3u‘i+ ■■■+(n+l)drl+lUn+ .... 

When these values are substituted in (6.2.6) we find that 

kd1 + k(k — b) = o, 

0^Z 
a + A(£ - 6) ax + k + 2&a2 - £(£ - 6) ax = o, 

and in general 

Hence 

^w+l n+ i 
(A - 6) (« - 1) 1 (»■- 2) an_, -^,. 

/(c) = /(&) (i + AiM + d2u2 + ... + dnun +...), 

dx = b — k, 

a 

2k2 

(6.2.5) 

(6.2.6) 

(6.2.7) 

(6.2.8) 

where 



DESCRIPTIVE PROPERTIES 

a. 

5 [i(* - V (I -1) - m-- bf |+(k - b) 
a 
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x I17a 7 \ | 7a la 1 3\ 
\2/\.k 24/ 2k2j I2k2\k 2 7k2} 

This expansion is useful for general solutions of (6.2.1), but it is not necessary to use it for b\ c] 

when c is known, since 

1 F[[a]b;c] = |1F1[a+ 1; b + 1; c\. (6.2.9) 

Next let us suppose that c' is a turning value of y(x), that is to say, c' is a zero of j/(x), with a first 

approximation k'. Also let 
v = iStl, 

k'2y(k') 

Then, proceeding in a similar way, we have 

c' — k' + axv + a2v2 + ... +anvn+ ..., 

where <24 = — k'3ja, 

a2 = k’5 {k'(k'-b)+i}/2a2, 

a3 = -k'7{k'a + ^(7k'2-6k'b + $) + (k'2 — k'b - 2) (k'2 - k'b + i)}/3<23, 

«4 = F9{(3k'2-3k'b-6 + 7k') {ah' + \k!2 -2bk' + i + ^'4-2bk'3 + b2k'2) 

+ ak! + 3k'2 — 2 bk! + 4&'4 — 6 k'3b + 2 k'2b2 -4 3ak'(k'2 — bk' + i)}/i 2a4, 

and in general an+1 = k'3 j A'2(« - 1) an_x + {b-k' + ^nan-|^J j{{n+i) a}. 

Also, for the actual value of the solution at its turning point c', we find that 

y{c') = y{k'){i+a1v + a2v2+ ...+anvn + ...), 

where a\ — °> 

ai = k'bj2a, 

and in general 

k,7{k'(k'-b) + $/3a2, 

k'9{ - 9k'2 + Uk' -1— f ak' -{3k'2-3 bk'- 6) (k'2 - bk' + |)}/i 2a3, 

an+! = k'3 Jk!\n-2)an_x--bawJ j{(« + 1)a}. 

(6.2.10) 

(6.2.11) 

(6.2.12) 

(6.2.13) 

Again, for the solution xFx[a \ b\ x], if a table of the zero c is available over a sufficiently wide range of 

a and b, the values of c' can be deduced directly from this table. A reasonable first approximation for 

the k of the solution xFx[a\ b \ x] is given by (6.1.11). 

The accuracy of the above approximations in series is limited and varies according to the values 

of a and b, and the accuracy of the initial approximation k. Two calculations should be made starting 

from different values of k, so that the number of significant figures can be determined. 
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6.3 Nesting processes 

The expansion (6.2.5) is most useful in the evaluation of the zeros in x, of b\ x] with the help 

of an ordinary calculating machine, but, if high accuracy is required and an electronic calculator is 

available, it is simpler to draw up a programme based on the nesting processes which will now be 

described. For the solution ^[a; b\ x], let us calculate an initial estimate of the zero k by (6.1.11), 

and using Newton’s approximation, let 
«t = k -y(k)/y'(k). 

Now by (6.2.9), y\k) is known and we have 

xx = k 
biFi[a> b; A] 

a iFi [a + 1; b + 1; k]' 

Similarly, 

and so the cycle proceeds until 

bxFx[a\b\x^ 

2 1 a1F1[a+ 1; b+ 1; xj ’ 

, = y _ 
n+1 n a^a+i-b+i-xS (6-3-1) 

and the latest correction made to xn is negligible. This method gives about seven-figure accuracy 

after only four or five cycles with N = 1, a — — 4-0(0-]:) —o-i, and b = o-i (o-i)2-5. 

For y(c), c’ and y(c'), similar cyclic processes for the solution ^[a; b; x], which are suitable for 

use on electronic calculators, are given by 

y\xn+1) = ^iFi[a + I; b+1; xn] + (b-xn)1 Fx[a\b\xn], (6-3-2) 

,j <r^i[«+i;^+i;x;] 
n+1 b^la-b-x'n] (6-3-3) 

and x(x' )- F\a-b-x'1 
y{ n+l) 1 lL ’ ’ mJ 262 ^[a; b; <] ’ (6-3-4) 

where 
v ^{N+\b-\f 

0 2(6 — 2a— 1) (6-3-5) 

6.4 Zeros in ‘a’ 

We now seek an answer to the question ‘For what values of a does ^[a; b\ x] =0, when b and x 

are fixed ?’ Let us express ^[a + e; b \ x] as a series in e. We find by direct expansion that 

CO 00 
lF1[a + e-,b-,x}= 

t = 0 r=t \b)rr- 

where 

that is 

r—t r—t+1 1—1 
S.,,3 2 S ••• S 

33o = Op1 = l+J30 Vt = l+Pl-i {a+Pi)(“+P*) -..(«+ PtY 

1 
1/'i[a + e;6;x] = 1F1[a;i;x] + e 2 72 

=1 (b)rr\n=1a + n- 1 
+ 0(e2). 

Hence, neglecting e2, we have e = i^i[a + e>b >*] iF\[a. b, x], 

(6.4.1) 

(6.4.2) 

(6-4-3) 

(6.4.4) 
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where 

and so 

a(a) = E,tl= V (*k£ v 
r=i(b)rr\n=1a + n-i 

fa(iFi[a;b-,x]) = A(a). 

Thus, given a first approximation a0 to a zero a of ^[<2; b\ x], we have 

/iK; b>x] 
ai — ao ~ 

K;M]) 

as our second approximation, and in general, the cyclic process is given by 

_ __ lfiK-i! b> x] 
n ^ A{an_x) • 

For example, if b — 2, and x = 1, a first approximation to the real zero nearest to a = o, is 

a0 = —2-8. 

Also, by direct calculation, xFx[a0\ b \ x] = 0-00829, an<3 A(a0) — 0-1771. 

Hence ax = —2-7532. In fact a = —2-75358, so that only one cycle here has given two 

significant figures. The value of the derivative at the zero a, is of course 

0 
fa(iFi[a-,b-,x]) 

that is, y\a) = A(a). 

For the value of the zero a' of the derivative, it is necessary to calculate 

a2 
fap(iFi[a;b;x]). 

We have, by direct expansion, A(a + e) = A(a) + eAx(a) + 0(e2), 

where Ay (a) = 2 
r=! 

Hence, neglecting e2, we have 

and so 

(a)rxrl(i + 

=2(&)rH(\« a + r—ij a? (a + r-i)2j‘ 

A(a + e) — A(a) 
e = 

Ay (a) 

a2 a 
^(1Fl[a-,b-,x]) = Ta{A(a)} = A1(a). 

Thus, given a first approximation a'0 to a zero of the derivative A(a), we have 

A(a0) 
a 1 = a, 

and, in general, the cyclic process is given by 
0 A^y 

an+l ®n 
, A(a'n) 

Ay(any 

The value of the function ^[<2; b; x] at a zero a' of its derivative with respect to a can 

calculated by direct evaluation of , ,, P r , y(a) = ybx\a \ b\ x\. 

(6-4-5) 

(6.4.6) 

further 

(6.4.7) 

(6.4.8) 

(6.4.9) 

(6.4.10) 

(6.4.11) 

(6.4.12) 

then be 
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6.5 The zeros in tb'> 

Next we require to find for what values of b, b; x] — o, when a and x are fixed, so let us 

expand ^[a; b + rj] x] in powers of rj. Then 

where 

so that 

iF^a; b + y;x]= ^[a; b; x] + 7jB(b) + 0(f), 

” (aVxr r 
m = - v s 

=i(b)rr\n=1b + n-i 

lb(iF1[a-,b;x]) = B(b), 

and the required cyclic process is given by 

bn ' 
iF^a] bn_x,x\ 

B(bn_ x) 

The value of the derivative b\ x]) at the zero is of course y\b) = B(b). 

For the zero b' of this derivative, it is necessary to calculate 

^(iFi[a-,b-,x]). 

We have by direct expansion in series, 

B(b + V) = B(b) + yBx(b) + 0(f), 

where 

Then 

Bx(b) = S 
(a)r xr f /1 

+ T-o+...+ 
=i(6)rr!(\6 b + r—ij b2 (b + r-i) 

^(1F1[a-,b-,x]) = ?-b{B(b)} = B1(b), 

B(bU) 

(6-5-1) 

(6.5.2) 

(6-5-3) 

(6-5-4) 

(6-5-5) 

and so the cyclic process is given by b'n = b'n_x-- —r. 

The value of jy(6') = 6'; x] can then be evaluated directly from its expansion in series. 

(6.5.6) 

(6-5-7) 

(6-5-8) 

(6-5-9) 

6.5.1 The tabulation of zeros in x 

Appendix I contains a table of the values of the smallest positive zero x0, for which ; b; x0] = o, 

over the range 
-4-o(o-i) —o-i, 6 = o-i(o-i)2-5. 

This table was calculated on ED SAC I to eight decimal places. Hence the error is not more than two 

units in the seventh decimal. 

It is well known that any analytic function can be expressed as an infinite product in terms of its 

zeros (Watson, 1948, §7.5). Since the confluent hypergeometric function ^[a; b\ x] is an analytic 

function of x except when b is zero or a negative integer, we have 

00 / x\ 
xFAa; b; x] = eaxlb n 11 — ) eX/X«, 

n=o \ Ti / 
(6.5.10) 
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where x0, x1(..., xn are the real and imaginary zeros of the function. This fact leads us to suppose that 

x 
1 ——Iexp! 

/ax x 

\ b Xr, 
(6.5.ir) 

where x0 is the real zero nearest to the plane x = o, will provide a useful first approximation to the 

numerical value of iF±[a; b\ x] for real or complex values of x near x0. 

No serious attempt has been made to study the next surface on which iFr[a\ b\ x] =0. However, 

a single run on ED SAC I lasting about one hour, gave the following values of the next zero xly and 

these should provide a useful starting-point for further study: 

a b = o-i b = 02 

c
o

 

6
 

II b = o-4 b = o 5 

— 20 2-14880 88 2-29544 5i 2-44017 54 2-58321 60 2-72^74 49 
-19 2-28349 16 2-43664 54 2-58761 05 2-73663 47 2-88392 26 

-i-8 2-43848 89 2-59883 17 2-75665 80 2-91225 38 3-06585 48 

-i-7 2-61942 09 2-78775 08 2-95318 16 3-11604 53 3-27661 55 

6.6 The numerical evaluation of Kummer’s function 

We shall now consider the further practical problem of evaluating numerically Kummer’s function, 

for real values of a, b and x. We have already seen, that for a single fixed value (a, b, x), the function 

can be evaluated by direct summation of the series ^[<2; b\ x\. This calculation is laborious by hand- 

machines but perfectly practicable with an electronic calculator, and the convergence is sufficiently 

smooth to give five or more accurate figures on a ten-figure machine over the range 

a = — io-o(o-i) io-o, 6 = — io-o(o-i) io-o, x = — io-o(o-i) io-o. 

However, it is only necessary to tabulate the function for positive values of x, since 

jFjJa; b; — x] = ^[b — a; b; x]. 

Also it is only necessary to evaluate the function, by direct summation of series, over one unit in b, 

and two units in a, as the resulting table can be extended easily to other values of a and b by the use of 

recurrence relations, given in chapter 2. 

For |x|, |6|, |a\ > 10, the calculation should be attempted by the asymptotic formulae given in 

chapter 4, and these results can usually be improved by the use of converging factors, where these 

can be found. See also National Bureau of Standards (1959). 

Appendix II contains a table of b\ x] over the range a — — i-o(o-i) i-o, b = o-o(o-i) i-o, 

x = O' 1 (o-i) io-o, to seven figures, calculated on EDSAC I, in the Cambridge University Mathe¬ 

matical Laboratory. 

Several short tables of this function have already been published. Among these may be mentioned 

Airey and Webb (1918), Airey (British Association Reports, 1926 and 1927), P. Nath (1951), L. J. 

Slater (1953 and 1956), B. W. Connolly (1950), R. Gran Olssen (1937) and Rushton (1954). Further 

references will be found in Fletcher, Miller and Rosenhead (1946), and in Buchholz (1953). 

It is possible to form quite a good idea of the relative numerical size of Kummer’s function at any 

point, by considering the values assumed by the function at neighbouring points at which its value is 

already well known. Thus when a = b, ^[a; a; x] = tx, and so for a = b + e, we may expect the 

value to be near eA There are several networks over which the function reduces to a more elementary 

8 SCH 
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Fig. 6.6 

Fig. 6.7 
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function, which has already been tabulated. Thus when a = b + m, ^[<2; b; x] is expressible as ex 

multiplied by a polynomial, thus when a = b+ 1, 

xF-^a-, b\ x\= tx( 1 +x/b). 

If a = — 1, 1; b] x] = 1 —x/b; 

if a — — 2, ^[ — 2; b] x] = 1 —2x/b + 2x2/b(b + i)-, 

and, in general, if a = — n, xiy[ — n \ b\ x\ is a Laguerre polynomial. Also if a — i+n, jiyfi + «; b; x] 

is an incomplete gamma function; if b = 2a, ^[<2; 2a; x] is a Bessel function; if a = and b = f, 

8-2 



116 CONFLUENT HYPERGEOMETRIC FUNCTIONS 

iFi[|; §; x] is an error function, and if b = \ or if b = §, and 1F1[a; f; v] are parabolic 

cylinder functions. When x = o, ^[<2; b; o] = 1; when a = o, j/yfa; b; x] = 1; when & is a negative 

integer ^[<2; — n\ x] is not defined unless a is also a negative integer such that \a\ < |6|, when the 

function can assume any value, and finally when a -> co ^[a; b; x] -> +00, if —2n<b<—2n+i, 

and ^[<2; b; x] -> -00 if — 2n+ 1 < b < —2ti +2. These results are summed up in Fig. 6.6, due to 

Tricomi. 

Similar considerations hold for the second solution U(a \ b; x). These results are summed up in 

Fig. 6.7. In Figs. 6.6 and 6.7, the two functions are polynomials or exponential functions on the 

plain lines, error functions and incomplete gamma functions on the dashed lines and parabolic 

cylinder functions on the dotted lines. 

Appendix III contains a table of xFx[a\ b; 1] over the range a = — n-0(0-2) 2-0, b = —4(0-2) i-o, 

to eight figures. This table was calculated by the use of recurrence relations from the page for x = 1, 

of the table of Appendix II. The sketches of Figs. 6.8-6.12 are based on this tabulation. Fig. 6.8 

shows the strip o < b < 1. On the two vertical lines AA', a = b = o, and BB\ a = —3-7, b = o, 
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through the points where the line of zeros crosses the plane b = o, the function F can assume any 

value as shown. Between o > a > — 3*7, F -> — 00, as b -> o+, and for a > o or for —3-7 > a, F -> +00, 

as b -> o+. Fig. 6.9 shows the strip — 1 < b < o. Again the function F can assume all values on the 

vertical lines through the points (o, o), ( — 3-7, o), (o, — 1) and ( — 1, — 1). For o > a > — 3-7, F ^ +00, 

as b -» o_, for o > a > — 1, also F+ 00, as b -> — i+, and at a — b = —0-5, F has a saddle point. 

Fig. 6.10 shows the strip — 2<b<—i. F can assume all values on the vertical lines through the 

points (o, — 1), (o, — 2), (— 1, — 1), ( — 1, —2) and ( — 2, —2). For o > a > — i,F->— 00, as 6 — i_, 

and as b -> — 2+. For — 1 > a, F -> + 00, as b -> — i_, and for — 1 > a > — 2, F + 00, as b ->■ — 2+. 

For — 2 > a, F1 ->• — 00, as 6 ->• — 2+. Fig. 6.11 shows the strip —3 < b < — 2. F1 can assume all values 

on the vertical lines through the points (o, —2), (o, —3), ( — 1, —2), ( — 1, —3). For — 1 > a > o, 

F -> + 00, as b — 2_ and as b -> — 3+. For — 1 > « > — 2, F -> — 00, as b -* — 2_ and as b ^ — 3+. 

For —2>a, F1 +00, as b— 2_, for — 2 > a > — 3, +00, as 6 h* — 3+, and for — 3 > a, 

F-> —co, as b — 3+. Fig. 6.12 shows the strip — 4 < b < — 3. F’can assume all values on the vertical 
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lines through the points (o, -3), (o, -4), (-1,-3), (-1, -4). (-2,-3). (~2> ~4)» (“3» ~3)> 

(— 3, —4) and (— 4, —4). For o > a > — 1, — 00 as 6 — 3_ and as b -> —4+. For — 1 > a > —2, 

F ^ +00, as 6 -> — 3_, and as b -> —4+. For — 2 > a > —3, — 00, as 6 -> —3_, and as 6 -> —4+. 

For —3 ><2, F -> + 00, as 6 — 3_, for —3 > a > — 4, F -» + 00, as 6 — 4+, and for — 4 > a, 

F-> — 00, as 6 -> — 4+. Other graphs of the function will be found in Airey’s papers (1918), (1926) 

and (1927), and in Jahnke and Emde (1948). 

6.7 Exponential and oscillatory regions 

We have seen that Rummer’s equation can be transformed into the ‘normal’ form 

y" + I(x)y = 0, (6.7.1) 

where (6.7.2) 

This is substantially Whittaker’s equation. It has been proved (Miller 1950), that when I(x) is 

a real function of x, in those regions where I(x) < 0, the solutions of (6.7.1) are all exponential in 

form, that is convex to the x-axis and where I(x) > 0, the solutions of (6.7.1) are all oscillatory in 

form, that is concave to the x-axis. In the present case 

I(x) >, = or < 0, (6-7-3) 

as b{2 — b) + 2(b — 2a) x — x2 > 0, = 0 or < 0, (6.7.4) 

and so I(x) > 0, (6.7-5) 

if \b — 2a-^(^a?-4rab + 2b)\ < |x| < \b — 2a + ^J(^a2-^.ab + 2b)\, (6.7.6) 

and I(x) < 0, (6.77) 

if |x| < \b — 2a — — ^ab + 2b)\. (6.7.8) 

and if |x[ > \b — 2a + *J(\a2 — ^ab + 2b)\. (6.7.9) 

From these facts we deduce that the solutions (6.7.1) have a finite oscillatory region in a, b and x 

and that this region must always lie outside the cylindrical hyperboloid standing on the base 

4<22 — 4 ab + 2b = o. 

I(x) can never be positive within this hyperboloid although it may be negative outside it. 

The asymptotic planes of the hyperboloid are the planes vertical to the a, b plane 

(6.7.10) 

^a2-^ab + 2b = 1, (6.7.11) 

the axial plane is the plane 2a = b, (6.7.12) 

and the central axis of the hyperboloid is the line, vertical to the a, b plane, through the point 

a — b — x. 

The exponential plane a = b cuts this hyperboloid in the line a = o, only. 

(6-7.13) 
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In general the point (a, b, x) at which I(x) = o, traces out the paraboloid 

1 + 2x — \ax = {b — x— i)2. (6.7.14) 

This paraboloid, within which I(x) > o, always falls outside the previous hyperboloid. Its axial 

plane is b — 1+ x. A cross-section of the hyperboloid and paraboloid when jc = 1, is given in Fig. 6.13. 

Fig. 6.13 

6.7.1 The Sortine-Polya theorem 

We can write Rummer’s equation in the form 

= axb~1&~Xy- (6-7-i5) 

This is called the self-adjoint form of the equation. Now the Sonine-Polya theorem (Szego, 1939) 

states that the moduli of the maxima and minima of any solution of the equation 

form an increasing or a decreasing sequence according as f(x) F(x) is a decreasing or an increasing 

function of x. 
Hence the successive maxima of |y|, for (6.7.15), are decreasing or increasing, if - ax**”1 t~2x is 

an increasing or a decreasing function of x, that is they are increasing if a > o, x < b -1, or if a < o 

and x > b — \, and they are decreasing if a > o, x > b — \ or if a < o and x < b — 
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For Whittaker’s functions we have the corresponding results that the relative maxima of \y\ are 

increasing, if k > o and x is not between o and 2(m2 — l)/k, or if k < o and x is between o and 2(m2 — J)/k 

and the relative maxima of [y \ are decreasing, if k > o and x is between o and 2(m2 — j)/&, or if k < o 

and x is not between o and 2(m2 — \)jk. 

From the asymptotic formula (4.4.14) it can be seen that the maxima of \y\ lie on curves which 

have as their first approximations v(h\ 
y = + —■ eix (kx)'{~ib 

V 7T 

Closer approximations are 
y = ± + —7-— e%x (kx)i i6 

where k = \b — a. 
V TT 

yk 
— x 

(6-7-i7) 

(6.7.18) 

6.7.2 Graphing Rummer’s function 

Suppose that we wish to form a rough idea of the numerical behaviour of a confluent hyper¬ 

geometric function, for example of jy = ^[ — 4-5; 1,; x] for x real. This example has been considered 

by Tricomi (Erdelyi, 1953) and by Middleton (1952). 

Here /(x) 5/x+ 1/4X2. Hence from §6.7, /(x) > o 

if 10 —^/ioi <x < 10 + ^101, and so the solution y is 

oscillatory in form for x within this range of values, and 

exponential in form for x outside this range of values. 

We have , „ r n 
y = —4*5 i^i[ —3‘5; 2; x], 

Nowy(o) = 1, and 3/(0) = — 4-5. Also 

r(i) 
i^i[—4*5; n*] = exx~i’5~1{i + 0( 1/1 x|)}. 

>- x r( —4*5) 

Hence, since T( —4-5) < o, 

y( — 00) = +00 and y'( — 00) = +00. 

Also y(oo) = — 00 and y'(°°) = — 00. 

From our diagram, Fig. 6.1, of the distribution of the 

zeros, when — 5 < a < — 4 and b — 1, we see that y has 

five positive zeros and no negative zeros. From the ap¬ 

proximation (6.1.11), we can calculate the first approxi¬ 

mations to these five zeros, namely 

£0 = °‘3> £1 = I-S> £2 = 37. £3 = 6-9 

Now the turning points of y are given by the zeros of /. Hence first approximations to these 

four turning points are n 
Vi = °‘9> 72 = 2-8, 73 = 5’8 and Vi = 9’9- 

Further, at all these points the conditions of the Sonine-Polya theorem (§6.7.1) are satisfied, a 

and x > b — \ and so the maxima of |_y| form increasing sequences and lie near the curves 

y = + C e^ x~£. 

From these facts we can make the sketch of the function — 4-5; 1; x] given in Fig. 6.14. 

< o, 
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APPENDIX I 

Table of the smallest positive zeros of xFx[a\ b\ x] over the range 

a = -4-o(o-i)-o-i, 6 = o-i(o-i)2-s 
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x0 for xF-^a] b; x]=o 

3. 
b =o-i 0-2 0-3 04 o-5 

-40 0-02590 78 0-05352 31 0-08270 43 o-ii333 19 0-14530 35 

-39 0-02656 37 0-05486 17 0-08474 82 o-11610 04 0-14881 29 

-3-8 0-02725 38 0-05626 90 0-08689 57 o-i 1900 75 0-15249 63 

-3'7 0-02798 06 0-05775 04 0-08915 49 0* 12206 41 0-15636 68 

-3-6 0-02874 73 0-05931 20 0-09153 49 0-12528 21 0-16043 92 

-35 0-02955 72 0-06096 03 0-09404 54 0-12867 44 0-16472 98 

-3 4 0-03041 41 0-06270 30 0-09669 76 0-13225 58 0-16925 64 

-33 0-03132 21 0-06454 82 0-09950 39 0-13604 24 0-17403 93 
-3'2 0-03228 60 0-06650 54 0-10247 80 0-14005 26 0-17910 09 

-3i 0-03331 11 0-06858 50 0-10563 54 0-14430 66 0-18446 62 

-30 0-03440 34 0-07079 89 0-10899 38 0-14882 74 0-19016 35 

-29 0-03556 99 0-07316 06 0-11257 30 0-15364 11 0-19622 47 

— 2-8 0-03681 82 0-07568 53 0-11639 53 0-15877 71 0-20268 59 

-2-7 0-03815 73 0-07839 06 0-12048 67 0-16426 88 0-20958 81 

— 2-6 0-03959 76 0-08129 65 0-12487 64 0-17015 47 0-21697 82 

-2-5 0-04115 08 0-08442 63 0-12959 84 0-17647 89 0-22490 99 

-24 0-04283 09 0-08780 68 0-13469 20 0-18329 22 0-23344 53 
-2-3 0-04465 40 0-09146 95 0-14020 28 0-19065 39 0-24265 61 
— 2-2 0-04663 93 0-09545 13 0-14618 45 0-19863 31 0-25262 62 
— 21 0-04880 93 0 09979 58 0-15270 01 0-20731 10 0-26345 39 

-20 0-05119 11 0-10455 49 0-15982 46 0-21678 40 0-27525 51 
-IQ 0-05381 74 0-10979 10 0-16764 76 0-22716 69 0-28816 81 
-18 0-05672 79 o-ii557 98 0-17627 75 0-23859 77 0-30235 84 

-*’7 0-05997 12 0* 12201 36 0-18584 60 0-25124 43 0-31802 65 
—1-6 0-06360 79 0-12920 67 0-19651 56 0-26531 23 o-3354i 75 

-i'5 0-06771 44 0-13730 23 0-20848 85 0-28105 66 o-35483 39 
-14 0-07238 79 0-14648 18 0-22201 97 0-29879 77 0-37665 43 

-i'3 0-07775 47 0-15697 88 0-23743 57 0-31894 34 0-40135 86 
— 1-2 0-08398 14 0-16909 96 0-25516 18 0-34202 15 0-42956 49 
— II 0-09129 29 0-18325 34 0-27576 16 0-36872 80 0-46208 38 

— IO o-10000 00 0-20000 OO 0-30000 00 0-40000 00 0-50000 00 
-09 0-11054 47 0-22012 64 0-32894 15 o-437i3 15 0-54480 16 
-o-8 0-12357 83 0-24477 52 0-36411 44 0-48196 35 0-59858 98 

-0-7 0-14010 11 0-27567 24 0-40779 72 0-53721 21 0-66443 9i 
— o-6 0-16173 42 o-3i555 72 0-46354 99 0-60707 04 0-74705 02 

-o-5 0-19128 98 0-36906 09 0-53728 03 0-69839 96 0-85403 26 
-04 0-23411 73 o-4447o 78 0-63961 58 0-82334 00 0-99868 55 
-03 0-30182 31 0-56019 88 0-79200 44 1-00591 69 1-20695 84 
— 0-2 0-42537 31 o-75993 80 1-04632 32 1-30289 37 1-53918 36 
— OI 0-72703 16 1-20342 40 1-58016 05 1-90320 51 2-19258 90 
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,x0 for iF^a] b; #]=o 

a 

b =o-6 0-7 o-8 0-9 10 

40 0-17853 00 0-21293 33 0-24844 41 0-28500 07 0-32254 76 

39 0-18279 45 0-21796 50 0-25425 35 0-29159 68 o-32993 79 
38 0-18726 81 0-22324 09 0-26034 19 0-29850 64 0-33767 63 

37 0-19196 66 0-22877 92 0-26673 00 0-30575 28 0-34578 81 

36 0-19690 74 0-23459 99 0-27344 05 0-31336 12 0-35430 11 

3'5 0-20210 97 0-24072 54 0-28049 85 0-32135 94 0-36324 60 

34 0-20759 50 0-24718 02 0-28793 19 0-32977 86 0-37265 66 

3 3 0-21338 70 0-25399 18 0-29577 14 0-33865 27 0-38257 06 

3'2 0-21951 23 0-26119 07 0-30405 16 0-34802 01 0-39302 97 

3'i 0-22600 06 0-26881 09 0-31281 07 o-35792 32 0-40408 03 

30 0-23288 51 0-27689 08 0-32209 17 0-36840 95 o-4i577 45 
29 0-24020 35 0-28547 32 o-33i94 30 o-37953 25 0-42817 06 

2-8 0-24799 82 0-29460 70 0-34241 91 o-39i35 23 o-44i33 4i 

2-7 0-25631 74 0-30434 70 o-35358 15 0-40393 7o 0-45533 92 
2-6 0-26521 61 0-31475 62 0-36550 06 °"4i736 38 0-47027 00 

2-5 0-27475 74 0-32590 62 0-37825 64 0-43172 07 0-48622 22 

2-4 0-28501 36 o-33787 94 0-39194 08 0-44710 88 0-50330 54 

2-3 0-29606 86 0-35077 11 0-40665 97 0-46364 43 0-52164 55 

22 0-30801 99 0-36469 17 0-42253 61 0-48146 16 0-54138 80 

21 0-32098 19 0-37977 06 0-43971 32 0-50071 74 0-56270 24 

20 0-33508 89 0-39615 95 0-45835 92 0-52159 5i 0-58578 64 

1*9 0-35050 08 0-41403 83 0-47867 27 0-54431 12 0-61087 33 

i-8 0-36740 86 0-43362 18 0-50089 05 0-56912 30 0-63823 96 

17 0-38604 28 o-455i6 81 0-52529 68 0-59633 87 0-66821 62 

16 0-40668 45 0-47899 14 0-55223 59 0-62633 11 0-70120 23 

i-5 0-42967 94 0-50547 7i 0-58212 99 0-65955 57 o-73768 47 

i'4 0-45545 87 o-535io 39 0-61550 11 0-69657 55 0-77826 37 

i'3 0-48456 67 0-56847 46 0-65300 53 0-73809 46 0-82368 84 

1-2 0-51770 18 0-60635 92 0-69547 76 0-78500 75 0-87490 75 

II 0-55577 50 0-64975 86 o-74399 95 0-83846 91 o-933i4 33 

IO o-6oooo 00 0-70000 00 o-8oooo 00 0*90000 OO 1-00000 00 

09 0-65203 19 0-75888 50 0-86541 05 0-97164 85 1-07763 19 

o-8 0-71419 38 0-82892 89 0-94291 59 1-05625 10 1-16901 22 

07 0-78986 07 0-91376 55 1-03637 62 1-15786 85 1-27838 33 

06 0-88415 45 1-01887 44 1-15158 21 1-28256 70 I-4I205 79 

05 1-00529 53 1-15298 99 1-29771 21 i-4399i 63 1-57995 68 

04 1-16751 37 I-33H2 03 1-49044 27 1-64618 10 1-79887 13 

03 1-39828 59 1-58200 88 i-7596o 56 1-93215 19 2-10045 49 

0-2 1-76075 91 1-97114 63 2-17271 84 2-36714 89 2-55566 24 

OI 2-45881 88 2-70808 56 2-94434 5i 3-17028 02 3-38779 57 
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for ; b\ a:]=o 

2 

b = 11 1-2 i-3 i-4 i-5 

-40 0-36103 46 0-40041 59 0-44064 99 0-48169 84 0-52352 61 

-39 0-36922 57 0-40941 35 0-45045 87 0-49232 23 o-53496 84 

-3-8 o-37779 9i 0-41882 72 0-46071 70 0-50342 89 0-54692 64 

-37 0-38678 22 0-42868 66 0-47145 69 0-51505 24 o-55943 61 

-36 0-39620 54 0-43902 45 0-48271 32 0-52723 00 o-57253 7o 

-35 0-40610 20 0-44987 69 0-49452 44 0-54000 25 0-58627 24 

-34 0-41650 88 0-46128 33 0-50693 30 o-5534i 5i 0-60069 01 

-33 0-42746 65 0-47328 76 0-51998 58 0-5675! 75 0-61584 27 

-3’2 0-43902 04 0-48593 85 0-53373 49 0-58236 51 0-63178 84 

-3'i 0-45122 10 0-49929 01 0-54823 79 0-59801 90 0-64859 22 

-30 0-46412 43 0-51340 28 0-56355 93 0-61454 76 0-66632 59 

-29 0*47779 35 0-52834 42 o-57977 10 0-63202 72 0-68507 01 

— 2-8 0-49229 95 0-54419 03 0-59695 4i 0-65054 33 0-70491 48 

-2-7 0-50772 22 0-56102 67 0-61519 94 0-67019 23 0-72596 15 

— 2-6 0‘524I5 22 0-57895 02 0-63461 00 0-69108 28 0-74832 45 

-2-5 0-54169 26 0-59807 10 0-65530 26 o-7i333 83 0-77213 34 

-2-4 0-56046 12 0-61851 47 0-67741 06 o-73709 93 o-79753 58 

-2-3 0-58059 33 0-64042 55 0-70108 66 0-76252 65 0-82470 03 

— 2-2 0-60224 49 0-66396 96 0-72650 63 0-78980 50 0-85382 06 

— 21 0-62559 73 0-68933 96 o-75387 33 0-81914 87 0-88512 oS 

— 20 0-65086 23 0-71676 03 0-78342 49 0-85080 66 0-91886 12 

-i*9 0-67828 86 0-74649 54 0-81543 89 0-88507 03 o-95534 61 

-i-8 0-70817 12 0-77885 71 0-85024 38 0-92228 37 0-99493 43 

-i-7 0-74086 20 0-81421 74 0-88823 °6 0-96285 56 1-03805 17 

—16 0-77678 52 0-85302 37 0-92986 85 1-00727 62 1-08520 S3 

-i-5 0-81645 68 0-89581 94 0-97572 70 1-05613 94 1-13702 10 

-i'4 0-86051 15 0-94327 18 1-02650 37 1-11017 !5 1-19424 36 

-13 0-90974 03 0-99621 06 1-08306 49 1-17027 32 1-25780 90 

— 1-2 0-96514 25 1-05568 22 1-14650 09 1-23757 59 1-32888 76 

— II 1-02800 20 1-12302 80 1-21820 64 1-31352 47 1-40897 16 

— IO i-10000 00 1-20000 OO 1-30000 00 1-40000 00 1-50000 00 

-0-9 1-18338 79 1-28893 94 1-39430 58 1-49950 39 1-60454 79 

-o-8 1-28126 39 I-39305 95 1-50444 42 1-61545 64 1-72612 90 

-07 1-39803 52 1-51691 93 1-63511 46 1-75268 81 1-86969 69 

— o-6 1-54023 94 1-66726 23 1-79325 15 1-91831 19 2-04253 23 

-05 1-71811 55 1-85462 01 1-98965 79 2-12338 42 2-25592 96 

-04 I-94893 39 2-09670 44 2-24245 51 2-38641 01 2-52875 63 

-03 2-26513 62 2-42668 47 2-58549 24 2-74187 86 2-89610 67 

— 0-2 2-73918 28 2-91842 47 3-09395 3i 3-26622 24 3-4356o 39 

— OI 3-59829 52 3-80284 33 4-00226 84 4-19722 Si 4-38825 42 
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x„ for jx\ o 

a 

b x-6 x 7 i-8 1-9 20 

40 0-566x0 04 0-60939 *2 0-65337 06 0-6980/ 22 0-74329 Z9 

1 9 0-57836 -J7 0-62247 *° 0-66728 24 0-7/275 04 o-75**5 75 
8 0-59//7 55 0-636/4 53 0-68/ 80 66 0-728/3 25 0-77509 81 

37 0-60457 35 0-65043 30 0-69698 50 0-74420 22 0-79205 92 

36 0-6 / 859 9'; 0 66538 48 0-7/286 33 0-76/00 7/ 0-80979 05 

3 5 0 63329 88 0-68/04 87 0-72949 Z7 0-77*59 97 0-82834 66 

3 4 0-64872 20 0-69747 74 0-74692 55 0-79703 76 0-84778 70 

; 0-66492 4 0-7/472 9/ 0-76522 53 0-8/638 4/ 0-86817 83 

3 2 0-68/96 76 0-73286 82 0-7*445 85 0-83670 92 0-88959 28 

30 0-6999/ 94 o-75'96 59 0-80469 94 0-85809 04 0-91211 09 

0-7/885 56 0-772/0 /4 0-82603 08 0-8806/ 37 0-935*2 21 

29 0-73886 06 0-79336 32 o-*4*54 47 0-90437 49 0-96082 56 

28 0-76002 9/ 0-8/584 99 0-87234 42 0-92948 / 2 0*98723 25 

2'7 0-78246 72 0-83967 28 o-*9754 48 0-95605 24 /-0/ 516 70 

26 0-80629 48 0-86495 66 0-92427 68 0-98422 37 1-04476 90 

25 0-83/64 74 0-89/84 3/ 0-95268 70 i-o/4/4 76 z-076/9 64 

24 0-85867 94 0-92049 3 / 0-98294 27 *•04599 72 1-10962 80 

23 0-88756 7/ 0-95/08 97 /-0/523 43 / -07996 97 1-14526 76 

22 0-9/85/ 24 0-98384 35 / -04978 00 i-11629 11 i-i*334 *5 
21 0-95*74 62 /-0/899 72 /-08683 / / r /5522 /2 1-224/3 88 

20 0-98754 84 / 05683 23 1-12667 99 1-19706 14 1-26794 92 

19 / -02622 69 /-09767 75 /•16966 57 /•24216 24 1-31514 08 

1 8 /-068/5 75 / • x 4 / 9 / 9/ /-2/6/8 80 1-29093 58 1-36613 76 

*•7 /•//378 23 /•/9001 48 1-26671 94 1-343*6 93 1 -42144 02 

x-6 / • /6363 04 / -2425 * *5 Z‘32/82 40 1-40/54 28 1-48164 49 

*5 /•2/834 03 /-30006 90 /•382Z8 17 1-46465 55 1-54746 96 

« 4 /-27869 20 *•36349 *7 X-44862 03 I-53405 7* 1-6197* 59 

*'a x-34564 89 *'43377 23 / -522/6 05 1-61079 70 1-69966 67 

X '2 /•4204/ 84 *•5*2*5 3* i -60407 79 1-696/8 05 1-78845 01 

II *•50453 75 /-60021 36 *•69599 24 1-79186 71 1-88783 15 

10 1 60000 00 / -70000 00 1-80000 00 1-90000 00 2*00000 OO 

09 *70945 03 /-8/422 20 1-9/887 26 2-02341 07 2-12784 39 

0 8 /-83649 04 *-94656 54 2-05637 59 2-16594 10 2-27527 78 

07 / 986/9 02 2-10221 05 2-21779 49 2-33297 62 2-4477* 3* 

0 6 2-/6598 84 2-28874 58 2-41086 13 2-53238 46 2-65335 95 

0-5 2-38740 53 2-5/790 6l 2-64751 44 2-77630 17 2-90433 06 

04 2-66965 / 2 2 80922 90 2-94760 48 3-08487 85 3-22113 69 

03 3-04839 74 3-*9*93 69 3-34788 42 3-49537 62 3-64153 18 

02 3-60240 56 3-76688 56 3-92926 25 4-08972 39 4-24843 13 

O'I 4-5757* 3* 4-760/7 79 4-94/74 41 5-12074 20 5-29739 42 

SCH 
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a0 for iFx[a \ b\ x] = o 

b =21 22 2-3 2-4 2-5 
a 

-40 0-78918 67 0-83567 52 0-88273 73 0-93035 39 0-97850 72 

-39 0-80558 02 0-85289 69 0-90078 72 0-94923 18 0-99821 27 

-3-8 0-82267 95 0-87085 49 0-91960 35 0-96890 59 1-01874 38 

-3'7 0-84053 19 0-88959 81 0-93923 69 0-98942 86 1-04015 46 

-36 0-85918 90 0-90918 03 0-95974 29 1-01085 71 1-06250 41 

-35 0-87870 75 0-92965 99 0-98118 21 1-03325 40 1-08585 68 

-34 0-89914 95 0-95110 13 1-00362 09 1-05668 79 1-11028 32 

— 3'3 0-92058 33 0-97357 53 1-02713 24 1-08123 40 1-13586 11 

-32 0-94308 43 0-99715 97 1-05179 70 1-10697 54 1-16267 56 

-3'i 0-96673 59 1-02194 09 1-07770 39 1-13400 38 1-19082 13 

-30 0-99163 05 1-04801 44 1-10495 *5 1-16242 06 1-22040 23 

-29 1-01787 09 1-07548 63 1-13364 93 1-19233 86 1-25153 46 
-2-8 1-04557 18 i-io447 52 1-16391 94 1-22388 34 1-28434 72 

-2-7 1-07486 21 i-i35ii 38 1-19589 85 I-257I9 53 1-31898 44 
— 2-6 1-10588 61 1-16755 08 1-22973 98 1-29243 21 i-3556o 78 

-2-5 1-13880 67 1-20195 43 1-26561 61 1-32977 11 1-39439 94 

-2-4 1-17380 84 1-23851 41 1-30372 29 1-36941 29 I-43556 49 

-2-3 I "211 IO 15 1-27744 7i 1-34428 23 1-41158 57 1-47933 81 
— 22 I-25092 6l i*31900 00 1-38754 82 I-45654 96 1-52598 53 
-21 1-29355 86 1-36345 68 1-43381 16 1-50460 32 1-57581 22 

— 20 i'3393i 83 1-41114 56 1-48340 96 1-55609 11 1-62917 13 
-1-9 1-38857 67 1-46244 76 I-53673 27 1-61141 31 1-68647 14 
-i-8 1-44176 92 1-51780 94 1-59423 82 1-67103 75 1-74819 03 

-i'7 1-49940 98 1-57775 77 1-65646 51 i-7355i 48 1-81489 10 
—16 1-56211 01 1-64291 89 1-72405 41 1-80549 97 1-88724 10 

-i-5 1-63060 53 1-71404 53 1-79777 38 1-88177 66 1-96604 02 

-i'4 1-70578 82 1-79204 96 1-87855 65 1-96529 63 2-05225 75 

-i'3 1-78875 61 1-87805 29 I-96754 58 2-05722 47 2-14708 00 
— 1-2 1-88087 64 1-97345 07 2-06616 46 2-15901 05 2-25198 22 
— II 1-98388 02 2-08000 82 2-17621 09 2-27248 44 2-36882 48 

— IO 2-10000 OO 2-20000 OO 2-30000 00 2-40000 00 2-50000 00 
-0 9 2-23217 88 2-33642 l8 2-44057 81 2-54465 28 2-64865 05 
— 08 2-38440 15 2-49332 55 2-60206 24 2-71062 30 2-81901 74 
-07 2-56224 14 2-67637 40 2-79020 13 2-90374 20 3-01701 27 
— o-6 2-77382 48 2-89381 47 3-01336 04 3-13248 94 3-25122 67 

-05 3-03165 65 3-15832 83 3-28438 96 3-40987 98 3-53483 38 
-04 3-35645 66 3-49090 48 3-62454 16 3-75742 03 3-88958 89 
-03 3-78645 45 3-93023 60 4-07295 67 4-21468 86 4-35549 59 
— 0-2 4-40552 52 4-56112 85 4-7I534 98 4-86828 53 5-02002 05 
— OI 5-47189 41 5-64441 02 5-81509 01 5-98406 45 6-15144 93 
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Table of b; x] over the range 

a = -i-o(o-i)i-o, 

b= o-i(o-i)i-o, 

X = o-i (o-i) io-o 
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x=o-i 10 ~t1F1[a;b;x] 

b = o-i 0-2 03 0 4 o-5 
a t t t t t 

—10 O o-ooooo 00 O 0-50000 OO O o-66666 67 O 0-75000 OO O o-8oooo 00 

-09 O 0-09583 64 O 0-54809 32 O 0-69882 74 O 0-77418 39 O 0-81939 11 

-o-8 O 0-19258 62 O 0-59660 50 O 0-73124 58 O 0-79854 72 O 0-83891 60 

-07 O 0-29025 38 O 0-64553 72 O 0-76392 27 O 0-82309 06 O 0-85857 53 

— o-6 O 0-38884 37 O 0-69489 19 O 0-79685 95 O 0-84781 47 O 0-87836 96 

-05 O 0-48836 02 O 0-74467 09 O 0-83005 72 O 0-87272 05 O 0-89829 94 

-04 O 0-58880 79 O 0-79487 63 O 0-86351 70 O 0-89780 86 O 0-91836 52 
-03 O 0-69019 13 O 0-84550 99 O 0-89724 00 O 0-92307 98 O 0-93856 76 
— 0-2 O 0-79251 47 O 0-89657 37 O 0-93122 74 O o-94853 50 O 0-95890 72 
— OI O 0-89578 28 O 0-94806 98 O 0-96548 03 O 0-97417 48 O o-97938 45 

OO O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI O 1-10517 09 O 1-05236 64 O 1-03478 75 O 1-02601 14 O 1-02075 43 
02 O 1-21130 OI O 1-10517 09 O 1-06984 41 O 1-05220 99 O 1-04164 80 

0 3 O 1-31839 20 O 1-15841 56 O 1-10517 09 O 1-07859 61 O 1-06268 16 
04 O 1-42645 14 O 1*21210 24 O 1-14076 91 O 1-10517 09 O 1-08385 58 

05 O I-53548 28 O I-26623 34 O 1-17663 99 O 1-13193 50 O 1-10517 09 

o-6 O 1-64549 07 O I-3208l 05 O 1-21278 44 O 1-15888 93 O 1-12662 77 
07 O 1-75647 99 O I-37583 59 O 1-24920 38 O 1-18603 45 O 1-14822 66 
o-8 O 1-86845 49 O 1-43131 14 O 1-28589 94 O 1-21337 14 O 1-16996 83 
09 O 1-98142 05 O 1-48723 92 O 1-32287 23 O 1-24090 08 O 1-19185 33 
10 O 2-09538 12 O 1-54362 12 O 1-36012 38 O 1-26862 36 O 1-21388 23 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

—10 O o-83333 33 O 0-85714 29 O 0-87500 00 O o-88888 89 O 0-90000 00 
-09 O 0-84952 45 O 0-87104 52 O 0-88718 33 O 0-89973 35 O 0-90977 22 
-o-8 O 0-86582 03 O 0-88503 19 O 0-89943 64 O 0-91063 67 O 0-91959 46 
-07 O 0-88222 11 O 0-89910 33 O 0-91175 94 O 0-92159 89 O 0-92946 73 
— 06 O 0-89872 72 O 0-91325 96 O 0-92415 25 O 0-93262 01 O o-93939 05 

-05 O 0-91533 91 O 0-92750 12 O 0-93661 62 O 0-94370 06 O 0-94936 44 
-04 O 0-93205 72 O 0-94182 85 O 0-94915 05 O 0-95484 07 O o-95938 91 
-03 O 0-94888 19 O 0-95624 16 O 0-96175 58 O 0-96604 04 O 0-96946 49 
— 0-2 O 0-96581 37 O 0-97074 11 O o-97443 23 O 0-97730 01 O 0-97959 19 
— OI O 0-98285 29 O 0-98532 71 O 0-98718 03 O 0-98861 99 O 0-98977 02 

00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI O 1-01725 53 O 1-01476 OI O 1-01289 17 O i-oi 144 07 O 1-01028 15 
02 O 1-03461 94 O 1-02960 78 O 1-02585 56 O 1-02294 21 O 1-02061 50 
0 3 O 1-05209 25 O 1-04454 34 O 1-03889 21 O 1-03450 45 O 1-03100 04 
04 O 1-06967 52 O 1-05956 72 O I-05200 13 O 1-04612 80 O 1-04143 81 
OS O 1-08736 79 O 1-07467 94 O 1-06518 35 O 1-05781 30 O 1-05192 82 

06 O 1-10517 09 O 1-08988 06 O 1-07843 90 O 1-06955 95 O 1-06247 09 
07 O 1-12308 47 O 1-10517 09 O 1-09176 8l O 1-08136 79 O 1-07306 64 
o-8 O 1-14110 98 O 1-12055 07 O I-I05I7 09 O 1-09323 83 O 1-08371 47 
09 O 1-15924 65 O 1-13602 05 O 1-11864 78 O 1-10517 09 O 1-09441 62 
1*0 O I-I7749 53 O 1-15158 03 O I-I32I9 91 O 1-11716 60 O 1-10517 09 



APPENDIX II 133 

io“* iFx[a\b; x] x=o-2 

a 

b = 

t 
o-i 

t 
0-2 

t 

—10 0 — i-ooooo 00 0 o-ooooo 00 O 

-09 0 -0-81695 50 0 0-09224 15 O 

-o-8 0 -0-63023 97 0 0-18616 46 O 

-07 0 — 0-43981 80 0 0-28178 50 O 

— o-6 0 -0-24565 34 0 0-37911 86 O 

-05 0 -0-04770 94 0 0-47818 14 O 

-04 0 °'I54°5 °9 0 0-57898 95 O 

-03 0 0-35966 45 0 0-68155 9i O 

— 0-2 0 0-56916 88 0 0-78590 64 O 

— OI 0 0-78260 14 0 0-89204 79 O 

OO 0 i-ooooo 00 0 i-ooooo 00 O 

OI 0 1-22140 28 0 1 -10977 94 O 

02 0 1-44684 79 0 1-22140 28 O 

03 0 1-67637 41 0 1-33488 69 O 

04 0 1-91002 01 0 1-45024 87 O 

o-5 0 2-14782 49 0 1-56750 53 O 

o-6 0 2-38982 79 0 1-68667 37 O 

0-7 0 2-63606 85 0 1-80777 11 O 

o-8 0 2-88658 67 0 1-93081 50 O 

09 0 3-14142 24 0 2-05582 28 O 

10 

a 

0 

b = 

t 

3-40061 61 

o-6 

0 

t 

2-18281 20 

0-7 

O 

t 

—10 0 o-66666 67 0 0-71428 57 O 
-09 0 0-69807 05 0 0-74130 23 O 
-08 0 0-72989 42 0 0-76865 74 O 
-07 0 0-76214 10 0 0-79635 37 O 

— 06 0 0-79481 43 0 0-82439 37 O 

-05 0 0-82791 75 0 0-85278 01 O 

-04 0 0-86145 39 0 0-88151 55 O 

-03 0 0-89542 69 0 0-91060 26 O 

— 0-2 0 0-92984 00 0 0-94004 39 O 

— 01 0 0-96469 65 0 0-96984 22 O 

00 0 1-00000 00 0 1-00000 00 O 

01 0 1-03575 39 0 1-03052 02 O 

02 0 1-07196 17 0 1-06140 54 O 

0-3 0 1-10862 70 0 1-09265 84 O 

04 0 I-I4575 32 0 I-I2428 l8 O 

05 0 1-18334 39 0 I-I5627 85 O 

o-6 0 1-22140 28 0 1-18865 12 O 

07 0 1-25993 33 0 I-22I40 28 O 

o-8 0 1-29893 91 0 1-25453 59 O 

09 0 1-33842 39 0 1-28805 34 O 

10 0 1-37839 12 0 1-32195 81 O 

03 0-4 o-5 
t t 

0-33333 33 0 0-50000 00 0 o-6oooo 00 

o-39523 26 0 0-54668 44 0 0-63752 74 
0-45816 63 0 0-59408 89 0 0-67559 24 
0-52214 37 0 0-64221 97 0 0-71419 93 
0-58717 41 0 0-69108 31 0 o-75335 26 

0-65326 69 0 0-74068 53 0 0-79305 68 
0-72043 16 0 0-79103 26 0 0-83331 64 
0-78867 76 0 0-84213 13 0 0-87413 60 
0-85801 46 0 0-89398 78 0 0-91552 01 
0-92845 22 0 0-94660 86 0 o-95747 32 

i-ooooo 00 0 i-ooooo 00 0 i-ooooo 00 

1-07266 78 0 1-05416 86 0 1-04310 51 
1-14646 54 0 1-10912 08 0 1-08679 33 
1-22140 28 0 1-16486 34 0 1-13106 91 
1-29748 97 0 1-22140 28 0 I-I7593 74 
1-37473 61 0 1-27874 56 0 1-22140 28 

I-453I5 23 0 1-33689 87 0 1-26747 01 
1-53274 81 0 1-39586 86 0 1-31414 41 

i-6i353 38 0 1-45566 22 0 1-36142 97 

I-6955I 97 0 1-51628 63 0 I-40933 17 
1-77871 60 0 1-57774 76 0 1-45785 50 

o-8 0-9 i-o 
t t 

0-75000 00 0 o-77777 78 0 o-8oooo 00 

0-77371 63 0 0-79892 00 0 0-81907 74 
0-79771 24 0 0-82029 78 0 0-83835 61 
0-82199 02 0 0-84191 27 0 0-85783 75 
0-84655 19 0 0-86376 64 0 0-87752 30 

0-87139 96 0 0-88586 07 0 0-89741 40 
0-89653 52 0 0-90819 73 0 0-91751 18 
0-92196 09 0 0-93077 78 0 0-93781 79 

0-94767 89 0 o-9536o 39 0 0-95833 37 
0-97369 12 0 0-97667 74 0 0-97906 06 

1-00000 00 0 i-ooooo 00 0 i-ooooo 00 

1-02660 74 0 1-02357 34 0 i -02115 34 

i-o535i 55 0 1-04739 95 0 1-04252 22 
1-08072 66 0 1-07147 98 0 1-06410 78 
1-10824 28 0 1-09581 63 0 1-08591 18 
1-13606 63 0 1-12041 06 0 I"I°793 56 

1-16419 94 0 1-14526 47 0 1-13018 06 
1-19264 41 0 1-17038 02 0 1-15264 83 
1-22140 28 0 I-I9575 89 0 I-I7534 02 
1-25047 76 0 1-22140 28 0 1-19825 79 
1-27987 08 0 1-24731 35 0 1-22140 28 



m 

x=o-i 

b = 
a t 

01 
t 

— 1*0 0 — 2*00000 00 O 

-o-9 0 - 1*73884 94 O 

-o-8 0 -1*46940 36 O 

-o-7 0 - 1*19153 81 O 

— o-6 0 — 0*90512 71 O 

-05 0 — 0*61004 34 O 

-o-4 0 — 0*30615 88 O 

-o-3 0 0*00665 63 O 

— 0*2 0 0*32853 28 O 

— 0*1 0 0*65960 29 O 

0*0 0 1*00000 00 O 

OI 0 1*34985 88 O 

02 0 1*70931 54 O 

0-3 0 2*07850 72 O 

0-4 0 2*45757 27 O 

0-5 0 2*84665 23 O 

o-6 0 3*24588 71 O 

O'7 0 3*65542 00 O 

o-8 0 4-07539 50 O 

o-9 0 4-50595 77 O 

IO 0 4-94725 50 O 

a 
b = 

t 

o*6 
t 

— IO 0 0*50000 00 O 

-o-9 0 o*54559 46 O 

-o-8 0 0*59213 73 O 

-o-7 0 0*63963 94 O 

— o-6 0 o*688i 1 25 O 

-0 5 0 o-73756 83 O 

-o-4 0 0*78801 84 O 

-o-3 0 0*83947 46 O 

— 0-2 0 0*89194 89 O 

— OI 0 o-94545 33 O 

o-o 0 1*00000 00 O 

OI 0 1*05560 11 O 

02 0 1*11226 90 O 

0-3 0 1*17001 62 O 

0-4 0 1*22885 51 O 

05 0 1*28879 84 O 

o-6 0 1*34985 88 O 

o-7 0 1*41204 93 O 

o-8 0 1*47538 27 O 

09 0 1-53987 22 O 

10 0 1*60553 08 O 

APPENDIX II 

io_/ 1F1 \a; b; x\ 

0*2 
t 

0*3 

— 0*50000 OO O 0*00000 00 
— 0*36776 22 O 0*08909 40 
— 0*23I72 48 O 0*18052 49 
-0*09183 33 O 0*27432 46 

0*05196 71 O 0-37052 56 

0*19973 19 O 0*46916 02 

o*35i5i 7i O 0*57026 15 

0*50737 92 O 0*67386 24 
0*66737 52 O 0*77999 66 
0*83156 28 O 0*88869 78 

1*00000 00 O 1*00000 00 

1*17274 56 O I-H393 77 
I-34985 88 O 1*23054 56 

I-53I39 94 O 1*34985 88 
1*71742 78 O 1*47191 26 
1*90800 49 O 1*59674 26 

2*10319 22 O 1*72438 49 
2*30305 18 O 1*85487 58 
2*50764 63 O 1*98825 19 
2*71703 90 O 2*12455 03 
2*93129 36 O 2*26380 82 

0*7 
f 

o*8 

0*57142 86 O 0*62500 00 
0*61073 76 O 0*65957 22 
0*65081 10 O 0*69477 60 
0*69165 79 O 0*73061 84 
0-73328 70 O 0*76710 65 

0*77570 75 O 0*80424 74 
0*81892 83 O 0*84204 84 
0*86295 87 O 0*88051 68 
0*90780 79 O 0*91965 99 

o*95348 52 O 0*95948 52 

1*00000 00 O 1 -ooooo 00 

1*04736 18 O 1*04121 19 
1*09558 OI O 1*08312 85 
1*14466 45 O 1-12575 75 
1*19462 48 O i* 16910 65 
1*24547 07 O 1*21318 32 

1*29721 20 O 1*25799 56 
1*34985 88 O I-30355 15 
1*40342 10 O 1*34985 88 
1*45790 88 O 1*39692 56 

I-5I333 23 O 1‘44475 99 

t 
04 

t 
05 

0 0*25000 00 O 0*40000 00 

0 0*31742 04 O 0*45435 13 
0 0*38646 74 O 0*50991 65 

0 0*45716 24 O 0*56671 10 

0 0*52952 68 O 0*62475 02 

0 0*60358 25 O 0*68404 95 
0 0*67935 IO O 0*74462 45 
0 0*75685 47 O 0*80649 11 
0 0*83611 58 O 0*86966 51 
0 0*91715 66 O 0*93416 27 

0 1*00000 00 O 1*00000 00 

0 1*08466 87 O 1*06719 33 
0 1*17118 59 O I-I3575 92 
0 1*25957 48 O 1*20571 42 
0 1*34985 88 O 1*27707 51 
0 1*44206 18 O 1*34985 88 

0 1*53620 75 O 1*42408 24 
0 1*63232 02 O 1*49976 30 
0 1*73042 41 O 1*57691 80 
0 1*83054 38 O 1*65556 49 
0 1*93270 41 O 1-73572 13 

t 
0*9 

t 
1*0 

O o*66666 67 0 0*70000 00 
O 0*69753 80 0 0-72789 77 
O 0*72894 09 0 0*75624 98 
O 0*76088 12 0 0*78506 11 
O o-79336 46 0 0*81433 62 

O 0*82639 70 0 0*84408 00 
O 0*85998 42 0 0*87429 73 
O 0*89413 21 0 0*90499 31 
O 0*92884 67 0 0*93617 21 
O 0*96413 40 0 0*96783 94 

O 1*00000 00 0 1*00000 00 

O 1*03645 08 0 1*03265 88 
O 1*07349 27 0 1*06582 10 
O 1*11113 J6 0 1*09949 16 
O I-I4937 40 0 1*13367 58 
O 1*18822 61 0 1*16837 88 

O 1*22769 42 0 1*20360 57 
O 1*26778 47 0 1*23936 18 
O 1*30850 41 0 1*27565 25 
O 1*34985 88 0 1*31248 30 
O 1*39185 54 0 1*34985 88 
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IO-* i-Fil/z; b; x] 
-'tf- 
6

 
II 

b = 01 0-2 0-3 04 o-5 
a t t t t t 

IO 0 — 3-00000 00 O — 1-00000 00 0 — 0-33333 33 O o-ooooo 00 O 0-20000 OO 
09 0 -2-67035 54 O -0-83213 94 0 — 0-21971 83 O 0-08630 57 O 0-26980 I I 
o-8 0 — 2-32590 02 O — 0-65749 60 0 — 0-10193 21 O o-i755i 44 O 0-34176 83 
07 0 - 1-96633 24 O -0-47593 79 0 0-02010 24 O 0-26767 75 O °"4I593 86 
06 0 - 1-59134 63 O -0-28733 19 0 CI4646 36 O 0-36284 71 O 0-49234 9i 

o-5 0 —1-20063 20 O — 0-09154 28 0 0-27723 08 O 0-46107 60 O 0-57103 76 
04 0 -0-79387 53 O 0-11156 62 0 0-41248 42 O 0-56241 75 O 0-65204 22 
03 0 -0-37075 83 O 0-32213 37 0 0-55230 51 O 0-66692 56 O 0-73540 15 
02 0 0-06904 15 O 0-54030 02 0 0-69677 56 O o-77465 5i O 0-82115 45 
OI 0 0-52585 07 O 0-76620 76 0 0-84597 92 O 0-88566 12 O 0-90934 07 

OO 0 1-00000 00 O 1-00000 00 0 i -ooooo 00 O 1 -ooooo 00 O 1-ooooo 00 

OI 0 1-49182 47 O 1-24182 32 0 1-15892 34 O 1-11772 81 O 1-09317 29 
02 0 2-00166 43 O • 1-49182 47 0 1-32283 59 O 1-23890 27 O 1-18890 02 

03 0 2-52986 27 O 1-75015 41 0 1-49182 47 O 1-36358 21 O I-28722 34 
04 0 3-07676 82 O 2-01696 26 0 1-66597 85 O 1-49182 47 O 1-38818 41 

0-5 0 3-64273 38 O 2-29240 35 0 1-84538 67 O 1-62369 OO O 1-49182 47 

o-6 0 4-22811 67 O 2-57663 20 0 2-03014 00 O I-75923 82 O 1-59818 80 
07 0 4-83327 91 O 2-86980 51 0 2-22033 03 O 1-89852 99 O 1-70731 73 
08 0 5-45858 73 O 3-17208 17 0 2-41605 03 O 2-04162 67 O 1-81925 64 
09 0 6-10441 27 O 3-48362 30 0 2-61739 39 O 2-18859 07 O I-93404 94 
IO 0 6-77113 12 O 3-80459 19 0 2-82445 63 O 2-33948 51 O 2-05174 12 

b = o-6 0-7 o-8 0-9 i-o 
a t t t t t 

10 0 0-33333 33 O 0-42857 14 0 0-50000 00 O o-55555 56 O o-6oooo 00 

09 0 0-39205 09 O o-4793i 55 0 0-54472 28 O o-59556 45 O 0-63621 43 

o-8 0 o-45245 97 O 0-53142 34 0 0-59057 21 O 0-63652 15 O 0-67323 89 

07 0 0-51458 76 O 0-58491 64 0 0-63756 49 O 0-67844 05 O 0-71108 52 

06 0 0-57846 24 O 0-63981 62 0 0-68571 83 O 0-72133 55 O o-74976 48 

05 0 0-64411 23 O 0-69614 47 0 0-73504 98 O 0-76522 04 O 0-78928 92 

04 0 0-71156 59 O o-75392 39 0 o-78557 69 O 0-81010 97 O 0-82967 03 

03 0 0-78085 21 O 0-81317 64 0 0-83731 74 O 0-85601 77 O 0-87091 98 

0-2 0 0-85200 01 O 0-87392 46 0 0-89028 93 O 0-90295 89 O 0-91304 99 

OI 0 0-92503 95 O 0-93619 14 0 0-94451 07 O 0-95094 80 O 0-95607 25 

OO 0 1-00000 00 O 1-00000 00 0 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 0 1-07691 20 O 1-06537 37 0 1-05677 57 O 1-05012 98 O 1-04484 47 

02 0 I-I5580 59 O 1-13233 62 0 1-11485 65 O 1-10135 26 O 1-09061 91 

0 3 0 1-23671 28 O 1-20091 13 0 1-17426 15 O 1-15368 38 O I-I3733 59 
04 0 1-31966 37 O 1-27112 31 0 1-23500 97 O 1-20713 88 O 1-18500 76 

05 0 1-40469 04 O 1-34299 62 0 1-29712 04 O 1-26173 33 O 1-23364 74 

o-6 0 1-49182 47 O 1-41655 50 0 1-36061 33 O 1-31748 31 O 1-28326 80 

07 0 1-58109 90 O 1-49182 47 0 1-42550 81 O 1-37440 41 O 1-33388 28 

o-8 0 1-67254 59 O 1-56883 04 0 1-49182 47 O 1-43251 25 O 1-38550 48 

09 0 1-76619 84 O 1-64759 75 0 I-55958 33 O 1-49182 47 O 1-43814 76 

10 0 1-86208 99 O 1-72815 18 0 1-62880 44 O I-55235 70 O 1-49182 47 
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*=o-5 ICT 1 iF^a; b; x] 

b = 01 0-2 03 0-4 05 
a t t t t t 

—10 0 — 4-00000 00 0 — 1-50000 OO 0 — o-66666 67 0 — 0-25000 00 0 o-ooooo 00 

-09 0 — 3-61201 86 0 — 1-30112 70 0 -0-53134 25 0 -0-14675 13 0 0-08381 14 

-o-8 0 — 3-20079 90 0 - 1-09161 33 0 -0-38947 59 0 -0-03894 99 0 0-17101 97 

-07 0 -2-76573 85 0 — 0-87119 62 0 — 0-24091 28 0 0-07350 67 0 0-26169 80 

— 06 0 — 2-30622 47 0 — 0-63960 86 0 -0-08549 65 0 0-19072 26 0 o-35592 08 

-o-S 0 -1-82163 45 0 -0-39657 94 0 0-07693 19 0 0-31280 36 0 0-45376 36 

-o-4 0 -1-31133 45 0 — 0-14183 26 0 0-24653 41 0 0-43985 7i 0 0-55530 31 
-03 0 — 0-77468 10 0 0-12491 18 0 0-42347 41 0 0-57199 21 0 0-66061 70 

— 0-2 0 — 0-21IOI 94 0 0-40393 84 0 0-60791 85 0 0-70931 90 0 0-76978 42 

— OI 0 0-38031 55 0 0-69553 66 0 0-80003 65 0 0-85195 04 0 0-88288 48 

OO 0 1-00000 00 0 i-ooooo 00 0 1-00000 00 0 1-00000 00 0 i-ooooo 00 

OI 0 1-64872 13 0 1-31762 72 0 1-20798 34 0 1-15358 36 0 1 -12121 22 
02 0 2-32717 78 0 1-64872 13 0 1-42416 39 0 1-31281 87 0 1-24660 50 

0-3 0 3-03607 92 0 1-99359 02 0 1-64872 13 0 1-47782 43 0 1-37626 32 
04 0 3-77614 69 0 2-35254 68 0 1-88183 81 0 1-64872 13 0 1-51027 29 

0-5 0 4-5481136 0 2-72590 86 0 2-12369 98 0 1-82563 24 0 1-64872 13 

o-6 0 5-35272 38 0 3-0399 83 0 2-37449 45 0 2-00868 23 0 1-79169 69 
07 0 6-19073 39 0 3-5I7I4 35 0 2-63441 32 0 2-19799 70 0 1-93928 94 
08 0 7-06291 26 0 3-93567 68 0 2-90364 98 0 2-39370 49 0 2-09159 01 
09 0 7-97004 04 0 4-36993 59 0 3-18240 09 0 2-59593 60 0 2-24869 11 
10 0 8-91291 03 0 4-82026 39 0 3-47086 63 0 2-80482 21 0 2-41068 61 

b = o-6 0-7 o-8 0-9 10 
a t t t t t 

—10 0 0-16666 67 0 0-28571 43 0 0-37500 00 0 o-44444 44 0 0-50000 00 
-09 0 0-23739 04 0 0-34699 84 0 0-42913 82 0 0-49297 53 0 0-54400 72 
-o-8 0 0-31076 59 0 0-41042 05 0 0-48504 22 0 0-54299 22 0 0-58928 44 
-07 0 0-38684 84 0 0-47602 32 0 o-54274 57 0 0-59452 27 0 0-63585 42 
— o-6 0 0-46569 33 0 0-54384 96 0 0-60228 31 0 0-64759 46 0 0-68373 95 

-o-S 0 o-54735 74 0 0-61394 34 0 0-66368 92 0 0-70223 61 0 0-73296 36 
-04 0 0-63189 79 0 0-68634 91 0 0-72699 92 0 o-75847 57 0 0-78355 00 
-03 0 0-71937 30 0 0-7610 17 0 0-79224 89 0 0-81634 24 0 0-83552 26 
-0-2 0 0-80984 17 0 0-83827 67 0 0-85947 43 0 0-87586 54 0 0-88890 54 
— OI 0 0-90336 38 0 0-91789 06 0 0-92871 23 0 0-93707 46 0 o-94372 30 

OO 0 1-00000 00 0 1-00000 00 0 1-00000 00 0 1-00000 00 0 1-00000 00 

OI 0 1-09981 19 0 1-08465 27 0 1-07337 5i 0 1-06467 21 0 1-05776 16 
02 0 1-20286 18 0 1-17189 67 0 1-14887 58 0 I-I3II2 17 0 1-11703 33 
0-3 0 1-30921 31 0 1-26178 10 0 1-22654 °8 0 1-19938 02 0 1-17784 06 
04 0 1-41892 99 0 1-35435 5i 0 1-30640 94 0 1-26947 93 0 1-24020 96 
0-5 0 1-53207 73 0 1-44966 91 0 1-38852 11 0 I-34I45 IO 0 1-30416 68 

o-6 0 1-64872 13 0 1-54777 40 0 1-47291 64 0 1-41532 79 0 1-36973 88 
07 0 1-76892 87 0 1-64872 13 0 1-55963 60 0 1-49114 29 0 1-43695 27 
o-8 0 1-89276 74 0 I-75256 33 0 1-64872 13 0 1-56892 95 0 1-50583 59 
09 0 2-02030 62 0 1-85935 29 0 1-74021 40 0 1-64872 13 0 1-57641 61 
i-o 0 2-15161 47 0 1-96914 38 0 1-83415 67 0 1-73055 26 0 1-64872 13 
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io_ 1 iF^a; b\ #] 

b = 01 0-2 0-3 0-4 

a t t t t t 

10 0 — 5-00000 00 O — 2-00000 OO O — i-ooooo 00 O — 0-50000 00 O 

09 0 -4-56442 36 O - 1-77497 83 O -0-84592 65 O -0-38184 85 O 

o-8 0 -4-09525 03 O - i*53457 5i O — 0-68239 71 O -0-25711 78 O 

0-7 0 -3-59141 57 O - 1-27832 65 O -0-50913 97 O — 0-12562 70 O 

o-6 0 -3-05183 34 O - 1-00575 96 O -0-32587 73 O 0-01280 81 O 

05 0 -2-47539 54 O — 0-71639 21 O -0-13232 74 O 0-15837 5i O 

0-4 0 — 1-86097 11 O -0-40973 24 O 0-07179 79 O 0-31126 51 O 

03 0 - 1-20740 73 O — 0-08527 91 O 0-28679 17 O 0-47167 27 O 

0-2 0 -0-51352 78 O 0-25747 85 O 0-51295 29 O 0-63979 59 O 

01 0 0-22186 69 O 0-61906 13 O 0-75058 57 O 0-81583 66 O 

00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O i-ooooo 00 O 

o-i 0 1-82211 88 O 1-40083 54 O 1-26151 16 O 1-19249 52 O 

0-2 0 2-68949 49 O 1-82211 88 O 1-53544 21 O 1-39353 50 O 

0-3 0 3-60342 49 O 2-26441 15 O 1-82211 88 O 1-60333 61 O 

0-4 0 4-56523 01 O 2-72828 58 O 2-12187 52 O 1-82211 88 O 

0-5 0 5-57625 77 O 3-21432 45 O 2-43505 08 O 2-05010 75 O 

o-6 0 6-63788 04 O 3-72312 11 O 2-76199 12 O 2-28753 06 O 

0-7 0 7-75I49 75 O 4-25528 05 O 3-10304 83 O 2-53462 03 O 

o-8 0 8-91853 48 O 4-81141 85 O 3-45858 04 O 2-79161 30 O 

0-9 0 10-14044 47 O 5-39216 24 O 3-82895 20 O 3-05874 92 O 

10 0 11-41870 77 O 5-99815 10 O 4-21453 43 O 3-33627 38 O 

b = o-6 0-7 o-8 0-9 

a t t t t t 

10 0 o-ooooo 00 O 0-14285 71 O 0-25000 00 O 0-33333 33 O 

09 0 0-08156 13 O 0-21374 63 O 0-31278 67 O o-38974 49 O 

o-8 0 0-16695 40 O 0-28772 40 O 0-37812 40 O 0-44830 28 O 

0-7 0 0-25627 50 O 0-36486 53 O 0-44607 15 O 0-50905 56 O 

o-6 0 0-34962 26 O 0-44524 63 O 0-51668 97 O 0-57205 22 O 

o-5 0 0-44709 71 O 0-52894 46 O 0-59004 01 O 0-63734 25 O 

0-4 0 0-54880 02 O 0-61603 90 O 0-66618 52 O 0-70497 71 O 

03 0 0-65483 57 O 0-70660 96 O 0-74518 86 O 0-77500 75 O 

0-2 0 0-76530 90 O 0-80073 78 O 0-82711 49 O 0-84748 59 O 

01 0 0-88032 75 O 0-89850 65 O 0-91202 99 O 0-92246 54 O 

o-o 0 1-00000 00 O 1-00000 00 O i-ooooo 00 O 1-00000 00 O 

01 0 i-12443 77 O 1-10530 38 O 1-09109 32 O 1-08014 45 O 

0-2 0 1-25375 33 O 1-21450 50 O 1-18537 84 O 1-16295 44 O 

0-3 0 1-38806 15 O 1-32769 20 O 1-28292 55 O 1-24848 64 O 

0-4 0 1-52747 91 O 1-44495 47 O 1-38380 56 O I-33679 79 O 

o-5 0 1-67212 47 O 1-56638 46 O 1-48809 10 O 1-42794 70 O 

o-6 0 1-82211 88 O 1-69207 45 O I-59585 5i O 1-5219931 O 

0-7 0 1-97758 41 O 1-82211 88 O 1-70717 25 O 1-61899 63 O 

o-8 0 2-13864 53 O 1-95661 34 O 1-82211 88 O 1-71901 75 O 

09 0 2-30542 91 O 2-09565 57 O 1-94077 10 O 1-82211 88 O 

10 0 2-47806 43 O 2-23934 48 O 2-06320 72 O 1-92836 31 O 

137 

x=o-6 

0'5 

— 0-20000 OO 
— 0-10368 71 
— 0-00246 6l 

0-10379 24 
0-21521 99 

0-33195 02 
0-45411 97 
0-58186 70 

o-7iS33 33 
0-85466 22 

1-00000 00 

1-15149 54 
1-30929 97 
1-47356 68 
1-64445 34 
1- 82211 88 

2- 00672 51 
2-19843 71 
2-39742 24 
2-60385 15 
2-81789 78 

10 

0-40000 00 
0-45125 55 

0-50434 5i 
0-5593° 87 
0-61618 66 

0-67501 99 

o-73585 03 
0-79872 03 
0-86367 26 
0-93075 11 

1-00000 00 

1-07146 45 
1-14519 01 
1-22122 33 
1-29961 13 
1-38040 19 

1-46364 36 

I-54938 57 
1-63767 83 
1-72857 22 
1-82211 88 
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I0~ -t Fi[a; b; x] 

b = 01 0-2 0-3 04 

a t t t t t 

—10 0 — 6-00000 00 O — 2-50000 OO O - 1-33333 33 O — 0-75000 00 O 

-09 0 -5-52819 79 O -2-25396 47 O — 1-16362 83 O — 0-61909 03 O 

-o-8 0 -5-01049 23 O — 1-98691 64 O — 0-98100 71 O -0-47919 49 O 

-0-7 0 -4-445I5 47 O — 1-69810 26 O — 0-78502 86 O — 0-33002 06 O 

— o-6 0 -3-83041 49 O - 1-38675 31 O -0-57524 18 O — 0-17126 79 O 

-o-5 0 — 3-16446 06 O - 1-05207 99 O -0-35118 57 O — 0-00263 08 O 

-04 0 -2-44543 68 O — 0-69327 71 O — 0-11238 89 O 0-17620 33 O 

-03 0 — 1-67144 46 O -0-30952 03 O 0-14163 03 O 0-36555 38 O 

- 0-2 0 — 0-84054 10 O 0-10003 36 O 0-41136 43 O 0-56574 68 O 

— 01 0 0-04926 24 O 0-53624 65 O 0-69731 61 O o-777ii 55 O 

o-o 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 

01 0 2-01375 27 O 1-49219 50 O 1-31994 II O 1-23474 77 O 

02 0 3-09264 92 O 2-01375 27 O 1-65767 60 O 1-48171 31 O 

0-3 0 4-23886 64 O 2-56561 44 O 2-01375 27 O 1-74125 83 O 

04 0 5-45463 05 O 3-14874 21 O 2-38873 10 O 2-01375 27 O 

o-5 0 6-74221 79 O 3-76411 90 O 2-78318 26 O 2-29957 36 O 

o-6 0 8-10395 55 O 4-41274 94 O 3-19769 II O 2-599IO 58 O 

0-7 0 9-54222 24 O 5-09565 95 O 3-63285 27 O 2-91274 21 O 
o-8 0 11-05945 01 O 5-81389 76 O 4-08927 57 O 3-24088 34 O 

09 0 12-65812 36 O 6-56853 43 O 4-56758 14 O 3-58393 85 O 

i-o 0 14-34078 25 O 7-36066 30 O 5-06840 37 O 3-94232 46 O 

b = o-6 0-7 o-8 09 

a t t t t t 

—10 0 — 0-16666 67 O o-ooooo 00 O 0-12500 00 O 0-22222 22 O 

-0-9 0 -0-07549 15 O 0-07951 66 O 0-19563 47 O 0-28584 61 O 

— o-8 0 0-02091 55 O 0-16325 02 O 0-26975 16 O 0-35240 02 O 

-07 0 0-12271 09 O 0-25132 21 O o-34744 70 O 0-42196 25 O 

— o-6 0 0-23005 45 O o-34385 60 O 0-42881 90 O 0-49461 25 O 

-0-5 0 0-34310 95 O 0-44097 79 O 0-51396 77 O 0-57043 13 O 

-04 0 0-46204 24 O 0-54281 65 O 0-60299 50 O 0-64950 14 O 

-0-3 0 0-58702 28 O 0-64950 29 O 0-69600 49 O 0-73190 69 O 

— 0-2 0 0-71822 42 O 0-76117 10 O o-793io 34 O 0-81773 33 O 

— 01 0 0-85582 31 O 0-87795 70 O 0-89439 84 O 0-90706 81 O 

o-o 0 1*00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 

01 0 1-15093 86 O I-12744 18 O I-I 1002 02 O 1-09661 96 O 

0-2 0 1-30882 66 O 1-26042 67 O 1-22457 33 O 1-19701 89 O 

0-3 0 1-47385 50 O 1-39910 20 O 1-34377 57 O 1-30129 20 O 

04 0 1-64621 90 O 1-54361 79 O 1-46774 58 O I-40953 43 O 

0-5 0 1-82611 74 O 1-69412 73 O 1-59660 44 O 1-52184 32 O 

o-6 0 2-01375 27 O 1-85078 59 O I-73047 45 O 1-63831 77 O 

0-7 0 2-20933 17 O 2-01375 27 O 1-86948 15 O I-75905 87 O 
o-8 0 2-41306 50 O 2-18318 94 O 2-01375 27 O 1-88416 89 O 

09 0 2-62516 73 O 2-35926 09 O 2-16341 82 O 2-01375 27 O 

I-o 0 2-84585 75 O 2-54213 50 O 2-31861 02 O 2-14791 66 O 

o-5 

— 0-40000 oo 
— 0-29276 88 
— 0-17883 48 
-0-05798 87 

0-06998 32 

0-20529 90 
0-34818 16 
0-49885 85 
0-65756 17 
0-82452 82 

1-00000 00 

1-18422 38 

1-37745 14 
1-57993 98 
1- 79195 11 
2- 01375 27 

2-24561 75 
2-48782 35 
2- 74065 46 
3- 00440 00 

3-27935 49 

i-o 

0-30000 00 

0-35793 69 
0-41837 74 
0-48138 58 
0-54702 76 

0-61536 94 
0-68647 91 
0-76042 60 
0-83728 05 
0-91711 41 

I'OOOOO 00 

1-08601 24 
1-17522 70 
1-26772 07 

1-36357 19 

1-46286 04 

1-56566 73 
1-67207 52 
1-78216 81 
1- 89603 16 
2- 01375 27 
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10 t 
1 Fx\a \ b\ x] 

0
0

 
6

 
II H

 

b = OI 0-2 03 0-4 o-5 
a t t t t t 
ro o — 7-00000 oo 0 — 3-00000 00 0 — 1-66666 67 0 — i-ooooo 00 0 — o-6oooo 00 
o-9 o -6-50401 49 0 -2-73837 67 0 — 1-48461 68 0 — 0-85858 80 0 -0-48351 24 
o-8 o -5-94785 78 0 -2-44921 23 0 -1-28563 99 0 — 0-70540 12 0 -0-35824 23 
o-7 o -5-32888 96 0 -2-13135 83 0 —1-06906 32 0 -0-53999 28 0 — 0-22387 11 
o-6 o -4-64439 77 0 - 1-78363 55 0 -0-83419 71 0 -0-36190 51 0 — 0-08007 23 

o-5 o -3-89159 56 0 - 1-40483 36 0 -0-58033 36 0 — 0-17066 85 0 0-07348 86 
04 o — 3-06762 06 0 — 0-99371 02 0 — 0-30674 70 0 0-03419 77 0 0-23715 39 
o-3 o -2-16953 29 0 -0-54899 02 0 — 0-01269 31 0 0-25318 65 0 0-41127 43 
02 o - 1-19431 35 0 — 0-06936 56 0 0-30259 13 0 0-48680 28 0 0-59620 90 
O'I o — 0-13886 31 0 0-44650 56 0 0-63988 84 0 o-73556 41 0 0-79232 54 

OO o I'OOOOO 00 0 I'OOOOO 00 0 1-00000 00 0 1-00000 00 0 1-00000 00 

OI o 2-22554 09 0 1-59252 93 0 1-38374 79 0 1-28065 33 0 1-21961 77 
02 o 3-54111 04 0 2-22554 09 0 1-79197 39 0 1-57807 97 0 1-45157 27 
0-3 o 4-95014 62 0 2-90051 91 0 2-22554 09 0 1-89284 81 0 1-69626 83 
0-4 o 6-45617 50 0 3-61898 52 0 2-68533 25 0 2-22554 09 0 1-954H 70 

o-5 o 8-06281 37 0 4-38249 84 0 3-17225 39 0 2-57675 45 0 2-22554 09 

o-6 o 9-77377 18 0 5-19265 68 0 3-68723 21 0 2-94709 89 0 2-51097 18 
o-7 o 11-59285 27 0 6-05109 78 0 4-23121 64 0 3-33719 88 0 2-81085 12 
o-8 o I3-52395 58 0 6-95949 89 0 4-80517 86 0 3-74769 30 0 3-12563 06 

o-9 o i5-57io7 80 0 7-91957 87 0 5-41011 38 0 4-I7923 55 0 3-45577 20 
ro o 17-73831 61 0 8-93309 73 0 6-04704 06 0 4-63249 5i 0 3-80174 73 

b = o-6 0-7 o-8 0-9 10 
a t t t t t 

ro o -0-33333 33 0 -0-14285 71 0 o-ooooo 00 0 o-iiiii II 0 0-20000 OO 

o-9 o — 0-23382 66 0 -0-05573 57 0 0-07764 68 0 0-18125 °4 0 C26402 80 

o-8 o -0-12746 55 0 0-03691 02 0 0-15985 49 0 0-25522 77 0 0-33I33 51 
o-7 o — 0-01401 16 0 0-13526 50 0 0-24677 09 0 0-33316 17 0 0-40201 88 

o-6 o 0-10677 92 0 0-23951 73 0 0-33854 42 0 0-41517 33 0 0-47617 88 

o-5 o 0-23515 64 0 0-34986 02 0 o-43532 80 0 0-50138 66 0 o-5539i 7i 
o-4 o o-37i37 59 0 0-46649 09 0 o-53727 86 0 0-59192 79 0 0-63533 77 

o-3 o 0-51569 93 0 0-58961 15 0 0-64455 59 0 0-68692 65 0 0-72054 67 

02 o 0-66839 41 0 0-71942 84 0 o-75732 33 0 0-78651 44 0 0-80965 26 

o-i o 0-82973 43 0 0-85615 26 0 0-87574 78 0 0-89082 63 0 0-90276 61 

OO o 1-00000 00 0 1-00000 00 0 1-00000 00 0 1-00000 00 0 i-ooooo 00 

OI o I-I7947 78 0 1-15119 12 0 1-13025 42 0 1-11417 60 0 1-10146 98 

02 o 1-36846 08 0 1-30995 l8 0 1-26668 86 0 1-23349 80 0 1-20729 31 

03 o 1-56724 87 0 1-47651 22 0 1-40948 49 0 1-35811 24 0 I-3I758 99 

04 o 1-77614 79 0 1-65IIO 80 0 1-55882 92 0 1-48816 89 0 1-43248 29 

o-5 o 1-99547 19 0 I-83397 98 0 1-71491 10 0 1-62382 02 0 1-55209 71 

o-6 o 2-22554 09 0 2-02537 37 0 1-87792 43 0 1-76522 23 0 1-67656 00 

o-7 o 2-46668 24 0 2-22554 09 0 2-04806 69 0 1-91253 43 0 1-80600 17 

o-8 o 2-71923 11 0 2-43473 81 0 2-22554 09 0 2-06591 86 0 1-94055 51 

09 o 2-98352 90 0 2-65322 75 0 2-41055 26 0 2-22554 09 0 2-08035 55 

IO o 3-25992 56 0 2-88127 67 0 2-60331 27 0 2-39I57 03 0 2-22554 09 
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X = 0‘() 10iFi[a’> b; x] 

b = 01 0-2 03 0-4 05 
a t t t t t 

—10 0 — 8-00000 00 O — 3-50000 OO O — 2-00000 OO 0 — 1-25000 00 O — o-8oooo 00 

-09 0 -7-49259 77 O — 3-22852 60 O — 1-80907 26 0 — 1-10046 06 O — 0-67600 20 

-o-8 0 — 6-90878 25 O — 2-92208 05 O - 1-59665 35 0 -0-93597 23 O -0-54085 52 

-07 0 — 6-24470 96 O -2-57899 21 O — 1-36176 42 0 -0-75588 59 O -0-39409 65 
— 06 0 -5-49641 35 O -2-19753 81 O - 1-10339 79 0 -0-55953 36 O -0-23525 02 

-05 0 -4-65980 55 O -1-77594 43 O — 0-82051 80 0 -0-34622 85 O — 0-06382 73 
-04 0 -3-73067 11 O - 1-31238 34 O — 0-51205 81 0 -0-11526 47 O 0-12067 45 
-03 0 — 2-70466 65 O -0-80497 39 O — 0-17692 10 0 0-13408 38 O 0-31877 11 
— 0-2 0 - 1-57731 62 O — 0-25177 88 O 0-18602 19 0 0-40256 28 O 0-53099 24 
— OI 0 — 0-34401 01 O o-349i9 54 O o-57793 11 0 0-69093 90 O 0-75788 25 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 0 i-ooooo 00 O 1-00000 00 

OI 0 2-45960 31 O 1-70274 56 O 1*45345 52 0 I-33055 47 O 1-25791 83 
02 0 4-03983 23 O 2-45960 31 O 1-93955 77 0 1-68343 42 O 1-53222 60 
03 0 5-74586 78 O 3-27280 51 O 2-4596o 31 0 2-05949 16 O 1-82352 69 
04 0 7-58304 05 O 4-14464 74 O 3-01492 28 0 2-4596o 31 O 2-13244 07 

05 0 9-55683 50 O 5-07749 00 O 3-60688 44 0 2-88466 81 O 2-45960 31 

o-6 0 11-67289 29 O 6-07375 88 O 4-23689 26 0 3-3356o 96 O 2-80566 62 
07 0 13-93701 65 O 7-13594 68 O 4-90639 02 0 3-8i337 52 O 3-17129 88 
o-8 0 16-35517 22 O 8-26661 58 O 5-61685 85 0 4-31893 68 O 3-55718 66 
09 0 18-93349 40 O 9-46839 74 O 6-36981 80 0 4-85329 20 O 3-96403 29 
10 0 21-67828 70 O 10-74399 49 O 7-16683 00 0 5-4I746 38 O 4-39255 83 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

—10 0 — 0-50000 00 O -0-28571 43 O — 0-12500 00 0 o-ooooo 00 O o-ioooo 00 

-0-9 0 -0-39350 64 O -0-19205 84 O — 0-04121 49 0 0-07592 74 O 0-16950 40 
-o-8 0 -0-27831 23 O — 0-09139 07 O 0-04835 93 0 0-15672 55 O 0-24316 90 
-07 0 -0-15407 15 O 0-01655 65 O o-i4393 49 0 0-24256 62 O 0-32113 65 
— 06 0 — 0-02042 85 O 0-13205 79 O 0-24572 95 0 0-33362 57 O 0-40355 13 

-05 0 0-12298 15 O 0-25539 51 O o-35396 65 0 0-43008 44 O 0-49056 20 
-04 0 0-27653 32 O 0-38685 73 O 0-46887 47 0 0-53212 73 O 0-58232 05 
-03 0 0-44061 11 O 0-52674 09 O 0-59068 88 0 0-63994 39 O 0-67898 24 
-02 0 0-61560 98 O 0-67535 01 O 0-71964 90 0 0-75372 83 O 0-78070 70 
— OI 0 0-80193 43 O 0-83299 65 O 0-85600 20 0 0-87367 91 O 0-88765 72 

OO 0 1-00000 00 O 1*00000 00 O i-ooooo 00 0 1*00000 00 O 1-00000 00 

OI 0 1-21023 31 O 1*17668 82 O 1-15190 18 0 1-13289 93 O 1-11790 61 
02 0 1-43307 07 O 1-36339 71 O i-3ii97 24 0 1-27259 03 O 1-24155 02 
03 0 1-66896 10 O 1-56047 10 O 1-48048 31 0 1-41929 15 O I-37II I IO 
04 0 1-91836 37 O 1-76826 25 O i-6577i 19 0 1-57322 64 O I-50677 14 
05 0 2-18175 01 O 1-98713 34 O I-84394 34 0 1-73462 38 O 1-64871 85 

o-6 0 2-4596o 31 O 2-21745 38 O 2-03946 90 0 1-90371 79 O I-797I4 36 
07 0 2-75241 79 O 2-4596o 31 O 2-24458 71 0 2-08074 81 O I-95224 22 
o-8 0 3-06070 20 O 2-71396 99 O 2-4596o 31 0 2-26595 96 O 2-II42I 46 
09 0 3-38497 52 O 2-98095 21 O 2-68482 96 0 2-4596o 31 O 2-28326 51 
10 0 3-72577 °4 O 3-26095 72 O 2-92058 65 0 2-66193 51 O 2-45960 31 
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10 -t 
1 Fx[a \ b \ x\ X=1'0 

b = OI 0-2 0-3 04 05 
a t t t t t 

— i-o o — 9-00000 oo O — 4-00000 OO O -2-33333 33 O —1-50000 00 O — i-ooooo 00 
-o-9 o -8-49472 34 O -3-72474 63 O — 2-13718 90 O - 1-34483 48 O -0-87032 73 
— o-8 o -7-89481 34 O -3-40618 57 O -1-91443 23 O — 1-17116 05 O — 0-72685 14 
-o-7 o -7-19487 27 O -3-04197 32 O — 1-66369 18 O — 0-97806 74 O — 0-56892 41 
— o-6 o -6-38931 43 O — 2-62968 42 O - 1-38355 11 O — 0-76461 68 O -0-39587 72 

-o-5 o -5-47235 71 O — 2-16681 22 O -1-07254 74 O -0-52984 05 O — 0-20702 17 
-o-4 o — 4-43802 02 O — 1-65076 69 O — 0-72917 04 O -0-27273 93 O — 0-00164 75 
-o*3 o — 3-28011 86 O — 1-07887 24 O -0-35186 13 O 0-00771 68 O 0-22097 68 
— 0-2 o - 1-99225 77 O — 0-44836 46 O 0-06098 84 O 0-31259 00 O 0-46160 48 
— OI o — 0-56782 81 O 0-24361 07 O 0-51103 83 O 0-64297 49 O 0-72101 28 

o-o o 1-00000 00 O 1-00000 00 O 1*00000 00 O i-ooooo 00 O i-ooooo 00 

OI o 2-71828 18 O 1-82384 44 O 1-52963 87 O 1-38482 77 O 1-29938 93 
02 o 4-59430 40 O 2-71828 18 O 2-10177 40 O 1-79865 55 O 1-62002 78 
0-3 o 6-63559 00 O 3-68654 95 O 2-71828 18 O 2-24271 69 O 1-96278 70 
0-4 o 8-84990 62 O 4-73198 60 O 3-38109 51 O 2-71828 18 O 2-32856 41 

0-5 o 11-24526 75 O 5-85803 42 O 4-09220 54 O 3-22665 80 O 2-71828 18 

o-6 o 13-82994 37 O 7-06824 32 O 4-85366 43 O 3-76919 11 O 3-13288 93 
o-7 o 16-61246 51 O 8-36627 12 O 5-66758 48 O 4-34726 66 O 3-57336 27 
o-8 o 19-60162 96 O 9-75588 81 O 6-53614 27 O 4-96230 95 O 4-04070 57 
09 o 22-80650 83 O 11-24097 77 O 7-46157 79 O 5-61578 63 O 4-53595 02 
IO o 26-23645 24 O 12-82554 07 O 8-44619 59 O 6-30920 51 O 5-06015 69 

b = o-6 0-7 o-8 09 10 

a t t t t t 

— IO o — o-66666 67 O -0-42857 14 O — 0-25000 00 O — o-iiiii II O o-ooooo 00 
-o-9 o -0-55459 74 O -0-32950 25 O — 0-16099 03 O -0-03015 50 O 0-07433 86 
-o-8 o -0-43175 67 O -0-22175 34 O — 0-06481 47 O 0-05682 99 O 0-15382 72 
-o-7 o — 0-29766 05 O — 0-10495 00 O 0-03882 37 O 0-15008 37 O 0-23866 34 
— o-6 o — 0-15180 98 O 0-02129 30 O 0-15022 99 O 0-24985 32 O 0-32905 02 

-OS o 0-00630 91 O 0-15737 20 O 0-26971 79 O 0-35639 20 O 0-42519 58 
-o-4 o 0-17722 54 O 0-30369 49 O 0-39761 04 O 0-46996 09 O o-5273i 44 
-o-3 o 0-36148 37 O 0-46068 14 O 0-53423 91 O 0-59082 74 O 0-63562 57 

- 02 o 0-55964 47 O 0-62876 31 O 0-67994 51 O 0-71926 65 O 0-75035 5i 
— OI o 0-77228 56 O 0-80838 38 O 0-83507 87 O 0-85556 08 O 0-87173 40 

oo o 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1*00000 00 

OI o 1-24339 88 O 1-20408 08 O 1-17507 90 O 1-15288 19 O I-I3539 67 
02 o 1-50311 02 O 1-42110 86 O 1-36069 55 O 1-31451 22 O 1-27817 41 

0-3 o 1-77978 05 O 1-65157 89 O 1-55723 98 O 1-48520 44 O 1-42858 86 

0-4 o 2-07407 40 O 1-89600 10 O 1-76511 25 O 1-66528 05 O 1-58690 33 

o-5 o 2-38667 38 O 2-15489 81 O 1-98472 52 O 1-85507 07 O I-75338 77 

o-6 o 2-71828 18 O 2-42880 78 O 2-21650 00 O 2-05491 38 O 1-92831 84 

o-7 o 3-06961 97 O 2-71828 18 O 2-46087 06 O 2-26515 76 O 2-1 I 197 89 

o-8 o 3-44142 89 O 3-02388 72 O 2-71828 18 O 2-48615 83 O 2-30465 98 
o-9 o 3-83447 12 O 3-34620 60 O 2-98919 01 O 2-71828 18 O 2-50665 90 

IO o 4-24952 89 O 3-68583 55 O 3-27406 39 O 2-96190 29 O 2-71828 l8 
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x= i-i 10 1 i^i[a; b; x] 

b = 01 0-2 03 0-4 o-5 
a t t t t t 

—10 0 — io-ooooo 00 O — 4-50000 OO 0 — 2-66666 67 0 — 1-75000 00 O — 1-20000 OO 

-09 0 — 9-51122 70 O -4-22739 59 0 — 2-46917 29 0 - 1-59184 65 O — 1-06658 38 

-o-8 0 — 8-90761 82 O — 3-90224 24 0 -2-23938 89 0 — 1-41123 60 O — 0-91642 13 

-07 0 — 8-18182 02 O -3-52I34 7i 0 - 1-97544 90 0 — 1-20693 20 O -0-74863 19 

— 06 0 — 7-32619 29 O -3-08139 71 0 - 1-67541 95 0 -0-97765 40 O -0-56230 44 

-OS 0 -6-33280 19 O -2-57895 60 0 - 1-33729 66 0 — 0-72207 64 O -0-35649 67 

-04 0 -5-I934I OO O — 2-01045 98 0 -0-95900 44 0 -0-43882 77 O -0-I3023 48 

-03 0 -3-89946 8l O —1-37221 42 0 -0-53839 33 0 — 0-12648 85 O o-i 1748 81 

— 02 0 -2-442IO 75 O — 0-66039 03 0 -0-07323 77 0 0-21640 87 O 0-38771 25 

— 01 0 — 0-8I2I3 OO O 0-12897 83 0 0-43876 55 0 0-59138 19 O 0-68151 31 

00 0 1-00000 00 O 1-00000 00 0 1-00000 00 0 1-00000 00 O 1-00000 00 

01 0 3-00416 60 O 1-95692 83 0 1-61293 09 0 1-44388 43 O I-3443I 95 
02 0 5-21060 79 O 3-00416 60 0 2-28010 77 0 1-92471 03 O 1-71565 49 

03 0 7-62993 21 O 4-14626 92 0 3-00416 60 0 2-44420 85 O 2-11522 76 
04 0 10-27312 11 O 5-3879510 0 3-78783 04 0 3-00416 60 O 2-54429 79 

05 0 I3-I5I54 4i O 6-73408 63 0 4-63391 58 0 3-60642 82 O 3-00416 60 

06 0 16-27696 69 O 8-18971 52 0 5-54533 08 0 4-25289 97 O 3-49617 31 
07 0 19-66156 23 O 9-76004 79 0 6-52507 91 0 4-94554 63 O 4-02170 20 
o-8 0 23-31792 16 O 11-45046 89 0 7-57626 24 0 5-68639 63 O 4-58217 87 
09 0 27-25906 42 O 13-26654 13 0 8-70208 32 0 6-47754 21 O 5-17907 31 
10 0 31-49845 05 O 15-21401 20 0 9-90584 63 0 7-32114 14 O 5-81390 00 

b = o-6 0-7 0-8 0-9 10 

a t t t t t 

—10 0 -o-83333 33 O -0-57142 85 0 — 0-37500 00 0 — 0-22222 22 O — o-10000 00 
-09 0 — 0-71717 00 O — 0-46812 19 0 — 0-28172 18 0 -O-I37O3 08 O -0-02149 59 
— o-8 0 -0-58793 93 O -0-35428 55 0 -0-17975 13 0 — 0-04452 68 O 0-06325 46 
-07 0 -0-44498 38 O — 0-22941 14 0 — 0-06868 57 0 0-05561 54 O 0-15451 93 
— 06 0 — 0-28762 39 O — 0-09297 52 0 0-05189 01 0 0-16373 l6 O 0-25257 41 

-05 0 -0-11515 74 O 0-05556 43 0 0-18240 46 0 0-28016 76 O o-3577o 30 
-04 0 0-07314 09 O 0-21676 61 0 0-32329 93 0 0-40527 97 O 0-47019 84 
-03 0 0-27802 00 O 0-39120 65 0 0-47502 95 0 o-53943 5i O 0-59036 14 
— 0-2 0 0-50025 32 O 0-57948 02 0 0-63806 48 0 0-68301 21 O 0-71850 19 
— OI 0 0-74063 86 O 0-78220 06 0 0-81288 89 0 0-83640 01 O 0-85493 87 

OO 0 i-ooooo 00 O 1-00000 00 0 1-00000 00 0 1-00000 00 O 1-00000 00 

OI 0 1-27918 71 O 1-23353 0 1-19991 18 0 1-17422 47 O 1-15402 33 
02 0 1-57907 66 O 1-48346 43 0 1-41315 29 0 1-35949 90 O I-3I735 58 
0 3 0 1-90057 26 O I-75049 37 0 1-64026 82 0 1-55626 02 O I-49035 45 
04 0 2-24460 73 O 2-03533 25 0 1-88181 82 0 1-76495 82 O 1-67338 66 

0 5 0 2-61214 16 O 2-33871 56 0 2-13838 02 0 1-98605 57 O 1-86682 94 

o-6 0 3-00416 60 O 2-66140 03 0 2-41054 83 0 2-22002 87 O 2-07107 10 
07 0 3-42170 11 O 3-00416 60 0 2-69893 39 0 2-46736 69 O 2-28651 00 
08 0 3-86579 86 O 3-36781 56 0 3-00416 60 0 2-72857 35 O 2-5I355 63 
09 0 4-33754 16 O 3-753I7 52 0 3-32689 17 0 3-00416 60 O 2-75263 08 
10 0 4-83804 56 O 4-16109 54 0 3-66777 66 0 3-29467 65 O 3-00416 60 
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IO~ 0; x\ X—1‘2 

b = 01 0-2 0-3 04 05 
a t t t t t 

IO O — 11-ooooo 00 O — 5-00000 OO 0 — 3-00000 00 O — 2-00000 OO O — 1-40000 00 
09 O -10-54300 70 O -4-73685 92 0 — 2-80524 60 O — 1-84164 07 O — 1-26487 38 
08 O — 9-94899 60 O — 4-41102 OO 0 — 2-57196 66 O — 1-65648 90 O — 1-10976 90 
07 O — 9-20819 24 O — 4-01824 22 0 -2-29768 55 O — 1-44290 46 O -0-93351 82 
o-6 O - 8-31040 34 O -3-554IO 95 0 — 1-97982 72 O - I-I99I8 33 O -o-7349o 98 

05 O - 7-24500 35 O -3-01402 44 0 - 1-61571 33 O -0-92355 50 O — 0-51268 65 
04 O — 6-00092 21 O — 2-39320 26 0 - 1-20255 99 O — 0-61418 18 O -0-26554 45 

03 O — 4-56662 92 O — 1-68666 69 0 -0-73747 42 O — 0-26915 6l O 0-00786 80 
0-2 O — 2-93012 19 O — 0-88924 24 0 -0-21745 19 O 0-11350 12 O 0-30895 28 
OI O — 1-07890 96 O 0-00445 00 0 0-36062 67 O o-53584 37 O 0-63916 20 

OO O 1-00000 00 O 1-ooooo 00 0 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI O 3-32011 69 O 2-10321 29 0 1-70402 78 O 1-50817 70 O 1-39302 50 
0-2 O 5-89548 33 O 3-32011 69 0 2-47619 54 O 2-06266 19 O 1-81985 OI 

0-3 O 8-74068 97 O 4-65696 90 0 3-32011 69 O 2-66582 38 O 2-28214 52 
04 O 11-87089 13 O 6-12026 19 0 4-23953 9i O 3-32011 69 O 2-78163 83 

°S O 15-30182 37 O 7-71673 05 0 5-23834 48 O 4-02808 21 O 3-32011 69 

o-6 O 19-04982 09 O 9-45335 90 0 6-32055 69 O 4-79234 97 O 3-89943 02 
07 O 23-13183 16 O ii-33738 79 0 7-49034 22 O 5-61564 18 O 4-52148 99 
o-8 O 27-56543 78 O 13-37632 13 0 8-75201 54 O 6-50077 46 O 5-18827 26 
09 O 32-36887 16 O 15-57793 39 0 io-1 1004 30 O 7-45066 14 O 5-90182 12 
10 O 37-56103 57 O 17-95027 89 0 11-56904 80 O 8-46831 44 O 6-66424 65 

b = o-6 0-7 o-8 09 10 

a t t t t t 

IO 0 — 1 -ooooo 00 O -0-71428 57 0 — 0-50000 00 O -0-33333 33 O — 0-20000 OO 

09 0 — 0-88129 98 O -0-60797 44 0 -0-40345 48 O -0-24473 64 O — o-i 1802 91 

o-8 0 — 0-74701 07 O — 0-48910 19 0 — 0-29654 06 O -0-14741 67 O — 0-02860 75 

07 0 — 0-59626 16 O -0-35699 57 0 — 0-17872 47 O -0-04094 35 O 0-06861 87 

o-6 0 — 0-42814 92 O — 0-21095 91 0 -0-04945 58 O 0-07512 82 O 0-17401 53 

o-5 0 - 0-24173 75 O — 0-05027 12 0 0-09183 62 O 0-20125 89 O 0-28795 99 

04 0 - 0-03605 64 O 0-12581 48 0 0-24574 12 O o-33792 40 O 0-41084 26 

03 0 0-18989 88 O 0-31807 17 0 0-41286 91 O 0-48561 48 O o-543o6 57 

02 0 0-43716 88 O 0-52729 88 0 0-59385 02 O 0-64483 88 O 0-68504 50 

01 0 0-70683 09 O o-75432 32 0 o-78933 61 O 0-81612 02 O 0-83720 90 

00 0 1-ooooo 00 O 1-ooooo 00 0 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

01 0 1-31782 99 O 1-26521 34 0 1-22653 74 O 1-19703 67 O 1-17387 44 

0-2 0 1-66151 42 O 1-55087 71 0 1-46966 66 O 1-40780 68 O 1-35930 26 

03 0 2-03228 71 O 1-85793 57 0 1-73012 93 O 1-63290 50 O 1-55676 97 

04 0 2-43142 50 O 2-18736 46 0 2-00869 11 O 1-87294 49 O 1-76677 58 

OS 0 2-86024 71 O 2-54017 18 0 2-30614 23 O 2-12855 91 O 1-98983 64 

o-6 0 3-32011 69 O 2-91739 77 0 2-62329 84 O 2-40040 03 O 2-22648 25 

07 0 3-81244 31 O 3-32011 69 0 2-96100 06 O 2-68914 11 O 2-47726 15 

08 0 4-33868 10 O 3-74943 85 0 3-32011 69 O 2-99547 5i O 2-74273 69 

09 0 4-90033 35 O 4-20650 70 0 3-70154 22 O 3-32011 69 O 3-02348 94 

10 0 5-49895 25 O 4-69250 36 0 4-10619 95 O 3-66380 29 O 3-32011 69 
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x=i-2 10 ~t\F1[a\b]x\ 

b = 01 0-2 03 04 o-5 

a t t t t t 

—10 0 — 12-00000 OO O — 5-50000 OO O -3-33333 33 O — 2-25000 00 O — 1-60000 00 

-09 0 -11-59102 97 O -5-25354 92 O -3-14564 59 O — 2-09437 26 O - 1-46530 61 

-o-8 0 — 11-02088 73 O -4-93334 70 O — 2-91264 17 O — 1-90723 01 O - 1-30711 25 

-07 0 — 10-27684 66 O -4-53387 68 O — 2-63110 14 O — 1-68644 14 O - 1-12390 32 

— o-6 0 - 9-34558 54 O -4-04937 20 O -2-29766 45 O — 1-42978 48 O -0-91409 97 

-05 0 — 8-21316 49 O -3-4738o 68 O — 1-90882 40 O - 1-13494 45 O — 0-67605 90 

-04 0 — 6-86500 89 O — 2-80088 91 O — 1-46092 25 O -0-79950 82 O — 0-40807 11 

-03 0 — 5-28588 28 O -2-02405 03 O -0-95014 64 O — 0-42096 38 O -0-10835 73 

— 02 0 - 3-45987 20 O -1-13643 77 O — 0-37252 22 O 0-00330 34 O 0-22493 15 

— 01 0 - I-37035 87 O -0-13090 43 O 0-27608 98 O 0-47601 47 O 0-59371 82 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 

o-i 0 3-66929 67 O 2-26403 84 O 1-80369 47 O 1-57820 21 O 1-44585 19 

02 0 6-65639 69 O 3-66929 67 O 2-69184 18 O 2-21367 96 O 1-93342 84 

0-3 0 9-98096 46 O 5-22419 36 O 3-66929 67 O 2-90961 07 O 2-46496 63 

0-4 0 13-66348 74 O 6-93749 12 O 4-74110 71 O 3-66929 67 O 3-04278 63 

05 0 I7"72530 22 O 8-81830 56 O 5-91251 98 O 4-49616 53 O 3-66929 67 

o-6 0 22-18862 26 O 10-87611 78 O 7-18898 63 O 5-39377 49 O 4-34699 45 

07 0 27-07656 64 O 13-12078 46 O 8-57616 89 O 6-36581 83 O 5-07846 93 

o-8 0 32-41318 28 O 15-56255 05 O 10-07994 70 O 7-41612 62 O 5-86640 50 

09 0 38-22348 23 O 18-21205 95 O 11-70642 40 O 8-54867 18 O 6-71358 29 

10 0 44-53346 54 O 21-08036 63 O 13-46193 28 O 9-76757 46 O 7-62288 43 

b = o-6 0-7 o-8 0-9 i-o 
a t t t t t 

—10 0 — 1-16666 67 O — 0-85714 28 O — 0-62500 00 O - 0-44444 44 O — 0-30000 00 
-09 0 — 1-04706 70 O — 0-74912 11 O — 0-52623 72 O -0-35330 99 O — 0-21529 21 
-o-8 0 - 0-90913 14 O — 0-62632 49 O -0-41527 85 O — 0-25191 62 O — 0-I2l82 14 
-07 0 - 0-7517291 O — 0-48788 20 O -0-29143 36 O -0-13970 54 O -0-01912 95 
— o-6 0 - 0-5736846 O — 0-33288 62 O -0-15398 58 O — 0-01609 89 O 0-09325 84 

-0 5 0 - 0-37377 51 O — 0-16039 62 O — 0-00219 14 O 0-11950 30 O 0-21583 44 
-04 0 — 0-15072 96 O 0 03056 51 O 0-16472 10 O 0-26772 20 O 0-34910 77 
-03 0 0-09677 22 O 0-24101 28 O Q'34755 17 O 0-42920 21 O 0-49360 57 
— 0-2 0 0-37010 25 O 0-47199 95 O 0-54713 00 O 0-60461 05 O 0-64987 40 
— o-i 0 0-67068 55 O 0-72461 76 O 0-76431 58 O 0-79463 80 O 0-81847 74 

00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-ooooo 00 O 1-ooooo 00 

o-i 0 1-35958 05 O 1-29932 12 O 1-25510 54 O 1-22143 68 O 1-19504 60 
0-2 0 1-75101 90 O I-62379 87 O 1-53058 77 O 1-45971 46 O 1-40423 99 

0 3 0 2-17596 65 O 1-97469 39 O 1-82743 65 O 1-71562 58 O 1-62822 76 
04 0 2-63613 50 O 2-35331 37 O 2-14667 60 O 1-98999 02 O 1-86767 63 

0-5 0 3-13329 88 O 2-76101 16 O 2-48936 63 O 2-28365 55 O 2-12327 57 

o-6 0 3-66929 67 O 3-19918 91 O 2-85660 38 O 2-59749 79 O 2-39573 81 
0-7 0 4-24603 35 O 3-66929 67 O 3-24952 30 O 2-93242 31 O 2-68579 93 
o-8 0 4-86548 22 O 4-17283 57 O 3-66929 67 O 3-28936 70 O 2-99421 90 
09 0 5-52968 55 O 4-7II35 93 O 4-ii7i3 75 O 3-66929 67 O 3-32178 16 
10 0 6-24075 81 O 5-28647 42 O 4-59429 91 O 4-07321 07 O 3-66929 67 
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IO b; x] 

y
h

 

II 

b = 01 0-2 03 04 0-5 
a t t t t t 

— IO 0 —13-00000 00 O — 6-00000 00 O — 3-66666 67 0 — 2-50000 00 O — 1-80000 00 
-09 0 -12-65633 49 O -5-77790 91 O — 3-49062 72 0 — 2-35020 82 O - 1-66799 73 
-08 0 -12-12538 69 O -5-47011 55 O — 3-26192 61 0 -2-16379 30 O - 1-50868 54 
-07 0 -11-39087 49 O -5-06956 71 O -2-97645 10 0 -1-93803 38 O — 1-32013 06 
— 06 0 -10-43568 90 O -4-56886 39 O -2-62989 33 0 — 1-67008 43 O — 1-10031 21 

-o-S 0 — 9-24186 01 O — 3-96024 62 O — 2-21774 10 0 - 1-35696 77 O -0-84711 95 
-04 0 - 7-79052 87 O -3-23558 14 O -1-73527 16 0 -0-99557 27 O -0-55834 94 
-03 0 — 6-0619128 O -2-38635 08 O - i-i7754 5i 0 — 0-58264 82 O — 0-23170 23 
— 02 0 - 4-03527 48 O - 1-40363 60 O -0-53939 63 0 -0-11479 93 O 0-13522 01 
— OI 0 — 1-68888 77 O — 0-27810 54 O 0-18457 24 0 0-41151 76 O 0-54491 87 

OO 0 i-ooooo 00 O 1-00000 00 O 1-ooooo 00 0 1*00000 00 O 1-ooooo 00 

OI 0 4-05520 00 O 2-44088 22 O 1-91277 34 0 1-65450 41 O 1-50317 93 
02 0 7-50162 09 O 4-05520 OO O 2-92903 68 0 2-37905 01 O 2-05728 47 
03 0 11-36530 68 O 5-85408 51 O 4-05520 00 0 3-17782 73 O 2-66526 01 

0 4 0 I5-67347 5i O 7-84915 84 O 5-29794 66 0 4-05520 00 O 3-33016 94 

0-5 0 20-45455 77 O 10-05254 52 O 6-66424 38 0 5-01571 26 O 4-05520 00 

o-6 0 25-73824 16 O 12-47689 29 O 8-16135 11 0 6-06409 58 O 4-84366 66 
07 0 31-55551 11 O I5-I3538 8l O 9-79682 97 0 7-20527 22 O 5-69901 55 
o-8 0 37-93869 09 O 18-04177 40 O 11-57855 27 0 8-44436 24 O 6-62482 80 
09 0 44-92149 15 O 2I-2I036 84 O i3-5i47i 4i 0 9-78669 13 O 7-62482 54 
10 0 52-53905 45 O 24-65608 28 O 15-61384 03 0 11-23779 43 O 8-70287 26 

b = o-6 0-7 o-8 0-9 10 
a t t t t t 

—10 0 - 1-33333 33 O — 1 -ooooo 00 O — 0-75000 00 0 -0-55555 56 O — 0-40000 00 

-09 0 - I-2I455 74 O — 0-89162 73 O — 0-65011 98 0 — 0-46279 23 O -0-31331 80 

-o-8 0 - 1-0744730 O — 0-76608 52 O — 0-53606 70 0 -0-35810 69 O -0-21645 32 
-07 0 — 0-91163 90 O — 0-62226 23 O — 0-40696 24 0 — 0-24078 96 O — 0-10882 23 
— o-6 0 - 0-72455 12 O -0-45900 03 O — 0-26189 03 0 — o-11010 15 O 0-01018 05 

-o-S 0 — 0-51164 06 O — 0-27509 21 O — 0-09989 77 0 0-03472 54 O 0-14118 49 

-04 0 — 0-27127 07 O — 0-06928 03 O 0-08000 68 0 0-19448 94 O 0-28484 46 

-03 0 — 0-00173 60 O o-i5974 43 O 0-27885 51 0 0-37002 04 O 0-44183 81 

— 0-2 0 0-29874 06 O o-4i334 45 O 0-49771 94 0 0-56218 01 O 0-61287 02 

— OI 0 0-63201 02 O 0-69293 82 O o-7377i 49 0 0-77186 35 O 0-79867 14 

OO 0 1-00000 00 O 1-ooooo 00 O 1*00000 00 0 1-ooooo 00 O 1-ooooo 00 

OI 0 1-40471 57 O 1-33606 34 O 1-28577 81 0 1-24755 39 O 1-21764 21 

02 0 1-84824 41 O 1-70272 23 O 1-59629 90 0 I-5I552 59 O 1-45241 27 

03 0 2-33275 55 O 2-10163 28 O 1-93286 02 0 1-80495 38 O 1-70515 65 

0-4 0 2-86050 65 O 2-53451 5o O 2-29680 81 0 2-11691 40 O 1-97674 86 

05 0 3-43384 23 O 3-00315 56 O 2-68954 00 0 2-45252 23 O 2-26809 58 

06 0 4-05520 00 O 3-50940 66 O 3-11250 49 0 ■ 2-81293 51 O 2-58013 68 

0-7 0 4-72711 04 O 4-05520 00 O 3-56720 56 0 3-19935 08 O 2-91384 38 

08 0 5-45220 23 O 4-64252 54 O 4-05520 00 0 3-61301 06 O 3-27022 31 

09 0 6-23320 39 O 5-27345 64 O 4-57810 27 0 4-05520 00 O 3-65031 60 

10 0 7-07294 70 O 5-95014 12 O 5-13758 69 0 4-52724 99 O 4-05520 00 
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b = 01 0-2 03 0-4 o-5 
a t t t t t 

— 10 O — 14-00000 00 O — 6-50000 OO O — 4-00000 00 O — 2-75000 00 O — 2-00000 OO 

-09 O — 13-74004 28 O -6-31041 56 O -3-84046 32 O -2-60932 55 O - 1-87307 17 

— 08 O - 13-26475 72 O — 6-02228 71 O — 3-62037 06 O -2-42653 58 O - I-7I473 83 
-07 O - 12-55362 57 O -5-62673 46 O -3-33454 80 O — 2-19821 03 O - I-52256 98 

— o-6 O —11-58500 26 O -5-11440 49 O -2-97755 4i O - 1-92075 72 O — I-2940I 84 

-05 O — 10-33606 86 O -4-47545 35 O -2-54366 98 O - 1-59040 70 O — 1-02641 36 

-04 O - 8-78278 43 O -3-69952 56 O — 2-02688 89 O — 1-20320 61 O -0-71695 85 

-03 O - 6-89984 43 O -2-77573 70 O — 1-42090 69 O -0-75501 01 O — 0-36272 46 

— 02 O — 4-66062 75 O — 1-69265 41 O -0-71910 97 O — 0-24147 69 O 0-03935 22 

— OI O - 2-0371473 O -0-43827 33 O 0-08543 70 O 0-34194 01 O 0-49247 69 

OO O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI O 4-48168 91 O 2-63537 33 O 2-03219 00 O 1-73768 10 O 1-56542 24 

02 O 8-44031 96 O 4-48168 91 O 3-18997 43 O 2-56018 86 O 2-I9240 09 

0 3 O 12-90987 32 O 6-55344 80 O 4-48168 91 O 3-47296 34 O 2-88475 33 

04 O 17-92597 14 O 8-86583 29 O 5-91605 28 O 4-48168 91 O 3-64646 39 

°'S O 23-52593 59 O 11-43473 24 O 7-50217 95 O 5-59230 10 O 4-48168 91 

o-6 O 29-74885 01 O 14-27676 69 O 9-24959 24 O 6-81099 47 O 5-39476 32 
07 O 36-63562 13 O 17-40931 37 O 11-16823 84 O 8-14423 47 O 6-39020 45 

o-8 O 44-22904 84 O 20-85053 43 O 13-26850 19 O 9-59876 34 O 7-47272 09 
09 O 52-57388 73 O 24-61940 04 O 15-56122 09 O 11-18161 09 O 8-64721 65 
10 O 61-71691 93 O 28-73572 39 O 18-05770 13 O 12-90010 41 O 9-91879 80 

b = o-6 0-7 o-8 0-9 i-o 

a t t t t t 

—10 0 — 1-50000 00 O - 1-14285 71 O — 0-87500 00 O — 0-66666 67 O — 0-50000 00 

-09 0 — 1-38386 22 O - 1-03556 24 O -o-775i5 7o O -0-57322 64 O — 0-41214 20 

-o-8 0 - 1-24321 95 O — 0-90852 24 O -0-65901 50 O — 0-46607 56 O -0-31257 31 

-07 0 — 1-07626 21 O -0-76034 24 O -0-52547 11 O -0-34432 36 O — 0-20056 29 

— o-6 0 — 0-88109 46 O -0-58956 36 O -0-37337 32 O — 0-20704 18 O -0-07534 97 

-0 5 0 - 0-65573 34 O -0-39466 14 O — 0-20151 83 O -0-05326 13 O 0-06386 00 

-04 0 - 0-39810 32 O -0-17404 23 O — 0-00865 °7 O o-11802 81 O 0-21789 29 

-03 0 — 0-10603 39 O 0-07395 78 O 0-20653 94 O 0-30787 92 O 0-38760 94 

— 0-2 0 0-22274 25 O 0-35107 65 O o-4454i 85 O 0-51738 89 O 0-57390 53 
— 01 0 0-59059 57 O 0-65912 67 O 0-70941 06 O o-74769 95 O 0-77771 24 

00 0 1-00000 00 O 1 00000 00 O 1-00000 00 O I'OOOOO 00 O i-ooooo 00 

OI 0 1-45353 81 O 1-37566 84 O 1-31873 27 O 1-27552 81 O 1-24177 58 

0-2 0 1-9539° 48 O 1-78818 77 O 1-66721 87 O 1-57557 15 O 1-50408 75 

0-3 0 2-50391 08 O 2-23969 96 O 2-04713 38 O 1-90146 90 O 1-78802 33 

0-4 0 3-10648 64 O 2-73243 5i O 2-46022 20 O 2-25461 29 O 2-09471 42 

0-5 0 3-76468 52 O 3-26871 71 O 2-90829 74 O 2-63645 03 O 2-42533 43 

o-6 0 4-48168 91 O 3-85096 31 O 3-39324 67 O 3-04848 47 O 2-78110 27 

07 0 5-26081 12 O 4-48168 91 O 3-91703 11 O 3-49227 77 O 3-16328 48 

08 0 6-10550 11 O 5-16351 15 O 4-48168 91 O 3-96945 13 O 3-573I9 35 
09 0 7-01934 88 O 5-89915 15 O 5-08933 84 O 4-48168 91 O 4-01219 08 

10 0 8-00608 93 O 6-69143 75 O 5-74217 90 O 5-03073 85 O 4-48168 91 
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0-2 03 
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04 
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x= i-6 

05 

— I'O o — 15-00000 00 O — 7*00000 OO O -4-33333 33 O — 3-00000 00 O — 2-20000 OO 
-09 o - 14-84336 02 O — 6-85158 08 O -4-19544 68 O — 2-87191 48 O — 2-o8o66 25 
— o-8 o -14-44144 14 O -6-59089 83 O -3-98856 77 O -2-69584 31 O - 1-92553 96 
-o-7 o - 13-76872 59 O — 6-20691 66 O -3-70627 03 O -2-46754 02 O - I-73l6l 79 
— o-6 o - 12-79818 43 O -5-68796 69 O -3-34177 18 O -2-18253 24 O - 1-49572 65 

-o-5 o — 11-50121 21 O — 5-02172 18 O — 2-88791 79 O — 1-83610 83 O - I-2I453 04 
-o-4 o - 9-84756 43 O -4-19516 77 O -2-33716 79 O - 1-42330 95 O -0-88452 53 

-o-3 o — 7-80528 64 O -3-19457 73 O -1-68157 96 O — 0-93892 06 O — 0-50202 97 
— 0-2 o - 5-3406446 O — 2-00548 09 O -0-91279 31 O -0-37745 97 O -0-06317 93 
— OI o - 2-41805 34 O — 0-61263 66 O — 0-02201 46 O 0-26683 17 O 0-43608 01 

o-o o 1-00000 00 O 1-ooooo 00 O I-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI o 4-95303 24 O 2-84930 79 O 2-16296 33 O 1-82838 91 O 1-63303 61 
02 o 9-48264 47 O 4-95303 24 O 3-47707 29 O 2-75865 26 O 2-33985 57 
0-3 o 14-63260 38 O 7-32981 93 O 4-95303 24 O 3-79776 48 O 3-12534 60 
0-4 o 20-44892 87 O 9-99924 92 O 6-60206 63 O 4-95303 24 O 3-99462 15 

°'S o 26-97997 68 O 12-98187 34 O 8-43594 35 O 6-23210 75 O 4-95303 24 

o-6 o 34-27653 45 O 16-29924 99 O 10-46699 57 O 7-64299 90 O 6-00617 30 
o-7 o 42-39191 18 O 19-97398 25 O 12-70813 76 O 9-19408 65 O 7-15989 02 
o-8 o 51-38203 65 O 24-02975 91 O 15-17288 98 O 10-89413 30 O 8-42029 26 
o-9 o 61-30555 32 O 28-49139 17 O I7-87539 97 O 12-75229 91 O 9-79376 00 
IO 

a 

o 

b = 
t 

72-22392 82 

o-6 

O 

t 

33-38485 84 

0-7 

O 

t 

20-83046 49 

o-8 

O 

t 

14-77815 65 

0-9 

O 

t 

11-28695 18 

10 

— IO o — 1-66666 67 O - 1-28571 43 O — 1-ooooo 00 O -0-77777 78 O — o-6oooo 00 

-o-9 o - 1-5550790 O — 1-18100 05 O — 0-90140 64 O — 0-68465 86 O — 0-51180 09 

— o-8 o - 1-4155675 O - 1-05378 56 O — 0-78423 86 O -0-57591 44 O — 0-41025 60 

-o-7 o — 1-24588 88 O — 0-90234 22 O -0-64713 12 O -0-45044 38 O — 0-29446 16 

— o-6 o — 1-04368 61 O -0-72485 74 O -0-48865 33 O -0-30709 37 O -0-16347 29 

-o-5 o — 0-80648 41 O -0-51942 99 O — 0-30730 62 O — 0-14465 80 O — 0-01630 26 

-04 o - 0-5316849 O — 0-28406 70 O -0-10152 05 O 0-03812 48 O 0-14808 06 

-03 o — 0-21656 30 O — 0-01668 04 O 0-13034 58 O 0-24257 35 O 0-33075 40 
— 0-2 o 0-14173 87 O 0-28491 61 O 0-39001 06 O 0-47006 57 O 0-53284 14 

— OI o 0-54621 43 O 0-62301 15 O 0-67926 97 O 0-72204 05 O o-7555i 57 

OO o 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI o 1-50637 85 O 1-41838 54 O 1-35416 20 O 1-30551 19 O 1-26756 97 

02 o 2-06878 51 O 1-88078 47 O 1-74380 28 O 1-64021 17 O 1-55955 37 

0-3 o 2-69081 25 O 2-38993 24 O 2-I7I05 94 O 2-00580 46 O 1-87733 67 

04 o 3-37621 69 O 2-94868 44 O 2-63816 12 O 2-40406 81 O 2-22236 06 

05 o 4-12892 35 O 3-56002 17 O 3-14743 35 O 2-83685 47 O 2-59612 68 

o-6 o 4-95303 24 O 4-22705 59 O 3-70130 06 O 3-30609 37 O 3-00019 75 

07 o 5-85282 48 O 4-95303 24 O 4-30228 94 O 3-8I379 44 O 3-43619 87 

o-8 o 6-83276 91 O 5-74133 58 O 4-95303 24 O 4-36204 85 O 3-90582 12 

09 o 7-89752 79 O 6-59549 42 O 5-65627 15 O 4-95303 24 O 4-41082 32 

IO o 9-05196 37 O 7-51918 39 O 6-41486 16 O 5-58901 06 O 4-95303 24 

10-2 
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x=i-7 io_* ^[<2; b; x] 

a 
b = 

t 

01 
t 

0-2 
t 

03 
t 

04 
t 

05 

—10 0 — 16-00000 00 O — 7-50000 OO O — 4-66666 67 O — 3-25000 00 O — 2-40000 00 

-09 0 - 15-96758 7° O -7-40195 60 O -4-55589 30 O — 3-13818 02 O — 2-29091 19 

-o-8 0 - 15-65808 05 O — 7-17706 71 O -4-36715 52 O — 2-97212 81 O -2-14137 72 
-07 0 -15-04010 52 O — 6-81177 48 O -4-09256 50 O — 2-74663 66 O - 1-94770 17 
— o-6 0 - 14-08029 35 O — 6-29168 78 O -3-72376 38 O -2-45619 71 O - 1-70598 39 

-05 0 - 12-74319 63 O -5-60154 40 O -3-25190 32 O — 2-09498 81 O — 1-41210 68 

-04 0 — 10-99118 98 O -4-725I7 34 O — 2-66762 34 O — 1-65686 10 O —1-06172 89 
-03 0 - 8-78437 95 O -3-64545 87 O - 1-96103 23 O - 1-13532 71 O — 0-65027 48 
— 0-2 0 — 6-08049 99 O -2-34429 42 O — 1-12168 21 O -0-52354 38 O — 0-17292 63 
— OI 0 — 2-83481 28 O -0-80254 43 O -0-13854 72 O 0-18570 03 O o-37538 73 

OO 0 1-00000 00 O 1*00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 0 5-47394 74 O 3-08466 65 O 2-30621 41 O 1-92734 89 O 1-70651 84 
02 0 10-63984 15 O 5-47394 74 O 3-79300 15 O 2-97615 55 O 2-50083 31 

0-3 0 i6"5534i 68 O 8-19154 76 O 5-47394 74 O 4-15525 91 O 3-38912 91 
04 0 23-27345 07 O 11-26243 43 O 7-36334 22 O 5-47394 74 O 4-37789 75 

05 0 30-86189 01 O 14-71288 82 O 9-47621 05 O 6-94197 32 O 5-47394 74 

o-6 0 39-38398 12 O 18-57055 54 O 11-82833 86 O 8-56957 32 O 6-68441 75 
07 0 48-90840 29 O 22-86450 35 O 14-43630 61 O 10-36748 57 O 8-01678 88 
o-8 0 59-50740 71 O 27-62527 67 O 17-31751 52 O 12-34697 05 O 9-47889 69 
09 1 7-12569 61 O 32-88495 40 O 20-49022 35 O 14-51982 83 O 11-07894 66 
10 1 8-42368 94 O 38-67720 93 O 23-97357 56 O 16-89842 13 O 12-82552 38 

b = o-6 0-7 o-8 0-9 10 
a t t t t t 

—10 0 - I-83333 33 O - 1-42857 14 O —1-12500 00 O — 0-88888 89 O — 0-70000 00 
-0-9 0 — 1-72831 21 O — 1-32802 05 O —1-02892 96 O -0-79713 74 O -0-61233 46 
-o-8 0 - 1-5917274 O — 1-20203 44 O — 0-91186 18 O — 0-68772 20 O -0-50958 15 
-0-7 0 — 1-42083 n O — 1-04849 78 O -0-77212 59 O -o-55929 55 O -0-39063 57 
— o-6 0 - 1-21272 55 O — 0-86518 36 O -0-60796 53 O -0-41044 31 O -0-25433 90 

-0-5 0 - 0-96435 71 O — 0-64974 84 O -o-4i753 35 O — 0-23968 03 O — 0-09947 67 
-04 0 - 0-67251 05 O -0-39972 77 O — 0-19889 19 O -0-04544 95 O 0-07522 32 
-03 0 - 0-33380 20 O —o-i1253 14 O 0-04999 47 O 0-17388 19 O 0-27109 37 
— 0-2 0 0-05532 73 O 0-21456 09 O 0-33126 17 O 0-42002 52 O 0-48952 93 
— OI 0 0-49861 82 O 0-58440 59 O 0-64714 80 O 0-69477 25 O o-73i98 93 

o-o 0 1-00000 00 O 1-00000 00 O i-ooooo 00 O 1-00000 00 O 1-00000 00 

OI 0 1-56359 87 O 1-46448 62 O 1-39227 59 O 1-33767 11 O 1-29515 68 
0-2 0 2-19374 38 O 1-98115 88 O 1-82654 95 O 1-70983 93 O 1-61912 67 
0-3 0 2-89497 61 O 2-55346 92 O 2-30551 45 O 2-11865 20 O i-97365 12 
0-4 0 3-67205 61 O 3-18503 17 O 2-83198 90 O 2-56635 30 O 2-36054 83 
o-5 0 4-52997 18 O 3-87962 97 O 3-40891 98 O 3-05528 69 O 2-78171 59 

o-6 0 5-47394 74 O 4-64122 17 O 4-03938 70 O 3-58790 15 O 3-23913 38 
0-7 0 6-50945 19 O 5-47394 74 O 4-72660 90 O 4-16675 28 O 3-73486 71 
o-8 0 7-64220 82 O 6-38213 49 O 5-47394 74 O 4-79450 74 O 4-27106 86 
09 0 8-87820 23 O 7-37030 68 O 6-28491 15 O 5-47394 74 O 4-84998 28 
10 0 10-22369 33 O 8-443i8 75 O 7-16316 43 O 6-20797 35 O 5-47394 74 
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x= i-8 

b = 01 0-2 03 0-4 o-5 
a t t t t t 

—10 0 —17-00000 00 O — 8-00000 00 O — 5-00000 00 O — 3-50000 00 O — 2-60000 00 

-09 0 -17-11412 53 O -7-96213 42 O -4-92213 96 O -3-40834 05 O -2-50397 24 
— o-8 0 -16-91752 89 O -7-78199 95 O — 4-75682 00 O -3-25583 5i O — 2-36256 02 

-07 0 —16-37202 30 O -7-44310 73 O -4-49445 49 O — 3-03616 02 O — 2-17128 03 

— o-6 0 -15-43682 89 O -6-92788 59 O — 4-12484 78 O — 2-74260 18 O - 1-92538 12 

-0-5 0 -14-06845 45 O — 6-21762 99 O -3-63716 44 O -2-36803 84 O — 1-61983 09 

-04 0 —12-22056 42 O -5-29244 78 O -3-01990 34 O — 1-90492 20 O - 1-24930 50 

-03 0 - 9-8438457 O — 4-13120 72 O — 2-26086 64 O - 1-34526 05 O — 0-80817 39 

— 02 0 — 6-88587 11 O -2-71147 87 O - 1-34712 68 O -0-68059 74 O — 0-29048 98 

— OI 0 - 3-29095 39 O — 1-00947 69 O — 0-26499 81 O 0-09800 75 O 0-31002 64 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 0 6-04964 75 O 3-34363 31 O 2-46317 57 O 2-03535 17 O 1-78641 58 

02 0 11-92436 67 O 6-04964 75 O 4-14070 08 O 3-21458 30 O 2-67663 35 

0-3 0 18-69442 35 O 9-14787 99 O 6-04964 75 O 4-54878 58 O 3-67840 34 

04 0 26-43414 26 O 12-66984 83 O 8-20802 68 O 6-04964 75 O 4-79988 18 

o-5 0 35-22208 54 O 16-64882 39 O 10-63482 79 O 7-72947 5i O 6-04964 75 

06 0 45-14123 20 O 21-11990 54 O 13-35005 87 O 9-60122 10 O 7-43671 91 

07 0 56-27917 44 O 26-12009 70 O 16-37478 87 O 11-67850 92 O 8-97057 24 

o-8 1 6-87283 11 O 31-68838 74 O 19-73119 18 O i3"97566 21 O 10-66115 82 

09 1 8-25860 51 O 37-86583 24 O 23-44259 16 O 16-50772 86 O 12-51892 16 

10 1 9-79550 25 O 44-69564 05 O 27-53350 85 O 19-29051 32 O 14-55482 06 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

—10 0 — 2-00000 OO O - 1-57142 86 O — 1-25000 00 O — i-ooooo 00 O — 0-80000 00 

-09 0 — 1-90367 27 O —1-47670 67 O - I-I5779 i9 O — 0-91071 50 O -0-71378 50 

-o-8 0 - I-77I92 49 O -1-35343 9i O — 1-04201 70 O — 0-80160 34 O — 0-61063 41 

-07 0 — 1-60142 39 O — 1-19906 20 O — 0-90065 16 O — 0-67103 42 O — 0-48921 07 

— 06 0 - 1-3886430 O — 1-01086 71 O -0-73156 05 O — 0-51728 92 O -0-34810 85 

-05 0 - 1-12985 34 O -0-78599 46 O -0-53249 28 O -0-33855 95 O — 0-18584 88 

-04 0 — 0-82111 54 O -0-52142 77 O — 0-30107 69 O — 0-13294 16 O — 0-00087 77 

-03 0 — 0-45826 96 O -0-21398 57 O -0-03481 57 O 0-10156 61 O 0-20843 69 

— 0-2 0 — 0-03692 77 O 0-13968 29 O 0-26891 83 O 0-36706 74 O 0-44380 83 

— OI 0 o-44753 72 O 0-54310 69 O 0-61288 87 O 0-66577 21 O 0-70703 43 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 O I'OOOOO 00 O 1-00000 00 

OI 0 1-62559 43 O 1-51426 78 O 1-43330 33 O 1-37218 57 O 1-32468 15 

02 0 2-32972 23 O 2-09001 58 O 1-91600 24 O 1-78488 22 O 1-68314 92 

0 3 0 3-11806 63 O 2-73155 70 O 2-45145 92 O 2-24076 63 O 2-07757 13 

04 0 3-99659 90 O 3-44342 03 O 3-04320 02 O 2-74264 25 O 2-51021 73 

0-5 0 4-97159 61 O 4-23035 88 O 3-69492 25 O 3-29344 83 O 2-98346 21 

o-6 0 6-04964 75 O 5-09735 86 O 4-41050 04 O 3-89625 89 O 3-49978 96 

07 0 7-23766 95 O 6-04964 75 O 5-19399 23 O 4-55429 24 O 4-06179 68 

o-8 0 8-54291 84 O 7-09270 43 O 6-04964 75 O 5-27091 53 O 4-67219 76 

09 0 9-97300 27 O 8-23226 86 O 6-98191 27 O 6-04964 75 O 5-33382 74 

10 0 ii-53589 7i O 9-47435 04 O 7-99544 06 O 6-89416 80 O 6-04964 75 
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X=I-g 10"* b; x] 

b = 01 0-2 0-3 0-4 o-5 

a t t t t t 

—10 O — 18-00000 00 O — 8-50000 OO O -5-33333 33 O — 3-75000 00 0 — 2-80000 00 

-09 O — 18-28448 78 O -8-53275 35 O -5-29455 00 O -3-68263 04 0 — 2-72000 70 

-08 O — 18-22287 44 O -8-40699 75 O -5-15830 19 O -3-54744 15 0 — 2-58942 00 

-0-7 O - 17-76909 79 O -8-10285 93 O -4-91304 44 O -3-33682 33 0 — 2-40284 79 

— 06 O — 16-87376 78 O -7-59907 62 O -4-54645 00 O -3-04266 54 0 -2-15455 52 

-05 O - i5'48399 81 O — 6-87292 64 O -4-04537 13 O -2-65633 38 0 — 1 -83844 68 

-04 O -13-54322 89 O -5-90015 74 O -3-39580 04 O -2-16864 53 0 — 1 -44805 10 

-03 O —10-99104 63 O -4-65491 10 O — 2-58282 84 O - 1-56984 27 0 -0-97650 23 

— 02 O — 7-76299 01 O -3-10964 63 O - 1-59060 32 O — 0-84956 80 0 -0-41652 37 

— 01 O - 3-79035 80 O - 1-23505 95 O — 0-40228 48 O 0-00316 50 0 0-23959 16 

00 O 1-00000 00 O I'OOOOO 00 O 1-00000 00 O 1-00000 00 0 1-00000 00 

01 O 6-68589 44 O 3-62861 59 O 2-63520 53 O 2-15326 62 0 1-87332 64 

0-2 O 13-35001 66 O 6-68589 44 O 4-52341 51 O 3-47601 02 0 2-86868 53 

0 3 O 21-08016 88 O 10-20905 78 O 6-68589 44 O 4-98202 73 0 3-99570 18 

04 O 29-96950 06 O 14-23754 08 O 9-14514 19 O 6-68589 44 0 5-26453 38 

05 O 40-11675 75 O 18-81309 05 O 11-92494 50 O 8-60300 40 0 6-68589 44 

o-6 O 51-62653 44 O 23-97987 02 O 15-05043 60 O 10-74959 9i 0 8-27107 61 

07 I 6-46095 44 O 29-78456 71 O 18-54815 16 O 13-14281 03 0 10-03197 42 

08 I 7-91828 88 O 36-27650 33 O 22-44609 30 O 15-80069 36 0 11-98111 27 

09 I 9-54703 48 O 43-50775 13 O 26-77378 95 O 18-74226 79 0 14-13167 04 

10 I 11-36026 72 O 5I-53325 42 O 31-56236 29 O 21-98755 79 0 16-49750 76 

b = o-6 0-7 o-8 09 10 

a t t t t t 

—10 0 — 2-16666 67 O - 1-71428 57 O - 1-37500 00 O — i-iiiii 11 O — 0-90000 00 

-09 0 — 2-08127 98 O — 1-62714 90 O — 1-28806 31 O - 1-02544 65 O — 0-81619 66 

-o-8 0 — 1-95640 16 O —1-50818 21 O - 1-17484 56 O — 0-91767 04 O -0-71350 43 

-0-7 0 — 1-78802 68 O - i-3543o 62 O — 1-03291 81 O — 0-78582 61 O -0-59032 04 

— o-6 0 - 1-57190 18 O — 1-16225 67 O — 0-85970 92 O — 0-62784 56 O -0-44495 33 

-0-5 0 - 1-30351 37 O -0-92857 55 O -0-65249 87 O -0-44154 43 O -0-27561 85 

-0-4 0 — 0-97807 84 O — 0-64960 23 O — 0-40841 17 O — 0-22461 69 O -0-08043 55 

-0-3 0 - 0-59052 84 O -0-32146 58 O — 0-12441 18 O 0-02536 87 O 0-14257 69 

— 0-2 0 - 0-1355005 O 0-05992 58 O 0-20270 59 O 0-31097 59 O o-3955o 5° 

— 01 0 0-39267 74 O 0-49889 41 O 0-57632 21 O 0-63490 53 O 0-68054 33 

o-o 0 1-00000 00 O 1 00000 00 O 1-00000 00 O 1-00000 00 O I’OOOOO 00 

o-i 0 1-69279 80 O 1-56805 43 O 1'47749 37 O 1-40925 18 O 1-35630 09 

0-2 0 2-47775 27 O 2‘2o8 12 80 O 2-01275 54 O 1-86580 69 O 1-75199 44 
0-3 0 3-36191 14 O 2-92556 34 O 2-60994 41 O 2-37297 24 O 2-18975 62 

04 0 4-35270 21 O 3-72598 49 O 3'27343 37 O 2-93422 24 O 2-67239 44 

0-5 0 5-45795 02 O 4-61531 II O 4-00782 14 O 3-55320 49 O 3-20285 46 

o-6 0 6-68589 44 O 5-59976 66 O 4-81793 76 O 4-23374 86 O 3-78422 53 

0-7 0 8-04520 42 O 6-68589 44 O 5-70885 41 O 4-97987 00 O 4-41974 32 

o-8 0 9-54499 74 O 7-88056 89 O 6-68589 44 O 5-79578 05 O 5-11279 93 

09 0 11-19485 87 O 9-19100 88 O 7'75464 34 O 6-68589 44 O 5-86694 41 

10 0 13-00485 78 O 10-62479 IO O 8-92095 76 O 7-65483 61 O 6-68589 44 
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b = o-i 0-2 03 0-4 
a t t t t t 

10 0 — 19-00000 00 0 — 9-00000 00 O — 5-66666 67 O — 4-00000 00 O 
0-9 0 -19-48030 55 0 -9-11450 17 O -5-6735I 46 O -3-96130 19 O 
08 0 -19-57745 66 0 -9-05346 66 O -5-57239 86 O -3-84746 13 O 
0-7 0 -19-23633 87 0 -8-79313 67 O -5-34952 70 O -3-64939 40 O 
o-6 0 — 18-39760 92 0 -8-30798 80 O -4-99011 58 O -3-35738 15 O 

05 0 —16-99746 84 0 -7-57063 95 O -4-47833 69 O — 2-96103 91 O 
04 0 -14-96742 39 0 -6-55175 56 O -3-79726 53 O — 2-44928 29 O 
0-3 0 -12-23404 35 0 -5-21994 53 O -2-92882 35 O - 1-81029 53 O 

0-2 0 — 8-71869 86 0 -3-54165 85 O - 1-85372 47 O - 1-03148 91 O 
o-i 0 - 4-33729 58 0 —1-48107 68 O -0-55141 27 O — 0-09947 °4 O 

o-o 0 1-00000 00 0 i-ooooo 00 O i-ooooo 00 O i-ooooo 00 O 

01 0 7-38905 61 0 3-94227 08 O 2-82379 65 O 2-28204 65 O 

0-2 0 14-93207 26 0 7-38905 61 O 4-94472 25 O 3-76272 10 O 

0-3 0 23-73789 60 0 11-38642 43 O 7-38905 61 O 5-45904 52 O 

04 0 33-92234 38 0 15-98332 46 O 10-18467 94 O 7-38905 61 O 

05 0 45-60854 33 0 21-23172 33 O i3"36i15 38 O 9-57185 21 O 

o-6 0 58-92728 34 0 27-18674 62 O 16-94979 76 O 12-02764 18 O 

0-7 1 7-40173 79 0 33-90682 71 O 20-98376 67 O 14-77779 32 O 

o-8 1 9-10260 50 0 41-45386 02 O 25-49813 83 O 17-84488 62 O 

09 1 11-01093 !8 0 49-89335 97 O 30-52999 75 O 21-25276 63 O 

10 1 13-14324 07 0 59-29462 61 O 36-11852 77 O 25-02659 99 O 

b = o-6 07 o-8 0-9 
a t t t t t 

10 0 - 2-33333 33 0 - 1-85714 29 O —1-50000 00 0 — 1-22222 22 O 

09 0 — 2-26126 09 0 - 1-77944 34 O -1-41981 77 0 - I-I4I39 IO O 

o-8 0 - 2-14541 69 0 — 1-66645 90 O — 1-31049 88 0 — 1-03604 28 O 

0-7 0 — 1-98102 67 0 - 1-51452 15 O — 1-16915 08 0 — 0-90384 92 O 

o-6 0 — 1-76300 12 0 — 1-31972 80 O — 0-99270 14 0 -0-74234 II O 

05 0 — 1-48592 22 0 - 1-07793 OI O — 0-77789 00 0 -0-54890 19 O 

04 0 — 1-14402 63 0 — 0-78472 21 O -0-52125 94 0 — 0-32076 13 O 

03 0 — 0-73118 88 0 -0-43542 96 O — 0-21914 64 0 — 0-05498 80 O 

0-2 0 — 0-24090 68 0 — 0-02509 64 O 0-13232 70 0 0-25I5I 67 O 

o-i 0 o-3337i 85 0 0-45152 76 O 0-53726 33 0 0-60202 71 O 

o-o 0 i-ooooo 00 0 1-00000 00 O i-ooooo 00 0 1-00000 00 O 

o-i 0 1-76568 31 0 1-62619 96 O 1-52511 88 0 1-44908 29 O 

0-2 0 2-63896 62 0 2-33634 06 O 2-11745 7i 0 I-953I2 22 O 

0 3 0 3-62852 02 0 3-13698 76 O 2-78211 92 0 2-51617 15 O 

0-4 0 4-74350 98 0 4-03507 07 O 3-52448 69 0 3-I4250 04 O 

0-5 0 5-99361 56 0 5-03790 12 O 4-35023 19 0 3-83660 33 O 

o-6 0 7-38905 6l 0 6-15318 83 O 5-26532 81 0 4-60320 94 O 

0-7 0 8-94061 14 0 7-38905 6l O 6-27606 40 0 5-44729 14 O 

o-8 0 10-65964 79 0 8-75406 09 O 7-38905 61 0 6-37407 65 O 

0-9 0 12-55814 26 0 I0-25720 96 O 8-61126 20 0 7-38905 6l O 

10 0 14-64870 93 0 11-90797 86 O 9-94999 52 0 8-49799 64 O 

151 

X = 2'0 

°'S 

— 3-00000 00 
-2-93919 07 
-2-82231 33 
-2-64293 65 
-2-39419 33 

-2-06875 95 
-1-65883 15 
— 1-15610 28 
-0-55174 05 

0-16363 98 

1-00000 00 

1-96790 63 
3- 07855 70 
4- 3438116 
5- 77622 05 
7-38905 61 

9-19634 52 
11-21290 24 

13-45436 45 
15-93722 65 
18-67887 84 

10 

— 1-00000 00 
— 0-91961 70 
— 0-81828 84 
— 0-69410 79 
-0-54505 72 

— 0-36900 05 
— 0-16367 96 

0-07329 14 

o-34443 19 
0-65240 03 

i-ooooo 00 

1-39018 53 
1- 82606 83 
2- 31092 49 
2- 84820 18 
3- 44152 38 

4- 09470 06 
4- 81173 45 
5- 59682 82 
6- 45439 28 
7- 38905 61 
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x=2-i io-i xF-^a] b; a] 

a 
b = 

t 

01 
t 

0-2 
t 

03 
t 

0-4 
t 

05 

— 10 0 — 20-00000 OO O — 9-50000 OO O — 6-00000 00 O — 4-25000 00 O — 3-20000 00 

-09 0 -20-70333 98 O — 9-70811 91 O -6-05945 31 O -4-24462 51 O -3-16171 03 

-o-8 0 — 20-98488 95 O -9-72292 51 O -5-99996 90 O -4-15644 72 O — 3-06162 19 

-07 0 — 20-77918 02 O — 9-51621 92 O -5-80519 20 O -3-97470 08 O — 2-89211 83 

— o-6 0 — 20-0I542 IO O -9-05758 33 O -5-45751 82 O -3-68782 39 O -2-64503 69 

-05 0 — 18-61719 70 O -8-31425 69 O -4-93802 93 O -3-28341 62 O -2-31163 94 

-04 0 - 16-50215 35 O — 7-25100 78 O — 4-22642 10 O -2-74819 47 O -1-88258 33 

-03 0 — 13-58166 80 O -5-82999 93 O -3-30092 93 O — 2-06794 77 O - 1-34789 05 

— 02 0 — 9-76050 68 O — 4-01064 99 O -2-13825 50 O — 1-22748 80 O — 0-69691 56 

— OI 0 — 4-93646 62 O - 1-74948 78 O -0-71348 30 O — 0-21060 23 O 0-08168 74 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O i-ooooo 00 

OI 0 8-16616 99 O 4-28752 69 O 3-03059 28 O 2-42274 09 O 2-07087 46 

02 0 16-68745 89 O 8-16616 99 O 5-40856 88 O 4-07722 93 O 3-30797 23 
03 0 26-69784 18 O 12-69254 15 O 8-16616 99 O 5-98431 91 O 4-72580 15 
04 0 38-34029 38 O 17-92696 77 O 11-33770 40 O 8-16616 99 O 6-33975 88 

o-5 0 51-76724 70 O 23-93367 38 O 14-95964 65 O 10-64630 99 O 8-16616 99 

o-6 1 6-71410 69 O 30-78097 64 O 19-07074 45 O i3-4497o 09 O 10-22233 44 
07 1 8-46345 57 O 38-54148 57 O 23-71212 71 O 16-60280 60 O 12-52656 98 
o-8 1 10-44314 58 O 47-29231 30 O 28-92741 99 O 20-13366 04 O 15-09825 93 
09 1 12-67270 03 O 57-11528 66 O 34-76286 06 O 24-07194 39 O 17-95790 02 
10 1 15-17284 64 O 68-09718 08 O 41-26742 40 O 28-44905 77 O 21-12715 47 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

—10 O — 2-50000 00 O — 2-00000 OO O — 1-62500 00 O -1-33333 33 O — i-ioooo 00 

-09 O - 2-44375 17 O - I-93369 21 O - i-553i3 46 O — 1-25861 07 O —1-02409 62 

— o-8 O - 2-33924 82 O — 1-82847 82 O -1-44913 78 O - 1-15684 75 O — 0-92508 81 

-0-7 O — 2-18083 87 O — 1-68001 97 O - 1-30959 02 O - 1-02529 31 O -0-80072 53 

— o-6 O - 1-96247 85 O — 1-48368 41 O —1-13084 80 O — 0-86102 07 O — 0-64861 67 

-0-5 O — 1-67770 90 O -1-23453 07 O — 0-90903 08 O — 0-66091 87 O — 0-46622 42 

— 0-4 O - 1-31963 68 O — 0-92729 48 O — 0-64001 07 O — 0-42168 22 O -0-25085 59 

-0-3 O — 0-88091 22 O -0-55637 22 O — 0-31940 02 O -0-13980 34 O 0-00034 07 

— 02 O - 0-3537063 O — 0-11580 27 O 0-05745 95 O 0-18843 7° O 0-29038 70 

— 01 O 0-27031 18 O 0-40074 66 O o-4955i 25 O 0-56698 05 O 0-62247 99 

00 O 1-00000 00 O i-ooooo 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

01 O 1-84476 79 O 1-68909 02 O 1-57647 50 O 1-49191 12 O 1-42652 OI 

0-2 O 2-81460 33 O 2-47557 85 O 2-23081 62 O 2-04738 29 O 1-90581 32 

0-3 O 3-92009 96 O 3-36747 4i O 2-96924 32 O 2-67134 84 O 2-44186 18 

0-4 O 5-17248 37 O 4-37325 49 O 3-79833 13 O 3-36901 76 O 3-03886 64 

0-5 O 6-58364 59 O 5-50188 87 O 4-72502 78 O 4-14588 87 O 3-70125 57 

06 O 8-16616 99 O 6-76285 54 O 5-75666 82 O 5-00776 08 O 4-43369 54 
0-7 O 9-93336 48 O 8-16616 99 O 6-90099 41 O 5-96074 75 O 5-24109 93 

0-8 O 11-89929 80 O 9-72240 60 O 8-16616 99 O 7-OII28 96 O 6-12863 92 

0-9 O 14-07882 88 O 11-44272 12 O 9-56080 16 O 8-16616 99 O 7-10175 58 

i-o O 16-48764 42 O 13-33888 17 O 11-09395 64 O 9-43252 68 O 8-16616 99 
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IO-* 1F1W, b; x] X = 2‘2 

b = 01 0-2 0-3 0-4 0-5 
a t t t t t 

— IO 0 — 21-00000 OO O — io-ooooo 00 O -6-33333 33 O — 4-50000 00 O — 3-40000 00 
-09 0 -21-95549 32 O - 10-31440 47 O -6-45281 75 O -4-53289 07 O -3-38776 72 
— o-8 0 -22-44908 73 O - 10-41701 35 O — 6-44194 11 O -4-47499 48 O -3-30775 76 
-07 0 -22-40352 09 O - 10-27457 7i O — 6-28143 41 O -4-31363 82 O -3-15101 11 
— 06 0 -21-73489 40 O - 9-85107 90 O -5-95047 18 O -4-035I5 53 O -2-90788 75 

-o-5 0 -20-35226 95 O - 9-10757 47 O -5-42658 77 O -3-62483 42 O — 2-56802 94 
-04 0 - 18-15726 05 O — 8-00202 25 O -4-68557 99 O -3-06685 89 O — 2-12032 39 

-o-3 0 - i5'04359 49 O — 6-48910 72 O -3-70141 42 O -2-34424 90 O — 1-55286 16 
— 02 0 — 10-89666 23 O - 4-52005 57 O — 2-44612 38 O - I-43879 65 O — 0-85289 48 
— OI 0 - 5-59304 05 O — 2-04244 49 O — 0-88970 36 O — 0-33100 08 O — 0-00679 36 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 O I'OOOOO 00 O 1-00000 00 

OI 0 9-02501 35 O 4-66761 43 O 3-25740 35 O 2-57650 05 O 2-18301 97 
02 0 18-63491 85 O 9-02501 35 O 5-91930 60 O 4-42230 20 O 3-55882 42 

0 3 0 29-99356 18 O 14-14132 08 O 9-02501 35 O 6-56278 96 O 5-14504 93 
0-4 0 43-27630 72 O 20-09040 57 O 12-61646 94 O 9-0250I 35 O 6-96046 15 

05 0 58-67064 71 O 26-95113 21 O 16-73838 95 O II-83777 20 O 9-02501 35 

o-6 1 7-63768 45 O 34-80761 63 O 21-43840 29 O 15-03169 93 O 11-3599° 32 
07 1 9-66086 03 O 43-74949 80 O 26-76719 93 O 18-63935 69 O 13-98763 39 
08 1 n-95937 52 O 53-87221 92 O 32-77868 06 O 22-69532 6l O 16-93207 64 
09 1 I4-55749 85 I 6-52773 i7 O 39'53OI2 12 O 27-23630 94 O 20-21853 60 
10 1 17-48106 03 I 7-80727 29 O 47-08233 38 O 32-30I22 98 O 23-87381 90 

b = o-6 0-7 o-8 0-9 i-o 
a t t t t t 

—10 0 — 2-66666 67 O - 2-14285 71 O — 1-75000 00 O - 1-44444 44 O — 1-20000 OO 
-09 0 — 2-62889 84 O — 2-09000 53 O — 1-68809 90 O - I-377I7 30 O —I-I2968 82 
-o-8 0 - 2-5381942 O - 1-9944644 O - I-59093 57 O — 1-28022 15 O - I-0340I 36 

-07 0 - 2-38791 03 O - 1-8511368 O - 1-45449 55 O — 1-15036 21 O -0-91033 65 

— o-6 0 — 2-17091 38 O - 1-6545603 O - 1-27448 43 O -0-98414 83 O -0-75584 31 

-o-5 0 - 1-87955 60 O — 1-39888 84 O — 1-04631 42 O — 0-77790 40 O -0-56753 70 
-04 0 - 1-5056449 O - 1-0778705 O -0-76508 85 O — 0-52771 18 O -0-34223 03 

-o-3 0 — 1-04041 74 O — 0-68483 11 O -0-42558 62 O — 0-22940 13 O -0-07653 39 

— 0-2 0 - 0-47450 90 O — 0-21264 87 O — 0-02224 57 O 0-12146 28 O 0-233I5 15 

— OI 0 0-20207 66 O 0-34626 74 O 0-45085 18 O 0-52959 48 O 0-59064 59 

OO 0 i-ooooo 00 O 1*00000 00 O 1-00000 00 O 1-00000 00 O 1*00000 00 

OI 0 1-93061 91 O 1-75714 86 O 1-63188 55 O 1-53798 95 O 1-46550 64 

02 0 3-00602 42 O 2-62685 41 O 2-35360 70 O 2-14919 40 O 1-99171 07 

0 3 0 4-23907 43 O 3-61882 61 O 3-17269 43 O 2-83957 94 O 2-58342 26 

0 4 0 5-64343 45 O 4-74336 95 O 4-09712 93 O 3-61546 18 O 3-24572 89 

0-5 0 7-23361 54 O 6-01141 30 O 5-I3536 73 O 4-48352 40 O 3-98400 54 

o-6 0 9-02501 35 O 7-43453 89 O 6-29635 83 O ■ 5-45083 22 O 4-80393 OI 

07 0 H-03395 40 O 9-02501 35 O 7-58957 04 O 6-52485 31 O 5-71149 64 

o-8 0 I3-27773 44 O 10-79581 94 O 9-02501 35 O 7-71347 24 O 6-71302 77 

09 0 15-77467 05 O 12-76068 81 O 10-61326 35 O 9-02501 35 O 7-81519 12 

10 0 18-54414 38 O 14-93413 45 O 12-36548 87 O 10-46825 62 O 9-02501 35 
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x = 2-3 I0~i iFi[a; b; x] 

a 
b = 

t 

01 
t 

0-2 
t 

03 
t 

04 
t 

o-5 

—10 O — 22-00000 OO O — I0-50000 OO O — 6-66666 67 O — 4-75000 00 O — 3-60000 00 

-09 O -23-23882 05 O — 10-93421 88 O -6-85409 39 O — 4-82641 04 O -3-61757 64 

-o-8 O -23-97428 67 O - 11-13750 51 O -6-89931 51 O -4-80374 52 O -3-56116 25 

-0-7 O -24-II576 32 O — 11-07088 63 O -6-77976 13 O -4-66717 15 O — 3-42027 96 

-06 O -23-56439 52 O — 10-69196 83 O -6-47094 28 O — 4-40063 28 O -3-18361 03 

-05 O -22-21259 59 O - 9-95472 55 O -5-94633 55 O -3-98677 71 O -2-83894 98 

-04 O -19-94350 56 O — 8-80928 20 O -5-17725 94 O — 3-40688 22 O -2-37315 63 

-o-3 O - 16-63042 48 O — 7-20168 00 O -4-13275 31 O — 2-64077 67 O — 1-77209 84 

— 0-2 O — 12-13622 14 O - 5-0736406 O -2-77944 14 O - 1-66675 83 O — 1-02059 92 

— OI O — 6-31270 97 O — 2-36231 08 O - 1-08139 77 O — 0-46150 78 O — 0-10237 99 

OO O i-ooooo 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI O 9-97418 25 O 5-08609 59 O 3-50622 00 O 2-74459 02 O 2-30520 61 

02 O 20-79520 90 O 9-97418 25 O 6-48173 42 O 4-80098 52 O 3-833I9 3i 
03 O 33-66229 26 O 15-74816 79 O 9-97418 25 O 7-19990 68 O 5-60527 37 

04 O 48-78926 63 O 22-49797 87 O 14-03454 41 O 9-97418 25 O 7-64418 91 

0 5 I 6-64053 96 O 30-31988 69 O 18-71731 71 O 13-15885 58 O 9-97418 25 

o-6 I 8-67562 33 O 39-31685 40 O 24-08070 49 O 16-79130 27 O 12-62107 69 

07 I 11-01044 99 O 49-59889 04 O 30-18681 18 O 20-91135 13 O 15-61235 49 
o-8 I 13-67310 13 O 61-28342 68 O 37-10184 47 O 25-56140 89 O 18-97724 21 
09 I 16-69356 66 I 7-44957 07 O 44-89632 81 O 30-78659 13 O 22-74679 45 
10 I 20-10384 22 I 8-93691 92 O 53-64532 18 O 36-63485 94 O 26-95398 82 

b = o-6 0-7 o-8 09 IO 
a t t t t t 

— i-o 0 - 2-83333 33 O - 2-28571 43 O — 1-87500 00 O - 1-55555 56 O — 1-30000 00 
-09 0 — 2-81685 71 O — 2-24849 97 O — 1-82480 10 O — 1-49714 86 O - 1-23645 00 
-o-8 0 - 2-74257 47 O - 2-16465 71 O - 1-73607 74 O — 1-40630 98 O —1-14518 11 
-07 0 — 2-60272 23 O — 2-02823 28 O - 1-60414 35 O - 1-27927 39 O - 1-02311 57 
— o-6 0 - 2-38893 21 O — 1-83282 40 O - 1-42396 95 O — i-i 1200 62 O — 0-86696 23 

-05 0 — 2-09219 93 O - I-57I55 33 O — 1-19016 27 O — 0-90018 94 O — 0-67320 42 
— 0-4 0 — 1-70284 58 O - 1-2370429 O — 0-89694 85 O — 0-63920 76 O — 0-43808 78 
-03 0 — 1-21048 40 O — 0-82138 81 O -0-53815 01 O -0-32413 15 O — 0-15761 12 
— 0-2 0 - 0-60397 75 O — 0-31612 84 O — 0-10716 74 O 0-05029 77 O 0-17248 93 
— OI 0 0-12859 85 O 0-28778 10 O 0-40304 49 O 0-48968 52 O 0-55675 12 

00 0 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1 -ooooo 00 

OI 0 2-02385 71 O 1-83083 59 O 1-69170 30 O 1-58759 30 O 1-50736 33 
0-2 0 3-21472 07 O 2-79127 57 O 2-48667 55 O 2-25921 59 O 2-08428 51 

0 3 0 4-58810 89 O 3-89302 18 O 3-39398 13 O 3-02204 09 O 2-73654 12 
04 0 6-16055 81 O 5-14852 67 O 4-42325 35 O 3-88368 12 O 3-47025 53 

o-5 0 7-94967 32 O 6-57103 17 O 5-58472 23 O 4-85221 18 O 4-29191 53 

o-6 0 9-97418 25 O 8-17460 49 O 6-88924 37 O 5-93619 26 O 5-20839 01 
07 0 12-25399 31 O 9-97418 25 O 8-34833 °4 O 7-14469 00 O 6-22694 81 
o-8 0 14-81025 02 O 11-98561 07 O 9-974i8 25 O 8-48730 20 O 7-35527 50 
0-9 0 17-66539 63 O 14-22568 96 O 11-77972 05 O 9-974i8 25 O 8-60149 34 
10 0 20-84323 60 O 16-71221 90 O 13-77861 96 O 11-61606 66 O 9-97418 25 
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10 i1F1[a;b;x] 

155 

X=2‘4 

a 
b = 

t 
01 

t 
0-2 

t 
0-3 

t 
0-4 

t 
o-5 

—10 0 — 23-00000 00 O — I i-ooooo 00 0 — 7-00000 00 O — 5-00000 00 0 — 3-80000 00 
-09 0 -24-55554 10 O - 11-56848 97 0 -7-26380 57 O -5-12551 97 0 -3-85136 91 
-o-8 0 -25-56507 92 O — 11-88631 72 0 -7-373I7 06 O -5-14338 90 0 — 3-82231 20 
-07 0 — 25-92286 03 O - 11-90804 75 0 — 7-30180 48 O -5-03634 3i 0 — 3-70064 07 
— o-6 0 -25-51303 37 O - 11-58404 65 0 — 7-02106 32 O -4-78561 76 0 -3-47314 00 

-05 0 — 24-20898 72 O — 10-86020 93 0 -6-49979 78 O -4-37085 54 0 -3-12550 54 
-04 0 — 21-87265 48 O — 9-67767 76 0 -5-70420 18 O -3-77001 14 0 — 2-64227 82 
-03 0 - 18-35377 46 O - 7-97254 23 0 -4-59764 78 O -2-95925 03 0 — 2-00677 83 
— 0-2 0 - 13-48913 00 O - 5-67553 09 0 -3-14051 60 O — 1-91284 09 0 —1-20103 27 
— OI 0 - 7-ioi73 7i O — 2-71168 17 0 — 1-29001 60 O — 0-60304 46 0 — 0-20570 14 

OO 0 1-00000 00 O 1-00000 00 0 i-ooooo 00 O i-ooooo 00 0 1-00000 00 

OI 0 11-02317 64 O 5-54690 II 0 3-77923 43 O 2-92839 94 0 2-43838 18 
02 0 23-19131 72 O 11-02317 64 0 7-10114 80 O 5-21663 23 0 4-13336 48 
0-3 0 37-74535 19 O I7’53OI4 28 0 11-02317 64 O 7-90168 21 0 6-11056 90 
04 0 54-94463 55 O 25-17669 20 0 15-60695 29 O 11-02317 64 0 8-39740 61 

05 1 7-50680 19 O 34-07972 13 0 20-91854 43 O 14-62353 20 0 11-02317 64 

o-6 1 9-84149 63 O 44-36458 49 0 27-02869 64 O 18-74810 72 0 14-01916 97 
07 1 12-53067 15 O 56-16556 77 0 34-01308 99 O 23-44535 89 0 17-41877 02 
08 1 15-60875 35 I 6-96263 74 0 41-95260 91 O 28-76700 92 0 21-25756 72 
09 1 19-11259 67 I 8-49006 51 0 50-93362 14 O 34-76821 87 0 25-57346 94 
10 1 23-08161 90 I 10-21525 18 0 61-04826 94 O 41-50776 41 0 30-40682 37 

a 
b = 

t 
o-6 

t 
0-7 

t 
o-8 

t 
0-9 

t 
10 

—10 0 — 3-00000 00 O - 2-42857 14 O — 2-00000 OO O —1-66666 67 0 — 1-40000 00 
-0-9 0 - 3-00779 48 O — 2-40930 09 O - I-96333 70 O — 1-61861 37 0 -1-34444 24 
-o-8 0 - 2-95273 34 O - 2-33931 37 O — 1-88476 07 O - 1-53526 82 0 - 1-25871 50 

-0-7 0 — 2-82579 21 O — 2-21 169 47 O - 1-75883 19 O —1-41226 18 0 - 1-13924 96 
— o-6 0 — 2-61720 76 O — 2-01897 89 O - I-57969 04 O - 1-24489 77 0 — 0-98221 64 

-0-5 0 - 2-31643 50 O - I-753II 96 O - 1-34103 21 O —1-02813 19 0 -0-78351 03 

-04 0 — 1-91210 14 O - I-40545 49 O — 1-03608 31 O -0-75655 48 0 -0-53873 58 
-03 0 - 1-39195 86 O — 0-96667 36 O -0-65757 48 O -0-42437 11 0 -0-24319 17 

— 0-2 0 - 0-74283 32 O — 0-42677 84 O — 0-19771 60 O -0-02537 90 0 0-10814 5i 

— OI 0 0-04942 55 O 0-22495 13 O 0-35183 50 O 0-44705 13 0 0-52063 63 

o-o 0 i-ooooo 00 O i-ooooo 00 O 1-00000 00 O 1-00000 00 0 1*00000 00 

OI 0 2-12516 14 O 1-91065 64 O 1-75631 19 O 1-64102 16 0 1-55232 86 

0-2 0 3-44232 89 O 2-97005 69 O 2-63094 67 O 2-37816 90 0 2-18410 78 

0-3 0 4-97013 18 O 4-19223 09 O 3-63475 68 O 3-22001 92 0 2-90223 69 

0-4 0 6-72847 41 O 5-59214 73 O 4-77930 67 O 4-17570 OI 0 3-71404 88 

0-5 0 8-73860 25 O 7-18576 34 O 6-07690 84 O 5-25491 77 0 4-62733 19 

o-6 0 11-02317 64 O 8-99007 65 O 7-54066 02 O 6-46798 57 0 5-65035 23 

0-7 0 13-60634 17 O 11-02317 64 O 9-18448 60 O 7-82585 49 0 6-79187 69 

o-8 0 16-51380 79 O 13-3043° 15 O 11-02317 64 O 9-340I4 49 0 8-06119 80 

0-9 0 19-77292 73 O 15-85389 62 O 13-07243 15 O 11-02317 64 0 9-46815 83 

10 0 23-41277 89 O 18-69367 12 O 15-34890 60 O 12-88800 50 0 11-02317 64 
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x—2'^ io ^t1F1[a\b\x] 

a 

b = 

t 

OI 

t 

— I o O — 24*00000 OO O 

-09 O -25-90805 55 O 

-o-8 O — 27-22643 91 O 

-07 O -27-83236 51 O 

— 06 O — 27-59072 62 O 

-o-5 O -26-35324 38 O 

-04 O -23-95757 62 O 

-03 O — 20-22637 77 O 

— 02 O - 14-96631 32 O 

— OI O - 7-96701 65 O 

OO O 1-00000 00 O 

O'l O 12-18249 39 O 

02 O 25-84869 74 O 

03 O 42-28858 30 O 

04 O 61-81518 96 O 

OS I 8-47660 17 O 

o-6 I 11-15044 87 O 

07 I 14-24214 72 O 

o-8 I 17-79368 99 I 

09 I 21-85014 37 I 

10 I 26-45982 53 I 

a 

b = 

t 

o-6 

t 

—10 O — 3-16666 67 O 

-09 O — 3-20189 06 O 

-o-8 O - 3-16903 98 O 

-0-7 O - 3-05767 72 O 

— o-6 O — 2-85646 81 O 

-o-5 O - 2-5531242 O 

-04 O - 2-1343458 O 

-0-3 O - 1-58576 08 O 

— 0-2 O — 0-89186 11 O 

— OI O - 0-03593 55 O 

OO O 1-00000 00 O 

OI O 2-23527 55 O 

0-2 O 3-69064 40 O 

0-3 O 5-38836 12 O 

04 O 7-35226 96 O 

05 O 9-60788 63 O 

06 O 12-18249 39 O 

0-7 O 15-10523 69 O 

08 O 18-40722 15 O 

09 O 22’ I2l6l 95 O 

10 O 26-28377 83 O 

0-2 
t 

03 
t 

— I I-50000 OO O -7-33333 33 O 

— 12-21821 97 O — 7-68251 69 O 

- 12-66552 33 O -7-86467 35 O 
— 12-78920 52 O -7-84933 05 O 

- I2-53I43 77 O — 7-6031461 O 

— 11-82892 68 O — 7-08972 02 O 

- 10-61254 93 O -6-26939 51 O 

— 8-80697 16 O -5-09904 85 O 

- 6-33025 02 O -3-53187 37 O 

- 3-0934093 O - I-5I7I4 96 O 

1-00000 00 O 1-00000 00 O 

6-05436 41 O 4-07885 96 O 

12-18249 39 O 7-78338 74 O 
19-50613 57 O 12-18249 39 O 
28-15650 66 O I7-35033 23 O 
38-27485 65 O 23-36660 46 O 

50-01305 51 O 30-31688 18 O 

63-53421 12 O 38-29293 67 O 
7-90133 16 O 47-39309 73 O 
9-66379 17 O 57-72260 96 O 

11-66088 33 

0-7 

O 

t 

69-39402 46 

o-8 

O 

t 

— 2-57142 86 O — 2-12500 00 O 

- 2-57254 28 O — 2-10381 02 O 

- 2-51871 03 O -2-03719 77 O 

- 2-40193 89 O — 1-91887 98 O 

— 2-21356 80 O — 1-74206 31 O 

— 1-94422 88 O - i-4994i 35 O 

— 1-58380 16 O — 1-18302 42 O 

— 1-12137 16 O — 0-78438 28 O 

- 0-54518 23 O -0-29433 68 O 

0-15741 26 O 0-29694 29 O 

1-00000 00 O i-ooooo 00 O 

1-99716 12 O 1-82613 19 O 

3-16452 66 O 2-78743 16 O 

4-51883 45 O 3-89683 09 O 

6-07799 12 O 5-16814 50 O 

7-86113 47 O 6-61612 05 O 

9-88870 14 O 8-25648 42 O 

12-18249 39 O 10-10599 41 O 

I4-76575 50 O 12-18249 39 O 

17-66324 15 O 14-50496 81 O 

20-90130 35 O i7"0936o 01 O 

0-4 
t 

05 

— 5-25000 00 O — 4-00000 00 

-5-43057 89 O -4-08939 34 
-5-49467 08 O -4-09171 79 

-5-42227 97 O -3-99286 78 
-5-19158 35 O -3-77748 76 

-4-77881 65 O -3-42889 33 
-4-15814 63 O — 2-92898 93 

-3-3oi54 37 O — 2-25818 23 
— 2-17864 71 O - 1-39529 00 
— 0-75661 98 O -0-31744 60 

i-ooooo 00 O 1-00000 00 

3-12945 53 O 2-58358 68 

5-67293 50 O 4-46185 13 
8-67474 62 O 6-66544 3° 

12-18249 39 O 9-22724 38 
16-24727 03 O 12-18249 39 

20-92385 15 O 15-56892 25 
26-27090 46 O 19-42688 58 
32-35120 37 O 23-79950 93 
39-23185 57 O 28-73283 78 
46-98453 50 O 34-27599 35 

0-9 
t 

10 

-1-77777 78 O — 1-50000 00 
—1-74164 92 O - 1-45373 01 
— 1 -66726 29 O - 1-37474 84 
-1-54957 66 O - 1-25893 79 

- 1-38314 86 O — 1-10186 52 

— 1-16211 60 O — 0-89876 17 
— 0-88016 95 O -0-64450 52 
-0-53052 85 O — 0-33360 02 
— 0-10591 48 O 0-03984 28 

0-40147 53 O 0-48212 86 

1-00000 00 O i-ooooo 00 

1-69860 18 O 1-60066 11 
2-50683 95 O 2-29180 16 
3-43492 06 O 3-08162 25 

4-49373 62 O 3-97886 27 
5-69489 62 O 4-99282 64 

7-05076 73 O 6-13341 27 
8-57451 20 O 7-41114 52 

10-28012 84 O 8-83720 34 
12-18249 39 O 10-42345 59 
14-29740 82 O 12-18249 39 
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io-< xFx[a \ b\ x] 

157 

x=2-6 

b = 01 0-2 0-3 0-4 05 
a t t t t t 

—10 O — 25-00000 00 O — 12-00000 OO O — 7-66666 67 O — 5-50000 00 O — 4-20000 00 
-09 O — 27-29896 02 O — 12-88449 02 O — 8-11083 48 O -5-74197 61 O -4-33I9I 57 
-o-8 O -28-96375 85 O - 13-47736 79 O -8-37508 26 O -5-85839 34 O -4-36993 07 
-07 O -29-85248 35 O - I3'7I777 00 O -8-42424 95 O — 5-82619 81 O -4-29779 48 
— 06 O — 29-80827 23 O - 13-53862 48 O — 8-21970 10 O — 5-62012 67 O -4-09774 56 

-0-5 O — 28-65824 05 O — 12-86621 71 O -7-71908 79 O -5-21255 72 O -3-75041 07 
-04 O — 26-21234 49 O — 1161972 61 O — 6-87609 51 O -4-57335 34 O -3-23470 14 
-03 O — 22-26219 13 O — 9-7107426 O -5-64017 71 O — 3-66969 96 O -2-52770 43 
— 0-2 O - 16-57977 13 O - 7-04275 78 O -3-95627 87 O — 2-46592 80 O — 1-60456 46 
— OI O — 8-91613 67 O — 3-51062 61 O - 1-76454 26 O -0-92333 71 O -0-43836 54 

OO O 1-00000 00 O 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI O i3'46373 80 O 6-61326 57 O 4-40775 27 O 3-34943 56 O 2-74196 18 
02 O 28-79553 69 O I3-46373 80 O 8-53489 47 O 6-17395 84 O 4-82141 36 

0-3 O 47-34284 61 O 21-69706 37 O j3‘46373 80 O 9-52641 42 O 7-27485 96 
04 I 6-94818 19 O 31-47066 01 O 19-28310 31 O I3-46373 80 O 10-14156 92 

05 I 9-56191 12 O 42-95443 96 O 26-08871 30 O 18-04719 75 O 13-46373 80 

o-6 I 12-61937 76 O 56-33157 15 O 33-98360 60 O 23-34264 74 O 17-28665 75 
07 I 16-16792 47 I 7-17992 79 O 43-07856 96 O 29-42079 67 O 21-65889 18 
08 I 20-25854 23 I 8-95696 84 O 53-49259 4i O 36-35748 90 O 26-63246 40 
09 I 24-94608 65 I 10-98706 74 I 6-53533 5° O 44-23399 47 O 32-26304 96 
10 I 30-28950 78 I 13-29468 38 I 7-87976 85 O 53-13732 09 O 38-61018 10 

b = o-6 0-7 o-8 0-9 1*0 

a t t t t t 

—10 0 - 3-33333 33 O - 2-71428 57 O — 2-25000 00 O — 1-88888 89 O — i-6oooo 00 

-0-9 0 - 3-39933 69 O - 2-73836 90 O -2-24633 07 O — 1-86634 14 O - 1-56438 22 

-o-8 0 - 3-3918902 O - 2-70314 30 O -2-19361 52 O — 1-80247 20 O - 1-49342 31 

-0-7 0 - 3-29897 77 O - 2-59941 26 O — 2-08463 00 O — 1-69148 62 O - 1-38239 46 

— 06 0 - 3-1074989 O — 2-41717 61 O -1-91153 51 O — 1 -52710 90 O — 1-22618 74 

-o-5 0 — 2-80319 81 O - 2-1455740 O — 1 -66583 66 O - 1-30255 53 O — 1 -01928 74 

-04 0 - 2-37059 15 O - 1-77283 58 O - 1-33834 63 O — 1-01049 99 O -0-75575 24 
-03 0 - 1-79288 93 O — 1-28622 36 O — 0-91914 00 O -0-64304 49 O — 0-42918 68 

— 0-2 0 - 1-05191 55 O - 0-67197 35 O -0-39751 29 O — 0-19168 61 O — 0-03271 61 

— 01 0 — 0-12802 19 O 0-08476 62 O 0-23806 53 O 0-35272 11 O 0-44104 08 

00 0 1-ooooo 00 O 1-ooooo 00 O 1-00000 00 O 1-ooooo 00 O 1-ooooo 00 

OI 0 2-35501 37 O 2-09095 26 O 1-90162 09 O 1-76068 96 O 1-65264 25 

0-2 0 3-96163 49 O 3-37614 02 O 2-95723 59 O 2-64608 59 O 2-40804 50 

0 3 0 5-84633 45 O 4-87544 47 O 4-18218 59 O 3-66828 33 O 3-27591 30 

0-4 0 8-03754 64 O 6-61019 16 O 5-59290 28 O 4-84021 91 O 4-26661 47 

05 0 10-56577 97 O 8-60323 21 O 7-20697 04 O 6-17571 92 O 5-39121 62 

06 0 I3-46373 79 O 10-87902 72 O 9-04318 73 O 7-68954 63 O 6-66151 93 

0-7 0 16-76644 10 O I3-46373 80 O 11-12163 31 O 9-39745 01 O 8-09009 98 

o-8 0 20-51135 60 O 16-38531 86 O I3-46373 79 O 11-31621 95 O 9-69034 80 

09 0 24-73853 14 O 19-67361 33 O 16-09235 45 O I3-46373 79 O 11-47651 14 

10 0 29-49073 80 O 23-36045 89 O 19-03183 37 O 15-85903 97 O I3-46373 80 
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X=2'7 IO 1 1-^1 ^ 5 **-] 

b = 01 0-2 0-3 0-4 05 

a t t t t t 

—10 0 —26-00000 00 O — 12-50000 OO O — 8-00000 00 O -5-75000 00 O — 4-40000 00 

-09 0 —28-7310617 O - 13-56846 87 O -8-54941 48 O — 6-06012 85 O -4-57922 22 

-o-8 0 —30-78288 60 O - 14-32427 93 O -8-90575 85 O -6-23542 28 O -4-65754 4i 

-07 0 —3i'992I3 46 O — 14-69744 16 O — 9-02863 20 O — 6-24941 46 O — 4-61632 22 

— 06 0 -32-17743 60 O — 14-61048 28 O -8-87345 16 O — 6 07297 69 O -4-43509 62 

-05 0 -31-13803 52 O - 13-97789 85 O -8-39114 84 O -5-674I3 74 O -4-09146 35 

-04 0 — 28-65236 09 O - 12-70557 45 O -7-52785 10 O — 5-01788 16 O -3-56094 82 

-03 0 -24-47651 78 O — 10-69017 41 O -6-22455 25 O -4-06594 53 O — 2-81686 18 

— 0-2 0 — 18-34268 87 O — 7-81849 24 O -4-41675 69 O -2-77659 65 O — 1-83015 86 

— 01 0 - 9-95745 i5 O - 3-96677 50 O — 2-03410 84 O —1-10440 49 O -0-56928 13 

OO 0 1-00000 00 O 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 0 14-87973 16 O 7-22887 93 O 4-76883 88 O 3-59018 46 O 2-91475 81 

02 0 32-06304 61 O 14-87973 18 O 9-36277 58 O 6-72417 80 O 5-21508 58 

03 0 52-96456 60 O 24-12608 74 O 14-87973 16 O 10-46475 51 O 7-94428 47 

0-4 1 7-80344 30 O 35-15602 29 O 21-42566 08 O 14-87973 18 O 11-14906 08 

°'5 1 10-77606 03 O 48-17308 92 O 29-11505 61 O 20-04227 69 O 14-87973 16 

o-6 1 14-26713 08 O 63-39729 19 O 38-07147 76 O 26-03123 84 O 19-19044 35 

07 1 18-33375 87 I 8-10661 17 O 48-42811 24 O 32-93148 76 O 24-13939 78 

08 1 23-03759 88 I 10-14356 13 O 60-32835 66 O 40-83427 79 O 29-78909 02 

09 1 28-44514 or I 12-47815 26 I 7-39264 32 O 49-83762 23 O 36-20656 09 

10 1 34-62800 25 I 15-14004 89 I 8-93880 28 O 60-04669 21 O 43-46365 66 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

—10 0 — 3-50000 00 O — 2-85714 28 O — 2-37500 00 O — 2*00000 OO O —1-70000 00 

-09 0 - 3-60033 97 O - 2-90693 33 O — 2-39101 66 O -1-99278 30 O -1-67647 25 

-o-8 0 — 3-62171 17 O — 2-89292 97 O -2-35425 70 O —1-94108 60 O —1-61489 09 

-07 0 - 3-5503407 O - 2-8045975 O -2-25645 08 O — 1-83827 88 O — 1-50984 88 

— 06 0 - 3-37114 84 O - 2-63043 38 O — 2-08858 83 O - 1-67715 52 O - I-35548 23 

-05 0 — 3-06766 49 O - 2-35790 37 O — 1-84087 29 O —1-44989 60 O - 1-14544 18 

-04 0 — 2-62193 68 O - 1-9733721 O — 1-50267 11 O - 1-14803 07 O — 0-87286 17 
-03 0 — 2-01442 99 O - 1-46203 44 O — 1-06245 92 O -0-76239 75 O -0-53033 00 
— 02 0 — 1-22392 71 O — 0-80784 14 O — 0-50776 87 O — 0-28310 09 O -0-10985 47 
— 01 0 — 0-22742 07 O 0-00657 82 O 0-17487 22 O 0-30053 23 O 0-39716 99 

00 0 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1 -ooooo 00 O 1-ooooo 00 

01 0 2-48526 80 O 2-19268 94 O 1-98327 88 O 1-82767 27 O 1-70857 90 
02 0 4-25746 26 O 3-60649 19 O 3-14156 84 O 2-79684 52 O 2-53357 76 
0-3 0 6-34794 05 O 5-26492 82 O 4-49299 40 O 3-92178 94 O 3-48643 51 
04 0 8-79047 3i O 7-19329 27 O 6-05702 03 O 5-21781 11 O 4-57940 27 

05 0 11-62139 03 O 9-41875 81 O 7-85452 86 O 6-70130 78 O 5-82558 86 

o-6 0 I4-87973 17 O 11-97048 41 O 9-90789 75 O 8-38983 02 O 7-23900 55 
07 0 18-60740 47 O I4-87973 18 O 12-24108 80 O 10-30214 71 O 8-83462 01 
o-8 0 22-84935 09 O 18-17998 31 O I4-87973 16 O 12-45831 14 O 10-62840 51 
09 0 27-65372 08 O 21-90706 62 O 17-85122 36 O 14-87973 16 O 12-63739 26 
10 0 33-07205 19 O 26-09928 66 O 21-18482 02 O 17-58924 40 O I4-87973 17 
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I0“* iFx[a\ b\ x] 

O
O

 

O
J 

II 

b = 01 0-2 03 0-4 05 
a t t t t t 

IO 0 — 27-00000 00 O — 13-00000 OO O -8-33333 33 O — 6-00000 00 O — 4-60000 00 

09 0 -30-20739 92 O — 14-27141 68 O — 8-99896 28 O -6-38548 56 O -4-83162 05 

o-8 0 — 32-69016 26 O — 15-20888 77 O -9-45817 17 O — 6-62669 32 O -4-95519 64 

07 0 -34-26101 35 O - 15-73223 52 O — 9-66472 00 O -6-69335 18 O — 4-94942 20 

o-6 0 -34-71103 52 O -15-75231 16 O -9-56735 47 O -6-55200 83 O — 4-79081 81 

o-5 0 -33-80797 81 O - 15-17031 11 O -9-10943 43 O -6-16579 37 O -4-45357 64 

04 0 -31-29447 41 O - 13-87704 67 O -8-22853 23 O -5-494I7 79 O -3-90939 53 
03 0 -26-88613 55 O — 11-75218 16 O — 6-85601 94 O -4-49270 98 O -3-12730 65 

0-2 0 -20-26955 03 O - 8-66341 77 O — 4-91662 00 O -3-11274 30 O -2-07349 21 

OI 0 - 11-10015 73 O - 4-46563 82 O -2-32794 53 O — 1-30114 66 O — 0-7II09 l8 

OO 0 i-ooooo 00 O 1-00000 00 O 1-00000 00 O i-ooooo 00 O 1-00000 00 

OI 0 16-44464 67 O 7-90702 22 O 5-16533 88 O 3-85372 90 O 3-10334 87 

02 0 35-68578 35 O 16-44464 68 O 10-27486 98 O 7-32852 26 O 5-64620 39 

0 3 0 59-21633 38 O 26-81885 03 O 16-44464 66 O 11-49867 08 O 8-67973 76 

04 1 8-75729 37 O 39-25349 19 O 23-80058 73 O 16-44464 67 O 12-25929 29 

°s 1 12-13388 97 O 53-99149 83 O 32-47911 57 O 22-25350 26 O 16-44464 70 

o-6 1 16-11472 85 I 7-12961 09 O 42-62784 01 O 29-01928 57 O 21-30028 58 

07 1 20-76842 24 I 9-14521 94 O 54-40626 03 O 36-84347 58 O 26-89569 60 

o-8 1 26-16923 24 I 11-47676 35 I 6-79865 21 O 45-83544 68 O 33-30566 72 

09 1 32-39743 22 I I4-I5747 84 I 8-35541 94 O 56-11294 85 O 40-61061 30 

i-o 1 39-53969 12 I 17-22319 87 I 10-13091 09 I 6-78026 14 O 48-89690 70 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

10 0 — 3-66666 67 O — 3-00000 00 O — 2-50000 00 O — 2-IIIII II O — I-80000 00 

09 0 - 3-8051204 O — 3-07840 06 O -2-53799 39 O — 2-12107 24 O -1-79007 94 

o-8 0 - 3-85896 28 O — 3-08841 18 O -2-51938 38 O — 2-08330 86 O - I-7393I 4i 

07 0 - 3-81246 32 O - 3-01801 15 O -2-43473 79 O — 1-99026 30 O - 1-64154 58 

06 0 - 3-64833 26 O — 2-85402 14 O -2-27374 15 O - 1-83369 17 O — 1-49007 09 

05 0 - 3-3476i 54 O — 2-58202 69 O -2-02513 89 O — 1-60461 79 O -1-27760 54 

04 0 - 2-88957 27 O — 2-18629 30 O — 1-67667 00 O — 1-29328 42 O — 0-99624 72 

03 0 — 2-25156 21 O — 1-64967 70 O —1-21500 46 O — 0-88910 25 O -0-63743 83 

0-2 0 — 1-40890 89 O - 0-95353 49 O -0-62567 34 O — 0-38060 11 O — 0-19192 26 

OI 0 - 0-33477 17 O — 0-07762 39 O 0-10700 47 O 0-24463 04 O 0-35029 61 

OO 0 1-00000 00 O 1-00000 00 O i-ooooo 00 O 1-00000 00 O 1-00000 00 

OI 0 2-62701 51 O 2-30309 15 O 2-07165 13 O 1-89997 38 O 1-76880 40 

02 0 4-58049 78 O 3-85732 82 O 3-34175 14 O 2-96014 07 O 2-66920 59 

03 0 6-89745 39 O 5-69043 II O 4-83163 5i O 4-19727 93 O 3-71463 80 

0 4 0 9-61784 37 O 7-83229 02 O 6-56427 33 O 5-62942 96 O 4-91952 24 

0-5 0 12-78476 53 O 10-31509 54 O 8-56437 02 O 7-27596 59 O 6-29932 78 

o-6 0 16-44464 66 O I3-I7347 63 O 10-85846 60 O 9-I5767 55 O 7-87062 96 

07 0 20-64744 67 O 16-44464 70 O I3-47504 46 O 11-29683 99 O 9-65117 27 

08 0 25-44686 77 O 20-16855 73 O 16-44464 66 O 13-71732 03 O ii-65993 74 

09 0 30-90057 59 O 24-38805 52 O 19-79998 76 O 16-44464 66 O 13-91720 85 

10 0 37-07043 74 O 29-14905 21 O 23-57608 14 O 19-50611 19 O 16-44464 68 
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x=2-g io ~t1F1[a\b;x\ 

a 
b = 

t 

01 
t 

0-2 
t 

0-3 
t 

04 
t 

05 

— IO O — 28-00000 00 O — 13-50000 OO O - 8-66666 67 0 — 6-25000 00 O — 4-80000 00 

-09 O -31-73126 17 O - 14-99469 74 O — 9-46024 07 0 -6-71853 11 O -5-08944 16 
-o-8 O -34-69247 10 O - 16-13404 03 O - 10-03391 17 0 -7-03321 28 O -5-26357 64 
-07 O — 36-66966 46 O — 16-82650 88 O - 10-33494 3° 0 -7-15954 92 O -5-29814 37 
— 06 O -37-42303 62 O — 16-96987 82 O — 10-30462 12 0 -7-05925 28 O — 5-16629 50 

-05 O — 36-68483 16 O - 16-45036 74 O - 9-87778 99 0 — 6-68995 61 O -4-83840 23 
-0-4 O -34-15712 41 O - 15-14173 78 O - 8-98235 82 0 — 6-00490 66 O -4-28185 36 
-03 O -29-50944 41 O - 12-90433 50 O - 7-53877 86 0 — 4-95264 26 O -3-46083 72 
— 0-2 O — 22-37627 32 O - 9-58407 54 O - 5-45949 43 0 -3-47665 22 O -2-33611 44 
— OI O - 12-35437 95 O - 5-01137 25 O - 2-64835 54 0 - 1-51501 08 O -0-86477 83 

OO O 1-00000 00 O 1*00000 00 O 1*00000 00 0 I'OOOOO 00 O 1-00000 00 

OI O 18-17414 53 O 8-65411 14 O 5-60079 93 0 4-14229 67 O 3-30924 OI 
02 O 39-70201 27 O 18-17414 53 O 11-27982 49 0 7-99241 96 O 6-11843 45 
03 I 6-61675 77 O 29-80374 42 O 18-17414 53 0 12-63798 21 O 9-48784 73 
04 I 9-82083 67 O 43-80842 97 O 26-43288 26 0 18-17414 53 O 13-48282 86 

05 I 13-65191 98 O 60-47710 22 O 36-21802 61 0 24-70411 80 O 18-17414 55 

o-6 I 18-18561 18 I 8-01236 21 O 47-70528 95 0 32-33968 23 O 23-63833 11 
07 I 23'5°4°5 66 I 10-30884 80 O 61-08501 02 0 41-20175 09 O 29-95805 22 
o-8 I 29-69637 80 I 12-97405 63 I 7-65631 06 0 51-42094 85 O 37-22249 40 
09 I 36-85914 19 I 16-04790 01 I 9-43620 73 0 63-13822 98 O 45-52776 84 
10 I 45-09684 68 I I9-5735I 24 I 11-47220 45 1 7-65055 24 O 54-97734 01 

a 
b = 

t 

o-6 
t 

0-7 
t 

o-8 
t 

09 
t 

10 

— i-o O - 3-83333 33 O - 3-14285 71 O — 2-62500 00 O — 2-22222 22 O — 1-90000 00 
-0-9 O — 4-01391 62 O - 3-25294 74 O - 2-68739 75 O -2-25I3I 52 O —1-90528 67 
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03 I 11-44251 25 O 50-33604 75 O 29-96409 98 O 20-33635 56 O 14-90133 25 
04 I 17-26693 55 I 7-54109 40 O 44-53426 97 O 29-96409 98 O 21-75278 80 

05 I 24-36638 01 I 10-58460 75 O 62-14436 40 O 41-55145 63 O 29-96410 00 

o-6 I 32-91640 89 I 14-23644 86 I 8-31960 39 O 55-35202 71 O 39-70763 42 
07 I 43-11009 22 I 18-57600 45 I 10-81296 23 I 7-16434 06 O 51-17177 80 
o-8 2 5-5I593 7° I 23-69029 03 I 13-74270 32 I 9-07289 37 I 6-45621 18 
09 2 6-92965 05 I 29-67452 76 I 17-16148 75 I 11-29397 40 I 8-01026 82 
10 2 8-57756 22 I 36-63275 41 I 21-12677 50 I 13-86364 58 I 9-80372 64 

b = o-6 0-7 o-8 0-9 10 
a t t t t t 

—10 O — 4-66666 67 O - 3-8571429 O — 3-25000 00 O - 2-77777 78 O — 2-40000 00 

-09 O - 5-12774 17 O - 4-1790043 O - 3-47624 42 O - 2-93605 97 O — 2-50868 63 

— o-8 O - 5-4689477 O - 4-40348 17 O - 3-62153 03 O - 3-0258204 O -2-55853 43 
-0-7 O - 5-6576608 O - 4-50574 84 O - 3-66645 82 O - 3-0315778 O -2-53697 29 

— o-6 O - 5-657io47 O - 4-45791 09 O - 3-5892991 O — 2-93604 20 O — 2-43000 27 

-05 O - 5-42599 69 O - 4-2287443 O - 3-36579 83 O — 2-71996 61 O — 2-22208 10 

-04 O - 4-9181436 O - 3-78341 27 O — 2-96896 69 O — 2-36198 81 O - 1-89599 84 

-03 O — 4-08204 21 O - 3-0831696 O - 2-36885 95 O — 1-83846 10 O - 1-43274 83 

— 0-2 O — 2-86043 14 O - 2-08503 84 O - 1-53233 73 O - 1-12327 39 O — 0-81138 88 

— OI O — 1-18982 30 O - 0-74147 38 O — 0-42281 63 O — 0-18766 14 O — 0-00889 42 

0-0 O 1 -ooooo 00 O i-ooooo 00 O 1 -ooooo 00 O i-ooooo 00 O 1-00000 00 

OI O 3-78651 62 O 3-19717 32 O 2-78040 50 O 2-47440 62 O 2-24296 41 

0-2 O 7-25503 31 O 5-91355 84 O 4-96699 12 O 4-27355 41 O 3-75024 92 

03 O 11-49929 00 O 9-21882 42 O 7-6I297 05 O 6-43898 40 O 5-55487 36 
0-4 O 16-62209 81 O 13-18925 59 O 10-77651 37 O 9-01603 54 O 7-69282 05 

0-5 O 22-73602 19 O 17-90824 26 O 14-52111 10 O 12-05411 94 O 10-20324 62 

o-6 O 29-96410 00 O 23-46679 62 O i8-9I595 40 O 15-60700 67 O 13-03140 67 

0-7 O 38-44060 97 O 29-96410 00 O 24-03634 01 O I9-733I3 11 O 16-51536 56 

o-8 O 48-31188 30 O 37-50808 93 O 29-96410 08 O 24-4959I 3i O 20-41329 11 

0-9 O 59-73716 04 O 46-21606 75 O 36-78805 04 O 29-96410 00 O 24-87666 91 

10 I 7-28895 08 O 56-21535 89 O 44-60447 61 O 36-21212 48 O 29-96410 00 
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H
 II 

'~
ri

 

10“ t FiO; b\ x] 

b = 01 0-2 0-3 0-4 o-5 

a t t t t t 

— IO 0 —34-00000 00 O — 16-50000 OO O — 10-66666 67 O — 7-75000 00 O — 6-00000 00 

-09 0 —42-09416 08 O - 19-85286 15 O — 12-52516 60 O — 8-91048 18 O — 6-77218 48 

-o-8 0 —49-16827 94 O — 22-72857 82 O - 14-08505 43 O — 9-86007 06 O -7-38504 7i 

-07 0 -54-77495 93 O -24-93683 8l O - 15-23724 28 O - 10-52776 43 O — 7-78888 76 

— o-6 0 -58-39780 50 O -26-25890 37 O - 15-85685 37 O - 10-83259 59 O -7-92724 03 

-0-5 0 -59-44449 41 O — 26-44481 71 O - 15-80169 74 O — 10-68269 32 O -7-73624 57 

-04 0 -57-2393° 36 O -25-21039 03 O —14-91064 10 O - 9-97427 01 O -7-14398 16 

-03 0 -51-01508 79 O -22-23397 79 O - 13-00185 40 O - 8-5905464 O -6-06974 53 

— 0-2 0 -39-90465 62 O - 17-15301 22 O - 9-87093 31 O - 6-40059 13 O -4-42328 76 

— OI 0 -22-93152 52 O — 9-56029 12 O — 5-28888 99 O - 3-25808 57 O -2-10399 19 

OO 0 1-00000 00 O 1-00000 00 O 1 -ooooo 00 O 1 -ooooo 00 O 1-ooooo 00 

OI 0 33-H545 19 O 15-03654 56 O 9-28049 72 O 6-55481 93 O 5-01272 30 

02 1 7-47815 75 O 33-11545 21 O 19-86885 66 O 13-60715 76 O 10-07138 46 

03 1 12-75184 96 O 55-86511 24 O 33-11545 18 O 22-37904 10 O 16-32742 67 

04 1 19-30127 25 I 8-39814 04 O 49-40757 52 O 33-H545 18 O 23-94765 68 

05 1 27-31310 58 I II-82332 36 I 6-91724 24 O 46-08615 63 O 33-11545 21 

06 1 36-99354 11 I 15-94684 57 I 9-28802 84 O 61-58764 98 O 44-03204 04 

07 1 48-56986 28 I 20-86201 73 I 12-10479 13 I 7-99452 28 O 56-91786 42 

o-8 2 6-22921 37 I 26-67134 49 I 15-42421 54 I 10-15151 89 I 7-20140 23 

09 2 7-84350 09 I 33-48724 72 I 19-30837 79 I 12-66871 77 I 8-95838 18 

10 2 9-72996 16 I 41-43281 55 I 23-82515 50 I 15-58866 62 I 10-99143 77 

b = o-6 07 o-8 09 10 

a t t t t t 

—10 0 - 4-83333 33 O — 4*00000 OO O - 3-375oo 00 O — 2-88888 89 O — 2-50000 00 

-09 0 - 5-36670 12 O - 4-37652 51 O - 3-64362 89 O — 3-08068 51 O — 2-63560 61 

-o-8 0 - 5-77436 52 O - 4-65079 37 O - 3-82715 47 O - 3-20038 33 O -2-70925 14 
-07 0 — 6-01982 28 O - 4-79504 86 O - 3-90390 29 O - 3-23069 74 O — 2-70690 86 
— 06 0 — 6-0617465 O - 4-77796 88 O - 3-84949 46 O - 3-1522443 O — 2-61289 54 

-05 0 - 5-85354 66 O - 4-56435 32 O — 3-63661 08 O - 2-94336 39 O -2-40973 47 
-04 0 - 5-34290 35 O — 4-11478 22 O - 3-23474 14 O - 2-57992 98 O — 2-07800 76 
-03 0 — 4-47126 80 O - 3-38525 70 O — 2-60991 74 O - 2-0351447 O —1-59619 62 
— 0-2 0 - 3-I7332 75 O — 2-32681 38 O — 1-72442 42 O - 1-27932 37 O — 0-94051 60 
— OI 0 - I-37643 46 O — 0-88511 28 O - 0-5364978 O — 0-27966 44 O — 0-08473 82 

OO 0 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1 -ooooo 00 

OI 0 4-04515 71 O 3-39495 99 O 2-93592 72 O 2-59946 04 O 2-34539 62 
02 0 7-85749 99 O 6-37298 04 O 5-32722 85 O 4-56241 06 O 3-98619 61 
0 3 0 12-54551 05 O 10-01458 20 O 8-23532 62 O 6-93674 11 O 5-96042 09 
0-4 0 18-22847 28 O 14-40815 45 O 11-72753 51 O 9-77485 32 O 8-30960 70 

o-5 0 25-03730 63 O 19-65055 5i O 15-87750 26 O I3-I3398 97 O 11-07906 12 

o-6 0 33-11545 18 O 25-84774 27 O 20-76567 72 O 17-07658 85 O 14-31813 15 
07 0 42-61981 23 O 33-11545 21 O 26-47980 44 O 21-67065 54 O 18-08049 21 
o-8 0 53-72175 20 O 41-57990 92 O 33-11545 18 O 26-99015 89 O 22-42444 77 
09 1 6-66081 60 O 51-37859 03 O 40-77656 88 O 33-11545 18 O 27-41325 27 
10 1 8-14825 71 O 62-66102 47 O 49-57607 50 O 40-13371 11 O 33-11545 20 
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#=3-6 i° 11 Fx[a\ b\ x] 

b = OI 0-2 03 0-4 05 
a t t t t t 

10 0 — 35-00000 00 O — I7-00000 OO O — 1 i-ooooo 00 O — 8-00000 00 O — 6-20000 00 
09 0 -44-06895 90 O — 20-76720 54 O -13-09564 28 O - 9-3I446 11 O — 7-07960 36 
o-8 0 — 52-08501 27 O — 24-04010 15 O — 14-88101 48 O - 10-40925 71 O -7-79291 83 
07 0 -58-54652 63 O -26-60550 74 O — 16-23402 84 O — 11-20499 47 O — 8-28441 68 
o-6 0 -62-87154 36 O — 28-21718 05 O -17-01424 83 O — 11-61070 90 O — 8-49072 01 

05 1 - 6-43894 38 O -28-59245 58 O — 17-06106 20 O — 11-52273 66 O -8-33984 76 
04 0 -62-33192 61 O — 27-40862 36 O — 16-19171 56 O — 10-82350 28 O -7-75041 29 
03 0 -55-82336 25 O -24-29903 50 O - 14-19920 35 O — 9-38022 10 O -6-63075 99 
0-2 0 -43-87031 79 O - 18-84891 33 O — 10-84999 66 O - 7-04349 50 O -4-87803 78 
01 0 -25-35035 9i O - 10-59085 41 O — 5-88161 16 O - 3-6458244 O -2-37721 14 

00 0 1*00000 00 O 1*00000 00 O 1-000000 00 O 1 -ooooo 00 O 1*00000 00 

01 0 36-59823 46 O 16-51113 96 O 10-12324 61 O 7-10261 00 O 5-39625 46 
02 1 8-30296 81 O 36-59823 41 O 21-85388 65 O 14-89389 53 O 10-96979 96 

0-3 i 14-20624 06 O 61-99107 17 O 36-59823 41 O 24-63096 37 O 17-89576 32 
04 1 21-56631 30 I 9-34999 13 O 54-80657 48 O 36-59823 44 O 26-36753 48 

o-5 1 30-60142 62 I 13-20222 86 I 7-69768 23 O 51-10967 29 O 36-59823 42 

o-6 1 41-55321 26 I 17-85502 47 I 10-36584 22 I 6-85111 74 O 48-82228 26 
07 2 5-46886 42 I 23-41781 19 I I3-54565 04 I 8-91831 02 O 63-29706 75 
o-8 2 7-03021 02 I 30-01107 91 I 17-30363 36 I II-35429 98 I 8-03047 23 
09 2 8-87176 18 I 37-76724 95 I 21-71280 34 I 14-20484 61 I 10-01540 20 
10 2 11-02912 21 I 46-83162 47 I 26-85316 11 I 17-52002 11 I 12-31823 75 

b = o-6 0-7 o-8 0-9 10 
a f t t t t 

10 0 — 5-00000 00 O - 4-14285 71 O — 3-50000 00 O — 3-00000 00 O — 2-60000 00 
09 0 - 5-61191 63 O - 4-57878 09 O - 3-8146971 O — 3-22824 01 O -2-76489 83 

o-8 0 — 6-09240 65 O - 4-90763 71 O — 4-04017 60 O - 3-38081 42 O — 2-86470 89 

07 0 — 6-40071 91 O — 5-09846 02 O - 4-15227 37 O - 3-43846 52 O -2-88381 53 

o-6 0 — 6-49050 90 O - 5-11615 69 O - 4-1236972 O - 3-37950 98 O — 2-80468 70 

o-5 0 - 6-30931 34 O — 4-92112 63 O - 3-92374 14 O - 3-1796245 O -2-60771 45 

04 0 - 5-79799 16 O - 4-46885 54 O - 3-5179876 O — 2-81161 79 O — 2-27103 18 

03 0 — 4-89012 29 O - 3-7094842 O — 2-86798 21 O - 2-24518 52 O —1-77032 82 

0-2 0 - 3-51136 35 O - 2-5873422 O — 1-93089 18 O — 1-44664 88 O - 1-07864 73 

OI 0 - I-57875 72 O — 1-04045 22 O - 0-65913 71 O - 0-37867 94 O — 0-16617 29 

OO 0 1-00000 00 O 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 0 4-32734 64 O 3-61023 OI O 3-10479 40 O 2-73492 94 O 2-45610 72 

02 0 8-51669 42 O 6-87445 88 O 5-71952 10 O 4-87624 92 O 4-24197 47 

0-3 0 13-69332 38 O 10-88555 46 O 8-91493 26 O 7-47905 64 O 6-40129 25 

04 0 19-99534 00 O I5-7457I 80 O 12-76876 11 O 10-60378 60 O 8-98190 76 

05 0 27-57468 74 O 21-56721 04 O 17-36625 64 O 14-31661 48 O 12-03613 28 

o-6 0 36-59823 44 O 28-47312 99 O 22-80075 57 O 18-68989 12 O 15-62107 74 

07 0 47-24892 48 O 36-59823 43 O 29-17429 13 O 23-80259 09 O 19-79899 50 

o-8 0 59-72700 42 O 46-08982 11 O 36-59823 44 O 29-74080 15 O 24-63765 53 

09 1 7-42513 24 O 57-10865 37 O 45-19397 68 O 36-59823 40 O 30-21073 51 

10 1 9-10607 24 O 69-82995 27 O 55-09365 96 O 44-47676 96 O 36-59823 44 
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a=3*7 i°_/lF^a; b; x] 

b = OI 0-2 03 0-4 OS 
a t t t t 

— IO o — 36-00000 00 O — 17-50000 OO O - n-33333 33 O — 8-25000 00 O — 6-40000 00 

-o-9 o — 46-12969 66 O — 21-71766 78 O — 13-68660 02 O - 9-7316423 O — 7-39618 48 

-o 8 o -55-17801 37 O -25-42550 64 O - 15-71875 75 O - 10-98530 64 O -8-21938 44 

-o-7 o -62-58364 65 O — 28-38520 60 O - 17-29344 99 O —11-92239 67 O — 8-80768 66 

— o 6 I — 6-76920 39 O -30-32010 55 O - 18-25305 81 O — 12-44091 94 O -9-09009 53 

-o-5 I - 6-97453 80 O — 30-91117 20 O — 18-41651 19 O - 12-42413 48 O -8-98563 48 

-04 I — 6-78718 08 O -29-79265 37 O -I7-57693 47 O - 11-73910 45 O — 8-40238 72 

-03 o -61-07373 90 O -26-54739 96 O - 15-49910 79 O — 10-23512 96 O -7-23645 56 

-02 o -48-21530 18 O — 20-70181 01 O - 11-91673 83 O — 7-74207 16 O -5-37085 33 

— or o — 28-00877 46 O — 11-72040 82 O - 6-52952 39 O - 4-06854 83 O — 2-67431 16 

o o o 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1*00000 00 

O'I o 40-44730 42 O 18-13659 99 O 11-04984 40 O 7-70338 69 O 5-81584 22 

0-2 I 9-21684 04 O 40-44730 41 O 24-04219 47 O 16-30890 19 O n-95537 24 
o-3 I 15-82156 56 I 6-87779 75 O 40-44730 45 O 27-11369 15 O 19-62071 26 

o-4 I 24-08779 16 I 10-40701 67 O 60-78765 36 O 40-44730 43 O 29-03562 55 

OS I 34-27013 70 I I4-73694 23 I 8-56424 10 O 56-67441 40 O 40-44730 43 

o 6 I 46-65118 27 I 19-98341 44 I 11-56521 95 I 7-61977 27 O 54-12828 49 
o-7 2 6-15438 59 I 26-27450 96 I 15-15241 66 I 9-94610 90 I 7-03784 83 
o-8 2 7-92940 01 I 33-75I55 25 I I9-40374 73 I 12-69528 00 I 8-95273 70 
o-9 2 10-02830 75 I 42-57020 32 I 24-40490 45 I 15-92091 37 I 11-19362 89 
IO 2 12-49311 00 I 52-90161 26 I 30-24997 87 I 19-68181 42 I 13-80009 15 

a 
b = 

t 

o-6 
t 

0-7 
t 

08 
t 

0-9 
t 

10 

—10 O — 5-16666 67 0 - 4-28571 43 O — 3-62500 00 O — 3-11111 11 O — 2-70000 00 
-0-9 O — 5-86381 10 0 - 4-78608 34 O — 3-98968 48 O - 3-37890 64 O -2-89670 57 
-o-8 O - 6-42396 91 0 - 5-1746702 O — 4-26109 08 O - 3-56749 63 O -3-02520 79 
-0-7 O — 6-80173 89 0 - 5-41700 16 O - 4-41233 75 O - 3-65547 21 O -3-06815 64 
— o-6 O - 6-94525 26 0 - 5-47383 63 O - 4-4I293 14 O — 3-61862 69 O -3-00599 56 

-05 O - 6-79555 09 0 - 5-30071 19 O — 4-22842 92 O — 3-42970 06 O — 2-81676 64 
-04 O — 6-28591 14 0 — 4-84746 12 O — 3-82007 90 O - 3-05810 69 O -2-47589 59 
-03 O - 5-3411292 0 - 4-05769 19 O - 3-14443 48 O — 2-46964 19 O - 1-95597 20 
— 0-2 O - 3-8767425 0 — 2-86822 97 O - 2-1529439 O — 1-62617 14 O — 1-22650 26 
— 01 O - 1-79820 55 0 — 1-20852 20 O - 0-79150 57 O - 0-48529 69 O -0-25365 88 

0-0 O 1*00000 00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O i-ooooo 00 

O-I O 4-6353132 0 3-84460 37 O 3-28821 64 O 2-88173 87 O 2-5758i 79 
0-2 O 9-23811 04 0 7-42198 40 O 6-14684 82 O 5-21734 49 O 4-5I935 44 
O-3 O 14-95278 89 0 11-83904 10 O 9-65723 45 O 8-07008 32 O 6-88071 62 
04 O 21-93892 74 0 17-21371 08 O 13-90896 10 O 11-50951 73 O 9-71491 11 
o-5 O 30-37252 19 0 23-67585 14 O 19-00051 14 O 15-61200 10 O 13-08222 25 

o-6 O 40-44730 41 0 31-36818 47 O 25-03996 16 O 20-46119 91 O 17-04861 04 
0-7 O 52-37614 90 0 40-44730 44 O 32-14571 81 O 26-14864 34 O 21-68613 49 
0-8 I 6-63925 71 0 51-08474 33 O 40-44730 41 O 32-77432 18 O 27-07340 79 
09 I 8-27523 21 0 63-46811 15 O 50-08619 27 O 40-44730 40 O 33-29607 09 
10 I 10-17350 84 I 7-78023 12 O 61-21669 90 O 49-28640 92 O 40-44730 44 
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I0~ t F 
ix i[«; b; x] 

0
0

 
CO

 
II H

 

b = 01 0-2 03 04 o-5 
a t t t t t 

IO 0 —37-00000 00 O — 18-00000 00 0 — n-66666 67 O — 8-50000 00 O — 6-6oooo 00 
09 0 -48-28317 53 O — 22-70702 52 0 - 14-29956 75 O — 10-16298 33 O -7-72257 41 
o-8 0 -58-4617918 O — 26-89070 91 0 - 16-60153 58 O - 11-59025 22 O — 8-66581 44 

o-7 1 — 6-69089 74 O -30-28515 67 0 —18-42057 28 O - 12-68313 33 O — 9-36082 32 
o-6 1 - 7-28898 57 O -32-58010 65 0 - 19-58010 01 O -13-32747 92 O — 9-72822 05 

0 5 1 - 7-55496 59 O -33-41612 93 0 -19-87635 56 O -13-39206 38 O — 9-67707 88 
04 1 - 7-39007 44 O -32-37943 54 0 -19-07557 62 O — 12-72684 84 O -9-10377 21 
03 1 — 6-68086 40 O -28-99625 94 0 —16-91096 34 O — 11-16111 22 O -7-89074 04 
02 0 -52-97692 33 O — 22-72680 41 0 - 13-07940 47 O - 8-5014403 O -5-90515 65 
OI 0 -30-93089 95 O - 12-95870 74 0 - 7-23794 76 O - 4-52955 75 O — 2-99749 62 

OO 0 1 -ooooo 00 O 1-ooooo 00 0 1*00000 00 O 1-ooooo 00 O 1-ooooo 00 

OI 0 44-70118 48 O 19-92846 92 0 12*06875 21 O 8-36238 69 O 6-27497 62 
02 1 10-22933 22 O 44-70118 43 0 26-45473 25 O 17-86513 30 O 13-03672 99 
03 1 17-61543 01 I 7-62967 17 0 44-70118 45 O 29-85102 33 O 21-51810 73 
04 1 26-89428 42 I 11-58071 31 1 6-74132 23 O 44-70118 47 O 31-97753 36 
05 1 38-36238 38 I 16-44480 71 1 9-52632 53 O 62-83838 87 O 44-70118 49 

o-6 2 5-23495 57 I 22-35695 72 1 12-89967 65 I 8-47305 92 O 60-00530 67 

07 2 6-92218 85 I 29-46676 56 1 16-94385 52 I 11-08947 18 I 7-82387 02 
08 2 8-93848 3i I 37-93967 25 1 21-74993 44 I 14-19006 98 I 9-97853 75 
09 2 11-32865 81 I 47-95828 35 1 27-41829 14 I I7-83757 93 I 12-50673 60 
10 2 14-14216 33 I 59-72379 00 1 34-05936 55 I 22-10092 00 I I5-45477 42 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

10 0 - 5-33333 33 O - 4-42857 14 0 — 3-75000 00 O — 3-22222 22 O — 2-80000 00 

09 0 — 6-12284 24 O — 4-99876 80 0 — 4-1688446 O - 3-53287 93 O — 3-03118 20 

o-8 0 — 6-77002 08 O - 5-45260 27 0 - 4-49043 38 O — 3-76084 16 O -3-19107 17 

07 0 - 7-22438 39 O - 5-75I77 22 0 — 4-68492 21 O - 3-88235 50 O -3-26043 14 

o-6 0 - 7-42799 15 O - 5-85247 95 0 - 4-7183040 O - 3-87044 66 O -3-21748 73 

05 0 - 7-3147049 O - 5-70489 62 0 - 4-55201 54 O - 3-69462 17 O -3-03769 56 

04 0 - 6-8093851 O - 5-25258 58 0 - 4-14250 52 O - 3-32053 93 O -2-69349 23 

03 0 - 5-82703 41 O - 4-43188 25 0 - 3-44077 57 O — 2-70966 42 O — 2-15402 46 

0-2 0 — 4-27186 83 O — 3-17122 61 0 — 2-39189 02 O — 1-81889 40 O - 1-38486 34 

OI 0 - 2-03632 56 O - 1-3904469 0 - 0-9344442 O — 0-60016 00 O — 0-34769 66 

OO 0 1-00000 00 O 1-ooooo 00 0 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 0 4-97150 16 O 4-09985 51 0 3-48751 85 O 3-04089 83 O 2-70531 32 

02 0 10-02778 36 O 8-01993 24 0 6-61247 35 O 5-58818 56 O 4-82026 70 

03 0 16-33497 17 O 12-88305 86 0 10-46820 46 O 8-71437 10 O 7-40222 21 

04 0 24-07711 59 O 18-82507 65 0 i5"i5776 80 O 12-49937 90 O 10-51430 18 

05 0 33-45768 80 O 25-99591 81 0 20-79472 46 O 17-03114 13 O 14-22584 67 

o-6 0 44-70118 43 O 34-56074 74 0 27-50398 06 O 22-40622 90 O 18-61289 61 

07 0 58-05483 38 O 44-70118 48 0 35-42268 55 O 28-73052 56 O 23-75870 49 

o-8 1 7-37904 24 O 56-61660 32 0 44-70118 43 O 36-11994 30 O 29-75428 92 

09 1 9-22062 46 I 7-05255 22 0 55-50403 73 O 44-70118 43 O 36-69900 87 

10 1 11-36291 68 I 8-66670 80 1 6-8oi 11 01 O 54-61255 32 O 44-70118 45 
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x=3‘9 10 ~t xFx[a\ b\ x] 

01 0-2 03 0-4 05 
a t t t t t 

—10 O — 38-00000 00 O — 18-50000 OO O — 12-00000 OO O — 8-75000 00 O — 6-8oooo 00 

-09 O -50-53678 24 O -23-73828 79 O - I4-93625 25 O — 10-60951 82 O - 8-05946 76 

-o-8 O -61-95213 51 O -28-44213 30 O - I7-53287 69 O — 12-22629 65 O - 9-13368 86 

-07 I - 7-15471 97 O -32-3I539 44 O — 19-62089 98 O -13-49063 51 O - 9-94613 00 
— o-6 I - 7-84983 74 O -35-01073 13 O — 21-00279 51 O - 14-27500 87 O — 10-40819 43 

-05 I — 8-1843128 O -36-12389 15 O -21-44965 36 O - I4-432I5 87 O - io-4i795 29 
-04 I - 8-04645 47 O -35-18751 83 O — 20-69777 67 O - I3-79303 13 O - 9-85877 99 
-03 I - 7-30746 39 O -31-66445 32 O - 18-44505 24 O - 12-16454 92 O - 8-59787 79 

— 0-2 O —58-1962182 O -24-94047 70 O -I4-34703 64 O - 9-32720 51 O — 6-48468 81 

— OI O -34-1433124 O - 14-31647 99 O — 8-01272 59 O - 5-03247 03 O - 3-349I7 81 

OO O 1-00000 00 O I-ooooo 00 O 1-ooooo 00 O 1*00000 00 O 1-ooooo 00 

OI O 49-40244 89 0 21-90389 74 O 13-18929 23 O 9-08537 II O 6-77749 06 
02 I 11-35102 21 0 49-40244 86 O 29-11461 83 O 19-57686 29 O 14-22336 24 
03 I 19-60735 24 I 8-46257 74 O 49-40244 89 O 32-86922 13 O 23-60539 22 
0-4 I 30-0I75I 94 I 12-88382 58 I 7-47523 65 O 49-40244 90 O 35-22151 47 

o-5 I 42-92614 44 I 18-34507 81 I 10-59436 22 I 6-96658 03 O 49-40244 91 

o-6 2 5-87174 96 I 25-00338 53 I 14-38421 88 I 9-42020 85 I 6-65145 10 
07 2 7-78190 41 I 33-03317 14 I 18-94082 89 I 12-36122 32 I 8-69626 18 
08 2 10-07052 57 I 42-62774 55 I 24-37044 94 I 15-85602 38 I I I-11935 21 
09 2 12-79017 21 2 5-40009 20 I 30-79043 80 I 19-97784 09 I 13-96992 35 
10 2 15-99894 90 2 6-73887 46 I 38-33017 82 I 24-80729 92 I 17-30207 13 

b = o-6 0-7 o-8 0-9 10 
a £ t t t t 

— IO 0 — 5-50000 00 O - 4-57I42 86 O - 3-87500 00 O - 3-33333 34 O — 2-90000 00 
-09 0 - 6-38950 29 O - 5-21719 55 O - 4-35244 85 O — 3-69036 80 O - 3-16849 12 
-o-8 0 — 7-13160 67 O - 5-74219 94 O - 4-72878 05 O - 3-96129 25 O - 3-3626472 
-07 0 — 7-67027 80 O - 6-10395 92 O - 4-97091 95 O - 4-ii979 92 O - 3-4611765 
— o-6 0 - 7-94090 77 O - 6-25367 98 O — 5-04101 10 O - 4-13588 65 O - 3-43987 92 

-05 0 - 7-86943 03 O - 6-13561 56 O - 4-89595 19 O - 3-97550 10 O - 3-27137 IO 

-0-4 0 - 7-37I37 32 O - 5-68638 55 O — 4-48688 12 O - 3-60015 19 O — 2-92478 58 
-0-3 0 - 6-35083 11 O - 4-83423 4i O - 3-7S863 42 O — 2-96649 85 O - 2-36545 72 
-0-2 0 - 4-69936 38 O - 3-49823 84 O - 2-64915 58 O - 2-02590 58 O - 1-55457 75 
— OI 0 — 2-29480 77 O - 1-5874543 O — 1-08886 90 O — 0-72396 82 O - 0-44883 05 

OO 0 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1*00000 00 

OI 0 5-33859 23 O 4-37792 73 O 3-70414 81 O 3-21351 18 O 2-84544 98 
02 0 10-89234 35 O 8-67310 49 O 7-11997 09 O 5-99149 23 O 5-14682 30 
0-3 0 17-85204 73 O 14-02641 58 O n-35439 50 O 9-41690 39 O 7-96967 17 
04 0 26-42960 70 O 20-59405 65 O 16-52576 67 O 13-58141 5i O 11-38630 77 
0-5 0 36-85984 67 O 28-54883 25 O 22-76480 33 O 18-58611 53 O 15-47634 88 

o-6 0 49-40244 86 O 38-08154 10 O 30-21560 80 O 24-54227 64 O 20-32730 23 
07 1 6-43440 26 O 49-40244 89 O 39-03675 54 O 31-57216 66 O 26-03518 55 
o-8 1 8-20003 36 O 62-74287 50 O 49-40244 86 O 39-80991 80 O 32-70518 86 
09 1 10-27186 47 I 7-83568 70 O 61-50375 28 O 49-40244 86 O 40-45237 85 
1*0 I 12-68802 63 I 9-65230 18 I 7-55499 11 O 60-51045 03 O 49-40244 90 
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10 1 b\ x] 

b = 01 0-2 03 0-4 

a t t t t t 

10 0 — 39-00000 00 O — I9-00000 OO O - 12-33333 33 O — 9-00000 00 0 

0-9 0 -52-89854 09 O — 24-81471 94 O - 15-59828 84 O - 11-07236 54 0 

o-8 I — 6-56662 16 O — 30-08675 62 O — 18-51660 69 O — 12-89582 41 0 

0-7 I - 7-65252 34 O -34-48684 14 O — 20-90041 10 O - 14-34862 52 0 

o-6 I - 8-45540 44 O -37-62675 33 O — 22-52922 15 O - 15-28853 03 0 

05 I — 8-86704 80 O -39-05254 90 O — 23-14628 84 O - I5-55055 54 0 

04 I - 8-7613425 O -38-23720 48 O — 22-45461 21 O - I4-94452 35 0 

0-3 I - 7-99228 74 O -34-57263 42 O — 20-11262 98 O - 13-25241 43 0 

0-2 I - 6-39183 18 O -27-36103 63 O - 15-72954 47 O — 10-22550 10 0 

o-i 0 -37-67529 28 O - 15-80552 56 O - 8-86027 55 O - 5-58125 38 0 

0-0 0 1*00000 00 O 1*00000 00 O 1-00000 00 O 1-00000 00 0 

01 0 54-59815 00 O 24*08180 76 O 14-42173 48 O 9-87867 70 0 

0-2 I 12-59362 09 O 54-59815 00 O 32-04736 48 O 21-45981 83 0 

0 3 I 21-81897 16 I 9-38520 07 O 54-59815 00 O 36-19726 52 0 

0-4 I 33-49272 51 I 14-33048 29 I 8-28815 42 O 54-59815 00 0 

0-5 I 48-01476 72 I 20-45913 07 I 11-77991 06 I 7-72277 22 0 

o-6 I 65-83201 79 I 27-95353 07 I 16-03550 40 I io-47i45 33 I 

0-7 2 8-74427 44 I 37-01669 32 I 21-16653 18 I 13-77559 90 I 

o-8 2 11-34011 95 I 47-87409 19 I 27-29674 80 I 17-71243 26 I 

0-9 2 14-43226 11 I 60-77563 14 I 34-56312 15 I 22-36729 90 I 

10 2 18-08884 85 2 7-59977 65 I 43-11695 71 I 27-83434 69 I 

b = o-6 0-7 o-8 0-9 

a t t t t t 

10 O — 5-66666 67 O - 4-71428 57 O — 4-00000 00 O - 3-44444 44 0 

0-9 O — 6-66432 27 O - 5-44I75 4i O - 4'54078 84 O - 3-85I59 75 0 

o-8 O - 7-50985 55 O — 6-04428 52 O - 4-97675 07 O - 4-16932 54 0 

0-7 O — 8-14117 88 O - 6-47484 53 O — 5-27129 21 O - 4-36854 33 0 

o-6 O - 8-48636 63 O — 6-67916 15 O - 5-3823450 O - 4-4I593 73 0 

o-5 O — 8-46261 03 O - 6-59496 95 O — 5-26181 06 O - 4-27354 17 0 

0-4 O - 7-97509 54 O — 6-15120 28 O - 4-85495 9i O - 3-8982845 0 

03 O - 6-91578 17 O — 5-26711 67 O - 4-09978 13 O - 3-2414977 0 

0-2 O — 5-16209 26 O - 3-85i34 5i O — 2-92629 19 O - 2-24839 05 0 

o-i O - 2-57549 99 O — 1-80088 43 O - 1-25577 95 O - 0-85748 33 0 

o-o O 1-00000 00 O i-ooooo 00 O 1-00000 00 O 1*00000 00 0 

o-i O 5-73952 55 O 4-68094 78 O 3-93968 86 O 3-40078 42 0 

0-2 O 11-83907 31 O 9-38676 77 O 7-67325 58 O 6-43024 17 0 

03 O I9-5I74I °6 O 15-27878 98 O 12-32299 40 O 10-18314 18 0 

0-4 O 29-01811 05 O 22-53632 12 O 18-02458 70 O 14-76445 22 0 

05 O 40-61173 02 O 31-35820 10 O 24-92825 19 O 20-29019 73 0 

o-6 O 54-59815 00 O 41-96446 90 O 33-19996 36 O 26-88837 50 0 

0-7 I 7-13090 76 O 54-59815 00 O 43-02276 19 O 34-69993 83 0 

o-8 I 9-11107 21 I 6-95271 64 O 54-59815 00 O 43-87983 96 0 

09 I 11-44066 71 I 8-70463 66 I 6-81475 87 O 54-59815 00 0 

10 I 14-16409 54 I 10-74797 24 I 8-39140 82 I 6-70412 50 0 

171 

A = 4’0 

05 

— 7-00000 00 
— 8-40761 69 
— 9-62460 70 
— 10-56610 23 
-11-13337 91 

— 11-21236 11 
— 10-67199 94 
— 9-36252 11 

— 7-ii353 67 

— 3-73I99 87 

1-00000 00 

7-32759 68 

15-52571 11 
25-90178 86 
38-79874 87 
54-59815 00 

7-37235 87 
9-66443 28 

12-38792 20 
15-60008 55 
19-36400 48 

10 

- 3-00000 00 

- 3-3088093 

- 3-5403068 

- 3-67096 91 

- 3-67394 52 

- 3-5i873 13 

- 3-17082 00 

- 2-59132 27 

- 1-73656 52 

- 0-55765 20 

1*00000 00 

2*99716 16 

5-50132 78 

8-58729 04 

12-33775 26 

16-84398 37 

22-20652 06 

28-53591 60 

35-95353 64 

44-5924I 30 
54-59815 00 
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#=4‘ I 10 1^1 [«; b; x] 

1 b = 01 0-2 03 0-4 05 
a t t t t t 

—10 0 —40-00000 00 O — 19-50000 OO O —12-66666 67 O — 9-25000 00 O — 7-20000 00 

-09 0 -55-37715 96 O -25-93986 OO O — 16-28777 31 O - 11-55273 39 O - 8-76783 32 

— 08 1 — 6-96227 29 O — 31-83216 28 O - 19-55687 62 O — 13-60141 80 O — 10-14030 10 

-07 1 — 8-18724 30 O -36-81138 77 O — 22-26560 75 O - 15-26114 39 O — 11-22344 42 

— 06 1 — 9-10966 79 O — 40-44428 46 O — 24-16817 66 O -16-3735° 66 O - 11-90742 56 

-o-5 1 — 9-60806 27 O — 42-22187 13 O -24-97703 99 O -i6-75393 99 O — 12-06476 66 

-04 1 - 9-5402416 O ~4I"55°7I 28 O -24-35818 54 O — 16-18882 13 O -11-54843 03 

-o-3 1 - 8-74094 94 O -37-74344 46 O — 21-92601 58 O - 14-43233 00 O —10-18974 80 

— 0-2 1 — 7-01928 63 O — 30-00847 70 O -17-23779 78 O — 11-20304 46 O — 7-79617 27 

— OI 0 -41-55909 72 O - 17-43882 39 O - 9-78764 39 O - 6-18025 93 O - 4-14885 07 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 0 60-34028 73 O 26-48308 28 O 15-77739 57 O 10-74927 68 O 7-92992 10 
02 1 13-97008 95 O 60-34028 71 O 35-28112 22 O 23-53132 92 O 16-95526 37 
03 1 24-27427 35 I 10-40715 59 O 60-34028 79 O 39-86713 52 O 28-42847 72 
04 1 37-35901 07 I I5-93634 58 I 9-18853 83 O 60-34028 75 O 42-74364 36 

05 2 5-36875 63 I 22-81069 73 I 13-09578 24 I 8-56028 00 O 60-34028 74 

o-6 2 7-37788 67 I 31-24167 34 I 17-87202 27 I 11-63813 52 I 8-17074 58 
07 2 9-82127 57 I 41-46516 80 I 23-64674 4i I i5'3484° 00 I 10-73881 21 
o-8 2 12-76355 83 2 5-37437 32 I 30-56384 52 I 19-78073 88 I 13-79838 74 
09 2 16-27662 67 2 6-83689 63 I 38-78291 05 I 25-03444 79 I 17-41599 90 
10 2 20-44027 95 2 8-56640 75 I 48-48058 21 I 31-21928 55 I 21-66508 36 

a 
b = 

t 

o*6 
t 

0-7 
t 

o-8 
t 

09 
t 

10 

—10 0 - 5-83333 33 O - 4"857i4 28 O — 4-12500 00 O - 3-55555 56 O — 3-10000 00 
-0-9 0 - 6-94787 39 O — 5-67286 16 O - 4-734I7 84 O — 4-01680 86 O - 3-45232 50 
— o-8 0 - 7-90598 60 O - 6-35974 94 O - 5-23501 16 O - 4-38545 21 O - 3-72445 07 
-07 0 - 8-6389877 O — 6-86581 65 O - 5-58707 90 O - 4-62938 35 O - 3-89043 03 
— o-6 0 — 9-0669317 O - 7-13079 15 O - 5-7437o 32 O - 4-71166 85 O - 3-92051 87 

-0-5 0 - 9-0973761 O - 7-08523 49 O - 5-65129 38 O - 4-59004 54 O - 3-78078 99 
-0-4 0 - 8-62405 55 O - 6-64958 27 O - 5-24863 92 O — 4-21638 86 O - 3-4327240 
-0-3 0 - 7-5254402 O - 5-733IO 96 O — 4-4661408 O - 3-5361297 O - 2-83276 15 
— 0-2 0 — 5-66318 00 O - 4-23281 17 O - 3-2249871 O - 2-48763 52 O - 1-9318253 
— OI 0 — 2-88042 26 O — 2-03219 99 O - 1-4362649 O - 1-0015348 O - 0-67480 43 

00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 0 6-17752 64 O 5-01124 85 O 4-19587 26 O 3-60403 18 O 3-16146 81 
0-2 0 12-87597 33 O 10-16669 81 O 8-27661 75 O 6-90769 05 O 5-88630 04 
0-3 0 21-34580 07 O 16-65081 39 O 13-38188 88 O 11-01906 79 O 9-25970 20 
0-4 0 31-86654 96 O 24-66911 41 O 19-66700 79 O 16-05817 57 O I3-376II 52 
05 0 44-74946 09 O 34-45003 80 O 27-30433 38 O 22-15797 41 O 18-34000 52 

o-6 0 60-34028 64 O 46-24694 91 O 36-48473 22 O 29-46547 i7 O 24-26669 84 
0-7 1 7-90223 08 O 60-34028 71 O 47-41914 71 O 38-14290 36 O 31-28328 32 
o-8 1 10-12195 66 I 7-70398 66 O 60-34028 64 O 48-36899 09 O 39-52956 75 
0-9 1 12-74003 32 I 9-66873 38 I 7-55044 25 O 60-34028 63 O 49-15910 44 
i-o 1 15-80808 08 I 11-96588 34 I 9-3I933 24 I 7-42726 17 O 60-34028 76 
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10" iFx[a\ b; x] x=4-^ 

b = o-i 0-2 0-3 0-4 OS 
a t t t t t 

IO O — 41-00000 00 O — 20-00000 OO O — 13*00000 OO O — 9-50000 00 O — 7-40000 00 
09 O -57-98210 54 O -27-II754 71 O -17-00675 59 O - 12-05193 13 O — 9-14099 24 
o-8 I - 7-38420 15 O -33-68659 24 O — 20-65818 96 O - I4-34587 78 O — 10-68264 41 
07 I — 8-76207 89 O -39-30I97 93 O -23-72355 54 O - 16-23257 69 O — 11-92108 73 
o-6 I — 9-81697 80 O -43-48090 09 O -25-92924 24 O - I7-53587 62 O - 12-73429 91 

O’S I — 10-41270 93 O -45-65345 86 O -26-95367 09 O - 18-04959 41 O — 12-98002 54 
04 I - 10-38918 57 O -45-15236 37 O -26-42172 53 O - 17-53410 60 O - 12-49352 15 
03 I - 9-5596i 62 O — 41-20171 09 O — 23-89869 91 O — 15-71262 89 O — 11-08510 24 
0-2 I - 7-70744 56 O -32-90475 93 O -18-88371 45 O — 12-26719 12 O - 8-53748 38 
OI O -45-83026 37 O —19-23065 28 O —10-80257 20 O - 6-83425 88 O — 4-60290 23 

OO O 1-00000 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

o-i I 6-66863 31 O 29-13076 57 O 17-26874 26 O 11-70484 18 O 8-58954 58 
02 I 15-49477 50 I 6-66863 31 O 38-84695 70 O 25-81049 02 O 18-52466 00 

0-3 I 26-99984 80 I 11-53908 42 I 6-66863 31 O 43-9I4I2 31 O 31-20879 72 
04 I 41-65979 22 I 17-71877 38 I 10-18575 56 I 6-66863 31 O 47-09417 38 
05 2 6-00104 71 I 25-42611 74 I 14-55617 83 I 9-48780 87 I 6-66863 31 

o-6 2 8-26535 09 I 34-90591 39 I 19-91429 79 I 12-93282 48 I 9-05490 39 
07 2 11-02625 97 I 46-43184 07 I 26-41012 47 I 17-09716 38 I 11-93095 81 
o-8 2 14-35902 85 2 6-03091 39 I 34-21071 35 I 22-08477 34 I 15-36644 25 
09 2 i8-34753 16 2 7-68775 09 I 43-50170 85 I 28-01100 06 I I9-43853 13 
10 2 23-08505 06 2 9-65142 21 I 54-48899 72 I 35-00359 55 I 24-23258 12 

b = o-6 0-7 o-8 09 IO 
a £ t t t t 

10 O — 6-00000 00 O — 5-00000 00 O — 4-25000 00 O — 3-66666 67 O — 3-20000 OO 

09 O - 7-24077 31 O — 5-91096 81 O - 4-93295 61 O — 4-18626 04 O - 3-59924 07 
o-8 O — 8-32131 51 O - 6-68955 19 O - 5-50428 25 O — 4-61022 39 O - 3-9155091 

07 O - 9-16576 33 O - 7-27837 11 O - 5-9i94o 11 O - 4-90317 75 O — 4-12022 92 
o-6 O - 9-68538 42 O - 7-61059 13 O — 6-12659 68 O - 5-02423 51 O - 4-18049 93 

05 O — 9-77712 90 O — 7-60888 21 O — 6-06624 60 O — 4-92642 04 O — 4-05864 22 

04 O — 9-32206 61 O — 7-18429 08 O - 5-66998 47 O - 4-55603 72 O — 3-71172 OI 
0-3 O — 8-18368 19 O - 6-23502 03 O - 4-85980 47 O - 3-8519880 O — 3-09101 09 

0-2 O — 6-20603 91 O - 4-6451087 O - 3-54708 00 O - 2-74503 89 O - 2-I4I44 32 

01 O - 3-21178 56 O — 2-28299 93 O - 1-63151 33 O - 1-1570258 O — 0-80098 73 

OO O 1 -ooooo 00 O I-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O I-ooooo 00 

o-i O 6-65613 38 O 5-37138 24 O 4-47459 49 O 3-82469 27 O 3-33948 05 

02 O 14-01183 57 O 11-01923 50 O 8-93475 58 O 7-42740 20 O 6-30449 28 

0-3 O 23-35343 61 O 18-15417 14 O 14-53973 43 O II-93I23 82 O 9-99196 54 
04 O 35-00128 77 O 27-01141 07 O 21-46707 37 O I7-4732I 50 O I4-50959 11 

OS O 49-31290 42 O 37-85301 12 O 29-91424 94 O 24-20547 8l O 19-97676 39 

o-6 I 6-66863 30 O 50-97027 73 O 40-10042 42 O 32-29662 IO O 26-52558 22 

07 I 8-75637 69 I 6-66863 31 O 52-26833 87 O 4I-93309 58 O 34-30192 51 

o-8 I 11-24354 69 I 8-53588 86 I 6-66863 30 O 53-32072 79 O 43-46660 20 

09 I 14-18439 08 I 10-73832 14 I 8-36505 05 I 6-66863 3i O 54-19658 73 

10 I 17-63882 62 I I3-3I953 16 I 10-34870 50 I 8-22794 39 I 6-66863 31 
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* = 4’3 IO 
~t 

h\ x] 

b = 01 0-2 0-3 04 05 

a t t t t t 

— IO O —42-00000 00 O — 20-50000 OO O - I3-33333 33 O — 9-75000 00 O — 7-60000 00 

-09 O -60-72366 43 O -28-35194 72 O - I7-7575I 25 O - I2-57I37 i5 O - 9-52804 11 

— o-8 I - 7-83462 30 O -35-65900 54 O — 21-82543 62 O - 15-13223 73 O - 11-25366 30 

-07 I - 9-38052 19 O — 41-97271 69 O — 25-28194 02 O — 17-26768 76 O — 12-66220 99 

— o-6 I —10-58208 80 O -46-75577 58 O — 27-82285 77 O — 18-78210 06 O — 13-61830 62 

-05 I —11-28684 71 O -49-3709I 84 O — 29-08901 82 O - 19-44545 42 O -13-96342 09 

-04 I -11-3147911 O — 49-06878 50 O — 28-65969 27 O — 18-98930 80 O - 13-51321 15 

-03 I -10-45505 96 O -44-97465 84 O -26-04544 94 O — 17-10242 19 O —12-05463 61 

— 0-2 I - 8-46231 56 O — 36-07400 40 O — 20-68036 61 O - I3-42599 5i O - 9-34281 48 

— OI O -50-52794 65 O — 21-19672 OO O - 11-91356 34 O - 7-54848 68 O - 5-09762 36 

OO O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-ooooo 00 O 1-ooooo 00 

OI I 7-36997 94 O 32-05028 45 O 18-90951 46 O 12-75381 21 O 9-31205 55 

02 I 17-18355 62 I 7-36997 94 O 42-77915 18 O 28-31834 34 O 20-24780 85 

0 3 I 30-02516 77 I 12-79276 31 I 7-36997 93 O 48-377I7 49 O 34-26846 94 

04 I 46-44326 27 I 19-69700 81 I 11-29017 28 I 7-36997 94 O 51-89224 54 

05 2 6-70567 89 I 28-33462 98 I 16-17683 76 I io-5i499 27 I 7-36997 94 

o-6 2 9-25622 11 I 38-98860 63 I 22-18511 03 I I4-36945 43 I 10-03400 99 

07 2 12-37410 99 2 5-19759 81 I 29-48852 36 I 19-04135 40 I 13-25368 06 

o-8 2 16-14683 26 2 6-76510 93 I 38-28072 92 I 24-65102 06 I 17-10950 34 

09 2 20-67209 30 2 8-64090 79 I 48-77735 79 I 31-33224 74 I 21-69087 16 

10 2 26-05876 15 2 10-86896 28 I 61-21802 05 I 39-23349 96 I 27-09684 67 

b = o-6 07 o-8 09 10 

a t t t t t 

— IO 0 — 6-16666 67 O - 5-14285 71 O - 4-375oo 00 O - 3-77777 78 O — 3-30000 00 

-09 0 - 7-5436857 O - 6-15655 85 O - 5-1374848 O - 4-36023 13 O - 3-74977 37 
— o-8 0 - 8-75726 57 O - 7-03472 84 O - 5-78533 83 O - 4-84423 34 O - 4-11394 38 
-0-7 0 - 9-72373 39 O - 7-7141293 O — 6-26946 94 O - 5-19085 08 O - 4-36108 59 

— o-6 0 - io-34474 03 O — 8-12075 09 O — 6-53266 02 O - 5-3548849 O - 4-45485 7i 

-°-5 0 - 10-50556 53 O - 8-16859 13 O - 6-50866 54 O - 5-2841903 O - 4-35347 i5 
-04 0 — 10-07327 68 O - 7-75833 29 O — 6-12123 38 O - 4-9i893 54 O - 4-00913 13 

-03 0 - 8-89473 06 O - 6-77590 59 O - 5-2830473 O — 4-19080 30 O - 3-36741 i7 
— 0-2 0 - 6-79439 67 O - 5-09092 99 O - 3-89457 30 O — 3-02212 36 O - 2-36659 68 

— OI 0 — 3-57200 60 O - 2-5550277 O — 1-84282 07 O - 1-3249405 O — 0-93696 20 

OO 0 1-00000 00 O 1*00000 00 O I -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 0 7-17922 91 O 5-76414 78 O 4-77792 91 O 4-06433 84 O 3-5324I 27 
0 2 0 15-25632 04 O 11-95133 45 O 9-65282 06 O 7-99327 57 O 6-75891 30 

0 3 0 25-55816 45 O 19-80170 25 O 15-80602 78 O 12-92683 81 O 10-78961 85 

04 0 38-45I37 9i O 29-58409 36 O 23-44021 89 O 19-02123 65 O i5-747i6 42 

05 0 54-346o5 56 O 41-59871 82 O 32-78133 03 O 26-45033 00 O 21-76781 82 

o-6 1 7-36997 94 O 56-18002 58 O 44-08066 75 O 35'407i9 7i O 29-00267 90 

07 1 9-70220 42 I 7-36997 95 O 57-61716 17 O 46-10582 08 O 37-61896 18 

o-8 1 12-48787 76 I 9-45704 44 I 7-36997 93 O 58-78290 13 O 47-80136 99 

09 1 I5-78975 11 I 11-92486 07 I 9-26701 91 I 7-36997 93 O 59-75357 56 
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—10 0 - 7-83333 33 O — 6-57142 86 O — 5-62500 00 O — 4-88888 89 O — 4-30000 00 

-09 0 - 11-31385 75 O — 9-16207 44 O — 7-60196 69 O - 6-42694 45 O - 5-5149967 

-08 0 — 14-66079 90 O — 11-62886 56 O — 9-46508 61 O — 7-86072 70 O - 6-63458 35 

-07 0 -17-66505 89 O - 13-81506 71 O - 11-09363 95 O — 9-09521 88 O — 7-58262 24 

— o-6 0 -20-06759 44 O - 15-52758 51 O - 12-33970 18 O - 10-01458 79 O — 8-26675 84 

-o-5 0 -21-55201 48 O - 16-53167 73 O - 13-02425 40 O — 10-47926 89 O - 8-57618 58 

-04 0 -21-73635 79 O - 16-54508 44 O - 12-93287 83 O -10-32273 40 O - 8-37918 18 

-03 0 — 20-16396 92 O - 15-23153 13 O — 11-81099 81 O - 9-34792 67 O - 7-5203844 

— 0-2 0 — 16-29340 84 O - 12-19354 35 O - 9-35862 16 O - 7-32333 03 O - 5-8i779 7o 

— OI 0 - 9-4872941 O - 6-96452 05 O - 5-22454 96 O - 3-97863 90 O - 3-05949 34 

00 0 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O I-ooooo 00 

OI 0 16-03590 04 O 12-33195 28 O 9-78839 94 O 7-97521 02 O 6-64367 13 

0-2 0 36-62454 36 O 27-76130 51 O 21-68630 03 O 17-36411 29 O 14-19636 73 

0-3 0 63-92315 33 O 48-12764 38 O 37-32006 36 O 29-64459 73 O 24-02954 62 

04 1 9-92600 08 I 7-43928 74 O 57-40598 73 O 45-36217 90 O 36-56647 OI 

05 1 14-41541 25 I 10-76551 19 I 8-27603 98 I 6-51374 92 O 52-28787 05 

o-6 1 20-03368 09 I 14-91639 15 I 11-43106 72 I 8-96744 65 I 7-17381 29 

0-7 1 26-97751 96 I 20-03368 09 I 15-31072 62 I 11-97692 32 I 9-55320 03 

08 1 35-46979 79 I 26-27774 70 I 20-03368 09 I 15-63198 40 I 12-43619 48 

09 1 45-76234 54 I 33-82954 15 I 25-73364 10 I 20-03368 09 I 15-90060 81 

i-o 2 5-81390 10 I 42-89274 98 I 32-56091 57 I 25-29546 06 I 20-03368 11 
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O
O

 
M

 

IO ~t 
iFx[a\ b; x] x=5'/ 

b = 01 0-2 0-3 0-4 05 
a f t t t t 

IO 0 — 53-00000 00 O — 26-00000 OO O —17-00000 00 O — 12-50000 00 O — 9-80000 00 
09 1 -10-39205 76 O -47-29321 II O — 28-99300 17 O — 20-16499 76 O —15-06406 58 

— o-8 1 -I5-54243 06 I - 6-86510 53 O -40-92054 09 O -27-72221 72 O — 20-20805 64 
-07 1 — 20-44629 60 I — 8-88012 61 O -52-06646 34 O -34-7I356 52 O — 24-91660 60 
— o-6 1 -24-71163 08 I — 10-61187 21 O — 61-52199 70 O — 40-56141 69 O -28-79448 94 

-05 1 — 27-84468 38 I — 11-85678 00 I - 6-81548 59 O -44-54980 49 O -31-35428 52 
-04 1 -29-23367 95 I - 12-36377 45 I - 7-05747 06 O -45-80340 81 O — 32-00262 04 
-03 1 -28-13057 77 I — 11-82704 86 I - 6-70945 77 O -43-26414 57 O — 30-02486 80 
— 0-2 1 — 23-63070 26 I — 9-87801 38 O -55-68796 48 O -35-66514 47 O -24-56814 87 
— OI 1 —14-65004 26 O -60-76339 32 O -33-94109 68 O -21-50184 77 O —14-62249 48 

OO 0 1*00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 1 22*14064 15 I 9-26575 95 O 52-48812 22 O 33-91975 93 O 23-68821 08 
02 2 5-32567 87 I 22-14064 14 I 12-44397 12 I 7-96810 04 O 55-05738 88 
03 2 9-55314 06 I 39-56279 70 I 22-14064 14 I 14-10946 45 I 9-69771 48 
04 2 15-13835 17 2 6-25037 26 I 34-86539 67 I 22-14064 15 I 15-16022 49 

0-5 2 22-36100 85 2 9-20847 00 2 5-12249 02 I 32-43490 87 I 22-14064 16 

o-6 2 31-54321 77 2 12-95948 26 2 7-19154 64 I 45-41998 29 I 30-92194 41 
07 3 4-30545 74 2 17-65109 14 2 9-77335 08 2 6-15843 11 I 41-82678 43 
o-8 3 5-73177 42 2 23-45192 75 2 12-95870 78 2 8-14839 61 2 5-52219 37 
09 3 7-48145 76 2 30-55396 26 2 16-85084 25 2 10-57501 67 2 7-15231 69 
10 3 9-60928 34 2 39-17512 60 2 21-56677 86 2 I3-50975 76 2 9-12005 47 

b = o-6 0-7 o-8 0-9 10 
a t t t t t 

—10 0 — 8-00000 00 O - 6-71428 57 O - 5-75000 00 O — 5-00000 00 O — 4-40000 00 
-09 0 - 11-78954 95 O - 9-53532 52 O - 7-90350 31 O - 6-67631 44 O - 5-7252425 
-o-8 0 -I5-45877 88 O — 12-24089 13 O - 9-94843 19 O - 8-25159 11 O - 6-95694 49 
-07 0 - 18-77971 49 O — 14-66024 65 O - n-75339 19 O - 9-62249 05 O - 8-01236 39 
— 06 0 -21-46833 84 O — 16-58188 80 O - 13-15650 83 O — 10-66237 31 O — 8-79061 61 

-os 0 — 23-17608 63 O -17-74747 84 O — 13-96097 00 O — 11-21795 60 O — 9-17012 21 
-04 0 -23-48038 94 O — 17-845 IO OI O - 13-93008 74 O — 11-10560 58 O - 9-00577 65 
-03 0 — 21-87416 12 O — 16-50177 08 O — 12-78181 07 O -10-10723 95 O — 8-12582 17 
— 0-2 0 -17-75414 02 O - 13-27515 45 O —10-18267 20 O - 7-96579 16 O - 6-32839 70 

— OI 0 — 10-40798 27 O - 7-64439 5i O - 5-74109 16 O - 4-38021 95 O - 3-37773 87 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 0 17-44458 31 O 13-36731 23 O 10-57128 48 O 8-58092 21 O 7-12134 19 

02 0 40-05697 10 O 30-27888 53 O 23-58598 88 O 18-83077 85 O 15-35052 25 

0 3 1 7-01438 81 O 52-68161 39 O 40-74968 71 O 32-28726 71 O 26-10500 94 

04 1 10-92085 II I 8-16627 54 O 62-87105 49 O 49-56553 51 O 39-86154 25 

0-5 1 15-89735 53 I 11-84661 52 I 9-08736 46 I 7-13669 14 O 57-16273 64 

o-6 1 22-14064 14 I 16-45100 30 I 12-58087 70 I 9-84884 71 I 7-86242 88 

07 1 29-87468 34 I 22-14064 16 I 16-88695 77 I 13-18334 25 I 10-49428 40 

08 1 39-3537° 76 I 29-09823 98 I 22-14064 14 I I7-24225 22 I 13-69045 50 

09 1 50-86549 28 I 37-53033 03 I 28-49435 94 I 22-14064 14 I 17-53944 16 
10 2 6-47349 68 I 47-66979 84 I 36-11976 35 I 28-00791 50 I 22-14064 17 
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x=5'5 10 1iFi[a'> b‘> x] 

b = 01 0-2 03 04 o-5 
a t t t t t 

—10 O —54-00000 00 0 — 26-50000 OO O - I7-33333 33 O —12-75000 00 O — 10-00000 00 

-09 I —10-9527217 0 -49-70062 35 O -30-39206 40 O — 21-09199 49 O - 15-72711 88 

-08 I — 16-60129 3° I - 7-31086 53 O -43-45805 68 O -29-36794 56 O — 21-35966 68 

-07 I — 22-01202 25 I - 9-53327 79 O -55-74893 15 O -37-07787 94 O -26-55376 54 

— o-6 I -26-75301 55 I - 11-45847 09 I — 6-62658 04 O -43-58759 31 O -30-87593 76 

-05 I -30-27745 73 I — 12-86128 61 I - 7-37577 94 O -48-10705 63 O -33-78895 46 

-04 I -31-90481 73 I — 13-46279 16 I — 7-66822 41 O — 49-66624 38 O -34-63602 49 
-03 I -30-79976 69 I — 12-92194 52 I — 7-31602 26 O — 47-08814 67 O -32-62316 55 

— 02 I -25-94859 02 I — 10-82627 98 O — 60-92693 23 O -38-95870 65 O — 26-79958 68 
— OI I - 16-13284 32 I - 6-68151 53 O -37-27638 12 O -23-59337 51 O — 16-03590 62 

OO O 1-00000 00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI I 24-46919 32 I 10-21213 06 O 57-68152 85 O 37-16230 58 O 25-86972 86 
02 2 5-89969 66 I 24-469x9 32 I 13-71937 55 I 8-76286 64 O 60-39388 37 

03 2 10-60486 98 I 43-82172 10 I 24-46919 31 I 15-55786 91 I 10-66846 66 
04 2 16-83773 79 2 6-93738 90 I 38-61531 91 I 24-46919 32 I 16-71817 79 

0-5 2 24-91727 33 2 10-24027 52 2 5-68478 16 I 35-92089 18 I 24-469x9 32 

o-6 2 35-21154 16 2 14-43794 35 2 7-99602 87 I 50-39983 19 I 34-24322 55 
07 3 4-81436 75 2 19-69924 77 2 10-88621 80 2 6-84630 74 I 46-40779 48 
o-8 3 6-41984 42 2 26-21734 83 2 I4-45923 00 2 9-07459 67 2 6-13814 49 
09 3 8-39294 73 2 34-21252 89 2 18-83336 39 2 11-79710 18 2 7-96394 85 
10 3 10-79671 86 3 4-39352 86 2 24-14296 10 2 i5"°9576 10 2 10-17202 02 

b = o-6 0-7 o-8 09 10 
a t t t t t 

—10 0 — 8-16666 67 0 - 6-8571429 O - 5-8750000 O — 5-11111 11 O — 4-50000 00 
-09 0 — 12-28891 39 0 - 9-9259I 5i O — 8-21810 25 O - 6-93575 22 O - 5-94339 54 
— o-8 0 — 16-30698 99 0 — 12-88962 70 O - 10-45937 30 O - 8-66367 54 O - 7-29593 52 
-07 0 - 19-97253 22 0 - 15-56243 06 O - 12-45590 66 O - 10-18257 75 O - 8-46776 73 
— o-6 0 -22-97435 18 0 — 17-71281 87 O — 14-03068 66 O - 11-35410 04 O - 9-34877 07 

-05 0 — 24-92869 14 0 - 19-05667 39 O - 14-96748 63 O — 12-01000 72 O - 9-80563 42 
-04 0 -25-36835 82 0 - 19-24952 67 O - 15-00519 79 O - ii-94793‘5o O - 9-67861 59 
-03 0 -23-73062 50 0 - 17-87794 58 O - 13-83153 63 O — 10-92668 49 O - 8-77795 42 
-0-2 0 - I9-34378 57 0 - 14-44998 85 O — 11-07606 05 O — 8-66ioo 96 O — 6-87990 21 
— OI 0 - 11-41224 34 0 - 8-38461 74 O - 6-30245 46 O - 4-81585 38 O - 3-7223497 

OO 0 1*00000 00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 0 18-98759 56 0 14-49941 19 O 11-42582 77 O 9-24093 05 O 7-64093 83 
02 0 43-82399 24 0 33-03712 63 O 25-66371 59 O 20-43217 87 O 16-60858 26 
0 3 1 7-69836 41 0 57-68029 25 O 44-50790 32 O 35-17830 55 O 28-37177 84 
04 1 12-01664 27 1 8-96569 44 I 6 88706 89 O 54-17247 43 O 43-46711 33 
o-5 1 17-53245 36 1 I3-03749 3i I 9-97961 54 I 7-82066 21 O 62-50659 83 

o-6 1 24-46919 31 1 18-14426 78 I I3-84751 97 I 10-81825 86 I 8-61860 66 
07 1 33-08166 86 1 24-46919 32 I 18-62619 84 I 14-51242 88 I ii-52943 47 
o-8 1 43-65963 98 1 32-22026 49 I 24-46919 31 I 19-01910 13 I 15-07232 78 
09 2 5-65316 90 1 41-63301 91 I 31-55013 54 I 24-46919 31 I 19-34786 18 
10 2 7-20694 63 2 5-29735 02 I 40-06488 87 I 31-01018 91 I 24-46919 33 
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co
 

w
 

10' ~t 
J\[a\ b; x] *=5-6 

b = 01 0-2 03 04 o-5 
a t t t t t 

IO O —55-00000 00 0 — 27-00000 OO O —17-66666 67 O —13-00000 00 O — 10-20000 OO 
09 I -11-55239 56 0 — 52-26620 04 O — 31-87770 08 O — 22-07289 92 O - 16-42633 50 
o-8 I —17-7440218 1 ~ 7-79055 62 O — 46-18090 15 O — 31-12882 17 O -22-58835 39 
07 I —23-7098416 1 — 10-23976 66 O -59-72214 36 O -39-62247 54 O -28-31135 72 
o-6 I -28-97433 45 1 - 12-37759 06 I — 7-14041 96 O -46-85798 19 O — 33-I202I 96 

o-5 I -32-93228 64 1 -I3-955I3 52 I - 7-98459 96 O — 51-96412 02 O -36*42317 80 
04 I -34-82714 09 1 — 14-66270 77 I - 8-33369 13 O -53-86655 97 O -37-49368 29 
03 I — 33-72666 86 1 — I4-I2020 30 I - 7-97854 94 O -51-25678 92 O -35-450II 71 
0-2 I -28-49568 59 1 - 11-86633 98 I — 6-66621 60 O -42-55743 77 O -29-233I8 98 
OI I ~ i7‘76553 29 1 - 7-34663 55 O -40-93528 36 O — 25-88362 76 O - 17-58078 05 

OO O 1-00000 00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI I 27-04264 07 i 11-25618 52 O 63-40091 06 O 40-72698 80 O 28-26378 60 
02 2 6-53518 62 1 27-04264 06 I 15-12648 05 I 9-63819 31 I 6-62612 44 
03 2 11-77117 66 1 48-53656 80 I 27-04264 09 I 17-15589 69 I 11-73769 68 
04 2 18-72530 50 2 7-69920 OI I 42-76653 59 I 27-04264 07 I 18-43712 99 

0-5 2 27-76105 15 2 11-38623 00 2 6-30824 97 I 39-77980 02 I 27-04264 07 

o-6 2 39-29866 31 2 16-08249 90 2 8-88943 J6 2 5-592II 50 I 37-91970 16 
07 3 5-38221 66 2 21-98091 40 2 12-12396 79 2 7-6IOI5 03 2 5-14866 14 
o-8 3 7-18870 96 2 29-30255 03 2 16-13060 16 2 10-10462 08 2 6-82206 31 
09 3 9-41290 02 2 38-29996 55 2 21-04479 37 2 13-15815 67 2 8-86646 64 
10 3 12-12728 04 3 4-92608 42 2 27-02063 63 2 16-86462 6l 2 ii-34346 38 

b = o-6 0-7 o-8 0 9 i-o 

a t t t t t 

10 0 - 8-33333 33 O — 7-00000 00 O — 6-00000 00 O — 5-22222 22 O — 4-60000 00 
09 0 — 12-81377 80 O - 10-33515 33 O - 8-54672 94 O - 7-20598 46 O — 6-17001 36 
o-8 0 — 17-20943 16 O - I3-57793 45 O — 1 i-ooooi 50 O - 9-09856 47 O — 7-65276 96 
07 0 — 21-24991 29 O — 16-52619 42 O -13-20454 58 O — 10-77800 72 O - 8-95076 83 
06 0 -24-59448 54 O — 18-92669 50 O — 14-96687 50 O - 12-09325 17 O - 9-9438863 

o-5 0 — 26-82090 50 O — 20-46716 09 O -16-04959 27 O - 12-85976 56 O — 10-48604 14 

04 0 -27-41295 47 O — 20-76740 25 O -16-16483 05 O — 12-85468 19 O — 10-40148 66 

03 0 -25-74653 89 O - I9-36943 25 O - 14-96703 53 O — 11-81139 86 O — 9-48069 82 

0-2 0 -21-07419 93 O - 15-72647 16 O - 12-04494 65 O - 9-4i359 oi O - 7-47582 18 

OI 0 - 12-50791 19 O - 9-19075 16 O — 6-91270 24 O - 5-28857 72 O - 4-09563 69 

OO 0 i-00000 00 O 1-00000 00 O i-ooooo 00 O 1-00000 00 O 1-00000 00 

OI 0 20-67799 79 O 15-73750 83 O *2-35877 60 O 9-96026 72 O 8-20628 29 

02 0 47-95869 58 O 36-05945 88 O 27-93654 62 O 22* I 8102 59 O 17-98019 82 

03 1 8-45046 54 O 63-16770 28 O 48-62674 66 O 38-34155 65 O 30-84793 81 

04 1 13-22368 18 I 9-84483 03 I 7-54578 60 O 59-22239 28 O 47-41303 68 

0 5 1 19-33658 21 I 14-34935 83 I 10-96093 84 I 8-57171 45 I 6-83652 92 

o-6 1 27-04264 05 I 20-01263 39 I 15-24293 49 I 11-88454 63 I 9-44905 40 
07 1 36-63152 12 I 27-04264 08 I 20-54535 16 I 15-97672 32 I 12-66813 38 

o-8 1 48-43322 44 I 35-67597 79 I 27-04264 05 I 20-97980 93 I 16-59486 55 

09 2 6-28226 26 I 46-18104 49 I 34-93242 76 I 27-04264 05 I 21-34346 13 

10 2 8-02244 51 2 5-88615 27 I 44-43802 45 I 34-333I7 72 I 27-04264 09 
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x=5'7 IO 6; x] 

b = OI 0-2 03 04 05 
a t t t t t 

— IO o — 56-00000 00 O — 27-50000 OO O — 18-00000 00 O —13-25000 00 O — 10-40000 00 

-o-9 I -12-19444 83 O -55-00331 74 O -33-457o8 14 O — 23-11207 94 O — 17-16458 22 

-o-8 I — 18-97804 72 I - 8-3071245 O -49-10484 47 O -33-01444 53 O -23-90041 23 
-o-7 I -25-5SI73 66 I - 11-00433 84 I — 6-40114 71 O -42-36277 85 O -30-19948 40 
- o-6 I -31-39227 67 I -I3-37583 34 I - 7-69724 25 O -50-39399 32 O -35-54I33 98 

-o-5 I -35-83019 97 I - 15-14663 71 I — 8-64637 88 O -56-14788 39 O -39-27452 49 
-o-4 I — 38-02491 04 I - I5-97309 9i I - 9-05897 44 O -58-43527 39 O -40-59577 65 
-03 I -36-93664 20 I - 15-43182 17 I — 8-70236 03 O — 55-80229 22 O -38-52673 16 
-0-2 I -31-29494 75 I - 13-00723 76 I - 7-29417 36 O — 46-49041 98 O — 31-88790 26 
— O I I - 19-56338 21 I — 8-07770 96 O -44-94972 71 O — 28-39189 11 O — 19-26966 90 

o-o o 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI I 29-88674 00 I 12-40804 IO I 6-96999 IO O 44-64615 43 O 30-89139 61 
02 2 7-23871 03 I 29-88674 00 I 16-67892 99 I 10-60230 10 I 7-27128 21 
0-3 2 13-06447 12 2 5-37560 00 I 29-88674 01 I 18-91905 25 I I2-9I545 91 
04 2 20-82172 IO 2 8-54390 32 I 47-36186 88 I 29-88674 01 I 20-33376 8l 

o-5 2 30-92434 95 2 12-65886 34 2 6-99951 47 I 44-05142 05 I 29-88674 OI 

o-6 3 4-38518 14 2 17-91162 40 2 9-88150 93 2 6-20425 08 I 41-98925 78 
o-7 3 6-01573 65 2 24-52240 06 2 13-50048 04 2 8-45828 78 2 5-71170 70 
o-8 3 8-04771 20 2 32-74401 66 2 17-99205 41 2 11-24999 88 2 7-58139 51 
o-g 3 10-55400 73 3 4-28657 98 2 23-51121 99 2 14-67381 02 2 9-86995 67 
IO 3 13-61791 03 3 5-52178 58 2 30-23457 83 2 18-83717 06 2 12-64781 03 

b = 06 0-7 08 0-9 IO 
a t t t t t 

— IO o — 8-50000 00 0 - 7-14285 71 O — 6-12500 00 O - 5-33333 33 O — 4-70000 00 
-o-g o - 13-36612 15 0 - 10-76445 56 O — 8-89042 59 O - 7-48779 59 O - 6-40569 87 
— o 8 o - 18-17044 13 0 - 14-30891 31 O - 11-57263 56 O - 9'55797 n O — 8-02875 98 
-o-7 o — 22-61881 09 0 - 17-55650 04 O — 14 00295 26 O - 11-41151 47 O - 9-46345 99 
— o 6 o — 26-33836 86 0 — 20-23038 12 O - 15-97010 63 O — 12-88360 22 O - 10-57884 77 

-O'S o — 28-86479 31 0 -21-98753 07 O - 17-21358 24 O - I3-77I94 57 O — 11-21494 24 
-04 o — 29-62802 41 0 — 22-40857 69 O — 17-41619 07 O - 13-83123 89 O — 11-17850 11 
-03 o -27-93630 04 0 — 20-98646 21 O — 16-19578 60 O — 12-76697 09 O - 10-23831 27 
— 0-2 o -22-95835 10 0 — 17-11381 12 O - 13-09605 30 O - 10-22855 39 O — 8-11997 68 
— OI o - 13-70357 3i 0 — 10-06888 62 O — 7-57627 62 O - 5-80170 35 O — 4-50012 00 

OO o 1-00000 00 0 i-ooooo 00 O 1-00000 00 O 1-00000 00 O i-ooooo 00 

OI o 22-53013 60 0 17-09175 72 O 13-37752 40 O 10-74443 9i O 8-82155 53 
02 o 52-49747 08 0 39-37162 23 O 30 42320 36 O 24-09125 29 O 19-47593 38 
03 I 9-27754 37 1 6-91922 64 O 53-14140 94 O 41-80318 51 O 33-5533I 17 
04 I 14-55333 09 1 10-81170 61 I 8-26908 35 I 6-47585 72 O 51-73207 73 
o-5 I 21-32726 43 1 iS'79457 42 I 12-04030 45 I 9-39650 72 I 7-47891 83 

o-6 I 29-88673 99 1 22-07425 80 I 16-78028 68 I I3-05747 36 I 10-36114 97 
o-7 I 40-56080 55 1 29-88674 00 I 22-66307 71 I 17-59005 40 I 13-92082 41 
o-8 2 5-37250 08 1 39-50095 60 I 29-88673 99 I 23-I4344 81 I 18-27246 02 
o-g 2 6-98067 11 2 5-12225 25 I 38-67604 30 I 29-88674 00 I 23-54566 14 
IO 2 8-92909 20 2 6-53978 25 I 49-28539 88 I 38-01106 13 I 29-88674 02 
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10' ~t 
iFi[a; b; x] 

b = 01 0-2 0-3 04 o-5 
a t t t t t 

IO O —57-00000 00 O — 28-00000 OO O -18-33333 33 O —13-50000 00 O — 10-60000 00 
09 I —12-88255 26 O -57-92653 80 O -35-13799 78 O — 24-21427 98 O - 17-94497 15 
o-8 I —20-3114812 I — 8-86378 22 O -52-24705 74 O -35-03525 48 O -25-30267 79 
o-7 I -27-55080 93 I - 11-83217 55 I — 6-86445 84 O -45-31559 09 O -32-22913 58 
o-6 I -34-0251144 I — 14-46041 85 I — 8-30089 92 O — 54-21897 86 O -38-I5455 68 

o-5 I -38-99425 40 I — 16-44489 11 I - 9-36596 44 O — 60-68771 65 O — 42-36216 24 
o-4 I -41-52476 23 I - 17-40446 71 I - 9-84966 15 O — 63-40620 78 O -43-96435 53 
o-3 I -40-45756 83 I — 16-86778 16 I - 9-49329 27 O -60-75994 74 O -4I-87599 39 
02 I -34-3716511 I - 14-25891 78 I — 7-9818470 O -50-78955 12 O -34-78447 83 
OI I -21-54322 42 I - 8-88135 40 O -49-35481 53 O -3I-I3934 85 O — 21*11634 00 

o-o O 1*00000 00 O I-ooooo 00 O I-ooooo 00 O I -ooooo 00 O I-ooooo 00 

OI I 33-02995 58 I 13-67886 52 I 7-66376 67 O 48-95542 46 O 33-77566 85 
02 2 8-01753 05 I 33-02995 58 I 18-39178 44 I 11-66425 29 I 7-98073 62 
0-3 2 14-49850 24 2 5-95338 63 I 33-02995 61 I 20-86445 00 I 14-21283 81 
0-4 2 23-I4991 10 2 9-48046 93 2 5-24487 OI I 33-02995 60 I 22-42651 26 

o-5 2 34-44271 00 2 14-07207 21 2 7-76591 06 I 48-77977 57 I 33-02995 60 

o-6 3 4-89235 07 2 I9-94583 34 2 10-98307 98 2 6-88287 90 I 46-49381 51 
o-7 3 6-72241 98 2 27-35295 60 2 15-03116 70 2 9-39995 60 2 6-33587 88 
o-8 3 9-00726 10 2 36-58235 08 2 20-06496 62 2 12-52353 31 2 8-42439 95 
09 3 11-83042 55 3 4-79652 07 2 26-26167 37 2 16-36143 49 2 10-98561 78 
10 3 15-28752 83 3 6-18800 25 2 33-82352 82 2 21-03656 01 2 14-09998 10 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

10 0 — 8-66666 67 0 - 7-28571 43 O — 6-25000 00 O - 5-44444 44 O — 4-80000 00 

09 0 -13-94808 74 0 -h-21535 39 O - 9-25031 77 O - 7-78203 23 O - 6-65109 85 

o-8 0 -19-19472 50 0 - 15-08592 11 O — 12-17969 99 O - 10-04374 54 O - 8-42532 14 

07 0 — 24-08678 11 0 - 18-65873 48 O -14-85507 52 O — 12-08606 14 O — 10-00810 47 

06 0 — 28-21647 77 0 -21-63133 74 O - 17-04584 37 O - 13-72924 36 O - 11-25677 84 

o-5 0 -31-07350 25 0 -23-62713 51 O — 18-46629 56 O - 14-75166 58 O — 11-99623 98 

04 0 - 32-02867 45 0 -24-18378 38 O — 18-76712 28 O - 14-88346 93 O —12-01412 50 

03 0 - 30-31564 24 0 — 22-74020 18 O - 17-52594 °o O - I3-79948 87 O - 11-05542 92 

0-2 0 — 25-01043 20 0 — 18-62207 00 O — 14-23671 82 O -11-11137 56 O — 8-81652 89 

OI 0 — 15-00863 28 0 — 11-02568 46 O — 8-29803 08 O - 6-35885 09 O - 4-9385463 

OO 0 1 -ooooo 00 0 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 0 24-55976 79 0 18-57330 !3 O 14-49017 48 O n-59947 40 O 9-49132 52 

02 0 57-48034 15 0 43-00189 22 O 33-14423 34 O 26-17813 00 O 21-10735 49 

03 1 10-18714 39 I 7-58072 36 O 58-09055 75 O 45-59190 41 O 36-50962 66 

0 4 1 16-01811 81 I II-875I5 76 I 9-o6337 04 I 7-08285 69 O 56-46019 21 

0-5 1 23-52384 41 I 17-38677 l8 I 13-22759 35 I 10-30236 52 I 8-18336 09 

o-6 1 33-02995 56 I 24-34918 36 I 18-47409 09 I I4-34779 39 I 11-36301 13 

07 1 44-90997 74 I 33-02995 59 I 24-99997 35 I 19-36766 89 I 15-29900 74 

o-8 2 5-95909 82 I 43-73456 53 I 33-02995 56 I 25-53107 33 I 20-12098 25 

09 2 7-75598 10 2 5-68107 55 I 42-81949 25 I 33-02995 56 I 25-97590 15 

10 2 9-93698 85 2 7-26533 10 2 5-46582 14 I 42-08166 08 I 33-02995 62 
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a = 5*9 10 ~t1F1\a\b\x\ 

b = o-i 0-2 03 04 o-5 
a t t t t t 

— 10 O — 58-00000 00 O — 28-50000 OO O — 18-66666 67 O —13-75000 00 O — 10-80000 00 

-09 I — 13-62071 19 O — 61-05171 42 O -36-92892 55 O -25-38465 21 O — 18-77087 63 

— 08 I -21-75317 99 I - 9-46403 24 O — 55-62624 01 O -37-20260 57 O — 26-80257 84 

-07 I -29-72138 53 I — 12-72893 71 I - 7-36516 58 O -48-4992137 O — 34 41226 88 

— o-6 I -36-89285 64 I - 15-63924 16 I - 8-9555949 O -58-3584135 O -40-97649 42 

-05 I -42-44973 25 I - 17-85986 33 I - 10-14865 85 I - 6-56157 02 O -45*70700 54 

-04 I -45-35594 57 I — 18-96832 80 I - 10-71187 35 I — 6-88163 61 O -47*62351 14 

-03 I — 44*32010 40 I — 18-44014 16 I - 10-35774 87 I — 6-61684 16 O -45-52305 26 
— 0-2 I -37-75362 43 I - 15-63231 55 I - 8-73503 63 O -55-48982 02 O -37-94565 50 
— 01 I -23-72361 64 I - 9-76485 4° O -54-18915 09 O -34'!4926 49 O -23-13589 83 

00 O 1-00000 00 O 1*00000 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

01 I 36-50374 67 I 15*08098 47 I 8-42793 81 O 53-69402 14 O 36-94202 10 

02 2 8-87968 23 I 36-50374 67 I 20-28166 84 I 12-83404 09 I 8-76095 62 

0-3 2 16-08850 15 2 6-59297 37 I 36-50374 66 I 23-01098 13 I 15-64205 47 

0-4 2 25-7353° 26 2 10-51883 62 2 5-80794 59 I 36-50374 67 I 24-73569 7i 
05 2 38-35560 04 2 15-64126 92 2 8-61556 22 2 5-40135 74 I 36-50374 69 

o-6 3 5-45721 18 2 22-20790 61 2 12-20614 09 2 7-63518 71 2 5-14797 55 
07 3 7-51060 54 2 30-50509 38 2 16-73313 97 2 10-44539 81 2 7-02778 18 
o-8 3 10-07895 45 2 40-86273 95 2 22-37310 07 2 I3-93943 74 2 9-36023 45 
09 3 I3-25794 58 3 5-36596 68 2 29-32846 04 2 18-24033 95 2 12-22588 15 
10 3 17-15725 97 3 6-93295 27 2 37-83064 22 2 23-48857 01 2 15-71655 98 

b = o-6 0-7 o-8 0-9 10 
a t t t t t 

— 10 0 - 8-83333 33 0 - 7-42857 14 O — 6-37500 00 O - 5-55555 56 O — 4-90000 00 
-09 0 — 14-56199 80 0 - 11-68950 55 O — 9-62762 11 O — 8-08960 72 O — 6-90691 21 
-o-8 0 — 20-28738 74 0 - 15-91259 78 O - 12-82387 58 O - 10-55788 84 O - 8-84398 37 
-07 0 -25-66203 33 0 - 19-83874 23 O - 15-76519 41 O - 12-80485 32 O - 10-58714 98 
— o-6 0 -30-24021 37 0 -23-13767 19 O — 18-20001 82 O - 1463461 38 O — 11-98106 17 

-05 0 -33-46136 16 0 -25-39615 24 O — 19-81517 00 O - 15-80448 45 O - 12-83416 74 
-04 0 -34-63139 33 0 — 26-10472 44 O — 20-22616 72 O — 16-01774 97 O — I2-9I320 96 
-03 0 - 32-90175 80 0 — 24-64284 02 O — 18-96638 47 O - 14-91558 08 O - II-93708 59 
— 0-2 0 -27-24597 19 0 — 20-26224 69 O - I5-47495 42 O — 12-06802 47 O — 9-57001 06 
— 01 0 - i6-43339 72 0 — 12-06843 90 O - 9-08327 30 O - 6-96396 99 O - 5-4I39I 29 

OO 0 1-00000 00 0 1 -ooooo 00 O 1-ooooo 00 O 1 ooooo 00 O I-ooooo 00 

o-i 0 26-78420 53 0 20-19436 69 O 15-70560 99 O 12-53197 18 O 10-22058 95 
02 0 62-95133 16 0 46-98133 35 O 36-12218 16 O 28-45839 56 O 22-88712 45 
0 3 1 11-18757 54 I 8-30712 00 O 63-51667 13 O 49-73922 61 O 39-74070 33 
0 4 1 17-63185 64 I 13-04491 56 I 9-93569 72 I 7-74846 40 O 61-63684 91 
0-5 1 25-94767 44 I 19-14098 23 I I4-53368 68 I 11-29734 7° I 8-95593 85 

o-6 1 36-50374 66 I 26-85953 63 I 2o-34°35 29 I I5-76735 06 I 12-46357 00 
0-7 1 49-72379 93 I 36-50374 69 I 27-57877 96 I 21-32638 18 I 16-81535 23 
08 2 6-60931 67 I 48-42035 87 I 36-50374 66 I 28-16592 75 I 22-15793 23 
09 2 8-61660 48 2 6-30047 72 I 47-40538 43 I 36-50374 66 I 28-65785 00 
10 2 11-05734 88 2 8-07066 18 2 6-06131 85 I 46-58681 74 I 36-50374 70 
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10 1 i-^i [«; b \ x] 

b = O-I 0-2 0-3 0-4 
a t t t t t 

—10 O — 59-00000 00 O — 29-00000 OO O — 19-00000 00 O — 14-00000 00 O 
-09 I -14-41329 18 O -64-39611 37 O -38-83908 07 O — 26-62879 24 O 
— o-8 I -23-31281 44 I — 10-11169 39 O — 59-26276 18 O -39-52884 93 O 
-0-7 I -32-07913 11 I — 13-70080 47 I — 7-90656 12 O -5I-93358 67 O 
— o-6 I -40-01741 56 I - 16-92093 79 I - 9-66592 35 I — 6-28400 93 O 

-05 I — 46-22436 26 I — 19-40246 88 I — 11-00026 13 I — 7-09668 98 O 
-04 I -49-55058 00 I -20-67731 30 I - 11-65231 50 I — 7-47062 14 O 
-03 I -48-55796 01 I — 20-16214 46 I - 11-30275 11 I - 7-20700 55 O 
— 0-2 I -41-47150 69 I - I7-I3945 54 I — 9-56011 20 O — 60-62961 20 O 
— 01 I — 26-12501 72 I — 10-73623 10 O -59-49518 87 O -37-44719 69 O 

o-o O 1-00000 00 O 1-00000 00 O 1-00000 00 O 1*00000 00 O 

01 I 40-34287 93 I 16-62800 60 I 9-26969 34 O 58-90513 67 O 

0-2 2 9-83405 66 I 40-34287 93 I 22-36693 23 I 14-12268 17 I 
03 2 17-85134 19 I 73-00954 56 I 40-34287 93 I 25-37950 09 I 
04 2 28-60609 51 2 11-67001 18 2 6-43121 53 I 40-34287 93 I 

0-5 2 42-70684 72 2 I7-38354 67 2 9-55746 91 I 59-80671 14 I 

o-6 2 60-86254 J8 2 24-72313 19 2 I3-56399 89 2 8-46913 68 I 
07 3 8-38957 21 2 34-01495 31 2 18-62539 43 2 11-60597 26 2 
o-8 3 11-27571 43 2 45-63546 05 2 24-94286 94 2 15-51349 06 2 
09 3 14-85417 91 2 60-01765 48 2 32-74752 73 2 20-33198 25 2 
10 3 19-25068 81 3 7-76580 07 2 42-30398 95 2 26-22188 05 2 

b = o-6 07 o-8 09 
a t t t t t 

—10 0 — 9-00000 00 O - 7-57142 86 O — 6-50000 00 O — 5-66666 67 O 
-09 0 — 15-21036 96 O — 12-18870 43 O — 10-02365 16 O — 8-41150 69 O 
-o-8 0 -21-45396 91 O — 16-79288 78 O - 13-50805 22 O — 11-10256 40 O 
-07 0 -27-35348 90 O — 21-10286 84 O - i6-73795 02 O - 13-57136 23 O 

— o-6 0 — 32-42198 66 O -24-75819 99 O - i9'439o6 96 O - 15-60452 57 O 

-0-5 0 -36-04398 74 O -27-30566 52 O — 21-26829 27 O - 16-93643 95 O 

-04 0 -37-454I7 74 O -28-18415 51 O — 21-80262 35 O — 17-24101 52 O 

-03 0 -35-7I343 94 O — 26-70768 47 O — 20-52681 19 O — 16-12246 77 O 

— 0-2 0 — 29-68196 67 O — 22-04636 58 O — 16-81950 89 O — 13-10501 26 O 

— 01 0 — 17-98916 09 O - 13-20513 20 O - 9-9378o 52 O - 7-62137 50 O 

00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 O 

01 0 29-22246 67 O 21-96837 11 O 17-03356 43 O 13-54915 78 O 

0-2 1 6-89588 66 O 51-34407 80 O 39-38179 15 O 30-95039 91 O 

03 1 12-28798 91 I 9-10486 02 I 6-94664 31 O 54-27973 75 O 

04 1 19-40977 67 I 14-33169 72 I 10-89382 04 I 8-47842 06 I 

05 1 28-62232 72 I 21-07377 83 I 15-97056 93 I 12-39031 77 I 

o-6 1 40-34287 93 I 29-62974 09 I 22-39672 16 I 17-32918 94 I 

0-7 1 55-05179 80 I 40-34287 93 I 30-42459 72 I 23-48473 26 I 

o-8 2 7-33002 58 I 53-60652 82 I 40-34287 93 I 31-07367 06 I 

09 2 9-57187 14 2 6-98699 64 I 52-48086 10 I 40-34287 93 I 

10 2 12-30262 18 2 8-96449 42 2 6-72131 28 I 51-57282 55 I 

191 

a=6-o 

05 

— I 1-00000 00 

— 19-64595 73 
— 28-40818 30 
-36-76189 41 
— 44-02526 70 

-49-33i87 70 
-51-59957 29 

-49-49542 78 

-41-39634 70 
-25-34491 61 

1-00000 00 

40-41841 03 
9-61906 66 

17-21658 40 
27-28376 67 
40-34287 93 

56-99839 71 

7-79473 22 
10-39905 61 
13-60454 96 

I7-5I597 66 

10 

— 5-00000 00 

— 7-I7389 34 
— 9-28639 80 
— 11-20324 22 
-12-75536 30 

-I3-7333I 77 
— 13-88102 53 
— 12-88876 40 
— 10-38536 03 
— 5-92948 88 

i-ooooo 00 

11-01481 29 
24-82910 84 
43-27265 54 

6-73053 67 
9-80333 39 

13-67265 16 
18-48381 24 
24-40260 67 
31-61763 54 
40-34287 93 
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a=6-i io~* \F-^a\ b; x] 

b = 01 0-2 0-3 0-4 o-5 
a t t t t t 

— 10 0 — 60-00000 00 O — 29-50000 OO O - I9-33333 33 0 — 14-25000 00 O — I I -20000 OO 

-09 1 - 15-26505 34 I - 6-79785 38 O — 40-87848 98 0 -27-95278 15 O -20-57418 59 

-o-8 1 -25-00094 75 I — 10-81093 77 O — 63-17881 27 0 — 42-02742 79 O — 30-12826 02 
-07 i — 34-6411816 I - I4-75453 27 I - 8-49223 58 0 -55-64043 78 O — 39-29217 I I 
— o-6 1 -43-42279 15 I - 18-31495 44 I - 10-43690 43 I - 6-76943 47 O — 47-32062 02 

-05 1 -50-34855 49 I — 21-08466 46 I — 11-92711 89 I — 7-67796 10 O — 53-26168 64 
-04 2 - 5-4I439 4I I -22-54527 73 I — 12-67833 21 I — 8-11200 63 O -55-92I3I 36 
-03 2 - 5-32082 07 I -22-04833 65 I -12-33600 39 I - 7-8511273 O -53-82323 50 
— 0-2 1 -45-55903 58 I - 18-79356 26 I - 10-46407 15 I — 6-62510 40 O -45-16385 54 
— OI 1 — 28-76998 15 I -11-80431 77 I - 6-5319623 0 — 41-06121 87 O — 27-76157 60 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 0 1-00000 00 O 1-00000 00 

OI 1 44-58577 68 I I8-33495 02 I 1019695 80 I 6-46363 36 O 44-23558 85 
02 2 10-89049 16 I 44-58577 67 I 24-66783 33 I 15-54232 20 I 10-56291 34 
03 2 19-80571 81 2 8-08462 38 I 44-58577 67 I 27-99302 82 I 18-95128 30 
04 2 31-79357 09 2 12-94619 45 2 7-12109 71 I 44-58577 69 I 30-09550 10 

05 3 4-7545I 03 2 19-31786 58 2 10-60160 07 2 6-62188 20 I 44-58577 69 

o-6 3 6-78669 16 2 27-5I959 93 2 15-07140 84 2 9-39354 73 2 6-31065 22 
07 3 9-36965 12 2 37-92270 86 2 20-72902 96 2 12-89427 74 2 8-64483 35 
o-8 3 12-61193 36 3 5-09564 76 2 27-80362 97 2 17-26321 35 2 11-55212 57 
09 3 16-63876 71 3 6-71154 76 2 36-55886 47 2 22-66021 74 2 15-13694 06 
10 3 2I-594I5 36 3 8-69676 83 3 4-72971 19 2 29-26839 10 2 19-51871 19 

b = o-6 0-7 o-8 0-9 10 
a t t t t t 

— 10 0 — 9-16666 67 0 - 7-71428 57 O — 6-62500 00 O - 5-77777 78 O — 5-10000 00 
-09 0 - 15-89592 90 0 — 12-71489 08 O -10-43983 03 O - 8-74879 59 O - 7-45285 48 
— o-8 0 — 22-70048 40 0 — 17-73106 71 O -14-23535 62 O — 1 i-68oi 1 19 O - 9-75434 84 
-07 0 — 29-17084 79 0 — 22-45800 18 O - 17-77837 59 O - I4-38934 97 O — 11-85924 68 
— o-6 0 -34-77530 48 0 -26-50250 53 O — 20-76999 22 O — 16-64420 02 O - 13-58365 37 

-05 0 -38-83840 49 0 -29-36773 82 O -22-83445 93 O — 18-15408 94 O — 14-69867 48 
-04 0 -40-51667 13 0 -30-43598 41 O — 23-50662 00 O — 18-56081 02 O - 14-92329 92 
-03 0 — 38-77122 70 0 — 28-94926 27 O — 22-21778 99 O - 17-42801 37 O - 13-91642 77 
— 0-2 0 -32-33701 93 0 -23-98757 00 O - 18-27993 53 O — 14-22944 07 O — 11-26795 80 
— OI 0 —19-68830 16 0 - i4-4445o 07 O — 10-86797 12 O - 8-33577 79 O — 6-48884 01 

OO 0 1-00000 00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 0 31-89544 76 0 23-91003 80 O 18-48470 98 O 14-65894 37 O 11-87997 33 
02 1 7-55562 12 0 56-12762 81 O 42-95022 07 O 33-67425 65 O 26-94849 35 
0 3 1 13-49846 29 1 9-98103 36 I 7-59911 29 O 59-25140 10 O 47-13411 81 
04 1 21-36867 27 1 15-74730 62 I 11-94627 32 I 9-27903 71 I 7-35I33 06 

0 5 1 3I-57382 40 1 23-20343 43 I 17-55144 14 I 13-59103 27 I 10-73289 24 

o-6 1 44-58577 67 1 32-68676 01 I 24-66265 81 I 19-04767 91 I 15-00106 80 
07 2 6-09487 67 1 44-58577 69 I 33-56514 OI I 25-86316 64 I 20-31976 20 
o-8 2 8-12883 47 2 5-93463 80 I 44-58577 67 I 34-28262 82 I 26-87629 04 
09 2 10-63212 45 2 7-74787 54 2 5-80980 78 I 44-58577 67 I 34-88410 39 
10 2 13-68662 33 2 9-95649 62 2 7-45276 20 2 5-70909 02 I 44-58577 73 
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io~( iFx\a \ b; x] 

J93 

x=6-2 

b = OI 0-2 0-3 04 05 
a t t t t t 

— IO o — 6i-ooooo oo O — 30-00000 OO O — 19-66666 67 O —14-50000 00 0 — 11-40000 00 
-09 I —i6-i8i18 88 I - 7-1819474 O — 43-05806 06 O -29-36322 53 0 -21-55987 29 
-o-8 I — 26-82911 65 I -11-56630 56 I - 6-73985 71 O — 44-71296 67 0 -3I-97234 35 
-o-7 I -37-42627 98 I -15-89748 92 I — 9-12610 88 O -59-64344 62 0 -42-01851 39 
— o-6 I -47-I3527 34 I -19-83162 58 I — 11-27402 12 I - 7-2954278 0 -50-88407 75 

-05 2 - 5-48556 66 I -22-91954 96 I - 12-93617 48 I - 8-30957 05 0 -57'52362 78 

-o-4 2 - 5-9174769 I -24-5874195 I - 13-79797 28 I — 8-81063 84 0 — 60-62018 78 

-o-3 2 - 5-83116 12 I — 24-11469 40 I - 13-46595 90 I - 8-5542927 0 -58-53944 00 
-0-2 I -50-05335 99 I — 20-6091812 I - 11-45460 14 I — 7-24003 08 0 -54-18970 24 
— OI I -31-68337 57 I -12-97911 45 I — 7-17138 06 O -45-02217 23 0 -30-40583 15 

o-o O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 0 1*00000 00 

OI I 49-27490 40 I 20-21839 61 I 11-21847 05 I 7-09400 03 0 48-42738 23 
02 2 13-80646 39 I 49-27490 40 I 27-20673 22 I 17-10635 47 I 11-60113 81 
0-3 2 21-97233 41 2 8-9520517 I 49-27490 39 I 30-87697 64 I 20-86253 45 
04 2 35-33241 18 2 14-36089 02 2 7-88469 27 I 49-27490 39 I 33-19825 12 

05 3 5-30983 76 2 21-46524 55 2 11-75900 00 2 7-33158 76 I 49-27490 38 

o-6 3 7-56654 11 2 30-62847 51 2 16-74473 31 2 10-41818 70 2 6-98669 53 
07 3 10-46232 87 3 4-22730 01 2 23-06745 36 2 14-32427 88 2 9-58706 21 
o-8 3 14-10364 68 3 5-68880 21 2 30-98800 16 2 19-20804 95 2 12-83193 05 
o-9 3 18-63360 75 3 7-50380 68 2 40-80696 94 2 25-25154 27 2 16-84006 25 
IO 3 24-21703 79 3 9-73724 76 3 5-28696 51 2 32-66359 94 2 21-74752 38 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

— IO o - 9-33333 33 0 - 7-8571429 0 — 6-75000 00 O — 5-88888 89 O — 5-20000 00 

-09 o — 16-62163 27 0 — 13-27016 84 0 — 10-87769 52 O - 9-1026253 O - 7-74467 37 
— o-8 o -24-03346 03 0 - 18-73177 37 0 -15-00917 65 O — 12-29306 41 O - 10-24976 33 

-07 o -31-12465 52 0 — 23-91162 44 0 - 18-89193 14 O — 15-26289 12 O — 12-55826 29 

— o 6 o -37-31487 76 0 — 28-38101 29 0 — 22-20038 42 O - i7-7593o 28 O - 14-47023 89 

-o-5 o -41-86317 67 0 -3i-5955i 37 0 -24-52323 85 O - 19-46456 07 O - I5-73564 78 
-04 o -43-84032 51 0 -32-87538 07 0 -25-34919 00 O - I9-98534 45 O — 16-04625 58 

-o*3 o -42-09757 87 0 -31-38344 06 0 -24-05084 77 O — 18-84078 85 O - 15-02656 79 

— 0-2 o -35-23I49 38 0 — 26-10023 37 0 — 19-86666 73 O - I5-44905 74 O — 12-22366 73 

— OI o -2I-54438 69 0 - 15-79611 24 0 — 11-88070 97 O - 9-11232 63 O - 7-09585 89 

OO o 1-ooooo 00 0 I-ooooo 00 0 1-ooooo 00 O I-ooooo 00 O 1-ooooo 00 

OI o 34-82610 81 0 26-03552 80 0 20-07074 52 O 15-86999 34 O 12-82260 91 

02 I 8-28019 69 0 61-37319 54 0 46-85727 68 O 36-65202 40 O 29-26190 82 

0 3 I 14-83009 76 1 10-94344 01 1 8-31471 36 I 6-46958 91 O 51-35648 59 

04 I 23-52706 25 1 I7-30474 39 1 13-10244 36 I 10-15724 90 I 8-03128 68 

0-5 I 34-83089 07 1 25-55010 25 1 19-29084 37 I 14-91022 29 I 11-75268 64 

o-6 I 49-27490 38 1 36-06036 13 1 27-15962 32 I 20-93864 80 I 16-46071 53 

o-7 2 6-74753 35 1 49-27490 42 1 37-03099 85 I 28-48422 96 I 22-34013 08 

o 8 2 9-01417 12 2 6-56989 10 1 49-27490 38 I 37-82407 30 I 29-60244 84 

o-9 2 11-80883 36 2 8-59113 62 2 6-43I47 42 I 49-27490 38 I 38-48909 99 

IO 2 15-22469 32 2 11-05738 72 2 8-26337 13 2 6-31977 13 I 49-27490 46 
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a = 6‘3 icr* \Fx[a\b; x] 

b = or 0-2 03 0-4 o-5 
a t t t t t 

— IO o — 62-00000 00 0 — 30-50000 OO 0 — 20-00000 OO O — 14-75000 00 O — 11-60000 00 

-o-9 i - 17-16736 25 I - 7-594I2 38 0 -45-38966 34 O -30-86730 49 O — 22-60769 86 

— o-8 i — 28-80992 57 I - 12-38275 96 1 - 7-I9483 87 O -47-60138 79 O -33-95079 55 
-o-7 i -40-45493 08 I - I7-I3774 32 1 - 9-81245 69 O -63-96842 39 O -44-95770 50 
— o-6 i — 51-18366 02 I — 21-48226 OO 1 — 12-18326 80 I — 7-86560 20 O -54-73910 47 

-<>5 2 - 5-97822 84 I -24-92I47 56 1 - 14-03502 79 I - 8-99609 43 O — 62-14738 60 
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o-6 2 8-12405 82 2 5-89545 13 I 44-02876 57 I 33-65685 32 I 26-23448 48 
0-7 2 11-21659 93 2 8-12405 83 2 6-05529 63 I 46-19438 60 I 35-93169 75 
o-8 2 15-10295 75 2 10-91948 20 2 8-12405 82 2 6-18607 24 I 48-02534 09 
09 2 I9-93594 83 2 I4-38977 82 2 IO-68775 1 1 2 8-12405 82 2 6-29587 53 
10 2 25-89179 42 2 18-65939 48 2 13-83677 07 2 10-50056 63 2 8-12405 83 



APPENDIX II 
i9' 

10 
-t 

b-, x ] x=6-\ 

b = 01 0-2 03 0-4 o-5 
a t t t t t 

IO 1 — 6-70000 00 0 — 33-00000 OO 0 — 21-66666 67 O — 16-00000 00 O — 12-60000 00 

09 1 -23-38598 76 1 — 10-16945 88 0 -59-82263 59 O — 40-09062 16 O — 28-97286 29 

o-8 1 -41-53289 32 1 - 17-58908 95 1 — 10-07492 82 I - 6-57502 84 O — 46-28942 80 

07 2 — 6-oi 150 81 1 -25-13703 91 1 - 14-21054 25 I — 9-15018 11 O -63-54613 95 

06 2 - 7-76805 53 1 — 32-22128 43 1 — 18-06332 96 I — 11-53066 18 I - 7-93691 08 

05 2 - 9-22577 01 1 -38-04304 14 1 — 21-19647 63 I — 13-44480 16 I - 9-1938423 

04 2 — 10-12474 66 1 -4I-55452 23 1 — 23-03980 08 I - 14-53969 62 I - 9-89012 33 

03 2 — 10-12990 95 X — 41-41034 69 1 — 22-86410 91 I - 14-36581 45 I - 9-72722 55 

0-2 2 — 8-81674 89 I -35-91184 61 1 - 19-75184 43 I - 12-35941 03 I - 8-3320249 

OI 2 - 5-65499 67 I — 22-94341 60 1 - 12-56359 73 I — 7-82248 20 O -52-43884 80 

OO 0 1-00000 00 0 i-ooooo 00 0 1-00000 00 O 1-00000 00 O 1*00000 00 

OI 2 8-97847 29 I 36-3953I 9i 1 19-94151 99 I 12-44590 10 I 8-38119 45 
02 2 22-22028 70 2 8-97847 29 1 49-01569 74 I 30-46510 53 I 20-41875 88 

03 2 40-90217 55 2 16-48813 21 2 8-97847 29 2 5-56524 38 I 37-19027 66 

04 3 6-64184 90 2 26-71882 40 2 14-51804 61 2 8-97847 27 2 5-98560 13 

0-5 3 10-04259 69 2 40-32331 58 2 21-86751 89 2 13-49624 59 2 8-97847 29 

o-6 3 14-48825 90 3 5-80718 60 2 3I-43589 78 2 19-36564 65 2 12-85843 63 

07 3 20-20915 63 3 8-08691 71 3 4-37029 25 2 26-87602 21 2 17-81350 08 

o-8 3 27-47503 54 3 10-97733 44 3 5-92288 78 2 36-36482 83 2 24-06262 64 

09 4 3-66005 68 3 14-60170 50 3 7-86656 01 3 4-82241 49 2 31-85988 05 

10 4 4-79514 92 3 19-10311 87 3 10-27688 01 3 6-29079 64 3 4-14990 63 

b = o-6 0-7 o-8 09 10 

a * t t t t 

10 0 - 10-33333 33 0 - 8-71428 57 0 — 7-50000 00 0 - 6-55555 56 O — 5-80000 00 

09 0 — 22-01871 67 0 - 17-35445 68 0 — 14-06366 65 0 -11-65007 85 O - 9-82424 93 

08 0 -34-28993 52 0 — 26-36280 84 0 -20-85749 57 0 —16-88461 56 O - 13-92838 14 

07 0 -46-43075 26 0 -35-20951 10 0 -27-47857 46 0 — 21-94590 62 O -17-86433 65 

06 0 -57-46824 01 0 -43-18026 83 0 -33-38768 64 0 — 26-41768 72 O -21-30475 75 

05 1 — 6*61211 92 0 -49-33987 85 0 — 37-88282 91 0 — 29-76101 61 O — 23-82809 42 

04 1 - 7-07409 93 0 -52-49051 16 0 — 40-06895 88 0 — 31-29182 40 O -24-90163 57 

03 1 — 6-92440 32 0 -51-12411 83 0 -38-82351 32 0 -30-15538 09 O -23-86223 97 

0-2 0 -59-03470 32 0 -43-36827 70 0 -32-75725 65 0 -25-29733 07 O -19-89450 56 

OI 0 -36-91792 54 0 — 26-92475 88 0 — 20-16990 87 0 - 15-43091 81 O — 12-00610 93 

OO 0 1-00000 00 0 i-ooooo 00 0 1 -ooooo 00 0 1-00000 00 O 1-00000 00 

OI 0 59-42345 76 0 43-77339 86 0 33-23167 37 0 25-86261 76 O 20-55687 35 

0-2 1 14-39939 30 1 10-54251 05 1 7-94856 75 0 61-38199 82 O 48-36866 97 

0-3 1 26-14322 71 i 19-07464 74 1 I4-32753 74 1 11-01935 92 I 8-64499 87 

04 1 41-96985 23 1 30-54020 99 1 22-87470 20 1 17-54020 29 I 13-71698 51 

05 2 6-28171 10 1 45-60547 46 1 34-07693 26 1 26-06468 29 I 20-33008 22 

o-6 2 8-97847 29 2 6-50505 03 1 48-50335 39 1 37-01757 18 I 28-80737 32 

07 2 12-41567 33 2 8-97847 29 2 6-68164 97 1 50-89262 87 I 39-52386 07 

o-8 2 16-74264 33 2 12-08643 37 2 8-97847 29 2 6-82616 84 2 5-29132 35 

09 2 22-13242 59 2 15-95115 91 2 11-82960 49 2 8-97847 29 2 6-94753 87 

10 2 28-78487 17 2 20-71363 18 2 15-33734 29 2 11-62211 05 2 8-97847 29 



200 APPENDIX II 

x=6-g io t1F1[a\b\x] 

a 
b = 

t 

01 
t 

0-2 
t 

JL ±L * > J 

03 
t 

04 
t 

05 

— IO 1 — 6-8oooo 00 0 — 33-50000 OO O — 22-00000 OO O —16-25000 00 O — 12-80000 00 

-09 1 -24-94385 36 I — 10-80960 19 O -63-38163 49 O -42-34655 00 O -3051694 19 

-08 1 -44-76791 85 I — 18-90476 14 I — 10-79819 84 I - 7-02790 55 O -49-34854 10 
-0-7 2 - 6-5157685 I -27-17754 83 I — 15-32622 26 I — 9-8447216 I — 6-82086 33 
— o-6 2 - 8-45235 34 I -34-98059 21 I - 19-56641 32 I —12-46269 32 I - 8-55999 45 

-05 2 — 10-06950 16 I -4I-43563 29 I -23-03907 46 I -14-58383 39 I - 9-95285 64 
-04 2 - 11-07983 40 I -45-38556 87 I -25-II530 91 I -15-81936 47 I - 10-74055 13 
-03 2 — 11-11149 20 I -45-339I8 80 I — 24-98787 20 I -15-67223 75 I - io-59338 60 
- 0-2 2 — 9-69186 78 I -39-40769 60 I -2I-63775 08 I -13-51712 36 I - 9-09796 56 
— OI 2 — 6-22894 96 I -25-23204 67 I - I3-79596 14 I - 8-5775702 O -57-42483 64 

OO 0 1-00000 00 0 1-00000 00 O 1*00000 00 O 1*00000 00 O 1*00000 00 

OI 2 9-92274 72 I 40-14829 03 I 21-95565 97 I 13-67580 81 I 9-19051 87 
02 2 24-59971 44 2 9-92274 71 2 5-40757 02 I 33-55015 07 I 22-44564 46 
03 3 4-53553 10 2 18-25284 03 2 9-92274 71 2 6-14011 75 I 40-96169 29 
04 3 7-37633 79 2 29-62553 63 2 16-07126 58 2 9-92274 72 2 6-60419 82 

o-5 3 11-16972 15 3 4-47780 79 2 24-24480 49 2 14-93960 02 2 9-92274 72 

o-6 3 16-13746 55 3 6-45819 42 2 34-90563 13 2 21-46959 24 2 14-23311 40 
07 3 22-54087 82 3 9-00623 93 3 4-85967 88 2 29-83989 37 2 19-74764 86 
08 3 30-68648 37 3 12-24204 30 3 6-59535 07 2 40-43268 18 2 26-71405 69 
09 4 4-09323 98 3 16-30573 39 3 8-77159 78 3 5-36926 88 2 35-42020 65 
10 

a 

4 

b = 

5-36954 67 

o-6 

3 

t 

21-36021 45 

0-7 

3 

t 

n-47435 95 

o-8 

3 

t 

7-01356 15 

0-9 

3 

t 

4-61994 82 

IO 

—10 0 — 10-50000 00 0 - 8-8571429 0 — 7-62500 00 0 — 6-66666 67 O — 5-90000 00 
-09 0 — 23-13212 32 0 - 18-18895 85 0 — 14-70841 72 0 — 12-16075 08 O — 10-23726 51 
-08 0 -36-46491 04 0 — 27-96874 60 0 — 22-07887 08 0 - 17-83619 46 O - 14-68494 13 
-07 0 — 49-72388 86 0 — 37-62411 06 0 -29-30145 93 0 -23-355I5 34 O - 18-97572 05 
— o-6 0 — 61-84988 22 0 -46-37824 56 0 -35-79036 93 0 -28-26583 54 O -22-75464 43 

-05 1 - 7-1440776 0 -53-20881 56 0 -40-77901 74 0 -31-98033 47 O -25-56233 28 
-04 1 - 7-66845 92 0 -56-80078 75 0 -43-28586 67 0 -33-74928 84 O -26-81584 54 
-03 1 — 7-52828 76 0 -55-49250 94 0 -42-07540 24 0 -32-63299 40 O — 25-78689 72 
— 0-2 1 - 6-43632 24 0 -47-21425 18 0 -35-61371 96 0 -27-46858 17 O — 21-57714 02 
— o-i 0 -40-37973 65 0 — 29-41834 82 0 — 22-Ol8l I 23 0 — 16-83281 11 O — 13-09018 41 

OO 0 1*00000 00 0 1*00000 00 0 1-00000 00 0 1-00000 00 O i-ooooo 00 

OI 1 6-50228 83 0 47-79228 63 0 36-19953 49 0 28-10543 32 O 22-28467 99 
02 1 15-79948 71 1 11-54577 63 1 8-68824 02 1 6-69623 90 O 52-66038 61 
03 1 28-74439 63 1 20-93572 37 1 15-69752 13 1 12-05131 II I 9-43738 26 
0-4 1 46-23035 46 1 33-58409 34 1 25-1 1210 OI 1 19-22304 56 I 15-00721 87 
05 2 6-93118 25 1 50-23919 29 1 37-47819 75 1 28-61932 28 I 22-28593 81 

o-6 2 9-92274 71 2 7-17786 72 2 5-34354 47 1 40-71703 II I 31-63588 19 
0-7 2 13-74259 63 2 9-92274 72 2 7-37297 28 2 5-60714 55 I 43A7833 82 
o-8 2 18-55948 21 2 I3-37778 48 2 9-92274 71 2 7-53267 31 2 5-83013 25 
09 2 24-56925 64 2 17-68116 94 2 13-09315 88 2 9-92274 71 2 7-66682 43 
10 2 31-99845 30 2 22-99253 63 2 16-9999! 79 2 12-86316 81 2 9-92274 72 
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10 -t 
yFiW, b; x] X = J'( 

b = OI 0-2 03 0-4 o-5 
a t t t t t 

— IO 1 . — 6-90000 00 O — 34-00000 OO O -22-33333 33 O — 16-50000 00 O — 13-00000 00 

-09 X — 26-62887 95 I — I I-5002I 64 I — 6-72111 28 O — 44-76741 06 O -32-16938 73 

-o-8 1 -48-28345 49 I -20-33157 98 I - 11-58093 15 I - 7-5i697 57 O -52-64502 73 

-07 2 - 7’°6S3°95 I — 29-39718 20 I - 16-53757 64 I - 10-59739 90 I - 7-325I7 81 

— o-6 2 - 9-19980 13 I -37-98933 30 I — 21-20251 83 I - 13-47543 09 I - 9-23583 79 

-0 5 2 - 10-99295 13 I — 45-14264 66 I — 25-04910 92 I — 15-82430 26 I — 10-77808 39 

-04 2 — 12-12709 06 I -49-57964 9i I -27-38387 28 I — 17-21582 70 I —11-66711 03 

-03 2 — 12-18966 10 I -49-64796 29 I -27-3134! 12 I - 17-10056 83 I - 11-53890 44 

— 0-2 2 — 10-65467 11 I -43-24803 19 I -23-70637 73 I - 14-78509 10 I - 9-93558 67 
— OI 2 — 6-86139 84 I -27-75021 45 I -15-14992 81 I - 9-40594 47 O — 62-88670 32 

OO 0 i-ooooo 00 O 1 -ooooo 00 O I-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 2 10-96633 15 I 44-29007 07 I 24-17531 13 I 15-02928 74 I 10-07989 86 

02 2 27-23307 36 2 10-96633 15 2 5-96600 61 I 36-95014 36 I 24-67634 46 

03 2 50-29038 28 2 20-20583 31 2 10-96633 15 I 67-74578 37 I 45-11823 13 

04 2 81-91389 98 2 32-84668 23 2 17-79015 39 2 10-96633 15 2 7-28692 95 

05 3 12-42208 88 2 49-72x17 98 2 26-87915 06 2 16-53688 54 2 10-96633 14 

o-6 3 17-97222 81 2 71-81484 65 2 38-75549 59 2 23-80094 95 2 I5-75436 75 
07 3 25-13812 95 3 10-02890 22 2 54-03361 58 2 33-12828 99 2 21-89077 28 

o-8 3 34-26793 28 3 13-65062 25 2 73-43337 64 2 44-95152 89 2 29-65563 89 

09 4 4-57689 87 3 18-20586 21 3 9-77948 65 2 59-77486 65 2 39-37497 93 
10 4 6-oi 16131 3 23-87998 II 3 12-80948 80 2 78-18382 70 2 51-42690 21 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

—10 0 — 10-66666 67 0 — 9-00000 00 0 — 7-75000 00 O - 6-77777 78 O — 6-00000 00 

-09 0 -24-32038 42 0 - 19-07709 56 0 - 15-39270 64 O — 12-70124 65 O — 10-67321 11 

-o-8 0 -38-80355 50 0 — 29-69174 19 0 -23-38637 78 O —18-85262 08 O - 15-49126 54 

-07 0 -53-27904 29 0 — 40-22578 87 0 — 31-26176 04 O — 24-86767 88 O — 20-16622 14 

— 06 0 -66-59411 44 0 -49-83469 34 0 — 38-38260 12 O — 30-25621 07 O -24-31330 64 

-05 0 — 77-21472 76 0 -57-40115 84 0 -43-91201 36 O -34-377o6 90 O -27-43205 03 

-04 X - 8-3149875 0 -61-48185 13 0 -46-77388 74 O -36-40957 52 O — 28-88470 91 

-03 1 — 8-18647 83 0 — 60-24636 03 0 — 45-60874 62 O -35-32087 58 O -27-87166 53 

— 0-2 0 -70-18163 63 0 -51-40749 47 0 -38-72341 98 O — 29-82877 38 O -23-40345 53 

— OI 0 -44-16638 13 0 -32-14191 55 0 -24-03381 30 O - i8-3595i 80 O - 14-26905 49 

OO 0 I -ooooo 00 0 1 -ooooo 00 0 1-ooooo 00 O I -ooooo 00 O 1-ooooo 00 

OI 0 71-16749 79 0 52-19626 30 0 39-44720 74 O 30-55626 47 O 24-17009 97 

02 1 17-33822 96 1 12-64686 76 I 9-49891 55 O 73-07004 22 O 57-35116 07 

03 1 31-60733 14 1 22-98129 59 I 17-20127 14 I 13-18249 03 I 10-30478 66 

04 1 50-92623 47 1 36-93452 36 I 27-57I52 55 I 21-07041 77 I 16-42171 38 

05 2 7-64800 47 1 55-34664 95 I 41-22224 34 I 31-42771 92 I 24-43325 38 

o-6 2 10-96633 17 2 7-92047 09 I 58-87200 75 I 44-78957 87 I 34-74561 15 

07 2 15-21097 37 2 10-96633 17 2 8-13601 68 2 6-17802 13 I 47-83188 33 

o-8 2 20-57254 62 2 14-80677 35 2 10-96633 15 2 8-31248 87 2 6-42409 84 

09 2 27-27261 28 2 19-59796 15 2 14-49136 23 2 10-96633 17 2 8-46076 13 

10 2 35-56782 04 2 25-52056 43 2 18-84192 73 2 14-23645 40 2 10-96633 16 
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x=y-i 10 -t 
1F1W; b; x] 

b = OI 0-2 03 04 

a t t t t t 

—10 1 — 7-00000 OO O — 34-50000 OO O — 22-66666 67 O —16-75000 00 O 

-0-9 1 -28-45248 59 I — I2-24576 02 I - 7-13345 97 O -47-36727 77 O 

-08 2 - 5-2I05I 93 I — 21-87956 02 I — 12-42839 81 I - 8-04539 43 O 

-07 2 - 7-66435 49 I -31-81238 97 I - 17-85325 16 I - 11-41338 50 I 

— o-6 2 - 10-01639 34 I — 41-27082 74 I — 22-98389 27 I -14-57619 10 I 

-05 2 — 12-00381 32 I -49-19398 38 I — 27-24226 69 I - 17-17556 97 I 

-0-4 2 - I3-27555 43 2 - 5-4171851 I — 29-86388 27 I — 18-74004 83 I 

-0-3 2 - I3-37403 12 2 - 5-43739 68 I — 29-86025 62 I — 18-66243 97 I 

— 0-2 2 - 11-71401 55 I -47-46717 64 I -25-97567 96 I - 16-17399 84 I 

— 01 2 - 7-55833 47 I — 30-52111 82 I — 16-63762 29 I -10-31481 55 I 

o-o 0 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 

01 2 12-11967 08 I 48-86103 25 I 26-62153 97 I 16-51884 24 I 

0-2 2 30-14740 76 2 12-11967 07 2 6-58232 26 I 40-69737 81 I 

0-3 3 5-57593 45 2 22-36716 10 2 12-11967 07 2 7-47481 55 I 

04 3 9-09579 52 2 36-41615 42 2 19-69236 32 2 12-11967 07 2 

0-5 3 13-81351 78 3 5-52058 63 2 29-79825 15 2 18-30448 72 2 

o-6 3 20-01324 90 3 7-98502 81 3 4-30269 20 2 26-38421 02 2 
0-7 3 28-03085 74 3 11-16642 67 3 6-00732 49 2 36-77656 34 2 
o-8 4 3-82615 56 3 15-21928 60 3 8-17526 34 3 4-99710 46 2 
0-9 4 5-11684 59 3 20-32441 95 3 10-90180 77 3 6-65390 07 3 
10 4 6-72921 91 3 26-69263 83 3 14-29792 93 3 8-71449 27 3 

b = o-6 0-7 o-8 09 
a t t t t t 

—10 0 - 10-83333 33 0 - 9-14285 71 0 — 7-87500 00 0 - 6-88888 89 O 

-09 0 -25-58966 74 0 — 20-02320 86 0 — 16-11967 67 0 - 13-27389 39 O 

— o-8 0 -41-31966 63 0 -31-54149 53 0 — 24-78703 21 0 -19-93908 46 O 
-07 0 -57-11877 95 0 -43-03039 17 0 -33-37092 48 0 — 26-49194 20 O 
— o-6 1 - 7-17327 88 0 -53-57I95 77 0 — 41-18050 88 0 — 32-40072 08 O 

-o-5 1 - 8-34837 24 0 -61-94541 52 0 -47-30237 16 0 -36-96637 88 O 
-04 1 — 9-01843 88 1 — 6-65669 94 0 -50-55699 81 0 -39-29035 14 O 
-03 1 — 8-90400 99 1 — 6-54208 48 0 — 49-44888 64 0 -38-23768 25 O 
— 0-2 1 - 7-65361 01 0 — 55-98026 68 0 -42-10955 08 0 -32-39496 46 O 
— OI 0 — 48-30894 82 0 -35-11716 97 0 — 26-23260 43 0 — 20-02249 61 O 

o-o 0 i-ooooo 00 0 1-ooooo 00 0 1-ooooo 00 0 1-ooooo 00 O 

OI 1 7-79110 38 0 57-02278 60 0 43-00154 93 0 33-2348138 O 
0-2 1 19-02947 73 1 13-85543 45 1 10-38750 77 1 7-97556 29 O 
0-3 1 34-75854 50 1 25-22981 53 1 18-85199 73 1 14-42257 06 I 
04 2 5-61021 68 1 40-62256 28 1 30-27520 18 1 23-09857 99 I 

0-5 2 8-439I7 5i 2 6-09764 65 1 45'343^2 60 1 34-51528 56 I 

o-6 2 12-11967 07 2 8-74011 30 2 6-48648 28 1 49-27306 09 I 
07 2 16-83586 41 2 12- II967 07 2 8-97823 62 2 6-80733 24 2 
o-8 2 22-80296 28 2 16-38804 39 2 12-11967 07 2 9-I7323 57 2 
09 2 30-27150 28 2 21-72163 l6 2 16-03854 04 2 12-11967 07 2 
10 2 39-53212 71 2 28-32481 56 2 20-88268 09 2 15-75603 35 2 

o-5 

— I3-20000 oo 

~33-93928 56 
-56-19923 80 
— 7-87089 04 

— 9-969I4 97 

-11-67554 40 
— 12-67684 32 
— 12-57124 55 
— 10-85173 84 
— 6-88706 26 

1-00000 00 

11- 05732 82 

27-13149 17 
49-69948 43 

8-04045 73 
12- 11967 07 

IV43779 9i 

24-26537 38 
32-91897 23 

4- 37676 24 

5- 72399 73 

10 

— 6-ioooo 00 
-11-13384 51 
— 16-35126 81 
-21-44221 35 
-25-98970 52 

— 29-44864 29 
-31-12149 57 
— 30-13054 10 
-25-38623 69 
— 15-55130 11 

1-00000 00 

26-22786 31 
62-47885 14 

n-25443 12 

17-97260 05 
26-79096 90 

38-16474 99 
5-26249 98 
7-07888 80 

9-337II 17 
12-1 1967 08 
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icr * xF^a', b; #] 

b = OI 0-2 0-3 0-4 
a t t t t t 

10 1 — 7-10000 OO 0 — 35-00000 OO 0 — 23-00000 00 O — 17-00000 00 O 
09 1 — 30-42714 60 1 - 13-05109 51 1 - 7-57776 34 O -50-16147 24 O 
08 2 — 5-62612 28 1 -23-55964 39 1 - 13-34635 01 I — 8-61660 07 O 
0-7 2 - 8-31753 02 1 -34-44116 40 1 — 19-28269 69 I - 12-29832 35 I 
o-6 2 — 10-90870 26 1 -44-85061 52 1 -24-92393 42 I - 15-77296 87 I 

05 2 - I3-II053 28 2 - 5-3622431 1 -29-63573 08 I —18-64787 84 I 
0-4 2 - I4-535I5 69 2 — 5-92006 96 1 -32-57550 69 I -20-40403 95 I 
0-3 2 - 14-67518 23 2 - 5-9558I 95 1 — 32-64984 80 I — 20-37060 85 I 
0-2 2 — 12-87965 69 2 - 5-2I028 95 1 -28-46539 42 I - I7-69557 78 I 
OI 2 - 8-32636 57 1 -33-5703I 25 1 — 18-27238 89 I — 11-31210 67 I 

00 0 1-00000 00 0 1-00000 00 0 1-00000 00 O 1 -ooooo 00 O 

OI 2 13-39430 76 2 5-39057 44 1 29-31757 69 I 18-15824 74 I 
0-2 2 33-37263 68 2 I3-39430 75 2 7-26253 19 I 44-82747 06 I 

0 3 3 6-18197 36 2 24-75900 38 2 13-39430 76 2 8-24766 20 2 
04 3 10-09929 62 2 40-37148 02 2 21-79740 89 2 I3-39430 76 2 

0-5 3 I5-35934 36 3 6-12911 53 2 33-03277 64 2 20-26053 36 2 

o-6 3 22-28352 52 3 8-87766 96 3 4-77658 30 2 29-24649 96 2 
0-7 3 31-25236 05 3 12-43161 16 3 6-67820 88 2 40-82390 39 2 
o-8 4 4-27142 87 3 16-96606 03 3 9-10047 43 3 5-55463 54 2 
0-9 4 5-7I955 67 3 22-68625 89 3 12-15143 78 3 7-40610 01 3 
10 4 7-53114 09 3 29-83184 37 3 I5"95710 92 3 9-71215 60 3 

b = o-6 0-7 o-8 09 
a * t t t t 

10 0 — 1 i-ooooo 00 0 - 9-28571 43 0 — 8-00000 00 O — 7-00000 00 0 

09 0 — 26-94667 24 0 — 21-03200 89 0 - 16-89273 59 O -13-88121 43 0 

o-8 0 — 44-02824 94 0 -33-5285473 0 — 26-28844 84 O 21*10121 47 0 

0-7 0 — 61-26766 91 0 -46-05515 86 0 -35-64139 50 O -28-237I3 04 0 

o-6 1 — 7-73006 40 0 -57-61438 41 0 -44-20164 39 O -34-7I230 99 0 

05 1 — 9-02921 76 1 — 6-68726 82 0 -50-97248 59 O -39-76476 48 0 

04 1 — 9-78401 08 1 — 7-20925 72 0 -54-66135 80 O — 42-41087 30 0 

0-3 1 — 9-68639 28 1 - 7-1054601 0 -53-62350 24 O — 4i"4°376 92 0 

0-2 1 - 8-34772 03 0 — 60-96788 50 0 -45-79747 50 O -35-18578 81 0 

OI 0 -52-84154 55 0 -38-36790 22 0 -28-63155 59 O — 21-83427 61 0 

o-o 0 1-00000 00 0 1-00000 00 0 1-00000 00 O 1-ooooo 00 0 

OI 1 8-53125 83 0 62-31299 66 0 46-89202 85 O 36-16267 51 0 

0-2 1 20-88848 05 1 15-18208 89 1 I 1-36161 12 I 8-70747 61 I 

0-3 1 38-22725 02 1 27-70159 16 1 20-66422 l8 I 15-78217 73 I 

04 2 6-18074 23 1 44-68244 10 1 33-24758 47 I 25-32541 24 I 

0-5 2 9-3I24I 96 2 6-71822 74 1 49-88123 76 I 37-90999 58 I 

o-6 2 I3-39430 75 2 9-64480 06 2 7-14710 39 2 5-42091 77 I 

07 2 18-63391 55 2 I3-39430 76 2 9-90786 07 2 7-50108 24 2 

08 2 25-27411 78 2 18-13779 81 2 I3-39430 75 2 10-12332 80 2 

09 2 33-59808 66 2 24-07444 i5 2 I7-75054 01 2 I3-39430 75 2 

i-o 3 4-39348 05 2 31-43534 09 2 23-14355 00 2 I7-43746 67 2 

203 

x=y-2 

05 

—13-40000 00 

-35-83651 96 
-60-03333 06 
— 8-46163 22 
—10-76507 02 

-12-6518154 

-13-77745 62 
-13-69858 69 
-11-85393 47 

— 7-54273 15 

1-00000 00 

12- 13160 75 
29-83381 81 

5- 47490 31 
8-87213 78 

13- 39430 76 

19-30066 56 
26-89636 96 
36-53907 53 

4- 86463 25 
6- 37038 14 

IO 

— 6-20000 00 
— 11-62106 81 
— 17-26918 86 
— 22-81060 73 

-27-79357 00 

— 31-62450 02 
-33-54064 84 

-32-57877 85 
-27-53943 80 
—16-94629 77 

1-00000 00 

28- 47409 67 
6- 80849 51 

12- 29423 89 
19-67319 75 
29- 37990 82 

41-92431 41 
5- 79023 07 
7- 80075 13 

10-30444 32 

13- 39430 77 
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APPENDIX II 

io~* iF^cr, b; x] 

a 
b = 

t 

01 
t 

0-2 
t 

03 
t 

0-4 
t 

0-5 

— IO 1 — 7-20000 00 0 — 35-50000 OO O -23-33333 33 0 — 17-25000 00 O — 13-60000 00 

-09 1 -32-56648 59 1 - I3-92I52 78 I - 8-0568134 0 -53-16667 55 O -37-87183 46 
— o-8 2 — 6-07822 91 1 -25-38378 37 I -14-34106 44 1 - 9-23434 46 I - 6-4171439 
-07 2 — 9-02990 11 1 -37-303I8 84 I -20-83623 74 1 - 13-25837 57 I - 9-1013645 

— o-6 2 -11-88393 53 1 — 48-75667 06 I -27-0373014 1 - 17-07450 19 I — 11-62921 07 

-05 2 - 14-32238 23 2 - 5-8463943 I —32-24832 26 1 -20-25243 70 I -13-71408 89 

-o-4 2 - 15-91681 57 2 - 6-4708477 I -35-54086 38 1 - 22-22095 93 I -14-97738 38 

-o-3 2 - 16-10475 55 2 - 6-52456 99 I -35-70573 01 1 — 22-23906 86 I — 14-92988 91 

— 0-2 2 - 14-16234 24 2 - 5-7196747 I -31-1972171 1 — 19-36271 28 I - 12-95041 79 
— OI 2 — 9-17277 81 1 -36-92595 02 I —20-0689101 1 - 12-40653 08 I - 8-26124 54 

o-o O 1-00000 00 0 1-00000 00 O 1-00000 00 0 1-00000 00 O 1-00000 00 

OI 2 14-80299 92 2 5-94734 11 I 32-28904 33 1 19-96267 77 I 13-31241 98 
02 2 36-94186 12 2 14-80299 92 2 8-01327 09 1 49-37970 15 I 32-80836 91 

03 3 6-85352 79 2 27-40590 07 2 14-80299 93 2 9-10066 18 2 6-03149 33 

04 3 11-21269 35 3 4-47542 20 2 24-12688 02 2 14-80299 93 2 9-79009 20 

o-5 3 17-07658 39 3 6-80424 84 2 36-61669 10 2 22-42507 89 2 14-80299 92 

o-6 3 24-80860 18 3 9-86922 42 3 5-30231 34 2 32-41785 44 2 21-36206 11 
o-7 4 3-48396 63 3 13-83867 19 3 7-42338 16 3 4-53I37 52 2 29-81135 34 
o-8 4 4-76783 66 3 18-91098 78 3 10-12935 10 3 6-17386 16 2 40-55477 08 
09 4 6-39224 44 3 25-31903 74 3 13-54269 16 3 8-24251 26 3 5-40645 40 
10 4 8-42716 46 4 3-33350 94 3 17-80642 23 3 10-82278 33 3 7-08907 58 

a 
b = 

t 

o-6 
t 

0-7 
t 

o-8 
t 

09 
t 

10 

—10 0 — 11-16666 67 O - 9-42857 14 O — 8-12500 00 O — 7-1111111 O — 6-30000 00 
-09 0 — 28-39867 64 O — 22-10860 80 O - I7-7I557 70 O -14-52593 78 O -12-13693 71 
-o-8 0 -46-94562 87 O -35-66434 91 O — 27-89889 16 O -22-3451127 O — 18-24961 92 
-07 1 - 6-5752477 O -49-31884 78 O — 38-08669 23 O — 30-11321 68 O — 24-27890 08 
— o-6 1 - 8-33355 50 O — 61-98849 38 O -47-46510 51 O -37-20505 03 O -29-73546 68 

-05 1 — 9-76885 80 I — 7-22168 76 O -54-94675 84 O — 42-79018 77 O -33-97309 57 
-04 1 - 10-61738 57 I — 7-80982 91 O -59-II550 33 O -45-79212 34 O -36-15789 35 
-0-3 1 - 10-53965 81 I - 7-7i895 99 O — 58-16282 58 O -44-84134 51 O -35-23300 70 
— 0-2 1 — 9-10603 69 I — 6-64090 06 O -49-81492 50 O — 38-22160 01 O — 29-87828 42 
— OI 0 -57-80158 71 O — 41-92018 43 O -3I-24935 57 O -23-80856 23 O — 18-46428 62 

o-o 0 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 1 9-34370 86 I 6-8i 120 77 O 51-15097 85 O 39-36351 77 O 30-92646 00 
0-2 1 22-93202 48 I 16-63849 78 I 12-42956 80 I 9-50884 53 I 7-42149 49 
0-3 1 42-04563 16 I 30-41897 76 I 22-65391 50 I 17-27298 30 I 13-43290 45 
04 2 6-80963 44 I 49-15187 13 I 36-51559 68 I 27-77057 72 I 21-53814 04 
0-5 2 10-27626 84 2 7-40232 26 2 5-48766 73 I 41-64264 12 I 32-22297 39 

o-6 2 14-80299 91 2 10-64337 34 2 7-87536 50 2 5-96438 77 I 46-05845 51 
0-7 2 20-62355 27 2 14-80299 92 2 io-93397 72 2 8-26589 24 2 6-37129 86 
o-8 2 28-01191 40 2 20-07395 86 2 14-80299 91 2 11-17205 49 2 8-59658 27 
09 2 37-28800 62 2 26-68103 66 2 19-64489 23 2 14-80299 91 2 11-37221 74 
10 3 4-88240 48 2 34-88543 87 2 25-64820 67 2 19-29796 65 2 14-80299 93 
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* = 7‘4 10 1 \F\[a'y *] 

b = 01 0-2 0-3 04 05 
a t t t t t 

10 1 — 7-30000 00 0 — 36-00000 OO O — 23-66666 67 O —17-50000 00 O — 13-80000 00 
09 1 -34-88539 39 1 — 14-86284 87 I - 8-57365 05 O -56-40105 05 O -40-05692 23 
o-8 2 — 6-57020 02 1 -27-36504 26 I - I5-4I939 29 I — 9-9027146 I - 6-8639843 
07 2 - 9-80701 59 1 -40-41999 79 I -22-52515 75 I -14-30026 75 I - 9-79440 65 
06 2 - 12-94999 43 2 - 5-30196 37 I -29-34003 50 I —18-4903418 I — 12-56769 84 

o-5 2 - I5-64954 11 2 - 6-37579 51 I -35-10066 34 I —22-0015124 I - 14-87022 59 
04 2 - 17-43252 93 2 — 7-07416 27 I -38-78421 41 I -24-20522 57 I - 16-28585 70 

03 2 - 17-67556 03 2 — 7-14860 09 I -39-05375 37 I — 24-28316 86 I - 16-27497 °5 
02 2 - I5-5739I 13 2 — 6-27944 68 I -34-19499 74 I -21-18955 17 I - 14-15023 00 
01 2 — 10-10560 74 1 -40-61904 55 I -22-04334 57 I —13-60766 51 I - 9-04872 03 

00 0 1-00000 00 0 1-ooooo 00 O 1*00000 00 O 1-ooooo 00 O 1-ooooo 00 

01 2 16-35984 42 2 6-56183 56 I 35-56419 70 I 21-94885 32 I 14-61042 33 
0-2 2 40-89170 14 2 16-35984 42 2 8-84186 74 2 5-43973 93 I 36-08273 85 
03 3 7-59765 41 2 30-33499 94 2 16-35984 43 2 10-04214 36 2 6-64501 98 
04 3 12-44796 03 3 4-96104 01 2 26-70466 09 2 16-35984 42 2 10-80328 60 

05 3 18-98412 20 3 7-55323 9i 2 40-58760 76 2 24-82030 90 2 16-35984 43 

o-6 3 27-61685 27 3 10-97058 26 3 5-88552 63 2 35-93I53 66 2 23-64310 71 
07 4 3-88339 29 3 I5-40339 64 3 8-25101 84 3 5-02942 60 2 33-04088 06 
o-8 4 5-32II9 25 3 21-07635 02 3 11-27342 30 3 6-86156 92 3 4-50090 89 
09 4 7-I4294 42 3 28-25353 10 3 15-09148 29 3 9-17249 84 3 6-00815 82 
10 4 9-42820 12 4 3-72441 51 3 19-86744 89 3 12-05905 90 3 7-88811 26 

b = 06 0-7 o-8 09 10 
a * t t t t 

10 0 - n-33333 33 0 - 9-57142 86 0 — 8-25000 00 0 — 7-22222 22 0 — 6-40000 00 
09 0 -29-95358 79 0 -23-25855 45 0 — 18-59220 46 0 — 15-21102 07 0 — 12-68367 66 
o*8 0 -50-08956 41 0 -37-96i34 87 0 -29-62733 50 0 -23-67739 75 0 - I9-29753 50 
07 1 — 7-06023 61 0 -52-84187 09 0 -40-72151 77 0 -32-13103 15 0 -25-85522 61 
06 1 - 8-98788 35 1 — 6-67231 82 0 -50-99168 25 0 -39-89424 23 0 -31-82687 37 

o-S 1 - 10-57258 94 1 - 7-8014999 0 -59-25178 25 0 — 46-06220 02 0 -36-50908 24 

04 1 - ii-52477 64 X - 8-46275 14 0 -63-95057 22 0 -49-45697 59 0 -38-99035 45 

03 1 — 11-47040 78 1 - 8-3871923 0 — 63-09988 29 0 -48-57464 77 0 -38-11135 51 

0-2 1 - 9-93463 40 1 - 7-23459 5i 0 -54-19223 29 0 -41-52463 97 0 -32-41939 53 

OI 0 — 63*23012 IO 0 -45-80259 06 0 -34-10646 53 0 -25-96034 38 0 — 20-11645 80 

OO 0 I -ooooo 00 0 1-ooooo 00 0 1-ooooo 00 0 1-ooooo 00 0 I -ooooo 00 

OI 1 10-23559 63 1 7-44696 59 0 55-81387 68 0 42-86328 99 0 33-60429 38 

02 1 25-17858 48 1 18-23748 97 1 13-60054 13 1 10-38636 68 1 8-09187 15 

03 1 46-24915 21 1 33-40657 93 1 24-83863 81 1 18-90781 02 1 14-67997 02 

0 4 2 7-50288 65 2 5-40724 08 1 40-10887 38 1 30-45569 62 1 23-58350 76 

0 5 2 11-34013 90 2 8-15645 66 2 6-03766 26 1 45-74711 96 1 35-34535 24 

o-6 2 16-35984 4i 2 n-74559 16 2 8-67821 63 2 6-56277 96 1 50-60476 90 

07 2 22-82515 62 2 16-35984 44 2 12-06661 79 2 9-10906 62 2 7-01112 26 

o-8 2 31-04503 26 2 22-21635 22 2 16-35984 4i 2 12-32967 32 2 9-47398 65 

09 3 4-13807 68 2 29-56870 85 2 21-74099 02 2 16-35984 42 2 12-55088 02 

10 3 5-42533 i9 2 38-71201 81 2 28-42286 08 2 21-35657 44 2 16-35984 43 
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x=y5 io t1F1 [a; b\ x] 

a 
b = 

t 

01 
t 

0-2 
t 

03 
t 

0-4 
t 

o-5 

— IO 1 — 7-40000 00 0 — 36-50000 OO O — 24-00000 00 O — 17-75000 00 O — 14-00000 00 

-o-9 1 -37-40013 66 1 - 15-88137 86 I - 9-1315901 O -59-88438 09 O — 42-40449 86 

-o-8 2 - 7-io57i 40 1 -29-51769 54 I - 16-58881 53 I — 10-62616 85 I - 7-34671 72 

-o-7 2 - 10-65495 23 1 -43-81515 65 I -24-36179 04 I - I5-43I34 29 I - 10-54546 91 

— o-6 2 - I4-II554 69 2 - 5-76730 84 I — 31-84968 87 I — 20-03092 98 I - 13-58722 48 

-o-5 2 - 17-10318 59 2 - 6-95477 05 I -38-21534 56 I -23-90852 97 I — 16-12882 18 

-o-4 2 - 19-09548 76 2 - 7-735ii 39 I -42-33216 83 I — 26-37263 68 I — 17-71298 06 

-03 2 — 19-40169 36 2 - 7-83335 72 I — 42-72230 71 I -26-51974 69 I - 17-74459 09 
— 0-2 2 — 17-12740 62 2 - 6-89463 87 I -37-48495 47 I -23-19163 14 I - 15-46329 08 

— OI 2 - 11-13371 62 I -44-68376 73 I -24-21348 07 I — 14-92603 98 I — 9-91187 29 

0-0 0 1-00000 00 O 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 2 18-08042 41 2 7-24005 56 I 39-17420 19 I 24-13519 49 I 16-03734 88 

02 3 4-52626 70 2 18-08042 42 2 9-75641 15 2 5-99283 27 I 39-68733 07 

0 3 3 8-42216 74 2 33-57633 30 2 18-08042 42 2 11-08130 29 2 7-32132 92 

0-4 3 13-81836 92 3 5-49909 89 2 29-55717 34 2 18-08042 42 2 11-92161 90 

o-5 3 21-10291 17 3 8-38412 78 3 4-49871 77 2 27-47076 70 2 18-08042 42 

o-6 3 30-73979 22 3 12-19382 89 3 6-53247 72 2 39-82437 99 2 26-16717 02 

o-7 4 4-32809 22 3 17-14332 03 3 9-17018 97 3 5-58188 00 2 36-61878 49 

o-8 4 5-93796 54 3 23-48691 75 3 12-54549 4i 3 7-62528 66 3 4-99497 25 

09 4 7-98060 59 3 31-52398 52 3 16-81550 12 3 10-20645 21 3 6-67632 54 

10 4 10-54641 42 4 4-16055 29 3 22-16419 89 3 13-43508 19 3 8-77641 15 

a 
b = 

t 

o-6 
t 

0-7 
t 

o-8 
t 

09 
t 

1*0 

—10 O —11-50000 00 O - 9-71428 57 O - 8-37500 00 O - 7-33333 33 O — 6-50000 00 
-09 O — 31-62000 18 O — 24-48787 18 O — 19-52696 14 O -15-93966 70 O -13-26369 52 
— o-8 O -53-47938 13 O -40-43307 66 O -31-48352 31 O -25-10524 88 O — 20-41832 69 
-07 I - 7-58490 85 O -56-64644 46 O -43-56185 39 O -34-30233 94 O — 27-54840 80 
— o-6 I - 9-69755 72 1 - 7-1849942 O -54-80400 63 O -42-79652 69 O — 34-08026 12 

-0 5 I -11-44619 59 I - 8-43074 20 O -63-91654 34 O — 49-60209 49 O -39-24839 89 
-04 I - 12-51297 63 I — 9-17276 14 I — 6-92005 42 O -53-43036 43 O — 42-05668 04 
-03 I —12-48586 90 I - 9-11519 21 I - 6-84707 55 O -52-63012 95 O -41-23358 83 
— 0-2 I —10-84016 92 I - 7-88250 56 O -58-96257 36 O -45-11920 84 O -35-18091 24 
— OI I — 6-91721 86 O -50-04644 13 O -37-22528 90 O — 28-30601 81 O -21-91504 41 

o-o O 1-ooooo 00 O 1-ooooo 00 O 1 -ooooo 00 O 1-ooooo 00 O I-ooooo 00 

OI I 11-21477 42 I 8-14402 60 O 60-91965 81 O 46-69043 67 O 36-52877 95 
0-2 I 27-64849 69 I 19-99317 17 I 14-88459 72 I ii-34738 92 I 8-82509 25 
0-3 I 50-87688 63 I 36-69148 07 I 27-23770 22 I 20-70074 61 I 16-04590 91 
0-4 2 8-26710 99 2 5-94898 39 I 44-06003 76 I 33-40454 85 I 25-82696 34 

0-5 2 12-51442 89 2 8-98782 54 2 6-64323 3° I 50-26074 69 I 38-77474 46 

o-6 2 18-08042 41 2 12-96223 12 2 9-56332 41 2 7-22167 29 2 5-56046 44 
0-7 2 25-26127 21 2 18-08042 42 2 13-31685 97 2 10-03866 01 2 7-71567 42 
o-8 2 34-40523 27 2 24-58691 24 2 18-08042 41 2 13-60750 74 2 10-44135 14 
0-9 3 4-59201 60 2 32-76767 65 2 24-06028 72 2 18-08042 42 2 13-85196 53 
10 3 6-02819 33 3 4-29559 86 2 3I-49653 34 2 23-63435 4i 2 18-08042 42 
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10 1 i^i[ay x] 

b = 01 0-2 0-3 04 
a t t t t t 

10 1 — 7-50000 00 0 — 37-00000 OO O -24-33333 33 O — 18-00000 00 O 

09 1 — 40-12848 98 1 — 16-98401 67 I - 9-73424 72 O -63-63821 51 O 

o-8 2 - 7-6887947 1 -31-85734 48 I - I7-85749 83 I — 11-40956 88 I 
0-7 2 - 11-58036 77 1 -47-5I444 90 I -26-35961 96 I — 16-65962 09 I 
o-6 2 - 15-39009 84 2 - 6-27537 89 I -34-58547 34 I — 21-70768 10 I 

05 2 -18-69558 90 2 — 7-58806 42 I -41-61712 43 I -25-98818 35 I 
0-4 2 — 20-92018 95 2 - 8-4593003 I -46-21391 78 I -28-74050 52 I 
0-3 2 — 21-29866 88 2 — 8-58482 40 I -46-74256 73 I — 28-96727 64 I 
0-2 2 —18-83719 61 2 - 7-57078 96 I -41-09591 55 I — 25-38601 76 I 
01 2 — 12-26687 79 1 -49-I5776 02 I — 26-59888 90 I - 16-37323 23 I 

o-o 0 i-ooooo 00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 

o-i 2 19-98195 88 2 7-98862 24 I 43-15343 02 I 26-54199 98 I 
0-2 3 5-00995 86 2 19-98195 88 2 10-76583 50 2 6-60252 03 I 

0 3 3 9-33572 19 2 37-16312 65 2 19-98195 89 2 12-22829 24 2 
04 3 15-33863 29 3 6-09524 25 2 32-71364 80 2 19-98195 90 2 

o-S 3 23-45620 21 3 9-30582 67 3 4-98615 22 2 30-40360 53 2 

o-6 4 3-42124 21 3 I3-55237 03 3 7-25009 95 3 4-41371 70 2 
0-7 4 4-82315 16 3 19-07791 78 3 10-19095 92 3 6-19465 30 2 
08 4 6-62535 35 3 26-17022 44 3 I3-95978 36 3 8-47336 68 3 
0-9 4 8-91519 68 4 3-51685 02 3 18-73440 95 3 11-35591 61 3 
10 4 ii-79536 34 4 4-64710 25 3 24-72338 57 3 14-96652 31 3 

b = o*6 0-7 o-8 09 

a t t t t t 

10 0 — n-66666 67 0 - 9-8571429 0 — 8-50000 00 0 - 7-44444 45 0 

09 0 -33-40725 86 0 -25-80310 04 0 -20-52455 80 0 - 16-71534 70 0 

o-8 0 -57-13611 42 0 -43-09424 i7 0 -33-47803 88 0 -26-63645 59 0 

0-7 1 — 8-15272 68 0 -60-75675 42 0 — 46-62508 21 0 -36-63991 93 0 

o-6 1 - 10-46749 33 1 - 7-74030 93 0 -58-92671 91 0 -45-93000 33 0 

05 1 - 12-39599 58 1 - 9-11381 95 1 — 6-89726 38 0 -53-43305 58 0 

0-4 1 - 13-58941 50 1 - 9-94503 43 1 - 7-49024 97 0 - 57'73947 47 0 

0-3 1 - I3-59395 47 1 — 9-90846 64 1 - 7"43i48 66 0 -57-03666 70 0 

0-2 1 — 11-82993 9° 1 - 8-58970 58 1 — 6-41622 37 0 — 49-03186 18 0 

01 1 - 7-5677201 0 — 54-68606 94 0 — 40-63036 26 0 -30-86352 37 0 

o-o 0 1-00000 00 0 1-00000 00 0 1-00000 00 0 1*00000 00 0 

01 1 12-28987 71 1 8-90837 71 1 6-65110 49 0 50-87614 72 0 

0-2 1 30-36414 54 1 21-92105 67 1 16-29279 48 1 12-39997 84 1 

0-3 2 5-59718 90 1 40-30349 68 1 29-87234 55 1 22-66726 80 1 

0-4 2 9-10959 60 2 6-54546 19 1 48-40500 13 1 36-64328 58 1 

05 2 13-81061 86 2 9-90436 71 2 7-31002 42 2 5-52246 04 1 

o-6 2 19-98195 87 2 14-30519 00 2 io-539i4 43 2 7-94721 64 2 

0-7 2 27-95684 11 2 19-98195 89 2 14-69693 28 2 11-06356 06 2 

o-8 2 38-12768 06 2 27-20990 18 2 19-98195 88 2 15-01806 11 2 

0-9 3 5-09547 12 2 36-31140 12 2 26-62651 49 2 19-98195 88 2 

i-o 3 6-69756 89 3 4-76626 80 2 34-90135 78 2 26-15460 60 2 

207 

x=y-6 

05 

— 14-20000 00 
— 44-92840 24 
— 7-86846 20 
-11-35969 15 
— 14-69509 76 

— i7'49927 4i 
— 19-26981 60 

— I9-35054 25 
— 16-90048 39 
— 10-85808 10 

1-00000 00 

17-60610 93 
43-65564 59 

8- 06687 03 
13-15602 09 
19-98195 88 

28-96009 93 
40-58253 26 

5-54295 38 
7-41825 55 
9- 76387 65 

i-o 

— 6-6oooo 00 

— I3-87959 98 
-21-61783 93 
-29-36802 34 
-36-50917 83 

— 42-20838 61 
-45-37718 38 
— 44-62126 19 
— 38-18264 17 
-23-87341 11 

1-00000 00 

39-72311 94 
9-62715 35 

17-54221 67 
28-28791 77 
42-54161 70 

6-11036 47 
8-49153 46 

11-50793 05 
15-28820 75 
19-98195 90 
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x=y-y io 1 jFjJa; b; x] 

b = 01 0-2 0-3 04 05 
a t t t t t 

— IO 1 — 7-60000 00 0 — 37-50000 OO O — 24-66666 67 O —18-25000 00 O — 14-40000 00 

-09 1 — 43-08988 42 1 - 18-17829 59 I - 10-38556 47 I — 6-76860 29 O -47-64369 47 
-08 2 - 8-3238461 1 -34-40104 48 I - 19-23435 86 I —12-2582196 I - 8-43261 73 
-07 2 - 12-59055 64 2 - 5-1546097 I -28-53338 42 I -17-99385 99 I — 12-24268 00 
— o-6 2 - 16-78407 53 2 - 6-8302053 I -37-56841 67 I -23-53307 68 I - 15-89929 83 

-05 2 — 20-44022 71 2 — 8-28087 99 I — 45-33312 62 I — 28-25656 08 I — 18-99186 08 
-04 2 — 22-92257 46 2 — 9-25287 10 I — 50-46148 81 I -31-32780 32 I -20-96847 35 

-0-3 2 -23-38355 87 2 - 9-40958 19 I -51-14877 53 I — 31-64602 38 I -21-10575 01 
-0-2 2 — 20-71911 25 2 - 8-31399 56 I -45-05957 37 I -27-79145 25 I - i8-47375 i9 
— OI 2 - 13-51587 25 2 - 5-40825 01 I — 29-22111 46 I — 17-96197 29 I - 11-89544 87 

OO O 1*00000 00 0 1 -ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

OI 2 22-08347 99 2 8-81484 65 I 47-53979 35 I 29-19163 17 I 19-33091 75 
02 3 5-54520 32 2 22-08347 98 2 11-87999 94 2 7-27461 51 I 48-02459 78 

0-3 3 10-34790 IO 3 4-H32I 36 2 22-08347 98 2 13-49432 08 2 8-88875 55 
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2 26-56710 74 2 19-84025 55 2 

2 36-40950 29 2 27-15110 31 2 

3 4-88921 81 2 36-40950 29 2 

3 6-45680 46 3 4-80201 98 2 

213 

X—S’2 

05 

— 15-40000 00 
— 6-47183 48 
— 12-03151 35 
— 17-92388 07 
-23-70030 27 

— 28-71928 63 
-32-09991 45 
— 32-66706 90 
-28-88727 33 
— 18-79385 77 

1-00000 00 

30-90198 36 
7-74568 96 

14-44804 72 
23-77129 70 
36-40950 31 

5-31968 51 

7-51305 37 
10-33967 93 
13-94004 21 
18-47982 45 

10 

— 7-20000 00 
— 18-50420 52 
— 30-86285 09 
-43-58981 63 
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-07 2 — 20-93741 10 2 — 8-46661 99 1 — 46-28700 37 X — 28-82688 01 I - 19-36938 68 

— o-6 2 -28-38041 34 2 - 11-42037 83 2 — 6-21104 16 X -38-46793 24 I -25-69663 83 

-o-5 2 -35-04402 33 2 - I4-04943 64 2 — 7-61087 04 X -46-94265 19 I -31-22133 57 

-04 2 -39-78182 23 2 — 15-89990 80 2 - 8-58555 64 2 - 5-2775461 I -34-97655 27 

-03 3 - 4-1035008 2 - 16-35704 89 2 — 8-80776 44 2 - 5-3983406 I -35-66795 53 

-02 2 -36-73698 87 2 — 14-60846 84 2 — 7-84630 66 I — 47-96281 80 I -31-60152 04 

— 01 2 — 24-20123 23 2 — 9-60095 28 2 - 5-I4370 49 I -31-35667 40 I -20-59907 65 

00 O 1 -ooooo 00 O I-ooooo 00 0 1-ooooo 00 O I-ooooo 00 O 1-ooooo 00 

01 2 40-23872 37 2 15-91895 14 2 8-50770 67 2 5-17596 82 I 33-95281 21 

0-2 3 10-19090 93 2 40-23872 39 2 21-46055 66 2 13-02702 04 2 8-52447 72 
03 3 I9-I7334 00 3 7-55792 97 2 40-23872 40 2 24-38146 19 2 15-92415 58 

04 3 31-79499 47 3 12-51388 10 3 6-65184 08 2 40-23872 38 2 26-23637 82 

05 4 4-90596 95 3 19-28082 26 3 10-23358 27 3 6-18110 43 2 40-23872 38 

o-6 4 7-21827 12 3 28-32914 18 3 15-01490 94 3 9-05597 30 3 5-88671 92 
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— o-6 2 — 31-00098 27 2 — 12-45296 11 2 — 6-76059 68 1 -41-79676 58 I — 27-87020 49 

-05 2 -38-36104 25 2 - I5-3539I 96 2 - 8-3037475 1 -51-13093 65 I -33-95020 33 
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0-5 4 5-44982 17 3 21-39085 84 3 11-33898 44 3 6-83997 99 3 4-44706 67 
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2l6 

*=8-5 

APPENDIX II 

icr * b; x] 

a 

b = 

t 

01 

t 

0-2 

t 

03 

t 

04 

t 

05 
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-03 3 - 4-9532075 2 - 19-68530 84 2 - 10-56833 37 2 - 6-4581073 1 -42-54323 80 
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04 4 3-91374 54 3 15-3640! 96 3 8-14572 63 3 4-91476 88 2 31-96164 72 
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o-6 4 8-92778 12 4 3-49508 33 3 18-47815 89 3 11-11682 93 3 7-20819 98 
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—10 1 — 8'50000 00 0 — 42-00000 OO 0 — 27-66666 67 0 — 20-50000 00 O — 16-20000 00 
— 09 2 - 8-44817 5i 1 -34-69356 68 1 — 19-29406 46 1 — 12-24301 03 I - 8-39444 20 
— o-8 2 - I7-34567 14 2 - 7-02113 23 1 -38-44003 34 1 -23-98577 90 I - 16-15511 33 
- 07 2 — 27-10613 20 2 — 10 89907 25 2 - 5-92436 04 1 — 36-68240 91 I -24-50398 22 
- o-6 2 -37-01283 04 2 - 14-81695 79 2 - 8-01615 77 1 -49-38634 53 I -32-81550 10 

-o-S 3 - 4-59879 40 2 - 18-34739 20 2 — 9-89056 20 2 — 6-07036 74 I — 40-17476 61 
-04 3 - 5-24955 94 2 — 20-88438 77 2 - 11-22473 78 2 — 6-86776 44 I -45-30381 28 
-0 3 3 - 5-4426i 71 2 -21-59879 29 2 — 11-57866 48 2 - 7-06515 42 I -46-47423 35 
-o-2 3 - 4-89589 26 2 - I9-38544 95 2 - 10-36770 47 2 — 6-31066 78 I — 41-40410 10 
— 01 2 -32-39969 53 2 — 12-80086 54 2 — 6-83028 58 I — 41-47182 01 I -27-13691 39 

00 0 1*00000 00 0 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 O 1-ooooo 00 

01 3 5-43165 96 2 21-39938 91 2 11-38868 23 2 6-89919 35 I 45-06049 05 
0-2 3 13-81155 04 3 5-43165 95 2 28-85197 30 2 17-44261 62 2 11-36712 09 
0-3 3 26-08547 34 3 10-24239 67 3 5-43165 96 2 32-78148 91 2 21-32534 56 
04 4 4-34186 94 3 17-02312 61 3 9-01390 03 3 5-43i65 95 2 35-27792 21 
o-5 4 6-72376 45 3 26-32508 02 3 13-91952 20 3 8-37550 23 3 5-43i65 95 

06 4 9-92768 45 4 3-88176 17 3 20-49727 13 3 12-31638 76 3 7-976i4 94 
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—10 0 - I3-33333 33 0 - 11-28571 43 0 — 9-75000 00 0 - 8-55555 56 0 — 7-60000 00 
— 09 0 -60-66936 34 0 -45-59392 27 0 -35-32969 32 0 — 28-06699 84 0 -22-76659 36 
— o-8 1 — 11-45882 18 I — 8-44481 24 I — 6-41299 91 0 -49-90563 73 0 -39-64119 73 
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— 04 1 -31-43630 11 I -22-63954 34 I — 16-78287 91 1 - 12-73653 98 1 - 9-85703 35 
-0-3 1 -32-15328 17 I -23-08453 50 I - I7-0577I 94 1 — 12-90169 37 1 - 9-94993 95 
— 0-2 I — 28-56785 86 I — 20-45192 60 I — 15-06709 64 1 - 11-36006 35 1 — 8-73181 62 
— OI I — 18-66979 82 I - I3-32394 37 I - 9-7823075 1 - 7-34793 45 0 -56-24744 15 

OO O 1 -ooooo 00 0 1-ooooo 00 0 1-ooooo 00 0 1-ooooo 00 0 1-ooooo 00 

OI I 30-95938 31 I 22-07919 00 I 16-21173 10 1 12-18980 98 1 9-35095 19 
02 2 7-79123 95 2 5-54195 18 I 40-57571 15 1 30-41359 44 1 23-24994 18 
0'3 2 14-58966 45 2 10-35750 II 2 7-56776 35 2 5-66016 40 1 43-17062 80 

04 2 24-09532 17 2 17-07647 50 2 12-45488 27 2 9-29823 53 2 7-07827 28 

0-5 2 37-04220 40 2 26-21071 83 2 19-08612 07 2 14-22509 52 2 10-81026 59 

06 3 5-43165 95 2 38-37739 88 2 27-90359 78 2 20-76480 16 2 I5-755I3 75 

07 3 7-69827 11 3 5-43i65 96 2 39-43677 5i 2 29-30490 69 2 22-20202 99 

o-8 3 10-63119 63 3 7-49II3 63 3 5-43i65 95 2 40-30666 05 2 30-49462 82 

09 3 14-38163 16 3 10-12105 60 3 7-32915 68 3 5-43i65 95 3 4-10396 72 

10 3 19-12861 86 3 13-44547 89 3 9-72460 19 3 7-19796 70 3 5-43I65 96 
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10“1 b; x] 

0-2 03 

t 

— 42-50000 00 O —28-00000 00 

t 

0 

04 

— 20-75000 00 

t 

O 

o-5 

— 16-40000 00 

-09 2 - 9-I339° 22 1 -37-40830 44 1 — 20-74666 02 1 - 13-12825 71 I - 8-97643 44 

— 08 2 — 18-85716 40 2 — 7-61706 03 1 — 41-61426 04 X -25-91057 30 I - 17-41359 59 

-0-7 2 -29-55805 61 2 - 11-86332 78 2 - 6-43658 84 1 -39-77954 82 I -26-52277 93 

— o-6 2 -40-45453 i5 2 - 16-16767 55 2 - 8-7321407 2 - 5-37057 57 I -35-62439 52 

-05 3 - 5-03636 68 2 — 20-06156 69 2 - 10-79750 57 2 - 6-61645 33 I -43-71882 42 

-04 3 - 5-75927 07 2 — 22-87786 92 2 — 12-27767 12 2 - 7-50064 89 I -49-40382 95 

-03 3 - 5-9808743 2 -23-70069 45 2 — 12-68712 54 2 - 7-73034 63 I -50-77647 35 

— 0-2 3 - 5-38837 60 2 -21-30583 88 2 - 11-37895 81 2 — 6-91661 75 I -45-31719 92 

— OI 2 -35-71121 97 2 — 14-09040 48 2 — 7-50840 18 1 -45-52941 49 I -29-75346 76 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 0 1-00000 00 O 1*00000 00 

OI 3 6-00291 22 2 23-61828 11 2 12-55251 48 2 7-59377 48 I 49-52768 30 

02 3 I5-28397 99 3 6-00291 22 2 31-84466 14 2 19-22649 94 2 12-51301 19 

03 3 28-90252 92 3 II-33407 58 3 6-00291 22 2 36-18264 85 2 23-50753 16 

04 4 4-81659 25 3 18-86078 06 3 9-97444 13 3 6-00291 22 2 38-93893 33 

0-5 4 7-46769 65 3 29-20I79 96 3 15-42157 61 3 9-26783 96 3 6-00291 22 

o-6 4 11-03874 42 4 4-31095 96 3 22-73597 84 3 13-64496 90 3 8-82578 05 

07 4 15-76598 05 4 6-14937 65 3 32-39047 91 3 19-41391 87 3 12-54066 48 

o-8 4 21-93379 89 4 8-54479 29 4 4-49528 68 3 26-91004 44 3 17-36097 92 

09 5 2-98828 56 4 11-62805 39 4 6-i 1016 61 4 3-65336 27 3 23-54115 29 

10 5 4-00193 55 4 I5-55500 36 4 8-16441 09 4 4-87603 54 3 31-38320 12 

a 

—10 

b = 

t 

0 

o-6 

— 13-50000 00 

£ 

0 

0-7 

- 11-42857 14 

t 

0 

o-8 

— 9-87500 00 

t 

0 

09 

- 8-66666 67 

t 

0 

10 

— 7-70000 00 

-09 1 — 6-46968 84 0 — 48-48876 78 0 -37-47328 24 0 -29-69347 65 0 — 24-02640 82 

— o-8 1 - 12-32447 75 1 — 9-06291 97 1 - 6-86741 33 0 -53-32669 77 0 — 42-26869 94 

-0-7 1 — 18-61369 28 X - 13-56631 84 1 — 10-18420 66 1 - 7-83151 63 0 — 61-45160 98 

— 06 1 — 24-86571 46 1 — 18-01961 00 1 - 13-44636 05 1 - 10-27548 69 1 — 8-01051 91 

-05 1 -30-39154 23 1 -21-93019 52 1 — 16-29156 23 1 — 12-39192 22 1 - 9-61380 33 

-04 1 -34-22943 03 1 -24-61385 12 1 - 18-21901 35 1 - 13-80577 25 1 — 10-66872 23 

-03 1 -35-07924 61 1 -25-14917 31 1 - 18-55690 78 1 — 14-01584 96 1 -10-79415 98 

-02 1 — 31-22501 88 1 -22-32390 47 1 - 16-42417 97 1 - 12-36693 55 1 ~ 9-49345 02 

— OI 1 -20-44395 58 1 - 14-57198 52 X - 10-68569 95 1 — 8-01716 12 0 -61-30174 91 

OO 0 I *00000 00 0 1-00000 00 0 1*00000 00 0 1-00000 00 0 1-00000 00 

OI 1 33-98023 92 1 24-19843 67 1 17-74149 56 1 13-31986 17 1 10-20198 06 

02 2 8-56516 09 2 6-08420 13 1 44-48489 32 1 33-29759 66 1 25-41899 30 

03 2 16-06172 94 2 11-38766 07 2 8-30951 78 2 6-20671 68 1 47-27609 08 

04 2 26-56214 90 2 18-80077 71 2 13-69499 27 2 10-21091 40 2 7-76301 58 

0 5 2 40-88712 45 2 28-89531 16 2 21-01469 69 2 15-64284 95 2 11-87272 44 

o-6 3 6-00291 22 3 4-23617 12 2 30-76277 86 2 22-86437 45 2 17-32681 25 

07 3 8-51815 52 3 6-00291 22 3 4-35318 58 2 32-30886 84 2 24-44831 26 

o-8 3 11-77721 36 3 8-28882 26 3 6-00291 21 3 4-44928 40 2 33-62173 18 

09 3 15-95009 51 3 11-21172 84 3 8-10946 49 3 6-00291 22 3 4-53027 34 

10 3 21-23837 46 3 14-91117 47 3 10-77222 32 3 7-96418 45 3 6-00291 22 
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io-/jFjfa; b\x] a=8-8 

b = OI 0-2 0-3 0-4 o-5 
a t t t t t 

10 1 — 8-70000 00 0 — 43-00000 OO 0 -28-33333 33 0 — 21-00000 OO 0 —16-60000 00 
09 2 — 9-88094 67 1 — 40-36101 80 1 -22-32397 10 1 — 14-08787 02 X — 9-60621 32 
08 2 -20-50747 90 2 — 8-26679 36 1 -45-07007 83 1 -28-00304 55 1 - 18-77967 49 
07 2 -32-23974 41 2 — 12-91652 18 2 - 6-99530 27 1 -43-I53I3 65 1 -28-71873 49 
o-6 3 - 4-42245 08 2 ~I7-6453I OO 2 - 9-5I437 88 2 — 5-84186 89 1 -38-68515 46 

05 3 - 5-5163620 2 -2I-93956 32 2 — 11-78986 92 2 - 7-2I32I 38 1 — 47-58682 41 
04 3 - 6-31915 86 2 — 25-06490 OI 2 -13-43141 12 2 — 8-19326 8l 2 - 5-38852 66 
03 3 - 6-57288 97 2 — 26-00973 66 2 - I3-90335 45 2 - 8-45932 83 2 - 5-54855 78 
0-2 3 - 5'93072 73 2 -23-41817 95 2 — 12-48997 28 2 - 7-58i55 57 1 — 49-60613 61 
OI 2 -39-36250 21 2 - 15-51059 27 2 - 8-25435 02 1 — 49-98769 08 1 -32-62505 08 

OO 0 1-00000 00 O 1-00000 00 O 1-00000 00 0 1-00000 00 0 1-00000 00 

o-i 3 6-63424 40 2 26-06775 72 2 13-83583 58 2 8-35880 05 2 5-44423 74 
0-2 3 16-91308 97 3 6-63424 40 2 35-I4839 47 2 21-19358 94 2 I3-775I7 68 
03 3 32-02275 61 3 12-54190 29 3 6-63424 40 2 39-93736 09 2 25-9139° °6 
04 4 5-34296 75 3 20-89614 89 3 11-03716 37 3 6-63424 40 3 4-29805 65 

05 4 8-29343 51 3 32-39139 58 3 17-08519 30 3 10-25508 98 3 6-63424 40 

o-6 4 12-27324 64 4 4-78733 06 3 25-21807 77 3 15-11641 73 3 9-76577 01 
07 4 I7-54853 00 4 6-83655 43 4 3-59674 33 3 21-53230 76 3 13-89257 00 
o-8 4 24-44007 48 4 9-51005 09 4 4-99724 89 3 29-87995 46 3 I9-25445 84 
09 5 3-33326 21 4 12-95545 67 4 6-79981 17 4 4-06101 59 3 26-13770 67 
10 5 4-46854 98 4 17-34883 33 4 9-09554 35 4 5-42593 13 4 3-48825 58 

b = o-6 0-7 o-8 09 10 
a « * t t 

10 0 — 13-66666 67 0 — 11-57142 86 0 — io-ooooo 00 0 - 8-77777 78 0 — 7-80000 00 
09 1 - 6-90472 55 0 — 51-60989 46 0 -39-78005 50 0 -31-44038 09 0 -25-37682 18 
o-8 1 — 13-26272 42 1 - 9-73183 19 1 - 7-35841 25 0 -57-01734 86 0 -45-09871 69 
07 1 — 20-1 1716 78 1 - 14-63461 13 1 -10-96556 27 1 — 8-41660 01 1 - 6-59199 51 
06 1 — 26-95627 27 X - 19-50133 46 X — 14-52726 00 1 — 11-08264 57 1 - 8-62517 83 

OS 1 — 33-02810 l6 1 -23-79498 08 1 -17-64893 48 1 - 13-40324 5i 1 —10-38212 96 
04 X -37-27860 79 1 — 26-76646 22 1 — 19-78289 23 1 - 14-96865 65 1 - II-55039 74 

03 1 -38-27803 74 1 -27-40358 42 1 — 20-19190 46 1 - 15-22945 49 1 — 11-71261 38 

0-2 1 -34-13393 13 1 -24-37080 79 1 — 17-90630 92 1 - 13-46527 56 X - 10-32328 50 

OI 1 -22-38876 57 1 - 15-93847 76 1 — 11-67367 86 1 - 8-74819 57 1 — 6-68164 22 

OO 0 1-00000 00 0 1*00000 00 0 1-00000 00 0 1-00000 00 0 1-00000 00 

o-i 1 37-29995 II 1 26-52471 15 1 19-41880 76 1 14-55751 16 1 11-13299 07 

02 2 9-41666 17 2 6-68014 26 1 48-77636 91 1 36-46012 03 1 27-79488 II 

0-3 2 17-68323 65 2 12-52115 30 2 9-12477 94 2 6-80677 43 2 5-17785 23 
04 2 29-28247 77 2 20-70020 90 2 I5-05957 3i 2 11-21411 12 2 8-51485 78 

05 3 4-5i3i8 43 2 31-85586 49 2 23-13923 79 2 17-20299 15 2 13-04063 89 

o-6 3 6-63424 39 3 4-67603 75 2 33-9I594 95 2 25-17737 97 2 19-05642 66 

07 3 9-42522 31 3 6-63424 40 3 4-80528 66 2 35-62179 18 2 26-92303 73 

o-8 3 13-04640 41 3 9-17132 13 3 6-63424 39 3 4-91144 79 2 37-07054 79 
09 3 17-68889 55 3 I2-4I959 75 3 8-97272 77 3 6-63424 39 3 5-00093 08 

10 3 23-57957 65 3 i6-53599 12 3 11-93238 85 3 8-8i184 89 3 6-63424 40 
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* = 8-9 10 1 ^[a; b; #] 

a 

— JtO 

b = 
t 

1 

OI 

— 8-8oooo 00 

t 

0 

0-2 

— 43-50000 OO 

t 

0 

0-3 

— 28 66666 67 

t 

0 

o-4 

— 21-25000 00 

t 

0 

o-5 

— 16-80000 00 

-09 2 — 10-69500 03 1 -43-57350 50 1 — 24-03726 88 1 — 15-12848 04 1 — 10-28798 13 

-o-8 2 -22-30969 44 2 - 8-97533 59 1 -48-83333 87 1 -30-27838 96 1 — 20-26297 05 

-07 2 -35-I73I4 89 2 — 14-06704 69 2 - 7-60483 48 1 — 46-82860 65 1 -31-10793 7i 
— o-6 3 - 4-83545 55 2 — 19-26200 48 2 - 10-36913 36 2 - 6-3561874 1 — 42-02099 51 

-0 5 3 — 6-04294 21 2 -23-99726 49 2 - 12-87583 59 2 - 7-86544 54 2 - 5-1809055 

-04 3 — 6-93420 90 2 — 27-46448 87 2 - I4-69574 28 2 - 8-95135 22 2 - 5-87842 77 

-03 3 — 7-22406 99 2 -28-54651 64 2 - I5-23794 55 2 - 9-25829 91 2 — 6-06406 25 

— 02 3 — 6-52802 07 2 -25-74178 71 2 - 13-71067 57 2 - 8-3112857 2 - 5-4307469 
— OI 3 - 4-33885 09 2 — 17-07472 88 2 - 9-07496 05 2 - 5-48865 44 1 -35-77677 32 

OO 0 1-00000 00 0 i-ooooo 00 O 1*00000 00 0 1-00000 00 0 1-00000 00 

OI 3 7-33197 35 2 28-77181 36 2 15-25094 89 2 9-20144 73 2 5-98496 63 

02 3 i8-7I553 02 3 7-33I97 35 2 38-79554 55 2 23-36275 56 2 15-16546 51 

03 4 3-54786 98 3 13-87821 94 3 7-33197 35 3 4-40824 28 2 28-56754 72 

04 4 5-92659 38 3 23-15044 98 3 12-21292 39 3 7-33I97 35 3 4-74424 39 

o-5 4 9-20993 38 4 3-59277 76 3 18-92770 90 3 n'34733 60 3 7-33I97 35 

06 4 13-64482 85 4 5-31603 57 3 27-96993 81 3 16-74605 89 3 10-80571 65 
07 4 19-53098 67 4 7-59999 21 4 3-9937I 63 3 23-88084 45 3 15-38978 18 
o-8 5 2-72301 46 4 10-58348 63 4 5-55488 45 4 3-3I758 31 3 21-35357 7i 
09 5 3-71767 03 4 14-43305 25 4 7-56669 56 4 4-51385 73 3 29-01911 83 
10 S 4-98899 01 4 19-34753 i9 4 10-13195 38 4 6-03737 4i 4 3-87696 05 

a 

—10 

b = 
* 

0 

06 

- I3-83333 33 

£ 

0 

0-7 

- 11-71428 57 

£ 

0 

o-8 

— I0*I2500 OO 

* 

0 

09 

- 8-88888 89 

t 

0 

1-0 

— 7-90000 00 
-09 1 - 7-3748487 0 -54-97666 13 0 -42-26377 57 0 -33-3I772 49 0 — 26-82525 98 
— 08 r - 14-27996 63 1 - io-45597 11 1 - 7-88913 76 0 — 61-00042 13 0 — 48-14816 40 
-07 1 -21-75070 51 1 -I5-7937I i4 1 — 11-81214 98 1 - 9-04963 47 1 — 7-07476 10 
— o-6 1 -29-23173 78 1 -21-11199 39 1 — 15-70066 05 1 — 11-95771 28 1 - 9-29065 77 

-0-5 1 -35-90248 60 1 -25-82539 95 1 — 19-12499 16 1 - 14-50159 06 1 - 11-21549 94 
-04 1 — 40-60781 66 1 -29-11387 47 1 — 21-48619 29 1 - 16-23364 77 1 — 12-50830 02 
-03 1 -41-77555 27 1 -29-86556 96 1 -21-97529 84 1 - 16-55161 78 1 —12-71201 88 
-0-2 1 -37-31880 35 1 — 26-60926 26 1 - 19-52523 31 1 - 14-66357 72 1 —11-22757 9° 
— OI 1 -24-52084 31 1 - I7-43482 36 1 - 12-75429 49 1 - 9-54685 36 1 - 7-28342 79 

OO 0 1*00000 00 0 1-00000 00 0 1-00000 00 0 1 00000 00 0 1-00000 00 

OI 1 40-94831 46 1 29-07843 18 1 21-25805 97 1 15-91314 02 1 12-15161 32 
02 2 10-35356 47 2 7-3351318 2 5-34878 70 1 39-92835 76 1 30-39758 13 
0 3 2 19-46942 07 2 13-76840 25 2 10-02088 59 2 7-46562 06 2 5-67167 17 
04 2 32-28242 86 2 22-79263 07 2 16-56118 68 2 12-31686 84 2 9-34043 05 
0-5 3 4-98179 83 2 35-12082 00 2 25-47973 52 2 18-91989 82 2 14-32454 80 

o-6 3 7-33I97 35 3 5-16165 31 2 37-3934I 60 2 27-72559 77 2 20-95993 47 
07 3 10-42873 45 3 7-33197 35 3 5-30441 56 2 39-27553 27 2 29-64952 35 
08 3 14-45197 67 3 10-14763 99 3 7-33I97 35 3 5-42169 25 2 40-87425 44 
09 3 19-61647 10 3 13-75722 86 3 9-92775 42 3 7-33I97 35 3 5-52055 89 
10 3 26-17750 82 3 18-33714 84 3 13-21716 22 3 9-74960 83 3 7-33I97 36 
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10 1 \FA.a\b\ x\ X=9’0 

b = OI 0-2 0-3 0-4 o-5 
a t t t t t 

IO i — 8-90000 00 0 — 44-00000 OO 0 — 29-00000 00 0 — 21-50000 00 0 — 17-00000 00 

09 2 — 11-58229 18 1 — 47-06960 04 1 — 25-89886 67 1 - 16-25732 51 1 — 11-02632 13 

o-8 2 -24-27813 75 2 - 9-7481645 2 - 5-29323 09 1 -32-75320 22 1 -21-87398 31 

o-7 2 -38-38234 83 2 - 15-32409 84 2 — 8-26992 60 1 -50-83377 07 1 -33-70796 64 

o-6 3 - 5-28795 75 2 — 21-03107 80 2 — 11-30326 62 2 - 6-91755 26 1 -45-6573I 05 

o-5 3 — 6-62068 16 2 — 26-252II 13 2 — 14-06438 22 2 - 8-57840 43 2 — 5-64186 81 

o-4 3 — 7-60990 61 2 -30-09752 64 2 — 16-08140 98 2 - 9-7811865 2 — 6-41404 87 

o-3 3 - 7-94036 79 2 -3I-33369 14 2 — 16-70254 11 2 - 10-13406 43 2 — 6-62844 83 

02 3 - 7-1858491 2 — 28-29793 02 2 - 15-05198 66 2 — 9-11218 60 2 - 5-94613 42 
o-i 3 - 4-78278 15 2 - 18-79747 15 2 - 9-97775 3i 2 — 6-02698 66 I -39-23623 79 

o-o o i-ooooo 00 O 1*00000 00 O 1 -ooooo 00 O 1 -ooooo 00 O 1-ooooo 00 

o-i 3 8-10308 38 2 31-75694 62 2 16-81142 73 2 10-12962 48 2 6-57992 17 

02 3 20-70971 85 3 8-10308 38 3 4-28218 60 2 25-75481 43 2 16-69693 81 

0-3 4 3-93063 86 3 15-35667 72 3 8-10308 39 3 4-86584 85 2 31-49394 93 
04 4 6-57367 59 3 25-64717 57 3 I3’5I373 00 3 8-10308 39 3 5-23683 11 

0-5 4 10-22712 25 4 3-98485 II 3 20-96831 62 3 12-55573 12 3 8-10308 39 

o-6 4 15-16862 76 4 5-90279 85 3 31-02077 75 3 18-55086 15 3 11-95623 61 

o-7 4 21-73562 62 4 8-44810 69 4 4-43426 09 3 26-48444 96 3 17-04788 07 

o 8 5 3-03359 16 4 11-77714 66 4 6-17433 58 4 3-68332 96 3 23-68059 57 

o-9 5 4-14598 16 4 16-07771 55 4 8-41941 51 4 5-01687 00 3 32-21650 68 

IO 5 5-56941 19 4 21-57431 43 4 11-28546 27 4 6-71721 11 4 4-30870 75 

b = o-6 0-7 o-8 09 10 

a t £ * t 

IO o — 14-00000 00 O — 11-85714 28 0 — 10-25000 00 0 — 9-00000 00 0 — 8-00000 00 

09 i - 7-88310 87 O -58-61013 50 0 -44-93940 93 0 -35'33638 68 0 -28-37978 25 

o-8 i - 15-38318 74 I - 11-24015 50 1 - 8-46300 77 1 - 6-53007 42 0 -51-43541 70 

o-7 i -23-52598 52 I — 17-05166 88 1 - 12-72967 57 1 - 9-73476 07 1 - 7-5965205 

o-6 i — 31-70896 61 I — 22-86319 49 1 - i6-97478 44 1 — 12-90664 72 1 — io-oi 136 OI 

o-5 i — 39-03669 06 I -28-03658 35 1 -20-73044 23 1 - 15-69471 42 1 — I2-I 1963 70 

o-4 i -44-24331 42 I -31-67413 73 1 -23-34167 79 1 — 17-60998 03 1 - I3-54924 07 
03 i -45-60017 79 I -32-55462 46 1 — 23-92086 27 1 - 17-99229 55 1 -I3-7997I 14 

02 i — 40-80619 43 I -29-05749 37 1 — 21-29381 76 1 - 15-97113 38 1 - 12-21317 47 

OI i -26-85843 43 I - I9-07353 48 1 - I3-93637 4i 1 - 10-41950 44 1 — 7-94021 76 

0-0 o 1-00000 00 O 1-00000 00 0 1-ooooo 00 0 1*00000 00 0 1-ooooo 00 

o-i 1 44-95811 23 I 31-88204 29 1 23-27505 92 1 17-39813 92 1 13-26621 51 

0-2 2 11-38448 45 2 8-05506 28 2 5-86608 75 1 43-73217 79 1 33-24901 56 

03 2 21-43707 55 2 15-14088 94 2 11-00591 15 2 8-18906 58 2 6-21332 81 

04 2 35-59081 83 2 25-09772 90 2 18-21366 96 2 13-52913 41 2 10-24702 54 

0 5 3 5-49915 09 2 38-72155 40 2 28-05822 52 2 20-80940 53 2 15-73604 92 

o-6 3 8-10308 39 3 5-69778 23 3 4-12286 14 2 30-53303 84 2 23-05490 87 

07 3 11-53893 23 3 8-10308 40 3 5-85547 02 3 4-33052 37 2 32-65347 74 
o 8 3 16-00855 40 3 11-22774 11 3 8-10308 39 3 5-98502 62 3 4-50694 55 

09 3 21-75325 09 3 15-23853 20 3 10-98428 79 3 8-10308 39 3 6-09425 84 

IO 3 29-06020 65 3 20-33372 45 3 14-63989 96 3 10-78702 83 3 8-10308 39 
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x=9’i io^[a; b; x] 

b = 01 0-2 0-3 04 o-5 
a t t t t 

— IO 1 — 9-00000 00 0 — 44-50000 OO O -29-33333 33 0 — 21-75000 00 0 — 17-20000 00 

-09 2 - 12-54963 90 1 -50-87536 50 I — 27-92221 57 1 — 17-48230 08 1 — 11-82623 04 

— o-8 2 — 26-42850 76 2 - 10-59127 45 2 - 5-73979 03 1 -35-4456i 69 1 -23-62417 55 
-07 3 - 4-1893747 2 - 16-69775 18 2 - 8-9957671 2 - 5-5I990 50 1 -36-53803 16 

— 06 3 - 5-78378 93 2 -22-96713 94 2 — 12-32429 66 2 - 7-53036 74 1 — 49-62187 88 

-05 3 - 7-25460 78 2 -28-72325 13 2 - I5-36535 53 2 - 9-35785 13 2 - 6-14520 15 

-04 3 - 8-35228 29 2 -32-98697 25 2 — 17-60020 94 2 — 10-68966 77 2 - 6-99973 27 

-o-3 3 - 8-72833 87 2 -34-39618 77 2 - 18-30993 88 2 — 11-09409 84 2 — 7-24641 88 

— 0-2 3 - 7-9io37 64 2 — 31-11002 97 2 — 16-52592 02 2 - 9-99126 83 2 — 6-51118 41 

— OI 3 - 5-2722973 2 -20-69497 65 2 — 10-97100 93 2 - 6-61859 50 1 -43-03378 54 

OO 0 1*00000 00 0 1-00000 00 O i-ooooo 00 O 1-00000 00 0 1-00000 00 

OI 3 8-95529 27 2 35-05241 22 2 18-53224 52 2 11-15205 23 2 7-23457 33 
02 3 22-91602 76 3 8-95529 26 3 4-72668 10 2 28-39273 00 2 18-38399 20 
03 4 4-35457 09 3 16-99237 6l 3 8-95529 27 3 5-37104 04 2 34-72121 66 
04 4 7-29108 92 3 28-41233 43 3 14-95286 54 3 8-95529 27 3 5-78064 92 

0-5 4 11-35601 37 4 4-4I952 32 3 23-22826 17 3 13-89261 18 3 8-95529 26 

o-6 4 16-86144 52 4 6-55396 63 4 3-44029 70 3 20-54960 96 3 13-22907 21 
07 4 24-18719 38 4 9-39024 08 4 4-92313 89 3 29-37073 37 3 18-88411 76 
o-8 S 3-37928 54 4 I3-I044I 47 4 6-86241 97 4 4-08918 51 3 26-26017 77 
09 5 4-62317 09 4 17-90820 48 4 9-36752 00 4 5-57558 44 4 3-57643 79 
10 5 6-21666 94 4 24-05500 99 4 12-56921 08 4 7-47304 73 4 4-78823 93 

b = o-6 0-7 o-8 09 10 
a t t t t t 

—10 0 —14-16666 67 O — 12-00000 OO O — 10-37500 00 O — 9-mu a 0 — 8-ioooo 00 
-09 1 — 8-43282 88 O -62-53324 16 O — 47-82322 89 O -37-50818 50 0 -30-04913 42 
— o-8 1 - 16-58000 33 I — 12-08963 27 I - 9-0837448 I - 6-99453 14 0 -54-98044 28 
-0-7 1 -25-45576 02 I — 18-41726 41 I - 13-72436 09 I — 10-47648 62 1 — 8-16060 42 
— o-6 1 -34-40638 24 I — 24-76761 24 I - 18-35860 15 I - I3-93594 50 1 — 10-79207 94 

-0-5 1 -42-45477 96 I -30-44507 26 I — 22-47698 20 I — 16-99107 71 1 — 13-10078 24 
-04 1 -48-21385 63 I -34-46699 90 I -25-36329 99 I — 19-10774 00 1 — 14-68064 94 
-03 1 -49-78302 84 I -35-492IO OO I — 26-04366 98 I - 19-56237 41 1 - 14-98370 57 
— 0-2 1 -44-62524 59 I -3I-73548 27 I — 23-22615 61 I — 17-39811 60 1 - 13-28755 28 
— 01 1 — 29-42158 02 I — 20-86834 03 I - 15-22959 26 I — 11-37312 60 1 - 8-65713 97 

00 0 1-00000 00 O 1-00000 00 O 1-00000 00 O 1-00000 00 0 1-00000 00 

OI 1 49-36541 66 I 34-96021 79 I 25-48717 14 I 19-02501 04 1 14-48597 30 
0-2 2 12-51890 88 2 8-84642 07 2 6-43409 88 I 47-90439 II 1 36-37324 71 
03 2 23-60471 18 2 16-65125 76 2 12-08874 10 2 8-98349 77 2 6-80750 30 
0-4 2 39-23944 13 2 27-63720 56 2 20 03226 01 2 14-86185 64 2 11-24266 06 
05 3 6-07031 71 3 4-26926 86 2 30-89900 07 2 22-88895 31 2 17-28790 66 

o-6 3 8-95529 26 3 6-28968 53 3 4-54584 33 2 33-62616 86 2 25-36070 69 
0-7 3 12-76714 51 3 8-95529 27 3 6-46385 88 3 4-77496 83 2 35-96324 06 
o-8 3 17-73232 30 3 12-42264 46 3 8-95529 26 3 6-60697 84 3 4-96965 39 
09 3 24-12186 86 3 16-87890 58 3 12-15310 62 3 8-95529 26 3 6-72766 30 
10 3 32-25875 65 3 22-54685 48 3 16-21538 51 3 11-93468 92 3 8-95529 27 



APPENDIX II 

io~* xF^a \ b; x] 

b = 01 0-2 03 0-4 

a t t t t t 

10 I — 9-10000 00 0 -45-00000 OO 0 — 29-66666 67 0 — 22-00000 OO 0 

09 2 - 13-60450 42 2 - 5-50193 OO 1 — 30-12201 08 1 — 18-81202 95 1 

o-8 2 — 28-77800 48 2 —II-5II22 92 2 — 6-22639 30 1 -38-37545 05 1 

0-7 3 - 4-57363 13 2 — 18-19904 91 2 — 9-78804 07 2 - 5-99577 20 1 

o-6 3 - 6-32715 84 2 — 25-08621 42 2 - 13-44046 50 2 - 8-19945 25 2 

05 3 - 7-95024 57 2 -31-43170 98 2 - 16-78955 78 2 — 10*21010 06 2 

0-4 3 - 9-i6797 65 2 -36-15806 34 2 — 19-26509 62 2 — 11-68436 07 2 

03 3 - 9-5952005 2 -37-76142 83 2 — 20-07420 43 2 — 12-14660 95 2 

0-2 3 — 8-70839 61 2 -34-20387 50 2 — 18-14569 48 2 - 10-95623 94 2 

01 3 — 5-81209 29 2 -22-78505 15 2 — 12-06384 88 2 — 7-26879 27 1 

o-o 0 1-00000 00 O 1*00000 00 O 1 -ooooo 00 O 1*00000 00 0 

01 3 9-89712 90 2 38-69051 65 2 20-42992 22 2 12-27833 95 2 

0-2 3 25-35699 15 3 9-89712 90 3 5-21739 79 2 31-30184 06 2 

0 3 4 4-82408 29 3 18-80201 91 3 9-89712 90 3 5-92877 32 2 

0 4 4 8-08645 12 3 31-47471 80 3 16-54502 22 3 9-89712 90 3 
0-5 4 12-60881 95 4 4-90140 65 3 25-73106 82 3 15-37162 35 3 

o-6 4 18-74192 88 4 7-27657 78 4 3-81523 85 3 22-76309 79 3 
0-7 5 2-69131 75 4 10-43676 23 4 5-46563 07 3 32-57028 94 3 
o-8 5 3-76403 93 4 14-58015 51 4 7-62670 16 4 4-53953 01 3 
09 5 5-15477 37 4 19-94537 4° 4 10-42161 66 4 6-19613 77 4 
10 5 6-93839 47 5 2-68183 54 4 13-99780 49 4 8-31332 97 4 

b = o-6 0-7 o-8 09 

a t t t t f 

10 0 - 14-33333 33 0 —12-14285 71 0 — 10-50000 00 0 — 9-22222 22 0 

0-9 1 — 9-02763 00 1 - 6-67709 39 0 -50-93293 05 0 -39-84595 55 0 

08 1 — 17-87872 08 1 — 13-01012 39 1 - 9-7554° 06 1 - 7-49635 05 0 

0-7 1 -27-55395 34 1 — 19-90007 61 1 — 14-80298 40 1 —11-27972 06 1 

o-6 1 -37-34412 19 1 — 26-83908 58 1 —19-86189 79 1 — 15-05268 61 1 

05 1 -46-18307 94 1 -33-06894 61 1 -24-37738 36 1 — 18-39991 22 1 

04 2 - 5-25509 36 1 -37-51406 78 1 — 27-56631 10 1 -20-73794 27 1 

0-3 2 - 5-43582 13 1 — 38-70138 00 1 — 28-36021 24 1 -21-27375 52 1 

0-2 I -48-80793 54 1 -34-66513 43 1 -25-33768 55 I - 18-95565 47 1 

01 I -32-23229 13 1 — 22-83430 66 1 -16-64455 87 1 - 12-41536 18 1 

o-o O 1-00000 00 0 1-00000 00 0 1*00000 00 0 1*00000 00 0 

o-i 2 5-42099 20 1 38-34008 60 1 27-91346 85 1 20-80747 55 1 

0-2 2 13-76728 68 2 9-71634 18 2 7-05783 48 2 5-24810 42 1 

0-3 2 25-99273 45 2 i8-3I343 34 2 13-27915 12 2 9-85593 97 2 

0-4 3 4-32633 74 2 30-43498 29 2 22-03374 19 2 16-32708 42 2 

05 3 6-70090 15 3 4-70724 12 2 34-02884 14 2 25-I7775 28 2 

o-6 3 9-89712 89 3 6-94317 i5 3 5-01235 75 2 37-03416 69 2 

0-7 3 14-12590 46 3 9-89712 90 3 7-13555 37 3 5-26516 55 2 

o-8 3 19-64120 41 3 13-74453 97 3 9-89712 90 3 7-29365 60 3 

09 3 26-74740 08 3 18-69539 69 3 13-44612 98 3 9-89712 90 3 

10 4 3-58076 31 3 24-99995 85 3 17-95998 39 3 13-20429 35 3 

223 

x-g-2 

o-5 

- 17-40000 00 
- 12-69315 70 
-25-52605 93 
- 39-61912 67 

- 5-39450 87 

- 6-69488 21 
- 7-64024 07 

- 7-923I3 44 
- 7-13073 86 
- 47-20276 99 

i-ooooo 00 

7-95494 48 
20-24249 68 
38- 28036 15 

6- 38103 29 
9-89712 90 

14- 63721 39 
20-91758 87 
29-11964 84 

3-97009 98 
5-32081 88 

10 

- 8-20000 00 
-31-84281 39 
-58-80493 85 
- 8-77063 56 
- 11-63803 71 

- 14-16573 82 
- 15-91063 63 
- 16-27275 60 
- 14-45889 46 
- 9-4398078 

1-00000 00 

15- 82094 65 
39- 79668 41 

7- 45933 88 
12-33615 10 
18-99416 59 

27-89864 69 
39-61005 32 

5-48000 68 
7-42699 21 
9-89712 91 
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x=9'3 10 ~l1F1[a;b;x] 

b = 01 0-2 03 04 o-5 
a t t t t t 

—10 1 — 9-20000 00 0 — 45-50000 OO O — 30-00000 00 0 — 22-25000 00 0 — 17-60000 00 
-09 2 -14-75505 63 2 - 5-95325 73 I ~32'5143° 96 1 — 20-25592 20 1 - 13-63304 49 

-08 2 -31-34547 95 2 - 12-51521 42 2 - 6-75673 74 1 -41-56435 60 1 -27-59329 64 
-07 3 — 4-99418 16 2 — 19-84009 09 2 — 10-65296 94 2 — 6-51461 80 1 -42-97419 46 
— 06 3 — 6-92268 47 2 — 27-40588 29 2 — 14-66080 34 2 — 8-93008 69 2 — 5-86601 82 

-05 3 — 8-71366 81 2 -34-40057 57 2 — 18-34884 11 2 — 11-14207 32 2 - 7-29526 50 
-04 3 — 10-06428 86 2 -39-63853 68 2 — 21-09029 69 2 - 12-77356 71 2 - 8-34079 11 
-03 3 - 10-54890 17 3 - 4-14595 84 2 — 22-01079 93 2 — 13-30061 17 2 — 8-66425 80 
— 0-2 3 - 9-58739 65 2 -37-60786 75 2 - 19-92585 34 2 - 12-01557 18 2 - 7-81011 55 
— OI 3 - 6-4073472 2 -25-08732 41 2 — 13-26631 46 2 - 7-98342 60 2 - 5-I7798 59 

OO 0 1-00000 00 O i-ooooo 00 O 1-00000 00 0 1-00000 00 O 1*00000 00 

OI 3 10-93801 92 3 4-27069 30 2 22-52268 39 2 13-51908 00 2 8-74767 04 
02 3 28-05753 79 3 10-93801 91 3 5-759I4 94 2 34-51009 83 2 22-28994 55 
03 4 5-34406 37 3 20-80408 24 3 10-93801 92 3 6-54451 79 3 4-22055 98 
04 4 8-96820 28 4 3-48662 02 3 18-30645 21 3 10-93801 92 3 7-04387 31 

°S 4 13-99908 27 4 5-43561 19 3 28-50277 52 3 17-00786 00 3 10-93801 91 

o-6 4 20-83077 45 4 8-07843 82 4 4-23087 64 3 25-21434 67 3 16-19502 87 
07 5 2-99441 02 4 11-59917 83 4 6-06759 14 4 3-61170 11 3 23-16943 46 
o-8 5 4-19223 66 4 16-22087 84 4 8-47557 72 4 5-03922 15 3 32-28928 23 
09 5 5-74694 80 4 22-21240 30 4 ii-59348 59 4 6-88534 10 4 4-40687 88 
10 5 7-74308 55 5 2-98963 14 4 15-58748 14 4 9-24743 93 4 5-91228 60 

b = o-6 0-7 0-8 09 10 
a t £ t t t 

—10 0 — I4*50000 OO O - 12-28571 43 0 — 10-62500 00 0 - 9-33333 33 0 — 8-30000 00 
-09 1 - 9-67145 73 I - 7-I3503 95 0 -54-28776 15 0 -42-36365 34 0 -33-77112 77 
-08 1 — 19-28840 11 I — 14-00786 24 1 — 10-48238 72 1 — 8-03872 68 0 — 62-93249 12 
-o-7 1 -29-83576 83 I -21-51055 48 1 - 15-97293 42 1 — 12-14980 99 1 - 9-43055 73 
— o-6 1 -40-54419 47 I — 29-09273 01 1 -21-49535 19 1 — 16-26458 91 1 - 12-55492 04 

-05 1 -50-25039 64 I -35-92796 85 1 -26-44559 81 1 - 19-93129 51 1 - 15-32192 15 
-04 2 - 5-7289046 I — 40-83898 92 1 -29-96738 78 1 — 22-51262 24 1 - 17-24805 27 
-03 2 - 5-93631 28 I — 42-20808 02 1 -30-88854 03 1 -23-13945 35 1 — 17-67642 74 
— 0-2 2 - 5-33893 54 I -37-87046 52 1 -27-64531 60 1 -20-65593 28 1 - 15-73614 60 
— OI 1 -35-3I474 32 I — 24-98796 72 1 — 18-19290 58 1 - I3-55458 59 1 — 10-29436 62 

O'O 0 1*00000 00 O 1-00000 00 0 i-ooooo 00 0 1*00000 00 0 1 -ooooo 00 

OI 2 5-95352 98 I 42-05147 21 1 30-57490 38 1 22-76059 51 1 17-28217 OI 
02 2 15-14112 70 2 10-67267 94 2 7-74280 83 2 5-75017 25 1 43-54831 54 
0 3 2 28-62363 74 2 20-I4275 47 2 14-58790 24 2 10-81411 48 2 8-I7448 53 
0 4 3 4-77013 19 2 33-5I743 26 2 24-23660 23 2 17-93807 70 2 I3-537I9 06 
0-5 3 7-39709 24 3 5-I9028 73 2 37-47726 82 2 27-69696 41 2 20-87028 63 

o-6 3 10-93801 91 3 7-66465 55 3 5-52689 46 2 40-78919 95 2 30-69221 42 
07 3 15-62907 16 3 10-93801 92 3 7-87714 93 3 5-80583 61 3 4-36283 58 
08 3 21-75503 42 3 15-20690 83 3 10-93801 90 3 8-05180 20 3 6-04292 08 
09 3 29-65763 04 3 20-70687 50 3 14-87654 35 3 10-93801 91 3 8-19911 48 
10 4 3-97450 49 3 27-71897 83 3 19-89181 29 3 14-60878 49 3 10-93801 92 



APPENDIX II 

I O' 
-t 

iFi[a\ b; X] 

b = 01 0-2 0-3 04 

a t t t t t 

—10 1 — 9-30000 00 0 — 46-00000 OO 0 -30-33333 33 0 — 22-50000 00 0 

-09 2 — 16-01023 94 2 - 6-44492 79 1 -35-11665 99 1 -21-82425 25 1 

— o-8 2 -34-15158 92 2 — 13-61 109 70 2 - 7-3348691 1 -45-03599 97 1 

-0-7 3 - 5-45451 13 2 -21-63413 98 2 - 11-59736 69 2 - 7-08042 54 1 

— o-6 3 - 7-57544 18 2 -29-94543 31 2 - I5-9952I 23 2 — 9-72805 22 2 

-05 3 - 9-55I54 99 2 -37-65520 38 2 — 20-05620 90 2 — 12-16135 61 2 

-04 3 - 11-04925 25 3 - 4-34588 83 2 -23-09143 60 2 - 13-96639 53 2 

-0-3 3 - 11-59819 52 3 - 4-5523849 2 — 24-13672 08 2 — 14-56600 61 2 

-0-2 3 - 10-55563 12 3 - 4-I3532 84 2 — 21-88239 83 2 - 13-17857 95 2 

— 01 3 - 7-06377 39 2 -27-62342 97 2 - 14-58946 76 2 — 8-76892 76 2 

00 0 1-00000 00 O I-ooooo 00 0 1-ooooo 00 O 1-ooooo 00 0 

01 3 12-08838 07 3 4-71410 43 2 24-83063 74 2 14-88595 II 2 

0-2 3 31-04523 72 3 12-08838 06 3 6-35724 95 2 38-04834 26 2 

03 4 5-91992 57 3 23-01900 12 3 12-08838 07 3 7-22431 60 3 
04 4 9-94569 63 4 3-86220 74 3 20-25513 14 3 12-08838 08 3 
0-5 4 15-54182 10 4 6-02780 20 3 31-57220 99 3 18-81801 60 3 

o-6 4 23-15095 13 4 8-96820 27 4 4-69161 41 3 27-92884 09 3 
0-7 5 3-33138 86 4 12-89025 89 4 6-73551 38 4 4-00484 50 3 
o-8 5 4-66874 98 4 18-04492 16 4 9-41836 38 4 5-59364 49 4 
0-9 5 6-40654 43 4 24-73505 86 4 12-89621 11 4 7-65075 20 4 
10 5 8-64020 23 5 3-33244 5i 4 17-35628 64 4 10-28579 47 4 

b = o-6 0-7 o-8 0-9 

a t t t t t 

— i-o 0 — 14-66666 67 0 - 12-42857 14 0 — 10-75000 00 0 - 9-44444 44 0 

-09 1 — 10-36861 07 1 - 7-63011 93 0 — 57-90866 06 0 -45-07644 06 0 

-08 1 — 20-81892 90 1 - 15-08964 25 1 — 11-26950 92 1 - 8-62513 64 1 

-07 1 -32-31780 90 1 — 23-26010 14 1 — 17-24226 69 1 - 13-09257 68 1 

— o-6 1 — 44-03066 26 1 -31-54505 37 1 — 23-27061 60 1 — 17-58007 00 1 

-05 2 - 5-46882 54 1 -39-04374 94 1 — 28-69686 48 1 — 21-59622 27 1 

-04 2 - 6-24659 67 1 -44-46764 13 1 -32-58476 51 1 — 24-44492 60 1 

-03 2 - 6-48387 75 1 — 46-04026 08 1 -33-64841 00 1 -25-17370 10 1 

— 0-2 2 — 5-84080 10 1 -41-37781 01 1 -30-16757 40 1 — 22-51228 60 1 

— 01 1 -38-69549 33 1 -27-34746 82 1 - 19-88739 01 1 - 14-79997 30 1 

00 0 I -ooooo 00 0 1-ooooo 00 0 1-ooooo 00 0 1-ooooo 00 0 

01 2 6-53896 15 1 46-12717 00 1 33-49449 56 1 24-90090 03 1 

0-2 2 16-65310 48 2 11-72407 55 2 8-49508 10 2 6-30099 45 1 

03 2 31-52221 66 2 22-15611 56 2 16-02683 53 2 11-86651 50 2 

0-4 3 5-25959 72 2 36-91362 58 2 26-66120 35 2 19-70942 79 2 

0-5 3 8-16572 35 3 5-72305 64 3 4-12768 27 2 30-46989 56 2 

o-6 3 12-08838 06 3 8-46122 06 3 6-09440 95 3 4-49267 29 2 

0-7 3 17-29197 71 3 12-08838 07 3 8-69592 81 3 6-40218 86 3 
o-8 3 24-09577 30 3 16-82466 25 3 12-08838 07 3 8-88886 29 3 
0-9 4 3-28833 35 3 22-93422 86 3 16-45893 10 3 12-08838 06 3 
I-o 4 4-41133 87 3 30-73265 54 3 22-03092 60 3 16-16248 01 3 

15 

225 

x=9‘4 

o-5 

- 17-80000 00 

- 14-65237 55 
- 29-84080 51 
-46-62831 57 
- 6-38035 37 

- 7-95iii 98 
- 9-10710 58 
- 9-47600 36 
- 8-55515 61 
- 5-68053 63 

1-00000 00 

9-62005 70 
24- 54562 15 

4-65346 75 
7-77567 48 

12-08838 08 

17-91840 81 
25- 66305 68 

3- 58026 20 
4- 89147 94 
6-56912 15 

i-o 

- 8-40000 00 

-35-84527 08 
- 6-73887 38 
- 10-14465 99 
- 13-54892 48 

- 16-57742 08 
—18-70256 01 
—19-20516 97 
-17-12909 15 
-11-22754 13 

1-00000 00 

18-88174 52 
47-65996 44 

8- 959I5 00 
14-85643 94 
22-93328 21 

33-76727 76 
4-80561 28 
6-66382 12 
9- 05161 62 

12-08838 08 

SCH 
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a=9’5 io ~txF1[a\b\x\ 

b = OI 0-2 0-3 04 o-5 
a t * t t t 

— IO i — 9-40000 00 0 — 46-50000 OO 0 — 30-66666 67 0 — 22-75000 00 0 — 18-00000 00 

-o-9 2 - 17-37984 5° 2 — 6-98067 IO 1 -37-94823 82 1 -23-52823 98 1 — 15-75822 16 

— o-8 2 -37-21897 52 2 — 14-80749 22 2 - 7-96521 36 1 — 48-81624 93 1 -32-28487 48 

-o-7 3 - 5-9584443 2 -23-59573 35 2 — 12-62869 47 2 - 7-69755 14 1 — 50-60890 51 

— o-6 3 — 8-29100 07 2 — 32-72602 66 2 - 17-45454 43 2 - 10-59967 99 2 — 6-94149 60 

-o-S 3 — 10-47122 80 3 - 4-12234 39 2 — 21-92592 96 2 — 13-27626 71 2 — 8-66767 09 

-o-4 3 —12-13170 68 3 - 4-76526 19 2 -25-28567 34 2 - 15-27284 07 2 - 9-94545 73 
-0 3 3 -12-75272 05 3 - 4-99907 48 2 -26-47065 36 2 - I5-95366 68 2 - 10-36519 03 

— 02 3 — 11-62219 76 3 - 4-54745 7° 2 -24-03293 68 2 - i4-4555o 19 2 - 9-37227 63 

— OI 3 - 7-78767 64 2 -30-41721 59 2 — 16-04548 90 2 - 9-63237 64 2 - 6-23236 05 

OO o 1*00000 00 0 1-00000 00 O i-ooooo 00 0 1-00000 00 0 1-00000 00 

OI 3 13-35972 68 3 5-20363 50 2 27-37596 75 2 16-39182 50 2 10-58015 23 

02 4 3-43505 89 3 13-35972 67 3 7-01756 66 3 4-19505 99 2 27-03078 26 

0-3 4 6-55766 08 3 25-46938 06 3 13-35972 69 3 7-97483 88 3 5-13092 44 

04 4 11-02929 35 4 4-27813 99 3 22-41094 27 3 I3-35972 68 3 8-58362 07 

o-5 4 17-25368 72 4 6-68425 07 4 3-49712 85 3 20-82055 79 3 I3-35972 68 

o-6 4 25-72794 96 4 9-95546 85 4 5-20232 99 3 30-93479 03 3 19-82492 97 

o-7 5 3-70601 90 4 14-32417 56 4 7-47659 67 4 4-44062 12 3 28-42436 09 

o-8 S 5-19899 50 4 20-07265 08 4 10-46540 07 4 6-20877 18 4 3-96968 21 

o-Q 5 7-14118 37 5 2-75419 79 4 14-34432 30 4 8-50075 77 4 5-42911 70 

IO 5 9-64027 74 5 3-71423 22 4 19-32427 74 4 11-43996 58 4 7-29851 64 

b = o-6 0-7 o-8 0-9 10 

a t t t t t 

—10 0 -14-83333 33 0 — 12-57142 86 O — 10-87500 00 0 - 9-55555 56 0 — 8-50000 00 

-09 1 —11-12377 67 1 - 8-16555 44 O — 61-81840 67 0 — 48-00080 21 0 -38-07740 15 

-o-8 1 —22-48109 02 1 — 16-26287 11 I —12-12199 93 1 - 9-25936 21 I - 7-22015 51 

-07 1 -35-01820 94 1 — 25-16115 86 I —18-61976 46 1 - 14-11436 45 I —10-91761 25 

— o-6 1 -47-82983 09 1 -34-21408 95 I — 25-20040 76 1 - 19-00830 54 I —14-62679 96 

-o-S 2 - 5-9531149 1 -42-43991 63 I -31-14783 28 1 — 23-40669 82 I -17-94105 68 

-0-4 2 — 6-81230 85 1 — 48-42834 68 I -35-43838 29 1 -26-54921 79 I — 20-28470 57 

-03 2 — 7-0830107 1 — 50-22866 06 I — 36-66144 69 1 — 27-39206 30 I — 20-87040 28 

— 0-2 2 — 6-39061 68 1 -45-21604 54 I -32-92475 82 1 -24-53931 29 I - 18-64843 30 

— OI 1 -42-40371 38 1 -29-93272 73 I -21-74199 99 1 — 16-16157 67 I —12-24669 73 

00 0 1-00000 00 0 1-00000 00 O 1-00000 00 0 1-00000 00 0 1-00000 00 

OI 2 7-18257 65 1 50-60323 79 I 36-69753 16 1 27-24653 76 I 20-63294 46 

0-2 2 18-31718 20 2 12-88004 10 2 9-32131 84 2 6-90534 98 2 5-21665 64 

0-3 2 34-71580 67 2 24-37212 46 2 17-60898 25 2 13-02247 85 2 9-82015 37 

0-4 3 5-79944 47 3 4-06556 13 2 29-32997 57 2 21-65719 85 2 16-30562 04 

0-5 3 9-01434 09 3 6-31067 85 3 4-54633 96 2 33-52222 14 2 25-20188 02 

o-6 3 I3-35972 67 3 9-34068 87 3 6-72036 91 3 4-94858 50 2 37-15233 45 

0-7 3 19-13157 81 3 I3‘35972 68 3 9-59993 18 3 7-05997 OI 3 5-29352 26 

o-8 3 26-68772 79 3 18-61429 61 3 I3-35972 68 3 9-81306 13 3 7-34869 39 

09 4 3-64586 15 3 25-40057 99 3 18-20942 23 3 13-35972 67 3 9-99287 22 

10 4 4-89596 28 4 3-40728 31 3 24-39952 16 3 17-88121 40 3 I3-35972 68 
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IO 
-t 

iFx[a\ b\ X] x=9’6 

b = 01 0-2 03 04 05 

a £ £ t £ £ 

IO 1 — 9-50000 00 0 -47-00000 OO 0 — 31*00000 OO 0 — 23-00000 00 0 —18-20000 00 

o-9 2 — 18-87459 60 2 - 7-56456 68 1 — 4I-03000 50 I -25-38013 50 1 - 16-95829 77 

o-8 2 -40-57245 27 2 -16-11383 43 2 - 8-65261 33 2 - 5-29333 81 1 -34-94329 77 
o-7 3 — 6-51017 60 2 — 25-74080 68 2 - I3-755I2 49 2 - 8-37076 39 2 - 5-49459 34 
o-6 3 - 9-07548 00 2 -35-77o88 32 2 - 19-05069 65 2 - 11-55190 53 2 - 7-5538oo7 

o-5 3 — 11-48076 79 3 - 4-5135864 2 -23-97365 98 2 - I4-49592 49 2 - 9-45064 °9 
04 3 - 13-32137 64 3 - 5-22565 89 2 — 27-69185 76 2 — 16-70387 16 2 — 10-86272 40 

03 3 — 14-02309 31 3 - 5-4900470 2 -29-03313 95 2 - 17-47553 93 2 - 11-33930 25 

0-2 3 -12-79712 43 3 — 5-00096 60 2 — 26-39684 42 2 - I5-85759 65 2 — 10-26852 42 

OI 3 — 8-58600 92 2 -33-49497 09 2 - I7-64779 50 2 - 10-58156 14 2 - 6-83833 11 

OO 0 1-00000 00 0 1-00000 00 0 1-00000 00 O i-ooooo 00 O 1-00000 00 

OI 3 14-76478 15 3 5-74408 78 2 30-18314 89 2 18-05089 14 2 11-63682 02 

02 4 3-80073 25 3 14-76478 15 3 7-74658 02 3 4-62544 09 2 29-76886 26 

03 4 7-26390 25 3 28-18022 32 3 14-76478 15 3 8-80345 26 3 5-65752 54 
0-4 4 12-23047 50 4 4-73874 21 3 24-79587 93 3 14-76478 15 3 9-47564 30 

o-5 4 19-15314 68 4 7-41190 89 4 3-87353 26 3 23-03591 00 3 14-76478 15 

o-6 5 2-85900 57 4 11-05087 69 4 5-76842 87 4 3-42634 25 3 21-93403 52 

07 5 4-12248 44 4 15-91665 46 4 8-29882 25 4 4-92363 88 3 31-48202 42 

08 5 5-78899 20 4 22-32668 37 4 II-628l6 12 4 6-89122 30 4 4-40130 52 

09 5 7-95934 28 5 3-06649 95 4 I5-95395 75 4 9-44466 42 4 6-02557 45 

10 5 1075503 53 5 4-13939 23 4 2I-5I374 59 4 12-72280 09 4 8-10844 96 

b = o-6 0-7 o-8 0-9 10 

a £ £ £ £ £ 

10 0 —15-00000 00 0 - 12-71428 57 O — 1 i-ooooo 00 0 — 9-66666 67 0 — 8-6oooo 00 

09 1 —11-94206 32 1 - 8-74485 29 I — 6-60417 87 0 -51-15465 60 0 — 40-48072 27 

o-8 1 — 24-28665 27 1 - 17-53562 27 I - 13-04555 73 1 - 9-94552 07 1 - 7-7401241 

07 1 -37'95677 74 1 — 27-22730 48 I — 20-11500 29 1 — 15-22208 30 1 - 11-75449 82 

o-6 2 - 5-1970463 1 -37-II953 69 I — 27-29860 74 1 -20-55930 28 1 - I5-79589 92 

05 2 — 6-48168 36 1 -46-14230 56 I — 33-81669 16 1 -25-37582 46 I — 19-42245 10 

04 2 - 7-43057 40 2 - 5-27521 08 I -38-55004 92 1 — 28-84119 39 1 — 22-00600 47 

03 2 - 7-7386420 2 — 5-48069 60 I -39-95132 17 1 -29-81156 34 1 — 22-68460 63 

0-2 2 — 6-99302 16 1 -49-41683 90 I -35-939io 84 1 -26-75299 57 I -20-30587 69 

OT 1 -46-47145 14 1 -32-76560 47 I -23-77207 73 1 - 17-65041 30 1 - I3-35989 7i 

OO 0 1-00000 00 0 1-00000 00 O 1-00000 00 0 1-00000 00 0 1-00000 00 

OI 2 7-89019 56 2 5-55193 25 I 40-21179 59 1 29-81742 83 1 22-55032 67 

0-2 2 20-14873 61 2 14-15104 33 2 10-22885 00 2 7-56848 98 2 5-71064 66 

0-3 2 38-23454 25 2 26-81127 89 2 19-34868 65 2 14-29227 48 2 10-76499 06 

04 3 6-39487 22 3 4-47787 25 2 32-26762 56 2 23-79906 62 2 17-89762 55 

05 3 9-95127 75 3 6-95881 42 3 5-00765 31 2 36-88222 42 2 27-69669 34 

o-6 3 14-76478 15 3 10-31169 74 3 7-41080 54 3 5-45096 63 2 40-87877 62 

07 3 21-16663 09 3 14-76478 16 3 10-59804 06 3 7-78552 18 3 5-83118 07 

o-8 3 29-55780 79 3 20-59405 22 3 14-76478 15 3 10-83347 77 3 8-10414 39 

09 4 4-04212 44 3 28-13152 40 3 20-14585 83 3 14-76478 14 3 11-03213 28 

10 4 5-43358 63 4 3-77747 78 3 27-02217 16 3 19-78250 05 3 14-76478 16 

15-2 
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io 1 iFx[a\ b; x] 

b = 01 0-2 03 0-4 05 
a t t t t t 

— IO 1 — 9-60000 00 0 — 47-50000 OO 0 -31-33333 33 0 — 23-25000 00 0 — 18-40000 00 

-09 2 -20-50623 33 2 — 8-20107 85 1 -44-38487 i5 1 -27-3933I 76 I — 18-26102 28 

-o-8 3 - 4-42392 24 2 - I7-54045 51 2 — 9-40236 68 2 - 5-74183 09 I -37-83550 67 
-o-7 3 - 7-1143098 2 — 28-08682 94 2 — 14-98560 81 2 — 9-10528 02 2 - 5-96721 73 
— o-6 3 - 9-93559 95 2 -39-10548 14 2 — 20-79671 26 2 - 12-59232 51 2 - 8-22203 54 

-o-5 3 - 12-58903 55 3 — 4-94260 69 2 — 26-21658 10 2 - 15-83032 80 2 — 10-30629 90 
-04 3 — 14-62896 18 3 - 5-73II3 02 2 -30-33069 09 2 - 18-27152 59 2 — 11-86644 71 
-o-3 3 —15-42100 44 3 — 6-02972 39 2 -31-84676 31 2 - 19-14474 44 2 - 12-40655 42 
- 02 3 — 14-09146 49 3 - 5-50003 34 2 -28-99544 10 2 - 17-39724 13 2 - 11-25164 23 
— OI 3 — 9-46644 48 2 — 36-88567 20 2 — 19-41116 23 2 - 11-62505 50 2 - 7-5038065 

o-o 0 1-00000 00 0 1-00000 00 0 1-00000 00 O 1-00000 00 O 1-00000 00 

OI 3 16-31760 70 3 6-34076 60 2 33-27918 63 2 19-87879 34 2 12-79982 41 
02 4 4-20527 59 3 16-31760 70 3 8-55144 58 3 5-10011 90 2 32-78569 53 
03 4 8-04599 35 3 3I-I79I8 43 3 16-31760 71 3 9-71829 22 3 6-23834 09 
04 4 13-56196 03 4 5-24880 12 3 27-43426 69 3 16-31760 71 3 10-46050 06 

o-5 4 21-26067 43 4 8-21847 77 4 4-29034 41 3 25-48666 51 3 16-31760 71 

o-6 5 3-17686 64 4 12-26622 73 4 6-39589 82 4 3-79493 14 3 24-26722 86 
o-7 S 4-58543 03 4 17-68514 64 4 9-21104 14 4 5-45900 41 4 3-48677 90 
o 8 5 6-44543 i7 4 24-83213 79 4 12-91937 58 4 7-64833 91 4 4-87969 19 
o-9 5 8-87045 07 5 3-41394 82 4 17-74303 41 4 10-49279 74 4 6-68726 33 
IO 5 11-99752 70 5 4-61281 92 4 23-94946 53 4 14-14856 71 4 9-00777 43 

b = o-6 0-7 o-8 0-9 10 

a t t t f 

— IO 0 — 15-16666 67 0 - 12-85714 29 0 — 11-12500 00 0 - 9-77777 78 0 — 8-70000 00 
-09 1 - 12-82903 93 1 - 9-37183 63 1 - 7-06057 77 0 -54-55748 89 0 -43-06958 21 
-o-8 1 — 26-24846 00 1 — 18-91670 16 1 -14-04639 29 1 — 10-68809 32 1 — 8-30207 68 
-07 1 -41-15515 10 1 -29-47336 00 1 -21-73842 49 1 — 16-42326 17 1 — 12-66085 01 
— o-6 2 — 5-64840 09 1 — 40-28291 88 1 -29-58036 78 1 -22-24397 76 1 — 17-06423 89 

-o-5 2 — 7-05866 41 1 -50-17917 42 1 -36-72331 70 1 -27-51790 77 1 — 21-03209 81 
-04 2 — 8-10636 04 2 - 5-74728 57 1 -41-94361 46 1 -31-33800 65 1 -23-87903 06 
-03 2 - 8-4561775 2 — 5-98120 61 1 -43-54395 10 1 -32-45082 44 1 — 24-66142 00 
— 0-2 2 - 7-6531067 2 - 5-40149 19 1 -39-23499 52 1 -29-17083 23 1 — 22-1 1422 98 
— OI 1 -50-9339I 49 1 -35-87009 83 I -25-99444 91 1 - 19-27855 47 1 - I4-57596 90 

OO 0 1-00000 00 0 1-00000 00 0 1-00000 00 0 1*00000 00 0 1-00000 00 

OI 2 8-66822 52 2 6-09190 30 1 44-06781 69 1 32-63544 14 1 24-64986 20 
02 2 22-16470 60 2 i5-5486o 26 2 11-22573 65 2 8-29618 50 2 6-252I7 78 
0 3 3 4-21116 45 2 29-49615 72 2 21-26173 46 2 15-68719 76 2 11-80189 59 
04 3 7-05161 51 3 4-93219 14 2 35-5oi37 01 2 26-15448 86 2 19-64663 34 
o-5 3 10-98573 5i 3 7-67370 90 3 5-51598 40 2 40-58106 05 2 30-44040 92 

o-6 3 16-31760 70 3 11-38378 52 3 8-17237 44 3 6-00456 91 3 4-49811 85 
07 3 23-41788 06 3 16-31760 72 3 11-70006 08 3 8-58584 08 3 6-42367 59 
o-8 3 32-73579 89 3 22-78410 86 3 16-31760 71 3 11-96013 96 3 8-93745 95 
09 4 4-48130 72 3 31-15539 28 3 22-28797 19 3 16-31760 71 3 12-17961 21 
10 4 6-02998 45 4 4-18775 71 3 29-92607 54 3 21-88571 13 3 16-31760 73 



APPENDIX II 22C 

IO‘ 
-t 
^0; 6; x] X = ()‘{ 

b = 01 0-2 0-3 0-4 05 
a t t t t t 

IO 1 — 9-70000 00 0 — 48-00000 00 0 — 31-66666 67 0 — 23-50000 00 0 — 18-60000 00 

09 2 — 22-28761 64 2 - 8-8950907 1 -48-03788 54 1 — 29-58240 10 I - 19-67558 44 
o-8 3 — 4-82491 10 2 — 19-09867 07 2 — 10-22027 22 2 — 6-23048 28 1 — 40-98273 00 

o-7 3 - r77589 68 2 -30-65295 26 2 - 16-32994 89 2 — 9-90681 04 2 - 6-48234 55 

o-6 3 - 10-87873 97 3 - 4-27577 82 2 — 22-70689 39 2 - 13-72926 13 2 - 8-95141 77 

o-5 3 - 13-80577 81 3 - 5-4130950 2 -28-67354 92 2 - 17-29043 98 2 - 11-24151 38 

04 3 — 16-06623 80 3 — 6-28612 91 2 -33-22491 52 2 — 19-98901 56 2 — 12-96489 76 

03 3 - 16-95933 06 3 — 6-62297 J3 2 -34-93635 43 2 — 20-97569 66 2 - I3-57596 12 

02 3 - 15-51740 48 3 — 6-04926 09 2 -31-85218 96 2 — 19-08804 58 2 - 12-33013 67 

OI 3 - 10-43744 83 2 — 40-62126 39 2 -21-35186 53 2 — 12-77229 06 2 — 8-23467 80 

OO 0 I -ooooo 00 0 1-ooooo 00 O 1*00000 00 O 1-ooooo 00 O 1-ooooo 00 

OI 3 18-03374 48 3 6-99952 61 2 36-69387 37 2 21-89277 53 2 14-07991 84 

02 4 4-65281 62 3 18-03374 47 3 9-44006 45 3 5-62366 44 2 36-10976 10 

03 4 8-91206 30 4 3-44968 53 3 18-03374 48 3 10-72834 01 3 6-87896 51 

04 4 15-03784 15 4 5-81361 65 3 30-35301 15 3 18-03374 50 3 11-54786 54 

05 4 23-59897 19 4 9-11248 87 4 4-75189 17 3 28-19781 03 3 18-03374 48 

o-6 5 3-52986 04 4 13-61460 21 4 7-09137 22 4 4-20307 25 3 26-84829 49 

07 5 5-10001 58 4 19-64901 47 4 10-22306 61 4 6-05237 40 4 3-86167 96 

o-8 S 7-17574 99 5 2-76169 07 4 I4-353I7 10 4 8-48825 89 4 5-40989 43 
09 s 9-88499 47 5 3-80047 53 4 I9-73I45 08 4 11-65661 49 4 7-42129 15 

10 5 13-38227 93 5 5-13995 54 5 2-66589 66 4 i5-733io 69 4 10-00631 32 

b = o-6 0-7 o-8 0-9 10 

a t t i t « 

10 0 - I5-33333 33 0 — 13-00000 00 0 — 11 -25000 00 0 — 9-88888 89 0 — 8-8oooo 00 

09 1 - 13-79077 68 1 — 10-05066 70 i - 7-55397 35 0 -58-23048 58 0 -45-85956 71 

08 1 — 28-38052 96 1 — 20-41570 89 1 - 15-13127 10 1 - 11-49195 76 1 - 8-90959 84 

07 1 -44-63697 03 1 -31-91550 17 1 -23-50141 98 1 — 17-72610 48 1 — 13-64269 29 

o-6 2 — 6-14048 64 1 -43-72775 14 X — 32-06223 05 1 -24-07423 56 1 - 18-44055 27 

05 2 — 7-68858 00 2 - 5-4581424 1 — 39-88942 80 1 -29-84856 63 1 -22-78144 73 

04 2 — 8-84511 04 2 — 6-26277 48 1 -45-645i6 81 X -34-05840 27 1 -25-91751 36 

03 2 - 9-2415452 2 - 6-52843 98 1 -47-46770 72 1 -35-33021 73 1 -26-81575 17 

0-2 2 — 8-37646 12 2 - 5-90483 78 1 -42-83912 56 1 -31-81198 33 1 — 24-08750 21 

01 2 - 5-58297 85 1 -39-27255 06 1 -28-42757 15 1 -21-05923 19 1 - 15-90458 10 

00 0 I -ooooo 00 0 1-ooooo 00 0 I -ooooo 00 0 I-ooooo 00 0 1-ooooo 00 

01 2 9-5237156 2 6-68503 02 1 48-29913 65 1 35-72458 90 1 26-94906 86 

02 2 24-38375 03 2 17-08539 83 2 12-32084 18 2 9-09477 60 2 6-84587 30 

03 3 4-63837 40 2 32-45163 07 2 23-36550 20 2 17-21966 75 2 12-93991 99 

04 3 7-77600 13 3 5-43281 26 2 39-06119 06 2 28-74488 30 2 21-56823 82 

°'S 3 12-12787 48 3 8-46225 38 3 6-07614 05 3 4-46530 51 2 33-45800 19 

o-6 3 18-03374 47 3 12-56748 46 3 9-01241 98 3 6-61463 26 3 4-94976 60 

07 3 25-90827 26 3 18-03374 48 3 12-91682 16 3 9-46864 77 3 7-07661 87 

o-8 4 3-62546 71 3 25-20678 29 3 18-03374 47 3 13-20412 01 3 9-85668 22 

09 4 4-96804 54 4 3-45035 47 3 24-65758 83 3 18-03374 47 3 13-44659 05 

10 4 6-69155 96 4 4-64244 97 4 3-31413 39 3 24-21227 11 3 18-03374 49 
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x=g-g 10 ~t1F1[a;b;x] 

a 

—10 

b = 
t 

1 

01 

— 9-80000 00 

t 

0 

0-2 

— 48-50000 OO 

t 

0 

0-3 

— 32-00000 00 

t 

0 

04 

— 23-75000 00 

t 

0 

o-5 

— 18-80000 00 

-09 2 — 24-23282 87 2 - 9-6519476 2 - 5-2016431 1 -31-96334 80 1 — 21-21200 82 

-08 3 - 5-26348 03 2 — 20-80087 65 2 —11-11267 48 2 — 6-76298 97 1 -44-40815 89 

-07 3 — 8-50048 02 2 -33-46017 51 2 —17-79888 71 2 — 10-78160 42 2 - 7-04389 67 

— o-6 3 — 11-91300 71 3 - 4-67584 68 2 -24-79692 15 2 - 14-97183 12 2 - 9-74765 96 

-o-S 3 - 15-14171 21 3 - 5-92910 34 2 -31-36525 96 2 — 18-88828 25 2 —12-26381 05 

-04 3 —17-64616 11 3 - 6-89555 i9 2 -36-3995I 22 2 — 21-87084 21 2 -14-1671447 

-03 3 - 18-65225 35 3 - 7-2751448 2 -38-32921 57 2 — 22-98423 12 2 - 14-85741 99 

-02 3 - 17-08837 64 3 - 6-65371 68 2 -34-99290 99 2 -20-94497 46 2 -13-51335 26 
— OI 3 - 11-50835 93 3 - 4-47369 61 2 -23-48783 09 2 - 14-03365 00 2 - 9-03742 43 

OO 0 1-00000 00 0 1*00000 00 O 1-00000 00 O i-ooooo 00 O 1-00000 00 

OI 3 I9'93°37 03 3 7-72683 47 2 40-46008 45 2 24-11184 82 2 15-48894 94 

02 4 5-14791 85 3 19-93037 03 3 10-42116 14 3 6-20111 94 2 39-77245 72 

03 4 9-87110 91 4 3-81670 64 3 19-93037 04 3 11-84351 59 3 7-58557 04 
04 4 16-67373 07 4 6-43905 45 4 3-35818 73 3 19-93037 04 3 12-74841 83 

0-5 4 26-19321 10 4 10-10339 39 4 5-26296 75 3 31-19698 41 3 I9-93037 04 

o-6 S 3-92185 30 4 15-11050 57 4 7-86219 98 4 4-65500 16 3 29-70354 12 
07 5 5-67197 00 4 21-82974 55 4 n-34577 55 4 6-71001 54 4 4-27679 40 
o-8 5 7-98821 06 5 3-07119 64 4 15-94522 01 4 9-42000 53 4 5-99750 96 
09 5 11-01463 82 5 4-23044 99 4 21-94130 30 4 12-94882 84 4 8-23553 94 
10 5 14-92546 05 5 5-72685 36 5 2-96728 40 4 17-49401 10 4 11-11496 44 

a 

—10 

b = 

f 

0 

o-6 

— 15-50000 00 

t 

0 

0-7 

- 13-14285 71 

t 

0 

o-8 

— 11-37500 00 

t 

0 

0-9 

— 10-00000 00 

t 

0 

10 

— 8-90000 00 
-09 1 - 14-83389 64 1 — 10-78588 02 1 — 8-08756 20 0 — 62-19669 44 0 — 48-86761 31 
-o-8 1 — 30-69816 16 1 -22-04311 51 1 -16-30756 37 1 — 12-36242 46 1 - 9-56658 84 

-o-7 1 -48-42806 53 1 -34-57I39 05 1 — 25-41641 08 1 - I9-I3955 4i 1 — 14-70658 64 
— o-6 2 - 6-67706 45 1 -47-47973 35 1 -34-76225 69 1 — 26-06306 52 1 - 19-93436 17 

-0 5 2 - 8-37638 34 2 - 5-93828 58 1 -43-33876 22 I -32-38485 63 1 — 24-68299 07 
-04 2 - 9-6527875 2 - 6-8257453 1 -49-68324 94 I — 37-02287 10 1 -28-13644 79 
-03 2 — 10-10124 75 2 — 7-12682 81 2 - 5-I7536 57 1 — 38-47202 88 1 — 29-16389 80 
— 0-2 2 — 9-16922 01 2 - 6-45589 92 1 — 46-78076 79 1 -34-69742 79 1 -26-24102 35 
— OI 2 — 6-12015 61 1 — 43-00188 04 1 — 31-09168 89 1 -23-00694 59 1 - 17-35632 04 

OO 0 1-00000 00 0 1-00000 00 0 1-00000 00 0 1-00000 00 0 1-00000 00 

OI 2 10-46442 72 2 7-33658 66 2 5-29426 13 1 39-11123 28 1 29-46716 67 
02 2 26-82642 29 2 18-77538 62 2 13-52391 47 2 9-97123 08 2 7-49680 87 

0 3 3 5-10912 05 2 35-70509 73 2 25-67911 43 2 18-90334 47 2 14-18900 74 
04 3 8-57501 32 3 5-98447 05 3 4-29801 15 2 31-59382 33 2 23-67959 19 
0-5 3 13-38891 78 3 9-33205 26 3 6-69342 31 3 4-91360 09 2 36-77696 29 

o-6 3 19-93037 01 3 13-87442 74 3 9-93904 52 3 7-28693 31 3 5-447oi 72 
07 3 28-66318 50 3 I9-93037 04 3 14-26028 13 3 10-44246 16 3 7-79619 52 
o-8 4 4-01509 19 3 27-88675 92 3 I9-93037 02 3 I4-57764 76 3 10-87068 63 
09 4 5-50747 49 4 3-82107 00 3 27-27884 72 3 I9-93037 02 3 H-84552 38 
10 4 7-42540 97 4 5-14635 05 4 3-67012 88 3 26-78587 70 3 I9-93037 04 
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10 1 i-^i[<z; b; a] 

b = 01 0-2 0-3 0-4 
a t t t t t 

10 1 — 9-90000 00 0 — 49-00000 OO 0 -32-33333 33 0 — 24-00000 00 0 

0-9 2 -26-35729 55 2 -10-47749 78 2 - 5-63504 47 1 -34-55359 81 1 
o-8 3 - 5-74321 44 2 — 22-66065 03 2 —12-08651 96 2 - 7-34339 26 1 
0-7 3 — 9-29414 29 2 -36-53152 03 2 — 19-40418 87 2 - 11-73650 24 2 
o-6 3 -13-04730 68 3 — 5-11412 17 2 — 27-08399 11 2 — 16-33002 36 2 

o-5 3 —16-60861 88 3 - 6-49508 42 2 -34-3I442 57 2 — 20-63704 04 2 
04 3 -19-38298 97 3 - 7-56478 22 2 -39-88192 77 2 -23-93292 27 2 
0-3 3 -20-51539 26 3 - 7-99213 74 3 - 4-20553 66 2 -25-18774 53 2 
0-2 3 — 18-81918 76 3 - 7-31898 35 2 -38-44601 85 2 — 22-98448 30 2 
01 3 — 12-68948 23 3 - 4-92715 81 2 -25-83880 49 2 - 15-42055 91 2 

o-o 0 1-00000 00 0 i-ooooo 00 O i-ooooo 00 O i-ooooo 00 O 

o-i 3 22-02646 57 3 8-52983 28 3 4-46140 89 3 2-65569 71 3 
0-2 4 5-69563 18 3 22-02646 57 3 11-50437 11 3 6-83804 73 3 
03 4 10-93309 33 4 4-22272 41 3 22-02646 59 3 13-07477 29 3 
0 4 4 18-48692 42 4 7-13160 87 4 3-71537 68 3 22-02646 57 3 
0 5 5 2-90712 99 4 11-20166 43 4 5-82887 58 4 3-45I47 55 3 

o-6 5 4-35713 28 4 16-77002 03 4 8-71652 19 4 5-15540 76 4 
0-7 5 6-30765 46 4 24-25117 87 4 12-59123 13 4 7-43887 06 4 
o-8 5 8-89199 74 5 3-41517 01 4 17-71291 32 4 10-45358 19 4 
09 5 12-27235 25 5 4-70872 70 4 24-39712 35 4 14-38354 24 4 
10 5 16-64506 57 5 6-38024 53 5 3-30250 83 4 19-45081 11 4 

b = o-6 0-7 o-8 09 
a t t * t f 

10 0 — 15-66666 67 0 - 13-28571 43 0 — 11-50000 00 0 — io-iiiii II 0 
09 1 - 15-96561 88 1 - 11-58241 73 1 — 8-66482 25 1 — 6-64811 77 0 
0-8 1 -33-21805 89 1 -23-81034 03 1 - 17-58330 44 1 - 13-30527 65 1 
0-7 2 - 5-25566 59 1 -37-46030 78 1 -27-49694 89 1 -20-67335 53 I 
o-6 2 - 7-26224 95 2 - 5-1566948 1 — 37-70016 71 1 — 28-22463 67 1 

o-5 2 - 9-12749 57 2 — 6-46204 49 1 — 47-09726 16 1 -35-14540 41 1 

04 2 - 10-53592 65 2 - 7-44065 05 2 — 5-40890 80 1 — 40-25380 86 1 

0-3 2 - 11-04241 57 2 — 7-78122 74 2 - 5-64358 20 1 — 41-90064 27 1 

0-2 2 — 10-03811 86 2 - 7-05925 88 1 — 51-09200 07 1 -37-85014 29 1 

01 2 - 6-7095941 1 -47-08983 84 1 — 34-00900 96 1 -25-I3759 12 1 

o-o 0 1*00000 00 0 1-00000 00 0 1-00000 00 0 1-00000 00 0 

01 2 11*49890 10 2 8-05237 12 2 5-80387 49 2 4-28243 19 2 

0-2 2 29-51536 54 2 20-63392 84 2 14-84567 73 2 10-93320 67 2 

0 3 3 5-62785 57 2 39-28674 01 2 28-22362 39 2 20-75325 44 2 

04 3 9-45635 52 3 6-59238 55 3 4-72945 29 2 34-72726 12 2 

0 5 3 14-78125 52 3 10-29149 55 3 7-37367 64 3 5-40715 89 2 

o-6 3 22-02646 56 3 I5-3I745 81 3 10-96119 21 3 8-02783 99 3 
0-7 3 31-71068 86 3 22-02646 60 3 I5-74364 61 3 11-51668 31 3 
o-8 4 4-44649 41 3 30-85133 93 3 22-02646 58 3 16-09422 55 3 
09 4 6-10528 42 4 4-23152 76 3 30-17844 67 3 22-02646 60 3 
10 4 8-23940 35 4 5-70477 13 4 4-06428 06 3 29-63273 81 3 

231 

x— io-o 

o-5 

- 19-00000 00 
- 22-88123 87 
-48-13713 31 
- 7-65615 61 
- 10-61701 33 

- 13-38143 48 

- 15-48313 57 
—16-26179 40 

- 14-81155 72 
- 9-9191694 

1-00000 00 

1-70399 66 
4-38084 00 
8- 36496 74 

I4-07395 39 
22-02646 58 

3- 28620 65 
4- 73642 75 
6-64873 73 
9- 13874 31 

12-34581 91 

i-o 

— 9-00000 00 

— 52-11212 86 

— 10-27728 97 

— 15-85967 49 
-21-55604 49 

-26-75035 87 

-30-55221 07 

-31-72367 53 

-28-59156 80 

— 18-94278 27 

i-ooooo 00 

3-22252 42 

8-21055 88 

15- 56011 84 

25-99955 85 
40-42755 39 

5-99449 61 
8-58922 61 

11-98926 32 

16- 39016 84 

22-02646 59 





APPENDIX III 

Table of ^[a; b\ i] over the range 

a = -ii-o(o-2)2-o, 

b = —4-0 (0-2) i-o, 

x — 1 
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iFi[a\ b\ i] 

o 

b = io o-8 o*6 0-4 0-2 

<X 

20 5-43656 37 7-00294 07 9-79886 95 15-80393 31 35-III5I 42 

i-8 4-79690 84 6-11613 41 8-4636611 13-49005 61 29-60393 79 

i-6 4-20817 97 5-30437 02 7-24875 15 11-39848 65 24-66132 19 

14 3-66738 17 4-56301 12 6-1463172 9-51398 64 20-24278 60 

1-2 3-17165 71 3-88764 24 5-14892 76 7-82211 71 16-30969 IO 

IO 2-71828 18 3-27406 39 4-24952 89 6-30920 50 12-82554 08 

o-8 2-30465 98 2-71828 18 3-44142 89 4-96230 95 9-75588 8l 

o-6 1-92831 84 2-21650 01 2-7182818 3-76919 11 7-06824 32 

o-4 1-58690 33 1-76511 25 2-07407 40 2-71828 18 4-73198 60 

0-2 1-27817 41 1-36069 55 1-5031103 1-79865 55 2-71828 18 

0-0 1-00000 00 1-00000 00 1-00000 00 1-00000 00 1-00000 00 

— 0-2 0-75035 51 0-67994 50 0-55964 47 0-31258 99 — 0-44836 46 

-04 0-52731 44 0-39761 03 0-17722 54 -0-27273 93 — 1-65076 70 

— o-6 0-32905 01 0-15022 99 — 0-15180 98 — 0-76461 68 — 2-62968 42 

— o-8 0-15382 72 — 0-06481 47 -0-43175 67 — 1-17116 05 -3-40618 57 

— IO o-ooooo 00 — 0-25000 00 — o-66666 67 — 1-50000 00 — 4-00000 00 

— 1-2 -0-13399 16 — 0-40766 74 -0-86035 72 - 1-75829 98 -4-42957 94 

-i’4 — 0-24962 56 — 0-54002 82 — 1-01642 26 - 1-95278 04 — 4-71216 21 

—1-6 -0-34830 II — 0-64916 97 - 1-13824 36 — 2-08973 92 -4-86383 16 

-i-8 -0-43134 21 — 0-73706 06 - 1-22899 73 -2-17507 07 -4-89957 40 

— 20 — 0-50000 OO -0-80555 56 — 1-29166 67 — 2-21428 57 -4-83333 33 
— 22 -o-55545 73 — 0-85640 11 - 1-32904 90 — 2-21252 97 — 4-67806 40 

-2'4 — 0-59882 99 -0-89123 99 - 1-34376 49 — 2-17460 10 -4-44578 16 

-2-6 — 0-63117 07 -0-91161 54 - 1-33826 65 -2-10496 75 -4-14761 17 

-2-8 -o-65347 16 — 0-91897 67 -1-31484 56 -2-00778 33 -3-79383 65 

-3o — o-66666 67 — 0-91468 25 - 1-27564 10 — 1-88690 48 -3-39393 94 
-3'2 -0-67163 45 -0-90000 55 — 1-22264 64 - 1-74590 52 — 2-95664 81 

-3 4 — 0-66920 07 — 0-87613 62 - i-i577i 7i — 1-58808 98 -2-48997 59 
-3-6 — 0-66014 02 — 0-84418 70 — 1-08257 68 - 1-41650 95 — 2-00126 05 

-3-8 -0-64517 98 -0-80519 58 — 0-99882 48 - 1-23397 46 — 1-49720 27 

-40 — 0-62500 00 — 0-76012 95 -0-90794 16 — 1-04306 72 -0-98390 15 

-4-2 — 0-60023 75 — 0-70988 76 — 0-81129 52 — 0-84615 41 — 0-46688 97 

-44 -0-57148 70 -0-65530 56 — 0-71014 72 -°’64539 82 0-04883 40 

-46 -0-53930 32 -o-597i5 76 -0-60565 79 — 0-44276 99 o-55877 23 

-48 — 0-50420 29 -0-53616 03 — 0-49889 22 — 0-24005 84 1-05890 02 
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iFi[a; b\ i] 

235 

a 

b = i-o o-8 o-6 04 0-2 

-50 — 0-46666 67 -0-47297 50 — 0-39082 44 — 0-03888 15 I-54563 49 
-5'2 — 0-42714 04 — 0-40821 11 -0-28234 31 o-i593o 43 2-01580 93 

-54 -0-38603 75 — 0-34242 86 — 0-17425 62 o-353i9 37 2-46664 47 

-5 6 -Q’34374 02 — 0-27614 04 -0-06729 54 0-54162 44 2-89572 63 

-5-8 -0-30060 10 -0-20981 55 0-03787 98 0-72356 77 3-30097 88 

— 60 -0-25694 44 — 0-14388 06 0-14067 75 0-89812 04 3-68064 40 

— 6-2 — 0-21306 86 — 0-07872 29 0-24056 97 1-06449 7° 4-03325 84 

-64 — 0-16924 62 — 0-01469 24 0-33708 83 1-22202 l8 4-35763 27 

-6 6 — 0-12572 61 0-04789 66 0-42982 16 I-370I2 18 4-65283 24 

-6-8 -0-08273 44 0-10876 26 0-51841 07 1-50832 OO 4-91815 84 

-70 — 0-04047 62 0-16765 58 0-60254 63 1-63622 84 5-15312 96 

-7-2 0-00086 39 0-22435 56 0-68196 53 175354 21 5-35746 56 

-74 0-04112 01 0-27866 93 0-75644 79 1-86003 32 5-53107 07 

-76 0-08014 5° 0-33043 00 0-82581 48 1-95554 47 5-67401 89 

-7-8 0-11780 75 o-37949 52 0-88992 42 2-03998 60 5-78653 88 

-80 o-i5399 31 o-42574 53 0-94866 93 2-11332 67 5-86900 03 

— 82 0-18860 17 0-46908 18 1-00197 58 2-17559 25 5-92190 15 

-84 0-22154 76 0-50942 62 1-04979 95 2-22686 03 5-94585 63 

-8-6 0-25275 83 0-54671 86 1-09212 37 2-26725 35 5-94158 28 

-8-8 0-28217 34 0-58091 61 1-12895 76 2-29693 83 5-90989 23 

-90 0-30974 43 0-61199 20 1-16033 38 2-31611 95 5-85167 91 

-92 o-33543 30 0-63993 44 1-18630 66 2-32503 68 5-76791 03 

-94 0-35921 18 0-66474 50 1-20694 99 2-32396 11 5-65961 71 

-96 0-38106 20 0-68643 81 1-22235 55 2-31319 14 5-52788 59 

-98 0-40097 40 0-70503 98 1-23263 17 2-29305 16 5-37384 99 

—100 0-41894 59 0-72058 68 1-23790 12 2-26388 72 5-19868 23 

— 10-2 0-43498 35 o-733i2 53 1-23830 02 2-22606 29 5-00358 80 

— IO'4 0-44909 94 0-74271 07 1-23397 63 2-17995 97 4-78979 77 
— io-6 0-46131 24 0-74940 63 1-22508 79 2-12597 27 4-55856 17 

—108 0-47164 73 0-75328 25 I‘21180 23 2-06450 83 4-31114 34 

— ii-o 0-48013 42 o-7544i 65 I-I9429 49 1-99598 23 4-04881 46 
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2J 
b =0 + , 0- -0-2 

i^iO; b\ 1] 

-04 — o-6 -o-8 

20 + 00 — 00 -47-98502 29 — 34-12099 60 -35-85523 02 -58-92131 88 
1-8 + — -41-45379 79 — 27-76218 83 — 28-89144 62 -47-09708 39 
16 + — -33-56896 17 — 22-19930 16 -22-85758 17 -36-95321 83 

14 + — -26-64574 07 - 17-36396 22 —17-66883 19 — 28-32689 66 
1-2 + — — 20-60446 36 - 13-19211 74 — 13-24602 68 — 21-06668 42 

IO + — - I5-3703I 97 — 9-62382 23 - 9-5I534 i7 — 15-03192 60 
o-8 + — - 10-87312 73 - 6-60303 55 — 6-40801 94 — 10-09216 16 
o-6 + — - 7-04711 05 - 4-07742 27 — 3-86010 42 - 6-12656 59 
04 + — - 3-8306848 — 1-99816 91 — 1-81218 79 - 3-02341 40 
0-2 + — - 1-16625 15 - 0-31979 84 — 0-20916 50 - 0-67957 05 

OO * i-ooooo 00 1 -ooooo 00 1-ooooo 00 1-ooooo 00 
02 — 00 + 00 2-71828 18 2-00053 68 1-86249 65 2-10269 86 
04 — + 4-03538 97 2-71828 18 2-42188 10 2-70873 81 
o-6 — + 4-99487 78 3-18701 60 2-71828 18 2-89156 84 
o-8 — + 5-63722 58 3-43797 72 2-78859 42 2-71828 18 

10 — + 6-00000 00 3-50000 00 2-66666 67 2-25000 00 
1-2 — + 6-11800 71 3-39964 87 2-38347 97 1-54224 28 
14 — + 6-02344 15 3-16134 52 1-96731 55 0-64527 94 
i-6 — + 5-74602 72 2-80749 14 1-44392 04 - 0-39553 68 
i-8 — + 5-3I3I5 25 2-35858 54 0-83666 01 - 1-5394503 

20 — + 4-75000 00 I-83333 33 0-16666 67 — 2-75000 00 
2-2 — + 4-07967 03 1-24875 56 — 0-54702 00 - 3-99473 15 
24 — + 3-32330 06 0-62028 88 - 1-28731 85 - 5-24492 32 
2-6 — + 2-50017 85 - 0-03811 75 — 2-03897 82 - 6-4753263 
2-8 — + 1-62784 98 - 0-7139079 - 2-78845 78 - 7-66391 78 

30 - + 0-72222 22 - I-39583 33 - 3-52380 95 — 8-79166 67 
3-2 — + - 0-20233 53 — 2-07386 68 - 4-23456 96 - 9-84231 15 
3'4 — + — 1-13289 88 - 2-73912 34 - 4-91165 35 — 10-80215 02 
36 — + — 2-05789 86 - 3-38378 37 - 5-54725 74 — 11-65984 09 
3-8 + 00 — 00 - 2-96703 39 — 4-00102 18 - 6-13476 34 — 12-40621 34 

40 + — - 3-8511905 - 4-58493 59 — 6-66865 °8 - 13-03409 09 
4-2 + — — 4-70236 29 - 5-1304829 - 7-i444i 15 - 13-53812 16 
44 + — - 5-5I357 98 - 5-6334I 60 - 7-55846 98 — 13-91462 00 
46 + — - 6-27883 36 — 6-09022 58 — 7-90810 66 — 14-16141 66 
48 + — — 6-99301 28 — 6-49808 39 - 8-1913877 —14-27771 67 

The function is indeterminate at the points marked *. 
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iFx[a\b- I] 

237 

a 

b =0 4 , 0- — 02 -0-4 — o-6 -o-8 

50 + 00 — 00 - 7-65183 79 -6-85478 99 — 8-40709 62 — 14-26396 78 

5-2 + —> — 8-25180 10 -7-15872 09 -8-55466 84 - 14-12173 37 

54 + — — 8-79010 76 -7-40878 39 -8-63413 34 -I3-85357 76 
5'6 + — — 9-26462 17 -7-60437 05 -8-64605 65 - 13-46295 12 

58 + — - 9-67381 40 -7-74531 44 -8-59148 50 - 12-95409 15 

60 + — — 10-01671 28 -7-83185 08 — 8-47189 86 - 12-33192 41 

62 + — — 10-29285 66 -7-86457 86 — 8-28916 13 — 11-60197 21 

64 + — — 10-50225 04 -7-84442 45 -8-04547 72 — 10-77027 17 

6 6 + — - 10-64532 38 — 7-77260 90 -7-74334 9i - 9-84329 34 
6-8 + — — 10-72289 14 — 7-65061 48 -7-38553 88 — 8-82786 80 

70 + — - 10-73611 56 -7-48015 69 -6-97503 12 - 7-73III 9i 

7’2 + — — 10-68647 12 -7-26315 43 -6-51499 96 - 6-56039 92 

74 + — - IQ-57571 22 — 7-00170 36 -6-00877 43 - 5-32323 08 

76 + — — 10-40584 10 — 6-69805 49 -5-4598i 28 - 4-02725 29 

78 + — - 10-17907 85 -6-35458 80 — 4-87167 22 — 2-68017 00 

80 + — - 9-89783 68 -5-97379 12 -4-24798 39 — 1-28970 71 

82 + — - 9-56469 3i -5-55824 11 -3-59242 94 0-13643 28 

84 + — - 9-18236 57 -5-11058 39 — 2-90871 90 1-59060 76 

8 6 + - - 8-75369 10 -4-63351 80 — 2-20057 16 3-06527 08 

8-8 + — — 8-28160 23 -4-12977 76 - 1-47169 56 4-55300 35 

90 + — — 7-76911 02 — 3-60211 79 -0-72577 27 6-04654 33 

92 + — — 7-21928 40 -3-05330 15 0-03355 82 7-53880 97 

94 + — - 6-63523 45 -2-48608 53 0-80271 48 9-02292 80 

96 + — — 6-02009 80 —1-90320 88 1-57818 42 10-49224 93 

98 + — - 5-37702 17 - 1-30738 36 2-35653 49 11-94036 89 

100 + — - 4-70915 01 -0-70128 33 3-13442 65 13-36114 21 

10-2 + — — 4-01961 21 -0-08753 50 3-90861 95 14-74869 75 

IO'4 + - - 3-3115097 0-53128 94 4-67598 32 16-09744 94 

io-6 + — - 2-5879075 1-15268 00 5-43350 33 17-40210 66 

io-8 + — — 1-85182 26 I-774I9 57 6-17828 75 18-65768 14 

II-O + — — 1-10621 62 2-39346 97 6-90757 18 19-85949 50 
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1F1[a;b; 1] 

b = -i + , -1- — 1-2 -i-4 —1-6 -i-8 

3 

20 — 00+00 55-79611 88 32-24629 84 29-35660 75 42-08513 60 

i-8 + 44-05881 80 25-31804 35 22-89084 80 32-51951 7i 

16 + 34-18794 98 I9-54574 08 I7-54993 84 24-67855 07 

i-4 + 25-97911 77 14-79488 76 I3-I9499 30 18-33674 68 

1-2 + i9'24383 68 10-94204 53 9-69920 95 13-28937 78 

IO - + 13-80859 97 7-87415 87 6-94708 86 9-35107 00 

o-8 + 9-51398 64 5-48790 90 4-83369 4i 6-35447 05 

o-6 + 6-21381 51 3-68909 68 3-26394 98 4-14898 49 

04 - + 377433 38 2-39205 75 2-15197 3i 2-59958 21 

0-2 - + 2-07345 05 1-51910 43 1-42044 27 1-58566 44 

00 * 1-00000 00 1-00000 00 1*00000 00 1-00000 00 

— 0-2 + 00—00 0-45304 70 0-77145 51 0*82868 20 0-74771 41 

-04 + - 0-34122 30 0-77665 20 0-85138 47 o-74533 72 
— 06 + 0-58209 65 0-96479 38 1-01935 57 0-91990 76 

-o-8 + 1-10157 43 1-29067 69 1-28971 46 1 *208i2 53 

—10 * 
I-83333 33 I-7I428 57 1-62500 00 1-55555 56 

— 1-2 — 00+00 2-71828 18 2-20040 99 1-99274 23 1-91588 00 

-14 + 3-70404 78 2-71828 18 2-36506 03 2-25019 17 

—16 - + 4-74449 47 3-24I23 38 2-71828 18 2-52633 45 

-i-8 + 5-79926 24 3-74637 49 3-03258 59 2-71828 18 

— 20 - + 6-83333 33 4-21428 57 3-29166 67 2-80555 56 

— 22 - + 7-81662 10 4-62873 04 3-48241 71 2-77268 15 

-2 4 + 8-72358 24 4-97638 56 3-59463 25 2-60868 03 

— 26 + 9-53285 07 5-24658 48 3-62073 21 2-30659 19 

— 2-8 + 10-22688 95 5-43107 88 3-55549 85 1-86303 17 

-30 + 10-79166 67 5-52380 95 3-39583 33 1-27777 78 

-3-2 - + 11-21634 63 5-52069 87 3-14052 96 o-55338 62 

-3 4 + 11-49299 96 5-41944 90 2-79005 84 -0-30516 59 

-36 + 11-61633 28 5-21935 80 2-34637 07 — 1-29081 16 

-3-8 - + 11-58343 10 4-92114 46 1-81271 24 -2-39470 04 

-40 + H-3935I 85 4-52678 57 I-I9345 24 -3-60648 15 

-4-2 + 11-04773 35 4-03936 53 0-49392 36 -4-91456 46 

-44 + 10-54891 73 3-46293 23 — 0-27972 50 -6-30636 05 

-46 + 9-90141 73 2-80236 97 — 1-12066 51 — 7-76850 10 

-4-8 + 9-11090 28 2-06327 18 -2-02151 47 — 9-28704 12 

The function is indeterminate at the points marked *. 
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i^iO; b; i] 

239 

b = — 1 +» — i — — 1-2 -14 —1-6 -i-8 

50 — 00 + 00 8-18419 31 1-25183 15 - 2-97445 44 - 10-84764 31 

5'2 — + 7-12909 78 0-37473 46 - 3-97I33 36 - 12-43574 33 

5 4 — + 5-95426 74 - 0-56093 63 - 5-00376 87 - 14-03670 49 

5'6 — + 4-66905 59 - 1-54779 16 — 6-06323 17 - I5-63595 47 
58 — + 3-28339 21 — 2-57821 67 - 7-14113 20 — 17-21910 61 

60 — + 1-80766 15 - 3-64444 70 — 8-22888 95 — 18-77206 97 

62 — + 0-25259 69 - 4-73863 74 - 9-31800 13 — 20-28115 09 

64 — + — 1-37082 22 - 5-85292 48 — 10-40010 21 -21-73313 69 

6-6 — + - 3-0514621 - 6-97948 49 — 11-46701 71 -23-11537 20 

6-8 — + - 4-778II 96 — 8-11058 41 — 12-51081 02 -24-41582 36 

70 — + - 6-53959 91 — 9-23862 61 - 13-52382 61 -25-62313 86 

72 + 00 — 00 - 8-32478 35 - 10-35619 36 - 14-49872 71 — 26-72669 10 

74 + - . — 10-12269 75 - 11-45608 51 - 15-42852 53 — 27-71662 12 

76 + - - 11-92256 53 - I2-53I34 84 — 16-30661 02 -28-58386 83 

7-8 + — - 13-71386 25 - I3-57530 90 — 17-12677 20 -29-32019 47 

80 + — - 15-48636 21 - 14-58159 53 — 17-88322 06 — 29-91820 48 

82 + — — 17-23017 62 - 15-54416 09 — 18-57060 19 -30-37I35 72 

8-4 + — - 18-93579 10 - 16-45730 20 — 19-18400 93 -30-67397 17 

8-6 + — -20-59409 94 - 17-31567 33 - 19-71899 32 — 30-82123 09 

8-8 + — — 22-19642 79 — 18-11430 04 — 20-17156 71 — 30-80917 80 

90 + — 
-23-73455 95 — 18-84858 91 - 20-53821 05 -30-63470 88 

92 + — -25-20075 38 - I9-5I433 3i — 20-81587 02 -30-29556 12 

94 + — -26-58776 25 — 20-10771 91 — 21-00195 87 — 29-79030 08 

96 + — — 27-88884 19 — 20-62532 91 -21-09435 05 — 29-11830 27 

98 + — — 29-09776 32 — 21-06414 15 — 21-09137 69 — 28-27973 16 

100 + _ — 30-20881 81 -21-42153 04 — 20-99181 84 -27-27551 81 

10-2 + — — 31-21682 39 — 21-69526 28 -20-79489 63 -26-10733 36 

IO‘4 + — — 32-11712 46 — 21-88349 42 — 20-50026 19 -24-77756 30 

io-6 + — -32-90559 03 -21-98476 39 -20-10798 53 -23-28927 53 

108 4- — -33-5786i 46 — 21-99798 69 — 19-61854 26 -21-64619 33 

no + — -34-13310 98 — 21-92244 71 — 19-03280 19 — 19-85266 14 
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iFi[a; b\ 1] 

b = 

0 

—2+, —2— — 2-2 -2-4 — 2-6 — 2-8 

a 

20 + 00—00 -30-63850 84 - 15-71685 71 —12-96296 00 -17-37007 36 

i-8 + -23-07450 60 — 11-67132 06 - 9-34593 72 - 12-73537 03 

i-6 + - 16-95547 16 — 8-41912 29 - 6-78279 31 - 9-06397 58 

14 + - 12-07158 95 - 5-83961 74 - 4-62195 03 — 6-19742 25 

1-2 + - — 8-23469 22 - 3-82532 63 - 2-94685 07 - 3-99652 15 

IO + — 5-27663 62 — 2-28089 95 - 1-6719571 - 2-33966 79 

o-8 + - 3-04777 05 - 1 -12213 58 - 0-72235 33 — 1-12125 71 

o-6 + - 1-4154944 — 0-27506 42 — 0-03281 68 — 0-25020 77 

04 + - — 0-26289 96 0-32491 91 0-45304 70 o-35i4i 57 
0-2 + - 0-51250 63 o-73385 92 0-78361 45 0-74968 49 

OO * 1-00000 00 1-00000 00 1*00000 00 1-00000 00 

02 — 00+00 1-27676 87 1-16449 29 1-13675 98 1-14819 67 

04 - + 1-40896 70 1-26205 94 1-22254 85 1-23157 26 

06 - + 1-45270 67 1-32160 97 1-28072 89 1-27983 78 

o-8 - + 1-45498 38 1-36681 93 I"32993 86 1-31599 36 

10 # 
1-45454 55 1-41666 67 1-38461 54 1-35714 29 

1-2 + 00—00 1-48269 92 1-48593 25 I-45548 37 1-41523 75 

i-4 + - 1-56406 84 1-58566 44 1-55000 42 1-49776 45 

16 + 1-71729 60 1-72360 71 1-67278 88 1-60837 63 

i-8 + - I-95569 94 1-90460 14 1-82598 27 1-74746 69 

20 * 2-28787 88 2-13095 24 2-00961 54 1-91269 84 

22 — 00+00 2-71828 18 2-40277 00 2-22192 30 2-09948 03 

24 + 3-24772 65 2-71828 18 2-45964 28 2-30140 44 

2-6 - + 3-87388 45 3-07412 12 2-71828 18 2-51063 86 

2-8 + 4-59172 78 3-46559 09 2-99236 19 2-71828 18 

30 + 5-39393 94 3-88690 48 3-27564 10 2-91468 25 

3-2 + 6-27129 14 4-33i4o 77 3-56131 42 3-08972 37 

3'4 - + 7-21299 11 4-79177 58 3-84219 37 3-23307 60 

36 + 8-20699 84 5-26019 82 4-11087 11 3-33442 14 

38 + 9-24031 39 5-72854 04 4-35986 13 3-38365 03 

40 - + 10-29924 24 6-18849 21 4-58173 08 3-37103 17 

42 + 11-36963 06 6-63169 88 4-76921 02 3-28736 16 

4 4 + 12-43708 19 7-04987 95 4-91529 31 3-12408 82 

46 - + 13-48714 97 V43493 07 5-01332 14 2-87341 73 

48 - + I4-50550 98 7-77901 73 5-05705 83 2-52840 01 

The function is indeterminate at the points marked *. 
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iFx[a\ b; 1] 

b = 

a 

2 +, — 2 — — 2-2 -24 — 2-6 -2-8 

- 50 — 00 + 00 15-47811 45 8-07465 28 5-04075 09 2-08300 26 

- 5-2 — + 16-39132 76 8-31476 77 4-95918 09 1-53216 00 

- 54 — + 17-23204 43 8-49276 79 4-80770 66 0-87181 68 

- 5'6 — + 17-98779 39 8-60258 48 4 58229 63 0-09895 27 

- 58 — + 18-64682 92 8-63871 39 4-27955 25 — 0-78840 03 

— 60 — + 19-19820 23 8-59624 92 3-89673 00 - 1-79115 57 
— 62 — + 19-63182 66 8-47090 71 3-43I74 49 — 2-90917 68 

- 64 — + 19-93852 95 8-25904 44 2-88318 02 — 4-14129 19 

- 6 6 — + 20-11009 20 7-95767 17 2-25028 41 - 5-48531 68 

- 6 8 — + 20-13928 02 7-56445 70 1-53296 31 — 6-93808 11 

- 70 — + 20-01986 66 7-07772 97 o-73i77 25 - 8-49546 63 

- 7-2 — + 19-74664 34 6-49647 49 — 0-15210 16 - 10-15244 50 

- 74 — + 19-31542 85 5-82032 57 — 1-11685 9° —11-90312 62 

- 76 — + 18-72306 37 5-04955 30 — 2-16010 71 — 13-74080 67 

- 7-8 — + 17-96740 77 4-18504 70 — 3-27888 70 —15-65801 88 

— 80 — + 17-04732 15 3-22830 21 — 4-46969 90 - 17-64658 73 

— 82 — + 15-96265 10 2-18139 43 - 5-72853 51 —19-69769 17 

- 84 — + 14-71420 23 1-04695 68 — 7-05090 72 — 21-80191 92 

- 8-6 — 4- 13-30371 58 — 0-17184 21 — 8-43188 02 -23-94933 10 

- 8-8 — + 11-73383 38 - i-47i33 17 — 9-86610 71 — 26-12951 79 

- 90 — + 10-00806 60 — 2-84736 26 —11-34786 08 — 28-33166 26 

- 92 — + 8-13075 27 - 4-29533 94 —12-87107 42 -30-54460 50 

- 94 — + 6-10702 46 - 5-81025 24 -14-42937 23 -32-75690 89 

- 96 - + 3-94276 15 — 7-38670 60 —16-01610 84 -34-95676 52 

- 98 — + 1-64454 84 - 9-01895 69 — 17-62440 22 -37-13279 70 

—100 — + — 0-78037 01 — 10-70094 14 - 19-24717 25 -39-27263 27 

— 10-2 — + - 3-32413 54 — 12-42631 16 — 20-87717 81 -41-36444 82 

— IO"4 — + - 5-97832 20 — 14-18846 86 — 22-50704 87 -43-3963° 19 

— io-6 — + - 8-73398 49 - 15-98059 31 — 24-12932 01 -45-35597 i4 
— io-8 — + - 11-58170 75 -17-79568 25 -25-73647 02 -47-23270 24 

— no — + - 14-51165 10 — 19-62657 90 — 27-32094 88 -49-01389 23 

16 SC H 
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1 FxW\b\ 1] 

b = —3+j-3- -3-2 -34 -36 -38 

20 — 00+00 12-22348 27 6-29345 78 5-06525 48 6-18677 40 

i-8 - + 9-16969 64 4-79276 66 3-88038 66 4-67523 27 

i-6 - + 6-79683 62 3-63833 52 2-97628 85 3-52669 67 

14 - + 4'98555 83 2-76769 32 2-30081 07 2-67166 77 

1-2 - + 3-63254 75 2-12714 26 1-80943 22 2-05120 14 

10 - + 2-64894 88 1-67085 28 1-46443 25 1-61570 21 

o-8 - + 1-95891 33 1-36002 53 1-23412 95 1-32381 94 

o-6 - + 1-49825 13 1-16212 26 1-09217 93 1-14143 99 

04 - + 1-21318 66 1-05015 87 1-01693 56 1-04076 71 

0-2 - + 1-05920 62 1-00204 66 0*99086 26 o-99948 52 

OO * i-ooooo 00 i-ooooo 00 1*00000 00 i-ooooo 00 

-02 + 00—00 1-00648 50 1-02998 53 1-03347 58 1-02875 18 

-04 + - 1-05590 93 1 '08122 13 1-08306 35 1-07559 57 
— o-6 + - 1-13103 05 1-14572 31 1-14278 19 1-13324 49 

-08 + - 1-21936 44 1-21788 75 1-20853 33 1-19677 07 

—10 
# 1-31250 00 1-29411 76 1-27777 78 1-26315 79 

- 1-2 — 00+00 I-40547 53 1-37248 32 1-34924 24 1-33090 88 

-1-4 - + 1-49621 15 1-45241 53 1-42266 03 1-39969 38 

—1-6 + 1-58500 13 1-53443 19 I-49853 99 1-47004 43 

-18 - + 1-67404 69 1-61989 32 1-57796 06 i"543°8 48 

— 20 * 1-76704 55 1-71078 43 1-66239 32 1-62030 08 

— 22 + 00—00 1-86881 88 1-80952 22 1-75354 34 I-70333 97 
-24 + - 1-98498 29 1-91878 72 1-85321 71 1-79384 24 

-2-6 + 2-12165 63 2-04137 51 1-96320 35 1-89330 12 

-2-8 + 2-28520 29 2-18007 01 2-08517 81 2-00294 45 

-30 
* 

2-48200 76 2-33753 50 2-22061 97 2-12364 24 

-3-2 — 00+00 2-71828 18 2-51621 93 2-37074 43 2-25583 45 

-34 - + 2-99989 74 2-71828 18 2-53645 12 2-39947 5i 

-36 - + 3-33224 52 2-94552 84 2-71828 18 2-55399 56 

-3-8 - + 3-72011 79 3-19936 15 2-91638 97 2-71828 18 

-40 - + 4-16761 36 3-48074 23 3-13051 99 2-89066 42 

-4-2 - + 4-67806 04 3-79016 27 3-35999 82 3-06891 97 

-44 + 5-25395 72 4-12762 77 3-60372 72 3-25028 45 

-46 - + 5-89693 22 4-49264 55 3-86019 05 3-43I47 49 
-48 + 6-60771 60 4-88422 64 4-12746 23 3-60871 61 

The function is indeterminate at the points marked *. 
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iFx[a\ b\ 1] 

b = 

a 

~ 3 + > -3- -3‘2 -34 -3-6 -3-8 

- So — 00 + 00 7-38612 69 5-30088 70 4-40322 29 3-77777 78 

- 5-2 — + 8-23106 99 5-74066 23 4-68477 88 3-93401 48 

- 5'4 — + 9-14054 52 6-20112 l6 4-96908 64 4-07241 30 

- 56 — + io-i 1166 65 6-67938 99 5-25277 97 4-18763 73 

- 5-8 — + 11-14068 79 7-I72I7 27 5-53220 08 4-27408 46 

— 60 — + 12-22303 77 7-67578 49 5-80343 15 4-32593 64 

— 62 — + I3-3S335 98 8-18618 22 6-06232 90 4-33721 48 

- 64 — + I4-52555 9i 8-69899 45 6-30456 06 4-30183 85 

- 6 6 — + 15-73285 22 9-20956 19 6-52563 98 4-21367 74 

- 6-8 — + 16-96782 21 9-71297 10 6-72096 56 4-06661 08 

- 70 — + 18-22247 59 10-20409 04 6-88585 65 3-85457 96 

- 7-2 — + 19-48830 56 10-67762 55 7-01559 13 3-57164 18 

- 74 — + 20-75634 95 11-12812 52 7-10544 41 3-21202 48 

- 76 — + 22-01725 60 11-55005 36 7-15071 87 2-77017 27 

- 78 — + 23-26134 74 11-93781 13 7-14678 90 2-24079 99 

- 80 — + 24-47868 42 12-28577 03 7-08912 66 1-61893 06 

- 82 — + 25-65913 17 12-58835 33 6-97334 07 0-89994 54 

- 84 — + 26-79242 09 12-83998 58 6-79520 56 0-07962 30 

- 8-6 — + 27-86821 34 13-03521 52 6-55068 90 — 0-84582 94 

- 8-8 — + 28-87616 74 13-16870 76 6-23598 74 - 1-87973 11 

- 90 — + 29-80597 21 13-23526 35 5^4754 35 — 3-02490 81 

- 92 — + 30-64746 01 13-22993 98 5-38208 07 - 4-28365 80 

- 94 — + 31-39060 91 13-14791 42 4-83662 05 - 5-6577242 

- 96 — + 32-02562 47 12-98467 20 4-20850 00 - 7-14828 54 

- 98 — + 32-54299 76 12-73596 31 3-49540 26 - 8-75591 96 

—100 — + 32-93349 27 12-39779 48 2-69535 99 —10-48060 82 

— 10-2 — + 33-18832 02 11-96660 47 1-80678 20 - 12-32171 25 

— IO'4 — + 33-29905 43 11-43901 64 0-82846 18 - 14-27796 35 

— io-6 — + 33-25773 78 10-81210 96 — 0-24041 90 -16-34747 37 

—108 — + 33-05692 76 10-08332 87 — 1-40026 41 -18-52770 75 

— no — + 32-68962 71 9-25044 92 — 2-65107 69 — 20-81551 02 

16-2 



SYMBOLIC INDEX OF DEFINITIONS 

(a)n I 

((a)») i 
C(x) 97 

Ci(x) 97 

(£n(x) 9i 

C(z, k) 97 

*0 99 
E(a, b, x) 5 

Ei(x) 97 

97 
Erf (x) 99 

Erfc(c) 99 

Erfi (x) 99 

g[a; b; x] 2 

jFila; 6; x] 2 

; (b); x] i 

2Fil>, 6;c;x] 2 

2F0[a, i +a-b\ ; - i/x] 5 

4F3[(2, 1 + \a, b, c; Ja, 1 + a — 6, 1 + a — c; 1] 31 

Fl(V, P) 93 
F^aj^x) 5 

F2(a; 6; x) 98 

0(a; b) x) 2 

<I>#(a; 6; x) 4 

G(a; b; x) 5 

GlO?, p) 93 

7 (a, x) 96 

r(a, %) 96 

He„(x) 99 

/«(*) 12 

^a( x) 12 

£„(x) 96 

L(x) 100 

LW(x) 95 
li(x) 97 
MKm(x) 9 
M(a; b\ x) 2 

W,,m(x) 10 

w[p)(x) 9 

k, m(x) 10 

m 96 

P(x, a) 97 
pe (r, w) 100 

Q(x, a) 97 
qe(r, w) 100 

na) 9 
vF(a; b; x) 5 
iFO, A; x) 98 

2P(i', A; x) 98 

P(£, v) 99 
-S«x) 95 

x) 97 
S(x) 97 
Si(x) 97 
T(?n, «, r) 99 
G(a; 6; x) 

CO 

5 

u(a, b, x) 2 

tW*) 95 
F«x) 
CO 

95 

w(a, x) 5 
WKm(x) 10 

®3fc, m(x) 9 
z<42p,(x) 10 

L(x) 13 



GENERAL INDEX 

Addition theorems, for Rummer’s functions, 21 

for Whittaker’s functions, 29 

Airy functions, 77, 81, 86 

Approximations, in terms of Bessel functions, 68 

when a and x are real, 70 

when b is large for Rummer’s functions, 65 

when k and x are large for Whittaker’s functions, 

69, 73 
when m is large for Whittaker’s functions, 66 

Associated functions, 19 

Asymptotic expansions in x, for Rummer’s functions, 

58 
for Whittaker’s functions, 61 

when a is large, 68, 79 

when k and x are large, 71, 81, 83 

Barnes integrals, contour of integration for, 35, 59 

for Rummer’s functions, 34, 58 

for Whittaker’s functions, 51, 61 

of Gauss’s function, 47 

Bateman’s function, 96 

Bessel functions, approximations in terms of, 68 

as limiting cases of Rummer’s functions, 67 

as limiting cases of Whittaker’s functions, 69 

as special cases of Rummer’s functions, 12 

as special cases of Whittaker’s functions, 13 

connection with Rummer’s second theorem, 12, 92 

definition of, 12 

equation for, 91 

expansions in series of, 30, 32 

in Hankel transform, 49 

in Laplace transform, 44 

in Olver’s theorem, 78 

Laplace integrals for, 45 

solutions of Bessel equation, 91 

zeros of, 106 

Bibliography, 121 

Binomial theorem, 6, 12, 43 

Chappell’s function, 97 

Confluent hypergeometric functions, 2 

as integrals of general equation of second order, 89 

as limiting cases of Gauss’s functions, 3, 67 

definitions, 1 

Contiguous functions, definition, 19 

Continuation formulae, for Rummer’s function 

U{a\ b; x), 20 

for Whittaker’s functions, 28 

in asymptotic expansions, 73 

Convergence, of Gauss’s function, 2 

of generalized hypergeometric series, 2 

of Rummer’s function, 2 

Converging factors for Rummer’s functions, 61 

for Whittaker’s functions, 65 

Coulomb functions, 93 

equation for, 93 

Cunningham’s function, 96 

Cyclic approximations to zeros, no 

Derivatives of Rummer’s functions, 15 

of Whittaker’s functions, 23 

Error functions, 99 

Euler-Beta function, 34 

Euler’s integral, connection with asymptotic expan¬ 

sions, 37 

for Rummer’s functions, 34 

for Whittaker’s functions, 50 

relaxation of restrictions on, 38, 51 

transforms of, 34, 38, 50 

Euler’s transform, 6, 43 

Exponential integrals, 97 

Exponential transform, 6 

Four-E-three summation theorem, 31 

Fourier transform, 49 

Fresnel integrals, 97 

Frobenius’ method, 3, 7 

Fuchian equation, 2 

Gamma function, 3 

integral for, 34 

Graphs of Rummer’s functions, 115 

Gauss’s differential equation, 2 

second solution of, 3 

Gauss’s function, 2 

Barnes integral for, 47 

Gauss’s theorem, 43, 52 

Generalized hypergeometric functions, definition of, 1 

differential equation for, 1 

Inverse Laplace transform of, 45 

Laplace transforms of, 43 

Mellin transforms of, 48 

Geometric series, 1 

Hankel transforms, 49 

Harmonic oscillator, 100 

Heatley’s function, 99 

Hermite polynomials, 99 

Homogenious differential equation of the second 

order, 89 

Horn’s equation, 94 

Incomplete Gamma function, 96 

Indefinite integrals, for Rummer’s function, 42 

for Whittaker’s function, 50 

Indicial equation, for Rummer’s equation, 3, 7 

for Whittaker’s equation, 10 
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Integral addition theorems, 45, 54 

Integral cosine, 97 

Integrals, elementary, 34 

indefinite, 42 

involving pairs of functions, 54, 56 

transforms of, 34 

Integral sine, 97 

Inverse Laplace transforms, 45, 52 

Kamke’s equation, 101 

Krupp’s functions, 98 

Rummer’s equation, definition, 2 

general solutions of, 2 

logarithmic solutions, 7 

relations between solutions, 6, 13 

transforms of, 89 

Wronskians of, 17 

Rummer’s first theorem, 6 

Rummer’s functions, addition theorem for, 21 

Barnes integral for, 35, 58 

convergence of, 2 

definition, 2 

differentiation of, 15 

elementary integrals for, 34 

indefinite integrals for, 42 

integral addition theorem for, 45 

integrals of pairs of, 54 

Laplace transforms of, 43 

Mellin transforms of, 48 

multiplication theorems for, 22 

notations for, 2 

Pochhammer’s integrals for, 38 

poles of, 3 

relations with Whittaker’s functions, 13 

Rummer’s second theorem, 12 

its connection with Bessel functions, 92 

Rummer’s transform, 12 

Laguerre polynomials, 95 

Laplace transforms, definition, 43 

for generalized hypergeometric series, 43 

for Rummer’s functions, 43, 46 

for Whittaker’s functions, 52 

inverse, 45 

inverse for generalized hypergeometric functions, 

45 
Legendre polynomials, 1 

Lesbegue integrals, 43 

Linear relations between asymptotic solutions, 

76 

Logarithmic integrals, 97 

Logarithms forms of solutions, 7, 11 

Magnus’ functions, 99 

Mapping, 81 

Maxima and minima, 119 

Meijer’s integral, 47 

Meixner’s functions, 97 

Mellin-Barnes integrals, for Rummer’s functions, 35 

for Whittaker’s functions, 51 

within asymptotic expansions, 58 

Mellin transforms, 47 

of generalized hypergeometric functions, 48 

of Rummer’s functions 47, 49 

of Whittaker’s functions, 61 

Modified forms of Rummer’s function, 101 

Multiplication theorems, for Rummer’s functions, 22 

for Whittaker’s functions, 30 

Neilson’s functions, 97 

Nesting processes, no 

Normalized form of the confluent hypergeometric 

equation, 9, 118 

Normalizing functions, 96 

Notations for Rummer’s functions, 2, 5 

for Whittaker’s functions, 9, 10 

Olver’s theorems, 76 

Omega function, 96 

Oscillatory regions, 118 

Parabolic cylinder functions, 98 

converging factors for, 63, 64 

Paraboloidal reflectors, 94 

Parameters of hypergeometric functions, 1 

Perron’s approximation, 68 

Placzek’s functions, 97 

Pochhammer’s integrals, contours for, 39 

for Rummer’s functions, 38 

for Whittaker’s functions, 51 

in the Laplace transform, 45 

Poiseuille functions, 100 

Poisson-Charlier function, 96 

Poles of Rummer’s function, 3 

Principal value of U(a; b; x), 5 

of Whittaker’s functions, 10 

Probability functions, 96 

Recurrence relations for Rummer’s functions, 19 

for Whittaker’s functions, 26 

Saddle points, 71, 105 

Schlomilch’s functions, 97 

Schrodinger’s equation, 100 

Second form of solution U(a; b; x) 

addition theorems for, 22 

Barnes’s integral for, 37 

continuation formulae for, 20 

definition, 5 

derivatives of, 16 

Laplace transforms of, 46 

Mellin transforms of, 49 

multiplication theorems for, 23 

Pochhammer’s integrals for, 41 

Principal branch of, 5, 20 

Recurrence relations for, 20 

Separation of variables, 1 
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Sharpe’s equation, 94 

Singularities, of generalized hypergeometric equation, 

2 

of Rummer’s equation, 2 

of Whittaker’s equation, 9 

Solutions of Rummer’s equation for b integral, 3, 7 

Sonine—Polya theorem, 119 

Spherical co-ordinates, 1 

Steckloff-Langer method, 71 

Steepest-descents method, 71 

Sturmian chains, 103 

Tabulation of Rummer’s function, 113 

Tables, 113 

of Rummer’s function, 131, 233 

of zeros, 125 

references, 113 

Taylor’s theorem, 21, 22 

Toronto function, 99 

Transformations between Whittaker and Rummer 

functions, 9, 13 

Transformations of Rummer’s equation, 89 

Tricomi’s approximation to zeros, 106 

Ultra-spherical polynomials, 73 

Vandermonde’s theorem, 6, 12 

Variable of hypergeometric functions, 1 

Watson’s fourth order equation, 94 

Weber functions, 98 

Well-poised series, 31 

Whittaker’s equation, 9 

connections between solutions, 11, 26 

further forms, 12 

logarithmic solutions, 11 

Wronskians of, 26 

Whittaker’s functions 

addition theorems for, 29 

Barnes’s integrals, 51 

definitions, 9 

elementary integrals for, 50 

integrals of pairs of, 56 

multiplication theorems for, 30 

Pochhammer’s integrals for, 51 

principal branch of, 9 

recurrence relations for, 26 

zeros of, 102 

Wronskians of Rummer’s equation, 17 

of Whittaker’s equation, 26 

Zeros, approximations to, 106 

curves of, 104 

distribution of, 102 

expansions for, 107 

nesting processes for, no 

of Bessel functions, 107 

of derivatives of Rummer’s function, 108 

of Whittaker’s functions, 102 

tables of, 125 
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